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ABSTRACT. The Ashtekar and Ashtekar–Barbero connection variable formulations of Kerr iso-
lated horizons are derived. Using a regular Kinnersley tetrad in horizon-penetrating Kruskal–
Szekeres-like coordinates, the spin coefficients of Kerr geometry are determined by solving the first
Maurer–Cartan equation of structure. Isolated horizon conditions are imposed on the tetrad and
the spin coefficients. A transformation into an orthonormal tetrad frame that is fixed in the time
gauge is applied and explicit calculations of the spin connection, the Ashtekar and Ashtekar–Barbero
connections, and the corresponding curvatures on the horizon 2-spheres are performed. Since the re-
sulting Ashtekar–Barbero curvature does not comply with the simple form of the horizon boundary
condition of Schwarzschild isolated horizons, i.e., on the horizon 2-spheres, the Ashtekar–Barbero
curvature is not proportional to the Plebanski 2-form, which is required for an SU(2) Chern-Simons
treatment of the gauge degrees of freedom in the horizon boundary in the context of loop quantum
gravity, a general method to construct a new connection whose curvature satisfies such a relation
for Kerr isolated horizons is introduced. For the purpose of illustration, this method is employed in
the framework of slowly rotating Kerr isolated horizons.
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I. INTRODUCTION

In general relativity, a charged, rotating black hole in equilibrium is usually described in terms of the future
event horizon of the Kerr–Newman solution of the vacuum Einstein field equations despite the fact that the
canonical definition of a future event horizon is a non-local concept, i.e., it refers to future null infinity and
requires the existence of a global time-translational Killing vector field for static spacetimes and an asymptotic
time-translational Killing vector field at space-like infinity for stationary spacetimes. This concept is overly
restrictive because it suffices to consider a horizon structure with a local time-translational Killing vector field,
that is, with a time-independent intrinsic geometry and the possibility for a dynamical bulk geometry. Moreover,
since the information on the entire spacetime history is needed when one refers to an event horizon, it is in general
not well-suited for describing black hole evolution. A more appropriate notion, however, is given by the so-called
quasi-local isolated horizons, which account for equilibrium states of black holes and cover all essential local
features of event horizons (for reviews on the subject see, e.g., [8, 13]). Isolated horizons employ only local
time-translational Killing vector fields and require neither asymptotic structures nor foliations of spacetime.
Consequently, they allow for the occurrence and for the dynamics of matter and radiation distributions in the
exterior spacetime. In the following, we recall the definition of isolated horizons.

An isolated horizon ∆ is a 3-dimensional submanifold of a 4-dimensional globally hyperbolic, asymptotically
flat spacetime (M,g) that is equipped with an equivalence class

[X]∼ ∶= {X ∈ TM ∣X = cX ′, c ∈ R>0} (1)

of normal, future-directed null vector fields and satisfies the conditions:

(i) ∆ is a null 3-surface with topology S2 ×R, which admits a suitable foliation by a family of 2-spheres.

(ii) The outgoing expansion rate θ(X) = qµν∇µXν of the vector fields X ∈ [X]∼, where q is the induced metric
on the horizon and ∇ is the covariant derivative on TM, vanishes on ∆.

(iii) All field equations hold on ∆.

(iv) The stress-energy tensor T on ∆ satisfies the dominant energy condition.

(v) The induced derivative operator D on ∆, which is defined by the horizon pullback of ∇ and the vector
fields Y ,Z ∈ T∆ via Y µDµZ

ν ∶= Y µ←∇µZ
ν , satisfies

– [LX ,D]X = 0 ∀ X ∈ [X]∼ (weakly isolated horizon condition)
– [LX ,D]Y = 0 ∀ Y ∈ T∆ (isolated horizon condition) ,

where the bracket [⋅ , ⋅] denotes the commutator and LX the Lie derivative along the null vector field X.

Using the Raychaudhuri equation and the dominant energy condition, one can prove that

LXqµν = 0 . (2)

This equation shows that the null normal X is a local time-translational Killing vector field on the horizon.
Furthermore, it expresses the time independence of the induced metric. The time independence of the induced
derivative operator is directly given by the isolated horizon condition in (v). Thus, the intrinsic isolated horizon
geometry can be captured by the pair (q,D). A Carter–Penrose diagram of a spacetime containing an isolated
horizon is shown in Figure 1. Isolated horizons can be classified into three different types, namely spherically
symmetric horizons, axisymmetric horizons, and general, distorted horizons (for more details, in particular on
their symmetry groups, see [6, 21]). The basic spherically symmetric type has already been analyzed extensively in
both the classical and quantum regimes (see, e.g., [2–5, 7, 15, 27]), whereas studies concerning the more intricate
axisymmetric and distorted types [9, 20, 25] are up to now still incomplete. In the present article, we provide
a well-behaved set of connection variables for Kerr isolated horizons, i.e., we explicitly compute expressions for
the Ashtekar and Ashtekar–Barbero connections and curvatures with a focus on regularity at the event horizon
region. Furthermore, we show that the horizon 2-sphere pullback of the Ashtekar–Barbero curvature is not
proportional to that of the Plebanski 2-form, which is in contrast to the associated horizon boundary condition
of the Schwarzschild isolated horizon case. As such a condition relates the degrees of freedom of the bulk geometry
to the isolated horizon surface degrees of freedom, making it the key constraint in the classical symplectic theory,
and because it is essential for an SU(2) Chern–Simons treatment of the gauge degrees of freedom in the horizon
boundary in the context of loop quantum gravity, it is of great interest to have it satisfied also for Kerr isolated
horizons. Hence, we present a non-standard method for the construction of a new connection whose curvature
fulfills this particular form of the horizon boundary condition for Kerr isolated horizons.
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FIG. 1: Carter–Penrose diagram of a spacetime
(M,g) containing an isolated horizon ∆. The shaded
region of M that is bounded by ∆ and the partial
Cauchy surfaces C1 and C2, which start at space-
like infinity i0 and intersect the horizon, accounts
for a black hole in equilibrium. The intersection
S2 = ∆⋂C of the isolated horizon with the inter-
mediate Cauchy surface C is of spherical topology.

In more detail, we are concerned with the rotating Kerr-
type of the isolated horizon models, which represents one
specific symmetric rotator amongst the many rotating iso-
lated horizon geometries. Nonetheless, it is of particular
interest since, in the astrophysical context, it accounts for
supermassive spinning black holes and the associated accre-
tion disks in active galactic nuclei in good approximation.
Besides, recent observations in astrophysics [22] indicate
that most of the black holes actually appear to rotate quite
rapidly around an internal symmetry axis and, thus, prob-
ably constitute the most common form existing in nature.
The general idea behind Kerr isolated horizons is the fol-
lowing. Every Killing horizon that has the topology S2 ×R
is an isolated horizon [8]. This implies that in particular
the event horizon of Kerr geometry is an isolated horizon.
However, working with such a horizon leads to the afore-
mentioned problems, namely that one usually requires an
asymptotic time-translational Killing vector field at space-
like infinity and refers to future null infinity. Thus, we relax
the first condition by using only a local time-translational
Killing vector field at the horizon, given in terms of the
equivalence class of local null normal vector fields (1). The
latter condition is dropped completely, as we only consider
quantities that are intrinsic to the horizon. The starting
point of our analysis is Kerr geometry represented by a
regular Kinnersley tetrad in horizon-penetrating Kruskal–
Szekeres-like coordinates, which covers the exterior as well
as the interior black hole region, up to the Cauchy horizon. Solving the first Maurer–Cartan equation of struc-
ture in this frame, we determine the spin coefficients. Both the tetrad and the spin coefficients are then adapted
to the isolated horizon conditions using local Lorentz transformations. With the resulting quantities, we com-
pute the spin connection on the horizon 2-spheres. This spin connection is subsequently transformed into an
orthonormal frame that is fixed in the time gauge. Next, we explicitly calculate the Ashtekar and Ashtekar–
Barbero connections on the horizon 2-spheres, which are defined by linear combinations of the components of
the spin connection, and the corresponding curvatures. It turns out, as already noted above, that the resulting
Ashtekar–Barbero curvature does not comply with the simple form of the horizon boundary condition of the
Schwarzschild isolated horizon case, that is, it is not proportional to the Plebanski 2-form projected onto the
horizon 2-spheres. Therefore, we introduce a method for the construction of a new connection whose curvature
satisfies a horizon boundary condition of the desired form. For illustrative purposes, this method is used in the
framework of slowly rotating Kerr isolated horizons, i.e., in the first-order formalism for small angular momenta.

