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3D mathematical modelling to understand atypical heat transfer observed in vial freeze-drying
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In pharmaceutical freeze-drying, the position of the product container (vial) on the shelf of the equipment constitutes a major issue for the final product quality. Vials located at the shelf edges exhibit higher product temperature than vials located at the centre, which in turn often results in collapsed product. A physics-based model was developed to represent heat transfer phenomena and to study their variation with the distance from the periphery of the shelf. Radiation, conduction between solids, and conduction through low-pressure water vapour were considered. The modelling software package COMSOL Multiphysics was employed in representing these phenomena for a set of five vials located at the border of the shelf, close to the metallic guardrail. Model predictions of heat fluxes were validated against experimental measurements conducted over a broad range of shelf temperatures and chamber pressures representative for pharmaceutical freeze-drying. Conduction through low-pressure water vapour appeared as the dominant mechanism explaining the additional heat transfer to border vials compared to central ones. The developed model constitutes a powerful tool for studying heterogeneity in freeze-drying while reducing experimental costs.

Highlights:

• A 3D mathematical model of heat transfer in freeze-drying is proposed.

• The role of several heat transfer mechanisms is explored.

• Knudsen effect is considered for conduction inside low-pressure water vapour.

• Radiation heat transfer is evaluated using the surface-to-surface model.

• Atypical heat transfer is explained mainly by gas conduction rather than radiation.

NOMENCLATURE

Introduction

Freeze-drying is a drying process involving three successive steps: freezing of the aqueous solution, followed by primary drying to remove ice by sublimation and, finally, secondary drying to remove unfrozen or sorbed water [START_REF] Jennings | Lyophilization: introduction and basic principles[END_REF]. Due to the very low temperatures involved, freeze-drying process is particularly suitable for preservation of a wide variety of heatsensitive products such as high-value foods, cultured microorganisms, pharmaceuticals and nanoparticles [START_REF] Ratti | Hot air and freeze-drying of high-value foods: a review[END_REF][START_REF] Abdelwahed | Freeze-drying of nanoparticles: Formulation, process and storage considerations[END_REF][START_REF] Tang | Design of freeze-drying processes for pharmaceuticals: practical advice[END_REF][START_REF] Fonseca | Freeze-Drying of Lactic Acid Bacteria[END_REF]. This work is focused on pharmaceutical products (e.g. vaccines, proteins, peptides), which are usually processed in small containers (vials) loaded on the shelf of the equipment. During the primary drying step, the total heat transfer towards the sublimation interface is mainly dependent on the operating parameters (shelf temperature, chamber pressure, step duration), but also on the vial geometry and on the position of the vial on the shelf [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF][START_REF] Pikal | Freeze-Drying Process Development and Scale-Up: Scale-Up of Edge Vial Versus Center Vial Heat Transfer Coefficients, Kv[END_REF][START_REF] Scutellà | How Vial Geometry Variability Influences Heat Transfer and Product Temperature During Freeze-Drying[END_REF]. Vials located at the periphery of the shelf (named edge vials) receive an additional heat flow and present a product temperature up to 4 °C higher compared to vials located in the centre of the shelf (named central vials) and surrounded only by other vials at the same conditions [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF][START_REF] Pikal | Freeze-Drying Process Development and Scale-Up: Scale-Up of Edge Vial Versus Center Vial Heat Transfer Coefficients, Kv[END_REF][START_REF] Tang | Evaluation of manometric temperature measurement, a process analytical technology tool for freeze-drying: Part I, product temperature measurement[END_REF]. This atypical heat transfer characteristic is usually known as "edge vial effect" [START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF].

The "edge vial effect" represents a serious issue in process control because it causes variability in terms of heat flow and product temperature in the vial batch [START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF]. If product temperature exceeds a critical value (e.g. glass transition temperature for amorphous products) the product will lose its porous structure and then will collapse [START_REF] Pikal | The collapse temperature in freeze drying: Dependence on measurement methodology and rate of water removal from the glassy phase[END_REF][START_REF] Barresi | Freeze Drying of Pharmaceutical Excipients Close to Collapse Temperature: Influence of the Process Conditions on Process Time and Product Quality[END_REF][START_REF] Johnson | Freeze-drying protein formulations above their collapse temperatures: Possible issues and concerns[END_REF][START_REF] Overcashier | Lyophilization of protein formulations in vials: Investigation of the relationship between resistance to vapor flow during primary drying and small-scale product collapse[END_REF][START_REF] Passot | Effect of Product Temperature During Primary Drying on the Long-Term Stability of Lyophilized Proteins[END_REF]. Due to the additional heat flow received and the higher product temperature, collapse can take place in vials located at the periphery of the shelf rather than in central vials. For this reason, the understanding of the mechanisms causing the heat flow variability with respect to the position of the vial on the shelf is a key point for a successful process design.

