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A KINETIC SELECTION PRINCIPLE FOR CURL-FREE VECTOR FIELDS OF

UNIT NORM

PIERRE BOCHARD AND PAUL PEGON¥

ABSTRACT. This article is devoted to the generalization of results obtained in 2002 in [9] by Jabin,
Otto and Perthame. In their article they proved that planar vector fields taking value into the unit
sphere of the euclidean norm and satisfying a given kinetic equation are locally Lipschitz.
we study the same question replacing the unit sphere of the euclidean norm by the unit sphere of
any norm. Under natural asumptions on the norm, namely smoothness and a qualitative convexity
property, that is to be of power type p, we prove that planar vector fields taking value into the unit
sphere of such a norm and satisfying a certain kinetic equation are locally %—Hélder continuous.
Furthermore we completely describe the behaviour of such a vector field around singular points as
a vortex associated to the norm. As our kinetic equation implies for the vector field to be curl-free,
this can be seen as a selection principle for curl-free vector fields valued in spheres of general norms

which rules out line-like singularities.
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PRELIMINARIES AND NOTATIONS

Our notations in this article will be standard. Beware that we will consider in this article maps
instead of equivalence classes for the almost everywhere relation; all maps will be taken Borel measur-
able. More specifically, let Q, E C R?. We will denote by L, (€2, E) the set of Borel maps m which
are locally integrable and such that m(z) € B for all  in . Of course we do not lose generality with
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2 REGULARITY OF CURL-FREE VECTOR FIELDS

this choice. For € R?, x' will denote its rotation by an angle +m/2. The euclidean norm will be
denoted by |-| and a general norm by |||

1. INTRODUCTION

The goal of this paper is the generalization of regularity results on solutions of a kinetic equation
obtained by Jabin, Otto and Perthame in their article [9]. In order for the reader to understand where
we are starting from, we will begin by briefly recalling their results. Let  C R? be an open set. Jabin,
Otto and Perthame were interested in the study of the following micromagnetic energy on H'(Q, R?):

1 1
(1.1) E.(m) = a/ |Dm|? + = / (1—|m|*)? + —/ |V~ curlm|?,
Q gJa € JR2

where m is extended by zero outside of Q. They associate to the measurable vector field m: Q — R?
the quantity:
Xm: QxS — {0,1}
(.I,S) — 11{771(m)»s>0}-
The introduction of such a quantity is motivated by the following averaging formula: let u € S', then

1

(1.2) u = 5 /S1 ]l{u.s>0}8 dHl(S)

An obvious consequence of (1.2) is that if we suppose that |m| = 1 almost everywhere, then for almost
every z in €,

1

m(z) = 3 /Sl Xom (2, 8)s dH! (5).

They proved then the following theorem:

Theorem 1.1 (Jabin, Otto, Perthame). Let m be a zero-state energy, that is a limit of a sequence
(me)eso C HY(Q,R?) with E.(m.) — 0. Then |m| = 1 almost everywhere and m satisfies the
E—r

kinetic equation:
(1.3) Vs €S, st Vxm(-,s) =0 in D'(Q).

Classical results on the regularity of the average of solutions of kinetic equations tell us (see [7]
for example) that equation (1.3) implies for m to be in Hz(Q,R2). But in the case of this particular
kinetic equation, it turns out that combining (1.3) with |m| = 1 implies a much stronger regularity.
More precisely, the following holds:

Theorem 1.2 (Jabin, Otto, Perthame). Let m be a measurable vector field on Q satisfying |m| = 1
almost everywhere and equation (1.3). Then m is locally Lipschitz continuous inside Q except at a
locally finite set of singular points. Furthermore, for every singular point p, there is a € {—1,1} such
that in any convex neighborhood of p,
m(x) = al"P e
|z —pl

Before we state our own results, let us give a bit more insight into the two previous theorems.
Looking at Theorem 1.1, we expect a zero-state energy m to be of modulus one and curl-free because
of the energy (1.1). As a consequence, the curl-free information about m has to be encompassed
into equation (1.3). It is indeed easy to see that if a modulus one vector field checks equation (1.3)
then it is curl-free; we will prove this in our more general setting in Proposition 4.1. Keeping this in
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mind, we can know look at Theorem 1.2 in the following way: equation (1.3) is a selection principle
among curl-free vector fields taking values into S! which, roughly speaking, does not allow for line-like
singularities.

The question we are addressing here is the following: can we find a kinetic equation which will act
as a selection principle for curl-free vector field taking value into the unit sphere of any norm instead
of S'? The purpose of this article is to prove that if we make simple geometric assumptions on our
norm, the answer to this question is yes. In the spirit of Theorem 1.2, we will then prove that this
kinetic equation implies some regularity on the vector field itself.

Our paper will be divided into three parts. The first one will be devoted to prerequisites on general
norms and their modulus of convexity, the second one to the study of a generalized avering formula
in the spirit of (1.2) and the last one to our main result, i.e. the regularity of solutions to the kinetic
equation we are going to introduce.

Before stating our results, we need some definitions on norms and on the way to measure their
convexity.

Definition 1.1. Let ||-|| be a norm and B its closed unit ball. We call modulus of convezity associated
to B the quantity wp: [0,2] — [0, 1] defined by:

(1.4) wp(d) = inf {1 -

Tty
2

el = llyll = 1 and fle - y]) > 6}.

Definition 1.2. Let p > 0. We say that a norm is of power type p if there is a constant K > 0 such
that:

(1.5) Vo e0,2, K& <wp(d)

As an example, one should keep in mind that the euclidean norm is of power type 2 and that
more generally, for p > 1, I” norms are of power type max{p,2}: this is a consequence of Clarkson’s
inequalities and can be found in [I1]. The main reason for introducing theses two notions is that
we need some property on the norm in order to obtain a kinetic equation which acts as a selection
principle excluding line-like singularities. It turns out that the power type p property is exactly the
good property to look at. We refer the reader to the beginning of our third section for a more detailed
discussion.

The first important result of our article is an avering formula in the spirit of (1.2):

Theorem 1.3. Let B C R? be a symmetric convex body, that is the unit ball of some norm, then:
1

(1.6) Vx € OB, x = 5/ Liss0ynpe(s)dH (s),
OBt

where np1 (s) stands for the unit normal to 0B+ at s.

Remark 1.1. Note that formula (4.1) generalizes easily in any dimension in the case of the euclidean
sphere. We refer the reader to [1] for such a formula and its use to prove a rigidity result obtained in
the study of an analog of equation (1.3) in dimension greater than 2. It would be nice to know if we
can obtain an averaging formula like (1.6) in greater dimension for a general symmetric convex body.

The following corollary of Theorem 1.3, which is crucial to prove our main result, is immediate.

Corollary 1.4. Let |.| be a norm, B its closed unit ball and m: Q — R? a Borel vector field such
that ||m|| = 1. We associate to m the quantity:
Xm: Qx0Bt — {0,1}
(CL‘,S) — ]l{m(x).5>0}.
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Then, for all x in €,

1
(1.7) m(z) = = / Xm (2, 8)n g (s) dH (s).

2 Jopt

We need a last definition to state our main result:
Definition 1.3. Let ||.|| be a norm with unit ball B and ||-||, its dual norm defined as usual by the
equality:
[z]l, = sup (z,y).