II. PRELIMINARIES

Kerr geometry is described by a connected, orientable and time-orientable, smooth, asymptotically flat Lorentzian
4-manifold (M,g) with topology S2×R2, in which the metric g is stationary and axisymmetric. The tangent and
cotangent bundles TM and T ⋆M are endowed with the respective bases (eµ) and (eµ), µ ∈ {0,1,2,3}, and with
the Levi–Civita connection ω. Choosing coordinates (xµ) = (t = x0, x1, x2, ϕ = x3), where t is the coordinate
time and ϕ the azimuthal angle about the axis of symmetry, for which the Killing vectors are given by ∂t and
∂ϕ and all metric coefficients gµν = gµν(x1, x2) are independent of t and ϕ, the metric becomes

g = gtt dt⊗ dt + gx1x1 dx1 ⊗ dx1 + gx1x2 (dx1 ⊗ dx2 + dx2 ⊗ dx1) + gx2x2 dx2 ⊗ dx2

+ gtϕ (dt⊗ dϕ + dϕ⊗ dt) + gϕϕ dϕ⊗ dϕ .

Note that in order to obtain this particular representation, one additionally requires the metric to be invariant
under simultaneous discrete time and azimuthal angle isometries t ↦ −t and ϕ ↦ −ϕ. In the present study, we
employ horizon-penetrating Kruskal–Szekeres-like coordinates (Appendix B) and express Kerr geometry in terms
of a regular Kinnersley tetrad (Appendix C), i.e., a local Newman–Penrose null frame that is, on the one hand,
adapted to the class of principal null geodesics and, on the other hand, regular at the event horizon. (For more
details on the Newman–Penrose formalism see Appendix A.) Since Kerr geometry is algebraically special and of
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Petrov type D, using the Kinnersley frame has the computational advantage that one has four vanishing spin
coefficients (κ = σ = λ = ν = 0) and only one non-vanishing Weyl scalar (Ψ2 /= 0). Moreover, one of the elements
of this frame coincides with the isolated horizon generator (cf. Appendix D).

III. SPIN CONNECTION FOR KERR ISOLATED HORIZONS

We begin by imposing the isolated horizon conditions on the regular Kinnersley tetrad (C3) (Appendix D).
Then, using the corresponding spin coefficients (D4), we compute the pullback of the spin connection to the
isolated horizon 2-spheres and apply a transformation into an orthonormal frame that is fixed in the time gauge
(Appendix E). The resulting spin connection reads

⇐ω (0)(1) =
a sin (θ)
ρ2+

⎛
⎝
a cos (θ)dθ + ρ20+ sin (θ) [α+ +

r+
ρ2+

]dϕ̃+
⎞
⎠

⇐ω (0)(2) = ⇐ω (1)(2) = −
1√
2ρ4+

⎛
⎝
[r2+ρ20+ −

a4 sin2 (2θ)
4

]dθ + a sin (2θ)ρ20+
2

[r+ − a2 sin2 (θ)(α+ +
2r+
ρ2+

)]dϕ̃+
⎞
⎠

⇐ω (0)(3) = ⇐ω (1)(3) =
1√
2ρ4+

⎛
⎝
r+a cos (θ) [ρ20+ + a2 sin2 (θ)]dθ

− ρ20+ sin (θ) [r2+ − a2 sin2 (θ)(r+α+ +
r2+ − a2 cos2 (θ)

ρ2+
)]dϕ̃+

⎞
⎠

⇐ω (2)(3) =
1

ρ2+
(−r+a sin (θ)dθ + ρ

4
0+ cos (θ)
ρ2+

dϕ̃+) ,

(3)

where θ ∈ [0, π] and ϕ̃+ ∈ [0,2π) are angular coordinates covering the horizon 2-spheres, aM is the angular

momentum and M the mass of the Kerr black hole, r± ∶= M ±
√
M2 − a2 denote the event and the Cauchy

horizon, respectively, ρ2+ = ρ2+(θ) ∶= r2+ +a2 cos2 (θ), ρ20+ ∶= r2+ +a2, and α+ ∶= (r+ −r−)/(2ρ20+). These quantities are
the basis for the subsequent analysis of the Ashtekar and Ashtekar–Barbero connection variable formulations of
Kerr isolated horizons.

IV. ASHTEKAR AND ASHTEKAR–BARBERO CONNECTIONS AND CURVATURES

In this section, we explicitly calculate the Ashtekar and Ashtekar–Barbero connections and curvatures on the
horizon 2-spheres (for a brief summary of the Ashtekar and Ashtekar–Barbero formulations see Appendix F).
The self-dual Ashtekar connection A+ and the associated curvature F + are defined as

A
(i)
+ ∶= 1

2
ε
(i)
(j)(k) ω

(j)(k) + iω(0)(i) (4)

and

F
(i)
+ ∶= F (i)(A+) = dA

(i)
+ + 1

2
ε
(i)
(j)(k)A

(j)
+ ∧A(k)+ (5)

with i, j, k ∈ {1,2,3}. Substituting the spin connection 1-forms (3) into (4) and employing the convention
ε(1)(2)(3) = 1, the Ashtekar connection on the horizon 2-spheres becomes

⇐A
(1)
+ = −a sin (θ)

ς+
dθ + ρ

2
0+
ρ2+

⎡⎢⎢⎢⎢⎣
cos (θ) − ia sin2 (θ)(α+ +

1

ς+
)
⎤⎥⎥⎥⎥⎦

dϕ̃+

⇐A
(2)
+ = −i⇐A

(3)
+ = 1√

2 ς+

⎡⎢⎢⎢⎢⎣
(r+ +

a2 sin2 (θ)
ς+

) i dθ + ρ
2
0+ sin (θ)
ρ2+

(r+ − a2 sin2 (θ) [α+ +
1

ς+
])dϕ̃+

⎤⎥⎥⎥⎥⎦
,

(6)



5

where ς+ = ς+(θ) ∶= r+ − ia cos (θ). Applying (6) in (5), we immediately obtain the corresponding Ashtekar
curvature

⇐F
(1)
+ = 2ρ20+ sin (θ)Ψ2 ∣ r=r+ dθ ∧ dϕ̃+

⇐F
(2)
+ = −i⇐F

(3)
+ = −3ia sin2 (θ)ρ20+√

2 ς+
Ψ2 ∣ r=r+ dθ ∧ dϕ̃+

(7)

with

Ψ2 ∣ r=r+ = −
M

ρ6+
(r+[r2+ − 3a2 cos2 (θ)] + ia cos (θ) [3r2+ − a2 cos2 (θ)])

being the second Weyl scalar evaluated at the event horizon r = r+. In terms of the self-dual projection of the
Plebanski 2-form Σ ∶= e ∧ e, which in the time gauge is given by

Σ(i) = 1

2
ε
(i)
(j)(k) e

(j) ∧ e(k) ,

the Ashtekar curvature (7) yields

⇐F
(1)
+ = 2 Ψ2 ∣ r=r+⇐Σ

(1)

⇐F
(2)
+ = −i⇐F

(3)
+ = −3ia sin (θ)√

2 ς+
Ψ2 ∣ r=r+⇐Σ

(1) ,

where

⇐Σ
(1) = ρ20+ sin (θ)dθ ∧ dϕ̃+ and ⇐Σ

(2) = ⇐Σ
(3) = 0 .

