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We propose the analysis of a non-linear parabolic problem of p(w, t, z)-Laplace type
in the framework of Orlicz Lebesgue and Sobolev spaces with variable random
exponents and a stochastic forcing by a cylindrical Wiener process. We give a result
of well-posedness: existence, uniqueness and stability of the solution, for additive
and multiplicative problems.

1. Introduction
We are interested in a result of existence and uniqueness of the solution to the problem:

du — Apcyu dt = H(-,u) dW in Q x (0,T) x D,
(P,H){u=0 on Q x (0,T) x 0D,
u(0,-) = ug in L2(D),

where T > 0, D C R? is a bounded Lipschitz domain, Q := (0,7) x D and (£, F, P) is a classical Wiener

space endowed with a normal filtration (F;);>o.

H:Qx (0,T) xR — HS(L*(D)), (w,t,\)— H(w,t,\)

is a Carathéodory function, continuous with respect to A, progressively measurable with respect to JF;
and square integrable with respect to dP ® dt, where HS(L?(D)) denotes the space of Hilbert—Schmidt
operators on L2?(D) with values in L?(D). We will give the precise assumptions on H below. A
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div(\Vu|p(“’t””)_2Vu) denotes the p-Laplace operator with a variable exponent p : Qx Q — (1, 00) satisfying
the following conditions:

(pl) 1<p™ :=ess inf(w,t,x) p(W,t,fE) < p+ "= €SSSUD(y, t,x) p(watal') < 00,
(p2) w a.s. in Q, (t,2) — p(w,t, z), is log-Holder continuous, i.e. there exists C' > 0 (which may depend
on w) such that, for all (¢,z), (s,y) € Q,
C
T
e+ )

(1)

|p(w,t,a:) —p(w,s,y)\ S 1
n

(p3) progressive measurability of the variable exponent, i.e.
Qx[0,t] x D3 (w,s,2) — p(w, s, )

is Fy x B(0,t) x B(D)-measurable for all 0 <t < T.

For an orthonormal basis (e;,) of L?(D) and (8 (t)) a family of independent, real-valued Brownian motions
adapted to (F), we (formally) define the cylindrical Wiener process,

W(t) = exfi(t). (2)
=1

It is well-known that the sum on the right-hand side of (2) does not converge in L?(D), therefore we have
to give a meaning to (2) following the ideas of [2] and [7]: For u =77 | uger and v = > "o, vkex
o Uk Uk

k2

(u7 U)U =
k=1

is a scalar product on L?(D). Now we define the (bigger) Hilbert space U as the completion of L?(D) with
respect to the norm || - ||y induced by (-, -)y. It is then easy to see that (key) is an orthonormal basis of U.
Note that

; exBr(t) ; %kekﬁk (3)

and therefore W (t) can be interpreted as a @-Wiener process with covariance Matrix @ = diag(;5) and
values in U. Since Q2 (U) = L2(D), for all square integrable and predictable ® : Q x (0,T) — HS(L?*(D))
the stochastic integral with respect to the cylindrical Wiener process W (t) can be defined by

/(I)dW Z/ ®(key,) dﬂ,ﬁz/ (ex) dBy.

k=17 k=17

In particular, ®(ey) € N2(0,T; L*(D)) for all k € N*.
Assume that H : Q x (0,7) x L*(D) — HS(L*(D)) is defined by

H(w, t,u)(ex) = {z — hi(w, t,z,u(x))},

where, for any k € N*, hy : Q x (0,T) x R — R is a Carathéodory function such that for all A € R,
hi(-,A) € N2(0,T; L?(D)) and A + hy(w,t, \) is continuous Pr ® L%a.e. where Pr denotes the predictable
o-algebra and £ the Lebesgue measure (see [2] for example). Moreover, for technical reasons,
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(H1) There exist C1,Cy > 0 and C3 € L'(D) such that a.e. in (w,t,z),

oo oo

S 1P < AR + G 3 i) = i )P < Col A — il
k=1 k=1

In particular for any u € L?(D) and for a.e. (w,t) € Q x (0,T) thanks to (H1) we have

1H (w, t, W) Frs 2 (oy) = D IH (W, t,w) (er) 132y
k=1

oo

= /Z | (w, t, 2, u(@))[* d < [|Csl| () + CrllullZz p)
f k=1

and therefore H(w,t,u) is a Hilbert—Schmidt operator.