<1
We call vortex associated to the norm ||-|| the function Vg : « +— V|||, at the points where this
quantity makes sense. The map x — ||.| being convex, Vp is well-defined almost everywhere on R?

according to Rademacher’s theorem.
We can now state the main theorem of our article.

Theorem 1.5. Let ||.|| be a norm of power type p and B its closed unit ball such that OB is a C*
submanifold in R?. Let m: 0 — R? be a Borel vector field such that |m| = 1 and satisfying:

(1.8) Vs € OBY, npi(s)t - Vxm(,s) =0 in D'(Q).

Then m s locally p%l—Hb'ldeT continuous outside a locally finite set of singular point. Furthermore,
for every singular point p, there is a € {—1,1} such that in any convex neighborhood of p,

m(z) = aVg(xz —p) almost everywhere,
where Vp is the vortex associated to |.|| defined in Definition 1.5.

Remark 1.2. Notice that the two hypotheses on the norm are not redundant: we can find norms which
are not of power type p for any p and whose unit sphere is a C' submanifold. Take for example the
norm associated to the ! unit ball whose angles have been smoothed out. On the other hand, an
example of a type p norm whose unit ball is not a O submanifold is given by ||z|| = ||z, + ||z, with
p > 2. The reader interested in the links between convexity and smoothness of the ball of a norm will
consult with profit Section 1.e. of [11].

In order to see how Theorem 1.5 could be used, let us note that Theorem 1.2 itself has interesting
consequences. For example, together with clever commutator estimates, De Lellis and Ignat proved in
[3] the following:

Theorem 1.6 (De Lellis, Ignat). Let Q be an open set in R? and r € [1,3]. Then every m in
W (Q,8Y) := {m e W= (,R?) : curlm = 0 in D'(Q) and |m| =1 a.e.}

curl

is locally Lipschitz continuous inside ) except at a locally finite set of singular points, where
W%’T(Q,R2) stands for the usual fractional Sobolev space.

A first natural question would be to ask if we can obtain such a theorem when S! is changed into
the unit sphere of a norm satisfying the hypotheses of Theorem 1.5. Another natural question, in view
of Theorem 1.1, would be to ask if we can obtain an analog of Theorem 1.1 if we change the energy
(1.1) into:

- 1 1
E.(m)=¢ |Dm|2 + = / (1- HmHQ)2 + —/ |V71 Curlm|2,
Q € Ja € Jr2



REGULARITY OF CURL-FREE VECTOR FIELDS 5

where ||.|| is now a norm satisfying the hypotheses of Theorem 1.5. Note that the proof of both
Theorem 1.6 and Theorem 1.1 rely on the notion of entropy, that is, in this context, smooth functions
®: S' — R? such that for all open €2 in R2,

vYm e C2.,(,SY), V-[®om]=0.

curl

We refer the reader to [1] and [3] for more details and applications of this notion. Therefore a first
step in order to obtain analogs of Theorems 1.1 and 1.6 would be to develop an adapted notion of
entropy. We will adress this question in a paper to come. The reader interested in questions related
to the regularity of solutions of the eikonal equation may consult [2].

2. MODULUS OF CONVEXITY AND VORTICES

Our main sources for this section are [10] and [11] on the geometry of norms and [5] on convex
analysis. For the reader’s comfort, let us collect some general facts on convex functions and convex
bodies:

o A function f: R? = R U {+oo} is said conver if f((1 —t)x +ty) < (1 —t)f(x) +tf(y) for all
z,y € R%, ¢inf[0, 1]. Tts domain is defined as Dom(f) := {z : f(z) < co}.

e The subdifferential of f at z is defined as df(z) := {p : Vy, f(y) > f(z) + (p,y —x)}. Tt is
nonempty if 2 € Dom(f). In that case, f is differentiable at z if and only if its subdifferential
is a singleton, in which case df(z) = {Vf(x)}.

e The Legendre-Fenchel transform of f is defined as

f*(p) = Sup - p - f(x).

If f is a proper (# +00) convex lsc function, so is f*, and f = f**.
e In that case, 0f* is the inverse of Jf in the sense that

(2.1) p € df(x) < =z € df*(p).

o If B is a convex body and ||-| its associated norm, then x5 = [|-|l,.
o If x € OB, we say that u is a normal vector to B at x if

VyeB, u-(y—z)<0.

Notice that the set of normal vectors, denoted by Ap(x), is a convex cone which is precisely

Oxp(x).
o If x € OB, the following relation between the subdifferentials of ||-|| and x5 holds:

(2.2) |||l = Oxs(x) N B*, or equivalently 9,-|| = Ng(z) N B*.

e There is a unique unit normal vector at x € 0B if and only if the associated norm is differ-
entiable at x. In general this is true for H!'-almost every x € 0B, and it is the case for all
x € OB for instance if OB is a C' submanifold.

Before getting to the heart of the matter, let us explain why the norm should satisfy some property
for the kinetic equation to act as a selection principle ruling out line-like singularities. For that purpose,
let us take another look at the vortex Vp associated to a norm ||-|| of unit ball B as defined in Definition
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1.3. Tt is clear that Vg is curl-free in D’(R?). Indeed, taking ¢ € C§°(R?),

D oVia — DoV da = / Vot - V|||, da
R2 R2

=/ V- [chJ‘] lz]|, dx =0,
R2

where we used the fact that Vg is the distributional gradient of ||-|| by Rademacher’s theorem. Fur-
thermore, Vg takes its values into dB. Indeed by (2.1), for almost every z (those where |||, is
differentiable, i.e. where Vg is defined), one has p = Vg(z) <= =z € 0|, so that p is a point
where the subdifferential d,]|-|| contains a nonzero vector, i.e. a point on the boundary of the ball.
Consequently Vp(z) = p € 9B. We are going to prove that Vg is always a solution to the kinetic
equation (1.8). As a consequence, if we want this kinetic equation to rule out line-like singularities
then Vp should not exhibit such singularities, and the regularity of Vg is related to the convexity of
B, as we will see in Proposition 2.5. This is the fundamental reason why we need some convexity
property on our norm in order to obtain Theorem 1.5.

2.1. Properties of the normal field. We start off by stating some useful properties of the normal
field
ng: 0B — P(SY)
z — Np(z)n St,

where Np(z) is the normal cone to B at x.

Lemma 2.1. Let B be the unit ball of a norm and np the application defined above. Then, for
H'-almost every y in S, there is a unique x in OB such that y € np(x).

Proof. Let us consider:

fip: 0B —  P(OBY) fipe:0B* —s  P(OB)
z +— Np(z)NoB*, z > Np«(xz)NIB.

By (2.1) and (2.2), it is easy to see that p € np(z) if and only if z € fip-(p). Since IB* admits a
normal vector for H!-almost every p, we get that there is a unique x satisfying p € fig(x) for H!-almost
every p in 0B*. We get uniqueness for ng by using the fact that the projection from S! to dB* is a
bi-Lipschitz bijection. O

Remark 2.1. In the rest of the paper, if y € S! is such that there is a unique z € 9B satisfying
y € np(x), we will abusively denote it by © = ng,l(y). One can deduce from the previous proof that
this in in particular the case if 9B* is a C' submanifold of R2.

Proposition 2.2. Let ||-|| be a norm of unit ball B, then for almost every x,

Vs(z) = ng' (%) .

