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RECOVERY OF NON COMPACTLY SUPPORTED COEFFICIENTS OF AN ELLIPTIC
EQUATION ON AN INFINITE WAVEGUIDE

YAVAR KIAN

ABSTRACT. We consider the unique recovery of a non compactly supported and non periodic perturba-
tion of a Schrédinger operator in an unbounded cylindrical domain, also called waveguide, from boundary
measurements. More precisely, we prove recovery of general class of electric potentials from the partial
Dirichlet-to-Neumann map, where the Dirichlet data is supported on slightly more than half of the bound-
ary and the Neumann data is taken on the other half of the boundary. We apply this result in different
context including recovery of some general class of coefficients from measurements on a bounded subset and
recovery of an electric potential, supported on an unbounded cylinder, of a Schrédinger operator in a slab.

Keywords : Elliptic equation, scalar potential, unbounded domain, infinite cylindrical waveguide, slab,
partial data, Carleman estimate.

Mathematics subject classification 2010 : 35R30, 35J15.

1. INTRODUCTION

Let Q := w x R, where w is a bounded open set of R?, with C?-boundary. Throughout this paper we
denote the point € Q by x = (2/, x3), where 25 € R and 2’ := (z1,22) € w. Given ¢ € L>®(Q) such that
0 is not in the spectrum of —A + ¢ with Dirichlet boundary condition, we consider the following boundary
value problem (BVP in short):

(-A+qv = 0, inQ,
{ v = f, onl :=090Q. (1.1)

Since I' = dw x R, the outward unit vector v normal to I" reads
v(a' x3) = (V' (2),0), x = (2/,23) €T,

where v/ is the outer unit normal vector of dw. For simplicity, we refer to v for both exterior unit vectors
normal to dw and to I'. For 0y € S! := {y € R?; |y| = 1} fixed, we introduce the fp-illuminated (resp.,
Bo-shadowed) face of dw, as

Owg, = {z € dw; 0y -v(z) < 0} (resp., 8@«);; = {x € 0w; Oy - v(x) = 0}). (1.2)

Here and in the remaining part of this text, we denote by x -y := Z§:1 z;y; the Euclidian scalar product of
any two vectors x := (x1,...,2x) and y := (y1,...,yx) of R¥, for k € N*, and we put |z| := (x - z)/2.

Set G := G’ x R, where G’ is an arbitrary open set of dw containing the compact set Ow,, in w and
consider K = K’ x R with K’ an arbitrary open set containing the compact set aw;; in w. In the present
paper we seek determination of ¢ from the knowledge of the partial Dirichlet-to-Neumann (DN in short)
map

Ag: [ Byvi, (1.3)

where d,v(x) := Vu(x) - v(z) is the normal derivative of the solution v to (1.1), computed at z € T' and
supp(f) C K.
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1.1. Physical motivations. Let us recall that the problem under consideration in this paper is related to
the so called electrical impedance tomography (EIT in short) and its several applications in medical imaging
and others. Note that the specific geometry of infinite cylinder or closed waveguide can be considered for
problems of transmission to long distance or transmission through particular structures, where the ratio
length-to-diameter is really high, such as nanostructures. In this context, the problem addressed in this
paper can correspond to the unique recovery of an impurity perturbing the guided propagation (see [11, 25]).
Let us also observe that in Corollary 1.4, we show how one can apply our result to the problem stated in a
slab, which is frequently used for modeling propagation in shallow-ocean acoustics (e.g. [1]), for coefficients
supported in an infinite cylinder.

1.2. Known results. Since the pioneer work of [7], the celebrated Calderén or the EIT problem has been
growing in interest. In [43], Sylvester and Uhlmann provide one of the first and most important results related
to this problem. They actually proved, in dimension n > 3, the unique recovery of a smooth conductivity
from the full DN map. Since then, several authors extended this result in several way. The determination
of an unknown coefficient from partial knowledge of the DN map was first addressed in [6] and extended by
Kenig, Sjostrand and Uhlmann in [27] to the recovery of a potential from restriction of data to the back and
the front face illuminated by a point lying outside the convex hull of the domain. In dimension two, similar
results with full and partial data have been stated in [5, 21, 22]. We mention also, without being exhaustive,
the work of [8, 9, 15, 39, 40] dealing with the stability issue associated to this problem and some results
inspired by this approach for other PDEs stated in [13, 20, 29, 30, 31].

Let us remark that all the above mentioned results have been proved in a bounded domain. It appears
that only a small number of mathematical papers deal with inverse boundary value problems in an un-
bounded domain. Combining results of unique continuation with complex geometric optics (CGO in short)
solutions and a Carleman estimate borrowed from [6], Li and Uhlmann proved in [37] the unique recovery
of compactly supported electric potentials of the stationary Schrédinger operator in a slab from partial
boundary measurements. In [34], the authors extended this result to magnetic Schrédinger operators and
[10] treated the stability issue for this inverse problem. We mention also [35, 36] dealing with more general
Schrodinger equations, the work of [44] for bi-harmonic operators and the recovery of an embedded object in
a slab treated by [23, 41]. More recently, [16, 17] proved the stable recovery of coefficients periodic along the
axis of an infinite cylindrical domain. Finally, we mention [3, 4, 18, 26, 28, 32, 33] dealing with determination
of non-compactly supported coefficients appearing in different PDEs from boundary measurements.

