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EFFECTIVE COMPUTATION OF SO(3) AND O(3) LINEAR
REPRESENTATIONS SYMMETRY CLASSES

M. OLIVE

ABSTRACT. We propose a general algorithm to compute all the sym-
metry classes of any SO(3) or O(3) linear representation. This method
relies on the introduction of a binary operator between sets of conjugacy
classes of closed subgroups, called the clips. We compute explicit tables
for this operation which allows to solve definitively the problem.
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1. INTRODUCTION

The problem of finding the symmetry classes (also called isotropy classes)
of a given Lie group linear representation is a difficult task in general, even
for a compact group, where their number is known to be finite [15, 13].

Some results are known, however, in certain cases. For instance, Thrig and
Golubitsky [9] computed the symmetry classes for all irreducible representa-
tions of the orthogonal groups SO(3) and O(3). Because of their utility in the
effective study of moduli spaces of hyperelliptic curves [11], symmetry classes
for irreducible representations of SL(2,C) were also computed [1, 12, 3, 4].
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Interests for SO(3) and O(3) results in solid mechanics is well-known.
Forte and Vianello [5] obtained for the first time the eight symmetry classes
for the Elasticity tensor (a reducible SO(3)-representation). Following their
approach, other results were obtained in piezoelasticity [20], photoelastic-
ity [6] and flexoelasticity [10].

More generally, the formulation of linear constitutive laws in mechanics
naturally leads to general O(3) or SO(3) reducible linear representations and
the determinacy of their symmetry classes. Up to the author’s knowledge,
no general effective algorithm existed so far to solve this problem.

In this paper, we propose such an algorithm introducing a binary opera-
tion defined over the set of conjugacy classes of a given group GG and that
we decided to call the clips operation. This operation allows to compute the
set of symmetry classes J(V') of a direct sum V = V; @ V3 of linear represen-
tations of a group G, if we know the symmetry classes for each individual
representations J(V1) and J(Va).

Finally, we compute clips tables for all closed subgroups of O(3) and
SO(3). Together with the results of Ihrig and Golubitsky [9], who have
computed the symmetry classes for irreducible representations, this allows to
obtain, in a finite step process, the set of symmetry classes for any reducible
O(3) or SO(3)-representation. This method was first introduced in [16] and
led to general results in continuum mechanics [17, 18], where symmetry
classes for 5-th, 6-th and 7-th order tensor spaces [14] were obtained for the
first time.

In section 2, the theory of clips is introduced for a general group G and
applied in the context of symmetry classes where it is shown that isotropy
classes of a direct sum corresponds to the clips of their respective isotropy
classes. In section 3, we recall classical results on the classification of closed
subgroups of SO(3) and O(3) up to conjugacy. Models for irreducible repre-
sentations of O(3) and SO(3) and their symmetry classes are recalled in sec-
tion 4. In section 5, clips tables for closed SO(3) and O(3) subgroups are
exhibited. Finally, in Appendix A and Appendix B, we provide all the
details and proofs to obtain these tables.

2. A GENERAL THEORY OF CLIPS
Given a group G and a subgroup H of G, the conjugacy class of H
[H]:={9Hg', geG}

is a subset of P(G). We define Conj(G) to be the set of all conjugacy classes
of a given group G:

Conj(G) :={[H|, H C G}.

Recall that, on Conj(G), there is a pre-order relation induced by inclusion.
It is defined as follows:

[H1] = [Ha] if H; is conjugate to a subgroup of Hj.

When restricted to the closed subgroups of a topological compact group, this
pre-order relation becomes a partial order [2, Proposition 1.9] and defines
the poset (partial ordered set) of conjugacy classes of closed subgroups of G.
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We now define a binary operation called the clips operation on the set
Conj(G).

Definition 2.1. Given two conjugacy classes [H;] and [Hs] of a group G,
we define their clips as the following subset of conjugacy classes:

[H1]) ® [Hs] :={[Hi NgH2g""], g€G}.
This definition immediately extends to two families (finite or infinite) Fy
and Fo of conjugacy classes:
F1@ Fp = U [H1] © [Ha].
[Hi]eF;

This clips operation defined thus a binary operation on the set P(Conj(G))
which is associative and commutative. We have moreover
1] © [H] ={[1]} and [G] @ [H] = {[H]},

for every conjugacy class [H], where 1 := {e} and e is the identity element
of G.

Consider now a linear representation (V, p) of the group G. Given v € V,
its isotropy group (or symmetry group) is defined as

Gy:={g€G, g-v=v}
and its isotropy class is the conjugacy class [Gy] of its isotropy group. The

isotropy classes (or orbit types) of the representation V' is the family of all
isotropy classes of vectors v in V:

JV):={[Gy]; veV}.
The central observation is that the isotropy classes of a direct sum of repre-
sentations is obtained by the clips of their respective isotropy classes.
Lemma 2.2. Let V; and Vo be two linear representations of G. Then
Vi V) =3(V1) @3(Va).
Proof. Let [Gy] be some isotropy class for J(V; & V) and write v = v + vy
where v; € V;. Note first that Gy, N Gy, C Gy. Conversely given g € Gy,
we get
g-v=g-vitg-va=v, g-v;eV,
and thus ¢ - v; = v;. This shows that Gy = Gy, N Gy, and therefore that
JVieVe) CcI(V1) ©T3(Va).
Conversely, let [H] = [Hy N gH2g7'] in 3(V1) ® J(Va) where H; = Gy, for
some vectors v; € V;. Then, if we set
V=Vi+g-Va,
we have Gy = Hy N gHyg™ ', as before, which shows that
[HiNgHzg™] € 3I(V1 @ Va)
and achieves the proof. O
Using this lemma, we deduce a general algorithm to obtain the isotropy

classes J(V) of a finite dimensional representation of a reductive algebraic
group G, provided we know:
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(1) a decomposition V' = @, W; into irreducible representations W;.

(2) the isotropy classes J(W;) for the irreducible representations Wi;

(3) the tables of clips operations [H;] © [Ha] between conjugacy classes
of closed subgroups [H;] of G.

In the sequel of this paper, we will apply successfully this program to the
linear representations of SO(3) and O(3).