Proof. We know that ||-||, is the Legendre-Fenchel transform of x g. Consequently ||-||, is differentiable
at x if and only if x is in the normal cone of a unique p € 9B, that is if and only if ngl (I;_I) is well

defined, in which case n' (%) =p = V.||, = Va(z). By the previous lemma, it is true for almost

every . 0
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We can now prove as promised that Vg is always solution to the kinetic equation (1.8). Indeed, let
QCR? p e C5(Q), and s € IB. Using Proposition 2.2, for almost every x € Q, Vg (z) = ng,l (i),

]

and

/ Vo ngi(s)txv,(z,s)de = / Vo -npgi(s)*de.
Q Qﬁ{ngl(‘%)-s>0}

x

But for almost every s, {ngl (—) -5 > O} is an half-space whose boundary is the line L passing

[2]
through 0 and directed by ng(st), whose unit normal is +ng(s*)* = Fnpi(s). As a consequence,

using Stokes formula and the fact that ¢ is supported in €2,

V@'TLBL(S)LdI:iTLBL(S)L'TLBL(S)/ pdz = 0.
onL

/Qﬁ{nBl (%) -s>0

[E3

Let us define a last quantity that we will need later. For u,v € R? which are not colinear, we define
the convex cone C(u,v) generated by u, v as

Clu,v) == {Mu+ v : (A, A2) ERT x RT}.

Lemma 2.3. Let ||-|| be a strictly convex and differentiable (outside 0) norm of closed unit ball B.
Then ng : 0B — S is monotonic in the sense that

w € Clu,v) <= ng(w) € C(ng(u),ng(v)).

Proof. Notice that C(u,v) is (by Hahn-Banach Theorem) the intersection of the half-spaces which are
delimited by vector hyperplanes and which contain u and v. First, let us show that, given any such
half-space H, np is a bijection between 0B N H and a half-circle of S'. Since np is continuous and
OB N H is compact and connected, ng(0B N H) is a compact and connected subset of S, hence it
is a closed arc of S*. Since 9B N H contains two symmetric points +z € 9B, so does ng(dB N H),
hence it contains a half-circle [#, 6 + 7]. It may not be larger than that, otherwise it would contain a
nontrivial arc and its symmetric, hence 9B N H as well since np is homeomorphic and antisymmetric.
This cannot be true. This proves that np sends half-spaces of B to half-circles and it is clear that it
realizes a bijection between the set of half-spaces of B and the set of half-circles of St.

Now w € C(u,v) means that w belongs to any half-space (delimited by a vector hyperplane)
containing u, v, which means that np(w) belongs to any half-circle containing np(u), ng(v) by what
we just proved. This exactly means that ng(w) € C(ng(u),ng(v)). O

2.2. Modulus of convexity. In this section we give an alternate definition of the modulus of con-
vexity, which offers some advantages: an intuitive interpretation is given in Proposition 2.4, and a
characterization in terms of the regularity of the vortex is given in Proposition 2.5. This will be useful
to prove the sharpness of our main theorem. Of course, it is essentially equivalent to Definition 1.1
which is given in the introduction, as showed in Remark 2.3.

Definition 2.1. We define the modulus of convexity of B as the greatest nondecreasing function
pB : [0,2] — Ry such that for all z,y € 9B and all u € Ng(z),

(2.3) u-y <u-z— |lull pp(lly — ).

We say that B is of power type p > 2 if pp(§) > CoP for some C' > 0 and that it is elliptic if it is of
power type 2.
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Remark 2.2. Notice that
Vy€0B, u-y<u-z—|ull,ps(ly—zl)
if and only if
vy eRY, xs(y) = x8@) +u-(y— )+ |ull,ps(ly —z|).

)
This last inequality is reminiscent of the inequality f(y) > f(x) +p - (y — x) for p € 9f(x) which
holds for arbitrary convex functions. The extra term |lul, pg(||y — z||) measures how much B is convex
around its boundary.

Remark 2.3. The two definitions of modulus of convexity are equivalent in the sense that:
pB(6/2) <wp(d) < pp(0)/2.

Proof. The proof is quite easy. Take xz,y € 0B and u € Np((z + y)/2) such that |lu||, = 1. Notice
that u € 812ﬂ ||I-|| (because ||u||, = 1), hence by convexity:

Tty

r—y
H—l—u 5

r+y r+y
wy<u 5= (- 252).

y—= lly — =]l
LT < - ).
u 5 = PB< 5

Putting this in the previous inequality yields:

r—=Yy |y — =
<l—-wu-—2<1- Z 1)
‘_ U 5 < pB( 2

Since wp is precisely the largest map for which the inequality || m—;ry || <1-—wg(]ly — z||) holds for all
x,y € 0B, it follows that:

1= [lz]| =

By definition of pp one has:

or equivalently

r+y

p5(0/2) < wp(d)
for all § € [0,2].
Now let us prove the other inequality. This time we take x,y € 0B, v € N(z) with |Ju]|, = 1. By
definition we know that:

Tty
2

| <1-wnly -
but since ||u||, = 1, one has:

r+y .:E—I—y Yy— Yy—x

’ >u
Putting these two together, one gets:
u-y <u-x—2wp(lly — ),

and by homogenity if u has arbitrary norm:

w-y <u-x = ull, - 20p(]ly = [])-
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Since pp is the largest function for which such an inequality holds for all z,y and u € Ng(z), one has

2wp(0) < pp(9)
which concludes the proof. g

FIGURE 1. Unit ball of ||.||; and vortex associated to ||.||oc, singular along the axes.

As indicated by its name, the greater pp is, the more convex B is. For example, taking a look at
Figure 1, it is easy to see that the modulus of convexity associated to the I' norm is constant equal to
0 on a neighborhood of 0. On the other side, the euclidean ball is the most convex of all in the sense
that if wo is its modulus of convexity, for all symmetric convex body B,

(2.4) V8 €1[0,2], wp(d) < ws(d).
We refer the reader to [12] for a proof of this inequality.

Remark 2.4. Using the symmetry of S!, py can easily be computed and one finds:

2
@) =1-vi- ~ O

50 2

As a consequence of this equality, of inequality (2.4) and Remark 2.3, there is no norm of power type
p with p < 2.

Throughout the rest of this paper, we will use the modulus of convexity pp as defined in this section.
The following proposition gives an intuitive characterization of convex bodies of power type p. It states
that they are convex bodies whose boundary is locally the graph of a map which is above that of the
map ¢ + [t|” around 0.

Proposition 2.4. Let © € 9B, u a normal vector of unit euclidean norm. Take v :] — ¢, +e[— OB
a local parameterization of OB around x = ~(0), with direct orientation and unit speed. We denote
by 7 = 4(0) the unit tangent at x and v = T+ the inner normal. In the basis (T,v), we write
v(t) =z + a(t)T + b(t)v. Then B is of type p if and only if

(2.5) b(t) > Cla(t)[’.
If B is of class C? and r(z) denotes the curvature at x, B is elliptic if and only if for some C > 0:
Ve € 0B, k(z)>C.
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Proof. Writing inequality (2.3) with y = y(¢) one gets
=b(t) = u- (y(t) —x) < =Cly(t) — z[’ < =Cla(t)|”

which yields (2.5). Conversely, since b = o(a) the inequality b(t) > Cl|a(t)|” implies (2.3) for x close to
y, which is enough to get it for all z, y.
If OB is of class C? and so is 7, by definition one has

Y(t) =z + t7(0) + 2 /2 - 5(0) + o(t?) = x + t1 + K(x)t?/2 - v + o(?).
Consequently a(t) =t + o(t?) and b(t) = kt?/2 + o(t?), thus B being elliptic, one has:
C(t+ o(t?))* < kt?/2 + o(t?).