1.3. Statement of the main result and applications. Prior to stating the main result of this article
we first recall some results stated in [6, 16, 17] related to the well-posedness of the BVP (1.1) in the space
HA(Q) :={u e L?*(Q); Au € L?*(Q)} with the norm
2 2 2
ullzr o) = llullz2q) + [Aullz2(q) -

Since € is unbounded, for X = w or X = dw and any s > 0, we define the space H*(X x R) by

H*(X x R) := L*(X; H*(R)) N L*(R; H*(X)).
We define also H*(T") to be the dual space of H*(I"). Combining [6, Lemma 1.1] with [16, Lemma 2.2], we
deduce that the map

Tou == ujp (resp., Tiu = dyur), u € C5°(R?),
extend into a continuous function 7g : Ha(Q) — H~2(T') (resp., T1 : HA(Q) — H~3(I')). We set the space

H(T) :=ToHA(Q) = {Tou; u € Ha(Q)},

and notice from [16, Lemma 2.2] that 7y is bijective from B := {u € L*(Q); Au = 0} onto (). Thus,
with reference to [6, 38], we consider

[y =176 gy = 176 Fll 2y (1.4)
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We define also Hi(T") := {f € H(T') : supp(f) € K}. Then, in view of [16, Proposition 1.1], assuming
that 0 is not in the spectrum of —A + ¢ with Dirichlet boundary condition on €, for any f € J2(I") we
deduce that the BVP (1.1) admits a unique solution v € L*(Q2). Moreover, the DN map A, : f — Tiyjg is a
bounded operator from .#% (') into H~2 (G).

The main result of this paper can be stated as follows.

Theorem 1.1. Let g1,q2 € L°°(Q) be such that g1 — g2 € L'(Q) and 0 is not in the spectrum of —A + g;,
7 =1,2, with Dirichlet boundary condition on ). Then the condition
Ay = Ay, (1'5)
implies g1 = qo.
From the main result of this paper, stated in Theorem 1.1, we deduce three other results related to
other problems stated in an unbounded domain. The first application that we consider corresponds to the

Calder6n problem stated in the unbounded domain 2. In order to state this problem, for a, € (0,+00) and
ag € W2(Q) satisfying ag > a., we introduce the set of functions

A= {a e CH@) N HE(9) : 0> an Afa?) = A(af) € LHQ) N LZ()}
and, for a € A, the BVP

{—div(aVu) = 0, inQ, (1.6)

u = f, onl.
Recall that for any a € A and any f € Hz(T'), the BVP (1.6) admits a unique solution v € H*(Q) for each
fe H%(F). Moreover, the full DN map associated with (1.6), defined by f — aTju is a bounded operator
from Hz (') to H~2(T'). Here, we rather consider the partial DN map,

S f € H:(T)Na 3 (He(T)) = aTiue, (1.7)

where a= 2 (Hg(T)) := {a~2 f; f € Hx(I)}. The first application of Theorem 1.1 claims unique recovery of
a conductivity a € A, from the knowledge of %,. It is stated as follows.

Corollary 1.2. Let w be connected and pick aj € A, for j = 1,2, obeying
ai(z) = as(x), x €T (1.8)
and
dyai(x) = dyaz(x), z € KNG. (1.9)
Then the condition X,, = X4, implies a1 = as.
For our second application we consider the recovery of potentials that are known in the neighborhood of
the boundary outside a compact set. In the spirit of [2], we can improve Theorem 1.1 in a quite important way
in that case. More precisely, we fix R > 0 and we consider v, an arbitrary open subsets of K’ x (—o0, —R),

v2 an open subsets of dw X (—oo,—R), 1 an open subset of K’ x (R,+00) and 74 an open subsets of
Ow X (R,400). Then, we consider the partial DN map given by

Ay g {h € H(T) : supp(h) C (K" x [=R, R])Uy1 U1} 3 f = Ti0|(0wx [~ R, R)UraUnj-
Our second application can be stated as follows

Corollary 1.3. Let w be connected, R > 0, § € (0,R), q1,q2 € L>(Q) be such that ¢, — g2 € L' () and 0
is not in the spectrum of —A + q;, j = 1,2, with Dirichlet boundary condition on Q2. We fix w1 «, wa s two
arbitrary C* open and connected subset of w satisfying Ow C (Ow; . NOws ). We consider also 2., j = 1,2,
two C? open and connected subset of Q0 such that

w1 X (=00, —R) C Qs Cwy s X (—00,0 — R), wa X (R,400) C Q2 Cway X (R—6,+00)

and we assume that
@1(z) = q(x), € Q. UQy .. (1.10)
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Then the condition A} g = A} g implies q1 = .

In our third application we consider the recovery of potentials, supported in an infinite cylinder, ap-
pearing in a stationary Schrodinger equation on a slab. More precisely, for L > 0, we consider the set
O = {z = (z1,22,73) € R®: 21 € (0, L)}, then assuming that ¢ € L>°(O) and that 0 is not in the spectrum
of —A + ¢ with Dirichlet boundary condition on O, we consider the problem

(-A+qv = 0, inO,
Vprmo = 0, (1.11)
Vgy=L = f

Fixing r > 0, 004 = {(L,z2,23) : z9,23 € R} and 00_ , := {(0,22,23) : z2 € (—1,7), x3 € R}, we
associate to this problem the partial DN map

Ny HE(001) 3 [+ Opyvj00_
Then, we prove the following result.

Corollary 1.4. Let g1,q2 € L>(O) be such that ¢ — g2 € L'(O) and 0 is not in the spectrum of —A + g;,
j = 1,2, with Dirichlet boundary condition on O. Moreover, assume that there exists r € (0,+00) such that

q(x1, 22, 23) = qo(x1, 22, 23) =0, (z1,22,23) € {(y1,92,y3) € O |ya| =7} (1.12)

Then, for any R > r, the condition
qu,R:NqQ,R (1.13)

implies g1 = qo.

1.4. Comments about the main result and the applications. To our best knowledge this paper is
the first paper proving recovery of coefficients that are neither compactly supported nor periodic for elliptic
equations in unbounded domains from boundary measurements. Indeed, beside the present paper it seems
that only these two cases have been addressed so far (see [16, 17, 34, 37]).

Like several other papers, the main tools in our analysis are suitable solutions of the equation also called
complex geometric optics (CGO in short) solutions combined with Carleman estimates. It has been proved
by [16, 17, 34, 37] that for compactly supported or periodic coefficients one can apply unique continuation
or Floquet decomposition in order to transform the problem on an unbounded domain into a problem on a
bounded domain. Then, one can use the CGO solutions for the problem on the bounded domain in order
to prove the recovery of the coeflicients under consideration. For more general class of coefficients, one
can not apply such arguments and the construction of CGO solutions for the problem on an unbounded
domain seems unavoidable. In this paper, using a suitable localization in space, that propagates along
the infinite direction of the unbounded cylindrical domain, we introduce, for what seems to be the first
time, CGO solutions that can be directly applied to the inverse problem on the unbounded domain. This
makes a difference with previous related works and it allows also to derive results like Corollary 1.3 where
the recovery of non compactly supported coefficients is proved by mean of measurements on a bounded
subset of the unbounded boundary. The construction of the CGO solutions in consideration requires also
some extension of arguments, like Carleman estimate and construction of the decaying remainder term, to
unbounded domain that we prove in Section 2, 3 and 4.