3. CLOSED SUBGROUPS OF O(3)
Every closed subgroup of SO(3) is conjugate to one of the following list [8]
SO(3), O(2), SO(2), Dyp(n > 2), Zp(n >2), T, O, I, and 1

where:

e O(2) is the subgroup generated by all the rotations around the z-
axis and the order 2 rotation r : (z,y,2) — (x, —y, —z) around the
T-axis;

e SO(2) is the subgroup of all the rotations around the z-axis;

e Zy is the unique cyclic subgroup of order n of SO(2) (Z; = {I});

e D, is the dihedral group. It is generated by Z, and r : (x,y,z)
(.T, -Y _Z) (]D)l = {]})’

e T is the tetrahedral group, the (orientation-preserving) symmetry
group of the tetrahedron 7y defined in Figure 8. It has order 12;

e O is the octahedral group, the (orientation-preserving) symmetry
group of the cube Cy defined in Figure 8. It has order 24;

e I is the icosahedral group, the (orientation-preserving) symmetry
group of the dodecahedron Dy in Figure 9. It has order 60;

e 1 is the trivial subgroup, containing only the unit element.

The poset of conjugacy classes of closed subgroups of SO(3) is completely
described by the following inclusion of subgroups [8]:

Z, C D, C O(2) (n > 2);
Ly, C Lo, and D, C Dy, (if n divides m);
Z,, € SO(2) C O(2) (n>2);

completed by [Zs] < [Dy,] (n > 2) and by the arrows in Figure 1 (note that
an arrow between the classes [H1] and [Hs| means that [H;] < [Hs]), taking
account of the exceptional subgroups O, T,T .

Classification of O(3)-closed subgroups is more involving [9, 19] and has
been described using three types of subgroups. Given a closed subgroup I' of
O(3) this classification runs as follows.

Type I: A subgroup T is of type I if it is a subgroup of SO(3);
Type II: A subgroup I' is of type Il if —1 € I'. In that case, I' is
generated by some subgroup K of SO(3) and —I ;
Type III: A subgroup T is of type III if —1 ¢ T and T" is not a
subgroup of SO(3).
The description of type III subgroups requires more details. We will
denote by Q(v; ) € SO(3) the rotation around v € R3 with angle 6 € [0, 27|
and by oy € O(3), the reflection through the plane normal to v. Finally, we
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FIGURE 1. Exceptional conjugacy classes of closed SO(3) subgroups

m

(1]

fix an arbitrary orthonormal frame (i, j,k), and we introduce the following
definitions.

e 7, is the order 2 reflection group generated by o; (where Z; = {1});
® Zs, (n > 2) is the group of order 2n, generated by Z,, and —Q <k; E)
n

(see (B.1));

e D} (n > 2)is the group of order 4n generated by I, and —Q (k; %)
(see (B.3));

e DY (n > 2) is the group of order 2n generated by Z,, and o; (where
Dy = {1});

e O(2) is generated by SO(2) and oj.
These planar subgroups are completed by the subgroup O~ which is of
order 24 (see subsection B.4 and (B.5) for details).
The poset of conjugacy classes of closed subgroups of O(3) is given in Fig-
ure 2 for O~ subgroups and in Figure 3 for O(3) subgroups.

4. SYMMETRY CLASSES FOR IRREDUCIBLE REPRESENTATIONS

Let P,(R?) be the space of homogeneous polynomials of degree n on R3.
We have two natural representations of O(3) on P, (R?). The first one, noted
pn is given by

[a(P)](x) == (g 'x), g€G, xeR’

whereas the second one, noted p;, is given by

[P (P))(x) = det(g)p(g~'x), g€G, xR’
Note that both of them induce the same representation p, of SO(3).
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FIGURE 2. Poset of closed O~ subgroups
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FIGURE 3. Poset of closed O(3) subgroups

Let H,(R3) C P,(R3) be the subspace of homogeneous harmonic poly-
nomials of degree m (polynomials with null Laplacian). It is a classical
fact [8] that (H,(R3),pn) and (H,(R3),p%) (n > 0) are irreducible O(3)-
representations, and each irreducible O(3)-representation is isomorphic to
one of them. Models for irreducible representations of SO(3) reduce to

(Hn(R?), pp) (n 2 0).

Remark 4.1. Other classical models for O(3) and SO(3) irreducible repre-
sentations, used in mechanics [5], are given by spaces of harmonic tensors
(i.e. totally symmetric traceless tensors).

The isotropy classes for irreducible representations of SO(3) and O(3)
were first obtained by Irhig and Golubitsky [9].

Theorem 4.2 (Thrig-Golubistky 1984). The isotropy classes for the SO(3)-
representation (Hn,(R3), pn) are:

(1) [1] for n > 3;

(2) [Zi] for2 <k <nifnis odd and 2 <k <n/2 if n is even;

(3) [Dg] for 2 <k <mn;
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(4) [T] formn=3,6,7 orn>9;

(5) [O] forn #1,2,3,5,7,11;

(6) [1] for n =6,10,12,15, 16 18 orn > 20 and n # 23,29;
[S
O
S

(7) [SO(2)] for n odd;
(8) [O(2)] for n even;
(9) [SO@)] for any n.

Remark 4.3. In [9, Theorem 6.6] (for SO(3) irreducible representations) :

e [T] is an isotropy class for n = 6,7 and n > 9;
e [0] is an isotropy class for n # 1,2,5,7,11.

Such lists are different from (4) and (5) in our Theorem 4.2. But according
to [9, Proposition 3.7], [T] is a maximum isotropy class for n = 3. We have
thus corrected this error in Theorem 4.2.

Theorem 4.4 (Thrig-Golubistky 1984). The isotropy classes for the O(3)-
representations (Hn,(R3), pn) (for n odd) and (H,(R3), p%) (for n even) are:

(1) [1] for n > 3;

(2) [Z) f07’2</<;<n/2
(3) [Zy] forkgg,
(4) [Dg] for 2 <k <n/2 ifn is odd and for 2 < k < n if n is even.

[

[

[

(5) [DF] for 2 <k <n ifnis odd and 2 < k <n/2 if n is even;
(6) [DA] for 2 < k < n, except D forn =3;
(7) [T] form #1,2,3,5,7,8,11;
(8) [O] forn #1,2,3,5,7,11;
(9) [O7] forn #1,2,4,5,8;
(10) [I] for n =6,10,12,15,16,18 or n > 20 and n # 23,29;
(11) [O(2)] when n is even ;

(12) [O(2)7] when n is odd.