Next, computing the horizon 2-sphere pullback of the Ashtekar–Barbero connection

A(i)γ ∶= 1

2
ε
(i)
(j)(k) ω

(j)(k) + γ ω(0)(i) , γ ∈ C/{0} ,

we find

⇐A
(1)
γ = −a sin (θ)

ρ2+
[r+ + γa cos (θ)]dθ + ρ

2
0+
ρ2+

⎛
⎝
ρ20+
ρ2+

cos (θ) − γa sin2 (θ) [α+ +
r+
ρ2+

]
⎞
⎠

dϕ̃+

⇐A
(2)
γ = 1√

2ρ4+

⎡⎢⎢⎢⎢⎣
(r+ρ20+[γr+ − a cos (θ)] − a3 sin2 (θ) cos (θ) [r+ + γa cos (θ)])dθ

+ ρ20+ sin (θ)
⎛
⎝
[r+ − a2 sin2 (θ)(α+ +

r+
ρ2+

)] [r+ + γa cos (θ)] − a
3 sin2 (θ) cos (θ)

ρ2+
[γr+ − a cos (θ)]

⎞
⎠

dϕ̃+
⎤⎥⎥⎥⎥⎦

⇐A
(3)
γ = 1√

2ρ4+

⎡⎢⎢⎢⎢⎣
(−r+ρ20+[r+ + γa cos (θ)] + a3 sin2 (θ) cos (θ) [−γr+ + a cos (θ)])dθ

+ ρ20+ sin (θ)
⎛
⎝
[r+ − a2 sin2 (θ)(α+ +

r+
ρ2+

)] [γr+ − a cos (θ)] + a
3 sin2 (θ) cos (θ)

ρ2+
[r+ + γa cos (θ)]

⎞
⎠

dϕ̃+
⎤⎥⎥⎥⎥⎦
.

(8)

The associated Ashtekar–Barbero curvature

F (i)γ ∶= F (i)(Aγ) = dA(i)γ + 1

2
ε
(i)
(j)(k)A

(j)
γ ∧A(k)γ
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reads

⇐F
(1)
γ = 2

⎡⎢⎢⎢⎢⎣
Re(Ψ2 ∣ r=r+) + γ Im(Ψ2 ∣ r=r+) +

1 + γ2

4ρ6+
(r4+ − a4 cos4 (θ) + a

2ρ20+
2

(3 cos2 (θ) − 1))
⎤⎥⎥⎥⎥⎦⇐

Σ(1)

⇐F
(2)
γ = 3a sin (θ)√

2ρ2+

⎡⎢⎢⎢⎢⎣
(−γr+ + a cos (θ))Re(Ψ2 ∣ r=r+) + (r+ + γa cos (θ)) Im(Ψ2 ∣ r=r+)

+
a cos (θ)(1 + γ2)

6ρ4+
(5r2+ − a2 cos (2θ))

⎤⎥⎥⎥⎥⎦⇐
Σ(1)

⇐F
(3)
γ = 3a sin (θ)√

2ρ2+

⎡⎢⎢⎢⎢⎣
(r+ + γa cos (θ))Re(Ψ2 ∣ r=r+) + (γr+ − a cos (θ)) Im(Ψ2 ∣ r=r+)

+
r+(1 + γ2)

6ρ4+
(3r2+ − a2 [1 + 2 cos (2θ)])

⎤⎥⎥⎥⎥⎦⇐
Σ(1) .

(9)

V. SU(2) CHERN–SIMONS FORM OF THE HORIZON BOUNDARY CONDITION

The pullback of the Ashtekar–Barbero curvature to the horizon 2-spheres (9) is of the form

⇐F
(i)
γ = f (i)(θ)⇐Σ

(1) , (10)

where f (i)(θ) ∶ [0, π] ↦ C, i ∈ {1,2,3}, are disparate complex-valued functions. This relation differs from the one
of the Schwarzschild isolated horizon case for which the Ashtekar–Barbero curvature and the Plebanski 2-form,
both projected onto the horizon 2-spheres, are proportional

⇐F
(i)
γ = α0⇐Σ

(i) , α0 = const. (11)

As the latter equation is the key constraint in the classical symplectic theory of Schwarzschild isolated horizons,
relating the bulk geometry degrees of freedom to the isolated horizon surface degrees of freedom, and, furthermore,
in their SU(2) Chern–Simons treatment in the framework of loop quantum gravity [15], it is desirable to have
such an equation satisfied also for Kerr isolated horizons. (The symplectic structure and a first quantum model
of Kerr isolated horizons based on an SU(2) Chern–Simons theory can be found in [16].) In the following, we
present a method for the construction of a new connection whose curvature satisfies this particular form of the
horizon boundary condition.

Let ⇐F γ be a curvature of the form (10). We consider this curvature as a vector in R3 with three non-zero

components, i.e.,

⇐F γ = f⇐Σ
(1) ,

where f = f(θ) = f (i)(θ) ê(i) ∈ R3 with ê(i) denoting the basis vectors along the 1,2,3-directions, respectively.

Note that the components of f can be directly read off from (9) and that the 2-form ⇐Σ
(1) acts merely as

a multiplicative factor. Besides, this identification implies that γ is restricted to values in R/{0}. Since the
pullback of the Plebanski 2-form to the horizon 2-spheres ⇐Σ, which we also treat as a vector in R3, has only one

non-vanishing component, namely ⇐Σ
(1) /= 0, we construct a new curvature ⇐Fγ that fulfills the relation

⇐Fγ ∶= R⇐F γ = ∥f∥ ê(1)⇐Σ
(1) = ∥f∥⇐Σ , (12)

in which we align ⇐F γ with the 1-direction using an SO(3) transformation R. We point out that the choice of

rotation is not unique. Here, we use a rotation that transports the head of the vector ⇐F γ along the shortest path
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between the initial and the end point on the enclosing sphere (with radius ∥⇐F γ∥). This is realized by rotating

the curvature by an angle

[0, π] ∋ α = arctan
⎛
⎜
⎝

√
(f (2))2 + (f (3))2

f (1)
⎞
⎟
⎠
+ {0 for f (1) ≥ 0

π for f (1) < 0
(13)

around a (unit) normal to the ⇐F γ − 1 plane given by

n =
f × ∥f∥ ê(1)

∥f × ∥f∥ ê(1)∥
= 1

√
(f (2))2 + (f (3))2

⎛
⎜
⎝

0

f (3)

−f (2)

⎞
⎟
⎠
. (14)

Applying this rotation to ⇐F γ , we get

⇐Fγ = Rn(α)f⇐Σ
(1) = [(n ⋅f)n+cos (α) (n×f)×n+sin (α) (n×f)]⇐Σ

(1) = [cos (α)f +sin (α) (n×f)]⇐Σ
(1) . (15)

We now define the connection that corresponds to the new curvature (12). For this purpose, we rotate the

connection (8) employing the SU(2) representation ⇐Aγ = i/2⇐A
(i)
γ σ(i) and the correspondence

Rn(α) = eαn⋅J ←→ Gn(α) = eiαn⋅σ/2 = idC2 cos(α
2
) + i (n ⋅σ) sin(α

2
) ,

where the J i are the generators of SO(3) and the σi are the Pauli matrices. According to the transformation law

⇐Aγ = Gn(α)⇐Aγ G
−1
n (α) − (dGn(α))G−1

n (α) ,

we find

⇐A
(i)
γ ∶= ⇐A

(i)
γ − sin (α)(dni + [⇐Aγ ,n]

i

) + 2 sin2 (α
2
)([n,dn]i − (⇐Aγ ⋅n)ni) − ni dα .