Our aim in this paper is to extend the previous result published in [1] to the case of a random variable
exponent and to a more general noise, here a cylindrical Wiener process. At the beginning, the methodology
is close to the one presented in [1], then it has to be adapted to the new situation. The result is first proved
in the additive case for a finite-dimensional Wiener process: as in [1], one considers a singular perturbation
of the p(-)-Laplace operator by a g-Laplace one (¢ being a big enough constant) with very regular additive
integrands H before passing to the limits on the perturbation, then on the regularization of the integrands.
The result is then proved in the additive case for a general infinite-dimensional Wiener process, then in the
multiplicative case by using a fixed point argument.

The organization of the paper is the following one: the next section presents the functional framework
and the one after introduces the main result. The last section is dedicated to the proof of the main result.

2. Function spaces with variable exponent

The following function space serves as the variable exponent version of the classical Bochner space setting:
there exists a full-measure set  C Q such that we can define

Xo(Q) = {u € L*(Q)N L0, T; Wy (D)) | Vu € (LP)(Q))"}
which is a separable, reflexive Banach space for all w € Q with respect to the norm

lullx.@ = llull2@) + IVullpee. (q)-
X, (Q) is a parametrization by w of the space
X(Q) :={ue L*(Q) N L 0, T; Wy (D)) | Vu € (LP""(Q))%}

which has been introduced in [3] for the case of a variable exponent depending on (¢, z). For the basic
properties of X(Q), we refer to [3]. For u € X, (Q), it follows directly from the definition that u(t) €
L2(D) N Wy'' (D) for almost every ¢ € (0,T). Moreover, from Vu € LP()(Q) and Fubini’s theorem it
follows that Vu(t,) is in LP(t) (D) a.e. in (0, 7).

Let us introduce the space

E={ue’QUxQ)NLF (2x(0,T);Wy* (D)) | Vue LPO(Q2 x Q)}

which is a separable, reflexive Banach space with respect to the norm
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u€ & ulle = llull2@xq) + [IVullro (oxq)-
Thanks to Fubini’s theorem, u € £ implies that u(w) € X, (Q) a.s. in  and, since Poincaré’s inequality is
available with respect to (¢, ), independently of w, u € &€ implies also u(w,t) € L*(D) N Wol’p(w’t")(D) for
almost all (w,t) € Q x (0,T).

3. Main result

Definition 3.1. A solution to (P, H) is a function u € L*(Q; C([0,T]; L*(D))) N N2(0,T; L?(D)) N €, such
that, for almost every w € Q, u(0,-) = ug, a.e. in D and for all ¢ € [0,T],

t t
u(t) —ug — /Ap(.)u ds = /H(,u) dw,
0 0

holds a.s. in D; or, equivalently, in the weak sense:

olutt) = [ Hw) dW)~ By =0 in XL(@).
0

Theorem 3.1. There exists a unique solution to (P,H). Moreover, if uy1, us are the solutions to (P, Hy),
(P, Hs) respectively, then:

E < sup |[(u; — uQ)(t)|%2(D)> + E/ (|V“1\p(')_2Vu1 B |Vu2|p(')_2Vu2> - V(uy — ug) d(t, z)
t€[0,7]
Q

T
< CE [ 1#:(ou) = Haloun) sz o . (1)
0

4. Proof of the main result

Notation: for a square integrable and predictable process ® : Q x (0,7) — HS(L?(D)) and N € N*, we
define the predictable and square integrable process ®y : Q x (0,T) — HS(L*(D)) by ®n(ex) = ®(ey) for
k < N and ¢n(er) =0 for kK > N. Consequently

T N T
/<1>N AW = Z/@(ek) dB.
0 0

=1

Let us remark that this corresponds to the case of the finite-dimensional Wiener process: Wy (t) =

N
Zkzl Br(t)ek.
4.1. The result for nice processes

Let S2(0,T; H(D)) be the subset of simple, predictable processes with values in Hj(D) for sufficiently
large values of j. Note that S7,(0,T; Hj (D)) is densely imbedded into N7 (0,T; L*(D)). We will first prove
the result when ®y(ex) € S2(0,T; H) (D)) for all k = 1,... N. We will call such ®y a nice process in the
sequel.



