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Abstract

We introduce affine Volterra processes, defined as solutions of certain stochastic
convolution equations with affine coefficients. Classical affine diffusions constitute a
special case, but affine Volterra processes are neither semimartingales, nor Markov pro-
cesses in general. We provide explicit exponential-affine representations of the Fourier—
Laplace functional in terms of the solution of an associated system of deterministic
integral equations, extending well-known formulas for classical affine diffusions. For
specific state spaces, we prove existence, uniqueness, and invariance properties of so-
lutions of the corresponding stochastic convolution equations. Our arguments avoid
infinite-dimensional stochastic analysis as well as stochastic integration with respect
to non-semimartingales, relying instead on tools from the theory of finite-dimensional
deterministic convolution equations. Our findings generalize and simplify recent results
in the literature on rough volatility models in finance.

1 Introduction

We study a class of d-dimensional stochastic convolution equations of the form

X, = Xo +/0tK(t— s)b(Xs)ds+/0tK(t— s)o(Xs)dW, (1.1)
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where W is a multi-dimensional Brownian motion, and the convolution kernel K and
coefficients b and o satisfy regularity and integrability conditions that are discussed in
detail after this introduction. We refer to equations of the form (1.1) as stochastic Volterra
equations (of convolution type), and their solutions are always understood to be adapted
processes defined on some stochastic basis (€2, F, (F¢)e>0, P) satisfying the usual conditions.
Stochastic Volterra equations have been studied by numerous authors; see e.g. Berger and
Mizel (1980a,b); Protter (1985); Pardoux and Protter (1990); Zhang (2010) among many
others.

We are interested in the situation where a(z) = o(x)o(x)" and b(z) are affine maps
given by

a(x) = A% 4z AV 4+ 4 g Al

1.2
b(x) =00 + bt + - - + zgd?, (12)

for some d-dimensional symmetric matrices A* and vectors b. In this case we refer to
solutions of (1.1) as affine Volterra processes. Affine diffusions, as studied in Duffie et al.
(2003), are particular examples of affine Volterra processes of the form (1.1) where the
convolution kernel K = id is constant and equal to the d-dimensional identity matrix. In
this paper we do not consider processes with jumps.

Stochastic models using classical affine diffusions are tractable because their Fourier—
Laplace transform has a simple form. It can be written as an exponential-affine function
of the initial state, in terms of the solution of a system of ordinary differential equations,
known as the Riccati equations, determined by the affine maps (1.2). More precisely, let
X be an affine diffusion of the form (1.1) with K = id. Then, given a d-dimensional row
vector v and under suitable integrability conditions, we have

E [exp (uXr) ] ft} — oxp (H(T — t) + (T — 1) Xy) (1.3)

where the real-valued function ¢ and row-vector-valued function v satisfy the Riccati equa-
tions

o) = [ (v + o)A ) ds
o0 =u+ [ (v0B+3Aw) s

with A(u) = (uA'u’, ..., uA%") and B = (b' --- b?). Alternatively, using the variation
of constants formula on X and v, one can write the Fourier-Laplace transform as

E [exp (uXr) ) ]:t} = exp <E[UXT | Fe] + % /tT (T — s)a(E[Xs | Fe))y(T — S)Tds> .

(1.4)
For more general kernels K, affine Volterra processes are typically neither semimartin-
gales, nor Markov processes. Therefore one cannot expect a formula like (1.3) to hold in



general. However, we show in Theorem 4.3 below that, remarkably, (1.4) does continue to
hold, where now the function 1 solves the Riccati—Volterra equation

W(t) = uK (t) +/0 (w(s)B 4 ;A(w(s))) K(t — s)ds. (1.5)

Furthermore, it is possible to obtain an explicit expression that is exponential-affine in the
past trajectory {Xs, s < t}.

For the state spaces RY, R‘i, and R x R;, corresponding to the Volterra Ornstein—
Uhlenbeck, Volterra square-root, and Volterra Heston models, we establish existence and
uniqueness of global solutions of both the stochastic equation (1.1) and the associated
Riccati-Volterra equation (1.5), under general parameter restrictions. For the state spaces
Ri and R x R, this involves rather delicate invariance properties for these equations.
While standard martingale and stochastic calculus arguments play an important role in
several places, the key tools that allow us to handle the lack of Markov and semimartingale
structure are the resolvents of first and second kind associated with the convolution kernel
K. Let us emphasize in particular that no stochastic integration with respect to non-
semimartingales is needed. Furthermore, by performing the analysis on the level of finite-
dimensional integral equations, we avoid the infinite-dimensional analysis used, for instance,
by Mytnik and Salisbury (2015). We also circumvent the need to study scaling limits of
Hawkes processes as in El Euch and Rosenbaum (2016); El Euch et al. (2016); El Euch
and Rosenbaum (2017).