Substitution of the rotation angle (13) and the unit normal (14) leads to the expressions

⇐A
(1)
γ = ⇐A

(1)
γ +

f (2)⇐A
(2)
γ + f (3)⇐A

(3)
γ

∥f∥
+ (1 − f

(1)

∥f∥
) f (2) df (3) − f (3) df (2)

(f (2))2 + (f (3))2

⇐A
(2)
γ = ⇐A

(2)
γ −

df (3) + f (2)⇐A
(1)
γ

∥f∥
+ f

(3) df (1)

∥f∥2

+ (1 − f
(1)

∥f∥
) f (3)

(f (2))2 + (f (3))2
[f
(2) df (2) + f (3) df (3)

∥f∥
+ f (2)⇐A

(3)
γ − f (3)⇐A

(2)
γ ]

⇐A
(3)
γ = ⇐A

(3)
γ +

df (2) − f (3)⇐A
(1)
γ

∥f∥
− f

(2) df (1)

∥f∥2

− (1 − f
(1)

∥f∥
) f (2)

(f (2))2 + (f (3))2
[f
(2) df (2) + f (3) df (3)

∥f∥
+ f (2)⇐A

(3)
γ − f (3)⇐A

(2)
γ ] .

(16)

The next step is to construct a curvature that satisfies the relation

⇐F γ ∶=
α0

∥f∥ ⇐
Fγ = α0⇐Σ . (17)
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Therefore, to achieve the deformation ∥f∥ → α0, we use a simple rescaling transformation on⇐Fγ . The associated

connection ⇐Aγ is obtained by the replacement

ϕ̃+ →
α0

∥f∥
ϕ̃+

that amounts to the substitution

dϕ̃+ →
α0

∥f∥
(dϕ̃+ −

ϕ̃+
∥f∥2

[f (1) df (1) + f (2) df (2) + f (3) df (3)])

in the formulas given in (16). A few concluding remarks are in order. The aim of this section was to find a
connection, other than the Ashtekar–Barbero connection, with a curvature that is proportional to the Plebanski
2-form on the Kerr isolated horizon 2-spheres. To this end, we applied an SU(2) gauge transformation and
a diffeomorphism solely to the Ashtekar–Barbero connection (not affecting the Plebanski 2-form), in this way
constructing a new horizon boundary connection with the desired property. As Eq.(11) is both gauge and
diffeomorphism invariant, it is obvious that we did not use these transformations in order to turn Eq.(10) into
Eq.(11). The proposed method guarantees that the constructed quantity is still a connection. This can be
directly seen from the fact that it is derived from an su2(C)-valued 1-form, namely ⇐Aγ , that transforms under

SU(2) gauge transformations as a connection and under diffeomorphisms as a 1-form, only using such kind of
transformations according to the proper transformation laws. We remark in passing that the proposed strategy
to obtain the desired horizon boundary condition is general in the sense that it works virtually on any 2-surface
in spacetime and, thus, it is not specific to the isolated horizon 2-spheres under consideration.

VI. SLOWLY ROTATING KERR ISOLATED HORIZONS

We present the first-order formalism of the Ashtekar–Barbero connection variables on the horizon 2-spheres for
small angular momenta a/r+ ≪ 1. Moreover, we explicitly compute the new connection ⇐Aγ and the associated

curvature ⇐Fγ , which satisfies the SU(2) Chern–Simons form of the horizon boundary condition, according to

the construction method derived in the previous section. Expanding the Ashtekar–Barbero connection (8) and
the Ashtekar–Barbero curvature (9) up to the first order in a/r+ yields

⇐A
(1)
γ ≃ −a sin (θ)

r+
dθ + (cos (θ) − 3γa sin2 (θ)

2r+
)dϕ̃+

⇐A
(2)
γ ≃ 1√

2 r+
([γr+ − a cos (θ)]dθ + sin (θ) [r+ + γa cos (θ)]dϕ̃+)

⇐A
(3)
γ ≃ 1√

2 r+
(−[r+ + γa cos (θ)]dθ + sin (θ) [γr+ − a cos (θ)]dϕ̃+)

(18)

and

⇐F
(1)
γ ≃ (γ

2 − 1

2
− 3γa cos (θ)

r+
) sin (θ)dθ ∧ dϕ̃+ =

1

r2+
(γ

2 − 1

2
− 3γa cos (θ)

r+
)⇐Σ

(1)
0

⇐F
(2)
γ ≃ 1

γ ⇐
F (3)γ ≃ 3γa sin2 (θ)

2
√

2 r+
dθ ∧ dϕ̃+ =

3γa sin (θ)
2
√

2 r3+ ⇐Σ
(1)
0 ,

(19)

where ⇐Σ
(1)
0 ∶= ⇐Σ

(1)(a/r+ ≪ 1) ≃ r2+ sin (θ)dθ ∧ dϕ̃+ is the first component of the first-order Plebanski 2-form.

Using (18) and the components of the vector f

f (1) ≃ 1

r2+
(γ

2 − 1

2
− 3γa cos (θ)

r+
)

f (2) ≃ f
(3)

γ
≃ 3γa sin (θ)

2
√

2 r3+
,
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which are directly read off from (19), we find for the first-order connection (16)

⇐A
(1)
γ ≃ −a sin (θ)

r+
dθ + (cos (θ) − 3γa sin2 (θ)

r+(1 − γ2)
)dϕ̃+

⇐A
(2)
γ ≃ 1√

2 r+

⎛
⎝
[γr+ − a cos (θ)(1 + 3γ2

γ2 − 1
)]dθ + sin (θ) [r+ + γa cos (θ)(1 − 3

γ2 − 1
)]dϕ̃+

⎞
⎠

⇐A
(3)
γ ≃ 1√

2 r+

⎛
⎝
−[r+ + γa cos (θ)(1 − 3

γ2 − 1
)]dθ + sin (θ) [γr+ − a cos (θ)(1 + 3γ2

γ2 − 1
)]dϕ̃+

⎞
⎠
.

(20)

The corresponding first-order curvature (15) becomes

⇐F
(1)
γ ≃ 1

r2+
(γ

2 − 1

2
− 3γa cos (θ)

r+
)⇐Σ

(1)
0

⇐F
(2)
γ ≃ 1

γ ⇐
F(3)γ = O(a2) ≃ 0 .

(21)

Note that these expressions are restricted to values of the Barbero–Immirzi parameter for which both γ2−1 ≫ a/r+
and γ2 − 1 ≥ 12a ∣γ cos (θ)∣/r+ hold. The connection and curvature for the remaining values can be obtained
similarly. Next, choosing the constant α0 such that it reproduces the value of the Schwarzschild isolated horizon
case in the limit a↘ 0

α0 ∶=
γ2 − 1

2r2+
+ a ε0 ,

where a ε0 is a small first-order correction, the replacement for the calculation of the connection ⇐Aγ and the

curvature (17) reads

ϕ̃+ →
⎛
⎝

1 + 2a

γ2 − 1
[r2+ε0 +

3γ cos (θ)
r+

]
⎞
⎠
ϕ̃+ .

Consequently, substituting

dϕ̃+ →
⎛
⎝

1 + 2a

γ2 − 1
[r2+ε0 +

3γ cos (θ)
r+

]
⎞
⎠

dϕ̃+ −
6γa sin (θ)
r+(γ2 − 1)

ϕ̃+ dθ

into (20) and (21) leads to

⇐A
(1)
γ ≃ −a sin (θ)

r+
(1 + 6γ cos (θ)

γ2 − 1
ϕ̃+)dθ +

⎛
⎝

cos (θ) + a

γ2 − 1
[2r2+ε0 cos (θ) + 3γ

r+
(1 + cos2 (θ))]

⎞
⎠

dϕ̃+

⇐A
(2)
γ ≃ 1√

2 r+

⎛
⎝
[γr+ −

a

γ2 − 1
(cos (θ) [4γ2 − 1] + 6γ sin2 (θ) ϕ̃+)]dθ

+ sin (θ) [r+ +
a

γ2 − 1
(γ cos (θ) [γ2 + 2] + 2r3+ε0)]dϕ̃+

⎞
⎠

⇐A
(3)
γ ≃ 1√

2 r+

⎛
⎝
−[r+ +

γa

γ2 − 1
(cos (θ) [γ2 − 4] + 6γ sin2 (θ) ϕ̃+)]dθ

+ sin (θ) [γr+ +
a

γ2 − 1
(cos (θ) [2γ2 + 1] + 2γr3+ε0)]dϕ̃+

⎞
⎠
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and

⇐F
(1)
γ ≃ (γ

2 − 1

2r2+
+ a ε0)⇐Σ

(1)
0

⇐F
(2)
γ ≃ 1

γ ⇐
F (3)
γ ≃ 0 .

