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TUNNEL EFFECT IN A SHRINKING SHELL
ENLACING A MAGNETIC FIELD

AYMAN KACHMAR AND NICOLAS RAYMOND

ABSTRACT. Let C be a smooth planar curve. We assume that C is simple, closed, smooth,
symmetric with respect to an axis and its curvature attains its minimum at exactly two points
away from the axis of symmetry. In a tubular neighborhood about C, we study the Laplace
operator with a magnetic flux and mixed boundary conditions. As the thickness of the domain
tends to 0, we establish an explicit asymptotic formula for the splitting of the first two eigenvalues
(tunneling effect).

1. INTRODUCTION

1.1. Motivation and context. This paper is devoted to investigate the effect of geometric
symmetries on the spectrum of the magnetic Schrodinger operator. This issue is actually quite
general: essentially, we want to describe the difference of the first two eigenvalues in some
asymptotic limits.

This problem is quite non trivial, especially in the large magnetic field limit. The existing
results suggest a tunnel effect when the domain has symmetries (see [Il, 3 [7]). However, the
formulas for the splitting of the first eigenvalues are still missing, even for two dimensional
domains. For ellipses, only a conjecture has been provided in [2] and numerically checked. This
conjecture was suggested by a formal dimensional reduction and the analysis in [4] [14].

Some authors have noticed analogies between the magnetic Laplacian and the Robin Laplacian
(see for example [§] and [15]). These operators share common features, and, in the Robin case,
it has been possible to describe rigorously tunneling effects induced by the geometry, see [9, [10].
The present paper is devoted to the analysis of a hybrid of these two operators. We tackle an
elementary geometric situation which can be analyzed via a reduction to dimension one (in the
shrinking limit e — 0, which turns out to be of semiclassical nature), in the case when the
magnetic field is a pure flux. The behavior of the spectral gap A2(g) — A1(€) in the limit ¢ — 0
can be established via the methods developed in recent papers (see [4, [9]). Our aim is mainly to
explain how these previous contributions can be used to establish a tunneling result involving a
pure magnetic field in a limit of semiclassical nature: such results are indeed rather rare in the
literature. Since the ingredients have been introduced in our previous works, we will only give
the path to the result and highlight the main differences.

1.2. Framework.

1.2.1. Geometry. Let C be a simple, smooth and closed curve in R?. The curve C splits R? into
three connected parts

R =0 Jo|J®\Q) (1.1)

where the set 2 is an interior domain, i.e. open and bounded.
For € > 0, we define the tubular domain

Q.={ze Q: 0<dist(z,C) < e} (1.2)

with “thickness” € (see Figure |1).
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FIGURE 1. The red region is €).. The dashed red curve carries the Dirichlet
condition and the black one the Neumann condition.

1.2.2. Definition of the operator. Let A : R? — R? be a vector field satisfying
curl A =0 in R?\ K, (1.3)
where K C €1 is a compact set. For € > 0, consider the Laplace operator with magnetic field A
L.=—(V—iA)* in L*(Q.), (1.4)

with Dirichlet boundary condition on C' and Neumann boundary condition on {dist(z,C) = ¢}.

The analysis of this operator (without a magnetic field) is the subject of the paper [12] in a
non-periodic framework. The operator with Dirichlet boundary condition has been studied in
numerous papers (see [5], 3] and the references therein). In this setting, the effective operator is
independent of £ and thus does not lead to an asymptotic spectral confinement, unlike the case
of mixed Dirichlet-Neumann conditions that we treat here.

Note that when ¢ is sufficiently small, curl A = 0 in .. Consequently, the spectrum of the
operator L. depends on A through the magnetic flux

1
fo—/curlAd:U. 1.5
29 Jo o
We denote by (An(e) = An(e, fo))n>1 the non-decreasing sequence of eigenvalues of L..