Our motivation for considering affine Volterra processes comes from applications in
financial modeling. Classical affine processes arguably constitute the most popular frame-
work for building tractable multi-factor models in finance. They have been used to model
a vast range of risk factors such as credit and liquidity factors, inflation and other macro-
economic factors, equity factors, and factors driving the evolution of interest rates. In
particular, affine stochastic volatility models, such as the Heston (1993) model, are very
popular.

However, a growing body of empirical research indicates that volatility fluctuates more
rapidly than Brownian motion, which is inconsistent with standard semimartingale affine
models. Fractional volatility models such as those by Guennoun et al. (2017); Gatheral
et al. (2014); Bayer et al. (2016); El Euch and Rosenbaum (2016); Bennedsen et al. (2016)
have emerged as compelling alternatives, although tractability can be a challenge for these
non-Markovian, non-semimartingales models. Nonetheless, Guennoun et al. (2017) and
El Euch and Rosenbaum (2016, 2017) show that there exist fractional adaptations of the
Heston model where the Fourier—Laplace transform can be found explicitly, modulo the
solution of a certain fractional Riccati equation. These models are of the affine Volterra
type (1.1) involving singular kernels proportional to t*~1 for a € (3,1). Our framework
subsumes and extends these examples.

The paper is structured as follows. Section 2 covers preliminaries on convolutions and
their resolvents, and in particular develops the necessary stochastic calculus. Section 3



gives existence theorems for stochastic Volterra equations on R% and Ri. Section 4 intro-
duces affine Volterra processes on general state spaces and develops the exponential-affine
transform formula. Sections 5 through 7 contain detailed discussions for the state spaces
R, Ri, and R x Ry, which correspond to the Volterra Ornstein—Uhlenbeck, Volterra
square-root, and Volterra Heston models, respectively. Additional proofs and supporting
results are presented in the appendices. Our basic reference for the deterministic theory of
Volterra equations is the excellent book by Gripenberg et al. (1990).

Notation

Throughout the paper we view elements of R™ and C”™ = R™ + iR"™ as column vectors,
while elements of the dual spaces (R™)* and (C™)* are viewed as row vectors. For any
matrix A with complex entries, AT denotes the (ordinary, not conjugate) transpose of A.
The symbol |-| is used to denote the Euclidean norm on C™ and (C™)*, as well as the
operator norm on R™*™  We write S™ for the symmetric m x m matrices. The shift
operator Ay, where h > 0, maps any function f on Ry to the function A f given by

Apf(t) = f(t+h).

If the function f on Ry is of bounded variation, its measure derivative is denoted by df,

so that f(t) = f(0) + f[07t] df (s).

2 Stochastic calculus of convolutions and resolvents

For a measurable function K on R and a measure L on R4 of locally bounded variation,
the convolutions K * L and L *x K are defined by

(K+L)(t)= | K(t—s)L(ds), (L*K)(t):/ L(ds)K(t—s)  (2.1)
[0,¢] [0,¢]

whenever these expressions are well-defined. We allow K and L to be matrix-valued, in
which case K * L and L % K may not both be defined (e.g. due to incompatible matrix
dimensions), or differ from each other even if they are defined (e.g. if K and L take values
among non-commuting square matrices). If F' is a function on Ry, we write K x F' =
K x (Fdt), that is,

t
(K *F)(t)= /0 K(t — s)F(s)ds. (2.2)

Further details can be found in Gripenberg et al. (1990), see in particular Definitions 2.2.1
and 3.2.1, as well as Theorems 2.2.2 and 3.6.1 for a number of properties of convolutions.

In particular, if K € L] (Ry) and F is continuous, then K * F is again continuous.



Fix d € N and let M be a d-dimensional continuous local martingale. If K is R™*-
valued for some m € N, the convolution

(K * dM); = /O tK(t — §)dM, (2.3)

is well-defined as an It6 integral for every ¢ > 0 such that fg |K(t—s)2PdTr(M)s < co. In
particular, if K € L (Ry) and (M)s = [; aydu for some locally bounded process a, then
(2.3) is well-defined for every ¢t > 0. We always choose a version that is jointly measurable
n (t,w). Just like (2.1)—(2.2), the convolution (2.3) is associative, as the following result

shows.