Thus, we have shown that this particular curvature satisfies the first-order horizon boundary condition of the
desired SU(2) Chern–Simons form (11)

⇐F
(i)
γ = (γ

2 − 1

2r2+
+ a ε0)⇐Σ

(i)
0

with ⇐Σ
(1)
0 given below (19) and ⇐Σ

(2)
0 = ⇐Σ

(3)
0 = 0, which concludes the analysis of the first-order formalism.
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Appendix A: The Newman–Penrose Formalism

Let FM and F ⋆M be a null frame bundle and its dual on M. On their sections, we introduce local tetrad and
co-tetrad basis (e(a)) and (e(a)) with a ∈ {0,1,2,3}. These are related to the basis vectors of the sections of the

tangent and cotangent bundles TM and T ⋆M via e(a) = eµ(a) eµ and e(a) = e (a)µ eµ, where eµ(a) is an invertible,

linear 4 × 4 matrix-valued map from TM to FM. The tetrad and its dual satisfy the orthonormality condition

e(a)(e(b)) = δ
(a)
(b) as well as the metric condition g(e(a),e(b)) = η(a)(b) with the constant, symmetric matrix η(a)(b).

In the Newman–Penrose formalism [23, 24], the null tetrad consists of two real-valued vectors l = e(0) = e(1) and

n = e(1) = e(0), as well as the complex-conjugated vectors m = e(2) = −e(3) and m = e(3) = −e(2). These fulfill
the null conditions

l ⋅ l = n ⋅n =m ⋅m =m ⋅m = 0 ,

the orthogonality conditions

l ⋅m = l ⋅m = n ⋅m = n ⋅m = 0 ,

and the cross-normalization conditions

l ⋅n = −m ⋅m = 1 ,

which depend on the chosen signature convention. In this particular null frame, the metric is given by

g = η(a)(b) e(a) ⊗ e(b) = l⊗n +n⊗ l −m⊗m −m⊗m ,

where

(η(a)(b)) =
⎛
⎜⎜⎜
⎝

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

⎞
⎟⎟⎟
⎠
. (A1)
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To determine the spin connection ω, one solves the first Maurer–Cartan equation of structure

deµ + ωµν ∧ eν = 0 ,

which in the tetrad formulation reads

de(a) = γ(a)(b)(c) e
(b) ∧ e(c)

with the Ricci rotation coefficients

γ
(a)
(b)(c) e

(b) = e (a)µ deµ(c) + e
(a)
µ eν(c) ω

µ
ν .

In the Newman–Penrose formalism, the Ricci rotation coefficients are represented by twelve special symbols
called spin coefficients

κ = γ(2)(0)(0) % = γ(2)(0)(3) ε = 1
2
(γ(1)(0)(0) + γ(2)(3)(0))

σ = γ(2)(0)(2) µ = γ(1)(3)(2) γ = 1
2
(γ(1)(0)(1) + γ(2)(3)(1))

λ = γ(1)(3)(3) τ = γ(2)(0)(1) α = 1
2
(γ(1)(0)(3) + γ(2)(3)(3)) (A2)

ν = γ(1)(3)(1) π = γ(1)(3)(0) β = 1
2
(γ(1)(0)(2) + γ(2)(3)(2)) .

Accordingly, we obtain the first Maurer–Cartan equation of structure in the following form

dl = 2 Re(ε)n ∧ l − 2n ∧Re(κm) − 2 l ∧Re([τ − α − β]m) + 2 i Im(%)m ∧m

dn = 2 Re(γ)n ∧ l − 2n ∧Re([α + β − π]m) + 2 l ∧Re(νm) + 2 i Im(µ)m ∧m

dm = dm = (π + τ)n ∧ l + (2 i Im(ε) − %)n ∧m − σn ∧m + (µ + 2 i Im(γ)) l ∧m + λ l ∧m − (α − β)m ∧m .

(A3)

Finally, we specify the relevant classes of local Lorentz transformations that are applied to the tetrad and the
spin coefficients. With the parameters ξ,ψ ∈ R and a,b ∈ C, which are functions of the spacetime coordinates
(xµ), these yield [12]

Class I ∶ Class III ∶
l ↦ l′ = l l ↦ l′ = ξ l
n↦ n′ = n + ∣a∣2l + am + am n↦ n′ = ξ−1n (A4)

m↦m′ =m + a l m↦m′ = eiψm
m↦m ′ =m + a l m↦m ′ = e−iψm

and

Class I ∶
κ↦ κ′ = κ , σ ↦ σ′ = σ + aκ , %↦ %′ = % + aκ , ε↦ ε′ = ε + aκ , τ ↦ τ ′ = τ + a% + aσ + ∣a∣2κ ,
γ ↦ γ′ = γ + aα + a (β + τ) + ∣a∣2(% + ε) + a2σ + a ∣a∣2κ , π ↦ π′ = π + 2 a ε + a2κ + l a ,
λ↦ λ′ = λ + a (2α + π) + a2(% + 2 ε) + a3κ +m a + a l a , α ↦ α′ = α + a (% + ε) + a2κ , (A5)

µ↦ µ′ = µ + aπ + 2 aβ + 2 ∣a∣2ε + a2σ + a ∣a∣2κ +m a + a l a , β ↦ β′ = β + a ε + aσ + ∣a∣2κ ,
ν ↦ ν′ = ν + aλ + a (µ + 2γ) + a2(τ + 2β) + a3σ + ∣a∣2(π + 2α) + a ∣a∣2(% + 2 ε) + a2∣a∣2κ + (∣a∣2l +n + am + am) a

Class III ∶
κ↦ κ′ = ξ2 eiψ κ , σ ↦ σ′ = ξ e2iψ σ , τ ↦ τ ′ = eiψ τ , π ↦ π′ = e−iψ π , %↦ %′ = ξ% , µ↦ µ′ = ξ−1µ ,
α ↦ α′ = e−iψ α + i

2
e−iψmψ + 1

2
ξ−1 e−iψm ξ , β ↦ β′ = eiψ β + i

2
eiψmψ + 1

2
ξ−1 eiψm ξ , (A6)

γ ↦ γ′ = ξ−1γ + 1
2
ξ−2n ξ + i

2
ξ−1nψ , ε↦ ε′ = ξε + 1

2
l ξ + i

2
ξ lψ , λ↦ λ′ = ξ−1 e−2iψ λ , ν ↦ ν′ = ξ−2 e−iψ ν .
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Appendix B: Analytical Extension of Kerr Geometry — From Boyer–Lindquist to Kruskal–Szekeres-like
Coordinates

The Kerr metric g in Boyer–Lindquist coordinates (t, r, θ,ϕ), with t ∈ R, r ∈ R>0, θ ∈ [0, π], and ϕ ∈ [0,2π), as
well as with the signature convention (+,−,−,−), is given by [11, 17]

g = ∆

ρ2
(dt − a sin2 (θ)dϕ) ⊗ (dt − a sin2 (θ)dϕ) − sin2 (θ)

ρ2
(ρ20 dϕ − adt) ⊗ (ρ20 dϕ − adt) − ρ

2

∆
dr ⊗ dr − ρ2 dθ ⊗ dθ ,

(B1)

where ∆ = ∆(r) ∶= (r − r+)(r − r−) = r2 − 2Mr + a2 is the horizon function, ρ2 = ρ2(r, θ) ∶= r2 + a2 cos2 (θ), and

ρ20 = ρ20(r) ∶= r2 + a2. The parameter M denotes the mass, aM the angular momentum, and r± ∶=M ±
√
M2 − a2

the event horizon and the Cauchy horizon of the Kerr black hole. For the analysis of Kerr isolated horizons, we
require a coordinate system that is regular at the event horizon. As Boyer–Lindquist coordinates are singular
there, they are not suitable for the purpose at hand. Instead, we apply horizon-penetrating Kruskal–Szekeres-like
coordinates (K,L, θ, ϕ̃+), with K ∈ R, L ∈ R>0, θ ∈ [0, π], and ϕ̃+ ∈ [0,2π), which read [19]