1.3. The effective operator. Let [-L,L) > s — M(s) € C be the arc-length parameterization
of the curve C' (see Figure [1)). Here the arc-length measure of C is 2L. For all s € [-L, L[, let
k(s) denote the curvature of C at the point M (s). We define the operator

2
Lot = — <js — ifo) + ”(;) in L?([-L, L)), (1.6)
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with periodic conditions at +L. Here fy is the magnetic flux introduced in (|1.5). We will refer
to the operator Cgﬂ as the “effective” operator. As consequence of the analysis in [12], if fo = 0
then, for all n € N*,

T

2
(o) = (52) = ) +0) (1.7)
as € — 04. This result continues to hold when fy # 0 by a slight adjustement of the argument
given in [I2]. If, moreover, the curvature function x has a unique non-degenerate minimum at
S0, then the harmonic approximation yields

w(50) — ase— 04

2 e
Remark 1.1. If we exchange the Dirichlet and Neumann conditions, then x has to be changed
into —k and thus we have to consider a point of maximal curvature.

e K(SO)
el () — - (2n —1)

On the contrary, if the function s is even and has two non-degenerate minima, then tunneling
occurs and the spectral gap pSf(e) — uSf () is exponentially small as e — 0, (see Eq. (T.9)
below). We introduce the electric potential v = k — ki, and the following quantities

S — min (Su, Sa) | su:/ Jo(s) ds, sd:/ Jo(s) ds, (1.8)
[Sr,Sg] [SZ’ST]

where [p, ] denotes the arc joining p and ¢ in C' counter-clockwise. The indices u and d refer to
the up and down parts of C. Using a rescaling and [4, Theorem 1.4] (see also [14]), we have

usT(e) — 5 (e) = 2|w(e)| + O(e 175/, (1.9)
where
w(a) = 25_%71'_%7% (Au\/me—Su/El/Qe—iLfo + Ad\/me_sd/glmei[’ﬂ)) 7
with

e[ [ )
M= p( Lo o d)’

I (D (O E
A p( Jow ™5 d)’

1 1
3= (60)/2)* = () 2)
and fy is the flux introduced in (|1.5)).

1.4. Main result. In the symmetric case of Assumption below, the formula in for the
two dimensional setting is not enough to describe exponentially small effects. We will improve
it in this special case.

In the rest of this paper, we will assume that the curve C' is symmetric about the y-axis
and the curvature has two non-degenerate minima. In terms of the arc-length parametrization
[-L,L) > s — M(s) = (z(s),y(s)) of C, we reformulate our assumption as follows (see also
Figure .

Assumption 1.2.
i. Forall s € (—L,L), M(s) = (z(s),y(s)) = (z(—s), —y(s)),

ii. The function s — k(s) is even and admits two non-degenerate minima at s; € (0,L) and
sy € (—L,0), such that
K" (s0) = K"(sp) = ko > 0. (1.10)

Figure [I] illustrates Assumption [[.2] Our result is the following theorem.
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Theorem 1.3. Under Assumption[1.3, the spectral gap satisfies
Aa(e) = Ai(e) ~ p5(e) — pi () as e = 04
Moreover, the asymptotic behavior of S () — us¥(e) is described in (1.9).

Remark 1.4. As noticed in Remark [I.1] if we exchange the Dirichlet and Neumann conditions,
the points of maximal curvature play a crucial role. In this case, if there are two symmetric
points of (non-degenerate) maximal curvature, the same kind of tunneling formula is true.

1.5. Organization of the paper. The paper is organized as follows. In Section [2| we describe
the operators involved in the proof of the main theorem. In Section 7 we explain why (and in
which sense) the first two eigenfunctions of £, are localized near the points of minimal curvature.
Section [4] is devoted to the WKB approximation of the ground states for the one well problems.
In Section [5, we describe the interaction between the wells.

2. OPERATORS

2.1. The transversal operators. In this section, we discuss the spectral properties of one
dimensional operators which are involved in the proof of the main result (Theorem [1.3)).

2.1.1. The free operator. Consider the operator E(I)D =@ 12 (0,1) with Dirichlet condition

- T drZ
at 7 = 0 and Neumann condition at 7 = 1. The spectrum of this operator consists of the simple

eigenvalues
1D T 2
A :<5+(n—1)7r) (n=1,2,---).
The L?-normalized ground state of this operator is
T

up(7) = V2 sin <7) : (2.1)
2.1.2. The weighted operator. Let B € (0,1). Consider the operator
d d
1D _ 1 -1= _ _

acting on the weighted space L?((0,1); (1 — 37)dr) with Dirichlet condition at 7 = 0 and Neu-
mann condition at 7 = 1.