Several mono-and multi-dimensional mathematical models of freeze-drying were developed in the past years [START_REF]Use of laboratory data in freeze drying process design: heat and mass transfer coefficients and the computer simulation of freeze drying[END_REF][START_REF] Millman | An analysis of the lyophilization process using a sorption-sublimation model and various operational policies[END_REF][START_REF] Gan | Freeze-drying of pharmaceuticals in vials on trays: effects of drying chamber wall temperature and tray side on lyophilization performance[END_REF][START_REF] Velardi | Development of simplified models for the freeze-drying process and investigation of the optimal operating conditions[END_REF][START_REF] Hottot | Freeze-Drying of Pharmaceutical Proteins in Vials: Modeling of Freezing and Sublimation Steps[END_REF][START_REF] Brülls | Heat transfer in vial lyophilization[END_REF][START_REF] Zhai | Pure ice sublimation within vials in a laboratory lyophiliser; comparison of theory with experiment[END_REF][START_REF] Trelea | An Interactive Tool for the Optimization of Freeze-Drying Cycles Based on Quality Criteria[END_REF][START_REF] Liu | Exergy analysis for a freeze-drying process[END_REF][START_REF] Sheehan | Modeling of the primary and secondary drying stages of the freeze drying of pharmaceutical products in vials: Numerical results obtained from the solution of a dynamic and spatially multi -dimensional lyophilizat different operational policies[END_REF], but only few of them explore the sources of the atypical heat flow rate in edge vials. In most of the studies [START_REF] Velardi | Development of simplified models for the freeze-drying process and investigation of the optimal operating conditions[END_REF][START_REF] Hottot | Freeze-Drying of Pharmaceutical Proteins in Vials: Modeling of Freezing and Sublimation Steps[END_REF][START_REF] Zhai | Pure ice sublimation within vials in a laboratory lyophiliser; comparison of theory with experiment[END_REF][START_REF] Sheehan | Modeling of the primary and secondary drying stages of the freeze drying of pharmaceutical products in vials: Numerical results obtained from the solution of a dynamic and spatially multi -dimensional lyophilizat different operational policies[END_REF], the heat transfer by radiation from the door and walls of the drying chamber was considered completely responsible of the higher product temperature observed in edge vials. However, Gan et al. [START_REF] Gan | Freeze-drying of pharmaceuticals in vials on trays: effects of drying chamber wall temperature and tray side on lyophilization performance[END_REF] and Rambhatla et al. [START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF] showed that the presence of the metallic rail surrounding vials also contributes to the heat transfer by means of contact conduction and radiation.

Due to the very low pressures used during the process, the conduction through the gas in freeze-drying partly takes place under Knudsen regime and it is thus dependent on the chamber pressure. Recently, a study of Pikal et al. [START_REF] Pikal | Freeze-Drying Process Development and Scale-Up: Scale-Up of Edge Vial Versus Center Vial Heat Transfer Coefficients, Kv[END_REF] showed that the conduction through the low-pressure water vapour contained in the gap between the metallic rail and the vial could play a relevant role in the additional heat transfer in edge vials.

The main objective of this work was to develop a 3D mathematical model in order to (i) predict the heat flow received by the vials located at the border of the shelf under different operating conditions and (ii) assess the relative importance of the involved mechanisms in the heat transfer, with particular attention to the radiation heat transfer and conduction through the low-pressure water vapour present in the drying chamber. The COMSOL Multiphysics software was used to design a 3D mechanistic mathematical model of the heat transfer during the sublimation step of the freeze-drying process. The geometry was defined to represent a portion of the drying chamber, including metallic rail, shelves, wall and an array of five vials.

The presence of the gas in the drying chamber was considered and an original approach was used to represent the heat transfer through the gas in Knudsen regime near solid surfaces. The model was then validated with experimental data obtained from sublimation tests performed in a pilot scale freeze dryer at two shelf temperatures (-40 °C and 0 °C) and four chamber pressures (4, 6, 9, 15 Pa) covering the usual range of conditions in pharmaceutical freezedrying. Then, the contributions of the individual heat transfer mechanisms were quantified specifying the effect of chamber walls, rail and shelves.

The developed model predicted in an accurate way the heat flow rates in edge and central vials and can be used for investigating different vials loading configurations and the impact of equipment design.

Materials and Methods

Materials

The experimental determination of the sublimation heat flow rates was carried out on a pilot freeze-dryer (LyoVac GT6 Finn-Aqua Santasalo-Sohlberg SPRL, Bruxelles, Belgium; Figure 1A). This equipment had 5 shelves with an area of 0.14 m² each. The distance between shelves was 62 mm whereas the distance between shelf and wall was 55 mm. Measurements of the shelf, wall and rail emissivity were performed by Themacs Ingénierie (Champs sur Marne, France) using the emissometer EM-2 [START_REF] Monchau | Device for measuring the emissivity or reflectivity of a surface[END_REF]. The measured values are reported in Table 1.

Glass siliconized tubing vials (3 mL, Müller & Müller, Holzminden, Germany) filled with 1.8 mL of distilled water were used. A detailed dimensional analysis of vial geometry was performed on a batch of 120 vials by a specialized company Precis&Mans (Le Mans, France), using the micrometer Mitutoyo 3D (accuracy ± 0.003mm; Mitutoyo Europe GmbH, Neuss, Germany).

The pressure in the freeze-dryer chamber was monitored and controlled by a capacitive manometer. A number of six temperature wireless sensors (Tempris IQ Mobil Solution GMbH, Holzkirchen, Germany) were positioned in the bottom centre of selected vials to record ice temperature during the experiments (Figure 1B). In some tests, the temperatures of the drying chamber wall was measured by sticking additional sensors by means of aluminium tape. The values of the wall temperatures measured for shelf temperatures of -40 °C and 0 °C are reported in Table 1.