K ∶= eα+r⋆ sinh (α+t) , L ∶= eα+r⋆ cosh (α+t) , θ = θ , and ϕ̃+ ∶= ϕ −
at

ρ20+
, (B2)

where

r⋆ ∶= r +
r2+ + a2

r+ − r−
ln ∣r − r+∣ −

r2− + a2

r+ − r−
ln ∣r − r−∣

is the Regge–Wheeler coordinate, α+ ∶= (r+ − r−)/(2ρ20+), and ρ20+ ∶= ρ20(r = r+). Note that these particular
coordinates do not provide regularity at the Cauchy horizon. Also, we restrict our study to the exterior Kerr
geometry including the event horizon r+ ≤ r < ∞. The Boyer–Lindquist basis vectors (∂t, ∂r, ∂θ, ∂ϕ) and basis
1-forms (dt,dr,dθ,dϕ) transform according to

∂t = α+(L∂K +K ∂L) −
a

ρ20+
∂ϕ̃+ , ∂r =

α+β ρ20
L2 −K2

(K ∂K +L∂L) , ∂θ = ∂θ , ∂ϕ = ∂ϕ̃+ (B3)

and

dt = LdK −K dL

α+(L2 −K2)
, dr = LdL −K dK

α+β ρ20
, dθ = dθ , dϕ = dϕ̃+ +

a (LdK −K dL)
α+ρ20+(L2 −K2)

, (B4)

respectively. In terms of the Kruskal–Szekeres-like coordinates (B2), the Kerr metric (B1) becomes

g = Ω2 (ρ
4

ρ40
(dK ⊗ dK − dL⊗ dL) − χ1 (LdK −K dL) ⊗ (LdK −K dL) − χ2 (LdK −K dL) ⊗ dϕ̃+)

− ρ2 dθ ⊗ dθ − sin2 (θ)
ρ2

(ρ40 − a2 sin2 (θ)∆)dϕ̃+ ⊗ dϕ̃+

(B5)

with the functions

Ω ∶= 1

α+
√
β ρ

, χ1 ∶=
a2 sin2 (θ)
β ρ40+

r + r+
r − r−

⎛
⎝
r + r+
r − r−

+ 2ρ2+
ρ20

[1 + a
2 sin2 (θ) (r2 − r2+)

2ρ20 ρ
2+

]
⎞
⎠
,

χ2 ∶=
2aα+ sin2 (θ)

ρ20+
(ρ20

r + r+
r − r−

+ ρ2+) , and β ∶= e2α+r

(r − r−)1+(r
2
−
+a2)/ρ20+

.

The event horizon is determined via the implicit equation

L2 −K2 = ∆β ,

which relates the Kruskal–Szekeres-like coordinates K and L to the radial Boyer–Lindquist coordinate r. Eval-
uating this equation at r = r+, we obtain the two solutions K = ±L. But since we consider black hole geometries,
only the positive solution K = L describing future event horizons is of interest.
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Appendix C: Regular Kinnersley Tetrad and Spin Coefficients in Kruskal–Szekeres-like Coordinates

The Kinnersley tetrad in Boyer–Lindquist coordinates yields [12, 18]

l = 1

∆
(ρ20 ∂t +∆∂r + a∂ϕ)

n = 1

2ρ2
(ρ20 ∂t −∆∂r + a∂ϕ)

m = 1√
2 ς

(ia sin (θ)∂t − ∂θ + i csc (θ)∂ϕ)

m = − 1√
2 ς

(ia sin (θ)∂t + ∂θ + i csc (θ)∂ϕ)

(C1)

with the quantity ς = ς(r, θ) ∶= r + ia cos (θ) satisfying ς ς = ρ2. The corresponding dual Kinnersley co-tetrad is
given by

l = dt − ρ
2

∆
dr − a sin2 (θ)dϕ

n = ∆

2ρ2
(dt + ρ

2

∆
dr − a sin2 (θ)dϕ)

m = 1√
2 ς

(ia sin (θ)dt + ρ2 dθ − iρ20 sin (θ)dϕ)

m = 1√
2 ς

(−ia sin (θ)dt + ρ2 dθ + iρ20 sin (θ)dϕ) .

(C2)

Substituting the basis vectors and 1-forms (B3) and (B4) into (C1) and (C2), we obtain the Kinnersley tetrad
and its dual in Kruskal–Szekeres-like coordinates. Although the underlying coordinate system is now regular up
to the Cauchy horizon, the resulting expressions for the frame vector and 1-form l are still singular at the event
horizon. As these singularities arise in multiplicative factors, they can be eliminated by rescaling, using a class
III local Lorentz transformation (A4) with parameters

ξ = L −K√
2β ρ

and ψ = 0 .

Applying this transformation leads to a Kinnersley tetrad in Kruskal–Szekeres-like coordinates that is regular at
the event horizon

l′ = ρ20√
2ρ2Ω

(∂K + ∂L −
a (L −K)
α+β ρ20+ρ

2
0

r + r+
r − r−

∂ϕ̃+)

n′ = ρ20√
2ρ2Ω

(∂K − ∂L −
a (L +K)
α+β ρ20+ρ

2
0

r + r+
r − r−

∂ϕ̃+)

m′ = 1√
2 ς

(ia sin (θ)α+[L∂K +K ∂L] − ∂θ +
iρ2+

ρ20+ sin (θ)
∂ϕ̃+)

m ′ = − 1√
2 ς

(ia sin (θ)α+[L∂K +K ∂L] + ∂θ +
iρ2+

ρ20+ sin (θ)
∂ϕ̃+)

(C3)
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and to a regular dual co-tetrad

l′ = Ω√
2

⎛
⎝
[ ρ

2
+

ρ20+
+ a

2 sin2 (θ)K (L −K)
ρ20+ρ

2
0 β

r + r+
r − r−

]dK − [ ρ
2
+

ρ20+
+ a

2 sin2 (θ)L (L −K)
ρ20+ρ

2
0 β

r + r+
r − r−

]dL

− a sin2 (θ)α+(L −K)dϕ̃+
⎞
⎠

n′ = Ω√
2

⎛
⎝
[ ρ

2
+

ρ20+
− a

2 sin2 (θ)K (L +K)
ρ20+ρ

2
0 β

r + r+
r − r−

]dK + [ ρ
2
+

ρ20+
+ a

2 sin2 (θ)L (L +K)
ρ20+ρ

2
0 β

r + r+
r − r−

]dL

− a sin2 (θ)α+(L +K)dϕ̃+
⎞
⎠

m′ = − 1√
2 ς

( ia sin (θ)
α+β ρ20+

r + r+
r − r−

[LdK −K dL] − ρ2 dθ + iρ20 sin (θ)dϕ̃+)

m ′ = 1√
2 ς

( ia sin (θ)
α+β ρ20+

r + r+
r − r−

[LdK −K dL] + ρ2 dθ + iρ20 sin (θ)dϕ̃+) .

(C4)

We compute the spin coefficients by inserting the dual co-tetrad (C4) into the first Maurer–Cartan equation of
structure in the Newman–Penrose formalism (A3), giving rise to an algebraic system with solution

κ′ = σ′ = λ′ = ν′ = 0 , %′ = − L −K√
2β ρ ς

, µ′ = − L +K√
2β ρ ς

, τ ′ = − ia sin (θ)√
2ρ2

,

ε′ = α+(L −K)
2
√

2
∂rΩ , π′ = ia sin (θ)√

2 ς2
, γ′ = α+(L +K)

2
√

2
(2ia cos (θ)Ω

ρ2
+ ∂rΩ) ,

α′ = 1

2
√

2 ς

⎛
⎝

ia sin (θ) [α+ +
2r

ρ2
] + ρ

2
0 cot (θ)
ρ2

⎞
⎠
, β′ = − 1

2
√

2 ς
(iaα+ sin (θ) + ρ

2
0 cot (θ)
ρ2

) .