Remark 4.5. In [9, Theorem 6.8] (for O(3) irreducible representations), [T] is
an isotropy class for n # 1,2,5,7,8,11 (which is different from the list (7) in
our Theorem 4.4 above). But according to [7, 20], [T] is not an isotropy class
in the case n = 3, and we corrected this error in the list (7) of Theorem 4.4.

5. CLIPS TABLES

5.1. SO(3) closed subgroups. The resulting conjugacy classes for the clips
operation of closed SO(3) subgroups are given in Table 1, where the following
notations have been used:

dy := ged(n, 2), ko :=3—ds ds := ged(n, 3),
ds := ged(n, 5) dy := ged(m, 2),

dz:=2, ifd =1, dz := 1, otherwise,

dz =2, if m and n even, dz' :=1, otherwise,

dy :=4, if 4| n, d4 := 1, otherwise.

Remark 5.1. The clips operations [T]®[T] and [T]©[O] were wrong in [17, 16],
since the isotropy class [Do] was omitted.
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® (Zy,] [Dn] T} [O] [1] [SO(2)] | [O0(2)]
(Zr] | (1], [Zd]
[1] (1], [Zas]
(D] [Za,) | [Zay) + [Za2] , (D]
(Z4] Z4] , D]
1] ], 2] [1], [Z,]
(T} (Zd,) Za.], Da] (D], [Z3]
(Zas] [T]
1] [1], [Zo] (1] (1], [Zo]
0] (Z4,] (Zas] , [Za,] (Zs] , [D2] | [D2] , [Zs]
(Za,] [Da,], [Da] (Z3] | [Ds], [Z4]
(Za.,] [Da,] [T] [D4], [O]
1] [1], [Z,] (1] (1), (2] (1], [Zo]
m (Zd,) (Zay) s [Zas] [Z2] Zs), [Ds] (Z3] , [Ds]
(Zas] D, ] (Z3] ] (Z5], [Ds]
(Zas] [Da, ], [Das] [T] 1]
$0)]| (1], [Z.] (1], [Z2] (1] ,[Zo] | [1],[Z2] | [1],[Zo] (1, [SO(2)
(Zn] (Zs) (Z3], [Z4] | [Zs] , [Zs]
Wza | Wza | w0 ) )
[0(2)] [D2], D] | [D2],[Ds]
(Zn] [Dr,] ; [Dn] (D2, [Zs] Dy Ds) [SO@2)] | [0(2)]

TABLE 1. Clips operations for SO(3)

Ezample 5.2 (Isotropy classes for a family of n vectors). For one vector, we
get,

I(H1(R%)) = {[SO(2)], [SO(3)]} -
From Table 1, we deduce that the isotropy classes for a family of n vectors
(n>2)is

J (GB H1(R3)> = {[1],[SO(2)}, [SO3)]} -
k=1

Ezample 5.3 (Isotropy classes for a family of n quadratic forms). The space
of quadratic forms on R3, So(R?), decomposes into two irreducible compo-
nents (deviatoric and spherical tensors for the mechanicians):

So(R3) = Ho(R3) @ Ho(R?).
We get thus
3(S2(R%)) = 3(Ha(R?)) = {[D2], [0(2)], [SO(3)]} -

The useful part of Table 1, for our purpose, reads:
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© (2] [D5] [0(2)]
[Zo] | {[1],[Zo]} | {[1], [Zo]} {[1], [Zo]}
[D5] {[1], [Zo], Do]} | {[1], [Zo], D]}
[0(2)] {[Z2], [Do], [O(2)]}

We deduce therefore that the set of isotropy classes for a family of n qua-
dratic forms (n > 2) is

J (@ SQ(R3)> = {{1], [Z2], D2}, [O(2)], [SOB3)]} -
k=1

5.2. O(3) closed subgroups. Let us first consider an O(3)-representation
where —I act as —Id (meaning that this representation doesn’t reduce to
some SO(3) representation). In such a case, only the null vector can be fixed
by —Id, and so type II subgroups never appear as isotropy subgroups. In
that case, we need only to focus on clips operations between type I and type
ITI subgroups, and then between type III subgroups, since clips operations
between type I subgroups have already been considered in Table 1. For type
IIT subgroups as detailed in Appendix B we have:

Lemma 5.4. Let Hy be some type III closed subgroup of O(3) and Hs be
some type I closed subgroup of O(3). Then we have

HiNHy = (H1 N SO(?))) N Ho,
and for every closed subgroup H of SO(3), we get:

23] @ [H] = {[1]}, [Z3,) @ [H] = [Zn] © [H],
D] © [H] = [Z4] @ [H], D] © [H] = [Dn] @ [H],
[07]e [H] = [T] @ [H], [0(2)7] @ [H] = [SO(2)] @ [H].

The resulting conjugacy classes for the clips operation for type III sub-
groups are given in Table 2, where the following notations have been used:

d:= ng(?’L, m)7 dQ(n) = ng(nv 2)7
ds(n) := ged(n, 3), i(n) :=3 —ged(2,n).
Remark 5.5. One misprint in [16, 18] for clips operation [0(2)~] ® [D4 ] has

been corrected: the conjugacy class [Zz] appears for m even (and not for m
odd).

Z2,) © [Z5,,]

[D7] @ [Zs,]
g and % odd Else If m isé Else
(1], [Z34] [1],[Za] (1], (23], [Zd] (1], [Zd]

(a) Zs,, case (b) Dy, and Z,,,
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® zz] | [%a] ,] [D4,.] [0-] | [0@7]
2z] | [23]
[Zz_n] [1], [Zi_(n)] Figure 4(a)
1], [z5
o] | [, [Z;] Figure 4(b) . [ 2]
[Dy] , [Za]
[Dgn} [1], [ZQ_] Figure 4 Figure 5 Figure 6
(1], [Z5]
(Zag(m)] _
_ I e ) (1], [Z5]
[0-] | (1], [ZQ ] Figure 7(a) [D33(m)] Figure 7(b)
(Zy],[Zs]
Zay(m)]
[Zzz(m)]
(1], [Z;(,)] . (1], [Z5]
0@ ]| ) [zz] |77, 251 )| oyl 251 | |Z5100(2)7]
[Zm] (D3], (D3]
(D5 )5 [D7]
TABLE 2. Clips operations on type III O(3)-subgroups
[D%,.] © [Z3,,]
If m odd Else
g and % odd Else % and % odd Else\
(1], (23], [Z34) (1], Z5], [Zd] (1], [Z2], [Z54) (1], [Zs], [Z4)

In this section, we provide all the details required to obtain the results
in Table 1. We will start by the following definition which was introduced

FIGURE 4. D%, and Z,,

in [8] and happens to be quite useful for this task.