Proposition 4.1. For ¢ > max(2,p"), 0 <e <1, N € N* and a nice process ®y there exists
u® € LA(;0([0, T]; L*(D))) N NG (0, T5 L*(D)) N LY(Q x (0,T); Wy (D))

and a set Q C Q of total probability 1 on which w(0,-) = ug a.e. in D and

t t

ut(t) —ug — /[5Aqu5 + Apyut] ds = /@N aw (5)
0 0

in W19 (D) for all t € [0,T).
Proof. For ¢ > max(2,p*) and € > 0, the operator
A:Qx(0,T) x Wy (D) — W H (D), Aw, t,u) = —eAgt — Ap 1)ty

is monotone with respect to u for a.e. (w,t) € 2x(0,T) and progressively measurable, i.e. for every ¢ € [0, T
the mapping

A:Qx(0,t) x WH(D) - Wb (D), (w,s,u)—~ Aw,s,u)

is F; x B(0,t) x B(Wy(D))-measurable. In particular, —A satisfies the hypotheses of [5, Theorem 2.1,
p. 1253], therefore for any ¢ > 0 there exists a continuous process with values in L?(D) solution to the
problem (5). Then, [2, Prop. 3.17 p. 84] and [5, Theorem 2.3, p. 1254] yield u® € L?(Q; C([0,T); L3(D))).

Proposition 4.2. For any nice process ®y, there exist a unique function u € €N L*(Q;C([0,T); L*(D))) and
a full-measure set Q € F such that for all w € Q we have uw(0,+) =wug a.e. in D and

t t
) —ug — /Ap U ds-/CDN dw (6)
0

holds a.e. in D for all t € [0,T). In particular u is a solution to (P, ®y) in the sense of Definition 3.1.

Proof. For the first part of the proof, mainly based on deterministic arguments, we can repeat the arguments
of [1]: If we set v° := u® ffot O dW, such that v°(0) = ug, then u® satisfies (5), iff there exists a full-measure
set Q € F such that

t t
O — A, (V¢ + / On dW) = Ay (v + / Oy dW) =0 (7)
0 0

in L9 (0, T; W19 (D)) for all w € Q. Testing (7) with v° to get a priori estimates, we can use classical
(monotonicity) arguments to conclude that pointwise for every w € {2 we have the following convergence
results, passing to a (not relabeled) subsequence if necessary when e tends to 0:

1.) v* = vin X,(Q) and L>(0,T; L?(D)) weak-*,
2.) for any t, v¢(t) — v(t) in L?(D),
) fQ |V — VoPlbs) dedt — 0.



Then, passing to the limit in the singular perturbation, v satisfies the problem

t
3,51) — Ap(,)(’l) + /CI)N dW) =0.
0

In particular, 0;v € X/ (Q) (see [3]) and v € W, (Q) where one denotes by
W (Q) == {v € Xu(Q) | O € X,(Q)}-

Thanks to [3], W,(Q) < C([0,T]; L?>(D)) with a continuity constant depending only on 7 and the time-
integration by parts formula is available. Thus, v € C ([0, T]; L?(D)) and v is a solution of the above problem
in W, (Q), for the initial condition ug. Since this solution is unique, no subsequence is needed in the above
limits. Then, the above convergence yields for all w €

L) uf = win L*(0,T; L*(D)) with 9;[u — [, ®n dW] € X/ (Q),

2.) for any t, uf(t) — u(t) in L?(D),

3) p(wtw)u AAp(wtw)u in X/ (Q)v

4.) fQ|Vu — Vu|P @) dydt — 0.