Sublimation heat flow evaluation

The sublimation heat flow was experimentally determined by following the method previously described by Scutellà et al. [START_REF] Scutellà | How Vial Geometry Variability Influences Heat Transfer and Product Temperature During Freeze-Drying[END_REF]. A number of 540 vials in hexagonal arrangement were loaded on the middle shelf of the freeze-dryer pre-cooled at -50 °C using a bottomless tray. Vials were directly in contact with the shelf and surrounded by a stainless steel rail, as shown in Figure 1. After a freezing step of 2 hours, the pressure was decreased and the shelf temperature was increased at a rate of 1 °C/min to the set point. Six sublimation tests in total were carried out: four at the shelf temperature of 0 °C and chamber pressures of 4, 6, 9, 15

Pa and two at the shelf temperature of -40 °C and chamber pressures of 4 and 6 Pa. The cycle was allowed to run long enough to sublimate up to 20-25 % of the initial mass of water.

Subliming a larger quantity of the ice may lead to loss of contact between the vial and the ice, introducing uncertainty in the analysis.

The sublimation rates were measured gravimetrically. As reported by Pisano et al. [START_REF] Pisano | Heat Transfer in Freeze-Drying Apparatus[END_REF][START_REF] Pisano | Quality by design: optimization of a freeze-drying cycle via design space in case of heterogeneous drying behavior and influence of the freezing protocol[END_REF],

the vials located after the second row from the border of the shelf can be considered as equivalent to central vials. Thus, a number of 100 central vials (named M in Figure 1B) and 62 edge vials, among which 38 were in contact (C vials in Figure 1B) and 24 were not in contact with the rail (E vials in Figure 1B), were weighed before and after the run using a PG503-S DeltaRange balance (accuracy ± 0.001g; Mettler Toledo, Zaventem, Belgium).

After the sublimation tests, the mass flow rate 𝐽 ̇ was calculated as:

𝐽 ̇= 𝑚 𝐼𝑁 -𝑚 𝐹𝐼𝑁 𝑡 Equation 1
where 𝑚 𝐼𝑁 and 𝑚 𝐹𝐼𝑁 are the initial and final masses of the vial and 𝑡 is the sublimation time measured from the moment when shelf temperature exceeded the product temperature, meaning that there was a net heat flux from the shelf towards the vials.

In freeze-drying, pseudo-stationary state can be assumed because of the slow dynamics of the process [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF] Trelea | An Interactive Tool for the Optimization of Freeze-Drying Cycles Based on Quality Criteria[END_REF][START_REF] Pisano | Heat Transfer in Freeze-Drying Apparatus[END_REF][START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF]. Under this condition, the net heat flow rate 𝑄 ̇ at the sublimation interface is directly proportional to the mass flow rate 𝐽 :

𝑄 ̇= ∆𝐻 𝐽 ̇ Equation 2
∆𝐻 being the latent heat of sublimation (Table 1).

Mathematical model

Geometry

The 3D geometry, representing a portion of the drying chamber, was built in COMSOL Multiphysics (Figure 2A). It included wall, rail, bottom and top shelves and five vials. The geometry was considered to be symmetric about the x-z plane. Figure 2B focuses on the hexagonal arrangement of vials, which were placed in direct contact with the bottom shelf.

The vials located at the border of the shelf were alternatively in contact (vial C) and not in contact (vial E) with the rail.

The detailed vial and rail geometry is presented in Figure 2C. All the vials were made of borosilicate glass and were filled with pure ice. The vial bottom was designed to have an area in contact with the shelf and a cylindrical concavity. The thickness of this concavity δ was considered equal to the mean bottom curvature depth calculated by Scutellà et al. [START_REF] Scutellà | How Vial Geometry Variability Influences Heat Transfer and Product Temperature During Freeze-Drying[END_REF] (0.12 mm).

Problem statement and boundary conditions

In this model, heat transfer during pure ice sublimation was simulated. A flat ice-vapour interface and a constant ice thickness were defined. The drying chamber was considered to be completely saturated with vapour water during sublimation [START_REF] Fonseca | Freeze-Drying of Lactic Acid Bacteria[END_REF]. The temperatures of several surfaces were imposed: (i) the top and bottom shelves temperature, imposed as operating condition; (b) the wall temperature, determined from experimental data; (c) the ice-vapour interface temperature 𝑇 𝑖 , evaluated from the Clausius-Clapeyron relation [START_REF] Trelea | An Interactive Tool for the Optimization of Freeze-Drying Cycles Based on Quality Criteria[END_REF]:

𝑇 𝑖 = 6139.6
28.8912-ln(𝑃 𝑖 )

Equation 3

where 𝑃 𝑖 was taken equal to the chamber pressure since no mass transfer resistance between the ice-vapour interface and the chamber was considered.

