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Pointwise decay in space and in time for incompressible
viscous flow around a rigid body moving with constant
velocity.
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Joseph Liouville, F-62228 Calais, France.

Abstract

We present pointwise space-time decay estimates for the velocity part of solutions
to the time-dependent Oseen system in 3D, with Dirichlet boundary conditions and
vanishing velocity at infinity. In addition, similar estimates are derived for solutions
to the time-dependent incompressible Navier-Stokes system with Oseen term, and
for solutions to the stability problem associated with the stationary incompressible
Navier-Stokes system with Oseen term.

AMS subject classifications. 35Q30, 656N30, 76D05.

Key words. Incompressible Navier-Stokes system, Oseen term, decay.

1. Introduction

Consider the incompressible time-dependent Navier-Stokes system

ov—Apv+17Hhv+T7(v-Vy)v+ Ve = f, div,o =0 (1.1)
for t € (0,00), = € Q" :=R3\Q,

with the boundary conditions
v()|0Q =0b(t), wv(x,t) — (1,0,0) (Jx| = o) for t € (0,00), (1.2)
and the initial condition
v(0) = vy, (1.3)

where €2 is an open bounded set in R? with connected Lipschitz boundary. Problem (1.1) —
(1.3) is a mathematical model for the flow of a viscous incompressible fluid around a rigid
body that moves steadily and without rotation, under the assumption that the underlying
reference frame adheres to the body, represented by the set . The “exterior domain” Q°
is supposed to be filled with the fluid. The function v stands for the unknown velocity
field and the function 7 for the unknown pressure field of the fluid. The real number 7 > 0
(Reynolds number) and the functions f (volume force), vy (initial velocity) and b (velocity
of the fluid particles on the surface of the body) are given.

Problem (1.1) — (1.3) is already normalized in the sense that the flow is characterized by
a single parameter — the Reynolds number — and the rigid body moves with the constant
velocity (—1,0,0) with respect to an observer at rest. This latter feature of the motion
of the body, expressed by the boundary condition at infinity stated in (1.2), means in



particular that the negative part of the zi-axis corresponds to the upstream and the
positive part to the downstream direction of the flow.

We will study the asymptotic behaviour of the fluid far from the rigid body. These
asymptotics are of interest because they may be interpreted as features of the flow that
may actually be observed. In this respect, particular attention is directed at the wake
extending behind the rigid body, in our situation around the positive xj-axis. This wake
should emerge in the asymptotics provided by theory.

Since nonzero boundary conditions at infinity are inconvenient from a mathematical point
of view, we will not deal with equations (1.1) — (1.3) directly, but with an equivalent
problem. To this end, we introduce the new velocity u := v — (1,0,0), which satisfies the
Navier-Stokes system with Oseen term,

O — Agu+TO1u+7(u-Vy)u+ Ver = f, diveu=0 inQ° x (0,00), (1.4)

as well as the side conditions
u(t)|02 = (—=1,0,0) + b(t), wu(z,t) — 0 (|x] > c0) for te€ (0,00), (1.5)
u(0) = a, (1.6)

with a := v9 — (1,0,0). In the work at hand, we are interested in temporal and spatial
asymptotics of the velocity part w of solutions to (1.4), (1.5), (1.6). But due to the
stationary component (—1,0,0) of the Dirichlet boundary data in (1.5), the velocity u
cannot be expected to decay for t — oo, even if b(t) tends to zero. Therefore we modify
our problem a second time. To this end, we take a solution (U,II) of the stationary
Navier-Stokes system with Oseen term,

~AU+70U +7U-V)U+VII=F, divU =0 in Q" (1.7)

under Dirichlet boundary conditions
UloQ = (-1,0,0) + B, U(z) — 0 (Jz| = o0), (1.8)
with given functions F : Q° — R3, B : 89 — R3, and then introduce the new unknowns

u(x,t) := u(z,t) — U(z), 7(z,t) — II(x), and the new given functions f(z,t) := f(x,t) —

F(z), b(z,t) := b(z,t)—B(z) and @ := a—U. For simplicity denoting these new quantities
again by u, w, f, b, a, instead of w, 7, f, b, a, respectively, we then arrive at the system
Ou—Agu+T1ou+7Uw-Vy)u+7(U-Vy)u+7(u-V)U+Vemr=f, (1.9)
divy,u =0 in Q" x (0,00),
with the boundary conditions

u(t)|02 = b(t), wu(z,t) — 0 (|z] = c0) for t € (0,00), (1.10)

and initial condition (1.6) (stability problem associated with (1.7), (1.8)). According to
[14, Theorem 1.2], under suitable conditions on the data, the velocity part u of a solution
to (1.9), (1.10), (1.6) exhibits an asymptotic behaviour in space described by the estimate

0%u(z, t)| < € (2| v(x)) " ? for x € R} with |z > R, t € (0,00),  (1.11)



a € Ng with |a| := a1 + ag + a3 < 1, where R is some positive real so large that Q C Bg.
The same estimate is shown in previous papers [10], [13] for solutions to the linear system
(" Oseen system”)

O — Dgu+ 701w+ Vor = f, divpau=0 inQ° x (0,00), (1.12)

again under side conditions (1.10) and (1.6). The fact that inequality (1.11) holds for
o € N} with |a| < 1 means that u and the spatial gradient V,u of u are evaluated. The
factor v(x) in (1.11) is defined by

v(z) =1+ |z|—z; for zeR3 (1.13)

Due to this factor, the right-hand side of (1.11) decays less fast in the wake region around
the positive xj-axis than it does elsewhere; see [20, section VIL.3| for more details. For
this reason the presence of the factor v(x) in (1.11) may be interpreted as a mathematical
manifestation of the wake.

Inequality (1.11) deals only with spatial decay of the velocity. However, for suitable data,
the velocity far from the body should decay in space as well as in time. It is the aim of the
work at hand to make this idea more precise by determining upper bounds of |u(z,t)| and
|V u(x,t)| reflecting this type of asymptotics. In certain special situations, such estimates
may be deduced immediately from (1.11) and estimates of ||u(t)||o available in literature,
where || || denotes the norm of L>°(Q2°)3. With respect to the linear problem (1.12),
(1.10), (1.6), Enomoto, Shibata [17] showed that if f = 0, b = 0, © smoothly bounded
and a € LP(Q°)? for some p € [1,00), then [|u(t)|oo < €|, t~3/@P)7121/2 for ¢ € (0, 00)
([17, Theorem 1.1]). This result combined with (1.11) and the equation d = d'~¢d* (d >
0, € € [0,1]) yields the pointwise space-time estimate

8 u(, )] < € (Jaf v(a)) TR (14 g3/ Enlel e

for z, t, @ as in (1.11) and for € € [0,1]. In particular, the highest rate of temporal decay
that may be attained is (1 4 ¢)=3/27121/2 arising if p = 1.

The theory of the linear problem (1.12), (1.10), (1.6) we present here does not require
f or b to vanish, nor 2 to be more regular than Lipschitz bounded. The estimates we
derive reflect the asymptotics of the data f, a and b in a rather precise way (Corollary
8.1). In the best possible case, occuring when f and a are both bounded and with compact
support and b decays sufficiently rapidly, we show that for ¢ € (0,1) arbitrary but fixed,
the inequality

|05 u(w, )| (1.14)
—1—|o|/2 — —1—|a|/2) (1—e 1| ¢
<[ (Jefv@) TV (fefp(@)) TP (14 gyl

holds for z, ¢, @ as in (1.11) and for € € [0,1] (Corollary 8.2). Further below, when we

sketch our method of proof, we will indicate why we do not achieve the rate (14t)~3/2~lel/2
of temporal decay.

Concerning the nonlinear problem (1.9), (1.10), (1.6), decay estimates of ||u(t)|e Wwere
provided by Masuda [26], Heywood [23], Shibata [32] and Enomoto, Shibata [17] for a



non-normalized version of this problem, with [26], [17] and [32] requiring that the viscosity
equals 1. Masuda chose initial data in L? and assumed b = 0, 992 smooth and U small in
a suitable sense. Constructing L?-weak solutions that become strong after a certain time,
he obtained ||u(t)|s < €t1/8 for large t, or instead ||u(t)|jcc — 0 (t = o0), depending
on the asymptotics of f ([26, p. 297, Theorem; p.298, Remark 1.3]). Heywood [23, p.
674-675], [22, Theorem 4] admitted nonvanishing f and b, improving the decay rate of
|(t)]|oe to t~1/* under various smallness conditions on a, f and b. Enomoto, Shibata [17]
worked with initial data in L3, constructing mild solutions under the assumptions that f
and b vanish, €2 is smoothly bounded and the initial data a and the data of the stationary
problem (1.7), (1.8), and hence U, are small. Within this framework, they showed that
|w(t)||oo < €t~/2 for t € (0,00) ([17, Theorem 1.3]). In a previous article by Shibata [32],
a similar but slightly weaker result is derived ([32, Theorem 1.4]).

As in the linear case, these decay estimates of ||u(t)||o combined with (1.11) yield pointwise
space-time decay estimates of u, although not of V,u because the quantity ||V,u(t)|/c
is not considered in the references in question. It is perhaps not astonishing that the
assumptions in these references are restrictive. After all, an algebraic rate of decay of
||u(t)||oo is a rather strong stability result. Too strong for our purposes, we think, because

it describes the behaviour of |u(z,t)| for t — oo at any point z € Q°, whereas we are
interested in the asymptotics of u(z,t) only at points z with |z| large.

We will show that any L2-strong solution (see (8.11), (8.12)) to (1.9), (1.10), (1.6) satisfies
the estimate

0%u(z, t)] < € (|| v(x)) TR x4 (1.15)

for z, t,  as in (1.11) and for € € [0, 1], where X : (0,00) + (0,00) is a bounded function
with X (t) | 0 for ¢t 1 oo (Theorem 8.4). References on existence of L?-strong solutions
to (1.9), (1.10), (1.6) are listed in the passage following (8.12). We will take the point of
view that such a solution is given. Under this assumption, (1.15) may be shown without
any smallness condition. A key role in our proofs will be played by the property V,u €
LQ(ﬁc x (0, 00) )3 verified by the solutions under consideration.

Concerning algebraic decay of |0¢u(x,t)| with respect to ¢, we consider the somewhat sim-
pler system (1.4) (Navier-Stokes system with Oseen term), again with the side conditions
(1.10) and (1.6). L2-strong solutions to this problem fulfilling the additional assumption

(Veu(®)]e <ct™ (t € (1,0)) (1.16)

for some constants ¢, k1 > 0 will be shown to satisfy an inequality that in the best possible
case, arising if f and a are bounded and with compact support and b decays sufficiently
fast, takes the form

02u(z, )] < € [(|z]v(@) "7V (1 487+ (2] v(z)) TV O (48] (1)

for z,t, a as in (1.11) and ¢ € [0,1], where ¢ and ¢ are constants determined by the
data and the exponent ; in (1.16) (Theorem 8.4). As in the case of (1.15), no smallness
condition is involved in the proof of this estimate.

The interest of our theory may be illustrated by an existence result due to Neustupa [30].
According to [30, Theorem 4.1] (also see [29, Theorem 1]), if f and b vanish, € is smoothly



bounded, a is small with respect to the norm of H 1(56)3, and all eigenvalues of a certain
linear operator have negative real part and stay away from the imaginary axis, then an
L%-strong solution to (1.9), (1.10), (1.6) in the sense of (8.11), (8.12) exists. Since no
smallness of U (velocity part of a solution to (1.7), (1.8)) is required and the viscosity is
arbitrary, the results in [26], [23] or [17] cannot be applied to this solution. The theory
presented here, however, yields that Neustupa’s solution satisfies (1.15) (see Theorem 8.4),
provided, of course, that the spatial asymptotics of a are compatible with our assumptions,
listed at the beginning of section 8.

Property (1.16) is fulfilled by the solutions to (1.9), (1.10), (1.6) constructed in [26] and
[23]; see [26, inequality (7)], [23, p. 675]. It it true that as mentioned above, these
references additionally provide algebraic decay of the L>-norm of u(t). However, this
latter property is suspended on H?2-regularity of the Stokes operator ([26, p. 323; p. 299,
Proposition 1], [23, p. 675]), and thus on smoothness of J€2. Therefore the L*°-estimates
of u(t) from [26] or [23] cannot be used in the proof of (1.17) if 2 is supposed to be only
Lipschitz bounded. And in any case, they do not yield an access to (1.17) if |o| = 1. So,
as far as we know, inequality (1.17) is new at least in the case |a| = 1, even though it only
relates to (1.4) instead of (1.9).

In order to prove our results, we will start from a representation formula established in
[11] for solutions to the linear problem (1.12), (1.10), (1.6), and stated as equation (4.9)
below, in Theorem 4.10. This formula consists of a sum involving two volume potentials
— one on R? x (0,00) and related to f, the other one on R? and linked to the initial data
a —, as well as a single layer potential on S, := 92 x (0, 00) whose weight function solves
an integral equation on S, (equation (4.8)). We refer to section 4 for the definition of
these potential functions.

In order to solve the integral equation (4.8), we use an L2-theory developed by Shen [31]
for the Stokes system, and extended to the Oseen system in [9]. In the framework of
this theory, the right-hand side of (4.8) must belong to a space whose definition is rather
complicated and thus gives rise to much of the technicalities we have to grapple with in
what follows. This space, denoted by H., in this work, is introduced in section 3. It is
involved in the crucial part of our argument, that is, in determining how the L?-norm
on St 1= 0Q x (T, 00) of the solution to (4.8) is bounded in terms of 7". This point is
settled in Theorem 7.1.

In each of the sections 5, 6 and 7, we consider one of the three potential functions appearing
in the representation formula (4.9), deriving a pointwise decay estimate in space and in
time for the function in question, among other results. Theorem 7.1 is applied in this
context in order to deal with the single layer potential from (4.9) (Corollary 7.2). Once
upper bounds of these potentials are available, the formula in (4.9) yields an estimate of
the solution to (1.12), (1.10), (1.6) (Theorem 8.1).

As concerns the nonlinear problems (1.9), (1.10), (1.6) and (1.4), (1.10), (1.6), the idea is,
of course, to replace f by f—7(u-Vy)u—7(U-Vy)u—71(u-V)U and f — 7 (u- Vy)u,
respectively, and then apply our estimates of solutions to the linear problem (1.12), (1.10),
(1.6). However, we were not able to shift all difficulties into the theory of this linear
problem. In fact, we will need an intermediate result from [14] — stated as the first
estimate in Theorem 8.3 — whose proof exploits the interaction between the nonlinearity



and the kernel function of one of the potentials in (4.9).

It is mainly due to the integral equation (4.8) that we cannot deal with weak solutions
to (1.9) or (1.4). For this type of solution, we are not able to show that the right-hand
side of (4.8) with f replaced in the way just mentioned belongs to the function space Hyo,
as required by Theorem 4.8, on which the resolution theory of (4.8) is based. There are
other aspects of our results whose scope is limited by this resolution theory. For example,
since we may solve this equation only in an L2-framework, but not in LP with p # 2, we
cannot admit values ¢ > 1in (1.14), nor can we obtain an algebraic decay rate of the time
variable in (1.15).

Let us mention some further papers related to the work at hand. Knightly [24] considered
pointwise decay in space of strong solutions to the nonlinear system (1.9), detecting the
wake phenomen, but he required various smallness conditions on the data and restric-
tive assumptions on the asymptotics of the solution. Mizumachi [28] studied the spatial
asymptotics of strong solutions of (1.4), (1.10), (1.6), but still under rather restrictive
assumptions. The results of these two authors were improved in the articles [10], [13]
(linear case) and [14] (nonlinear problem (1.9), (1.10), (1.6)), with predecessor papers [6],
(7], [8], [9], [11], [12]. As concerns temporal decay of spatial LP-norms of solutions to the
Oseen system (1.12) under side conditions (1.10), (1.6) and with f = 0 and b = 0, a basic
study is due to Kobayashi, Shibata [25]. Their theory was extended in various respects
in [16] and [17]. The L*°-estimate from [17] mentioned above is an example of such an
extension. A different approach was used by Bae, Jin [3], who considered temporal decay
of weighted LP-norms of solutions to (1.12), (1.10), (1.6) with b = 0, f = 0, where the
weight functions take account of the wake phenomenon. This type of result was extended
to the nonlinear problem (1.9), (1.10), (1.6) with b =0, f = 0 by Bae, Roh [4].

2. Notation. Various auxiliary results.

As we may recall, the bounded open set © C R3 with connected Lipschitz boundary 02
and the parameter 7 € (0, 00) were fixed at the beginning of section 1. We will write n(€)
for the outward unit normal to Q. The notations Sy, := 92 x (0,00) for T € (0, o0] and
ST 00 1= 0Q x (T, 00) for T' € [0,00) were also already introduced in section 1, as was the
function v (see (1.13)), as well as the abbreviation |«| for the length a3 + as + a3 of a
multiindex o € N3. The symbol | | additionally denotes the Euclidean norm in R3.

For A C R3, we set A° := R3\A. Moreover we abbreviate e; := (1,0,0), and we put
B.(x) ={y €eR®: |y—=z| <r} for v € R3 and B, := B,(0), where r € (0,00). Let A
be a nonempty set. If ¢ : A — R is a function, we define |p|« := sup{|e(x)| : = € A}.
Let n € N and B a vector space consisting of functions f : A — R. Suppose B is equipped
with a norm, denoted by || ||g. Then we put B" := {F : A— R" : F; € Bfor1<j <n},

and we equip B"™ with the norm HFHgL) = (i |Fj||1%)Y? (F € B™). But instead of
I Hg), we will write || || again.