Lemma 2.1. Let K € L2 (R, R™*%) and let L be an R™™-valued measure on R, of

loc
locally bounded variation. Let M be a d-dimensional continuous local martingale with

(M) = fot asds, t > 0, for some locally bounded process a. Then
(Lx(K*dM)); = ((L* K)*dM); (2.4)

for every t > 0. In particular, taking F € L (Ry) we may apply (2.4) with L(dt) = Fdt

loc

to obtain (F * (K «dM)); = (F % K) «dM),.

Proof. By linearity it suffices to take d = m = n = 1 and L a locally finite positive measure.
In this case,

(L% (K * dM)), = /Ot </Ot Lucr_a K (t— s — u)dMu> L(ds).

Since

t ot 1/2
[ ([ twerma = s = upaon.) - wis) < g o 21K oo 0.6
0 0 SSS

which is finite almost surely, the stochastic Fubini theorem, see Veraar (2012, Theorem 2.2),
yields

(L (K xdM)); = /Ot (/Ot Tty K(t — s — u)L(ds)> dM, = (L * K) xdM )y,
as required. ]

Under additional assumptions on the kernel K one can find a version of the convolu-
tion (2.3) that is continuous in ¢. We will use the following condition:

K e L? (R,,R) and there is v € (0, 2] such that foh K(t)%dt = O(h)

loc

and foT(K(t + h) — K(t))2dt = O(h") for every T < oo. (2.5)



Lemma 2.2. Assume K satisfies (2.5) and consider a continuous local martingale M
with (M); = fg asds for some locally bounded predictable process a. Then the process

{fot K(t — s)dMs, t > 0} admits a continuous version, denoted K x dM, which is Hélder
continuous of any order o < /2.

Proof. The proof is an application of Kolmogorov’s continuity theorem. Since a is contin-
uous, we may assume upon localizing M that a < k for some constant k. It is enough to
prove continuity up to an arbitrary time 7' < co. For any s <t < T and p > 1, we have

|

s p
/ (K(t— ) — K(s — u))dM, } .
0

The BDG inequalities applied to the local martingale r — for K(t —w)dM, for 0 <r <t,

the bound on a, and a change of variables yield
t p/2
</ K(t— u)2audu)
S

?|
t p/2
< Cp kP2 </ K(t— u)zdu>

t—s
= Cp KP/? (

E[|[(K *dM); — (K * dM),P] < 2P~ 'E [ /t K(t — u)dM,

+or g [

t p
/K(t—u)dMu ]gcpﬂz

p/2
K(u)Qdu> :
0

Similarly,

?|

Therefore, due to (2.5),

p/2

/OS(K(t —u) — K(s—u))dM,

p} < Cp kP2 (/OS(K(U +t—s)— K(u))2du>

E[|(K*dM); — (K xdM)P] < c(t — 5)“/10/2

for some constant ¢ that depends on T, k, and p, but not on s,¢t. For any p > 2/7,
Kolmogorov’s continuity theorem, see Revuz and Yor (1999, Theorem 1.2.1), then implies
that { fg K(t — s)dMs,t > 0} has a version Y? that is Holder continuous of any order
a < /2 —1/p. Since any two continuous versions agree except on a nullset of paths, we
may find a nullset N such that Y? = Y7 outside N for all integers p, g > 2/+. In particular,
outside N, the paths of Y? are actually Holder continuous of any order o < /2. Setting
K xdM = YP outside N and K *dM = 0 on N therefore gives the stated properties. [



Remark 2.3. Other conditions than (2.5) have appeared in the literature. For non-
convolution kernels, Decreusefond (2002) considers dM = odW defined on the Wiener
space with (one-dimensional) coordinate process W, and requires F' — K % F' to be contin-
uous from certain LP spaces to appropriate Besov spaces. Whereas in Mytnik and Neuman
(2011), K is assumed to be a function of smooth variation and M is a semimartingale.
See also (Wang, 2008, Theorem 1.3).

Example 2.4. Let us list some examples of kernels that satisfy (2.5):
(i) Locally Lipschitz kernels K clearly satisfy (2.5) with v = 1.

(ii) The fractional kernel K(t) = t*~1 with a € (,1) satisfies (2.5) with v = 2a — 1.
Indeed, it is locally square integrable, and we have foh K(t)dt = h**~1/(2a — 1) as
well as

T oo
/ (K(t+ h) — K(t))*dt < h2a—1/ ((t+1)* " — 22,
0 0

where the constant on the right-hand side is bounded by 20}71 + 571204. Note that the

case a > 1 falls in the locally Lipschitz category mentioned previously.
(iii) If K1 and Ko satisfy (2.5), then so does Ki + Ko.