During the process, several sources contribute simultaneously to the heat transfer toward the sublimation interface. The main heat transfer mechanisms and their characteristic coefficients are schematized in Figure 3 and can be synthesized as follows:

a) Conduction through the gas in the drying chamber. A fictitious layer was defined, named Knudsen layer, which covers all the solids (i.e. ice, vial glass, rail, wall, top and bottom shelves), represented as a violet bold line in Figure 3. The thickness of the Knudsen layer 𝑙 𝐾𝑛 was arbitrarily set to be equal to 1/4 of the vial glass thickness; b) Conduction between solids. Only the conductive exchanges which were expected to be the most relevant were considered, i.e. (i) the conduction between the bottom shelf and the vials (𝐾 𝑐𝑐 𝑉 ) and (ii) the conduction between the bottom shelf and the rail (𝐾 𝑐𝑐 𝑅 ); c) Radiation. A number of radiation fluxes were taken into account, as shown in Figure 3:

• from the top (𝐹 𝑇𝑆→𝑉 ) and bottom shelves (𝐹 𝐵𝑆→𝑉 ) to the vials;

• from the top shelf to the rail (𝐹 𝑇𝑆→𝑅 );

• from the chamber wall to the rail (𝐹 𝑊→𝑅 ) and to the parts of the vials which face the wall (𝐹 𝑊→𝑉 );

• between the rail and the vials (E and C) facing it (𝐹 𝑅→𝑉 );

• between the vial internal walls and the ice (𝐹 𝐼→𝑉 ).

Heat transfer by convection was not considered in the model. Even if a debate is ongoing in literature on the importance of convection during freeze-drying [START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF][START_REF] Pikal | Freeze-Drying Process Development and Scale-Up: Scale-Up of Edge Vial Versus Center Vial Heat Transfer Coefficients, Kv[END_REF][START_REF] Ganguly | Experimental Determination of the Key Heat Transfer Mechanisms in Pharmaceutical Freeze-Drying[END_REF], a recent work of Pikal et al. [START_REF] Pikal | Freeze-Drying Process Development and Scale-Up: Scale-Up of Edge Vial Versus Center Vial Heat Transfer Coefficients, Kv[END_REF] has shown that convection can be considered negligible at the low pressures typically encountered during the freeze-drying of pharmaceuticals (usually below 10 Pa).

Under those hypotheses, modelling heat transfer in freeze-drying involved the simultaneous solution of conduction in solid, in gas and radiation heat transfer equations.

Heat transfer by conduction

The heat transfer by conduction occurring inside different materials (i.e. vial glass, ice, rail, gas) was described by the first Fourier law [START_REF] Bird | Transport phenomena[END_REF]:

𝑞 ⃗ 𝑐 = -𝜆 ∇𝑇 Equation 4
𝑞 ⃗ 𝑐 being the heat flux, ∇𝑇 the temperature gradient and 𝜆 the thermal conductivity of the materials, reported in Table 1.

Thermal conductivity of the gas in the drying chamber

Usually freeze-drying of pharmaceuticals is carried out at very low chamber pressure, in a range of 4 to 10 Pa. Under this condition, the density of the gas is very low and the gas molecules collide more frequently with solid surfaces than among them at distances from the solid surface lower than the free molecular path (equal to about 0.6 mm at 10 Pa for water vapour) [START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF]. Thus, in typical ranges of freeze-drying operating parameters (i.e. chamber pressure < 10 Pa and shelf temperature < 0 °C), the heat transfer regime is classified as the free-molecular or Knudsen regime near solids surfaces [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF] Brülls | Heat transfer in vial lyophilization[END_REF][START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF][START_REF] Dushman | Scientific foundations of vacuum technique[END_REF]. In the present model, the heat transfer under Knudsen regime was simulated by building a fictitious layer (named Knudsen layer) around all solids in contact with gas, as previously described ( §3.2).

According to previous works of Pikal et al. [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF], the heat transfer by conduction through the water vapour during freeze-drying can be described as:

𝑞 𝑤 = 𝐾 𝑤 (𝑇 1 -𝑇 2 ) Equation 5
where 𝑞 𝑤 is the heat flux by conduction through the water vapour, 𝑇 1 and 𝑇 2 are respectively the temperatures of the two solids between which the gas is contained and 𝐾 𝑤 is the global heat transfer coefficient by conduction through the water vapour.

The global resistance to heat transfer through the gas (

1 𝐾 𝑤
), as described in the model and shown in Figure 4, can be defined as [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF]:

1 𝐾 𝑤 = 𝑙 𝑤 𝜆 𝑤 + 2 𝑙 𝐾𝑛 𝜆 𝐾𝑛 Equation 6
In Equation 6, 𝑙 𝑤 is the distance among the two solid surfaces between which the gas is contained, 𝜆 𝑤 is the water vapour thermal conductivity, 𝑙 𝐾𝑛 is the Knudsen layer thickness whereas 𝜆 𝐾𝑛 is the Knudsen layer conductivity. The resistance to the heat transfer in the Knudsen layers (2

𝑙 𝐾𝑛 𝜆 𝐾𝑛
) was defined by Pikal et al. [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF][START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF] as:

2 𝑙 𝐾𝑛 𝜆 𝐾𝑛 = 1 𝛼Ʌ 𝑜 𝑃 𝐶 Equation 7
where α is a semi-empirical constant related to the quality of energy exchange between the solid surface and the gas and usually estimated by regression from experimental data, Ʌ o is the free molecular flow heat transfer coefficient and 𝑃 𝐶 is the chamber pressure. In the present work, the coefficient 𝛼 was determined considering experimental data of sublimation tests presented by Scutellà et al. [START_REF] Scutellà | How Vial Geometry Variability Influences Heat Transfer and Product Temperature During Freeze-Drying[END_REF] (where 𝛼 = 𝐶 2 /Ʌ 𝑜 , with 𝐶 2 equal to 0.67). The determined 𝛼 value and other relevant parameters for heat transfer modelling are reported in Table 2.