Let (ALP(B))n>1 be the sequence of eigenvalues of the operator ﬁ};D . Arguing as in [8]
Lem. 4.4&Prop 4.5| (see also [12]), there exist C' > 0 and Sy € (0, 1) such that, for all g € (0, Bo),
we have

MP(B) - (g)z + 5‘ <Cp?, MP(B) > <327T>2 -CB. (2.2)

2.2. The tubular operator.

2.2.1. The tubular coordinates. We will use the canonical tubular coordinates (s,t) where s is
the arc-length and ¢ is the distance to the boundary (see Figure . We will describe these
coordinates here. Recall that

[-L,L)>sw— M(s) el (2.3)

is the arc-length parametrization of the curve C. The unit tangent vector of C' at the point M (s)
of the boundary is given by

T(s) = M'(s).
We define the curvature (s) by the following identity
T'(s) = k(s) v(s),
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where v(s) is the unit vector, normal to the curve C, pointing outward at the point M/(s).
We choose the orientation of the parametrization M to be counter-clockwise, so that, for all
se[-L,L),

det(T'(s),v(s)) =1.

We introduce the change of coordinates
®:(—L,L] x (0,6) > (s,t) —»ax=DM(s)—tv(s) € Qe. (2.4)

The determinant of the Jacobian of @ is given by

a(s,t) =1—tr(s). (2.5)
In light of Assumption , the choice of the origin of the parametrization is the point M (0) such
that [M(—L), M(0)] defines the axis of symmetry. This is illustrated in Figure
2.2.2. The operator in the new coordinates. We will express the operator L. in the (s,t) coordi-
nates. For all u € L%(€).), we define the pull-back function

u(s,t) = u(P(s,t)). (2.6)

The magnetic potential A induces a new magnetic potential A in the (s,t) coordinates. The
components of A are obtained by projecting the vector field A on the normal and tangential

vectors. Applying a gauge transformation (in the (s,t) coordinates), we may assume that A
satisfies (see [6, Proof of Lem. F.1.1])

A(s,t) = (fo,0), (2.7)

where fy is the magnetic flux introduced in (1.5)).
In this way, we see that the operator L. is unitary equivalent to the operator (see [0, Eq. (F.4)-

(F.5)])
L. =—a"Y (05 — ifo) (a™ 185 — ifo)) — a1 9y(ady) in L2 ([~L, L) x (0,¢); adsdt) , (2.8)

where a is introduced in . The boundary conditions for ENE are as follows: periodic boundary
conditions at s = £L, Dirichlet condition at t = 0 and Neumann condition at ¢t = ¢.

Performing the rescaling ¢ = 7 and multiplying by €2 (to have a “semiclassical normalization™),
we obtain the new operator

P = —e%az (95 — ifo) (a1 (05 — ifo)) — az'0r(ac0;) in L?([~L, L) x (0,1);a.dsdt), (2.9)

where
as(s,7) =1—¢er(s)T. (2.10)

The quadratic form of the operator P; is

L 1
g (v) = / / (20218, — ifo)ol? + 100 ac(s, ) drds (2.11)
~-LJo
defined on the form domain
Dom(g.) = {v € H'((—=L,L) x (0,1)) : v(0) =0, v(L)=uv(-L)}.
Note that the n-th eigenvalue, A\, (¢), of L. is given now as

Aa(e) = e 2\, (P.). (2.12)
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3. AGMON ESTIMATES IN THE DOUBLE WELL CASE

3.1. Lower bound of the quadratic form and consequences. Using (2.11)), (2.2) with
B = ek(s), and the min-max principle, we obtain the following inequality

/it/ ( 22105 = ifo)vl* + (g)2+(EH@)—CXE%NUP>a43¢ywdT, (3.1)

where a. is introduced in . Thus, we recognize the quadratic of the effective operator (see
(1.6)) in this lower bound.

Using and classical estimates for one dimensional electric Schréodinger operators, we can
derive the localization of the first eigenfunctions of P, near the points of minimal curvature sy
and s,. The proof of the following proposition is a straightforward adaptation of the one of [9,
Prop. 4.7].

Proposition 3.1. Let o € (0,1). There exist constants C,eg > 0 such that, for all ¢ € (0,eq)
and all u. € @7, Ker(P- — Ni(P2)),

1 L
/ / P IVE (|05 — ifo)ucl® + ucl®) ac(s, 7) dsdr < C'/?|luc|?,

where
O, =v1—-a?, ¢ = min (®,, 9)) ,
with
Vo € [-L,L), / vV k(o) — Kmin do
[sr,8]
and

Vo € [-L,L), / K(0) — Kmin do .
Sg,S]

Notation 3.2. For j € {r, (¢}, the integral f[s_ J f(o)do in Proposition is understood as the
VEI

(connected) line integral on the curve C'\ {s;} between the points s; and s in the counter
clock-wise direction.