Let us mention that the arguments used for the construction of the CGO solutions work only if the
unbounded domain has one infinite direction (or a cylindrical shape). This approach fails if the unbounded
domain has more than one infinite direction like the slab. However, following the approach of [34, 37], by
mean of unique continuation properties we prove in Corollary 1.4 the recovery of coefficients supported in
an unbounded cylinder. Here the cylinder can be arbitrary and this result extend the one of [34, 37] to
non compactly supported coefficients. Note also that, combining the density results stated in Lemma 6.1,
used for the proof of Corollary 1.3, with Corollary 1.4, one can check that the data used by [34, 37] for the
recovery of compactly supported coefficients allow to recover more general class of coefficients supported in
infinite cylinder and known on the neighborhood of the boundary outside a compact set.
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In the main result of this paper, stated in Theorem 1.1, we show that the partial DN map A, allows
to recover coefficients ¢ which are equivalent modulo integrable functions to a fixed bounded function. This
last condition is not fulfilled by the class of potential, periodic along the axis of the cylindrical domain,
considered by [16, 17]. However, combining Theorem 1.1 with [16, 17], one can conclude that the partial DN
map A, allows to recover the class of coefficients ¢ considered in the present paper as well as potentials ¢
which are periodic along the axis of (2.

Let us remark that in a similar way to [34, 37], with suitable choice of admissible coeflicients ¢, it is
possible to formulate (1.11) with ¢ replaced by ¢ — k% and k? taking some suitable value in the absolute
continuous spectrum of the operator —A + ¢ with Dirichlet boundary condition. In this context, (1.11)
admits a unique solution satisfying the Sommerfeld radiation condition on the infinite directions of the
domain. Assuming that ¢ is chosen in such a way that these conditions are fulfilled for (1.1) and (1.11),
one can adapt the argument of the present paper to this problem. In this paper we do not consider such
extension of our main result which requires a study of the forward problem.

Let us also observe that like in [34, 37], Corollary 1.4 can be formulated with different kinds of measure-
ments on the side ;1 = 0 and 1 = L of 00.

1.5. Outline. This paper is organized as follows. In Section 2, we start by considering the CGO solutions,
without boundary conditions, for the problem in an unbounded cylindrical domain. For the construction of
these solutions we combine different arguments such as localization of the CGO solutions along the axis of the
waveguide and some arguments of separation of variables. Then, in the spirit of [6], we introduce in Section
3 a Carleman estimate with linear weight stated in an infinite cylindrical domain. Using this Carleman
estimate, we build in Section 4 CGO solutions vanishing on some parts of the boundary. In Section 5, we
combine all these results in order to prove Theorem 1.1. Finally, Section 6 is devoted to the applications of
the main result stated in Corollary 1.2, 1.3 and 1.4.

2. CGO SOLUTIONS WITHOUT CONDITIONS

In this section we introduce the first class of CGO solutions of our problem without boundary conditions.
These CGO solutions correspond to some specific solutions u € H2(2) of —Au+qu = 0 in  for ¢ € L>(1Q).
More precisely, we start by fixing § € S' = {y ¢ R? : |y| =1}, & € 0+ = {y ¢ R? . y -0 = 0},
€= (¢,&) € R3 with & # 0. Then, we consider n € S? := {y € R®: |y| = 1} defined by

€.~

VIEr + 5
3

n-€=(6,0)-£=(6,0)-n=0. (2.14)

Then, we fix x € C5°(R; [0, 1]) such that x = 1 on a neighborhood of 0 in R and, for p > 1, we consider
solutions u € H%(Q) of —Au+ qu = 0 in Q taking the form

In particular, we have

u(a xs) = e P (eil"l'-tx (p—ixg) e T 4 wp(x)) , x= (2" 23) €. (2.15)
Here the remainder term w, € H?({2) satisfies the decay property
. z
p! ||wp||H2(Q) +p ||wp||L2(Q) < Cps, (2.16)
with C' independent of p. This construction can be summarized in the following way.

Theorem 2.1. There exists pg > 1 such that, for all p > pg, the equation —Au + qu = 0 admits a solution
u € H?(Q) of the form (2.15) with w, satisfying the decay property (2.16).
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Remark 2.2. Comparing to CGO solutions on bounded domains, the main difficulty in the construction of
CGO solutions in our context comes from the fact that Q is not bounded and the CGO solutions should lye
in L*(Q)). This means that the usual principal parts of the CGO solutions considered by [6, 27, 43], taking
the form e PO gl e e =il T iy our context, will be inadequate since it will not be lying in L?(Q). This is
the main reason why we introduce the new expression involving the cut-off x that allows to localize such
expressions. The main difficulty in our choice consist of using this expression to localize without loosing the
decay properties stated in (2.16). This will be done by assuming that the principal part of the CGO solutions
given by
e—pO‘a:/eip’r]ﬂ;X (p_%mg) e—iga:

propagates in some suitable way along the axis of the waveguide with respect to the large parameter p.
Actually, this seems to be one of the main novelty in our construction of CGO solutions comparing to any
others.