Definition A.1. Let K1, Ko,.

APPENDIX A. PROOFS FOR SO(3)

.., K be subgroups of a given group G. We

say that G is the direct union of the K; and we write G = |;_, K; if

and

KiﬂKj:{e},

Vi # j.
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[D5,] © [D},]

/

If mis odd e

\
/' \

Else If n is odd
¥ N
v []]']a [ZZ]v [Dg]
[]uv [22]» [Zd]7 [Dd] [Zd}, [Dg]

[1], (23], [Z4], [Dg]

FIGURE 5. D4 and D?

[D3,] @ [D3,,

\

n / \

- and — odd Else

d=1
m,n odds /Else\ m,n even m,n odds /Else\ m,n even m,n odds /Elsc\ r{,‘n even

- [1] [1] 1] (1], [Z4] (1], [Z4]
(1], (z;] | [1], [Zz} (1], [Z2] | (1], [Z5) - - - g
v z 2 (Z54), [Z2] | [Zoy), [Z2]| [Za),[Z3] | [Z2],[DG] | [Z2],[Dg)
wil ‘ 2o, 4] [12:110a) | 221, 0% | 8 g | (o, ima)| 31D | (D310 | (Dol
FIGURE 6. D}, and D}
- 07 © B4,
[@ } © [sz] If m is odc&
/ \ Else
If mis odd pige [1], [Zs], [Z ] \
\ Tt B 7\
[]u? [Z2_]7 [ng(m)] dz(m)ls ég(m)
/ \ Else If4|m
Else If4|m []l} ’/ []ux
' " (23], 04 (22}, D], 0%
[]1]’ [ZZL [Zd_x(m)} []l]v [ZZL [ng(m)] [de "L)} [Ddg(m)] [Zd3(m)]7 [DZS(m)]
(a) O™ and Z3,, (b) O~ and D%,

In the following, we will have to identify repeatedly the conjugacy class
of intersections such as

(A1) HiN(gHg™ "),

where H; and Hj are two closed subgroups of SO(3) and g € SO(3). A useful
observation is that all closed SO(3) subgroups have some characteristic azes
and that intersection (A.1) depends only on the relative positions of these
characteristic axes.
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As detailed below, for any subgroup conjugate to Z,, or D, (n > 3), the
axis of an n-th order rotation (in this subgroup) is called its primary axis.
For subgroups conjugate to D,, (n > 3), axes of order two rotations are said
to be secondary azxes. In the special case n = 2, the z-axis is the primary
axis of Zs, while any of the z, y or z axis can be considered as a primary
axis of Ds.

A.1. Cyclic subgroup. For any axis a of R? (throughout the origin), we
denote by Z¢, the unique cyclic subgroup of order n around the a-axis, which
is its primary axis. We have then:

Lemma A.2. Let m,n > 2 be two integers and d = ged(n,m). Then
(Zn] @ [Zm] = {[1], [Za]} -
Proof. We have to consider intersections, such as
Zn N (Qngil) = ZLin N ZLny,
for some axis a, and only two cases occur:

(1) If a # (Oz), then necessarily the intersection reduces to 1.
(2) If a = (Oz), then the order r of a rotation in Z, N Z,, divides
both n and m and thus divides d = ged(m,n). We get therefore:
Ly N Ly, C Zg. But obviously, Zg C Z,NZ,, and thus Z, NZ,, = Z4.
(]

A.2. Dihedral subgroup. Let b; be the z-axis and by (k = 2,...,n) be
the axis recursively defined by

b, :=Q (k; z) br_1.
n
Then, we have
(A.2) D, =Z, {23 |4 - [ Z8,
where the z-axis (corresponding to a n-th order rotation) is the primary axis

and the bg-axes (corresponding to order two rotations) are the secondary
axes of this dihedral group (see Figure 7).

FIGURE 7. Secondary axis of the dihedral group Dg
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Lemma A.3. Let m,n > 2 be two integers. Set d := gecd(n,m) and
da(m) := ged(m,2). Then, we have

[Dn] © [Zm] = {[]l]v [Zdz(m)}a [Zd}} .

Proof. Let I' = D, N Z¢,. From decomposition (A.2), we have to consider
intersections

ZnNZ8, IV N7Z8.
which thus reduce to Lemma A.2. O

Lemma A.4. Let m,n > 2 be two integers. Set
d :=ged(n,m), da(m) :=ged(m,2), da(n) = ged(n,?2),

and

2 af d=1, , 2 if m and n even,
dz = ) dz' = .
1 otherwise. 1 otherwise.

Then, we have
[Dn] © [Dm] = {[]l]a [ng(n)]7 [Zdz(m)]a [Zdz]a [Ddz’]> [Zd]> [Dd]} :

Proof. Let I' =D,, N (g]D)mg_l).

(1) If both primary axes and one secondary axis match, I' = Dy if d # 1
and I' € [Zs] otherwise;

(2) if only the primary axes match, I' = Zg;

(3) if the primary axis of gDy, g~ matches with the secondary axis (Oz)
of D, (or the converse), we obtain I' € [Dg] for n and m even and a
secondary axis of gD,,g~! is (Oz), otherwise we obtain I' € [Zs]

(4) in all other cases we have I' = 1.

O

A.3. Tetrahedral subgroup. The (orientation-preserving) symmetry group
T of the tetrahedron 7 := A; A3 A7 Ajs (see Figure 8) decomposes as (see [9]):

4 3
(A.3) T =z |4z
i=1 j=1

where vt; (resp. et;) are the vertices azes (resp. edges axes) of the tetra-
hedron (see Figure 8):

th = (OAl), Vtg = (OAg), Vtg = (OA5), Vt4 = (OA7),
et; := (Ox), ety := (Oy), ets ;= (Oz).
Corollary A.5. Let n > 2 be an integer. Set da(n) := ged(n,2) and
ds(n) := ged(3,n). Then, we have
[Zn] © [T] = {[ma [Zdz(n)]v [ng(n)]} .