Proposition can be generalized as follows (cf. [9, Prop 6.1]).

Proposition 3.3. For all a € (O 1) and Cy > 0, there exist positive constants o, A, ¢, C such
that, for all e € (0,¢e0), z € [( ) + Kmin&, ( ) +/<cmm£—i—0053/2] and u € Dom(P;), the following
nequalities hold,

e?2 e Voul 2 < [|€®/VE (Pe = 2)ull 2 + C¥2lull L g, 3

and

£210n (e~ 0% VEu) [ < ComHR P VE (P = 2)ulfa + C Rl o
where B(g) = {s € [-L,L) : |s—s¢ > p and |s—s,| > p}.
3.2. Rough localization of the spectrum. We recall that P, is the operator introduced in
(2.9). Thanks to Proposition we deduce that, in order to estimate the first eigenvalues, the
two wells can be decoupled modulo an exponentially small remainder. Then, using (1.7)) and the
known results about the effective operator in (1.6[), we get the following proposition.

Proposition 3.4. There ezist €g,co > 0 such that, for all e € (0, 0),

T\ 2 [k T\ 2 1k
(5) +5mmin+53/2 ?2—0052,<§) +5I€min+€3/2 ?2%—0052

={M(P:), A2 (Pe)} (3.2)

Spec(P:) N
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and
T2 3/2 k2 2
As(Py) > (5) o+ et + 3672 | 2 — coe?, (3.3)
where ko is the constant introduced in Assumption and Kmin = minse[_L,L) K(s).
The next sections are devoted to estimate the (exponentially small) difference A2(P:) — A1 (P-).
4. THE ONE WELL OPERATORS

4.1. Definition of the operators. We introduce the geometric constant (see Assumption

L
o = win (.15, + 2Ll ) (1)
Let n € (0,7*) be a given constant. Define the “right” well operator
ﬁg,r = —52@;1(05 —ifp) (a;l(as — z'fo)) — a;laT(agaT) in L? (UW«; asdsdt) , (4.2)
where
Unm = In,r X (0, 1) ) In,T’ = (Se +n— 2L, 80 — 77) . (43)

We assume that the functions in the domain of 755,T satisfy the Neumann boundary condition at
t = 1 and the Dirichlet condition elsewhere. When fy = 0, we will write P, , =B, . Due to the
periodicity, the operator P, , is unitarily equivalent to the operator P. , acting as

—e%aZ (05 — ifo) (az (95 — ify)) — az 107 (a0;), (4.4)

on L?((—L, sg—n)U(s¢+n, L); a=dsdt) and subject to the periodic condition at +L, the Neumann
boundary condition at 7 = 1 and the Dirichlet condition elsewhere.
Similarly, we define the “left” well operator

ﬁ&l = —c2a71(9, — ify) (a;l(ﬁs —ify)) — a-'9-(a:0;) in L? (Upi; acdsdt) (4.5)
where
Upy = I % (0,1), Iy¢= (s +n,8- —n+2L). (4.6)
We assume that the functions in the domain of ﬁg’g satisfy the Neumann boundary condition
at t = 1 and the Dirichlet condition elsewhere. We also consider the flux free version B, ,, and
P- ¢ the realization of the operator on (s, +n,L)U (=L, s, —n+ 2L) with periodic condition on
s ==L.
With Assumption [1.2] we are led to introduce the unitary transform

Uf(S,t) = f(_sﬂ t) ’
and we notice that [P-, U] = 0. Moreover, we have U 1P, ,U = P.;. Thus, the operators P
and P, are unitary equivalent. Consequently, we denote by u§"(¢) the first eigenvalue of the
operators P, , and P.;. We suppressed 7 from the notation of pj%(e) for the sake of simplicity,

and because the dependence on 7 is unimportant in our analysis.
We define the function ¢, , by

e*ifosum(s,t) if —L<s<s—n

¢£,r(57t) = { e_ifO(S_QL)u&T(S —2L,t) ifs+n<s<L 47)