Clearly, u solves —Au + qu = 0 if and only if w, solves
P_,w, =—quw, — PV (A 4 g)e PV Ty (p_%mg) e i (2.17)
with P, s € R, the differential operator defined by
Pyi=—-A—2s0-V' — (2.18)

where V' = (0,,,0,,)T. In order to define a suitable set of solutions of (2.17), we start by considering the
following equation

P_,y=F, zel. (2.19)
Taking the Fourier transform with respect to x3, denoted by F,,, on both side of this identity we get
Py _pyr = Fy, keR, (2.20)

with Fy(a') = Fo, F(2/, k), yr(2') = Feay(2’, k) and
Py =N +2p0-V' — p? + k2.
Here A’ = 92 + 02, and F,, is defined by

Fush(2 k) = (27r)_%/h(x/,xg)e_ik“dxg, he LY(Q).
R

We fix also pg,—,(C) = |¢|> + 2ipf - ¢ + k?, ¢ € R?, k € R, such that, for D, = —iV’, we have pg,_,(D,/) =
Py, _,. Applying some results of [12, 19, 24] about solutions of PDEs with constant coefficients we obtain
the following.

Lemma 2.3. For every p > 1 and k € R there exists a bounded operator
Ey,: L*(w) — L*(w)

such that:
P._,Ex,F=F, F¢clL*w), (2.21)
||Ek,p||3(L2(w)) <Cp (2.22)
By € B(L*(w); H*(w)) (2.23)
and
2
1B ol 12 wysrr2 () + 1% EWHB(LZ(UJ)) < Cp, (2.24)

with C > 0 depending only on w.
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Proof. In light of [12, Thoerem 2.3] (see also [19, Theorem 10.3.7]), there exists a bounded operator Ey , €
B(L*(w)), defined from fundamental solutions associated to Py _, (see Section 10.3 of [19]), such that (2.21)
is fulfilled. In addition, fixing

Pro—p( (Z@pk ol ) , CeR?

a€eN?

for all differential operator Q(D,/) with ﬁkaEEC) a bounded function, we have Q(D,/)Ey, , € B(L*(w)) and

there exists a constant C' depending only on w such that

Q@I
Q Ey, B < C sup 2.25
1@(D)Erplscrao.myx - .m cer? Pr,—p(C) (2:25)
Note that
Pr,—p(C) =2 \/|33<1Pk,fp(w7)|2 + 30,0k, p (s m)|* = 20, ¢ €RZ.
Therefore, (2.25) implies
Ey, <Csup —— < Cp !
| Ek,p |B(L2 cex Pr,p(C)
and (2.22) is fulfilled. In a same way, for all { € RZ, assuming that k% + |(|? > 2p?, we have
_ k2 + C 2
Pr-o() > 1B (Q)] = K2 4 1P — p? > KD
Thus, we have
2 k2 2 kQ 2 k2
sup \C| + < |§‘7+ + sup |~<|7+ <2+2p% sup ———— < 3p.
cerz Pr—p(C)  k2ti¢122202 Ph—p(C)  k24|cl2<2p2 Ph,—p(C) cer? Pr,—p(C)
Then, in view of [12, Theorem 2.3], we deduce (2.23) with
14 [¢|* + k2
Ey KBy, — ——— <
1Bk, ol 512 (wy:mr2(wy) + ||k* B, p||B(L2( CCSE]W Pr—p(0) Cp
which implies (2.24). O
Applying this lemma, we can now consider solutions of (2.19) given by the following result.
Lemma 2.4. For every p > 1 there exists a bounded operator
E,: L*(Q) — L*(Q)
such that:
P_,E,F =F, FelL*Q), (2.26)
||EP||B(L2(Q)) < CP_17 (2.27)
E, € B(L*(Q); H*(Q)) (2.28)
and
HEP”B(LZ(Q);H?(Q)) < Cp, (2.29)

with C > 0 depending only on ).
Proof. According to Lemma 2.3, we can define E, on L?(2) by

E,F:=Q53 (2 23) = Fy ' (B pFus F(, k) (2, 73).
It is clear that (2.21) implies (2.26). Moreover, we have

9 2
HEPFHLz(Q) - /R HEk,pfwsF("k)HLg(W) dk
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and from (2.22) we get
2 - 2 - 2
1B, P2y < C?p QAl\fst(-,k)lle(w> dk = C?p™? | F||2(q -

From this estimate we deduce (2.27). In view of (2.23)-(2.24), we have E, € B(L*(); H*>(2)) and, for all
F € L?(Q), we have

1B ey < € [ (1B B PR s+ I By PR |
<O [ 1P PO k= C'C2 [Pl
with C” depending only on w. This proves (2.28)-(2.29). O
Using this last result, we can build geometric optics solutions of the form (2.15).
Proof of Theorem 2.1. We start by recalling that

== ((IEI2 +a)x (p‘%m) — 2ingpi Y’ (p‘%ws) + 2iggp™ 1Y’ (/)_%333) —p X" (p‘%wg)) e TeTIe

(2.30)
On the other hand, we have
2
[ (o taa) [ doa = ot [ 1xtor?a
R
and we deduce that
_1 11
e (o 4as) |y = Iy el 2.
In the same way, one can check that
_1 ff 1 o 1 1
< Cps,
G I R )] e S G|
with C depending only on w and x. Combining this with (2.30), we find
_ep9~ac/ ~A+gq e—p9~x’€ipn.xx (p_%l'g) e—ig‘x

T
8

1 z _1 . s
= C (€12 + llall o (@))0* + 2mslo® +20galo™% + p71) < ¥,
with €' > 0 depending on w, £ and ||q[| ;- (- According to Lemma 2.4, we can rewrite equation (2.17) as
wp = By (qup + e (<A 4 g)e ooy (p k) i)

with E, € B(L*(Q2)) given by Lemma 2.4. For this purpose, we will use a standard fixed point argument
associated to the map

G: L*(Q) — L*(9),
G~ —E, [qG + epe'x/e_ip"'m(—A + q)e_pg'z,eipn'zx (p_%acg) 6_15'1} )
Indeed, in view of (2.27) and (2.31), we have
[Gwll 20y < Cp= 5 +Cp! [wll 2y, we LX),

[Gw: — gw?”m(g) < | Epla(wr — w2)]||L2(Q) <Cp~Hwr — w2||L2(Q)a w e L*(Q),
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with C' depending on w, ¢ and ||q||LOO(Q). Therefore, fixing M; > 0, there exists py > 1 such that for
p = po the map G admits a unique fixed point w, in {w € L*(Q) : w20y < Mi}. In addition, condition
(2.27)-(2.29) imply that w, € H*(2) fulfills (2.16). This completes the proof of Theorem 2.1. O

3. CARLEMAN ESTIMATE

In this section we derive a Carleman estimate for the Laplace operator in the unbounded cylindrical
domain . We consider first a Carleman inequality similar to [6, Lemma 2.1] for unbounded cylindrical
domains.