Dividing by t? and t — 0 yields x > 2C and OB has positive curvature. The converse is straightforward.
O

The next proposition establishes a link between the power type p property of a norm and the
smoothness of its vortex.

Proposition 2.5. Let B be a convex body associated to the norm ||-||. Then B is of power type p if
and only if ||-||, is differentiable everywhere outside 0 and Vg = V|||, is ﬁ-HO’lder continuous far
from 0, in the sense that for some constant H > 0 one has:

1
[[u—wllZ7,

Ve (v) = Ve(u)|| <

ST

for all Jull, ||v|| > 6 and all § > 0.

Proof. Take z,y € OB and u € Ng(z),v € Np(y) with u, v nonzero. One has
w-y <u-x— fullps(ly — ),

v-z <vey— ol ps(ly — =),
and by summing these one gets:

2min(([ull,, [[vll)pz(lly —2l) < (v —u) - (y — ).
Now if B is of power type p then

(w—u)-(y—=z) _fv—ul,lly—z
Clly —z||” < pa(lly — zll) < — < :
min([|ull,, [[v]l,) = min(||ull,, [v]],)

thus

1

||y—x||<< bl )ﬁ
=\ Cmin(ful_, |[0[l) ’

which yields

1
lu—of 27"

ly — | <

1
§7—1
provided that |lul|,,||v]], > ¢, for some constant H depending only on the norm.

Conversely, take € 9B, u € N(x) with |Jul|, = 1. We want to show that for all y € B:

wy<u-z—Cly—af.
Take z¢ a minimizer of g(y) = xp(y) + (v- (x —y) — Cw). We want to show that for small enough
C, g(xo) > 0. The necessary optimality condition reads
ug == u + Cxg — x)P~' € dxp(z0).
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Necessarily, g € B thus
o —ul|, < 8C||zo —x||P" < 60271

where § := supy,—[|v]|,. If C is small enough, say C62°~! < 1/2 then both [Jull,, |luo||, > 1/2. On
the other hand one has by hypothesis:

@o — 2||P~" < 2HPYug — ul|, < 26CHP™ ||z — af|P~".

Now if one takes C even smaller, so that 26C HP~! < 1, one must have * = zo and u = ug, which
implies that ming2 g = g(x¢) = g(x) = 0 and the following holds:

YyeB, u-y<u-x—Cly—xff/p  with C =min(277,1/(20H?"1)).
If w has arbitrary norm, this becomes:
Ve B, u-y<u-z—Clullly— |
where C' = C/p. O
As a corollary, one gets the following regularity theorem.

Theorem 2.6. Let ||| be a norm with closed unit ball B. It is of power type p if and only if ng" :
St — 0B is well-defined and p%l—Hdlder continuous. In particular it is elliptic iff n]_gl is Lipschitz
continuous.

3. AVERAGING FORMULA

This section is devoted to the proof of Theorem 1.3. A first interesting remark is that if we want an
averaging formula in the spirit of formula (1.6) to be true, we need the convex to be symmetric. More
precisely, we have the following proposition:

Proposition 3.1. Let B C R? be a convex body with 0 in its interior. Assume there is a Borel vector
measure € M?(R?\ {0}) such that the following representation formula holds:

(3.1) Vz € 0B, r = / 1z s>0y1(ds).
R2
Then B is symmetric and one may replace u in the formula by the measure i defined by

o )~ p(-4)
(a) = BEIEEE

for all Borel set A, which is an antisymmetric measure in the sense that i(—A) = —(A), and which
does not give mass to vector lines.

Proof. Let us set
(3.2) a2t ={secR®:(x,s) >0}, a ={scR*:(x,8) <0}, at:={scR?:(z,s)=0}.
One may define the gauge of B as

jg: R — Ry,
x +— inf{t >0:2 €tB},

the radial projection onto 0B and radial symmetry with respect to B respectively as:

pg: R2\{0} — OB sp: RZ\{0} — R?
x —  Be x —  Jjp(z)pp(—1).
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First, let us assume that p does not charge lines of the plane, i.e. u(D) = 0 for all vector line D C R2.
Writing R? = 2+ Uz~ Uzt and noticing that sp(z)* = 2~, we obtain:

w(@t) + p(sp()™) = pla™) + pla™) + plat) = p(R?) = v e R%

If z is in OB, according to (3.1) one has z = p(z*) and sg(z) = pu(sp(x)™) since sp(x) € OB, which
yields

(3.3) Vx € 0B, x+ sp(z) = .

[e]
But sp(z) is colinear to z, and since B # (), we can find two non colinear vector z1, 22 € 9B. Now
writing (3.3) with 21 and 2z, implies v = 0; consequently, for all z € 0B, x = —sp(z) = —pp(—2),
which exactly means that B is symmetric.

Now we may get rid of the hypothesis that p does not charge lines. If p gives a positive mass to
some vector lines, it may only charge countably many of them since p is finite and these lines only
intersect at 0 which is p-negligible. Let us denote by L the reunion of the perpendiculars to these
lines. The previous reasoning shows that x + sg(x) = v for all z € 9B\ L. But 9B N L is countable
hence OB \ L is dense in 0B and by continuity of sp the identity

x+sp(r)=0=v

holds for all x € 9B, which implies that B is symmetric and g does not charge vector lines. Thus if
x € 0B then —x € 0B, which implies:

— =/ Li—assopp(ds) = p(=(2™))
R2

and
+ +
x— (—x wx™) — p(—(z _
B o B U Y
2 2
Obviously, i is antisymmetric and does not charge lines since p does not either. O

Now let us pass on to the proof of the representation formula as stated in Theorem 1.3. It turns
out that checking such a formula is quite easy once one has found the right candidate for p, but the
following theorem is more precise as it states that p is essentially unique.

Theorem 3.2. Let B C R? be a symmetric convex body, that is the unit ball of some norm, then there
is a unique antisymmetric measure p supported on OB~ such that:

(3.4) Vo € 0B, r = /R2 1z s>oyp(ds),

which is
p=1/2- nBJHﬁaBL
where np1(s) stands for the unit normal to B+ at s.

Proof. Let B be a symmetric convex body and suppose that there is u € M?(R?) supported in 9B+
and satisfying the representation formula:

(3.5) Vx € 0B, x = / 1z s>031(ds).
OB+t

We want to prove that pu = n'%’l—lﬁ gpL- Recalling the notations of (3.2), notice that this rewrites
more concisely as

(3.6) Vo € 0B, = p(at).
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If u,v are two points of 9B+, we denote by Ju,v] the oriented arc of B+ delimited by u and v
(v included and u not included). Let us set * = u*,y = v*, which both belong to dB since it is

symmetric.