Next we introduce a fractional derivative. Let A C R?, T € (0,00] and ¢ : A x (0,T) — R
a function such that ¢(x, -) is measurable and fg(t — )" Y2 |(x,r)|dr < oo for z €
A, t € (0,T). Define W(x,t) := fg(t — 7)724)(x,r) dr for these x and t. If the



derivative 0,W (z,t) exists for some such = and ¢, we put (9251/2‘/(3:, t) :==T(1/2)"t oW (z,1t).
Here I' denotes the usual Gamma function. In the case that 0;W(x,t) exists for any
x €A, te(0,T), we define 8i/2V =T(1/2)" L o,W.

Let A C R3 be open. For p € [1, 00], the norm of the Lebesgue space LP(A), defined with
respect to the Lebesgue measure on R?, is denoted by || ||,. The same notation is used for
the norm of LP-spaces on OS2 or on subsets of So. If T € (0, o], put

L2(S7) := {¢ € L*(S7)? : / n () - (z,t) doy = 0 for a. e.t € (0,T)}. (2.1)
o0

For a,b € RU {00}, a < b, let L},.([a,b)) stand for the set of all functions g : (a,b) — R
such that g|(a,c) € L'((a,c)) for ¢ € (a,b). For p € [1,00), we write W!P(A) for the usual
Sobolev space of order 1 and exponent p. If p = 2, we use the notation H'(A) instead
of WH2(A). For s € (0,1), let H*(A) be the Sobolev space defined via the intrinsic norm
with exponent 2 introduced in [1, section 7.51]. The symbol HZ(A) stands for the closure
of the set {V € C§°(A)? : divV = 0} with respect to the norm of H*(A)? (s € (0,1]).
Moreover, if A is again an open set in R?, then I/Vli’cl(A) designates the set of all functions
V : A+ R such that V|K € WH(K) for any open, bounded set K C R? with K C A.
The Sobolev space H'(952) is to be defined in the standard way (see [19, section II1.6],
for example). We write || || 1(gqs for the norm of H'(9Q)*, and || || g1 (aq) for the usual
norm of the canonical dual space H(9S2)" of H'(0Q). Frequently we will use the fact
that there is ¢ > 0 such that for functions V' € C*(R?)?, the inequality [|[V|0€| 1 (90)s <

c (V1092 + 327_, 19;V10212) holds.

If J C R is an interval, A C R3 is open and v : A x J ~— R is a function with suitable
smoothness, then the notation A v, Vv, div,v indicates that the differential operators
in question refer to v(x,t) as a function of x € A. It will be convenient to denote this
function by v(t), for t € J. For a function V' : A — R, we write AV, VV and divV,
respectively.

Let B be a Banach space, a,b € RU {oo} with a < b, and p € [1,00]. Then the
norm of the space LP(a,b, B) is denoted by || [[zr(ap,p)- If B = LI(A)" for some q €
[1,00], n € {1, 3}, A C R3 open or A = 99, then we use the notation | ||, instead of
I HLP(a,b, La(ayr)’ We consider the spaces LF(a,b, LP(A)") and LP( A x (a,b))" as iden-

tical, and denote their norm by || ||,. The term LP([a,b), B) stands for the set of all
functions F': (a,b) — R such that F|(a,c) € LP(a,c, B) for any c € (a,b).

Let T € (0,00]. For any w € Sy, we introduce a mapping F,, € L*(0,T, H*(0%)")
by setting Fy,(t)(V) := [5qw(a,t) V(x)do, for V € HY(0Q) and for a. e. t € (0,T).

However, we will again write w instead of F,.

We write C' for numerical constants, and C(v1, ..., 7,) for constants depending exclusively
on parameters 71, ..., v, € [0,00), for some n € N. However, it will not be possible to
specify all our constants in such a precise way. So in most cases we will use a different
symbol, namely €, for generic constants, assuming that their dependencies become clear
from context. Occasionally we will use expressions of the form €(vi, ..., v,) in order to
insist that the constant under consideration depends on 7, ..., 7, € [0,00), but it may
additionally be a function of other quantities.



We will frequently use Minkowski’s inequality for integrals. For the convenience of the
reader, we state a suitable version as

Theorem 2.1 ([35, p. 271, Appendix Al]) Let Ay, Ay be nonempty sets, A; a mea-
sure space on Aj and m; a o-finite measure on U;, for j € {1, 2}. Let F': A; x Ay — R
be an Ay @ Ag-measurable function, and take p € [1,00). Then

</Al </A2 |F($,y)|dm2(y)>pdm1(x)>l/p < /,42 (/Al |F(z,y)[P dm1(ﬂ:)>1/pdm2(y),

Next we state a Sobolev inequality for certain functions in exterior domains.

Theorem 2.2 Let V € Wlf)cl(ﬁc) with V- € L*Q°) for some k € [1,00) and VV €
L2(Q°)3. Then V e L5(Q°) and |V < €||VV]2.

Proof: [13, Lemma 2.4], which is a consequence of [20, Theorem I1.5.1]. O

We note some technical details whose sense will become clear later on.

Lemma 2.1 Let e € (0,1). Put ¢(€) :=€—1/2 if € > 1/2, and (¢) := min{1/12, ¢/4}
ife<1/2. Let k e N with ke <1< (k+1)e, and let j € {0, ..., k — 1}. Then

Z(j) = ~1/2+ j/2R) + 1k — (G + 1) e/k < —p(e).

Proof: Suppose that e > 1/2. Then k = 1 so that j = 0. It follows that Z(j) =
—1/24+1—¢ < —p(e). Next suppose that e € (1/3,1/2], so k = 2 and j € {0, 1}. If
j =0, we have Z(j) = —¢/2 < —p(e), and if j =1, Z(j) = 1/4 — e < —1/12 < —p(e).
Next consider the case € € (1/4, 1/3], so that £ = 3 and j € {0, 1, 2}. If 7 = 0, we find
2(j) = —1/6 — ¢/3 < ~1/6 < —p(e). For j = 1, we get Z(j) = —2¢/3 < ~1/6 < —p(c),
and for j =2, Z(j) =1/6 —e < —=1/12 < —p(e).

Now we turn to the case € < 1/4, which means that k¥ > 4. If j € [k/2, k — 2|, then
Z(j) < —-1/2+(k—=2)/(2k)+ 1/k —€/2 = —¢/2 < —p(€). The value j = k — 1 leads to
the equation Z(j) = 1/(2k) — €, hence by the choice of k,

ZG) = [+ 1)/k] (20 +1)) " —e < [(k+1)/k]e/2 —e=—¢/2+¢/(2k) < —3¢/8,
so that Z(j) < —p(€). Next suppose that k/4 < j < k/2 so that
Z(j) < —1/2+1/4+1/k —je/k < —1/4+1/k — /4 < —¢/4 < —p(e),

where the second from last inequality holds because k > 4. If j < k/4, we get Z(j) <
—-1/2+1/8+1/k < —1/8 < —¢p(e), with the second from last inequality being a con-
sequence of the relation k& > 4. Thus we have found in any case that Z(j) < —¢(e).
(]

Lemma 2.2 Let T >0, n €N, n>2, ¢ € L2(99Q x (T/2, T))>. Fori € {0, .., n—1},
put I ;= (T (1+i/n)/2, T (1+ (i+1)/n)/2).

Then there is ig € {0, ..., n — 1} such that ||¢|0Q x Iy ||a < ||p]la n= /2.



Proof: Suppose that [|¢|0Q x I||s > ||¢[|2 n /2 for any i € {0, ..., n — 1}. Then

) n—l 0\ 1/2 _1/2 ol o1
I613 = (3" o102 < 1l13) > Iollan™2 (321) 7 = lI6le:
=0 i

=0

Since this is a contradiction, the lemma is proved. ]

Lemma 2.3 Let T € (0,00), ¢ € L}, ([0,00)) with ¢|(T,00) € C*((T,00)). Define

loc

H(t) = fot(t —1r)"Y2¢(r)dr fort € (T,00). Then H € C*((T,0)) and

(t+T)/2

H'(t):ﬁ(t—T)1/2¢((t+T)/2)—(1/2)/ (t—r) 32 p(r)dr (2.2)
0

t
+/ (t — 7“)71/2 @' (r)dr for t € (T, o),
(

t+T) /2

with all the preceding integrals existing as Lebesgue integrals.

Proof: Let Ty, T5 € (T, 00) with T1 < T3, and put Ty := (T + T1)/2,

To ¢
F(t) ::/0 (t—r)"V2¢(r)dr, G(t) ::/T(t—r)l/Qqﬁ(r)dr for t € [T1, T3],

hence H|[T1,T3] = F + G. Lebesgue’s theorem and the relation Ty < Ti yield that
F € CY([T1,Ty]). Turning to G, we choose a function ¢ € C*(R) such that ¢|[Tp,o0) =
¢|[Ty, 00), and then consider

G(k,t) = / r Y2t —r)dr for (k,t) € B:= [Ty — Ty, Ty — Tp) x [Ty, Ts).
0

Again by Lebesgue’s theorem, the derivative G exists and belongs to C°(B). Moreover,
since for any t € [Ty, Ty], the function r — r~Y2¢(t —r), r € [Ty — Ty, To — Tp), is
continuous, the derivative d;G exists, too, and 91G € C°(B). But G(t — Ty, t) = G(t) for
te [Tl,TQ], SO we get H|[T1,T2] =F+Ge Cl([Tl,TQ]).

Next we differentiate the function G(t — Ty, t), t € [I1, T3], write the result as a sum of
(t — To) '/ ¢(Tp) plus an integral from Ty to ¢, split off an integral from Ty to (t 4 T)/2
and integrate by parts in that latter integral. Equation (2.2) follows by a differentiation
of F and because H|[T1,T>] = F + G. O

Corollary 2.1 Let T € (0,00), ¥ € L}, .([0,00), L2(9Q)%), v € C*(R? x (T, oo))3 with
\I/’ST,OO = U’ST,oo-

Then there is a set N C 9 of measure zero such that for any x € IQ\N, t € (T,0),
we have fg(t — )" Y2 U (x, )| dr < co. Define W (x,t) := fg(t — )" Y2W(x, ) dr for such
z and t. Then, for x € OQ\N, we have W(z, -) € C'((T, oo))g, and equation (2.2)
holds with U(x, -) in the role of ¢, with all integrals existing in the Lebesgque sense. In

particular, the fractional derivative (9251/2\1’(3:,t) exists for x, t as above.

Proof: Let Ty € (T,00). Then ¥|Sy, € L'(0,Ty, L*(99)*) by our assumptions on ¥,
so there is a set N C 99 of measure zero such that ¥(z, -)[(0,Tp) € Ll((O,TO))3 for



r € O0\N. Since ¥(z, -)|(T,00) is a Cl-function for any x € 9Q, we thus get that
U(z, -) € L,.([0,00) )3 for x € 9Q\N. Now the corollary follows from Lemma 2.3. O

loc

In order to handle the term v(z) defined in (1.13), we need the ensuing three lemmas, all
of them well known.

Lemma 2.4 ([15, Lemma 4.8]) v(z —y)™' < C|y|v(z)~! for x,y € R3.

Lemma 2.5 ([18, Lemma 2.3]) Let 8 € (1,00). Then [y5 v(z)™8 do, < C(B)r for
r € (0,00).

Lemma 2.6 ([6, Lemma 2]) Let K € (0,00). Then for x € R3, t € (0, 00),
o — rter? +t > CK, ) (xpo,x)(|2]) (|2 + 1) + X (5 00 (|2]) (J2] v(2) + 1) ).
Corollary 2.2 Let 3 € (2,00). Then fB}c?(]x\ v(x) )76 do, < C(B) R™P*2 for R € (0,00).

Proof: By Lemma 2.5,

J

2| v(z)) P 0y = OOT_B v(z)? doy dr Oor_m'l r= —ht+2,
(talv@) Pdos = [ [ ve) P dondr < (o) [ i ar=cio)

c
R

0

3. Definition of the space H,, and its norm. Some properties
of this space.

In this section, we introduce the key function space of our theory, denoted by H,, and
taken from [31]. We start by fixing Tj € (0, 00| and defining

Hyp, = {w|Sq, : we CPRY?, wR? x (—o0,0) = 0}.
For ¥ € ﬁTO, we set
To 1/2
191527, == ( /0 ()21 ogys + 19320 @3 + 10D - 220y ) dt)
The mapping || ||z, is a norm on Hy,. In the case Ty = oo, we further put
1/2

> 1/2
191Srcling = ([ (O s + 107918 + 1 - 0000 s )

for T € [0,00), ¥ € Hy. Note that the term 1¥[ST 00y o, depends on W[St, via the

fractional derivative 8i/ ¥, Further note that in the case T' = 0, we have 1U]ST 00l Hy 0o =
1] e -

In order to construct a completion of fITO, we consider sequences (¥,,) in ﬁTo which are
Cauchy sequences with respect to the norm || [|g, , with the additional property that

10



there is ¥ € L2(S7,) with ||¥,, — ¥l — 0. In such a situation it is not clear a priori
how U is related to the limit of (341/2‘1’71) in L?(S7,) and to the limit of (n(®) - 9,%,,) in
L?(0,Ty, H'(09)'). But it turns out that if ¥ = 0, these limits vanish as well. This fact
and some other, related ones are the subject of

Lemma 3.1 Let Ty € (0,00], ¥ € L*(Sp))3, vn € C§°(RY)? with v,|R3 x (—00,0) = 0
for n € N such that ||v, — ¥|2 — 0 and (v,|St,) is a Cauchy sequence with respect to the
norm || ||y, on Hr,.

Then the sequence (|vn|Sty| Hy,) converges.

If U =0, then lim |v,|St |z, = 0.
n—o00 0
If Ty = 00, T € (0,00) and ¥|St =0, then lim ||v,|ST00llHrp., = Hm ||y |Seoll He -
n—o0 ? n—oo
If Ty =00, T, T € (0,00) with T < T, then nlgr;() VR ST 00l Hp 0o < nlgr;() ”U"‘Sf,ooHHf,oo

Proof: Since (v,|St,) is a Cauchy sequence with respect to the norm || || g7, , the sequence
([lon] STy #7,) is & Cauchy sequence in R and thus converges. It further follows there are

functions ¥ € L2(0,Tp, H'(0Q)*), ¥ € L2(Sp,)? and ¥ € L%(0,Tp, H(09))
such that

1/2 _
o = ¥ )+ 10170, = ¥ + [, - 0| —0,3.)

0,To, H ()3 £2( 0,10, H'(99)" )

where Ty, (z,t) := n(D(z) - v, (x,t) for n € N, z € 99, t € (0,Tp). By the definition of the
mapping || || gy, this means in the case Tp = oo that

T onlSzc B, = [ (OO o + ¥ + 19O O gy ) it (32

for any T € [0,00). Now suppose that Ty = oo, T' € (0,00), and ¥|S7 = 0. We will show
that the limits lim ||v,[ST 00|y .. and lim ||vn|SecllH,, coincide. Since ||¥ — v,|j2 — 0,
n—oo

we obtain from (3.1) that ¥ = W(1), But \I/]ST = 0, so we may conclude that ¥()|Sy = 0.
Moreover, for V € L*(9Q)3, ¢ € C§°((0,T) ), we get from (3.1) that

T
(2)33 . €T 0. = lim 1/2’[) X Oy . .
/m/0 VO (2, 1) - Vi(x) §(t) dt do, nlﬂ/@ﬂ/ 12 (2,8) - V(@) 6(t) dt dog.  (3.3)

utwnxt vplZ,7)dr 1or n € HANS te 00 y Lemma 2.9,
p o —1/2 dr f N, z € 09, 0,00). By L 2.3

we have wn( ) € C’l(( )) for any x € 092, n € N. Since 64/ vn(x,t) = Oywy(x, 1)
for n, x, t as before7 we get

/m/ 0y *vu(.1) - V(x) (t) dt do, = /m/ (e d) - V(@) () didoy  (34)

11



for n € N. But

‘/m /T wa(,t) - V(x) & () dt doy (3.5)

1/2 vy (z, 1) - V(x)drdo
\/m// & (0) dtvn(e, 1) -V (@) dr do,
(1) o'l /O (IRl dr [V < €T |6/l [V oal St (2 € 1.

Since ||vp|ST |2 = ||vn —¥|ST]]2 (n € N) and ||¥ —v,||2 — 0, we may conclude from (3.3) —
(3.5) that ¥)|Sp = 0. A similar reasoning based on (3.1) yields T[Sy = 0. Now we may
conclude from (3.2) with 7 =0 and T = T that hm 10 ST 00| o = hm |vn|Sooll . -

If Ty € (0,00] and ¥ = 0, the same reasoning yields W(®) = 0 for i € {1, 2, 3}. In this way
we deduce from (3.1) that limy oo [|vp| STy || 7, = 0.

The last claim of the lemma is an immediate consequence of (3.2). g
Corollary 3.1 Let Ty € (0,00], ¥ € L*(S7)?, (¥,) and (U,) sequences in Hr, with

[0 —Wylly = 0, & — T,y — 0 and such that (V,,) and (V,,) are Cauchy sequences with
respect to the norm || || gy, on Hr,. Then lim ||, |lg, = lm ||¥, g, . If To = oo and
0 n—00 0 n—00 0

€ (0,00), it further follows that im ||, |STcollfry . = lim [ WSt 00l my .-
n—oo ’ n—oo »
Proof: Lemma 3.1 O

Let Tj € (0, ). We define the space Hr, as the set of all functions ¥ € L2(Sg,) for which

there is a sequence (V) in Hr, such that |[¥ — ¥, |ls — 0 and (¥,,) is a Cauchy sequence

with respect to the norm || ||z, . This means in particular that Hr, C L2(St,). (See (2.1)

for the definition of L2(S7,).)

For U € Hr, and a sequence (VU,,) as above, we set ||V|[g,, := lim ||¥y|n, . Corollary
n—o0

3.1 implies that the mapping || || Hy, is well defined on Hry,. The space Hr, equipped with
this mapping is a Banach space, a fact that we will not need in the following.