Proposition 3.1. Let § € S'. Then, there exists d > 0 depending only on w such that the estimate

8p2 —pb-x’ —pb-x’
S e gy + 2l 0 1) 20,01

< e Al gy + 20lle 10 - v 0, ul| (3.32)

2
L2(0w, XR)’
holds for every u € H%(Q) satisfying up = 0.
Proof. We start by proving (3.32) for u € C§°(R?) satisfying ur = 0. The operator e P9=" Aer?*" decomposes
into the sum P + P} + P_, with

Pl =N +p”and P_:=2p0-V', P} =92,
where the symbol A’ (resp., V') stands for the Laplace (resp., gradient) operator with respect to 2’ € w.
Thus, we get upon setting v(z) := e~ ?%% () that

e % Aullfagy = e " A’ v||Taq)
= (P} + P+ Po)v[l72q)
I(P} + P3)olT2 () + [1P-vl|72(q) + 2R(PIv, P-v) 12(0) + 2R(P}v, P-v) 12(0),

and hence ,
[Pvl[720) + 2R(P}v, P_v) 20y < e Aul|F () — 2R(PYv, P_v) 2. (3.33)

Moreover, we find upon integrating by parts that
2R(Pv, P_v)2(q) = —p/ / V' - (|0g,v(2)|? 0)da’ dy = —p/ 05, 0(x)|% 0 - v(x)do () = 0. (3.34)
RJw I8

Here we used the fact that the condition vjp = 0 implies d,,vr = 0. Next, as the function w := v(-,23) €
C?(w) satisfies wip, = 0 for a.e. x3 € R, applying [6, Lemma 2.1}, we deduce that there exists d > 0
depending on w such that

8p2 2 —2p6-x’ /
THWHL?(UJ)*‘?/) e 0-v(z')

2
do(2") <||P-w|[72 () + 2R(PLw, P_w) 12 (0.
Ow

8Vef’9'f’w(x’)

It follows
% e PP (- g 22ty T2 e=207 0y (2) |0, ul-, x3)|* do(z’
d (w) o0
< P-v(23) T2 ) + 2R(PLo(, 23), P-v(:, 23)) L2 ()

Thus, integrating both sides of the above inequality with respect to x3 € R, we obtain

80\ g —2p0-2' 2
7”6 po UH%Z’(Q) + QPA e 2p60 9 . I/(.’L’) |ayu($)| dO’(fL') < ||P7’U||%2(Q) + 2%<Pjr'l), P7U>L2(Q). (335)
Putting (3.33)-(3.35) together, we end up getting (3.32). Finally, using the density of the space of

restriction to Q of function u € C5°(R?) satisfying wjr = 0 in the space of function v € H?(f) satisfying

ujr = 0, we deduce that (3.32) holds for u € H?(Q2). O



10 YAVAR KIAN

Using the fact that
2 2 2 2
Au® <2 (J(=A + @ul® + llal o uf*)

we get
4p* — bz’ —pb-a’ 3
(2 = ol ) 1 uley + ol 01200l
—00-2’ — 002’ 1
< e (—A+ qulagy + plle T 10 IO ulZ .
As a consequence we obtain the following estimate.

Corollary 3.2. For M >0, let ¢ € L>(Q) satisfy ||q||L~(q) < M. Then, under the conditions of Proposition
3.1, we have
2p?

— 002’ — 002’ 1
e w2 gy + plle™ (0 ) Dyl i

—pf-z’ —p0-z’ 1
< e (At ulidagy + plle 0 v E Bl
provided p > py := M(d/2)% + 1.

4. CGO SOLUTIONS VANISHING ON PARTS OF THE BOUNDARY
In this section we fix ¢ € L>°(£). From now on, for all y € S* and all > 0, we set
Owypy={z€l: v(@)-y>r}, Ow_,,={zel: viz) y<r}h

Here and in the remaining of this text we always assume, without mentioning it, that y and r are chosen
in such way that Ow ;. 1+, contain a non-empty relatively open subset of dw. Without lost of generality we
assume that there exists 0 < & < 1 such that for all § € {y € S : |y — 6y| < &} we have dw_ . _g C K'. The
goal of this section is to use the Carleman estimate (3.32) in order to build solutions u € Ha(2) to

—Au+qu=0 in ,
{ u=0, ondwscpm_gxR, (4.36)
of the form
w(a', zg) = eP?® et (x (P%!Es) + Zp(x)) , z= () 23) € Q. (4.37)
Here 0 € {y € S* : |y — 6o| < &}, 2, € e 0% P H A (Q) fulfills
zp(2', 3) = —x (p*ixg) , (2, w3) € Owycpo g xR
and
Izpllz20) < Cp™ %, (4.38)

with C' depending on K, @ and any M > ||q||;,«(q)- Since (w \ K') C (0w \ Ow—,—9) = Owy e —p, it is
clear that condition (4.36) implies supp(7ou) C K (recall that for v € C5°(Q), Tov = vyr).
The main result of this section can be stated as follows.

Theorem 4.1. Letq € L*°(2), 0 € {y € St : [y—by| < &}. For all p > p1, one can find a solution u € H(£2)
of (4.36) taking the form (4.37) with z, satisfying (4.38). Here p1 denotes the constant introduced at the
end of Corollary 3.2.

In order to prove existence of such solutions of (4.36) we need some preliminary tools and an intermediate
result.
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4.1. Weighted spaces. In this subsection we give the definition of some weighted spaces. We set s € R,
we fix 0 € {y € S : |y — 6y| < €} and we denote by ~ the function defined on I' by

v(x)=10-v(z)|, xe€Tl.