Proof. Consider T N Z¢ for some axis a. As a consequence of Lemma A.2,
we need only to consider the case where a is an edge axis or a face axis of
the tetrahedron, reducing to the clips operations

2] © [Zn],  [Z3] © [Zn]
which directly leads to the Lemma. U
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FIGURE 8. Cube Cy and tetrahedron 7y := A1 AsA7As

Corollary A.6. Let n > 2 be some integer. Set da(n) := ged(n,2) and
ds(n) := ged(3,n). Then, we have

[Dn} © [T] = {[]l]a [22]7 [st(n)]v [DdQ(n)]} :

Proof. Let ' =TnN (gID)ng_l). From decomposition (A.3), we need only to
consider intersections

Zy% N (g]D)ng_l) and thj N (g]D)ng_l)
which have already been studied (see Lemma A.3). O
Lemma A.7. We have
[T} @ [T] = {[1], [Z2], [D2], [Z], [T]} -

Proof. Let ' =TnN (g’]l‘gfl).

(1) If no axes match, then I' = 1;
(2) if only one edge axis (resp. one face axis) from both configurations
match, then I' € [Zsg] (resp. [Z3));
(3)ifg=Q (k, g), then T' = Dy,.
O

A.4. Octahedral subgroup. The group O is the (orientation-preserving)
symmetry group of the cube Cy (see Figure 8) with vertices

{Ai}icrs = (£1,£1, £1).
We have the decomposition (see [9]):

3 4 6
(A.4) 0= @ ztei @ AN @ A
i=1 j=1 =1
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with vertices, edges and faces axes respectively denoted vec;, ec; and fc;.
For instance we have

VC1 (= (OAl), eCcy — (OMl), fC1 = (OI)

As an application of decomposition (A.4) and Lemma A.2, we obtain the
following corollary.

Corollary A.8. Let n > 2 be some integer. Set
dQ(n) = ng(na 2)’ d3(n) = ng(na 3)>

d4(n):{4 if 4| n,

and

1 otherwise.

Then, we have

Zn] © [0] = {[1], [Zayw)): [Zay ()] [Zaty ()] }
Corollary A.9. Letn > 2 be some integer. Set

da(n) = ged(n,2), ds(n) = ged(n,3),

d4(n):{4 if 4| n,

1 otherwise.

and

Then, we have

D] © (0] = {[1], [Za], [Zay ()], [Zayn)s Ptz ()]s [Pty )], Pty (y] } -
Proof. Using decomposition (A.4), we have to consider intersections

Dy, N (gZTig‘l) DN (9Z3%g7"), Dun(925%g7)

which have already been studied in Lemma A.3. U
Lemma A.10. We have
Proof. Let T' = ON(gTg~!). From decompositions (A.3)—(A.4) and Lemma A2,
we only have to consider intersections

75 n (gzgtjg_1> . 23N <gZ§tig_1> , Z3T'N (gZStjg_l) .
Now, we always can find ¢g such that the intersection I' reduces to some

subgroup conjugate to 1,Zy or Z3 and taking g = Q (k, %), we get that T’
is conjugate to Do, which achieves the proof. O

Lemma A.11. We have
(0] @ [0] = {[1], [Z2], D], [Zs], (D3], [Z4], [D4], [O]} .

Proof. Consider the subgroup I' = O N (g@g_l) C O. From the poset in
Figure 1, we deduce that the conjugacy class [I'] belong to the following list

{[1], [Z2], D], [Z3], [Ds], [Z4], [D4], [T], [O]} -

Now:

(1) if g fixes only one edge axis (resp. one vertex axis), then I' € [Zs]
(resp. T" € [Z3));
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(@) itg=Q (g

(3) if g = Q (i; %) ' > Zi wZK and thus I € [Dy];

(4) ifg=Q (k; E) oQ (i; %), I’ € [D9] with characteristic axes gfcs =

4
ecg, gec; = fci and gecy = ecs;

(5) if g = Q(vey, ), I' € [D3] with ve; as the primary axis and ecs as
the secondary axis of I

(6) if I' O T, then g fixes the three edge axes of the tetrahedron, and g
fix the cube. In that case, I' = Q.

), only one face axis is fixed by g and I" € [Z4];

O

A.5. Icosahedral subgroup. The group I is the (orientation-preserving)
symmetry group of the dodecahedron Dy (Figure 9), where we have
e Twelve vertices: (£¢,+¢71,0), (£071,0,%¢), (0,£0,£¢7 1), ¢ be-
ing the gold number.
e Eight vertices: (£1,+1,41) of a cube.

FIGURE 9. Dodecahedron Dy

We thus have the decomposition
6 10 4 15
(A.5) 1=z |4 259 | zs™
i=1 j=1 =1

with vertices, edges and faces axes respectively denoted vd;, ed; and fd;.
For instance we have

vd; := (OA;), ed;:=(0I), fd;:=(OM)

where M is the center of some face.
From decomposition (A.5) and from Lemma A.2 we obtain the following
corollary.

Corollary A.12. Let n > 2 be some integer. Set
dy :=ged(n,2) ; dg == ged(n, 3) ;5 ds := ged(n, ).

Then, we have
[Zn] © []I] = {[]1]7 [Zdz]v [Zd3]7 [Zd5]} :
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Using once again decomposition (A.5) and clips operation [D,,] ® [Z,] in
Lemma A.3 we get the following corollary.

Corollary A.13. Let n > 2 be some integer. Set
dy :=ged(n,2) ; dg == ged(n, 3) ; ds := ged(n, 5).
Then, we have

[Dn] © m = {[]l]’ [ZZ]v [Zda]v [st]a []D)dQ]’ [Ddg}v []D)d5]} :
Lemma A.14. We have
[M @ [T] = {[1], [Z2], [Z3], [T]} -
Proof. Let T' =1N(gTg~!). From decompositions (A.5)—(A.3) and Lemma A.2,
we only have to consider intersections
ngj N (gZ%’tig_1> , ng’ N (ngtjg_1> .