Suppose that Ty = co. We set ||V|St oo ||pyp ., = ILm V0 |ST 00l iy, for ¥ € Hy, T €
: o :

(0,00), where ¥,, € Hy, for n € N with the properties that ||¥ — ¥, || — 0 and (¥,,) is
a Cauchy sequence with respect to the norm || ||z, . It again follows from Corollary 3.1
that the mapping || || g, is well defined.

Corollary 3.2 Let T € (0,00) and ¥ € Heo. If W|ST = 0, then [|¥]ST 00l Hy oo = V][ o -
IfT € [0,T), then [W|St,00lr7 o0 < WISF llmz

Proof: Lemma 3.1.

Lemma 3.2 Let T € (0,00), ¥ € Hy, and suppose there is v € C’l(]R3 X (T, 00) )3 with
\I/’ST,OO = U’ST,oo-

Then fg(t — )" V2| W(z,7) | dr < oo fort € (T,00) and for a. e. x € . Put W (x,t) :=
fg(t—r)*l/2 U(z,r)dr for these t and z. Then W (z, -) € C*((T,00) )3 and equation (2.2)

12



holds with ¢ replaced by ¥(x, -), for a. e. x € 0. Therefore the fractional derivative
6151/2\1’(3:,@ is well defined and equals 0, W (x,t) fort € (T,00) and a. e. x € ). Moreover

101S 7 0o l3r, . = /T (O3 o0y + 108 O + [0 09 (1) 31 9y ) . (3.6)

Proof: Since ¥ € H, we have in particular ¥ € L?(S)?, so ¥ € L}, ([0, 00) L?(992)? ).
In addition ¥|S7,0 = v|S700 with v € CH(R? x (T,oo))g, so the claims about W are
valid according to Corollary 2.1. This leaves us to show (3.6). Again since ¥ € H,, there
are functions v, € C°°(R*)? with v,|R3 x (—00,0) = 0 for n € N such that |lv, — ¥[jz — 0
and such that (v,|Ss) is a Cauchy sequence with respect to the norm || ||z, on Hy,. The
latter property implies there are mappings U(1) e LQ(O, oo, H' (89)3), v e L?(S4)3
and ¥® € L2(0,00, HY(9Q)") as in (3.1) with Ty = co. Thus (3.2) holds, so by the
definition of || ||z, ..,

191700l . = L (IO s + DO + 12O )2 90y ) dt (3.7)

We further conclude from (3.1) and the choice of the sequence (v,) that ¥(1) = . Let
us show that \I’(2)|ST7OO = 94W. To this end, we proceed as in the proof of Lemma 3.1.
We take V € L%(09Q)3, ¢ € C3°((T,00) ), and we put wy(z,t) fo —1/2 vn(x,r) dr
forn e N, z € 99, t € (0,00). By Lemma 2.3, we have wy,(z, )eCl(( )) for any
r € 01, and 84/ Uy, = Oqwy, for n € N. Similarly to (3.3) and (3.4), we get

/ / T (1) - V(z) ¢(t) dt do, = — lim / / wy(x,t) - V(z) ¢'(t) dt doy. (3.8)
o0 o0 Joq
There is T} € (T, 00) such that supp(¢) C (T,T1). Thus, with W introduced in the lemma,

[ W Vs s
‘/ag / Tl / T2 (v = W) (1) - V(@) ¢ (1) dr dt doy

‘/ag / ) / N = G0 (0~ W) - Vi) dr dos

< T [¢|o /BQ (v = @) (z, )2 [V(@)]| dox < E(T1) |¢']oc |V 12 [l — ¥l

Since vy, — ¥ll2 — 0, we thus get

—/ / W (z,t)-V(x) ¢ (t)dtdo, = — lim / / wp(x,t) - V(x) ¢/ (t) dt doy. (3.9)
o JT oo Joa JT
On the other hand, since W (z, -) € C'((t,00)) for a. e. z € 99,

_ /BQ/T W (z,t)-V(z)¢'(t)dtdo, = /BQ/T DWW (2,1) - V() $(t) dt do,.  (3.10)

Combining (3.8) — (3.10), we may conclude that ¥()|Sp . = 9,W. An analogous but
simpler reasoning yields that W) (z.t) = n(®(z) - 9,9 (z,t) for t € (T,00) and for a. e.
x € 00. Now equation (3.6) follows from (3.7). O
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4. Some fundamental solutions and potential functions. A
representation formula for the velocity part of solutions
to the Oseen system with Dirichlet boundary conditions.

We define three potential functions, denoted by %(7)( 1), 3 (a) and ‘ZT(T)(ng), respectively.
The first is related to the right-hand side f in (1.12), the second to the initial data a in
(1.6), and the third to the Dirichlet boundary data b in (1.10). We begin by introducing
fundamental solutions to the heat equation, the time-dependent Stokes system and the
Oseen system (1.12), respectively. We write $) for the fundamental solution of the heat
equation in R?, that is,

H(z,t) := (dmt)3/2 e P/ for (2,t) € R x (0, 00).
As a fundamental solution of the time-dependent Stokes system, we choose the same
function I" as in [31], that is,

Lik(z,t) == 05 9(2,1) —|—/ 0;0k9(2,8)ds for (z,t) € R® x (0,00), 1 < j, k < 3.
t

Actually this is the velocity part of the fundamental solution in question; we will not need
the pressure part associated with. Finally we introduce the velocity part of the looked-for
fundamental solution of the time-dependent Oseen system (1.12), setting

ANjp(z,t,7) :=Tj(z —tTes, t) for z, t, j, k as before.

Note that in what follows, I does not stand for the usual Gamma function. We state some
properties of 9, I' = (I'ji)1<j k<3 and A = (Aji)1<j k<3

Lemma 4.1 § € C®°(R3x(0,00) ), [ps H(2,t)dz =1 fort € (0,00), and |0;05$(z,t)| <
O (|22 + ¢)73/271el/27 for » € R3, t € (0,00), a € N3, 1 € Ny with |a| +1 < 1.

Proof: For a proof of the estimate at the end of the lemma, we refer to [33]. An estimate
of this kind holds for any o € N3, I € Ny, but we will need it only in the case |a| +1 < 1.
O

Lemma 4.2 ([31, Proposition 2.19]) I';i, Aj(-, -, 7) € COO(R3 X (0,00)),
01T ji(2,)] < O (|2[* + )73/l
0100 A1 (2,t)| < C() [(|z — tTex* + )22 gy (|2 —tres | + 1) 2]
for € R3, t € (0,00), @« € N}, I € Ny with |o| +1 <1, j,k € {1, 2, 3}.
By combining Lemma 2.6 and the preceding lemma, we get

Corollary 4.1 Let K € (0,00) and put vx(z) := |2|? for 2 € Bg, vx(2) := |z|v(z) for
z € BY. Then [0L0%A(2,t)] < O(,K) [ (v (2) + ) 73/271/270 1 51y (v (2) + ) 72] for
z, t, a, I, 7, k as in the preceding lemma.

The ensuing theorem provides an estimate of convolutions of A.
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Theorem 4.1 Let g € [1,00), 0 € (1,00], s € [1,00] with s < o, M € (0,00), j,k €
{1, 2, 3}, a € N with |a| < 1. Take h € L*( 0,00, LY(R3)).

Then the ensuing inequality holds for W = (0, M) if 1—|a|/2—-3/(2q) —1/s+1/0 >0,
and for W = (M,o00) if 1—|a|/2—-3/(2q) —1/s+1/0<0:

0 , poo 1/
([T ] xwle=o)100mte =yt - o) bty dy o) a) ™
0 0 R3

< C(Ta q, 0, 3) MI—lel/2=8/2a)=1/s+1/e Hth ;00

for z € R? if o < 00, and

L L Xt =)oz duta = vt = o) iy o) dy do
<C(7,q,s) Mi-led/2=3/@a)=1/s [[Allg,s500
forx € R3, t € (0,00) if o = 0.

Proof: Theorem 4.1 follows from [10, Lemma 2.7] and [14, Theorem 2.8] if the parameter
p in those references is chosen as p = co. As becomes apparent from the proof of these
references, not only L°°-estimates are provided if p = oo or p = 00, but pointwise estimates
not involving any sets of measure zero. O

The ensuing lemma is the basis of the definition of our first potential function.

Lemma 4.3 Let ¢, s € [1,00) and h € L*(0,00, LY(R*)3). Then, for a. e. (x,t) €
R3 x (0,00), a € N} with |a| < 1, we have f(f Jgs 10 A (@ —y,t —0,7) - h(y,0)|dy do < co.

Proof: The lemma follows from a more general version of Theorem 4.1 ([10, Lemma 2.7]);
see the remarks in [10, p. 898 below]. O

Due to the preceding lemma, we may define a function %(T)(h) :R3 x [0, 00) > R3 for any
h € LS(O,T7 Lq(A)3) with ¢,s € [1,00), A C R3 measurable, T € (0, cc], by setting

t ~
R (2,1) := / / Az —y,t —0,7) - h(y,0)dydo  for a. e. (z,t) € R® x [0, 00),
0 JR3

where h denotes the zero extension of h to R3 x (0, 00).

Lemma 4.4 ([10, Lemma 2.11]) Let ¢, s € [1,00) and h € L*( 0,00, L(R?)*). Then
the weak derivativee R (h) exists for 1 < 1 < 3, in particular R (h)(t) € I/Vli’cl (IR3)3%3
for a. e. t € (0,00). Moreover R (x,t) = fg Jrs OA(x —y,t —0,7) - h(y,0) dy do for
a. e.  €R? a. e t e (0,00), 1<1<3. In particular the trace of R (h)(t) on Q is
well defined for a. e. t € (0,00).

Lemma 4.5 ([10, Lemma 2.12, Corollary 2.13]) Let q, s € [1,00) and let h be a
function belonging to L* (0,00, L(R?)*). Then fg Jgs |A(@—y,t—0,7)-h(y,0)|dy do < oo
for a. e. (z,t) € 90 x (0,00). Thus R (h) is well defined also as a function on Ss.
Moreover, R (h)(t) as a function on O is the trace of R (h)(t) as a function on R,
for a. e. t € (0,00).
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Lemma 4.6 Let T € (0,00), ¢ € [1,4], s € [1,00), f € L*(0,T, LI(R®)?). Then
RO (F)R3 x (T, 00) € C(R? x (T, oo))3 and

T
BLORD () (z, t) = / DN -yt — 0.7) - f(y,0) dy do (4.1)
0 R3

forz € R3, t € (T,00), | € Ng, a € N} with [+ |a| < 1, where the preceding integral exists
as a Lebesque integral.

Proof: The lemma follows from Lebesgue’s theorem. However, since f is not required
to belong to LI(R?’ x (0,7T) )3, it is perhaps not completely obvious how to apply that
theorem. In particular, the reason for the condition ¢ < 4 may not be clear. So we indicate
a proof. Let R € (0,00), Ty € (T,00). It is enough to show that 9{(7)(f)\BR X (Tp,00) is a
C'-function and equation (4.1) holds for (z,t) € Bg x (Ty,00). Put f() := XBg,x(0.7) f-
Then, by Corollary 4.1 with K = R and Lemma 2.4, we get

0t Az —y,t —o,7) - fD(y,0)| < C(R,7) gra(y) |f (y,0)] (4.2)
for x € Br, y € R3, t € (Ty, <), o € (0,T), a, [ as in (4.1), where

—3/2—|a]/2-1

9.0 (y) = X(2m,00) (1Y) [ (191 v(¥)) + 0 (lylv(y)) 2] for ye R

Since q < 4, we have 3¢'/2 > 2, so by Corollary 2.2,

T T , 1/p
| [ aewiswolddo< [ ([ aati a)" 15l do
0 R3 0 R3
< C(Ra QaS,T) Tl/S/ Hqu,s;T < 00,

for I, @ as in (4.1). Therefore from (4.2) and Lesbesgue’s theorem, we may conclude
that R (f1)) is a C'-function on Br x (Tp,00), and equation (4.1) is valid for = €
Bpg, t € (Tp,o0) and with f replaced by f). Put f® .= XBopx(0,7) f- Then @ e
LY(R3 % (0,T) )3, and due to Lemma 4.2, we have

0105 Aji(x — y,t — o,7)| < C(7) ((To = T) 3271012 45y (Ty — T)72)

for z, y, t, o as in (4.2), 1 < j,k < 3 and «, [ as in (4.1). Therefore Lebesgue’s theorem
yields that R (f®)|Bg x (Ty, 0) is a C'-function and (4.1) holds on Bg x (Tp,c0) if f
is replaced by f@. Since f = f() 4+ f@) the lemma is proved. O

The next theorem presents a criterion on f implying R (f)|Se € Hoo.

Theorem 4.2 ([11, Theorem 8.1]) Let f € L?( 0,00, L2(R*)?) for o = 3/2 and for
some ¢ € [1,3/2). Then R (f)|So0 € Hoo and R (f)|Socllie < € (IFll3/2200 +
[1/1lg.2:00)-

Corollary 4.2 Let T, q, f be given as in Lemma 4.6, and abbreviate ¥ := 9%(7)(f)|500.
For a. e. © € O we then have ¥(z, - )|(T,00) € C*( (T, 00) )3, fg(t—r)*l/Q | W (z,7)|dr <
oo fort € (T,00), and the function t — fg(t — )" V2W(x,r)dr, t € (T,00), belongs to
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c((T, oo))g, so that 6151/2\1’(3:,@ exists for any t € (T,00). In addition, equation (2.2)
holds with V(x, -) in the place of ¢, for a. e. x € IQ. Finally,

191570031 o (4.3)
— [ (101020 s + [ 10w 0P dos+ [ 10D a) - 0, 0) o)
T oN o0N
Proof: Theorem 4.2, Lemma 4.6 and 3.2. O

We will need the following estimate on pointwise spatial decay of 9%(7)( f).

Theorem 4.3 ([13, Theorem 3.1]) Let A € (2,00), B € [0, 3/2] with A+ min{l, B} >
3, A+ B >7/2, oo € (2,00), Ro € (0,00), v € L*((0,00)) N L®((0,00)), f : R*x
(0,00) — R3 measurable with |f(y,o)] < (o) |y|~Av(y)™B fory € Bg,, o € (0,00).
Further suppose that f|Bg, % (0,00) € L?( Bg, x (0,00) )3. Let R € (Ry,00).

Then, for x € B%, t € (0,00), a € N3 with |a| < 1, inequality (1.11) holds.

(Note that by Lemma 4.3 and 4.4 with ¢ = s = 2, and because v € LQ((O, oo)) and A > 2,
the term 0°RT) (f)(x,t) in (1.11) is well defined.)

The next lemma allows to define the potential 3() (a) further below and yields a pointwise
temporal estimate of this potential.

Lemma 4.7 Let p € [1,00], a € LP(R3)3, | € Ny, o € N3 with | + || < 1. Then
/ 0105 (H(x —y —Tter, 1)) aly)ldy < C(p) |lall, (¢~ P72 4 gy =3/ G712
R3

forz eR3, te (0,00), where 3/(2p) := 0 if p = oco.

Proof: Take x, t as in the lemma, and let the left-hand side of the estimate in Lemma
4.7 be denoted by 2. In the case p € (1,00), we get with Lemma 4.1 that

0 /]RS (01079 (x —y = Tter, t) = duTHH(w —y — Tter, t)laly)l dy
< Cllall, (/ {(!w oy~ rtey| 4+ tY/2)(=3—lal—20¥
R3

’ 1/p,
+oy(lz—y—T1tel| + t1/2)74p } dy)

—3—|al— / _4p 1/p'
< Clally /R [0t )28 gy (4 4142)717 ] )

< C|lal|, (£73/21el/2713/2) | 5 4=2+3/(2))
< Clall (t—3/(2p)—|a\/2_1 + 0y t—3/(2p)—1/2).

If p = 1, the estimate 2 < C'||al|, (t~3/@P)=1al/2=L 1 5,,473/2P)=1/2) follows almost imme-
diately from Lemma 4.1. Suppose p = co. Then, in the case « =0, [ =0,

o < Jlall, / S@—y—rter, t)dy = all, / (1) dz = [|all,
R3 R3
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by Lemma 4.1, and in the case |a| + [ > 0 by the same reference,
A< Claly [ (el + £72)75 102k Gy (o] 46424 s
R3

< Cllall, (¢TI 4 6y 87172),
This completes the proof of the lemma. O
In view of Lemma 4.7, we may define
3(7)(a)(x,t) = H(x—y—r7tey, t)a(y)dy (ac eR3 te (0, oo)),
R3
where p € [1,00], a € LP(A)3, for some measurable subset A of R, with @ denoting the
zero extension of a to R3.

Lemma 4.8 Let p € [1,00] and a € LP(R3)3. Then 3 (a) € C(R3 x (0,00) )3 and

03 @) = [ B8 (9lz e, 1) alw) dy (4.4)
R3
forz € R3, t € (0,00), a € N3, | € Ny with |a| +1 < 1.
Proof: See [12, Lemma 2.3] and its proof.
Actually 3 (a) is a C*-function, but we will not need this fact.

Theorem 4.4 ([10, Theorem 3.1]) Let ¢y € (0,1/2] and a € H(}-/HGO(QC). Then the
function 37 (a)|Ss belongs to Huo.

Corollary 4.3 Let €y and a be given as in the preceding theorem. Take T € (0,00). Then
all the conclusions stated in Corollary 4.2 for the function ¥ introduced there hold for
U= 3)(a)|Ss as well.

Proof: Theorem 4.4, Lemma 4.8 and 3.2. ]

We will need the following pointwise spatial decay estimate of 3 (a).