Notice that if the oriented angle between u and v is such that 0 < <((u,v) < 7 then |u,v] = 1\ yT.
Finally we set F := Ju,v] and F := 21 \ E, so that

T =EUF, yT=FU(-E),
thus
pa™) = u(E) + u(F), ply™) = p(F) + p(-E).
Since p is antisymmetric, u(—F) = —u(F) hence substracting the last equality to the previous one

yields pu(z™) — u(y*) = 2u(F). Using (3.6) one gets

emy=op(unl),  ie pluel) = gt —ut) =

In short, setting F' = %R_l, for all w, v such that 0 < <t(u,v) < 7, we have:

(3.7)

This relation® allows us to assert that yu is the following measure on dB=:

(3.8)

where 7(s) is the unit vector tangent to B+ at s (with direct orientation). By definition, ng (s)
R717(s) hence (3.8) rewrites p = %HiaBM which is what we shall prove now. Setting v
npiHM! 5., it is easy to check that v(Ju,v]) = F(v) — F(u) = p(Ju,v]) for all u,v such that 0
<(u,v) < m. Indeed, take a curve v : [0,1] — L+ which describes the oriented arc [u,v] and

p(lu, v)) = F(v) = F(u).

u(ds) = DyFr(s)ds = Fr(s)ds

INotice that (3.7) would match the definition of the Stieltjes measure associated to a given function F if u was a
measure on the real line. In this case, p is given by the distributional derivative of F' and we are merely transposing this
fact to our case, where p is a measure on a closed curve.
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parameterized by arc-length. Then one has

l l
i) = [ nse )G = [ BGO)T

= SR (D) = (0)
= F(v) — F(u).

Since the Borel sets Ju,v] form a 7-system generating the Borel o-algebra of 9B+, u = v. Moreover,
since v satisfies relation (3.7), it satisfies the representation formula (3.6) by taking v — —u. This is
what we wanted to prove. O

4. KINETIC FORMULATION

4.1. Kinetic formulation and curl-free vector fields of norm one. This subsection is devoted
to justifying the heuristic explanation of our introduction, that is that our kinetic equation acts as a
selection principle for norm one curl-free vector fields. First, we have the following easy proposition:

Proposition 4.1. Let Q be an open set in R?, B the closed unit ball associated to the norm ||-|| and
m a Borel vector field such that ||m|| = 1. If m satisfies the kinetic equation (1.8), then m is curl-free
in the distributional sense.

Proof. Let p € C3°(Q2). Then,

/ Orpmg — Oapmy dz = / Vel -mde = / Vel (l/ Xm(x, s)ngL(s) d’Hl(s)> dz
Q Q Q 2 Jopr

1
- ‘/ / Vo s () xom (2, 5) da dH1 (5) = 0,
2 OB+ JQ

where we use the Corollary 1.4 in the first line and the kinetic equation (1.8) in the second, which
concludes the proof. O

The next proposition gives kind of a reciprocal if the field m is smooth.

Proposition 4.2. Let Q be an open convex set in R%, x +— ||z|| a norm in C*(R?\ {0}), and m €
CH(,R?) a curl-free vector field such that ||m|| = 1. Then m satisfies the kinetic equation (1.8).

Proof. Let m be a vector field satisfying our hypothesis. Using the characteristics method, it is easy

to see that such a field is constant along lines. Indeed, writing F'(z) := ||«||, differentiating the relation
F(m(z)) =1 in Q and using the fact that m is curl-free, one gets:
(4.1) D,m -VF(m(z)) = DIm - VF(m(z)) = 0.

Now let ¢ — ~(t) be a smooth curve taking values in Q and p(t) := m(y(t)). Differentiating p,
one obtains p(t) = D,ym - ¥(t). Therefore, choosing v to be a solution of the differential equation
(t) = VF(m(~(t))) and using (4.1) the couple (v, p) is now solution of the system:

{ p(t) =0,

Y(t) = VE(p(t)).

Thus p is constant equal to m(y(0)) = m(z), v satisfies ¥ = VF(m(z)) and m is constant along ~,
that is m is constant on L, N where L, is the line passing through x and directed by VF(m(z)).
Set s € 9B+, If m(xg) - s = 0, then m(xg) = s+, say m(xg) = s*. Since m is constant along the line
vt 29+ tVF(st) and equal to s*, then x,,(v(t),s) = 0 and by differentiation at t = 0 one gets
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VE(s%) - Vm(zo,8) = 0 (we write £ - Vf to designate the partial derivative of f in the direction ¢
provided it exists). But VF(s') is the normal vector £ to B at s* such that |||, = 1, in particular
it is colinear to np(st), thus np(st) - Vxm(zo,s) = 0. Now if m(zg) - s > 0, then m(z)-s > 0
along +y, otherwise it must vanish somewhere along that line and m = 4s* on that line, which is a
contradiction. Consequently, xn (-, s) is constant along 7, thus we get again by differentiation along ~y
at t = 0:
ng(s) - Vxm(wo,s) = 0.

The same reasoning works for m(xg) - s < 0. Noticing that ng. (s)t = np(st), this implies that
(1.8) Vs € 9Bt Vz € Q, ngi(s)t - Vym(z,s) =0.

g

4.2. Direction conservation and trace theorem. We are now entering the heart of the proof of
Theorem 1.5, which is quite similar in spirit to the proof of Theorem 1.2 by Jabin Otto and Perthame.
In order to use equation (1.8) to gain regularity, an important point will be to be able to define the
trace of m along a line.

Remark 4.1. Note that starting from here, we will always place ourselves under the asumptions of
Theorem 1.5, that is the unit sphere OB associated to a norm will be a C' submanifold and the norm
itself will be of power type p.

Definition 4.1. Let m € L£{ (9, R?). We say that zg is a Lebesgue point of m if:

loc

lim |m(z) — m(xo)|dx = 0.
r—0 BT(IO)

We denote by Leb(m) C Q the set of Lebesgue point of m. It is well known (see [6] for example) that
|2\ Leb(m)| = 0.

Let us state a useful lemma which relates Lebesgue points of m to those of x.m(:, s).
Lemma 4.3. Let Q C R? be an open set and m € L (Q,0B).

(i) If zo is a Lebesgue point of Xm(-,s) for H'-almost every s € OB then it is a Lebesgue point
of m.

(it) If xo is a Lebesque point of m then xo is a Lebesque point of Xm (-, s) for all s € B such that
m(zg) - s#0 .
In particulier xo is a Lebesgue point of m if and only if it is a Lebesgue point of xm(-,s) for almost
every s.

Proof. The proof of (i) is a simple consequence of the averaging formula (1.7). Indeed, if zo is a
Lebesgue point of x,, (-, s) for H!-a.e. s € 9B*:

! 1
érmﬂm@ —mizo)ldz =3 ]{mo) /EBL(xm(:v, $) = Xom (20, )2 (5) AH (5) | d

1
3 ][ / IXm (2, 8) — Xm (0, s)| dH' (s) dz
7‘(10) oB+

IN

1 r
! / f o (2 5) — X (0, )| dr dH () 7% 0,
2 JoaBt JB,(x0)

by the dominated convergence theorem.
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Now let us prove (ii). Take a Lebesgue point zg of m and s € 9B+ such that m(xg) - s # 0, say for
example m(zg) - s > 0. First, let us remark that

| By (z0) N {m s <0} < 1 /
| By (o) = Br(20) J B, (20)n{m-s<0}

< 7[3 Lm0~ mi@) a

Dividing by m(zg) - s and taking the limit when r goes to 0, one gets
|Br(x0) N {m -5 < O}l r—0

(m(zg) - s —m(z) - s)dx

m(zo) - s

B, zo) "
but
F o hon@s) = xnaoslldz=F funlens) - 1]ds
B, (zo) B, (zo)
_ |Br(x0) N {m s < 0}| r—0 0
| By (o) 7
hence x¢ is a Lebesgue point of x,,, (-, s). The case m(x¢) - s < 0 is done in a similar way. O

We can now prove the following proposition, which plays a crucial role in the proof of Theorem 1.5.