We introduce the spaces L;(12), and for all non negative measurable function h on I' the spaces L j, + defined
respectively by

Lo(Q) = e % L2(Q), Lops={f: e h2(2)f € L*(wig x R)}

with the associated norm

, 3
lully = (/ Ca IUIde> , u€ Ly(),
Q

2

s = ([ bl do@de ) we Lo
Y Ow4 g xR

4.2. Completion of the proof. We set the space
Dy ={va: ve CS(R3), vr =0}
and, in view of Proposition 3.1, applying the Carleman estimate (3.32) to any g € Dy we obtain

1
P ||g||p + p2 HanHp,'y’f < C(”(_A + q)ng + ||8Vg||p,p'y,+)7 p 2 P1- (439)

We introduce also the space
M={((-A+ q)v|Qvau’U|6w+’9><]R) : v €Dy}

and think of M as a subspace of L,(Q) x L, ,v,+. Combining the Carleman estimate (4.39) with a classical
application of the Hahn Banach theorem (see [27, Proposition 7.1] and [16, Lemma 3.2] for more detail) to
a suitable linear form defined on M, we obtain the following intermediate result.

Lemma 4.2. We fiz 0w* 5 ={z € dw: 0-v(x) <0}. Given p > p1, with p1 the constant of Corollary 3.2,
and

veL_,(Q), v_€eL

-1

—py =

there exists y € L_,(?) such that:
1) —Ay+qy =v in Q,
2) y\@wj,exR =v_,

) vll_,<C (p—l Joll _, + p2 ||v,||_p7,y,1,_) with C' depending on Q, M > ||q| ;o (q)-

Armed with this lemma we are now in position to prove Theorem 4.1.

Proof of Theorem 4.1. We need to consider z, satisfying
z, € L?(Q)
(=A +q)(e"* 7017 2,) = (= A+ q)e? ey (p‘zxs) in Q (4.40)
Zp=—X (p_ix;),) on dwy ¢z g X XR.

Let v € C§°(R?) be such that supp(¢)) NOw C {x € Ow : 0 -v(z) < —¢/3} andy =1 on {z € dw: 0-v(z) <

—£/2} = 0w, ¢/2,—9. Choose v_(2',x3) = —eplu o mipmay (p’im) P(z'), x € Ow_ 9 x R. Since v_(z) =0
forxe{rel: §-v(x) > —¢/3} x Rwehavev_ € L_, -1 _. Fix also

v(r) = —(—A+ q)epe'xle_i’m'zx (p‘ixg,) , ze
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From Lemma 4.2, we deduce that there exists h € Ha(2) such that

(-A+gh=v inQ,
h(z)=v_(z), z€dw_gxR.

Then, for z, = e’ girn ey condition (4.40) will be fulfilled. Repeating some arguments similar to Theorem

2.1, we obtain
7

He—P9~m’(_A T q)ePQ-m/e—im]'IX (p—ixzj)) ‘ C’ps7

<
L2(Q)

with C' depending only on w and M > HqHLm(Q)- Combining this with condition 3) of Lemma 4.2 we get

LQ(R))

— 1
oll oy = I, < € (5 Holl_y + 7% ol )
_1
()

<(7<p§4-pé o

L?(0w_ o)

by~ E

<ofitept
< Cp~

ool=

with C depending only on Q and ||¢|| ;. q)- Therefore, estimate (4.38) holds. Using the fact that e‘pe'm,eip"'”:zp =
h € HA(Q), we deduce that u defined by (4.37) is lying in Ha(2) and is a solution of (4.36). This completes
the proof of Theorem 4.1. O

5. UNIQUENESS RESULT

This section is devoted to the proof of Theorem 1.1. From now on we set ¢ = g2 — g1 on £ and we
assume that ¢ = 0 on R3\ Q. Without lost of generality we assume that for all § € {y € S* : |y — o] < &}
we have dw_ . g C G’ with € > 0 introduced in the beginning of the previous section. Let p > max(po, p1)
and set 0 € {y € S': |y — Op| < e}, € := (¢,&3) € R3 satisfying &3 # 0 and ¢’ € §+. According to Theorem
2.1, we can consider u; € H?(Q) solving —Au; + qru; = 0 on © taking the form (2.15) with w, satisfying
(2.16). In addition, in view of Theorem 4.1, we can fix us € Ha(2) a solution of (4.36), with ¢ = go, of the
form (4.37) with e=#%% ¢iP @5 € Ha(9Q) satisfying (4.38). Fix w; € Ha(f) solving

—Aw; +quwi; =0 in Q,
{ Towr = Tous. (5:41)
Then, u = w1 — uy solves
—Au+qu= (g2 — q1)uz inQ,
{ u(z) =0 on 04, (5-42)

and since (g2 — q1)uz € L?(2), in view of [14, Lemma 2.2], we deduce that u € H?(Q). Using the fact that
uy € H%(Q), we can apply the Green formula to get

/(qg — q1)ugurde = / up (—Au + gru)dr — / u(—Aug + qruq)dz
Q Q Q

:—/&,uulda(x)—i—/&,uluda(x).
r r

On the other hand, we have ujr = 0 and, combining (1.5) with the fact that suppTous C K, we deduce that
dyujg = 0. Tt follows that

/ quaurdr = — Oyuuydo(x). (5.43)
Q G
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In view of (2.16), by interpolation, we have

23
32

9
32 i
lwall oy < C Ul gy g < € (0l ay) - (Illaey) ™ < Co.