Thus, the thermal conductivity of the Knudsen layer 𝜆 𝐾𝑛 was estimated from Equation 7as follows:

𝜆 𝐾𝑛 = 2 𝛼Ʌ 𝑜 𝑃 𝐶 𝑙 𝐾𝑛 Equation 8

Heat transfer by contact conduction between solid bodies

The heat flux by contact conduction between two bodies in contact (e.g. vial-shelf or railshelf, Figure 3) can be defined as [START_REF] Pikal | Mass and heat transfer in vial freeze-drying of pharmaceuticals: role of the vial[END_REF]:

𝑞 𝑐𝑐 = 𝐾 𝑐𝑐 (𝑇 1 -𝑇 2 ) Equation 9
where 𝑞 𝑐𝑐 is the heat flux from body 1 to body 2 transmitted by contact conduction, 𝑇 1 and 𝑇 2

are respectively the temperatures of the two bodies and 𝐾 𝑐𝑐 is the heat transfer coefficient by contact conduction, which depends on the quality of the contact. The heat transfer coefficient by contact conduction between the shelf and the vial (𝐾 𝑐𝑐 𝑉 ) was evaluated from the work of Scutellà et al. [START_REF] Scutellà | How Vial Geometry Variability Influences Heat Transfer and Product Temperature During Freeze-Drying[END_REF]: a coefficient 𝐾 𝑐 (equal to 3.67 𝑊 𝑚 -2 𝐾 -1 ) was evaluated, with reference to the entire vial bottom area (𝐴 𝐵𝑉 ). In order to obtain the heat transfer coefficient by contact conduction applicable to the contact area only (𝐴 𝐶𝑉 ), 𝐾 𝑐𝑐 𝑉 was considered equal to 𝐾 𝑐 𝐴 𝐵𝑉 𝐴 𝐶𝑉

. In contrast, the heat transfer coefficient by contact conduction between shelf and rail (𝐾 𝑐𝑐 𝑅 ) was determined by fitting model predictions to the rail temperature measured in a separate experiment. The values of these coefficients are reported in Table 2.

Heat transfer by radiation

In the considered low-pressure environment, heat transfer by radiation is expected to play a non negligible role [START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF][START_REF] Pikal | Freeze-Drying Process Development and Scale-Up: Scale-Up of Edge Vial Versus Center Vial Heat Transfer Coefficients, Kv[END_REF]. In the present model, it was considered that the solid surfaces are opaque, that the radiation and the absorption occur in the same spectral range and that the absorption and radiation of the low pressure water vapour are negligible [START_REF] Brülls | Heat transfer in vial lyophilization[END_REF][START_REF] Bird | Transport phenomena[END_REF]. Thus, the heat flux by radiation 𝑞 𝑟 can be described by the Stefan-Boltzmann equation [START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF][START_REF] Bird | Transport phenomena[END_REF]:

𝑞 𝑟 = 𝐹 1→2 𝜎 (𝑇 1 4 -𝑇 2 4 ) Equation 10
where 𝑇 1 and 𝑇 2 are the absolute temperatures of the surfaces 1 and 2 respectively, 𝜎 is the Stefan-Boltzmann constant and 𝐹 1→2 the visualization factor between the two surfaces under consideration.

The surface-to-surface radiation model proposed by COMSOL was used to evaluate the radiation heat transfer by the hemicube method. This method takes into account the shadowing effect in the system, automatically calculating the view factors for all the bodies present in the geometry. The surface-to-surface model results in very accurate computation, including all the possible contributions to radiation heat transfer, even if it remains timeconsuming.

Furthermore, a simplified radiation model was developed. In this model, only the main radiation contributions were considered, as schematized in Figure 3. Each part of the rail and vial surface was assumed to exchange by radiation with one of the imposed temperature surfaces (wall, shelves, ice interface). The visualization factors were estimated as for parallel plates [START_REF]Heat and mass transfer in low pressure gases: applications to freeze drying[END_REF][START_REF] Bird | Transport phenomena[END_REF]:

𝐹 1→2 = 1 1 𝑒 1 + 1 𝑒 2 -1

Equation 11

The internal walls of the vials were assumed to act as a black body. The radiation rays coming from the top shelf are eventually trapped by the internal vial walls after several reflections. Values of the visualisation factors used in the simplified radiation model are given in Table 2.

Numerical solution

The developed model was solved by means of Comsol Multiphysics 5.2 (COMSOL, Inc, Burlington, USA). This commercial software was ran on a PC, equipped with Intel(R) Core(TM) i7-490 CPUs, at 3.6 GHz, 64-bits, with 32 Gb of RAM, under Windows 10.