Theorem 4.5 Let Ry, 6y € (0,00), ro € (0,1], a € L} (R3)? such that a|Bg," €

loc
——¢C o —1—|a|/2—k ——=¢C .
W (Bro ). 0%a(y)] < & (lylv(y)) V™ fory € Br,*, a € N} with |a| < 1.
Let R € (Rg,00) and take o as before. Then, for x € Bf, and t € (0,00),
0237 (a) (2, 1)] < € (8o + lalBry 1) (| v(x)) "2,

Proof: See [12, Theorem 1.1]. Note that in [12, inequality (1.10)], it should read |3|/2
instead of |3]. O

We turn to a single layer potential whose definition is based on the ensuing

Lemma 4.9 Let ¢ € L*(Sx)?, o € N} with |a| < 1. Then, for x € R3\0RQ, t € (0,00),
we have fg fag |0SA(x—y,t—0,7)-¢(y,0)| doy do < co. In addition, the preceding relation
holds for a. e. x € 9 and a. e. t € (0,00).
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Proof: If z € R3\09, we have |z —y| > dist(x,0Q) > 0 for y € 99, so Corollary 4.1 with
K = dist(x,00)/2 yields [05Ajk(z — y,t — 0,7)| < € (dist(z, 00N) )73/24&‘/2 > 0 for y as
before, t € (0,00) and o € (0,t). This estimate and Holder’s inequality imply the first
claim of the lemma. The second holds according to [10, Lemma 2.19]. O

In view of the preceding lemma, we may define

%(T)(tb)(x, t) := /0 /(99 Az —y,t —o,7) - g(y, o) doy do

for T € (0,00], ¢ € L*(S7)?, # € R?\9Q, t € (0,00), and for a. e. 2 € 9Q and a. e.
t € (0,00), where ¢ denotes the zero extension of ¢ to Sx.

Note that () (¢) is defined as a function on (R3\dQ) x (0,00) and also as a function on
9 x (0,00). The second of these functions is the trace of the first:

Theorem 4.6 Let ¢ € L?(Ss)? and abbreviate v := B (¢)[Q° x (0,00). Then v €
WAL (T x (0,00))* N CO(Q° x [0,00) )°, v(t) € C°(Q°) and

loc

¢
o(x,t) = / - oAz —y,t —0o,7) - ¢(y,0)doy do (4.5)
0

fOT te (O’OO)’ T € ﬁc, 1 S l S 3. Moreover v & LOO(O,OO’ LQ(ﬁc)g), V;p'U € LQ(QC %
(O’OO))Q’ and for t € (0,00), the trace of v(t) coincides with Q](T)(Qs)(t) considered as a
function on 0.

Proof: For the first part of the lemma, up to and including (4.5), we refer to [10, Lemma
2.21]. The second part holds according to [8, Theorem 2.3, 2.4]. O

If ¢ € L2(S7)? for some T < oo, then B (¢) is smooth on R3 x (T, 00):

Lemma 4.10 Let T € (0,00) and ¢ € L*(St)3. Then B (¢)|R? x (T,00) belongs to
CH(R3 x (T, oo))3, and
T
9Loe™ (6 (x, ) = / DOCN(x — ot — 0,7) - By, o) doy do
0 0N
forz € R3, t € (T,00), a € N}, | € Ny with |a|+1 < 1, where the preceding integral exists

as Lebesgue integral.

Proof: If z € R3 ¢ € (T,0) in the situation of Lemma 4.10, the time integral in the
definition of () (¢)(x,t) only extends from 0 to T, and not from 0 to ¢. Thus the lemma
follows from Corollary 4.1 and Lebesgue’s theorem by a similar but simpler reasoning as
in the proof of Lemma 4.6, simpler in particular because L?(Sr)® C L'(S7)3. O

We will need the following, much more deep-lying properties of ‘I](T)(gb).

Theorem 4.7 The relation U7 (¢)|See € Hoo holds for ¢ € L?(Sso)3. There is a constant
¢1 > 0 such that |87 (¢)|Suollire < c1l|@ll2 for such ¢.

Proof: For ¢ € L%(Sy)?, define U (¢) in the same way as 0 (¢), but with the
term A(x — y,t — o,7) replaced by I'(x — y,t — 0); compare [10, Lemma 2.19] and use
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Lemma 4.2. According to [31, Theorem 2.3.3] and the estimates in [31, p. 362], we have
B ($)|Soe € Hoo for ¢ € L2(Ss)3, and there is ¢ > 0 with || B (¢)[Sso|| s < ¢||@]|2 for
¢ as before. The theorem follows with [9, Theorem 4]. O

Theorem 4.8 ([9, Corollary 3]) There is ¢y > 0 such that ||¢lla < |8 (¢)Ssollmo
for ¢ € L2(Sx).

Forb € Ho,, the integral equation Q](T)(¢)|Soo = b is solved by a unique function ¢ €
L2(Ss). (The function space L2(Swo) was introduced in (2.1)).

Corollary 4.4 Let T € (0,00) and ¢ € L?(St)®. Then all the conclusions listed in
Corollary 4.2 for the function V introduced there are true for ¥ = ‘B(T)(@]SOO as well.

Proof: Lemma 4.10, Theorem 4.7 and Lemma 2.3. O

Corollary 4.5 Let ¢ € L*(Ss), T € (0,00). Then, with ¢; from Theorem 4.7, we have
1D ()T 00l 70 < 1T (D)1 < 1 [|6l2-

Proof: Theorem 4.7, Corollary 3.2. g

Corollary 4.6 Let T € (0,00) and ¢ € L2(Ss) with ¢|St = 0. Then, with cz from
Theorem 4.8, ¢z < c2 |B7($) e = e2 1870700l 17, -

Proof: The inequality stated in the corollary holds according to Theorem 4.8, whereas
the equation follows from Corollary 3.2. U

In view of a representation formula for solutions to (1.12), (1.10), (1.6), we first state a
uniqueness theorem for such solutions.

Theorem 4.9 Let b: Soo — R3, a € L}, ()3, feL? ([0,00), [HL(Q)]). Then there

is at most one function u € L} ([0, 00), Hl(ﬁc)g) suchlgihat
u(t)|0Q2 = b(t) for t € (0,00), divyu =0, (4.6)
| ([ [ uten - v ¢ (4.7)
0 Q

+(Vau(@,0) - TV (@) ) (t) + 7 (Oru(z,t) - V(@) o(t)] do = fOV) (1)) dt

~ [ a)-Via)ds p(0

ﬁc
for ¢ € C§°([0,00) ), V € C§°(Q°)? with divV = 0.

Proof: This theorem may be shown in the same way as an analogous result for the Stokes
system. We refer to [11, Theorem 3.7] and its proof. O

Now we construct a solution to (1.12), (1.10), (1.6) in the form u = R (f) + 37 (a) +
() (¢), with ¢ being the solution to the integral equation (4.8) below. In this way we
obtain a representation formula for the velocity as a sum of three potential functions, as
announced in section 1. We consider this solution as a weak one in the sense of Theorem
4.9 because we want to range it in a uniqueness class which is as large as possible. If
f and a are smooth, then w is the velocity part of a solution satisfying (1.12) and (1.6)
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pointwise; see [10, Lemma 2.14, Theorem 2.16, Lemma 2.21]. (In [10, Theorem 2.16], there
is a misprint;: 9%(7)( f) is only a C'*°- and not a C§°-function.) The boundary condition on
08 holds according to (4.6), and the boundary condition at infinity is satisfied in the sense
that u(t) € H'(Q°)3 for t € (0,00). If the functions f, a and b decay sufficiently rapidly,
this boundary condition will be fulfilled in a stronger way, on the basis of Theorem 4.3,
4.5 and Lemma 7.3 below. We will come back to this subject in section 8.

Theorem 4.10 Let ¢ € (0,1/2], ¢ € [1,3/2), b € Hy, a € H;/QJFEO(QC), f e
L2( 0,00, L9(Q9%) N L2( 0,00, L3/2(§C)3). Then there is a unique function ¢ € L2(Sx)
(see (2.1)) with

BT (9)|S0 = —RT(f) =37 (a) +0. (4.8)

Moreover there is a unique function u € L} _([0,00), H'(Q)®) such that (4.6) and (4.7)
hold. This function is given by

u=RD(f) + 37 (a) + V7 (4)]Q° x (0, 00). (4.9)

Proof: Theorem 4.10 holds according to [13, Theorem 2.26]. Note that the unique solv-
ability of (4.8) is a consequence of Theorem 4.8, 4.4 and 4.2. O

5. Temporal decay of the potential 9%(7)( f).

This section has two aims. Firstly, we want to estimate |93 (f)[S7.c| Hr.o0» and secondly,
we are going to determine an upper bound of |29 (f)(z, )| under the assumption |a| <
1. Our starting point will be to split f into a sum f) 4+ @ with fN) = ygs x (£/2, 00)
and f@ = ygs x (0,£/2). The decay of R (fM)(z,t) is then due to the asymptotic
behaviour of f for t — oo, whereas %(T)(f@))(x,t) becomes small for large ¢ due to the

decay properties of the fundamental solution A. The next lemma addresses some key
technical difficulties in the estimate of HE)Q(T)(J”(Q))\:S'TmHHT’c>o and also of R (fF@)(x,t).

Lemma 5.1 Let « € N3, | € Ny with |a| +1 < 1. Let ¢ € [1,4], s € [1,00) with
3/(2q) +1/s >1—|al/2 —1/2. Take T € (0,00) and f € L*(0,T, LY(R*)?). Then
18:05 R () (@, )] < €|\ fllgir ((t —T)~2/ GO er1mlal/2 (5.1)
FOy (¢ — T)~3/CD=VsH2) - for 0 € R3¢ € (T, 00).

(Recall that R (f)|R3 x (T, 00) € C'(R? x (T, o) )3 by Lemma 4.6.)

Proof: Take x and ¢ as in the lemma. In the case [ = 0, hence |a| < 1, the exponents g and
s verify the condition 3/(2¢) +1/s > 1 — |a|/2. This and the inequality t —o > (t —T')/2
for 0 € (0,7) allow us to apply Theorem 4.1 with M = (¢t —T)/2 and ¢ = co. Lemma 4.6
and Theorem 4.1 then yield (5.1) in the case | = 0.

Let us suppose for the rest of this proof that [ = 1. This means in particular that a =0
and 3/(2¢q)+1/s > 1/2. Consider the case s > 1 and ¢ > 1. Then by Lemma 4.6, Hélder’s
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inequality and Lemma 4.2,

R (f)(x, 1) (5.2)
<C/T/ > (le—y—rlt—o)erl+(t—0)*) 7 |f(y.0) dyd
= —y—T7(t—0)ey -0 N o
0 R jet5ay
T i s'/q 1/s
< C|fllgs:r (r—y—Tt—0)er| +(t—o)/?) T dy do) ' .
' je%;l}(/o [/RS ] )

But for any o € (0,7), j € {5, 4}, the preceding integral with respect to y equals [ps (|2]+
(t —o)1/2)77% dy, and is hence bounded by C(q) (t — o)™ 4'/2+3/2  Therefore from (5.2),

T : ] s’ 1/5,
DR (N0 < C@ I lasr 3 ([ 0=a)2e/enag) ™.

Jj€{5,4}

But —j/2+3/(2¢") = (—j +3)/2 —3/(2¢q) for j € {5, 4}. Since 3/(2q) + 1/s > 1/2,
as mentioned above, we have [(—j + 3)/2 — 3/(2¢q)] s’ < —1 for j as before, so we may
conclude that

RO () (2, )] < Cla,8) [ fllgssr D (¢ —T)TTH28/CFS
JEL5,4}

Thus we have shown (5.1) in the case s > 1, ¢ > 1, under the assumption | = 1, as we
may recall. If s = 1, ¢ > 1, it follows as in (5.2) that |9,R)(f)(x, )| is bounded by

Y /QT(/[R3(|$ —y—rt-o)el+(t-0)?)7 dy)l/q, 1F (-, 0)llg do

j€{5,4}

Since (t—o)/2 > (t—=T)Y2 for o € (0,T), we may conclude that the term |, R (f)(z,t)|
may be estimated by C(q) [ fllg,1;00 2_jeqs,43 (¢ — T)~3/2+3/(24) | which is the looked-for
result in the case s =1, ¢ > 1. If s > 1, ¢ = 1, inequality (5.2) is replaced by the estimate

T
o (P ol<c 3 [ [ (-0 Pl 0)ldydo
TR
so that [RT(f)(z,t)] < CO||fll1s7 > je(s,4} (fOT(t — o)/ do) e Inequality (5.1)
with ¢ = 1, s > 1 follows. It is obvious how to evaluate |9,R) (f)(x,t)|if s =¢=1. O

Further below (Corollary 5.1), we will estimate ||9%(T)(f)|ST+ﬂ,OOHHT+% ., in terms of neg-
ative powers of y, under the assumption that f|R3 x (T, 00) = 0. In the next three lemmas,
we derive this type of bound.

Lemma 5.2 Let q, s, T, f be given as in Lemma 5.1. Suppose in addition that 3/(2q) +
1/s > 3/2. Let pp € (0,00). Then

([ IO 0002 s + [ 10 -0 (1) w0 do.] )

Tu o0
<€\ fllgusr (=3 @O=Y/s43/2 4 =3/2a)=1/s+1/2)

(Recall that R (f)|R3 x (T, 00) is a C-function by Lemma 4.6.)
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Proof: Since3/(2¢)+1/s > 3/2, the term ([75 [(t=T) 3/~ 25424 (t-T)~3/9-2/] ) '/

is bounded by € (p~3/Ca)-1/s+3/2 4 ;;=3/Qa)=1/s+1/2) " Thus the lemma follows from
Lemma 5.1. Note that the largest exponent —3/(2¢) — 1/s 4+ 3/2 arises in the case
a =0, | =0 in Lemma 5.1, and the smallest one —=3/(2¢) —1/s+1/2if a=0, [=1. O

In order to deal with 62/29%(7)(]’)(:6, t), we need a preparatory result:
Lemma 5.3 Let q € (1,2], F € LY(R3)3 and d € (0,3]. Then, for r € (0,0),

2 1/2 ,
([ [ 1aG=urn-Fla) dor) " < €|[Fl, max{1, p /)32,
o0 -JR3

Proof: Choose Ry > 0 so large that Q C Bpr,/2- This means that Bp C Bpy/2(z)¢ and
Bpr, C Bag,(z) for z € 0Q.

Let 2 denote the left-hand side of the estimate stated in the lemma, but with the integral
over R3 replaced by one over Bg,. Take r € (0,00). Then, by Holder’s inequality we see
that 22 is bounded by

: 1/q' 1/g12
¢ MZZI /E)QK/BRO |Ajk(z — y,r,r)!dy> (/BRO \Ajr(z =y, 7, 7)| |F(y)|? dy> ] do,.

But for z € 99, 1 < j,k < 3, by Corollary 4.1 with K = 2 Ry and because Br, C Ba g, (),

/B \Ajk(m—y,r,T)!dyg(J(Ro)/ (’35—2/\+r1/2)_3dy
Ro

B,

< C(R) r—4/? / (Jo — ] + r/2) =3+ dy < C(Ry, d) r—4/2.
BQRO(Z‘)

—d/(2q' 2 1/2 o
Therefore 21 < ¢4/ (2¢) Z?,kﬂ(faﬂ[fBRO Aji(z —y,r,7)||F(y)|? dy] /qdox) /2, Since
2/q > 1, we may conclude with Theorem 2.1 that

1/q
o < ¢ (/B (] ile = wrriadon) (F@iray )
Ro

k=1

On the other hand, again by Corollary 4.1 with K = 2 Ry, for y € Bg,, 1 < j,k <3,
/ (@ =y, )7/ do, < € / (|2 = y| +7'/?)"% do, < gr=3/at,
o0 2/}

As a consequence, A < €~/ (20)=3/Qa+1/2 || F|| . Let B be defined also by the left-hand
side of the estimate stated in the lemma, but this time with the integral over R3 replaced
by one over By . We get

B < Z (/m[(/ Al =yl dy) " \\FHq]Qdox)l/?. (5.3)

Ro
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In order to estimate the integral over Bf in (5.3), we recall that By C Bpg,/s(z)¢ for
x € 09, so we may use Corollary 4.1 with K = Ry/2 to obtain

/BC Ak (@ =y, 7)|” dySC(RO,q)/B (Je = ylvi@ —y)) 2 dy

Ry RO/Q(Z')C

< C(Ry,q) / (12| V(z))_gq,/2 dz for z€0Q, 1<jk<3.

By /2

But ¢ < 2, in particular ¢ < 4, so 3¢'/2 > 2, hence with Corollary 2.2 we arrive at the
inequality [p. |Aji(z — y,r,7)|¢ dy < C(Ry,q). This estimate is inserted into (5.3). We
Ro

then obtain B < €||F||,;. The lemma now follows with the estimate of 2 obtained above.
(]

Lemma 5.4 Let s € (1,00), q € (1, 3/2) with 3/(2q)+1/s > 3/2. Let T, € (0,00), f €
L(0,T, LY(R*)?). Then

1/2 .
/ / 02RO (f) (@, )2 doy dt) " < €|\ fllgsr (D pTHEOT 2471,
T+p JOQ je{2,3}

(According to Corollary 4.2, the fractional derivative 83/29%(7)(]’)(%25) is well defined for
any t € (T,o0) and a. e. x € 9N.)