Thus, applying the Cauchy-Schwarz inequality to the first expression on the right hand side of this formula,

we get
<./,
R 8w+,s,e
’ 2 % 1
co([,lrradam) (Ji)
E)w_,_ysvng

1
2
<Cpt ~r"00,ul" do(x)
<Cp g . e Lu| do(z
W4 e,0 X

for some C independent of p. Here we have used both (2.16) and the fact that (I' \ G) C dwy .9 x R.
Combining this estimate with the Carleman estimate stated in Corollary 3.2, we find
2

Oyuurdo(x)

B, ue P 0 (e7iE Ty (pféxg) + wp)’ do(z')dxs

=\G

L2(R) + wp||L2(F)>

‘/ (g2 — q1)uguidr
Q

’e*pwl'eayur do(x)

ool~

<Cp

6w+1€79 xR

, 2
<el0pt ‘e_’” 'Q&,u‘ v - 6)do(z)
6w+,9><]R

1 ’ 2
< E—lcp—g (/ e~ PT ~9(_A+(11)u‘ dx)
Q

-1 1 —pz’-0 2
<e Cps e qus| dx
Q

_ _1 2 2
<=0 (lallmion Ilmo [ 0@ + ol ool ) (5.44)

Here C > 0 stands for some generic constant independent of p. Applying the fact that ¢ € L'(2), we deduce
that

li dx = 0. A4
] Qqu2u1 x =0 (5.45)

Moreover, we have
/ quiugdr = / XQ(p_ixg,)q(x)e_ig'mdx +/ Y(z)dzx +/ Z(x)dx
Q RR3 Q Q
with Y (z) = g(x)e” "% z,(z)w,(x) and
Z(x) = q(x)x (p7%x3> [,zpe*”"'5 + wpe P

Applying the decay estimate given by (2.16) and (4.38), we obtain

_1
| @de <yl 2l < €07t

_1
[ 12@)de < lallay [ (274 . o, Glizgay + Dol

1 1 _1
< C”Q”ioo(gz) Hqul(Q) ”XHLOO(]R)P 8.
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with C independent of p. Combining this with (5.45), we deduce that

li 2(p 3 “ET gy = (),
Jm [ X (p~%as3)q(x)e x

On the other hand, since ¢ € L*(R?) and x(0) = 1, by the Lebesgue dominate convergence theorem, we find

lim Xz(p_ixg)q(m)e_if'xdx:/ q(x)e " da.
R3

p—>—+o00 R3

This proves that, for all § € {y € St : |y — 0| < €}, all € € R? orthogonal to @ and all & € R\ {0}, we have

FFral ) (€)= @m [ Frale &)e a0 (5.46)

Since ¢ € LY(R3), &+ Fo,q(+,&3) is continuous from R to L*(R?) and

Frna(&3)] < (2m) / g x3)\dacs,

by the Fubini and the Lebesgue dominate convergence theorem, we deduce that (5.46) holds for all ¢’ € R?
orthogonal to # and all {3 € R. Now using the fact that for any & € R, F,,q(+,&3) is supported on @ which
is compact, we deduce, by analyticity of F [F,q(,&3)], that F,,q(-, &) = 0. This proves that ¢ = 0 which
completes the proof of Theorem 1.1.

6. APPLICATIONS
In this section we will prove the three applications of Theorem 1.1 stated in Corollary 1.2, 1.3 and 1.4.

6.1. Application to the Calderén problem. This subsection is devoted to the proof of Corollary 1.2.
Applying the Liouville transform, we deduce that for u the solution to (1.6), v := azu solves the following
BVP
(A +g)v = 0, in €,
{ v = a® f, onT,

where we recall that ¢, := a*%A(a%). Moreover, one can check that
Sof =atAgatf —at (0,0%) f, e HET)Nay ¥ (Mie(D)),

where %, is defined by (1.7). From this and (1.8)-(1.9), it then follows for every f € Hz(T)N al_% (Hr (),
that
1 .
Z’ajf:a‘l an’lf (al/af)f\c% ]:1727

where, for simplicity, ¢; stands for q,,. As a consequence, the condition ¥,, = ¥,, implies

_1
(Agy = Agy)f =07 * (Sa, = Say)ay 21 =0, f € af HE(T) O (He(T)).
In particular, this proves that A, = Ag,. Since a; € A, j = 1,2, it is clear that %, € L*>(Q) and

@1 — q2 € L*(). Then, according to Theorem 1.1, we have q; = ¢o. Fixing y := a1 — a2 € H?.(Q) we
deduce that y satisfies

1
(—A+q)y = —a3(—¢)=0, inQ,
YKrnG = &/y\KﬂG =0.

Combining this with results of unique continuation for elliptic equations (e.g. [42, Theorem 1]) we have
y = 0 and we deduce that a; = as. This completes the proof of Corollary 1.2.
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6.2. Recovery of coefficients that are known in the neighborhood of the boundary outside a
compact set. This subsection is devoted to the proof of Corollary 1.3. For this purpose we assume that
the conditions of Corollary 1.3 are fulfilled. Let us also introduce the following sets of functions

Sy i={ue L*(Q): —Au+qu=0, supp(Tou) C K}, Qq:={uec L*(Q): —Au+ qu =0},
Sy ={u€ L*(Q): —Au+qu =0, supp(Tou) C (K’ x [-R,R)) U~ U~,},
Qg = {u € L*(Q): —Au+ qu =0, supp(Tou) C (Ow x [~R, R]) U~ya U4}

We consider first the following result of density for these spaces.

Lemma 6.1. The space Qq, ~,~; (T€Sp. Sy, 4, 1) is dense in Qq, (resp. Sg,) for the topology induced by
L2\ (1, UQa4)).

Proof. Due to the similarity of these two results, we consider only the proof of the density of Qg , -, in
Qg, - For this purpose, assume the contrary. Then, there exist g € L*(Q\ (1. UQs,)) and vy € @, such
that

/ gudz =0, v € Qg .y (6.47)
O\ (21U )

/ guodx = 1. (6.48)
Q\(Ql,*uﬂzy*)

From now on, we extend g by 0 to Q. Let y € H%(£2) be the solution of

(-A+q)y = g, inQ,
y = 0, onT.

Then, for any v € H?(Q2) N Qa1 72,7y We find

O:/gvd:c: —/ 8,,yvda(x)—/ Oyyvdo (z / Opyvdo (x
Q Owx[—R,R] Y2 V5

Allowing v € H*(Q) N Qq, 1,4, to be arbitrary, we deduce that
Ay(x) =0, z€ (0w x[-R,R]) Uz Unb. (6.49)
Therefore, y satisfies
{ (—A+q1)y=0 in Qy .,
Yo = OvlYjr, =0
and the unique continuation property for elliptic equations implies that yo, , = 0. In the same way, we can
prove that yjo, , = 0 and we deduce that

Yo, . = 8l/y|652j7* =0, J =1,2.
Combining this with (6.49), we obtain
y(x) =0y(x) =0, z€d(Q\ (Q1,.UQ2,)).