First, note that there always exists g such that I' reduces to a subgroup
conjugate to 1,7Zs or Zs. Now, if I' contains a subgroup conjugate to Do,
then its three characteristic axes are edge axes of the dodecahedron: say Oz,
Oy and Oz. In that case, g fixes these three axes, and also the 8 vertices
of the cube Cy. The subgroup gTg~! is thus the (orientation-preserving)
symmetry group of a tetrahedron included in the dodecahedron Dy. Then,
I' e [T. O

The next two Lemmas are more involving.
Lemma A.15. We have

Proof. Let I' =1nN (g@g_l). From the poset in Figure 1, we deduce that
the conjugacy class [I'] belongs to the following list

{[1], [Z2), [D2], [Z3], [Ds], [T]} -

First, we can always find g € SO(3) such that I € [Z3], " € [Z3] or T = 1.
Moreover, as in the proof of Lemma A.14, if I" contains a subgroup conjugate
to Do, then I' € [T]. Finally, we will exhibit some g € SO(3) such that
I' € [D3]. First, recall that

A1(1,1,1), Ay(1,1,—1), Aq(1,-1,1), As(—1,-1,1)

are common vertices of the cube Cy and the dodecahedron Dy. Let now
Ba(¢71,0,—¢) be a vertex of the dodecahedron and I (resp. I) be the
middle-point of [BaAsg] (resp. [A4A5] — see Figure 10).

Then, a; = (Ol4) and as = (OIy) are perpendicular axes to a = (OA;).
Choose a such that Q(v,a)vy = va, with (see Figure 10):

— — —
v=0A1, vi1=0I;, vo9=0I,

and set g = Q(v, ). From decompositions (A.4) and (A.5), we deduce then,
that TN (g(O)g_l) contains the subgroups

Z5* N (gZy g~ ") =252, Z5N, (9Z3g™") = Z3.
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Bo

FIGURE 10. Rotation g to obtain [Ds] in [0] ® [I].

Therefore, I' contains a subgroup conjugate to Ds. Using a maximality
argument (see poset in Figure 1), we must have I € [Ds], and this concludes
the proof. O

Lemma A.16. We have
[ © [ = {[1], [Z2], [Zs], [Ds], [Zs], [Ds], [I]} -

Proof. Let I' = 1N (glg~'). Considering the subclasses of [I], we have to
check the classes

[T]v [D3]7 []D5]7 [D2]7 [Z?)]? [Z5]7 [ZQ]

Note first, that there exist rotations g such that T € [Zy], T € [Zs3], T € [Z5]
orI'=1.

When I' contains a subgroup conjugate to T or Dy, using the same argu-
ment as in the proof of Lemma A.14, g fixes all the dodecahedron vertices.
In that case, I' = 1.

We will now exhibit some g € SO(3) such that I € [D3]. Consider the do-
decahedron Dy in Figure 9 and the points A3(1, —1,—1) and Bs(¢, —¢~1,0).
Let I3 be the middle-point of [A3Bs] and g be the order two rotation around
aj := (OA;) (see Figure 11). Let

2 2
b1 :=(OI3), by:=Q <a17 ‘;) bi, b3:=Q (ah ;) ba.

We check directly that aq,b; (i = 1,...,3) are the only g-invariant character-
istic axes of the dodecahedron. We deduce then, from decomposition (A.5)
that I" reduces to

3
7' |H Z5 € ).
i=1
In the same way, we can find g € SO(3), such that I' € [D5]. Let

Bl(¢7 gb_lao)) B5(¢_1a0a¢)a BG(_¢_1a0a¢)a AG(_17171)

be vertices of the dodecahedron Dy. Let (G1 be the center of the pentagon
A1B1B3A4Bs (see Figure 11) and Ig be the middle-point of [BsAg]. Let g
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FIGURE 11. Rotation g to obtain [Ds] or [Ds] in [I] ® [I].

be the order two rotation around f; := (OG1) and set

— 27
Ck,

Cl = (OIG)7 Ck+1 = Q <OA17 5 1<k<4

Then we can check that fi, ¢, (k= 1,...,5) are the only g-invariant char-
acteristic axes of the dodecahedron. Using decomposition (A.5), we deduce
then, that T" € [Ds], which concludes the proof. O

A.6. Infinite subgroups. The primary axis of both SO(2) and O(2) is
defined as the z-axis, while any perpendicular axis to (Oz) is a secondary
axis for O(2).

Clips operation between SO(2) or O(2) and finite subgroups are obtained
using simple arguments on characteristic axes. The same holds for the clips
[SO(2)] @ [SO(2)]. To compute [O(2)] ® [O(2)], consider the subgroup I' =

0(2) N (90(2)g™ 1) for some g € SO(3).

1) If both primary axes are the same then I' = O(2);

2) if the primary axis of gO(2)g~" is in the xy—plane, then I € [Ds];

3) in all other cases, I' € [Zz], where the primary axis of I' is perpen-
dicular to the primary axes of O(2) and gO(2)g~!

)N
(
(
(

APPENDIX B. PROOFS FOR O(3)

In this Appendix, we provide the details about clips operations between
type III closed O(3) subgroups. The proofs follow the same ideas that has
been used for SO(3) closed subgroups (decomposition into simpler subgroups
and discussion about their characteristic axes), but most of them are unfor-
tunately more involving.

We first recall the general structure of type III subgroups I" of O(3) (see [9]
for details). For each such subgroup I, there exists a couple L C H of SO(3)
subgroups such that H = 7 (I"), where

m : g€ 0(3) — det(g)g € SO(3)
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and L = SO(3) N T is an indexed 2 subgroup of H. These characteristic
couples are detailed in Table 3. Note that, for a given couple (L, H), I" can
be recovered as I' = L N gL, where —g € H \ L.

r H L
Zy Zo 1
Z5, Zon Zn,
DY D, T,
D:, Doy, D,
O~ ) T

0(2)~ 0(2) SO(2)

TABLE 3. Characteristic couples for type III subgroups

In the following, we shall use the following convention:
(=272 =Dj =1.

B.1. Z,, subgroups. Consider the couple Z, C Zay, (n > 1) in Table 3,

where
Loy = {I,Q(k;Z) ,Q(k;f) }

and let 1, := Q (k; E) € Zon \ Zn. Set
n

(B.1) Ly, = Lpn U (—rpZLy).
The primary azis of the subgroup Z,, is defined as the z-axis.

Remark B.1. The subgroup Z; is generated by —Q(k, ) which is the re-
flection through the zy plane. If oy is the reflection through the plane with
normal axis b, then Z3" := {e, 05}, which is conjugate to Z; .

We have the following lemma.

Lemma B.2. Let m,n > 2 be two integers. Set d := ged(n,m) and
Iy ::Q(k;ﬁ), T'm :zQ(k;l).
n m
The intersection (—rpZpn) N (—TmZy) does not reduce to O if and only if m/d

and n/d are odds. In such a case, we have

(_rnZn) N (_rmZm) = —I'dZd, rq = Q <k7 %) .