Here u. , is the positive L?-normalized ground state of PBe,r, the operator without magnetic flux.
The function ¢, is a ground state of P ,. We let ¢.; = U¢.,. It is a ground state of P, ;.
Recalling that s; = —s,, we have explicitly

bor(s1) = e—ifO(S‘*'QL)UQl(S +2L,t) if —L<s<s.—1n
e, l\o, V) = e_ifosu‘g,l(S,t) if s, +n<s<L )

where u.; is the positive L?-normalized ground state of the Laplace operator Be,¢ in Uy;. Note
that ue; = Uue,.
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Remark 4.1. In (4.7)), we have to change the gauge factor in order to satisfy the periodic boundary
condition on s = + L.

In the sequel, we will analyze the ground state ¢.,, or equivalently u.,. The properties of
¢ Will be mapped to ¢.; via the symmetry relation.
As for the second eigenvalue of the operators P., and P. g, it satisfies (see [12]):

2 2
u;%):(%) + chmin + 3\ 5 €72 + O ase 04 (4.8)

4.2. Agmon estimates. Similarly as Proposition the concentration of the ground state ¢ ,
near the point s, can be quantified by an Agmon type estimate (see [9, Prop. 4.7 for the proof).

Proposition 4.2. Let o € (0,1). There exist constants C,eq > 0 such that, for all € € (0,¢ep),
/ 2o /VE (|05 — ifg) e + |ber|?) ac(s, 7) dsdr < CeV?|pe||?,
(_Lvsﬁ_n)u(52+n7L)

where

Qnr(s) =V1—a V K(0) — Kmin do .

[sr,s]
4.3. The WKB construction. Let us now describe the WKB approximation of u. ,, the ground
state of the Laplace operator ‘B, in Uy, (see (4.3)).

Proposition 4.3. There ezist a sequence of smooth functions (aj)j>0 and a sequence of real
numbers (f1;);>3 such that the following holds. The function defined via the formal series

\IJE,T(Sa 7_) ~ E*ief@r(s)/\/g Z g%aj(57 7') , (49)
j=>0
satisfies

ePr/Ve (ma,r —p) Ve, = 0(™),

)

where 1 s an asymptotic series in the form

™? o3 ke il
I (2> + EKmin + € 2+Zu]5 , (4.10)

j=3
and
D, (s) = / V E(0) = Kmin do . (4.11)
[sr,8]
Furthermore

i) ag is in the form ao(s, ) = & r(0)uo(T) where

uo(1) = V2 sin (%) ,

o) =00 = (2) e (- [ F L)

is the solution of the transport equation of the effective Hamiltonian

k k
P! 05&0 + 05(®1.&0) = 1/ ?2 &o with v = 4/ ?2 and ko given in (1.10]) .

ii) For j > 1, aj(o,7) is a linear combination of smooth functions

and

fik(o)gjn(T)

and satisfy the Dirichlet condition at T =0, and Neumann condition at T = 1.
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Proof. We expand the operator ‘B , formally as follows

Pey ~ —02 — 202 +2e°7k(0)0? + k() 0y + 371 (5)0s

— i ;€209 (1 (s))7 02 + Z eI (1(s)) 70, — K/ (s) i 3,77 (k(5)) 05 .
j=1 j=1
We introduce the (formal) conjugate operator
and expand it formally as follows
BY, ~ > QU (4.12)
>0
with
Q= -7,
Q=
Q’g:fﬁ( )0r —0'(5)%,
QF = 20'(5)0s + 0" (s)
QY = —9% + c37°k(s)® + 3(k(5))20;, etc.
To finish the proof of Proposition [1.3] we solve the equation
(%2, = 1) | Y auls, e ) ~0 (4.13)

£>0

by rearranging all the terms in (4.13)) in the form of a power series in £9/2 and select 9, ag(s,T)
and py by expressing the cancellation of each term of the formal series. We omit the details and
refer to [4, [9]. O

Remark 4.4. The series for p in Proposition {4.3|is the Taylor series of the first eigenvalue p%(e).
This follows from the spectral theorem.

4.4. Approximation of ground states. We recall the notation introduced in . In the
sequel, we denote by
o Bi(a)={s€eR : |s—s;| <a};
o v(s) = K(S) — Kmin-
Recall the geometric constant 7, introduced in . The following proposition is a conse-
quence of via the same arguments in [9, Prop. 4.7].