We continue with the argumentation as in [1]: from the previous convergence results, the a priori estimates
and since V@ is bounded, we get uniform estimates that allow us to use Lebesgue Dominated Convergence
theorem and therefore it follows that

Vi, uf(t) — u(t) in L*(Q;L*(D)) and u® —u in &. (8)

Note that the above limits in L?(2; L?(D)) and L?(Q; L?(Q)) are standard results obtained in classical
Bochner spaces, but the measurability of Vu with respect to d(¢,2) ® dP deserves our attention. Since Vu®
and Vu are globally measurable functions, Lebesgue Dominated Convergence theorem, together with a
priori estimates yield

E/ |Vus — Vu [P@82) dedt — 0

and thus, (Vu®) is a Cauchy sequence in LP()(© x @) and therefore a converging sequence. It is then a
direct consequence to see that Vu is the limit in LP()(Q x Q) of Vus.

Then, passing to a (not relabeled) subsequence if needed, it follows that u® — u a.e. in Q x Q.

Hence u satisfies (6), or, in other words, 0¢[u fo Dy dW] Apyu = 0.

In particular, since ® is regular, one gets that u — fo Oy dW € € with Ou — fot Sy dW] e &

We need now to prove that u € L?(Q; C([0,T]; L2(D))). We already know that u : Q x Q@ — L?(D) is a
stochastic process. Since u(w, ) € W, (Q) = C([0,T]; L*(D)) for a.e. w € Q, the measurability follows from
[2, Prop. 3.17 p. 84] with arguments as in [4, Cor. 1.1.2, p. 8]. Then, a.s. in 2, the equation satisfied by u
yields v — A,yu = 0, so that, for almost every t € [0, 77,

1d )
5%””(75)”%2(13) +/\Vu|p( 1) =2\ . Vo dx = 0.

Since, w a.s.,



P (w,s,x)

1 S
= /VCDN dw dz ds
0

T

1
sup ||U(Wat7')||%2(p) < ||U0||2L2(D) +2//—_|
te[0,T] 2 P

with a right-hand side in L'(£2), one gets that u,v € L*(Q; C([0,T]; L*(D)).

Lemma 4.1. For any m,n € N and nice processes ®n n, Pn m let u, be the solution to (P, Py ) and u, be
the solution to (P, @y m). There exist constants K1, Ko > 0 depending on the Burkholder—-Davies—Gundy
inequality such that

B Nl paeon + [ 196 dits) | < KB { [ 1@nalrsiuscoy @t + ol |+ ©)
Q

E (”(un - um)”%([O,T];LQ(D))) + E/(|vun|p()72vun - |vum‘p(.)72vum) “V(un — um) d(t, )
Q

< KgE/ 1PN n = PN mllErsr2(py) dt- (10)

Proof. Using the It6 formula in (5), it follows that for all ¢ € [0, 77, a.s. in 2, we have

t

145, (8) 32y + 2 / / Vs PO d ds
0 D
t

<2 / (2, Dy () 12y AW + / 1©8nlZis 2oy 5+ luollZ2(p) (11)
0 0

or, by subtracting (5) with ®x ,, from (5) with ®n ,

n

t
[(us —us, ||L2 )+ 2//(|Vui\p(')_2Vqu — |Vufn|p(')_2Vufn) -V(uf, — i) dx ds
0 D

t

< 2/(“2 — Uy [P — P](4)) 2(0) AW + / 1PN.n = @nmllErscrzpy) ds- (12)
0

Thus, by passing to the limit with € — 0, to the supremum over ¢ and then taking the expectation, it follows
that (¢ > 0 being a constant)