Governing equations were solved under steady-state condition by applying the finite-element method. The solution of the large linear system resulting from the linearization of the coupled equations was reached with the help of the Multifrontal Massively Parallel Sparse Direct Solver (MUMPS) [START_REF] Amestoy | MUMPS: a general purpose distributed memory sparse solver[END_REF]. The relative tolerance was set to 10 -5 . Numerical tests were based on non-structured meshing (tetrahedral elements).

Results

Mesh and radiation resolution sensitivity analysis

A sensitivity test was performed since the numerical solution of the problem depends on the resolution adopted in discretizing the equations. Regarding the mesh resolution used for discretizing the conduction equations, an increase of the number of elements by about 40 % resulted in a weak impact on heat fluxes with a difference of maximum 0.2 % (Table 3) for the different vials (C, E, M). The increase of the angular discretization applied for radiation calculations (from 64 to 4096 streams) did not modify the predicted values of heat fluxes (0.002 %). COMSOL simulations were thus considered robust, and lower values of mesh elements (189 628) and radiation streams (64) were selected to reduce computation time.

Model validation

The model was validated based on sublimation experiments carried out at four chamber pressures (4, 6, 9 and 15 Pa) and two shelf temperatures (-40 °C and 0 °C) selected in the range typically used in freeze-drying of pharmaceuticals.

Figure 5 displays the comparison between the mean values of the experimental heat flow rates toward the ice-vapour interface and their standard deviations (38, 24 and 100 vials in configuration C, E and M, respectively) and the model predictions for all the combinations of shelf temperature and chamber pressure tested. The agreement between measurements and model predictions was satisfactory. Deviations were less than 21 % of the mean heat flow rate and close to the experimental coefficients of variation of each vial group. For the experiments performed at a shelf temperature of 0 °C and higher pressures (9 and 15 Pa), the simulated heat flow rates of the vial C in contact with the rail appeared to be slightly overestimated with respect to the mean experimental value for both radiation models. Simulated and experimental heat flow rates of vial E not in contact with the rail showed a good agreement, as well as the simulated heat flow rates of the central vial, for all 6 combinations of applied operating conditions. These results were confirmed by the calculation of the relative mean error (RME) and the root mean square deviation (RMSD), presented Table 4. Simulated heat flow rates in vial C at high shelf temperature showed higher RME and RMSD values than vial E and M. However, the RME values remained below 11 % for both the surface-to-surface model and the simplified model.

The quality of the models was also statistically assessed by the calculation of the coefficient of determination 𝑅 𝑝𝑟𝑒𝑑

2

. Figure 6 presents predicted versus observed net heat flow rates for edge vials in contact (Vial C) and not in contact (Vial E) with the rail and for central vials (Vial M), both for the surface-to-surface (Figure 5 A, B andC) and simplified radiation models (Figure 5 D, E andF). The distribution of the data around the 1:1 line and the value of values and appeared to better predict the heat flow rates in both edge and central vials than the simplified radiation model. However, the computational time was much longer for the surface-to-surface model (about 1 h, physical memory 30 GB) than for the simplified model (about 5 min, physical memory 6 GB).

These results confirm that the developed models represent well not only the usually considered heat transfer from the top and bottom shelves but also the border heat transfer from the wall and rail to the edge vials. Even if the results obtained from the two models were both accurate and comparable, it was decided to perform the further analysis using the surface-to-surface radiation model only.

Temperature profile and heat fluxes distribution

The developed 3D geometry allowed to visualize the temperature profile and the heat fluxes in the modelled system. An example is given in Figure 7 for the set of operating conditions (0 °C and 4 Pa and a wall temperature equal to 5.7 °C). The temperature profile is represented by colour scale, whereas the heat flux distribution is represented by arrows whose length is proportional to the logarithm of the flux magnitude, to enhance the visualisation of small fluxes. Two different views of the system, showing the vial in contact (A) and not in contact (B) with the rail, are presented. The vial located at the center of the shelf (vial M) is also represented in Figure 7A.

When considering the central vial M, product received heat fluxes from the bottom and the top shelves (upward and downward arrows). The temperature of the ice-vapour interface was equal to about -50.7 °C (Equation 3). A small temperature difference was observed inside the product (e.g. about 1.5 °C difference between the ice bottom and the ice-vapour interface), which was in agreement with experimental results. In contrast, the temperature difference between the shelf and the vial bottom was close to 49 °C. Due to the concave shape of the bottom, only a small portion of the vial bottom area was directly in contact with the shelf, whereas some gas was entrapped in the concavity between the shelf and the vial. Hence, the heat transfer was limited by the presence of the Knudsen layer, which caused an important temperature gradient between the shelf and the vial bottom, especially at low pressure as in this case (4 Pa). The downward arrows coming from the top shelf represented heat fluxes by conduction through the gas present the drying chamber and by radiation from the top shelf.

The edge vials (C and E) received additional lateral heat fluxes (highlighted by white rectangles in Figure 7) which resulted in an increase of the temperature of the vial lateral wall when increasing the proximity with the rail (-48 °C for central vial M, -47 °C for vial E and -46 °C for vial C in contact with the rail). These lateral heat fluxes involved conduction through the gas present in the chamber and radiation from the rail and the wall. Furthermore, the heat flux received by the rail exhibiting a temperature of -23 °C depends on the direct contact between the rail bottom and the shelf (upward arrows from the bottom shelf) but also on the exposure to the chamber wall (lateral arrows) from which heat was transmitted by radiation and gas conduction.