Proposition 4.5. (Tangential Agmon estimates) Given n € (0,7:) and 0 < Cy < My/2.
There exist constants ¢,C, Ry,e9 > 0 such that, for all € € (0,eq), the following is true. If ® is
a Lipschitzian function satisfying

eVscl,,, v(s)—|P(s)>>0;
o Vs, \ B(Roc'/?), v(s) — |®(s)|?> > Mpe'/?;

o Vs e B.(Roe'/*), |®(s)| < Mpe'/? ;
then, the following inequalities hold

ce®(|e®Voul 2, ) < Clle®™VE (Ber — 2) ull 2w, ) + Ce¥2Null 2w, B, (Roctrayy » (414)
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and
20,V o,
< 0573/2||eq>/\@ (Berr — 2 ullr2w,,) + 053/2HUHL?(Un,mBT(ROalM)) , (4.15)
for allw € Be, and z € [ (%)2 + €Kmin » (%)2 + EKmin + 0083/2] )

Now we will use Proposition [£.5] with the following choice of u and ®. First we choose u as
follows

U= ws,r - Hrws,r 5 (4.16)
where
i %,r(s, T) = Xn,r\pe,ﬂ'(sa T) )
® Xy, is a cut-off function supported in I, and such that x, = 1 on I, ;
o U, , is the WKB solution introduced in ;
e II, is the orthogonal projection on the first eigenspace of the operator ., .

We choose @ as follows

@, N e(8) = min {i’r,N,e(S), 1l-« inf <<I)T(a) +

o€z, \In,r [s,0]

Vo (5) d&) } , (4.17)

where

D, no(5) = Bp(s) — Ny/z max (3;, N> : (4.18)

Here N € N, 0 < a < 1 and ®, is the potential introduced in (4.11)). In this way, Proposition
yields the following WKB approximation (see [9, Prop. 5.1] for details).

Proposition 4.6. Let K C I, be a compat set. The following estimate
eq)r/\/g(qjs,r - HT\IIE,T) = O(EOO) ) (4'19)
holds in C(K; L?(0,1)).

5. THE INTERACTION MATRIX

5.1. Localization of the spectrum. We will use the following notation introduced by Helffer-
Sjostrand in [11]. Given M > 0, by writing r(h,n) = O(e~M/") we mean that
e r(h,n) is defined on a set of the form (0, ho) x (0,70) ;
e There exists a function v : (0,00) — R such that lim,_,oy(n) = 0, and for all a > 0,
h € (0, ho) and 1 € (0,n0), 7(h,n) = O(ele+1M=M)/h),
In the sequel, we choose an arbitrary n € (0,7,) where 7, is the geometric constant introduced
in . Some computations produce many error terms dependent on 7. 7 is chosen sufficiently
small so that these error terms are of lower order compared to the leading terms.
Recall that p§V(e) is the ground state energy of the operators P:, and P., and it depends

on 7 (see (4.2)-(4.5)). It results from the Agmon estimates in Propositions and and the

min-max principle that
137 (e) — O(e™®VF) < Ai(e) < Nale) < 4™ (e) + O(e>/V5). (5.1)

5.2. The quasimodes. In this section, we recall the main lines of the strategy to reduce the
asymptotic study of the spectral gap A2(P:) — A1(P:) to the study of the two by two interaction
matrix. To construct this matrix, we will use the groundstates of the one well problems and use
them to provide an approximate basis of the space

2
E = P Ker(P: — Ai(Pe)).
=1

We will truncate them, project them on E and orthonormalize them.
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5.2.1. Truncation. Let x,, (respectively x, () be a cut-off function satisfying x,, = 1 in {|s —
s¢| > 2n} (respectively x,, = 1in {|s — s,| > 2n}) and x,, = 0 in {|s — s¢| < 7} (respectively

Xn,e = 0 in{[s — 7| <n}).
We define, for a € {¢,r},
fs,a = Xn,a¢5,o¢ s (52)
where ¢, , is the normalized ground state of the one well operator P ,, see (4.5)) and (4.2).