Proof: For brevity we set ¥ := 9{(7)(f)|500. According to Corollary 4.2, for a. e. z € 9
equation (2.2) is verified with W(z, -) in the role of ¢. We will estimate each term on the
right-hand side of (2.2) in the norm of L?(Sr., ). To begin with, we use Lemma 5.1 to
obtain

/ / T) V20 (z, (t+T)/2) do, dt)1/2 (5.4)
THp J O
< €| fllgsr /ﬂ /m [(t=T)" V2 ((t+T)/2—T) YOV 2 o, dt)1/2

m

3/0_9/s 1/2 - L
< || fllgsT (/T+ (t — T)~3/a-2/s+1 dt) < C||fllgusir =¥ 2O,
m

where the last inequality holds because —3/q —2/s + 1 < —1 due to our assumptions on
q and s. Again by referring to Lemma 5.1, we get for t € (T + p, 00), = € 0N that the
term ]ft+T)/2 (t —r)~Y29,v(x,7) dr| is bounded by

t
&S llgwir / (t—r) V2 3 (- 1) HCO-Ysti g,
(t+T)/2

j€{0,1}

and thus by € || fllg,s;m 22 5e0, 1}(1‘/—T)*3/(2 0)=1/s+1/2+3/2 As a consequence, since —3/q —
2/s 4+ 2 < —1 in view of our assumptions on ¢ and s,

/ / ‘/ 1/2(9\11(x r)dr
T+p JoQ!J (#+T) /2

<Q:Hqu,s,T Z W =3/( 1/s+1+J/2
je{0,1}

1/2
 do, dt) (5.5)
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Moreover,

(/TO; /BQ‘/O(HT)/Q(t — )2 (e, r) dr

where 2AY) for j € {1, 2} is defined as the left-hand side of (5.6) with ¥ (z,r) replaced by

2 1/2
doy dt) ?cam g A2, (5.6)

min{r,T}
9%(1)(m,r) = A /]R?) X(O,l} (7" - U) A(.%' -y r—- UaT) : f(y,O') dy do

(x € 99, r € (0,00)) in the case j = 1, and by a term R® (z,r) differing from R (z, r)
insofar as X (1,00) (7 — o) substitutes for x g (r — o) in the case j = 2. In order to estimate
AM | we exploit the integration over 02 (Lemma 5.3) in order to reduce the singularity
of 9{(1)(36,7”) when r tends to zero. In a first step, we use Theorem 2.1 to obtain A <

(7=, B(t)2dt)"?, with

(t+1)/2 1/2
3= [ -2 ([ mOwnPdo) ar
0 o0

Let d be any number from (0, 3), for example d = 3/2. Theorem 2.1 applied once more
yields that ( [y, IR (2,72 doy )1/2 is bounded by

min{r,T} 2 1/2
[ xent = ([ [ 1a@-t-omn)fold] do.) " do
0 o0 -JR3

and hence by € fomin{r’T} X, (r = o) [ f(o)]lq (r = o)~ 24)=3/Qa+1/2 45 according to
Lemma 5.3. This estimate and Hélder’s inequality imply for ¢ € (T 4 u, oo) that

(t+7)/2 s
B(t) < (/O (t—r)™ dr)

.(/O(HT)/2 {/Omin{r,T} X (r — o) (r — o)~ @ =3/COT2 ) ¢ (g1 da} ’ dr> 1/5’
hence with Young’s inequality,
B(0) < € flar (6= )2 [ () o0 CO2 g
But —d/(2¢') —3/(2q) +1/2 > —1 because d < 3 and ¢ > 1, so
B(1) < €||f lgos (t = T) P <€ fllgur (¢ = T) 727,

for ¢ as before. Recalling that 2A) < (f;iﬂ B(t)? dt)l/Q, we now obtain

AV < e flgorr

1/2
(t=T)" 2 dt) " <€ fllgor . (5.7)
T+p
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Turning to Ql(Q), we deduce from Holder’s inequality that

(t+T)/2 (t+T)/2 , 1/s'
[ e < ([ ) el 63)
0 0

<€t —T) PR (@, s < €t = T) 7V 1RO (@, )]s

forx € 9Q, t € (T + p, 00). But ¢ < 3/2, hence 1 —3/(2q) < 0, so we get by Theorem 4.1
witha =0, M =1, ¢ = s that |%® (z, -)||s < C(q, s)||f|lq.s:7 for any & € R3. This choice
of g is possible since s > 1. Thus from (5.8), A?) < ¢ ( f;i“(t—r)_l_ws d?“)l/2 | fllgsr <
C || fllg.s:7 1™/, The lemma follows from the preceding inequality, (5.4) — (5.6), (5.7), and
from equation (2.2) as indicated at the beginning of this proof. O

Corollary 5.1 Let q € (1, 3/2), ¢ € [1,3/2), s € (1,00) with 3/(2q) +1/s > 3/2, [ €
L¢(0,00, LYR®)?) for (c,d) € {(s,9), (2,4), (2, 3/2)}. Let T € [1,00). Then

IR (1)1 roeli . < €1l (T~ CO-14972 4 7175
+€ (IR x (T/2, 00)llg.200 + | FIR? X (T/2, 00)l3/2, 200 )-
(Recall that by Theorem 4.2, we have R (f)|Ss0 € Hao.)

Proof: Put f() = XR3x(T/2,00) > f@ = Xr3x(0,7/2) /- Then by Corollary 3.2 and
Theorem 4.2,

IR DN STl 7 00 < IRV ED e < (17Dl 200 + 1DV ll3/2,200 ). (5.9)

Concerning %(7)(]‘(2)), we use equation (4.3) with £ in the place of f, and then Lemma
5.2 and 5.4 with T replaced by T/2 and p = T/2. Taking account of the assumption
T > 1, we find that

IO Sl . < € lgoe (T3/CO58/2 4 ) (5.10)
Corollary 5.1 follows from (5.9) and (5.10). O

In section 8, we will need a pointwise estimate on spatial and temporal decay of 9‘{(7)( 1),
based on Theorem 4.3 and Lemma 5.1. Contrary to the situation in Theorem 4.3, we want
to avoid the assumption f|Bg, x (0,00) € L?( Bg, x (0,00) )3 because it is inconvenient in
the nonlinear case. The ensuing lemma allows us to replace this condition by the weaker
one f|Bg, x (0,00) € L?(0,00, L*(Bg,)*). We will apply this lemma only for o = 2, but
still consider the case p € [1,00) because one may hope that in future work, the decay
rates obtained in the special situation of Lemma 5.5 may be recovered in a more general
setting.

Lemma 5.5 Let ¢ € [1,00), Ry € (0,00) and f € L°(0,00, L'(Bg,)*). Take R €
(Ro,00). Then, for o € N3 with |a] <1, € € [0,1], z € B} and t € (0,00),

02RO (f)(x, 1)]
—1/2—1/p—|a|/2 _
< e[ (Jelv@)) AN (A4 )21 goo + 1 1BRy X (£/2, 00)[|1,0100)
—1/2—1/0—|a|/2) (1—e¢ —1/2—1/0—|al/2) €
+( || p(a) ) TR O (g (A2 emled/ e gy T
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Proof: Take a, €, x, t as above, and put f(M) := X By x(0,/2) f, f@ .= X By (t/2, 00) f.
For y € Bp,, we get

|z —yl > |z — |yl = |z| 1 — Ro/R) + || Ro/R — |y| = |z|(1 — R/Ro) > R — Ry, (5.11)

where R — Ry > 0. Thus we may apply Corollary 4.1 with K = R — Ry. Suppose that
o > 1. If p =1, the ensuing argument remains valid with some small modifications. Due
Lemma 4.6, Corollary 4.1 used as indicated, (5.11) and Lemma 2.4, we get

09RO (f V) (=, )| (5.12)
t/2
R A e e R O [T
0 B,
t/2
S¢/ / (|z|v(@) +t— o) 712 1y, 0) dy do
0 B,
t/2 ol 1
§¢</O (|x|u(ﬂ:)+t—a)( 3/2=lal/2) e da) £ 111,000

< e (fal(@) +1) 2V p) .

In the case t < 1, we thus get |[99R(™ (fM)(z, 1) < € (|z|v(z) )_3/2“/@_‘0{'/2 | £111, 0500

and then multiply the right-hand side by 4 (1 +#)~2. If ¢ > 1, it follows from (5.12) that
aan (T —3/2+1/0 —|al/2) (1—€ — P €

02RO (FO) (1) < € (fo] () ) > THETIVD T (1 )32 . As

in (5.12), we obtain that [9*R() (f®)(x,t)| is bounded by

t i , e
¢ (//2(]m\u(m) +t— U)( 3/2=|al/2) d0> ¢ | £1BRry X (t/2, 00)||1, 0005
t

and hence by € ( |z|v(z) )_3/2“/@_‘0{'/2 || fIBRry X (t/2, 00)||1,0:00- The lemma follows from
the preceding estimates and because —3/2+1/¢' = —-1/2 —1/p. 0
Lemma 5.6 Let o € N3 with |a| < 1, ¢ € [1,4], ¢, G, s € [1,00), 5,5 € [1,00] with
3/(2d)+1/c > 1—|a|/2 for (¢,d) € {(s,q), (5,9)}, and 3/(2q)+1/5 < 1—|a|/2. Suppose
that Ro € (0,00) and f € L°( 0,00, Lq(B}c%O)?’) for (¢,d) € {(s,q), (5,9),(5,q9)}. Then, for
r€R3 tel,00),

RO (F)(a,1)] < € (g (1 1) /20 V o412
7B x (/2. 00) 00 + [171B, X (6/2, 00) 00 )-

Proof: Let z, t as in the lemma, and put f() = XBg, x(0,t/2) f, f@ .= XBS, x(t/2,00) f.
0 ‘0

Lemma 5.1 with f replaced by f(!) and with T' = ¢/2, and the assumptions t > 1, 3/(2¢)+

1/s > 1—|a|/2 imply |02R™ (FW)(z,8)] < € || flg.s:00 (1+1) 3/ CD=1/sH1-101/2 We further

note that according to Lemma 4.4, we have [09R() (f@)(z,t)| < A1 + Ao, with Ay =

ftt/z fB}C2 X(0a)(t = 0) |03 A(x —y,t —0,7) - f(y,0)|dydo, and 2y defined as 21, but with
0

the term X (g 1)(t — o) replaced by X(1,00)(t — o). Since 3/(29) +1/5 < 1 — |a[/2, Theorem
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4.1 with 9 = 0o, M =1 yields ; < €| f|Bg, x (t/2, 00)|lg5;00- Similarly, the assumption
3/(2¢) +1/s > 1 — |a|/2 and Theorem 4.1, again with o = co, M = 1, imply s <
¢ f|Bg, x (t/2, 00)||75.00- Lemma 5.6 follows by combining the preceding estimates. [

Now we collect what we found in this section about temporal pointwise decay of %(7)( 1),
and combine it with a pointwise spatial decay estimate.

Corollary 5.2 Let a € N3 with |a| < 1, g € [1,00), ¢ € [1,4], ¢, G, s € [1,00), 5,5 €
[1,00] with3/(2d)+1/c > 1—|a|/2 for (c,d) € {(s,q), (5,9)}, and 3/(2q9)+1/35 < 1—|a|/2.
Suppose that Ry € (0,00) and the function f : R? x (0,00) — R3 satisfies f|Bg, x (0,00) €
L2(0,00, L'(Bg,)?), fIBg, x (0,00) € L(0, 00, Lq(Bf%)g) with (c,d) being anyone of
the pairs (s,q), (5,q) and (5,q). Let R € (Rp,00) and further suppose there is ®g > 0
such that

02RO (f|Bg, % (0,00)) (2, )] < Do (Ja|v(@)) >V for v e By, £ > 0. (5.13)

(This condition is satisfied if, for example, o = 2 and XBS, x(0,00) f fulfills the assumptions
0
of Theorem 4.3 in the place of f.) Then, for x € B}, t € (0,00), € € [0,1],

05RO (f) (1)) < € [ (Jaw(x)) 22 (@0 + K1) 1+ )2+ Ka())  (5.14)
_|_(©(1)fe + Kl) ( |£C| l/(x) )(_1/2_1/Q_|04V2) (1—¢)
((1 +t)—1/2—1/g—|o¢\/2 +K3 (1 +t)—3/(2q)—1/s+1—|oz\/2 + K4(t))€]7
with K1 = | f1Br, % (0,00)[[1.g0: Ka(t) = || f[Bry % (/2. 00)|1.gi00r K3 = || f|B, x
(0,00 lgusioor Ka(t) := [|F1 B, x (/2. 00)llgsoo + 118, % (t/2, 00)llzzcc.

Proof: Take z, t, € as in the lemma. We apply Lemma 5.5 with f replaced by f(1) :=
fIBRr, x (0,00). Tt follows that [9R(™) (fM)(z,t)| is bounded by the right-hand side of
(5.14). Suppose that ¢t > 1. Starting from the equation d = d°d'~¢ for d > 0, we use
(5.13) as well as Lemma 5.6 with f replaced by f?) := XBg, x(0,00) f. It follows that

|02 (@) (z,t)| is also bounded by the right-hand side of (5.14). In the case ¢t < 1,
inequality (5.13) multiplied by 4 (1+%)~2 yields a suitable estimate of [929R(™) (f2))(x, t)].
(]

6. Temporal decay of the potential 3(7)(a).

First we consider the behaviour of [|3 (a)|S7 || Hr.o., When T tends to infinity.

Theorem 6.1 Let ¢ € (0, 1/2], p € (1,2], a € HY*T@°) N LP(Q°)3 and T € [1,00).
Then HJ(T)(G)\STQOHHTM < € |lall, T~3/@P)+1/2 (Note that 37 (a)|Se € Hoo due to the

assumption a € H;/%Leo (Q°); see Theorem 4.4.)
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Proof: Recall that 37 (a) € C'(R3 x (0, 00) )3 according to Lemma 4.8. From (4.4) and
Lemma 4.7 we get for « € N3 and [ € Ny with |a| +1 < 1 that

2 co 1/2
/ / 1010237 (a) (& t)|2domdt>/ <€l ( / (t*3/p*|a\*2l+611t*3/P*1)dt)/
T
< € ||all, (T—3/@)=lel /220172 o5 =3/ Cp)y,

Since T > 1, the right-hand side of this estimate is bounded by € ||al|, T~3/P)¥1/2 5o

/ (137(@) (0102071 payz + I - 03T (@) (0)13) dt < €Jlalp 7=+ (6.1)
T

Turning to an estimate of a2 (3 (a Seo ), we note that by Corollary 4.3, this fractional
4

derivative exists, and equation (2.2) holds with 3 (a)(z, - ) in the role of ¢ and with T
replaced by T'/2, for a. e. x € 9. With this in mind, we find with Lemma 4.7 that

(/OO/ (¢ =17/2)72 3D (a) (x, (t+T/2)/2)* do, dt)m 6.2)
T o0
< C(p) llallp </Oo(t—1/2 (t +T/2)~3/@) )th) 1/2 <) al, 7-3/(2p)

T

We further find for t € (T, 00), x € 02 that by (4.4) and Lemma 4.7,

t
/ (t —7)"210437) (a) (2, 7)| dr
(t+T/2)/2
t
< C(p) llally / (t—r) 2 3 e3P gy
(t+T/2)/2 jefo.1}
t
OO ol 30 e TR [ < O ol ),
je{o,1} (t+1/2)/2

where the last inequality is valid because t > T > 1. As a consequence, since p < 3, hence
-3/p < —1,

[e%e) t 1/2
(/ / \/ (=) 200 @) o ) < OOl T (69
T Jo'J(t+T/2)/2

Next we consider the term

In the case p > 3/27 we have 3/(2p) < 1, so we get with Lemma 4.7 that

oo r(t+T/2)/2 2 \1/2
2 < C(p) fal, ( /T [ /0 ()23 iy ar) (6.5)

o (t+T/2)/2 9 1/2
SC(p)IIaHp(/T t [/0 @0 ar| ") < ) |all, T ),

1/2
do, dt) ? (6.4)
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Now suppose that p < 3/2 so that 3/(2p) > 1. Then we use the splitting A < 2y + s,
where 2; is defined in the same way as 2 (see (6.4)), but with the lower bound 0 of the
integral with respect to r replaced by 3/4. Similarly, the definition of s follows that of
2, but the integral with respect to r is to extend from 0 to 3/4. If p < 3/2, we again use
the first two inequalities in (6.5), with the lower bound of the integral with respect to r

being 3/4 instead of 0. Since 3/(2p) > 1, we have f?’(;IT/z)/Q t=3/CP) dr < C(p), so we get
_ 1/2 _

that 21 < C(p) llally (77472 dt)" < C) all, T

In the case 3/(2p) = 1, we observe that fg(;ITﬂ)/Q t=3/Cp) dr < f;;f r~tdr = Int. There-
fore, again starting as in (6.5), we obtain 2y < C(p) ||all, T~* (1 +1InT) for p = 3/2. By
what we have seen further above, the preceding estimate is valid in the case p < 3/(2p)
as well, and thus holds if p < 3/(2p). In order to deal with 23, we reduce the singularity
of the variable r in 3 (a)(z,r) for r | 0 by exploiting the integration on 9. To this

end, we use Holder’s inequality and Theorem 2.1, as well as Lemma 4.1, obtaining with
the abbreviation F(z,y,r) := H(x —y — 77ey, r) that

/ 37 (a) (@, r) 2 do,
o0

< [ (L rewna)” ([ P a) "] do

= [ ([ rwrara)” o< ([ [ Fapnrao)” awpa)

for r € (0,00). Note that 2/p > 1 because p € (1,2]. Now we apply Lemma 4.1 again to
deduce from the preceding estimate that ( [, 137 (a) (z, r)|? doy )1/ ? is bounded by

/2 1
(1] Go=y=rred+r2y o do]" latp ay) "
R3 90

and hence by €r=3/P)+1/2||g||, for r € (0,00). Therefore, once more by Theorem 2.1,

= C</wt_3 / [/3/4 ‘j(T)(a)(waT)!drrdogg dt>1/2

T antJo
<o([Te[[(] powe i) ) a)
< Clall, (/TOO =3 {/03/4 F—3/(2p)+1/2 drrdt)m,

Since p > 1, we have —3/(2p) +1/2 > —1, so we arrive at the inequality A < € |lal|, T~
On combining the definition of 2 in (6.4), the estimate of 2 in the case p > 3/2 in (6.5),
the inequalities A < 24 +2As and Ay < €|jall, T~ (14+InT) (see above), and the preceding
estimate of Ay, we find A < € |la|l, T-2P) o(p,T), with o(p) := 3/(2p), o(p,T) := 1 if
p>3/2, and o(p) :=1, o(p,T) := 1+ InT in the case p < 3/2. But T' > 1, so we get in
any case that 2 < €|jal|, T—3/®P)+1/2_ Since equation (2.2) is valid with 3 (a)(z, -) in
the role of ¢ and with T replaced by T/2, for a. e. x € 9Q (Corollary 4.3), we may deduce

2/p
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from the preceding estimate and (6.2) — (6.4) that ([ [5q, \3i/23(7)( )(z,t)[? do dt) V2 <

¢ ||all, T~3/P)+1/2. But by Corollary 4.3, equation (4.3) holds for ¥ := 3 (a)|S, so
Theorem 6.1 follows from from (6.1) and the estimate of 61/2( ) (a)|Ss ) just proved. [

A pointwise estimate with respect to the asymptotics of 3(7)((1) in time and in space is
readily available, due to Theorem 4.5 and Lemma 4.7.