Relative importance of individual heat transfer mechanisms

As shown in Figure 7, vials located in different positions on the shelf receive different heat transfer contributions from the wall, the rail, the shelves and the gas surrounding the vials through several heat transfer mechanisms (i.e. radiation, contact conduction, conduction through the gas). Understanding of the role played by each element of the drying chamber in the heat transfer could help reducing the "edge vial effect". Thus, using the developed model, it was possible to evaluate the relative importance of four heat transfer contributions: (i) heat transfer from the bottom shelf by radiation, contact conduction and gas conduction (the latter related to the bottom concavity of the vial); (ii) heat transfer by conduction through the water vapour surrounding the vial (related to the top and the lateral side of the vial); (iii) heat transfer by radiation from the rail; (iv) heat transfer by radiation from the top shelf, the wall and the internal walls of the vial. Figure 8 displays the heat flow rates as well as the relative importance of these different elements calculated for a value of shelf temperature of 0 °C and the two extreme pressures in the explored range.

The heat flow rate from the bottom shelf was the same for all vials at a given pressure, but its relative importance in the total heat flow rate was higher in central vials than in edge vials.

For example, at 4 Pa the relative importance of the heat transfer from the bottom shelf was about 54 % for the central vial M but it decreases until about 47 % for the edge vial E and about 36 % for the edge vial C. Furthermore, the heat flow rate from the bottom shelf increased at higher pressure by about 70 %, because the heat transfer by conduction through the gas entrapped in the vial bottom curvature is a pressure dependent mechanism ( §3.3.1).

The conduction through the gas surrounding the vial appeared as a significant phenomenon and became the most important contribution to the heat transfer for the vials located at the border of the shelf. The edge vial C was particularly affected by the gas conduction, which contributes to the 50 % of the total heat flow rate, due to the proximity to the rail.

The heat transfer by radiation from the rail, the wall and the top shelf had a relatively minor contribution to the total heat flow rate: from 5.6 % to 14.3 %. The most important role was played by radiation from rail in vial C (about 10 % at low pressure) and followed by vial E (about 6 %). This result is original, as the mainstream of the literature more or less implicitly ascribed the edge vial effect to radiation. The limited role of radiation is supported by some previous studies [START_REF] Rambhatla | Heat and mass transfer scale-up issues during freeze-drying, I: atypical radiation and the edge vial effect[END_REF][START_REF] Gan | Freeze-drying of pharmaceuticals in vials on trays: effects of drying chamber wall temperature and tray side on lyophilization performance[END_REF], who found that the heat transfer difference between edge and central vials is not eliminated by the presence of a shielding rail.

Conclusions

The tri-dimensional, steady state mathematical model developed in this work successfully predicted the atypical heat transfer affecting the vials located at the periphery of the shelf in the freeze-drying process. The numerical solution of the model was validated with experimental results obtained in conditions relevant for pharmaceutical applications. The model made it possible to investigate the relative heat transfer contributions of the elements present in the drying chamber, i.e. wall, shelves and rail. In the range of operating conditions considered, the atypical heat transfer was mainly ascribed to gas conduction rather than radiation, as often stated in the literature. Furthermore, the radiation from the rail counts more than the radiation from the wall in the present configuration (height of the rail close to that of the vials). The use of rails made of a low emissivity and conductivity material could help in reducing the edge vial effect.

The developed model can be used to predict the heat flow rates in edge and central vials for different loading configurations and equipment characteristics, providing useful information for the freeze-drying cycle design and scale-up. 

Tables
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  Latent heat of sublimation (𝐽 𝑘𝑔 -1 ) 𝐽 ̇ Mass flow rate (𝑘𝑔 𝑠 -1 ) 𝐾 Heat transfer coefficient (𝑊 𝑚 -2 𝐾 -1 ) 𝑙 Thickness (𝑚) 𝑚 Mass of the vial (𝑘𝑔) 𝑃 Pressure (𝑃𝑎) 𝑄 ̇ Heat flow rate (𝐽 𝑠 -1 ) 𝑞 Heat flux (𝐽 𝑚 -2 𝑠 -1 ) Average vial bottom concavity thickness (𝑚) Ʌ 𝑜 Free molecular flow heat transfer coefficient (𝑊 𝑚 -2 𝐾 -1 𝑃𝑎 -1 ) 𝜆 Thermal conductivity (𝑊 𝑚 -1 𝐾 -1 ) 𝜎 Stefan-Boltzmann constant (𝑊 𝑚 -2 𝐾 -4 )

𝑅 𝑝𝑟𝑒𝑑 2 close to 1

 21 confirmed the goodness of the simulations. The surface-to-surface model presented higher 𝑅 𝑝𝑟𝑒𝑑 2
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 2 Figure 2: Three views of the built geometry with relevant dimensions (in mm): (A) global view of the vials, shelves, rail and wall; (B) zoom on the vials and rail system and classification of the vials; (C) detail of the vial and rail geometry.