Thanks to the Agmon estimates in Proposition the set {f- ¢, for} is quasi-orthonormal in
the sense that

Ifeal? =1+ O0(e™/V5) and  (fea, fo5) = O(e™>/VE) for a # 5.
Furthermore, the function r. o = (Pe — p*V(€)) fe,a, o € {£, 7}, satisfies,
Ireall = O(e™/V5).
5.2.2. Projection. Now, we consider the new quasimodes, for o € {¢, 1},

Je,a = Hfs,a 5 (5.3)

where IT is the orthogonal projection on E. Thanks to (3.3), the following estimate holds, for
ae{lr},

geoe = foarll + 1105 (geor — foa)|| = O(e~S/VE)

5.2.3. Orthonormalization. Starting from the basis {g. ¢, g}, we obtain by the Gram-Schmidt
algorithm the orthonormal basis {g. ¢, G, }. It is such that, for a € {¢,r},

19e.a — geall + [10s (Ge.a — gea) || = @(6_5/\/5) :
Define M as the matrix of P, in the basis {gz ¢, = }. We have
Spec(M) = {A1(Pe), A2(P:)}
and, by solving the equation det(M — Al) = 0, we deduce that

>\2(Pa) - >\1 (Pa) = 2‘w€,7‘| + @(6_25/\@) ,  Wer = <T€,€a fa,r> .

5.3. Computation of the interaction. We may estimate the interaction term as follows. We
have

Wy r = <(P€ - Mslw(g))fe,ﬂv fs,r> = <[P57 Xn,€]¢€,€a Xn,r¢5,r> .
We recall (2.9) and that x,,, does not depend on 7. Thus,

We,r = [ — €2a6_1(85 - ifO) (ag_l(as - Z]CO)) ; Xn,Z] ¢6,€a Xn,r¢s,r .
<

The explicit expression of the commutator and an integration by parts yield
wey =< | 0z XX (00— 50)bey 6o — (0 — i0)0e.0, ) ds .
(7L7L)><(071)
so that, by support consideration (X, = 1 on supp xy.¢),
— / 0z X (105 = 00y 6o — (9 — o) 0y ) dslt.
(_LvL)X(O71)

Note that X;] ¢ is supported in (—L,0). After another integration by parts, we get

~ 2
Wy g =Wy g +e /

a’ (m Per — (05 — ifo)%,e@) (0,t) dt
(0,1)

_ 52 /(071) Clg_l <m¢87€ - (85 - Z.f(])gbal@) (_L’ t) dt’
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where

wr,é = - 52/ Xn,éas <a;1(8s - if0)¢e,r¢€,f> dsdt
(=L,0)x(0,1)

+ 2’52/ Xn,fas (agl(as - if())(lss,é(ﬁj,r) dsdt .
(=L,0)x(0,1)

Let us explain why w,, = 0. We have to deal with the flux in this last expression. Letting
e = e*ifo‘*(b&a, we have

wr,f = _52/ Xn,éas (ag_lasés,r&s,£> ds dt+52/ Xn,fas (ag_lasés,é(z)s,r> dsdt,
(—L,0)x(0,1) (=L,0)x(0,1)

and thus

Wy g = —62/ Xn,¢0s (a;lﬁsqga,,) qgg,g ds dt+€2/ Xn,¢0s (aglaség,o ggw dsdt,
(=L,0)x(0,1) (=L,0)x(0,1)

so that

By = — &2 / Nont(Ds — ifo) (az (D5 — fo)der) boe ds dt
(=L,0)x(0,1)

e / Nt (B — i) (a1 (85 — ifo)e.c) Doy st
(=L,0)x(0,1)

Then, it remains to notice that ¢. , satisfies the eigenvalue equation and we get that @, , = 0.
Thus,

wp = / 0zt (@ = 10) 9o e = (D = ifo)beBer ) (0,)dt
0,1)

_ 52 /(0’1) a;l <m¢6,e - (as - Z'f())qse,@@b?,r) (—L’ t) dt .

We can now use the WKB approximation of Proposition [£.6] and the symmetry relation between
¢e¢ and ¢ . We also notice that a. = 1 + O(e). Then, by separation of variables, we are
reduced to the interaction term of the effective model 2L (with respect to s, the WKB Ansatz
is exactly the one of the effective operator). We refer to |4, Section 4] where this (one dimensional)
interaction is explicitly computed. The phase factor of the last two integrals can be computed
with : the first integral (up contribution) is real and the phase factor of the second one

(down contribution) is e=2fo, To get the tunneling estimate for the initial operator £. (or L.,
see (2.8))), it remains to divide by £2.
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