Proof. The intersection (—r,Zy,) N (—rmZy,) differs from 0, if and only if,
there exist integers i, j such that
2i+1 27+1
m =
n
Let n = dn; and m = dm;. The preceding equation can then be recast as
(2i + 1)my = (2j + 1)nq, so that

m, 2i4+1<2n, 2j4+1<2m.

2i4+1=pn; and 25 + 1 = pm;.
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Thus, m; and n; are necessarily odds, in which case (recall that Z; = 1)
™
(_rnZn) N (—I‘an) = —rildq, ra=Q (k, E) .

O

Corollary B.3. Let m,n > 1 be two integers. Set d := ged(n,m). Then,
we have

_ _ . {1l 1z5)} if n/d and m/d are odd
Zan) © [Z5m] = {{[]l], [Zj]d} otherwise

Proof. Note first that all intersections reduce to 1 when the characteristic
axes don’t match, so we have only to consider the situation where they
match. Now, by (B.1), we have only to consider the intersection

Loy N Loy, = (L, N L) U ((—rnZy) N (=T Zy)) -

By Lemma A.2, Z,, N Z,, = Z4 and we directly conclude using Lemma B.2.
O

B.2. D}, subgroups. Consider the couple Z, C D, in Table 3. Recall
that I, contains Z, and all the second order rotations about the b;’s axes
(see (A.2) and Figure 7). Set

(B.2) DY = Z, | Z,".
j=1

Given g € O(3), the primary axis of gD%g~! is g(Oz), and its secondary
axes are gb;.

Lemma B.4. Let n > 2, m > 1 be two integers. Set d = ged(n, m) and

1, if m is even,

i(m) =3 — ged(2,m) = {2 if m is odd

Then, we have
D] © [Z5,) = {1, |Zigy| - [Zal}
Proof. Let T := D% N (9Z5,,9") and
Ly = LU (~Tnlm), tn=Q (k).

(1) If both primary axes of DY and gZ,, g ! (generated by gk) match,
then by decomposition (B.2) and Lemma A.2, I" reduces to Z,NZ, =
Zg.

(2) If the primary axis of gZ, g~ ! matches with a secondary axis of D,
say (Ox), then T' reduces to Zgbo N (gZ;mg_l). Such an intersec-
tion has already be studied in the clips operation [Z; ] ® [Z,,,] (see
Lemma B.3).

(3) Otherwise, I' = 1, which concludes the proof.
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Lemma B.5. Let m,n > 2 be two integers and d = ged(n,m). Then, we
have

D] @ (D] = {1, [Z;], D7), [Zd]} -
Proof. Only two cases need to be considered.

(1) If the primary axes of DY and gD¥,¢g~! do not match, then we get 1.
(2) If they have the same primary axis, by decomposition (B.2), we have
to consider the intersections

Oyt

L (L, Lo NIy,

which reduce to

Ucl

Zq\H) 25",
where ¢; are the common secondary axis of the two subgroups. Then,

we get either Zg, DY or a subgroup conjugate to Z; (when d =1
and by = b)), which concludes the proof.

O

B.3. ]D)gn subgroups. Consider the couple I, C D9, in Table 3. For j =
0,...,n—1, let p; be the axis generated by

v, =Q (k; ‘777;) i,

and ¢;, be the axis generated by

W, ::Q(k;w) .

2n
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where r,, = Q (k; %) We define

(B.3) DA =D, U (-r,D,),
which decomposes as
n—1 n—1
(B.4) Db, =75, 1 725 | 2,".
j=0 j=0

Note that in this decomposition, there are n subgroups conjugate to Zo
and n others conjugate to Z,. The z-axis (resp z-axis) is said to be the
primary (resp. secondary) axis of D4 . For each g € O(3), the primary
(resp. secondary) axis of the subgroup g4 ¢g~! is generated by gk (resp.
by g¢i).

Lemma B.6. Let m,n > 2 be two integers. Set d = ged(n,m), da(m) =
ged(m, 2) and

. 1, if m is even,
i(m) = .
2, otherwise.

Then,

n m
o If g or il is even, we have

Do) © [Z30] = {1, Zoayom))s Zig ) [Zal }

n m
o [If vl and ”l are odd, we have

D] © [Zzya] = {1, oty omy)s i) 23]}

Proof. First of all, if no characteristic axes of ]D)gn and gZ,,.9~
their intersection reduces to 1.

We have now to consider three cases:
(1) The first case is when D% and gZ, ¢~' have the same primary axis.
Then, using decompositions (B.4) and (B.1), we only have to consider the
intersection

! match, then

Loy, N Ly, -
This has already been studied in the clips operation [Z,, |®|Z,,,] in Lemma B.3,
leading to the conjugacy class [Zg] or [Z,].
(2) The second one is when some secondary axis p; (say po) match with the
primary axis of gZQ_mg_l, then we only have to consider intersection

Z5° N (9Z3g™ ") = Z5° N (9Zimg ™)
leading to ZE if m is even.

(2) Finally, we have to consider the case when the primary axis of gZ,, g~
is qo. In that case the problem reduces to the intersection

25" N (9Z5n9™")

leading to the conjugacy class [Z, ] for odd m (see Lemma B.3). This con-
cludes the proof. O

1
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The cases [D} ] ® [DY] and D3] ® [D4 ] are more involving. We start
by formulating the following lemma, without proof (see Figure 7 for an
example):

Lemma B.7. If n is even then there exist pr L p; and q. L qs, where no
azes p;,q; are perpendicular. If n is odd, there exist p; L q; and no axes
Dk, P, NOT qr, qs are perpendicular.

Lemma B.8. Let m,n > 2 be two integers. Set da(m) := ged(m,2),
. {2, if m is even and n is odd,
i(m,n) ==

1, otherwise,

and
) 1, if m is even,
=3 — ged(2 =
i(m) god(2,m) {2, if m is odd.
Then, we have
Db © 4] = {1, [Z] - (Zasiomy] - [Py | - 2] D]}

Proof. The only non trivial cases are when gD¥,g~! and }D)'an have no match-

ing characteristic axes. Now we have to distinguish wether the principal axis

a of gDY, gt is (Oz) or not:

(1) Let first suppose that a = (Oz). In that case, we need to compute the
intersection D, NDY,. From (B.2) and (B.4), this reduces to study the
following three intersections

Zy L, Z5 Ny, Z9% NZg".