Proposition 4.4. Let Q C R? be a convex open set andm € L}, (2, OB) satisfying the kinetic equation
(1.8). Assume that y, z € Leb(m) and that s € OB+ with z — y € Vect(npg. (s)*). Then

(4.2) m(y)-s>0 (resp.<0) = m(z)-s>0 (resp.<0).

Proof. Let us suppose that m(y) - s # 0. If m(z) - s = 0, then the proof is over; assume otherwise that
m(z) - s # 0. Fix z € Q and define for € small enough:

() = f Yo (55 ) .
Be(z)

which may be written as

L. (0)
p° = .
|B=(0)]

X (x) = p® % xm(-,s) where

X¢ is continuous and for every Lebesgue point zy of x.m (-, s), one has x°(zo) 0, Xm (o, s). Now let
(6n)nen= be a sequence of smooth mollifiers supported in B/, and set

X5, =0 * x°.
We are going to show that x¢(y) = x¢(z) and for that we introduce
g: [0,1] — R
t— Xy +tz—y).
The function ¢ is smooth and satisfies

g'(t)=(z—y) Vxi(y+t(z —y))
= (2= ) (VI + 0T % Xm(6)) (5 + H(y - 2))

= [ =) 5t el (55 1z =) = o) (0 5) o
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But (z —y) € Vect(ngi(s)*) and 6, * p. € CZ°(£); therefore because of (1.8), ¢’(t) = 0 and
Xn(y) = 9(0) = g(1) = x5 (2):
Taking the limit as n goes to 400, we obtain
X“(y) = x°(2)-

But y, z are Lebesgue points of m and m(y) - s # 0,m(z) - s # 0 hence by (ii) of Lemma 4.3 y, z are
Lebesgue points of x,,(+, ), thus taking the limit as € goes to 0, we have

Xm(y,s) = lim x*(y) = Im x°(2) = xm(2, ),
e—0 e—0
which concludes the proof. g

Theorem 4.5. Let Q C R? be a convex open set and m € L], (0, OB) satisfying the kinetic equation

(1.8). Let L be a segment of the form L = {tv:t € [-1,1]} for some v € S'. Forr >0 set
P = {zv* + 290 : (21,20) € [-1,7] x [~1,1]}
and assume that P, is included in Q2 for small r. Then there exists a measurable function m: [—1,1] —
R? satisfying
(i) lim ][ im(x) — m(as)| dz = 0,
r—0 P,

(ii) for almost every xa, m(z2) € OB,
(iii) if x € Leb(m) N L then x4 € Leb(m) and m(z) = m(xq),
(iv) if zo € Leb(m), then there exists a sequence x,, € Leb(m) such that

Tn =z and m(x,) — m(xs).

The vector field m is called the trace of m on the line L.

Remark 4.2. We only assume the form of L = {tv : ¢t € [-1, 1]} for commodity but the result obviously
holds for any general segment in 2. This will be used several times in the rest of the article.

Equation (1.8) means that x,, only depends on ng.(s) -z and s. The next lemma asserts that x,
may be written as a Borel function of these quantities.

Lemma 4.6. If m satisfies (1.8), for any convex set V (for instance a convex neighborhood of L) there
exists a Borel function X : R x 0B+ — {0,1} such that for a.e. x in 'V,

(4.3) Xm (2, 8) = Xm(npi(s) - x,s).

Proof. We know that m and x,, are Borel maps. For s fixed, we denote by = uinpg. (s) +usnpg:(s)*
the decomposition of  on ngi(s),ng.(s)*. Taking arbitrary smooth functions ¢, 1) of the variables
uy,us with (suitable) compact support and testing the kinetic equation against p(z) = @(u1 )1 (u2),
one gets

/ &) (142 (2, 8) iz iy = 0,

which implies that for a.e. u, the map us + Xm(u1npg1 (s) +usng. (s)t,s) is a.e. equal to a constant,
namely to the mean value of X (-,s) over the slice V; ;. _, (s) where Vi, = {anp.(s) + tngi(s)t :
t € R} N V. Therefore, setting

Tonla,5) = fv Yon(@, 5) da,

s,a
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one has
Xm(T,8) = Xm(nps(s) - z,5)
for all s and almost every x in V. Let us justify briefly that Y., is Borel. Setting F(s,a,t) =
angi(s) +tng.(s)t, which is continuous, and Uy, = {t : F(s,a,t) € V}, one has
fR Xm(F(s,a,t),8)Ly(F(s,a,t))dt
Je v (F(s,a,t))dt ’

and it is now clear that it is Borel as an integral of a Borel map with parameter. O

B 1
Xm(a,s) = W/ Xm(angi(s) +tnge (S)L, s)dt =

We can now prove Theorem 4.5.

Proof of Theorem 4.5. We proceed in several steps.

Step 1: Trace for .

Provided that v-ng.(s) # 0, the function [—1,1] 3 z3 — Xm(x2v - ng1(s),s) is the trace of x (-, s)
on L in the sense that:

(4.4) lim ][ [Xm (z,8) = Xm (220 -npi(s),s)|dz=0.

r—0 /p

Indeed, using Lemma 4.6:

2][ IxXm (2, 8) — Xm(npi(s) - vaa, s)|dz
P,

1 T
:/ ‘Xm(xle‘—kav,s) Xm (220 -npi(s ‘dxldxg
—1J—r
1 T
=/ ][ ‘)zm((l']_UJ—‘f'.’I;QU)'nBL(S) 8) — Xm(z2v -npi(s |dx1dx2
—1J—r
PR |/ !xm (z10" - npi(s) + Y2, 8) — Xm(y2, s)| da1 dys
1

1
<1 sup/ Xm0 + 92, 8) — Xom(y2, 8)] dp.
|'U~’)’I,BL( )| lya|<r o — m m

This last quantity goes to 0 as r goes to 0 because of the continuity of the translation in L!. Note that
for a fixed v € St, there are only two vectors s € B~ for which v-ngi(s) = 0 because B is a convex
body which is stricly convex (the norm being of type p). As a consequence equality (4.4) is true for
H'-a.e. sin OB .

Step 2: Trace for m.

For x5 € [—1, 1], we define the trace m of m on L by the following equality :

m(z2) = %/8]3L Xm (220 -npi(s), s)ngL(s)dH (s).

Then, thanks to the averaging formula (1.7

)
f m(z) — 1i(e2) |dx<f /8 100 (225) = oz (), (5)] AR (5

<[ (]ijxm(x,s) = S s (3), )] de ) QR ).
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Using (4.4) and the dominated convergence theorem, (i) is proved. Moreover,

1
/ 1= (o) dos < 2 Jijnm(x)n ~ ()| da

< C'][ |m(x) — m(z2)|dx,

'

the last equality resulting from the equivalence of norms on R? and the reverse triangle inequality.
This last quantity going to 0 as r goes to 0, (ii) is proved.

Step 3: Proof of (iii).