(C5)

Appendix D: Isolated Horizon Conditions

We impose the isolated horizon conditions on the regular Kinnersley tetrad (C3) by requiring, on the one hand,
that the real-valued null vector l′, evaluated at r = r+, constitutes the equivalence class of expansion-free null
normals (1) and, in addition, that it coincides with the generator of the black hole’s Killing horizon. On the
other hand, we want the associated complex null vectors m′ and m ′ to be tangential to the horizon 2-spheres,
spanning their intrinsic geometry [5, 7]. The first condition on l′ is stated as follows. Let ν be a null normal to
∆, i.e.,

⟨ν,V ⟩ = 0 ∀ V ∈ T∆ and ⟨ν,ν⟩ = 0 , (D1)

where ⟨⋅ , ⋅⟩ ∶= g (⋅ , ⋅) ∶ TM×TM→ R is the canonical scalar product with respect to the metric (B5). From (D1),
we find that the null normal takes the form

ν ∣ r=r+ = ν
t
∣ r=r+α+L (∂K + ∂L)

with νt being the time-like component in Boyer–Lindquist coordinates. Evaluating the vector l′ given in (C3) at
r = r+, we can immediately show that it is already of this form and, therefore, normal to the horizon. Secondly,
we adjust the local isolated horizon surface gravity to the surface gravity of a Kerr black hole, which is defined
at space-like infinity, by requiring that the null normal l′∣ r=r+ corresponds to the generator of the black hole’s
Killing horizon

χ ∶= ∂t +
a

ρ20+
∂ϕ = α+L (∂K + ∂L) .
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We impose this condition by using a class III local Lorentz transformation (A4)

l′′∣ r=r+ = ξ l
′
∣ r=r+ = χ

with transformation parameters

ξ =
√

2

β+
ρ+L
ρ20+

and ψ = 0 .

Applying this transformation to (C3) yields

l′′∣ r=r+ = α+L (∂K + ∂L)

n′′∣ r=r+ =
ρ40+

2α+Lρ4+Ω2+
(∂K − ∂L) −

ar+
α+ρ20+ρ

2+
∂ϕ̃+

m′′
∣ r=r+ =

1√
2 ς+

(ia sin (θ)α+L [∂K + ∂L] − ∂θ +
iρ2+

ρ20+ sin (θ)
∂ϕ̃+)

m ′′
∣ r=r+ = −

1√
2 ς+

(ia sin (θ)α+L [∂K + ∂L] + ∂θ +
iρ2+

ρ20+ sin (θ)
∂ϕ̃+) .

Next, we formulate the conditions for the complex pair (m′′,m ′′)∣ r=r+ . Let W be a vector field that is tangential
to the horizon 2-spheres, that is,

W =W θ∂θ +W ϕ̃+∂ϕ̃+ .

In order to bring m′′∣ r=r+ and m ′′∣ r=r+ into this form, we use a class I local Lorentz transformation (A4) that
eliminates the ∂K/L-components

m′′′
∣ r=r+ =m

′′
∣ r=r+ + a l′′∣ r=r+ =m

′′′ θ
∣ r=r+∂θ +m

′′′ ϕ̃+ ∣ r=r+∂ϕ̃+

m ′′′
∣ r=r+ =m

′′
∣ r=r+ + a l′′∣ r=r+ =m

′′′ θ
∣ r=r+∂θ +m

′′′ ϕ̃+ ∣ r=r+∂ϕ̃+ ,

where the complex parameter a reads

a = − ia sin (θ)√
2 ς+

.

With this additional transformation, we obtain a Newman–Penrose frame that is adapted to the boundary
conditions of Kerr isolated horizons

l′′′∣ r=r+ = α+L (∂K + ∂L)

n′′′∣ r=r+ =
ρ40+

2α+Lρ4+Ω2+

⎛
⎝
[1 − a

2 sin2 (θ)L2

β+ ρ40+
]∂K − [1 + a

2 sin2 (θ)L2

β+ ρ40+
]∂L

⎞
⎠
− a

ρ20+
(1 + r+

α+ρ2+
)∂ϕ̃+

m′′′
∣ r=r+ =

1√
2 ς+

(−∂θ +
iρ2+

ρ20+ sin (θ)
∂ϕ̃+)

m ′′′
∣ r=r+ = −

1√
2 ς+

(∂θ +
iρ2+

ρ20+ sin (θ)
∂ϕ̃+) .

(D2)
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Its dual becomes

l′′′∣ r=r+ =
α+Lρ4+Ω2

+
ρ40+

(dK − dL)

n′′′∣ r=r+ =
1

2α+L
⎛
⎝
[1 + a

2 sin2 (θ)L2

β+ ρ40+
]dK + [1 − a

2 sin2 (θ)L2

β+ ρ40+
]dL

⎞
⎠

m′′′
∣ r=r+ =

1√
2 ς+

⎛
⎝

ia sin (θ)Lρ4+Ω2
+

ρ40+
[α+ +

r+
ρ2+

] (dL − dK) + ρ2+ dθ − iρ20+ sin (θ)dϕ̃+
⎞
⎠

m ′′′
∣ r=r+ =

1√
2 ς+

⎛
⎝
− ia sin (θ)Lρ4+Ω2

+
ρ40+

[α+ +
r+
ρ2+

] (dL − dK) + ρ2+ dθ + iρ20+ sin (θ)dϕ̃+
⎞
⎠
.

(D3)

The corresponding spin coefficients are determined by transforming (C5) according to (A5) and (A6). We find

κ′′′∣ r=r+ = σ
′′′
∣ r=r+ = %

′′′
∣ r=r+ = 0 , π′′′∣ r=r+ =

ia sin (θ)√
2 ς+

(α+ +
1

ς+
) , λ′′′∣ r=r+ = −

a2 sin2 (θ)
ς2+

(α+
2
+ 1

ς+
) ,

µ′′′∣ r=r+ =
1

ρ2+
(−r+ +

a2 sin2 (θ)α+
2

) , γ′′′∣ r=r+ =
1

2ρ2+

⎛
⎝
−ς+ +

r+a2 sin2 (θ)
ρ2+

− α+
2

[β+ρ
4
0+

L2
+ a2 sin2 (θ)] + ρ20+

4r2+α+

⎞
⎠
,

ν′′′∣ r=r+ =
ia sin (θ)√

2 ς+ ρ2+

⎛
⎝
−2 ς+ +

ia3 cos (θ) sin2 (θ)
ρ2+

− α+ [ρ2+ +
β+ρ40+
2L2

+ a
2 sin2 (θ)

2
] + ρ20+

4r2+α+

⎞
⎠
, τ ′′′∣ r=r+ = −

ia sin (θ)√
2ρ2+

,

ε′′′∣ r=r+ =
α+
2
, α′′′∣ r=r+ =

1√
2 ς+

⎛
⎝

cot (θ)
2

+ ia sin (θ) [α+
2
+ 1

ς+
]
⎞
⎠
, β′′′∣ r=r+ = −

1

2
√

2 ς+
(cot (θ) + iaα+ sin (θ)) .

(D4)

It can be easily verified that the expansion of the real-valued Newman–Penrose vector l′′′∣ r=r+ given in (D2),
which constitutes the equivalence class of null normals (1), vanishes on the horizon, as in the Newman–Penrose
formalism the associated expansion scalar is expressed in terms of the real part of the spin coefficient %′′′ [5].
Thus, using %′′′∣ r=r+ as stated in (D4), we directly see that the expansion vanishes on the horizon

θ(l′′′)∣ r=r+ = −2 Re(%′′′∣ r=r+) = 0 .

Moreover, since

κ′′′∣ r=r+ = σ
′′′
∣ r=r+ = Im(%′′′∣ r=r+) = 0 ,

we know that l′′′∣ r=r+ is geodesic as well as shear- and twist-free. Finally, we remark that the validity of Eq.(2)
can be shown by direct computation and that in the family of Kerr spacetimes, the only equivalence class (1)
satisfying the isolated horizon condition (v) is the one containing constant multiples of l′′′∣ r=r+ [5].