Now:

(a) The first intersection, Zs, NZyy,, reduces to Z,NZy, = Zq (from (B.1)
and Lemma A.2).

(b) The s%cond one, Zsy, N Zgbj , reduces to 1, since primary axes of Z,,,
and Z," (conjugate to Z; ) do not match.

(¢) The last one, qu’“ N Z;bj, can reduce to some qu’“ if bg = qo. In
that case, D? MDY, contains Z, and some quk, which generate D
(see (B.2)).

This first case thus leads to Zg4 or Dj.

(2) Consider now the case when a # (Oz). Thus the intersections to be

considered are
[orY)

Oyt . b’
Zy, NZy°, TN NZE, Zo*NZy".
where the b} axes are the secondary axis of gD, g~'. Now:

(a) First suppose that a = py (for instance) and all the other axis are

different. Then, 23’ NZf, = Z§, .

(b) Suppose now that a = pg and b'j = ¢ for some couple (k,j), so
oy

that qu’“ N ZQbJ = qu’“. As g L po, we deduce from Lemma B.7

that n is odd. All depend on m parity: if m is even then I' contains

7B and Z;q’“, and we obtain some subgroup conjugate to 5. If m

is odd, then I' reduces to quk, which is conjugate to Z .
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(c) Finally, suppose that a # p; for all j (and recall that a # (Oz)), so
that the intersections to be considered are

O/ Tyl
Z5 NZ,°, Z3%NZ,".
We thus only obtain some subgroups already considered in the pre-

vious cases, which conclude the proof.
O

Lemma B.9. Let m,n > 2 be two integers. Set d = ged(n,m) and
A = [D},] @ [D5,,].
Then, [1] C A and:

o For every integer d:
o If m and n are even, then A D {[Z2], [D2]};
o If m and n are odds, then A D { ZQ_]},
o Otherwise, A D {[Zs], D3]},

o [fd=1, then
o If m and n are odds, then A O {[D]
o Otherwise m or n is even and A D {

o), (231}
o Ifd#1, then

o If % and g are odds, then A D {[Z,],[D5,]};

o Otherwise, % or g is even and A D {[Zq], [Dg], [DY] };

}i
Z

Sketch of proof We consider decomposition (B.3). If no characteristic axes
D%, and gD% ¢~! match, then their intersection reduces to 1. Otherwise,
from (B.3) it reduces to

o . o
Z3 N (9Z397")s Z 0 (92" 97") 25 01 (9Z897"),
Z3" 0 (92597"), 237 0 (925%97"),
. o
where all qu] , 7" are subgroups conjugate to Z .
Now all these intersections have already been studied in the clips opera-

tion [Z,,] ® [Z5,]. We can thus use Lemma B.3, argue on the characteristic
axes and Lemma B.7, to conclude the proof in each case. O

B.4. O~ subgroup. Consider the couple T C O in Table 3 and the following

decompositions
0= U chZ U VC] U Zecl’

7=1
and

zy s Wzst Wzss, zsh czf, =128

& -

’]T:
1

A <.
Il

This leads

(B.5) 0 = U ADE U H 757 |+ U Zo,
i=1

ee [9] for detaﬂs) to the decomposition
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where (fo")_ is the subgroup conjugate to Z; with fc; as primary axis.

Note also that del are subgroups conjugate to Z, with ec; as primary axis.
Using this decomposition (B.5), and those of type III closed O(3) sub-

groups previously mentioned directly lead to the following corollaries.

Corollary B.10. Let n > 2 be an integer. Set d2(n) = ged(n,2) and
ds(n) = ged(3,n). Then,

e if n is odd, we have
[@_] © [Zgn] = {[]1]7 [Z;], [Zda(n)]} ;
o if n =244k for k € N, we have
[@_] © [Z;n] = {[]1]7 [ZZL [Zd3(n)]} ;
e if n is even and 4 1 n, we have
[©_] © [ZZ_n] = {[]1]7 [22]7 [Zd3(n)]} :
Moreover in all cases, we have
(071 © D3] = {[1), (23], Zastn) s D3, (y)s s s iy}
Corollary B.11. Let n > 2 be an integer and ds(n) := ged(n, 3).
e Ifn is even and n =2+ 4k for k € N, then we have
(07 © [D4,] = {[1], (23], [D4), [Zay(o)s [Pl }

e if n is even and 4 | n, then we have

(0] © (D) = { 1], 2], D], (D3], (Za ), DY ] }-

e if n is odd, then we have

[07] @ [D4,] = {[1], (2], 23], [Da, (D], (Zay )}, Dy ] }
Corollary B.12. We have
0] ® [07] = {[1], Z], [Z7), [Z5]} -

B.5. O(2)~ subgroup. Consider the couple SO(2) C O(2) in Table 3 and
set

(B.6) 0(2) =502 | z3.

vCzy-plane

As Z3¥ are subgroups conjugate to Z, , previous results on clips operation
of [Z5 ] and Type III subgroups except [O(2) ] leads to the following lemma.

Lemma B.13. Let n > 2 be some integer. Set da(n) := ged(2,n) and

1, ifn is even,

i(n) =3 —ged(Zn) = {2 if n is odd
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Then, we have

N |
S
S

Sketch of proof. We will only focus on the clips operation [O(2)7] ® [D4 ]
and consider thus intersections

02N (gDhg™). 9€0@).

There are only two non trivial cases to work on, whether characteristic axes
match or not.

(1) If primary axes match, then, by (B.4) and (B.6), we have to consider
intersections

(B.7) 7% N7y, SOR)NZY, 7% NZy"

2n?

which reduce to DY, (see decomposition (B.2)).

(2) Suppose, moreover, that pg = (Oz), in which case SO(2) NZY = Zs.

(a) For n odd, there exists some secondary axes g in the zy plane
(see Lemma B.7) and thus Z7® ﬁquj reduces to Zo™. Moreover,
Z°v N Zs,, reduces to some Z3° with v perpendicular to py and
g; and the final result is a subgroup conjugate to ID5.

(b) For n even, we obtain Zs.

(3) If now the primary axis a of gD} ¢! is (Oz), and no other charac-
teristic axes correspond to (Oz) nor (Oy), then intersections (B.7)
reduce to Z3* N (gZz_ng_l) which is conjugate to Zj .

U
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