Figure 3 :

 3 Figure 3: Schematic representation (not in scale) of the main heat transfer mechanisms, corresponding coefficients and relevant body temperatures in the analyzed system. Radiation mechanisms considered in the simplified model are shown ( §3.5).

Figure 4 :

 4 Figure 4: Schematic representation of the heat transfer resistances in the gas, as given by Equation 6.

Figure 5 :

 5 Figure 5: Comparison of experimental and simulated heat flow rates for edge vial in contact (C) and not in contact (E) with the rail and for central vial (M). Several combinations of shelf temperatures (-40 °C and 0 °C) and chamber pressures (4, 6, 9, 15 Pa) were tested. Error bars in experimental data represent standard deviations.

Figure 6 : 2 )

 62 Figure 6: Predicted vs. observed heat flow rates for both surface-to-surface (A, B, C) and simplified radiation models (D, E, F). Square, circle and triangle markers represent respectively the edge vials C, E and the central vials M. The 1:1 dotted line represents perfect agreement between predicted and observed value. The values of the coefficient of determination (𝑅 𝑝𝑟𝑒𝑑 2

Figure 7 :

 7 Figure 7: Temperature profiles and heat fluxes in the vial in contact (view A) and not in contact (view B) with the rail at a shelf temperature of 0 °C and a chamber pressure of 4 Pa. White rectangles indicate the lateral heat fluxes in edge vials C and E. Arrow length indicates flux magnitude on a logarithmic scale, to improve the visualisation of smaller fluxes from top, wall and rail.

Figure 8 :

 8 Figure 8: Heat flow rate contributions and their relative importance (in %) of the single heat transfer mechanisms to the total heat transfer. Results are shown for edge vials in contact (C) and not in contact (E) with the rail and in central vial (M) at a shelf temperature of 0 °C and two different pressures (4 and 15 Pa).

Table 1 :

 1 Relevant thermal properties and constants used in the model

	Property	Symbol	Value	Reference
	Stefan-Boltzmann constant	σ	5.7 10 -8 𝑊 𝑚² 𝐾 4	
	Latent heat of ice sublimation Thermal conductivity of the rail stainless steel	𝛥𝐻 𝜆 𝑅	2.8 10 6 𝐽 𝑘𝑔 𝑊 16.5 𝑚 𝐾	[34]
	Thermal conductivity of the vial glass	𝜆 𝐺	1.1	𝑊 𝑚 𝐾	
	Thermal conductivity of the water vapour at atmospheric pressure	𝜆 𝑤	2.5 10 -2 𝑊 𝑚 𝐾	[35]
	Thermal conductivity of the ice	𝜆 𝐼	2.2	𝑊 𝑚 𝐾	[36]
	Ice emissivity	𝜀 𝐼	0.98	[37]
	Vial glass emissivity	𝜀 𝑉	0.78	[9]
	Rail stainless steel emissivity	𝜀 𝑅	0.14	
	Shelf stainless steel emissivity	𝜀 𝑆	0.18	
	Wall stainless steel emissivity Temperature of the wall when 𝑇 𝑠 = 0 °𝐶 Temperature of the wall when 𝑇 𝑠 = -40 °𝐶	𝜀 𝑊 𝑇 𝑊	0.13 5.7 °C 0.9 °C	Measured in this study

Table 2 :

 2 Relevant model parameters for heat transfer

	Parameter	Symbol	Value	Reference
	Free molecular flow heat transfer coefficient	Ʌ 𝑜	1.99	𝑊 𝑚² 𝐾 𝑃𝑎	[29]
	Semi-empirical constant (equal to C 2 /Ʌ 𝑜 in Scutellà et al. [9])	𝛼	0.34	Calculated from data
	Heat transfer coefficient by conduction shelf-vial	𝐾 𝑐𝑐 𝑉	25.80	𝑊 𝑚² 𝐾	presented in [9]
	Heat transfer coefficient by conduction shelf-rail	𝐾 𝑐𝑐 𝑅	10	𝑊 𝑚² 𝐾
	Visualization factor wall-rail (a)	𝐹 𝑊→𝑅	0.07
	Visualization factor wall-vial (a) Visualization factor rail-vial (a)	𝐹 𝑊→𝑉 𝐹 𝑅→𝑉	0.12 0.13	Evaluated in this study
	Visualization factor shelf-vial (a)	𝐹 𝑇𝑆→𝑉 , 𝐹 𝐵𝑆→𝑉	0.17
	Visualization factor vial-ice (b)	𝐹 𝐼→𝑉	0.98

(a) 

Parallel surfaces case (calculated from Equation
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)

(b) 

Black body case (𝐹 𝐼→𝑉 = 𝜀 𝐼 )

Table 3 :

 3 Heat flow rates at the ice sublimation interface in vials C, E, M for a chamber pressure of 4 Pa and a shelf temperature of 0 °C versus the number of mesh elements and the maximum element size evaluated for a radiation resolution of 64 streams.

	Number of mesh elements	Maximum element size [m]	Vial C	Heat flow rates [W] Vial E	Vial M
	189 628	0.0134	0.1219	0.09522	0.08105
	259 433	0.0107	0.1222 (-0.2 %)	0.09525 (-0.03 %)	0.08108 (-0.04 %)
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