Take = a Lebesgue point of m. We know by Lemma 4.3 that z is a Lebesgue point of x,, (-, s) for
almost all s. We define the cube

Q?S"(‘T) =T+ {anBi(s) + bnéi-(s) : (au b) € [—’f‘, ’f‘]2}7
and write y = yinpgi s + y5”§¢(5) for arbitrary y. Notice that:

xi+r

]é ( )|><m<y,s>—xm(ac,sndy:]f2 ( )|>zm<yf,s>—>zm<wi,s>|dy=f X (14, 5) — Xom (25, 5)] .

s_
r zi—r

The quantity on the left tends to 0 as  goes to 0 hence the quantity on the right as well, which means
that 2§ = - np1(s) € Leb({m) for almost all s. Moreover, by definition of the trace, one has for all
y € L:

m(y2) = = /é)Bi Xm(Y2v - npi(s),s)ngs(s) dH (s),

thus

To2+r To2+T
Fom) - menldi < [ onev n(5):5) — Xonlmz 0 (5),9)] g,
T oB To—T

2—T

Js(r)

Provided that v - ngi(s) # 0, which is true for a.e. s:

zi+rvngy (s) 0
=1 o (1, 8) = Ton (25, 8)| duu 222 0,

S—Tvn g1 (s)

hence by the dominated convergence theorem, J,(r) being bounded by 2, one gets:

To+r
][ [m(y2) — m(z2)|dys — 0,

2—T
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and xo is a Lebesgue point of m. Moreover:

1 xo+Tr
m(m):}i_%z m(t) dt
m2+r
_}%Z/ZBL]i m(tv-npi(s),s)dt ngi(s)ds
szrT m1+r
= lim ~ / ][ m((tv +unpi(s)t) -npgi(s),s)dudt ng.(s)ds
r—=0 OB+t Jzy T1—T
wz-i-r z1+r
= lim - / ][ ][ m(tv +ungi(s)*,s)dudt ngi(s)ds
r—0 2 aBJ_

= lim — / ][ Xm(y,8)dy ngi(s)ds
r=02 Jopt JLs(2)

where we have defined the parallelogram (which is non-flat for a.e. s):
Li(z) =x + {tv+ung.(s) : (t,v) € [-r,7]}.

Since x is a Lebesgue point of m, it is a Lebesgue point of x,, (-, s) for almost all s, hence

][ Xm (Y, 8) Ay = xm (2, 5).
L3 ()

Passing to the limit as r goes to 0 in the integral:
1
m(xe) = —/ Xm(x, $)npgi(s)ds = m(x),
2 Jopt

using again the representation formula.

Step 4: Proof of (iv).

Fix € > 0, and take § > 0 to be suitably chosen later in terms of . For a,r positive and smaller
than e, we look at the quantity F(a,r) = f;;j; f" Im(y) — m(z2)| dy. This quantity is bounded from
above as follows:

To+ta r xota T
E@w=f WK)~@M®§f m(y) — (y)] dy

2—a 2—a -Tr

xota r
cf T ) el dy

xota

<f =t f ) - )

2—a
where
Pro =+ {u1vt +ugv : (ur,u2) € [-r,7] x [~a,a]}.

Since x2 is a Lebesgue point of m, one may find a small enough such that

xota
][ [m(y2) — m(z2)|dyz < 0.

2—a
Then for this fixed a, by (i) the quantity fp m(y) — m(y2)| dy goes to 0 as r goes to 0, thus one may
find r small such that it is less then d, y1eld1ng E(a,r) < 26. Now E(a,r) may be bounded from below
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as follows:
ly € Leb(m) N Pya : [m(y) — m(z2)| > €
|Pral ’

E(a,r) = ]i Im(y) — (e2)| > €

T,a

which implies that

ly € Leb(m) N Py 4 : Im(y) — m(z2)| > €] < 26
|Py.al ~ e

Choosing 0 = €/4 this quantity is strictly less than 1 hence the set
{y € Leb(m) N P, : Im(y) — m(z2)| < e}

is not empty. Any point z° in this set is a Lebesgue point such that |2° — x| < /2 (because
2 € P. .(z)), and sastisfying |m(z®) — m(z2)| < e. Taking ¢ = 1/n gives the desired conclusion. O

With this definition of the trace, we obtain as a corollary an extension of Proposition 4.4.

Corollary 4.7. Assume that Q C R? is a convex open set and m € L, .(Q, OB) satisfies the kinetic

equation (1.8). If L is a given line segment in Q and z € L is such that z2 is a Lebesgue point of the
trace m on L, then for all y € Leb(m) such that z —y € Vect(npgi (s)*) one has:

(4.5) m(y)-s>0 (resp. <0) = m(z2)-s>0 (resp. <0),.

Proof. The key point lies in (iv) of Theorem 4.5. With the notations of this theorem, if z is a point
of L such that 2z is a Lebesgue point of /m, one may find a sequence 2" € Leb(m) such that 2" — z
and m(z") — m(z2). We know that (2 — y) - ngi(s) = 0. The map ng: : 9B+ — S! being a
homeomorphism, one may find a sequence s” € B+ such that (2" —y) -ngi(s") = 0 and s™ — s (set

s = :l:n};lL ((T:ff’zr)) Applying Proposition 4.4, one gets

m(z")-s" >0,
and passing to the limit n — oo yields m(z2) - s > 0. O

4.3. The regularity theorem. Now that we have defined a trace of our vector field along lines, our
goal is to prove a form of invariance along lines just like what would happen in the smooth case thanks
to the characteristic method.

Proposition 4.8. Let m € L£LY(Q,0B) satisfying the kinetic equation (1.8). Suppose that zo is a
Lebesgue point of m and denote by L be the line passing trough xo and directed by v := np(p) € St
where m(xg) = p. Then for almost every xo, m(xz2) € {£p} where m is the trace of m on L in the
sense of Theorem /.5.

Proof. By translation of the domain and rotation of the target space, we may assume without loss of
generality that 2o = 0 and p = (A,0) with A > 0. Let h > 0, o > 0 be fixed and set

Ef ={zxeQnLeb(m):z=hvttvt 0<t<r}.

+\ L
For 2* € EE, we will note s* = (si,s3) = njl (%) € OBt and oF = (of,0f) =

707
n];i (M> Remark that s* is chosen in a way such that = € Vect(ng. (s¥)%). We claim

|hv+Frov|
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FIGURE 3. The set Eﬁf}

that for r¢ small enough, sét > % > 0 and there is C > 0 such that:
(0> s >Caf and 0 < sy < Cay)
or
(0<sf <Cajf and 0> s7 > Cay),

Let us prove this claim. First note that ngi(s*) is in the cone C(v',npg.(at)) as defined above
Lemma 2.3. Indeed,
(5t vt Ft

+) =
") = GET T el F )

and

é(hvj‘q:tv)* hv Frov)+h _ L vt

v tv v tv T
bt to] [hoL F to] 4[ | ! 0 ’
t|hv F r0v| 4 t\ |
hll—— .
|th-$tv ( nps (@) + 70 Y

Using Lemma 2.3, this implies s* € C(nj L), i) But n_l (vh) =ng'(v)*+ = pt so that:

*eCpt,ab),

meaning that there are t1,t, in R™* such that

+
51\ _ 0 +
BRI

Because of the contlnulty of n ! proved in Theorem 2.6, a® 020, pl p— = (0, A), which implies that

for ro small enough 52 > 2 5 >0. To conlude the proof of our claim, we just have to remark that there
are only two possibilities for the position of a® with respect to p* since p~ € C(at,a™) by Lemma
2.3.
In the first configuration, because s*,a* € 9B+, st € C(p*,a™) implies 0 > s > Caf and
s~ € C(p*,a™) implies 0 < 31_ < C’al_ In the second configuration, using the same trick ones gets
+t e C(pt,at) implies 0 < sf < Caf and s~ € C(pt,a™) implies 0 > s] > Caj . This concludes
the proof of our claim.
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@ n @ 1

=
bS]

FI1GURE 4. Two differents configurations

Without loss of generality, we will place ourselves in the second case that is we will chose ry small
enough such that s3> % > 0,0 < sf < Caj and 0 > s; > Caj. Then, using Proposition 4.4, for
zt e Ef,

m(0)- st =Asf7 >0 = m(z") st =my(a™)sT + ma(zt)sg >0
ma(2h)s] :
Z -5 > —CCYT-

= ma(z
S2

Identically, we get for z~ € E

m(0)-s~ =Xs] <0 = m(z7) s~ =mi(z7)s; +ma(z7)sy; <0
— ma(a) < TS oG

Notice that Theorem 4.5 implies that

/ ][|m mx2)|d$1d$2—2][ |m(z ($2)|dxﬂ>0

and
140 0
/ |m(x) — m(x2)|dzy dag = 2][ |m(z) — m(xy)| de == 0.
—1J—r P,

Consequently there is a sequence r,, — 0 such that:

Tn 0
][ Im(z) — m(zs)|dzy =20 and ][ Im(z) — m(zy)|dazy 2220
0 —Tn
for almost every x5. Moreover we know that for almost every o, z1v + 29v is a Lebesgue point of
m for almost every x1, so that mg(:vlv + z9v) > Cal if 11 > 0 and ma(z10t + 22v) < Cal if
21 < 0. Thus it follows that for almost every zo:

Tn
r—0

ma(x2) = lim ma(z10" 4 zov) dzy > Cal —=0,
n—00 0
and
0 0
ma(ze) = lim mg(xlv + x9v)dx; < Cozl_ =2%0.
n—oo [ .
This shows that ma(x2) = 0 for a.e. xg, i.e. Mm(x2) € {£p} which is what we wanted to prove. O

We can now finish the proof of Theorem 1.5.
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Proof of Theorem 1.5. Consider any open convex w C Q with d = d(w, Q) > 0. It is enough to prove
Theorem 1.5 in any such w. Let x,y in w N Leb(m), L, be the line passing through x and directed by
np(m(z)) and L, be the line passing through y and directed by ng(m(y)). If L, and L, are parallel
and distinct, we claim that m(z) = m(y). Indeed, if it is not the case, m(z) = —m(y). We choose
s € OB* such that y —x € Vect(npg. (s)1). Note that m(y)-s # 0, otherwise s and m(y)* are colinear
and y — x € Vect(ng(m(y))) and L, = L,. Now using Proposition 4.4 sign(m(y) - s) = sign(m(zx) - s)
hence m(x) = m(y).

If L, and L, intersect each other, let O be their intersection point. Up to a change of variable in
the target space, we can suppose that O is the origin, L, = Vect(lm—l) and L, = Vect(“—”‘) Now, up to

a change of sign for m, we can suppose that m(z) = nz'( |w|> and m(y) = :I:n]_31(| I) We are going to
prove that the trace of m along L, and L, in the sense of Theorem 4.5 is completely determined by
m(z) and m(y). More precisley,

for a.e. t € R such that t— € L, Nw, 1, (t)=ng" <i> ,

||

for a.e. t € R such that t% €L,Nw, m,(t)=ng <%> ,
Y Y

where mp, and /mp, stand for the trace of m along L, (resp L,) in the sense of Theorem 4.5. Let
z = té—l € Ly Nw chosen such that ¢ is a Lebesgue point of my, and choose s € OB~ such that

z —a € Vect(ngi(s)t). Because of Proposition 4.8, m(t) = +m(y) = +ny' (I I) But

me)-s=n' () it (%) it () o ((|:|>)l

| ¢ Vect(z) and nz' being bijective, m(x) - s # 0. Because of

Because z and x are not colimear7 |

Proposition 4.7, this implies sign(mrg,(t) - s) = sign(m(z) - s). But & = m € C’( =2 ) and by

Tl — lz]? |z—z]

Lemma 2.3, this implies ngl (%) eC (ngl (le) nBl (W)) that is there is o, 8 in R™ such that:

it () =t () + ot (55).

1
-1(Y _ -1 (YY) 12T
" (|y|> T (|y|> " (|z—x|>
(= L z—z\"
=ang Tl ‘ng 2l = am(x) - s,

so that sign(iy, (t) - s) = sign(ng' (|Z—|) -s). This forces mp, (t) = ng' (l) and we proved that

Now,

[yl

myp, is determined along L,. We show in the same way that mp, = ngl Ifﬁ_I) along L,. Note that if

we started with m(z) = —ng,l (é—o instead of ng,l (%), the trace of m along L, and L, would be

determined in the same way, but with the opposite sign. We will use this in the end of our proof.
We are now going to distinguish two cases:

Case 1: dist(O,w) < d. We claim that m is a vortex in w. First note that up to a change of sign for m,
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we can suppose that m(z) = n3' (I%I) and m(y) = np' (\_.Z\) Let us take z € wNLeb(m) N (LyULy)¢

and let L, be the line directed by m(z) and passing through z. If we prove that L. intersects L, and
Ly in O, we are done. Suppose now that this is not the case. Using the same argument than in the
beginning, L. cannot be parallel neither to L, nor to L,. Let P, =L, NL, and P = L.NL,. By
convexity, there is a small portion of L, in 2. But using the remark in our first part to the lines L,
and L., one gets:

rz— P - -1 z— P
for a.e. t € R such that t———— € L, Nw, mr (t)=—n < >,
|£L‘—P1| () B |$—P1|
Z—P1 - -1 ( Z—Pl )
for a.e. t € Rsuch that t——— € L, Nw, mr (t) =—n —,
|Z_P1| Y L() B |Z—P1|
and using it to the lines L, and L., one gets:
y— I ~ a(y—bB
for a.e. t € R such that t——— € L, Nw, " (t)=—-n < >,
ly — Py B \ly - P
Z—P2

— P,
for a.e. t € R such that t———— € Ly, Nw, 1 (t) = —ng' cTr2 )
|Z - P2|
But ng,l(—:v) = —ngl(x) and the two traces obtained for my are opposed on the segment [Py, Ps],
wich leads to a contradiction (see Figure 5).

FIGURE 5. An impossible configuration

Case 2: dist(O,w) > d. Using the first part, we know that up to a change of sign: m(z) =
ng' (‘—i‘) = Vp(x) and m(y) = np' (\_.Z\) = Vi(y), so that

m(z) — m(y)| = |Va(z) — Va(y)| < —|a —y|77,

1
1

by Proposition 2.5. This concludes our proof. O

Remark 4.3. Notice that this result is sharp, in the sense that we cannot hope to get a better regularity
for vector fields satisfying the kinetic equation and valued in the sphere of a power type p norm.
Indeed, as shown in Section 2 the vortex Vp associated to the ball B of this norm is always solution,
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and Proposition 2.5 shows that it is ﬁ—H‘dlder continuous far from 0 if and only if the norm is of
power type p.
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