T
( sup ||un( ||L2(D +E//|VU |p() dx ds
te[0,T] 29

t

<cE tSEL(l)pT / Uns ®Nn () 2Dy AW | + el @l T2k 0,1 m8(22(DY)) T CllwollTzp (13)
€
0
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T
E( sup |[(un —um)(t) ||L2 )+ E//(|Vun|p(')_2Vun — |V POV, - V(u, — up) dz ds
t€[0,T)
0D

t
<ckE tSEéRr] /(Un — U, [P = P ) () 22Dy AW | + ¢l P — PNl T2 x 0,522 (DY) (14)
€10,
0
Using Burkholder, Hélder and Young inequalities on (13) we get for any v > 0
. T 1/2
B s [ enae V) <38 [l exaO)emlscms d| . 09)

tel0,T
0 0

where

[ (tns @N,n (- ))L2(D)HHS (L2(D),R) — Z I( Um‘I)Nn(ek))L2(D)|

k=1
Z| (I)Nn Un) ek)LZ(D)| < ||‘I>NnHHS(L2(D))HUn||L2 (16)
k=1
and therefore
. T 1/2
E | sup /(um(bN,n)L2(D) dW | <3E /HCI)NJL”%IS(LQ(D))||un||%2(D) dt

tefo, T
0.7 )

1/2

IN

12 / T
3E (Sup ||Un||L2(D)> /”(I)N,n”?'-IS(LZ(D))
0

3
3yE | sup ||u + —
(te[, | n||L2(D)> 7|

i (2x(0,7); HS(L?(D)))

and similarly on (14),

t

E| suw / (i — tis [ 51— Povn] () 2y AW
t€[0,T) 5

3
<3E ( sup |[lun — UM|%2(D)> + =N — PnmllT2 0.1y S (22(DY))- (17)
t€[0,T) v

Plugging (15) into (13), (17) into (14) and choosing v > 0 small enough yield Lemma 4.1.

Remark 4.1. It is an open question if the Ité formula is directly available for a solution of (6) since we are
not in Bochner spaces: The stochastic energy has to be defined in different Banach spaces depending on
t € [0,T] and w € Q. That is why we need to apply the Itd formula to u®, and then pass to the limit. But
then, only an inequality is obtained.



4.2. Existence for arbitrary ®n

Proposition 4.3. For any N € N* and any ®n defined as in the beginning of the section, there exists a
unique solution u to (P, ®y), i.e., u € ENL*(Q;C([0,T); L?(D)) N N2(0,T; L*(D)) such that a.s.

t

t
u(t) —ug — /Ap(‘)u ds = /<I>N aw (18)
0 0

for allt €10,T], a.e. in D.
Moreover, if uy, ug are the solutions to (P,®n 1), (P, ®n,2) respectively, then:

FE <Sup ||(U1 — u2)(t)||%2(D)> + E/(|vu1|p(')*2vul _ ‘VU2|p(')72VU2) . v(ul — u2) d(tvx)
t

T
gcn?/H®M1—¢NgﬁwuﬂD»dt (19)
0

Proof. For any k € N there exists a sequence (5 n)n C S2(0,7; Hj(D)) converging to ®n(e) in
N2(0,T; L*(D)) when n goes to co. If we define ®,, y : Q x (0,T) — HS(L?*(D)) by &, n(er) = Pnin
for k < N, then ®,,  is a nice process such that ®,, x — ®x in L*(Q x (0,7); HS(L*(D))) when n — cc.
Let (u,) € €N L%Q;C([0,T]; L?(D))) be the sequence of corresponding solutions to (P, ®,, n), then from
(9) it follows that (u,,) is a bounded sequence in € N L%(Q; C([0,7]; L?(D))) and (10) ensures that (u,) is
a Cauchy sequence in L?(Q; C([0,T]; L*(D)).

Hence there exists u € & N L?*(Q;C([0,T); L?(D))) such that u, — wu in & and u, — wu in
12(9; (0, T); L*(D))).

Moreover there exists a full-measure set 2 € F such that, passing to a (not relabeled) subsequence if
necessary, u, — u in C([0,T]; L*(D)) for all w € Q. In particular, u(0,-) = ug a.e. in D for all w € €.