Corollary 6.1 Tuake Ry, do, ko and a as in Theorem 4.5. Let p € [1,00] and suppose that
a € LP(Q°). Let R € (Ry,0), a € N3 with |a| < 1. Then, for e € [0,1], « € B, t €
(0,00),

~(T —1—|a|/2 _

37 (@), 1)] < €[ (B0 + lal,ll1) (el (@) T (14472

—€ € —1—0: 2 1—6 — — | €
+(80 + lalQro 1) llalls (Ja] w(a) ) TP A= (1 4 ) (3/Co)lal/2) ],

Proof: In the case t < 1, Theorem 4.5 immediately yields that |37 (a)(z,t)| is bounded

by € (60 + [lalQr (1) (|| v(z) )7140“/2 (1+¢t)~2. If t > 1, the looked-for estimate holds
due to Theorem 4.5, (4.4), Lemma 4.7 and because d = d°d'~¢ for d > 0. 0

7. Temporal decay of the potential U™ (¢) and of the solu-
tion of the integral equation (4.8).

A key element of our theory is a decay estimate of the solution to the integral equation
(4.8). This element will be presented in Theorem 7.1 below. Its proof depends on certain
features of the potential ‘I](T)(QS), which we establish in the ensuing two lemmas.

Lemma 7.1 Let p, T € (0,00) and ¢ € L?(S7)%. Then
1/26(7) 2 1/2 —3/2  , —1\pl/2
[ oo @)w 0P do,dr) " < €4 w1V o]
T+p JOQ

(By Corollary 4.4, the fractional derivative 8,51/2%(7)(¢)(m,t) exists for a. e. x € 0 and
forte (T,00)).

Proof: For brevity we set v := U (¢). By Corollary 4.4, equation (2.2) holds with
v(z, ) in the place of the function ¢ in Lemma 2.3, for a. e. x € 9. With this reference
in mind, we observe that by Lemma 4.10 and 4.2, for r € (T,00), z € 99, | € {0, 1},

oz, )] < / / )2 4 (r — 0) 3272 6(y, 0)| doy do
o0

<C((r=T)32 4 (r = 1)) T2 g,
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where we used that [|¢||; < C T2 | ¢||2. The preceding inequality implies

S 1/2
(/ / (¢ = T)"20(a, (t+T)/2)|* dos dt) / (7.1)
THp JOQ
o0 1/2
<1 ol ( / (=T ar) " < €T ol i,
T+p
2
/ / ‘/ )2 0p0(x, v dr‘ doxdt) Y (7.2)
T+p JOQJ (t+T) /2

t

1/2 _oa—1/2 _ —5/2 B _9 2 1/2
<eT2|¢|s (/TW [/(HT)/Q(t P Y2 (= T) 2 4 (t—T) )dr} dt)
< T2 |glla (u* + p7?).

For t € [T + p, 00), r € (0, (t+T)/2], the inequality ¢ —r > (¢ —T)/2 holds. Therefore

(t+T)/ 2 1/2
B = / / ‘/ )32 (w,r)dr‘ doxdt) / (7.3)
T+p J oK
(t+T)/2 2 1/2
SQ:(/ t—-1T)" 3/ [/ ]v(w,r)]dr} dogcdt) / .
T+p o0 -J0

By extending the domain of integration of the variable  to (0,00), we may separate the
integration with respect to r and ¢. In this way we get

B! </E)Q [/OOO lv(z, )] drrd%)l/z. (7.4)

But by Corollary 4.1 with K = diam Q, the term [ [v(z, r)| dr for € Q is bounded by
¢ [ fOT [oo(lz—y[24+r—0)"3/2|¢(y, 0)| do, do dr. Integrating with respect to r, this triple
integral, in turn, may be estimated by € fOT Joq |z =y~ |¢(y, 0)| doy do, and hence with
Hélder’s inequality by € 7'1/2 faﬂ |z —y|~ ||¢(y, - )|l2 doy. On applying Hélder’s inequality
once more, we may thus deduce from (7.4) that

st 12 ([ [ ey tdo)) [ o=t ot I doy] dos)
<eu ([ [ ey don ot )1Edo,) " < en T ol

The lemma follows from this inequality, (7.1) — (7.3) and, as explained at the beginning
of this proof, from (2.2). O

Lemma 7.2 As in Lemma 7.1, let u, T € (0,00) and ¢ € L*(St)3. Then

([ @000 s + 10 - 00 @018 at) (79
T+up

<CW 2+ HTY ||g)2.

(Recall that by Lemma 4.10, we have B (¢)|R? x (T, 0) € CHR3 x (T,)).)
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Proof: We again set v := Q](T)(QS) for brevity. Lemma 4.2 and 4.10 yield for z € 99 and
t € [T + p, oo) that

3
lv(z,t ]—i—Z]@‘v (x,t)] + |Opv(z, t)| (7.6)

<¢/ /BQ ((t=0) 324 (t—0) 2+ (t—0)"%2) |6(y, 0)| do, do
<e((t=T)2 4t =T) ) |Ig|s < €TV ((t = T)™% + (t = T)"5%) | d]J2.

Denote the left-hand side of (7.5) by B. We may deduce from (7.6) that 98 is bounded by
¢T1/2 H(bHQ(f;j-u[(t_T)ig + (t—T)*5] dt)1/27 and hence by ¢T1/2 plla (u + p2). O

Corollary 7.1 There is a constant cs > 0 such that H‘Z](T)((b)\STjLW)oHHTﬂM>o is bounded
by s (14 TYV2 (1+ )~ 8], for T, u € (0,00) and & € L2(Sy)°.

Proof: First suppose that p € (0,1]. Then Corollary 3.2 and Theorem 4.7 yield that
18T (@) ST+ 00 | o < NTT (@) Sec e < €llgll2 < €lill2 (14 p) 7" (1 +T)V2 1
> 1, we use Lemma 7.1, 7.2 and Corollary 4.4 to obtain that H%(T)(@]STJFMOOHHTHm
is bounded by €TV2 ||¢||o (1~' + p~2), and thus again by € ||¢|l2 (1 4+ p)~ (1 +T)Y2. O

Theorem 7.1 Let b € Ho. Suppose there are numbers § € (0,00), ¢ € (0,1) such that
161S 7,00l Hpoo < 6T™C for T € (1,00). Let ¢ be the unique function from LZ(Ss) such
that B (¢)|See = b (Theorem 4.8). Then ||@|St,00ll2 < € (1 +T)=¢ for T € (0,00).

Proof: For brevity, set € := 1 — (. Let n € N with n > 400 ¢? ¢3, where ¢; was introduced
in Theorem 4.7, and ¢y in Theorem 4.8. Let k be the unique number from N such that

ke <1< (k+1)e. Define ¢(e) as in Lemma 2.1. In view of a later proof by induction,
suppose that T, B € (0,00) are such that

T > max{4, (160 ¢y c3n)?, (320 ca cshk)' /9, (7.7)
B > max{40czc3 (||¢[S1ll2 + 1), 206}, [¢|Steolla < Bt ' *efor t € [1,T]. (7.8)
We want to show that [|¢|Steoll2 < (B/2)T~1T¢ in this situation, hence [|¢|S;coll2 <
Bt *¢for t € [1, 2T]. (Note that S oo C S0 for t € [T, 27T).) With this aim in mind,
we refer to Lemma 2.2, choosing a number iy € {0, ..., n — 1} such that the inequality

16102 x (to — T/(2n), to)|| < ||¢[ST\S7/2ll2 /2 holds with to == (T/2) (14 (ip+1)/n).
Since tg < T and ¢|St, .00 € L2(St.00), We obtain with Corollary 4.6 that

161570012 < 161 Stg,00ll2 < €2 [T (@1Sty,00) [ Sto 00l 1 (7.9)
< c2 (197(9)1St0 00l g, + 1D (01520 |St0,00 111 )-

where the last inequality holds because B (¢) = B (4]Sy,) + B (4] Ssy.00)- Recalling
that () (4)|Ss = b, and splitting 23 (4]S;,) into a suitable sum, we may conclude from
(7.9) that [|¢]S7,0ell2 < c2 (|[B1Sko,00llfrey me + A1 + Az + 3520 B + As), where the terms
Ap, Az, Bo, .., Br_1, A all have the form BT (3| A)[Sky 00l sy o> With A being defined
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by A = 002 x (tO—T/(Q n), to), A= Sy _7/(2n)\S7/4 and A = S in the case of %, U and
s, respectively, and A = S(T/4)17j/k\S(T/4)1—(j+1)/k in the case of B;, for 0 < j <k — 1.
The definition of 98 ; makes sense because T > 4 (see (7.7)), so (T//4)' /% > (T /4)1=G+V/k
for j as before. But ¢ty > T'/2, so by Corollary 3.2 and the preceding estimate of ||¢|.S7 ||2,

k—1

|6157ccllz < €2 (101572, 00 llt1rs, o + A1+ A2+ Y B+ As),  (7.10)
j=0
where %0, e %k,l, 5[3 are defined in the same way as By, ..., Br_1, A3, respectively,

except that the restriction to St, o is replaced by a restriction to St/ o, and the mapping
| [[Heg,00 BY || 75, - Corollary 4.5 and the choice of ¢ imply

2y < 102|909 x (to —T/(2n), to) 2 < 1 e2 |¢1Sr\Sp/2ll2n ™12
< c1e2||0S7/2, 00llzn 2,
so by (7.8) and the choice of n we get ca Ay < ¢ ¢o B(T/2)" e n=1/2 < (B/10) T+
Concerning s, we use Corollary 7.1 with T replaced by to —7/(2n) and u by T'/(2n), to
obtain

s < coey (1+T/(2n)) " (1+to—T/(2n) ) "> 18]Sty —1/(2m) \S1/al2-
<2cc3nT ' (1+1T)Y2 19157 /4, 00 l2-

But T > 1, hence (1—|—T)1/ 2 <2712 50 it follows from the preceding estimate of ¢ 2y and
from (7.8) with t = T'/4 that ¢y < 4cycz3nT /2 9157/4,00ll2 < 16 co csnT—3/2F€ B,
By the choice of T in (7.7), we may conclude that ca2y < (B/10)T~'*€. Moreover,
by Corollary 7.1 with T, u replaced by T/2 — 1 and 1, respectively, we get co §l3 <
Ay es T~ 1|¢S1 |2, hence ¢ As < (B/10) T~ < (B/10) T—1*¢ by the choice of B in (7.8)
and because T' > 1. Due to the assumptions on Z, the definition of € and because T' > 2, we
obtain ¢ [|b[S7/2, collHy /s, 00 < 8(T/2)7 1€, so that ¢z [[b]Sry2, c0lltys oo < (B/10) T~
by the choice of B in (7.8). This leaves us to estimate co Z?;S %j. To this end let
§ €10, ..., k—1}. Then Corollary 7.1 with (7/4)*~7/* in the role of T and T//2— (T /4)'~7/%
in that of p implies that cy %j is bounded by

Co C3 (1 + T/2 — (T/4)17J/k )_1 (1 + (T/4)17‘7/k )1/2 ||¢|S(T/4)1—j/k\S(T/4)17(j+1)/k ||2

But T > 4, so (14 (T/4)'73/k)/? < 91/2 (T /4)1/2=3/2R) and 1 + T/2 — (T/4)'-3/k >

1+ T/4 > T/4. Therefore we get ¢o B, < 8¢y ez T~1/23/(2K) [81S(r/a1-G+17k oo |2, SO it
follows with (7.8) that

o B < 8y ey T~Y273/C0) B(/4)A=0U+D/R) (Z146) < 39 ¢y ¢y BTZU) T 1He,

where Z(j) == —1/2 +j/(2k) + 1/k —€e(j + 1)/k. But Z(j) < —p(e) by Lemma 2.1,
with ¢(e) defined there. Thus c;B; < 32¢ 03BT*‘P(E) T—*¢ hence by the choice of
T in (7.7), ¢aB; < T~ B/(10k). Since this holds for any j € {0, .., k — 1}, we
thus get co Z;?;é %j < (B/10) T~'*¢. Combining (7.10) with the preceding estimates
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of [[61S7)2, 0olltirys v Ao W2, Y525 B; and As, we get [|¢[Srolla < (B/2) T,
so we have in fact shown that if ||¢|Siaclle < Bt~1T¢ for t € [1,T] (see (7.8)), then
1815700 ll2 < (B/2) T~

Now, in view of a proof by induction, put Tp := max{4, (160czc3n)?, (320 ¢y c3k)/#( )}
and By := max{40cyc3 (||¢|S1]l2 + 1), 200, ||9l2Ty "¢, 2||¢|l2}. Then for ¢t € [1,Tp),
we find |¢|Sicollz < [l < @]l Ty €t~1+¢ < Byt~ <. Suppose that m € Ny and
9|St.00llz < Bot—1F€ for t € [1, 2™ Tp). Since By fulfills the condition on B in (7.8), as
does 2™ T the one on T'in (7.7), we may apply the first part of this proof with 2™ Ty and By
in the place of T' and B, respectively. It follows that [|¢|Sam 73, 0oll2 < (Bo/2) (2™ Tp)~1te.
Thus for t € [2™ Ty, 2™ Tp),

16]St00ll2 < [|61S2m 13, 00ll2 < (Bo/2) (27 Tp) ™1+ < By (2™ 1) 714 < Byt

Thus we have shown by induction that [|¢|Sieolla < Bot~1T¢ for any t € [1, 2™ Tp] and
any m € Ny, so the preceding inequality is valid for any ¢ € [1,00). Hence, for such ¢t we
find ||¢|St.0oll2 < 2 Bo (14t)~1T¢. But for t € (0,1], it is obvious that ||¢|St.coll2 < [|B]2 <
2||pll2 (1 +t)~1F€ < By (1 4+ t)~1*+¢. This completes the proof of Theorem 7.1. O

We will combine Theorem 7.1 with the following pointwise temporal and spatial estimate
of V().

Lemma 7.3 Let R € (0,00) with Q C Bg, ¢ € L*(Sx)? and a € N3 with |a| < 1. Then,
for x € BS, t € (0,00),

—1-|al/2 —1—|af/2

050 (9) (2, 1)] < €[ (|| v(=)) 161S4/2, 0 ll2 + (|2 v(z) +t) 1]z ]-

Proof: Choose Ry € (0, R) with Q C Bg,. Take x, t as in the lemma. For y € 99, we
have |y| < Ry, so we find as in (5.11) that |z —y| > |z| (1 — Ry/R) > R — Ry > 0, and by

Lemma 2.4, v(x —y)~! < Cly|v(x)~! < C Ryv(z)~!. Hence by (4.5) and Corollary 4.1
with K = R — Ry,

920 @), ) < O Fo,) [ [ (Jalvte) 41 )1V 6(y,0) oy do
0 JoQ

s0 [000) () (z, 1) < € fg( lz|v(z) +t—0o )73/24&‘/2 llo(o)||2 do. By Holder’s inequality,

t/2
| Galv@ 6= a) P o) do < ([

—1—|af/2

t/2 3 la 1/2
(lelv(@) +t=0) """ do) " ligls

<C(|z|v(z)+1) [¢]l2-

If the integral from 0 to ¢/2 in the preceding estimate is replaced by one from t/2 to ¢,

the same type of estimate yields the upper bound C' ( |z| v(z) )7140“/2 915t /2, o ll2 for this
modified integral. Lemma 7.3 follows from these estimates. U

Corollary 7.2 Let b € Ho, 6 € (0,00), ¢ € (0,1) with HFI;]ST,OOHHT@O < 6T~S for
T € (1,00). Let ¢ € L2(Sa0) with B ($)|Sso = b (Theorem 4.8), Ry, R € (0,00) with
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Ry < R and Q C Bpg,, and a € N3 with |a| < 1. Then, for x € B, t € (0,00), € € [0,1],

10007 () (2, 1)] < €[ (|l v(z)) TP (14 1)~

—1—|a|/2) (1—¢ _1—lal/2) e
+(Ja]v(a) +¢) TR (g Clal e g,

Proof: Lemma 7.3 and Theorem 7.1 yield that the estimate in the corollary holds under
the additional assumption ¢t > 1. In the case t € (0,1], we deduce from Lemma 7.3 that
1020 (¢)(z,t)| < € (|z|v(z) )(717‘04/2) ||@|l2, so we again obtain the estimate stated in
the corollary. O

8. Main results.

We begin by collecting our assumptions on the right-hand side f in the differential equa-
tions (1.12), (1.9) and (1.4), the initial data a in (1.6) and the Dirichlet boundary data b
in (1.10).