Appendix E: Spin Connection in the Time Gauge

The spin connection for Kerr isolated horizons is computed as follows. Dropping the primes and the restrictions
in the next formula for readability, we first translate the spin connection 1-forms ω(a)(b) = γ(a)(b)(c) e(c), where
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γ(a)(b)(c) are the Ricci rotation coefficients, into the Newman–Penrose formalism employing (A2)

ω(0)(1) = −2 Re(γ) l − 2 Re(ε)n + (α + β)m + (α + β)m
ω(0)(2) = ω(0)(3) = −τ l − κn + %m + σm
ω(1)(2) = ω(1)(3) = ν l + πn − µm − λm
ω(2)(3) = 2 i Im(γ) l + 2 i Im(ε)n − (α − β)m + (α − β)m .

(E1)

We note that it is sufficient to compute the pullback of these quantities to the isolated horizon 2-spheres as
the entire horizon can be covered by the action of the Lie derivative along its local null normal vector field.
Accordingly, inserting the spin coefficients (D4) and the dual Kinnersley frame (D3) into (E1), we obtain for the
spin connection on the isolated horizon 2-spheres

⇐ω
′′′
(0)(1) =

a sin (θ)
ρ2+

⎛
⎝
a cos (θ)dθ + ρ20+ sin (θ) [α+ +

r+
ρ2+

]dϕ̃+
⎞
⎠

⇐ω
′′′
(0)(2) = ⇐ω

′′′
(0)(3) = 0

⇐ω
′′′
(1)(2) = ⇐ω

′′′
(1)(3) =

1√
2 ς+ ρ2+

⎛
⎝
ρ2+ [r+ +

a2 sin2 (θ)
ς+

]dθ + iρ20+ sin (θ) [−r+ + a2 sin2 (θ) (α+ +
1

ς+
)]dϕ̃+

⎞
⎠

⇐ω
′′′
(2)(3) =

i

ρ2+
(−r+a sin (θ)dθ + ρ

4
0+ cos (θ)
ρ2+

dϕ̃+) ,

(E2)

in which the double arrow underneath denotes the horizon 2-sphere pullback. Since the Ashtekar and Ashtekar–
Barbero connection variables are usually defined on space-like hypersurfaces of foliations of globally hyperbolic
spacetimes, we now express the spin connection (E2) via an orthonormal frame that is fixed in the time gauge
(see, e.g., [14] and references therein). This frame is related to the Newman–Penrose frame via

e(0) = l
′′′ +n′′′√

2
, e(1) = l

′′′ −n′′′√
2

, e(2) = m
′′′ +m ′′′
√

2
, and e(3) = i (m′′′ −m ′′′)√

2
, (E3)

and the metric is given by the Minkowski metric with signature (1,3)

(η̃(a)(b)) =
⎛
⎜⎜⎜
⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

⎞
⎟⎟⎟
⎠
. (E4)

Substituting (D2) into (E3) yields

e(0)∣ r=r+ =
α+L√

2

⎛
⎝
[1 + 1

2ρ2+
(β+ρ

4
0+

L2
− a2 sin2 (θ))]∂K + [1 − 1

2ρ2+
(β+ρ

4
0+

L2
+ a2 sin2 (θ))]∂L

⎞
⎠
− a√

2ρ20+
(1 + r+

α+ρ2+
)∂ϕ̃+

e(1)∣ r=r+ =
α+L√

2

⎛
⎝
[1 − 1

2ρ2+
(β+ρ

4
0+

L2
− a2 sin2 (θ))]∂K + [1 + 1

2ρ2+
(β+ρ

4
0+

L2
+ a2 sin2 (θ))]∂L

⎞
⎠
+ a√

2ρ20+
(1 + r+

α+ρ2+
)∂ϕ̃+

e(2)∣ r=r+ = −
r+
ρ2+
∂θ −

a cot (θ)
ρ20+

∂ϕ̃+

e(3)∣ r=r+ =
a cos (θ)
ρ2+

∂θ −
r+

ρ20+ sin (θ)
∂ϕ̃+ .

(E5)
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As we work only on the horizon 2-spheres, the orthonormal frame is in the time gauge when ⟨e(0)∣ r=r+ ,W ⟩ = 0

for all W =W θ∂θ +W ϕ̃+∂ϕ̃+ ∈ TS2. This condition leads to a time-like basis vector of the general form

e(0)∣ r=r+ = e
(0)K

∣ r=r+∂K + e(0)L∣ r=r+∂L +
aLΩ2

+ρ
4
+

ρ60+
(α+ +

r+
ρ2+

) [e(0)L∣ r=r+ − e
(0)K

∣ r=r+]∂ϕ̃+ .

Direct computation shows that the time-like basis vector e(0)∣ r=r+ of the orthonormal tetrad (E5) is already of
this form. Transforming the spin connection (E2) into the orthonormal frame according to the transformation
law for connections

⇐ω (a)(b) = η̃(a)(c) η̃(h)(b) η
(d)(e) [Λ(c)(d)⇐ω

′′′
(e)(f) η

(f)(g) (Λ
(h)
(g))

T − (dΛ
(c)
(d)) (Λ

(h)
(e))

T ] ,

where the transformation matrix is given by (see (E3) and Appendix A)

(Λ
(a)
(b)) =

1√
2

⎛
⎜⎜⎜
⎝

1 1 0 0
−1 1 0 0
0 0 −1 −1
0 0 i −i

⎞
⎟⎟⎟
⎠

and the metrics η and η̃ by (A1) and (E4), respectively, results in the expressions (3).

Appendix F: Ashtekar and Ashtekar–Barbero Formulations

In the Ashtekar formulation, instead of using a tetrad frame (e(a)) and six so1,3(R)-valued spin connection

1-forms ω(a)(b), with a, b ∈ {0,1,2,3}, one employs a triad (e(i)) and three self-dual sl2(C)-valued connection 1-

forms A
(i)
+ , i ∈ {1,2,3}, as configuration variables (for a detailed review see, e.g., [26]). The self-dual connection,

commonly known as Ashtekar connection, is defined by [1]

A
(i)
+ ∶= P (i)+ (a)(b) ω

(a)(b) , (F1)

where

P
(i)
+ (j)(k) ∶=

1

2
ε
(i)
(j)(k) , P

(i)
+ (0)(k) = −P

(i)
+ (k)(0) ∶=

i

2
δ
(i)
(k) (F2)

is a projection homomorphism reading out the self-dual part of the spin connection. Note that, since the so1,3(R)
Lie algebra cannot be decomposed into a direct sum of self-dual and anti-self-dual algebras, one has to work with
the complexified Lie algebra so1,3(C) for which such a decomposition exists, namely

so1,3(C) = so1,3(C)+ ⊕ so1,3(C)−

with the self-dual and anti-self-dual algebras

so1,3(C)+ ∶= {τ ∈ so1,3(C) ∣ ⋆ τ = iτ} and so1,3(C)− ∶= {τ ∈ so1,3(C) ∣ ⋆ τ = −iτ} ,

where τ is an eigenfunction of the ⋆-operator. Then, the spin connection can be split into a self-dual and an
anti-self-dual part

ω = ω+ +ω− ,

in which both ω+ and ω− contain the same information as ω itself. The Ashtekar connection (F1) can be gener-

alized to an su2(C)-valued 1-form, the so-called Ashtekar–Barbero connection A
(i)
γ , replacing the imaginary unit

in the projector (F2) by a complex-valued parameter γ, known as Barbero–Immirzi parameter. Different values
for γ yield equivalent classical theories, however, their quantum theories are unitarily inequivalent, resulting in
ambiguous physical predictions. In the framework of loop quantum gravity, one usually restricts γ to values in
R/{0} [10], which in turn leads to real-valued SU(2) connections. This restriction arises from the current level of
development in functional analysis, where mathematical methods are worked out in detail only for real-valued
connections.
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