For p = d(t,z) ® dP we have

/ |Vtty, — Vi, [P dp = / [Vt — Vi, [P dp + / |Vty, — Vi, [P dp.
QxQ 1<p<2 p>2

Then, from (10) and the fundamental inequality ([6, Section 10]), for any &, 1 € R,

_ _ 22—p|£_,r]|P’ pZ 2
P 25, p—2, . £ — > { p—2
(1€l Inl"~"n) - ( n) (p—DIE=nPA+ P2 +EA) 7, 1<p<?2

it follows first that

. +_
/ Vuy — Vg [POdp < 277 72 Ko || @0 — @, v | 220 (0.7): 522 (D)) - (20)

p>2

Then, from the generalized Young inequality it follows secondly that, for any 0 < € < 1,

_ p(*) (-
/ Vi, = Vi, [P dp = / [Vt = V| (14 Va2 + [V )P0 dy
(14 [Vug 2 + [V, [P0

9
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A | P

— 5 Al
(1 + |Vt |2 + |V, [2) 5

1<p<2

e / (1+ [V + [Vur[2) 5 dps

1<p<2
]. v'Uf'n - Vum 2
< —= (p—1) | | s A+ Kae
ep—1) (14 |V, |2 + [Vun,|?) 2
1<p<2
1
< -1 1)K2||<I’n,N = @ N [T x (0,7y:15(22(Dy)) + K36 (21)

since the sequence (u,) is bounded in LPO)(Q x Q) and p is a finite measure.

From (20), (21) and lim,, ;m—eo ||Pn,n — (bm,NH%?(Qx(o,T);HS(L?(D))) = 0 one gets that Vu, is a Cauchy
sequence in LP(')(Q x @), thus a converging sequence.

In conclusion, u, converges to u in &N L*(;C([0,T]; L?>(D))) N N2(0,T; L*(D)) and, by a standard
argument based on the Nemytskii operator induced by the Carathéodory function G : (w,t,z,§) €
Q x Q x R s [gp@t)=2¢ ¢ R |Vu,|[P)"2Vu, converges to |[Vu[P()"2Vy in LP'()(Q x Q) since
(G, t,, )Pb) = [gpletn),

Let us recall that, for any n € N, u,, satisfies

t
8t Up — /(I)n,N dW — Ap()un =0 (22)
0

in &. Now we can choose a (not relabeled) subsequence of (uy,) such that all previous convergence results
hold true. For any test function ¢(w,t,x) = p(w)y(t)v(z) with p € L>*(Q), v € D([0,T)) and v € D(D) we
have

t

<5‘t un/th)mN daw ,¢> /<8t unf/cI)mN aw ,¢> dP

0 e Q 0 X!\ X

_ / < "y — j B,y AW ,at¢> P — / wop(w, 0,2) da dP. (23)

Q 0 X! . X, QxD

Lo
In particular u,, satisfies

t
— / Uy, — /<I>n7N dW | - 0w + |Vun|p(')72Vun Vo du — / upp(w,0,2) de dP =0 (24)
axQ 0 QxD

for all n € N. When n — oo, from It6 isometry it follows that

T ¢ 2 t 2
// /(I)n,N—CDN aw dt dP < sup FE /(I)n,N—(I)N dw
te[0,7)
Q 0 o L2(D) 0 L2(D)
T
= E/ @05 = PNl Es(r2(py) dt = 0, (25)
0
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hence [; @pn dW — [; @y dW in L*(Q x (0,T); L*(D)) for n — oc. Therefore, using our convergence
results, we are able to pass to the limit in (24) and obtain

t
6t u—/‘I’N aw —Ap(_)u:O (26)
0

in £. (26), and a classical argument of separability, imply that a.s.

t
O | u— /@N AW | = Ayyu, in X5(Q) — L (0,T; W1 (D)) (27)
0

with a > p™ + 2. Moreover, a.s.
¢
- /<I>N dw € C([0,T); L*(D)).
0

Thus we can integrate (27) to obtain a.s.

t t
) —ug — /A N ds-/q)N aw (28)
0

in L?(D) for all t € [0, T).

To finish the proof, note that passing to the limit in (10) yields the stability inequality (19), and if we
assume that ui,us € ENL*(Q; C([0,T); L*(D))) N N3, (0, T; L?(D)) are both satisfying (18), it follows that
a.s. in 2

8t(u1 — U,Q) - (Ap()ul - Ap()UQ) =0in (XW(Q))/ (29)

Using u; — ug as a test function in (29) and the integration by parts formula in W,,(Q), we obtain the result
of uniqueness.