Now let us recall that, repeating the arguments used in [6, Corollary 1.2], one can check that, for any
y € H*(Q) and z € HA(Q), we have

/ zAydr — / yAzdr
O\ (21, U, ) O\ (21, U5 )

= <752,3uy> - <7—12’y>H7

Therefore, applying this integration by parts formula, we get

/ guodx = / (—=A + ¢1)yvodx = 0.
Q\(Q1,,UQ2 ) O\ (Q1,,UQ2 )

H™3 (D\(Q1,,UQ,.)), H (D\(21,.UQ2..)) F(P\(Q1,. U0 ), HE (T\(Q1,.U05..))
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This contradicts (6.48) and completes the proof of the lemma. ]

Armed with this lemma we are now in position to complete the proof of Corollary 1.3.

Proof of the Corollary 1.3. Let u1 € Qy, 4, and uz € Sy, -, 4. Repeating the linearization pro-
cess described in Section 5 we deduce that Ay = A7 p implies

/ (g2 — q1)uruzdz = 0.
Q
Then, (1.10) implies
0= / (g2 — q)uruzdr = / (g2 — q1)uruade. (6.50)
Q Q\(Ql,*uﬂz,*)

Combining this with the density result of Lemma 6.1 and applying again (1.10), we deduce that
/((D — q1)uugde = / (g2 — q1)urugde =0, wuy € Qq,, uz € Sy,.
Q Q\(Q21,,UQ2 %)

Finally, choosing w1, us in a similar way to Section 5, we can deduce that g; = g2. This completes the proof
of the corollary. O

6.3. Recovery of non-compactly supported coefficients in a slab. In this subsection we consider
Corollary 1.4. Applying the construction of CGO solutions and the Carleman estimate of the previous
sections, we will prove how one can extend the result of [37] to coefficients supported on an unbounded
cylinder. For this purpose, we start by fixing 6 € (0, R — r) and w an open smooth and connected subset of
(0, L) x R such that (0,L) x (—r—4,7+0) Cw C (0,L) x (—R, R). Then, we fix Q := w x R and we consider
the set of functions
V,(Q):={ue H(Q): ~Au+qu=0 in Q},
We(O) :=={ujq: ue H'(O), —Au+qu=0 in O, uj,,—o = 0},
We(Q) :={ue H(Q): —Au+qu=0 inQ, u,—o = 0}.
Following [37, Lemma 9], one can check the following result of density.

Lemma 6.2. Let ¢ € L>®(Q) be such that 0 is not in the spectrum of —A + q with Dirichlet boundary
condition on O. Then the set W,(O) is dense in W,(Q) with respect to the topology of L?().

In the same way, combining Lemma 6.2 with the Carleman estimate of Corollary 3.2 and [37, Lemma
10], we obtain the following important estimate.

Lemma 6.3. Let 0 := (61,02) € S' be such that 6, > 0 and assume that (1.12)-(1.13) are fulfilled. Then we
have

/ (@1 — q2)vivoda
o

/(ql — q2)v1v2dx
Q

<orton ([

for all v € V,, (Q) and for all va € W, ().

—px'-0 ]
e PN q1 — q2)v2 e’ %y

(6.51)
dO’(l‘))

da:) /
Fﬁ{xl :L}

Armed with these two results, we will complete the proof of Corollary 1.4 by choosing suitably the
solutions vj, j = 1,2, of the equation —Av; + ¢g;v; = 0 in .

Proof of Corollary 1.4. From now on we assume that the condition (1.13) is fulfilled. Let us first start
by considering the set @ := {z := (21,22, 23) : (—21,22,23) € w} Uw and let us extend ¢z by symmetry to
@ x R by assuming that

g2(—x1, 22, 23) = ga(x1, T2, 23), (21,22,23) € 0 x R.
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Applying the results of Section 2, we can consider us € H?(& x R) solving —Aug + gauz = 0 in @ x R and
taking the form

up(z) = e’ (e_ip"'a”x (p‘im) e 4 w27p(x)> , xi= (2, z3) €0 xR, (6.52)

with 6 := (61, 603) € S! such that 6; > 0, n,& € R3 chosen in a similar way to the beginning of Section 2, and
wa,, € H*(& x R) satisfying

— 7
p! Hw2,p||H2(Lz,xR) tp ||w2,p||L2(@><R) < Cps. (6.53)
Then, we fix vy € H2(£2) defined by
’U2(£L'1,(E2,.’£3) = u2(:c1,x2,x3) 7U2(7£L’1,£L’2,5E3), (xl,l'g,l'g) S Q (654)

It is clear that ve € W,,(€2). In the same way, we fix v1 € V,, (Q)
vi(z) = e PO (eipn‘g”x (p_ia:;;) +w1,p(m)) , x= (2, x3) €Q, (6.55)

with wy , € H?() satisfying
- 7

P ! ||w1,P||H2(Q) +p ||w1,p||L2(Q) < CP8~ (6.56)
Applying (6.51)-(6.56) and the fact that ¢; —ga € L°°(Q) N LY(Q) C L2

deduce that

(), in a similar way to Section 5 we

p—r—+00

lim (@1 — q2)v1v2dx = 0.
Q
On the other hand, we have
/(Q1 — q2)v1vadz = / (1 — @)x° (P_ix?,) ey +/ Xpdz, (6.57)
Q Q Q
where

Xp ::(ql — q2)€—p9.x’u2w1,p
— (g1 — qp)e 2P (eipn-wx (p*%%) + w1,p(x)) (e*ipn'S(w)X (p*%%) e i€ 4 w21p(s(x))) ,

with s(x1,z2,x3) = (=21, 22, x3). Combining this with the decay estimates (6.53), (6.56) and using the fact
that #1z1 > 0, we deduce that
lim [ X,dz =0.
p—+oo Jo
Then, (6.57) and the fact that ¢; — g2 € L'(Q) imply that

Q

and following the arguments used at the end of the proof of Theorem 1.1 we deduce that ¢; = ¢». O
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