Let A € (2,00), B € [0, 3/2] with A+ min{1,B} >3, A+ B >7/2, 99 € (2,00), Ry €
(0,00) with Q C Bg,, v € L*((0,00)) N L ((0,00)), f:R3 x (0,00) — R? measurable
with f|Bg, x (0,00) € L?( 0,00, L'(Bg,)?) and

1f(y, o) < y(o) lyl "t v(y)™F for y € Bf,, o € (0,00). (8.1)

Moreover, suppose there are numbers ¢o € [1, 3/2), qo € (1, 3/2), Gy € (1,00), so €
(1,00), Sp € [1,00] such that 3/(2qo) + 1/s0 > 3/2, 3/(2q) +1/5 < 1,

fe Lc(O,oo, Ld(Rg)g) for (c,d) € {(2, 3/2), (2,d0), (s0,90)}

and f|Bf, x (0,00) € L% (0,00, L%(szl)3 ). Further suppose there are numbers d1,(; €
(0,00) such that

IFIR? % (t/2, 00)lgo,2i00 + IR X (£/2, 00)[l3/2, 2000 < 01871 for t € (1,00).  (8.2)

Note that (8.2) implies || f|Bgr, % (t/2, 00)||1,2.00 < C(R1) 61t for ¢ € (1,00). Moreover,

let €9 € (0,1/2], po € (1,2], and assume that a € H/eo (Q°) N LPo(Q°)3. In addition,

suppose there are numbers Ry, 8y € (0,00), ko € (0,1] such that Q C Bgr,, a|Bg, €
Wl’l(BR2c)3’

loc

92a(y)| < 62 (lylv(y)) 2™ for y € Br,", a e Njwith [o| <1.  (8.3)
Finally let b € Hy,, and suppose there are numbers 3 € (0,00), (2 € (0,1) such that
1617 00|l F1 o < 63T for T € (1,00). (8.4)

Now we turn to our main result on spatial and temporal pointwise decay of solutions to
(1.12), (1.10), (1.6). In view of later applications in the nonlinear case, we state this result
in the form of a theorem and a corollary.
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Theorem 8.1 Suppose that f, a and b satisfy the assumptions listed above. Then there
is a unique function ¢ € L?(Ss) verifying the integral equation (4.8). Put u := 9{(7)(]‘) +
3 (a) + B ($)[Q° x (0,00) (see section 4 for the definition of the preceding potential
functions). Let o € N3 with |a| < 1. In addition to the assumptions above, suppose that
3/(29)+1/5 <1—|a|/2. Put

o1 == min{C1, G2, 3/(2q0) + 1/s0 — 3/2, 1/s0, 3/(2po) — 1/2},
02 == min{G1, 1+|al/2, 3/(2q0) +1/so — 1+ |al/2, 3/(2po) + |a|/2}.

Let R € (maX{Rl, Rs}, oo) (The parameters Gy, So, qo, So, C1, C2, R1, Re, po were intro-
duced at the beginning of this section.) Then, for x € B, t € (0,00), € € [0,1],

0u(e, )] < € [ (fafv@) V2@ e (8.5)

+(Jofw(a)) TP (e 4 £1BG, x (1/2, 00) gm0 ) -

Proof: Concerning existence and uniqueness of ¢, we refer to Theorem 4.10. In order
to prove (8.5), take €, z, t as in the theorem. By Corollary 5.1 and assumption (8.2),
we have Hf)‘i(T)(f)]ST,OoHHm>o < @7~ min{3/(200)+1/50=3/2,1/50, 1} for T € (1, 00). Moreover,
by Theorem 6.1, |]3(T)(a)\ST7OOHHT700 < ¢T3/Cr0)+1/2 equally for T € (1,00). These
estimates, our assumptions on b, equation (4.8) and Corollary 7.2 yield

10200 () (, )] < € [ (| w(z)) T2 (14 1) (8.6)
+(Jal v(a)) TV (14 gy Crlele],

with o defined in the theorem. Theorem 4.3 with Ry, f replaced by Ri, x BS, x(0,00) f,
1

respectively, and (8.1) imply \Bgﬂ%(T)(f\B}i?l X (0700))(3/77”)’ < Q:(’y‘y(y))ﬂi'aw for
y € B%, r € (0,00). This estimate, Corollary 5.2 with o = 2, (5,9) = (2,4o) and
assumption (8.2) yield

02RO (), )] < €[ (Jefv(@) T2 (1470 (87)
(o)) TV (14 )7 1)1 £1Bg, % (82, 00)llgg 000 ) .
Corollary 6.1 provides the estimate
0237 (@), 8)] < €[ (Jolw(x)) "2 (1 41)72 (8.8)
+ (2| v(x) )(ﬂfla\/z) (1-¢) 1+ t)(—s/(zpo)_|a\/2)5]_
Inequality 8.5 follows from (8.6) - (8.8). O

Theorem 4.9, 4.10 and 8.1 taken together yield the following

Corollary 8.1 Under the assumptions on f, a and b listed at the beginning of this section,
there is a unique function u € LZQOC(O,OO, Hl(ﬁc)?’) satisfying (4.6) and (4.7) (u velocity
part of a solution to (1.12), (1.10), (1.6)). This function is given by u = R (f) +
37 (@) + 0T (¢)[Q° x (0,00), with ¢ from (4.8), and it fulfills (8.5).
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In order to exhibit the best possible rate of temporal decay inherent to inequality (8.5),
we consider the case that f and a are bounded functions of compact support:

Corollary 8.2 Suppose that f : R? x (0,00) + R3 is measurable, bounded and with
compact support, and a € H;(ﬁc) also bounded and with compact support. Let ¢ € [1/2, 1)
and suppose that (8.4) is satisfied with (o = (. Let u be the solution to (4.6), (4.7). Then
there is R € (0,00) with  C Bg such that |0%u(z,t)| is bounded by

[ (lelv(@) "2 @+ 17+ (Jafp(a)) TP (1 g gy CilalAe

for a € N} with |a| <1, € € [0,1], z € B and t € (0,00).

Proof: There are numbers ¢ € (1, 3/2), p € (1,2] and s € (1,00) so close to 1 that
3/(2q) +1/s —3/2 > (¢ (in particular 3/(2¢) +1/s — 1+ |a|/2 > 1+ |a]/2), 1/s > ¢ and
3/(2p) —1/2 > ¢ (in particular 3/(2p) + |a|/2 > 1 + |a|/2). Moreover we may choose
Ro, Ty € (0,00) such that Q C Bg,, supp(f) C Br, x [0,Tp) and supp(a) C Bgr,. Then
fIR3 x (t/2, 00) = 0 for t € [2Tp, 00), so there is ¢ > 0 with

IFIR® > (t/2, 00) 1,200 + [IFIR? % (£/2, 00)3/2, 9,00 < c(L+1)7> for t € (0,00). (8.9)

Thus the assumptions on f and a stated at the beginning of the chapter are verified if
we suppose that R = Ry, =0, ¢ =1, qo = ¢q, so = S, po = p, with ¢, s, p as chosen
above, 01 = ¢, (1 = 2, ¢g = 1/2, Ry = Ry. The parameters A, B, 0o, qp, S0, 02 and
ko are irrelevant due to the choice of Ry, v and Tp; they may be chosen as a matter of
form in any way corresponding to the specifications given at the beginning of this section.
According to the assumptions in the corollary, inequality (8.4) holds with ¢, = (.

Now take R € (Rp,00). Then we may conclude with Theorem 8.1 that (8.5) holds. But
due to (8.9) and our choice of g, s, p, (1 and (2, the parameters p; and gy in (8.5) equal
¢ and 1+ |a|/2, respectively. This completes the proof. O

Turning to the nonlinear systems (1.9) and (1.4), we first specify which type of solution
to the stationary problem (1.7) will be considered.

Theorem 8.2 Let B € HY2(09Q)3 with [, B-nYdo, = 0, ¥ € LY/°(Q°)%, ¢, R €
(0,00), 0 € (4,00) such that |¥(y)| < c|z|~7 for x € Bf,.

Then there is U € LS(Q°)? N W, (Q°)® with VU € L*(QY)°, divU = 0, U|9Q = —e; +
B, [5:[VU -VV 4+ (7U+7(U-V)U—=V)-V]de =0 for any V € C5°(Q)* with
divV = 0. In addition, there are numbers Rs, ¢ € (0,00) such that Q C Bg, and

09U (@) < ¢ (Jalv(@)) " for 2 € By, o € N3 with o] < 1. (8.10)

Proof: For the first part of this theorem, up to but excluding inequality (8.10), we refer
to [21, Theorem IX.4.1], [20, Theorem II.5.1]. As for (8.10), a slightly different version of
this estimate was proved in [2] in the case ¥ = 0; see [2, p. 658 above and p. 661, (3.8)].
In [5], inequality (8.10) was deduced from the theory in [21]. O

In order to deal simultaneously with initial-boundary value problem (1.9), (1.10), (1.6)
on the one hand and (1.4), (1.10), (1.6) on the other, we introduce the new parameter 7,
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which is to take the values 0 or 7: 7 € {0, 7}. Then we consider a function u with the
following properties:

ue L™(0,00, H(Q9)?), Voue L2(Q° x (0,00))°, (8.11)

u(t)|0Q = b(t) for t € (0,00), divyu =0,

/000 /Qc <—u(m, t)-V(z) @' (t) + Veu(z, t) - VV(z) p(t) (8.12)
+[7O1u(z,t) + 7 (u(z,t) - Vo)u(z, t) + 7 (U(z) - Vg )u(z, t) + 7 (u(z,t) - V)U(z)

—f(z,t)] - V(x) <p(t)) dzx dt = /c a(x) - V(x) dz ¢(0)

Q
for o € Cg°([0,00)), V € C§°(°)® with divV = 0. This means that u is an L?-strong
solution to (1.9), (1.10), (1.6) if 7 = 1, and an L2-strong solution to (1.4), (1.10), (1.6) in
the case 7 = 0. Of course, strictly speaking, u is merely the velocity part of such a solution.
But as usual in this context, the preceding definition involves only this velocity part, which
we call “solution” without any further qualification. Results on existence of this type of
solutions are due to Heywood [23, p. 674], Solonnikov [34, Theorem 10.1, Remark 10.1],
and Neustupa [29, Theorem 1], [30, Theorem 4.1] under smallness conditions on the data.
Solutions in LP-spaces with p # 2 were constructed by Solonnikov [34], Miyakawa [27],
Shibata [32] and Enomoto, Shibata [17]. If a solution as in (8.11), (8.12) is considered as
given, and if the data f and a decay in space as specified in (8.1) and (8.3), then it can
be shown without any smallness conditions that u, too, decays in space. This is the result
whose essential point is stated in (1.11), and which we now formulate in detail, choosing
a version which is suitable for what follows.

Theorem 8.3 Suppose that f, a and b satisfy the assumptions listed above (some of which
are not relevant here because they are related to temporal decay). Let U be the function from
Theorem 8.2, and assume that u satisfies (8.11) and (8.12). Put F(z,t) := —7 (u(z,t) -
Vao)u(z,t), Gz, t) == -7 (U(z) - Vg )ul(z,t) — 7 (u(z,t) - V)U(x) for z € Q°, t € (0, 00).
Then there are constants ¢, Ry € (0,00) such that Q C Bg,, |0°R7(F + G)(z,t)] <
c(|z|v(z) )7140“/2 and |0%u(z,t)| < ¢ (|z|v(z) )7140“/2 forz e B, t € (0,00), o € Nj
with |a| < 1.

Proof: First consider the case 7 = 1. We refer to [14, Corollary 3.5, Theorem 4.6, 4.8]
for the first inequality, which actually is an intermediate result in the proof of the second
([14, Theorem 1.2]). Note that in [14], the function f is supposed to fulfill the relation
f|Bgr, x (0,00) € L?*( Bg, X (0,00))3, instead of the weaker condition f|Bg, X (0,00) €
L?( 0,00, L'(Bg,)?) required here. However, the former condition enters into [14] only via
[14, Theorem 2.16], which restates [13, Theorem 3.1] and is reproduced as Theorem 4.3 in
the work at hand. But the conclusion of this theorem remains valid if its assumptions are
modified as indicated above. In fact, Theorem 4.3 as it stands yields (1.11) in the case that
f is replaced by XBg, x(0,00) f, and Lemma 5.5 implies (1.11) if f € LQ(O,oo, Ll(BRO)?’).
(In these two references, the parameter Ry is in the role of Ry here.) Combining these
two results, we end up with inequality (1.11) under the modified assumptions on f. We
further remark that in [14], we supposed ¥ = 0 and B = 0 in the analogue of Theorem

39



8.2 ([14, Theorem 1.1]). However, these relations are not used anywhere in [14]; only the
conclusions on U stated in Theorem 8.2 are relevant. Concerning the case 7 = 0, we
indicate that all the proofs in [14] also carry through, some of them in a much simpler
form, if the function U in that reference vanishes. Therefore the preceding arguments
remain valid if 7 = 0. O]

In the ensuing lemmas, we collect some integrability properties of the functions F' (non-
linearity) and G defined in Theorem 8.3.

Lemma 8.1 Let u be a function satisfying (8.11), and define F' and G as in Theorem
8.3. Let H € {F,G}. Then H € L*(0,00, L2(Q)?) and ||H|Q" x (t/2, 00) p2:00 <
¢ || VLu|Q° x (t/2, 00)||a for t € (0,00), o € [1,3/2] in the case of H = F, and o €
[11/10, 3/2] if H = G.

Proof: First suppose that H = F'. Then the statements of the lemma are well known.
By the proof of [14, Lemma 3.2, estimate (3.1) with so = 2, rg = 6] for example, we have
[E(r)lle < €(lulr)llz + [lu(r)ll6) [[Vau(r)|l2 for r € (0,00), 0 =1 and ¢ = 3/2. The claims
in Lemma 8.1 with respect to F' follow with (8.11) and Theorem 2.2.

Now consider the case H = G. Let r € (0,00). By Holder’s inequality and Theorem 2.2,
we get [|(U-Va)u(r)|lzs2 < C|Ulls [IVau(r)|l2 and [[(u(r)-V )Ullz/2 < Cllu(r)]ls [IVU]l2 <
CU) [[Vzu(r)|l2, so that |G(r)[l3/2 < €U) [[Vzu(r)|l2. Moreover, as in the proof of [14,
Lemma 3.2], inequality (8.10) and Corollary 2.2 imply U € L?%/9(Q%)3, VU e L/49(Q°)?,
so by Hélder’s inequality, [|(U - Va)u(r)[l11/10 < Cl|Ull22/0 [Vau(r)lla < E(U) [[Vou(r)ll2
and || (u(r)- V)Ull11/10 < lu(r)ll6 VU llgs/29 < €(U) [Vau(r)|l2. Therefore |G(r)|l11/10 is
bounded by €(U) ||Vzu(r)|l2. The statements in the lemma relating to G now follow by

interpolation. Note that in [14, (3.4)], it should read |lu|/¢ 2.7, instead of ||u||2,6.7- O

Corollary 8.3 In the situation of Theorem 8.3, let R € [Ry,00), and take R € (R, o).
Then the estimate |8§‘%(7)(F + G|B% x (0,00) ) (,t)] < ¢(|$|V($))_1_‘a|/2 holds for
r € BS, t € (0,00) and o € N} with |a| < 1.

Proof: By Lemma 8.1, we have F+G € LZ(O, 00, Ln/lo(ﬁc)?’), so Lemma 5.5 with e =0
and F' 4 G|Bg x (0,00) in the place of f yields for z, ¢, o as above that |8§‘%(7)(F +

—1—|a|/2
G|Bg x (0,00) ) (z,8)] < € (|z|v(z)) 71
inequality in Theorem 8.3. U

. Thus the corollary follows from the first

Lemma 8.2 Let f, a, b, U, u, F, G be given as in Theorem 8.3, and take p € [2,6], o €
[p,0). Put R := max{Rs3, R4}, with Ry from Theorem 8.2 and Ry from Theorem 8.5.
Then, for H € {F, G}, the function H|B% x (0,00) belongs to L2( 0,00, Lp(B%)3 ), and

|H|Bg % (t,00) g < €[ Va7 x (1,00) [5'¢ for t € (0,00)
Proof: We note that (1/p—1/6)"! € (4/3, o0], so IVUIBE || (1/p—1/6)-1 < o0 by (8.10) and
Corollary 2.2. Inequality (8.10) further yields that [|U[B%|o < oco. Define Gi(z,r) :=

(u(z,r) - V)U(z) for z € Q°, 7 € (0,00). Then we may conclude with Theorem 2.2
that [|G1(r)|BEll, < Cllu(r)lls [VUIBZlla/p-1/6-1 < €U) [Vu(r)llz for r € (0,00). Let
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t € [0,00). Since ¢ > p > 2, the preceding estimate implies

. & 1/e
G115 x (1,00 i <€) ([ 19t} )

2,00;00 2,00;00

1-2 o 1/e 1-2 =¢ 2
< €| Voully 2 (/t IVau(mlFdr) " < €[ Vpully 22 [Vaul@ x (¢ 00) 3.

Put Ga(z,7) := (U(z) - Vy )u(z,r) for z € Q°, r € (0,00). Then Theorem 8.3 yields that

c C c _ _ 1/p
IGa(r) Bl < €U Bl IVttt Bl < €0 ([ [Vuta, ) a4/ 02 o)
R

for r € (0,00), so [|G2(r)|Bxllp < Q:Hun(r)Hg/p. Since ¢ > p, hence 29/p > 2, we thus
get as in the estimate of G; that
2(1/p—1 = 2
|Gal By x (t,00) e < €[ Vel oLl IVl x (2,00 5.

00;00

But ||Vaul[2,00:00 < 00 by (8.11), so the claims of the lemma referring to the case H = G
are proved. Since by Theorem 8.3 and Corollary 2.2, there is ¢ > 0 with |[u(r)[Bge <

¢, [[Vaou(r)|Bgll(1/p-1/6-1 < ¢ for r € (0,00), the case H = F' may be handled in the
same way. ]

For a function u which satisfies not only (8.11) and (8.12), but also the pointwise decay
estimate of ||V u(t)||2 in (1.16), the following relations hold for the nonlinearity (u-V,)u,
that is, for the function F' from Theorem 8.3.