4.8. Existence for cylindrical Wiener process

Now, our aim is to pass to the limit when N — oo in Proposition 4.3. For M, N € N*  let uy and wups
be the solutions obtained by Proposition 4.3 corresponding to right-hand sides ® and ®;; respectively.
Thanks to the stability result of the proposition, one has that

E (H(UN - UM)||2C'([O,T];L2(D))) + E/(|VUN|p(')_2VUN — |Vun PO Vuyy) - Viuy — upr) d(t, z)
Q

<Ko [ oy = urlrsun o . (30)

Since ®y converges to ® in L2(Q x (0,T); HS(L?(D))), the right-hand side of (30) converges to 0 when
M, N — co. Therefore (uy) is a Cauchy sequence in L?(Q; C([0,T); L*(D))). Using (20) and (21), we find
that (Vuy) is a Cauchy sequence in LP()(Q x Q)?. Thus, there exists v in £ N L*(Q;C([0,T); L*(D))) N
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N2(0,T;L*(D)) such that uy — u in €. Moreover, |Vuy|[P()"2Vuy converges to |Vu[P()=2Vu in
Lp/(‘)(Q x Q) by a standard argument based again on the Nemytskii operator induced by the Carathéodory
function G : (w,t,2,8) € Q x Q x RY — [¢Pwt0)=-2¢ ¢ R since |G(w,t,x, &P @ho) = |¢plwta) n
addition, from It6 isometry and the convergence of ®y to ® in L2(2 x (0,T); HS(L*(D))) when N — oo
it follows that

/<I>N dW — /<I> aw
0 0
in L2(Q x (0,T); L*(D)) when N — oco. From

t

- / uy —/ch AW | - 8,6 + |[Vun PO 2Vuy - Vo du — / upp(w,0,2) de dP =0 (31)
QxQ 0 QxD

and with analogous arguments as in (26) and (27) it follows that

t t
Oy [ u— /<I> dw | € L¥(0,T; W= (D)), u— /<I> dw e C([0,T); L*(D))
0 0

a.s. in Q for a > 2 + p*. Thus we can integrate (27) to obtain a.s.

t

¢
u(t) — ug — /Ap(.)u ds = /<I> aw (32)
0 0

in L?(D) for all t € [0, 7).
As a conclusion, on has that

Proposition 4.4. Proposition 4.3 still holds for any ® € N2(0,T; HS(L?(D))).
4.4. The multiplicative case
We want to apply Banach’s fixed point theorem to the map
U:S e N20,T; L*(D)) — us € N2(0,T; L*(D))

(see also [1]) where ug is the solution to (P, H(-,S)) to deduce the existence of a unique solution u of (P, H)
in the sense of Definition 3.1.

Let us first note that thanks to the assumptions on (hj) and by classical arguments based on Nemytskii
operators, one has that H(-,S) € N2(0,T; HS(L?*(D))) when S € N2(0,T; L*(D)).

Thus, thanks to Proposition 4.4, the mapping ¥ is well-defined and w is a solution to the multiplicative
problem iff it is a fixed point for W.

Set S1,S2 € N2(0,T;L?(D)) and denote by u; = ¥(S;) and uz = ¥(S3). Thanks to the stability
inequality for the additive case and to (H1) it follows that

E|[(ur — w2) 20,7122 (py) < CIH(-581) = H( ST 2 0% 0,715 (12 (D))
12



T (o]
_ CE//Z (w0, £, S (w0, £, 2)) — B (0, £, S £, 2)) 2 da e
0

B k=1

< C|ISy = Sallj2 0,7 22(0y)» (33)
where C' > 0 is a constant that may change from line to line. From (33) it follows that

T T

—a ¢ —« —a
[ Bl = un) Ol aoe ™ e < S0 =) [ BYS: = Salfappe e de (34)
0 0

for a > 0 and therefore the mapping S has a fixed point in N2 (0,7; L?(D)) for a suitable value of a.
This finishes the proof of Theorem 3.1.
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