Lemma 8.3 In the situation of Theorem 8.3, suppose in addition that that u satisfies
(1.16). Then

([Vou(t)|la <€A +t)""™  for t > 0; (8.13)
[FQ° x (t,00)[lg.200 < €1+ )31V D for t >0, g e[1, 3/2); (8.14)
|F|Bg, % (t,00)|lg0000 < €(1+1)721/7 for t >0, q € [2,00). (8.15)

Proof: Since u € L*(0, 00, Hl(ﬁc)?’) by (8.11), the estimate in (8.13) follows imme-
diately with (1.16). Moreover, with Theorem 2.2 and (8.13), we find that ||F(r)[|3/; <
Cllu()lle [IVzu(r)llz < €[[Vau(r)l; < €[[Vau(r)ll2 (1 + 1)~ for r € (0,00). This im-
plies (8.14) in the case ¢ = 3/2. From (8.11) we get ||[F (7)1 < C|lu(r)|]2 ||Vzu(r)|2 <
C|Veu(r)lla < € for r € (0,00), so that (8.14) holds for ¢ = 1 as well. That lat-
ter estimate for ¢ € (1, 3/2) now follows by interpolation. Let ¢ € [2,00). Then

for r as before, by the second estimate in Theorem 8.3 and (8.13), [|F(r)|Bg,|l; <

Q(fB% || =9~ G/20=2) | ju(z, ) 2 dm)l/q < QHVmu(r)H;/q < € (147)~2%1/9, This proves
4

(8.15). O

Now we are in a position to prove our main results about the asymptotics of solutions to
the nonlinear problem (1.9), (1.10), (1.6) and (1.4), (1.10), (1.6).
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Theorem 8.4 Suppose that f, a and b satisfy the assumptions listed at the beginning of
this section. Let o € N% with |a] < 1, and let the parameters G, So introduced at the
beginning of this section verify the additional condition 3/(2qy) +1/50 < 1 — |a|/2. Take
U as in Theorem 8.2, let T € {0, 1}, and suppose that u is given as in (8.11), (8.12), that
is, u is a L2-strong solution to (1.9), (1.10), (1.6) if T = 1, and to (1.4), (1.10), (1.6)
in the case T = 0. Let R € (max{Ry, ..., R4}, 00), with R3 from Theorem 8.2, Ry from
Theorem 8.3, and Ry, Rs fized at the beginning of this section.

Then there is a bounded function X : (0,00) — (0,00) with X (t) L 0 for t — oo such that

—1=laf/2) (1=¢)

|0%u(z,t)| < (|z] I/(,I))( X(t)¢ for x € By, t € (0,00), e €0,1]. (8.16)

If 7 = 0 and u additionally satisfies (1.16) with k1 > 0, and if ¢1, ¢1 € (1, 3/2), G, € [2,00)
with 3/(2 — |a|) < @, then

|6£‘u(x,t)| <¢ [ ( |x| l/(x) )(—1—\a|/2) (1 + t)—min{gl, 3/(2q1)—1, 3r1 (1-1/G1), K1} (8.17)
—1—|a|/2) (1—e
—i—(|x|y(az))( laf/2) (1—¢)
( (1 + t)—miﬂ{@%3/(2‘11)—1/24"04/27 2&1/62} + HJC’B}C:El % (t/2’ OO)HQO,EO;OO )6]

forx, t, € as in (8.16), with o1, o2 from Theorem 8.1.

Assume in addition that f and a are bounded and with compact support, the parameter (o
from (8.4) belongs to [1/2, 1), and § > 0 is suffiently small. Then

0%u(z, 1) < € [ (Jo|v(z)) TV (1 4 gy min{l/2 8340 (8.18)

—1—|al/2) (1—¢ —(minf1-+la o .
+(’9€\V(36))( |al/2) ( )(1+t) (min{1+|al/2, k(a)}+5) ],

with k(a) := k1 in the case a =0, and k(o) :=2k1/3 if |a] = 1.

Proof: Define F' and G as in the proof of Theorem 8.3. By our assumptions on f and by
Lemma 8.1, we have f+ F+G € L?(0, o0, Lp(ﬁc)g) for p € [max{11/10, ¢o}, 3/2]. From
(8.11), (8.12), we obtain that u satisfies (4.7) with f + F 4+ G in the place of f, as well as
(4.6). Thus Theorem 4.10 yields there is a unique function ¢ € L2 (S, ) such that

B ($)|Seo = R (f + F+G) — 37 (a) + b, (8.19)
and
w=RVF+F+G) +37(a) + 07 ()]0 x (0, 00). (8.20)

On the other hand, since f belongs to L?( 0,00, Lq(ﬁc)?’) for ¢ € {qo, 3/2}, we know
from Theorem 4.2 that R (f)[Ss € Hao. Moreover 37 (a)|Ss € Ho by Theorem 4.4,

and b € Hy by assumption. Therefore Theorem 4.8 states there is a unique function
¢ € L2(Ss) such that

B (¢M) Sy = —RT () — 3T (a) +b. (8.21)
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According to Lemma 8.1, the function F + G belongs to LZ(O,oo, Lp(ﬁc)g) for p €

[11/10, 3/2] so that R)(F 4+ G)|See € Huo (Theorem 4.2). Therefore, once more by
Theorem 4.8, there is ¢(2) € L2(S,,) such that

B ($2)[Soe = — RO (F + G)|Sne. (8.22)

In view of the uniqueness statement in Theorem 4.8, and because of (8.19), (8.21) and
(8.22), we may conclude that ¢ = ¢(1) + ¢, so by (8.20) u = u") + u® where uV) :=
RO () +37(a) + 8T (¢M)Q° x (0, 00) and u?@ := R (F+G)+0) (62)[Q° x (0, 0).
By the definition of u(!), inequality (8.5) holds with u in the place of u, hence

05u M (@, )] < € (Jafv(w)) VDO x 0 (8.23)
for x, t, € as in (8.16), with
X1(t) = (L4872 + (1 +1)7% + |[f[Bg, x (£/2, 00)llg,50;00-
Turning to u(®), we may deduce from Lemma 7.3 that
9207 (6@) (2, 1)] < € (|| w(a) ) TV Xy )¢ (8.24)
for , € as in (8.16) and ¢ € [1,00), where Xs(¢) is defined by
Xo(t) i= (1+ )72 1+ 161218, o2

If t € (0,1), we argue as in the proof of Corollary 7.2, referring to Lemma 7.3 to obtain
1D (@) (z,1)] < € (|| v(z) )717‘0{'/2 for z, t as in (8.16). Thus we obtain (8.24) again,
this time for ¢ € (0,1). Put R := max{R3, R4}. The term ||F + G|B% x (t/2, 00)]|6,8;00 18
bounded by € ||V, ulQ° x (t/2, oo)H;/4 for t € (0,00) according to Lemma 8.2. Moreover
Lemma 8.1 yields that F + G € L?(0, 00, Lp(ﬁc)g) and ||F + G|Q° x (t/2, 00)|Ip.2:00 <
¢ ||V,u|Q° x (t/2, 002 for t € (0,00), p € [11/10, 3/2]. From this latter estimate we
may conclude that ||F + G|(Q° N Bp) x (t/2, 00)[[1,2:00 < ¢ || V,u|Q° x (t/2, 00)|]2. By
Corollary 8.3, we know there is ®p > 0 with |8‘;9“i(7)(F + G|Bg x (0,00) ) (z,t)] <
’Do(lm\y(x))flﬂa‘/z for x € B%, t € (0,00), hence (5.13) is valid with F + G, R in
the place of f and Ry, respectively. Due to these estimates, we may apply Corollary 5.2
with o =2, ¢=4/3, s=2, §=11/10, 5=2, =6, 5 = 8 and Ry, f replaced by R and
F + G, respectively, to obtain

02RO (F + G)(,1)] < € (faf () T TP Xy 1y (8:25)

for x, t, € as in (8.16), with X3(t) := (1+1)"7/8 + Doref1,1/4} V21| x (t/2, 00) 5. As a

consequence of (8.24) and (8.25) and the definition of u(?), we arrive at the estimate
02u® (2, )] < € (falvix)) TV (1) + X (1))

for z, t, € as in (8.16). Inequality (8.16) now follows with (8.23) and because u = u) +u(2),
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Now suppose that 7 = 0 so that G = 0. Further suppose that u satisfies (1.16) with k1 > 0.
Let q1, ¢1 and g, be chosen as in the theorem. Note that F' € LQ(O, oo, L1 (ﬁc)g) accord-
ing to Lemma 8.1 By applying (8.14) with ¢ = ¢; and ¢ = 3/2, and Corollary 5.1 with
Q= a1, 5 =2, 4= d1, we get [|R(F)[Spoclliy.. < €T~ mint3/Can)—1 8 (1-1]a0). w1} for
T € (1,00). This inequality, (8.22) and Corollary 7.2 imply

0207 (62 (2, 1)] < €[ ([a]w(w)) TV (1 4 g7 mindd/ ) =L S0 (A=1/0). ma)(5,96)
—1—]a|/2) (1—e “1—lal/2) e
+(\UC!V(90))( lee]/2) ( )(1+t)( 1—|al/2) ]

for x, t, ¢ as in (8.16). Next we want to apply Corollary 5.2 to %(T)(F), with f, Ry
replaced by F and R, respectively. As indicated further above, inequality (5.13) holds
for the preceding choice of f and Ry in that latter estimate. Recall that by Lemma 8.1,
F € L*(0,00, LP(Q)?) for any p € [1, 3/2]. On the other hand, it follows with (8.14)
that |[F|(@ 1 Bg) x (t/2, 50) 1200 < C(R) [FFY° % (£/2, 00)llg/2, 200 < (1+8) . Due to
(8.15), we get |[F|BE X (t/2, 00)|lg,,0000 < € (14 1)~ 281/ for t € (0,00). Thus Corollary
52 with o =2, ¢g=1,5=2, §=3/2, §=2, §=qy, 5 = oo and R in the place of Ry
yields

0e RO (F) (2, )] < €[ (el v(e

)) —1-|al/2 1_|_t)—min{27fi1}
—i—(|x|y(x))( 1-]af/2) (1- 5)(1
(

—|—t) min{l+|a|/2, 2k1/q, } € ]

for z, t, € as in (8.16). The preceding estimate, (8.26) and the definition of «(?) imply

10%u® (z,t)| < € [(|2] v(x) )*lfla\/2 (1 4 ¢)~ min{3/Qa)=1, 351 (1-1/41), m}
+( ’1“ v(z) )(*1*\04/2) (1—e) (1 + t)f min{1+|a|/2, 251/7, } € ]7

again for x, t, € as in (8.16). This result combined with (8.5) with u") in the place of u
and the equation u = u™® 4 u(?) lead to (8.17).

Suppose in addition that f and a are bounded with compact support, and (5 € [1/2, 1).
Then p; may be taken as (2, and g2 as 1+ |a|/2; see the proof of Corollary 8.2. Moreover
3/(2¢q1) T 3/2 for ¢1 | 1, and 3k (1 — 1/¢1) — w1 for ¢1 1 3/2. If @ = 0, we may take
G, = 2. In the case |a| = 1, the relation 2x;1/q; T 2k1/3 holds for g; | 3. The term
1fIBf, % (t/2, 00)llg,,s0:00 may be estimated by € (14 ¢)~2. These remarks and (8.17)
imply (8.18). O

References

[1] Adams, R. A.: Sobolev spaces. Academic Press, New York e.a., 1975.

[2] Babenko, K. I., Vasil’ev, M. M.: On the asymptotic behavior of a steady flow of
viscous fluid at some distance from an immersed body. Prikl. Mat. Meh. 37 (1973),
690-705 (Russian); English translation, J. Appl. Math. Mech. 37 (1973), 651-665.

[3] Bae, H.-O., Jin, B. J.: Estimates of the wake for the 3D Oseen equations. Discrete
Contin. Dyn. Syst. Ser. B 10 (2008), 1-18.

44



[4]

[5]

[10]

[11]

[12]

Bae, H.-O., Roh, J.: Stability for the 3D Navier-Stokes equations with nonzero far
field velocity on exterior domains. J. Math. Fluid Mech. 14 (2012), 117-139.

Deuring, P.: Exterior stationary Navier-Stokes flows in 3D with nonzero velocity at
infinity: asymptotic behaviour of the velocity and its gradient. IASME Transactions
6 (2005), 900-904.

Deuring, P.: The single-layer potential associated with the time-dependent Oseen
system. In: Proceedings of the 2006 IASME/WSEAS International Conference on
Continuum Mechanics. Chalkida, Greeece, May 11-13, 2006, 117-125.

Deuring, P.: On volume potentials related to the time-dependent Oseen system.
WSEAS Transactions on Math. 5 (2006), 252-259.

Deuring, P.: On boundary driven time-dependent Oseen flows. Banach Center Pub-
lications 81 (2008), 119-132.

Deuring, P.: A potential theoretic approach to the time-dependent Oseen system.
In: Rannacher, R., Sequeira, A. (eds.): Advances in Mathematical Fluid Mechanics.
Dedicated to Giovanni Paolo Galdi on the Occasion of his 60th Birthday. Springer,
Berlin e. a., 2010, p. 191-214.

Deuring, P.: Spatial decay of time-dependent Oseen flows. STAM J. Math. Anal. 41
(2009), 886-922.

Deuring, P.: A representation formula for the velocity part of 3D time-dependent
Oseen flows. J. Math. Fluid Mech. 16 (2014), 1-39.

Deuring, P.: The Cauchy problem for the homogeneous time-dependent Oseen system
in R3: spatial decay of the velocity. Math. Bohemica 138 (2013), 299-324.

Deuring, P.: Pointwise spatial decay of time-dependent Oseen flows: the case of data
with noncompact support. Discrete Contin. Dyn. Syst. Ser. A 33 (2013), 2757-2776.

Deuring, P.: Spatial decay of time-dependent incompressible Navier-Stokes flows with
nonzero velocity at infinity. SIAM J. Math. Anal. 45 (2013), 1388-1421.

Deuring, P., Kraé¢mar, S.: Exterior stationary Navier-Stokes flows in 3D with non-
zero velocity at infinity: approximation by flows in bounded domains. Math. Nachr.
269-270 (2004), 86-115.

Enomoto, Y., Shibata, Y.: Local energy decay of solutions to the Oseen equation in
the exterior domain. Indiana Univ. Math. J. 53 (2004), 1291-1330.

Enomoto, Y., Shibata, Y.: On the rate of decay of the Oseen semigroup in exterior
domains and its application to Navier-Stokes equation. J. Math. Fluid Mech. 7 (2005),
339-367.

Farwig, R.: The stationary exterior 3D-problem of Oseen and Navier-Stokes equations
in anisotropically weighted Sobolev spaces. Math. Z. 211 (1992), 409-447.

45



[19]
[20]

[21]

[22]

[29]

[30]

[31]

32]

[33]

[34]

Fuéik, S., John, O., Kufner, A.: Function spaces. Noordhoff, Leyden 1977.

Galdi, G. P.: An introduction to the mathematical theory of the Navier-Stokes equa-
tions. Vol. I. Linearised steady problems (corr. 2nd print.). Springer, New York e.a.,
1998.

Galdi, G. P.: An introduction to the mathematical theory of the Navier-Stokes equa-
tions. Vol. II. Nonlinear steady problems. Springer, New York e.a., 1994.

Heywood, J. G.: The exterior nonstationary problem for the Navier-Stokes equations.
Acta Math. 129 (1972), 11-34.

Heywood, J. G.: The Navier-Stokes equations. On the existence, regularity and decay
of solutions. Indiana Univ. Math. J. 29 (1980), 639-681.

Knightly, G. H.: Some decay properties of solutions of the Navier-Stokes equations.
In: Rautmann, R. (ed.): Approximation methods for Navier-Stokes problems. Lecture
Notes in Math. 771, Springer, 1979, 287-298.

Kobayashi, T., Shibata, Y.: On the Oseen equation in three-dimensional exterior
domains. Math. Ann. 310 (1998), 1-45.

Masuda, K.: On the stability of incompressible viscous fluid motions past bodies. J.
Math. Soc. Japan 27 (1975), 294-327.

Miyakawa, T.: On nonstationary solutions of the Navier-Stokes equations in an exte-
rior domain. Hiroshima Math. J. 12 (1982), 115-140.

Mizumachi, R.: On the asymptotic behaviour of incompressible viscous fluid motions
past bodies. J. Math. Soc. Japan 36 (1984), 497-522.

Neustupa, J.: Stability of a steady viscous incompressible flow past an obstacle. J.
Math. Fluid Mech. 11 (2009), 22-45.

Neustupa, J.: A spectral criterion for stability of a steady viscous incompressible flow
past an obstacle. J. Math. Fluid Mech. 18 (2016), 133-156.

Shen, Zongwei: Boundary value problems for parabolic Lamé systems and a nonsta-
tionary linearized system of Navier-Stokes equations in Lipschitz cylinders. American
J. Math. 113 (1991), 293-373.

Shibata, Y.: On an exterior initial boundary value problem for Navier-Stokes equa-
tions. Quarterly Appl. Math. 57 (1999), 117-155.

Solonnikov, V. A.: A priori estimates for second order parabolic equations. Trudy
Mat. Inst. Steklov. 70 (1964), 133-212 (Russian); English translation, AMS Transla-
tions 65 (1967), 51-137.

Solonnikov, V. A.: Estimates for solutions of nonstationary Navier-Stokes equations.
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 38 (1973), 153-231
(Russian); English translation, J. Soviet Math. 8 (1977), 467-529.

46



[35] Stein, E. M.: Singular integrals and differentiability of functions. Princeton University
Press, Princeton N.J., 1970.

47