(iv) If K1 satisfies (2.5) for some v € (0,2] and Ko is locally Lipschitz, then K = K1 K,
satisfies (2.5). Indeed, letting ||K3|ls.r denote the mazimum of K3 over [0,T] and
Lipy(K2) the best Lipschitz constant on [0,T], we have

h h
/ K(8)%dt < |52 ]loon / K\ (8)dt = O(1)
0 0

and

T T
/0 (Kt + h) — K(0)%dt < 2| K2 /0 (K (4 h) — 6y (1)) 2t

20 K12 .y Uiy ()22
= O(hY).
In particular, K again satisfies (2.5) with the same 7.

(v) By combining the above examples we find that, for instance, exponentially damped
and possibly singular kernels like the Gamma kernel K (t) = t* te5 for a > % and
B >0 satisfy (2.5).

Under suitable moment bounds, the qualitative Holder continuity statement in Lemma 2.2
can be improved to a quantitative estimate of the corresponding Holder seminorms.



Lemma 2.5. Assume K satisfies (2.5) and consider a continuous process X of the form
X = Xo + K * (bdt + dM), where b is a predictable process and M is a continuous local
martingale with (M); = fot asds for some predictable process a. Then for T < oo and p > 2

one has p

X;— X

E sup M < ¢ sup E[|a¢|? + |b:|?]
o<s<e<r |t —s[® =T

for all a € [0,v/2 — 1/p), where ¢ is a constant that only depends on p, K, and T.

Proof. We assume that the right-hand side is finite since otherwise the statement is trivial.
For any p > 2 and any s <t < 7T < co we have

p

t p
| Xy — X, P < 4Pt / K(t —u)bydu| +4P71

/OS(K(t—u)—K(s—u))budu

p

t p
4 4p~1 / K(t —u)dM,| + 4P~
S

=4I+ I+ T+ TV).

/OS (K(t —u) — K(s — u)) dM,

Jensen’s inequality applied twice yields I < (t—s)P/2 HKH’;(ZM) fst |bu|P K (t—u)?du. Taking

expectations and changing variables we obtain

t—s p—1
E[1] < (t — s)P/? < K(u)Qdu> sup E[|b,|?]. (2.6)
0 u<T
In a similar manner,
s p—1
E[II] < (t — s)P/? </O (K(u+t—s)— K(u))Qdu> 22};E[|bu|p]. (2.7)

Using in addition the BDG inequalities we get

E[IITI| < C,E </:K(t—u)2audu>p/2]
t—s p/2 (28)
<C, < ; K(u)Qdu> zlqu)EHau]p]
and . o2
E[IV]<C, </0 (K(u+t—s)— K(u))Qdu> zggEHauP”]. (2.9)

Combining (2.6)—(2.9) with (2.5) yields

E[| X, — X, < ¢ sggEHau]p + [bu|?] (£ — 5)7P/2,

8



where ¢ is a constant that only depends on p, K, and T, but not on s or t. The state-
ment now follows from the Komogorov continuity theorem; see Revuz and Yor (1999,
Theorem 1.2.1). O

Consider a kernel K € L%OC(RJF, R™*™) . The resolvent, or resolvent of the second kind,

corresponding to K is the kernel R € L} (Ry;R™*™) such that
KxR=R+«K =K —R. (2.10)

The resolvent always exists and is unique, and a number of properties such as (local)
square integrability and continuity of the original kernel K are inherited by its resolvent;
see Gripenberg et al. (1990, Theorems 2.3.1 and 2.3.5)." Another object related to K is its
resolvent of the first kind, which is an R%*%-valued measure L on R, of locally bounded
variation such that

KxL=LxK =id, (2.11)

see Gripenberg et al. (1990, Definition 5.5.1). Some examples of resolvents of the first
and second kind are presented in Table 1. A resolvent of the first kind does not always
exist. When it does, it has the following properties, which play a key role in several of our
arguments.

Lemma 2.6. Let X be a continuous process and Z = [bdt + [ odW a continuous semi-
martingale with b, o, and K x dZ continuous. Assume that K admits a resolvent of the
first kind L. Then

X—-Xo=KxdZ <  Lx(X-Xy) =272 (2.12)

In this case, for any F' € LIQOC(RJr, C™*4) such that F * L is of locally bounded variation,
one has

FxdZ=(F+«L)(0)X — (FxL)Xg+d(Fx*L)x*X. (2.13)
Proof. Assume X — Xg = K xdZ. Apply L to both sides to get
L+x(X —Xo)=Lx(KxdZ)=(LxK)*xdZ =id*dZ = Z,

where the second equality follows from Lemma 2.1. This proves the forward implication in
(2.12). Conversely, assume L * (X — Xy) = Z. Then,
id* (X — Xo) = (K L) * (X — Xp)
=K x(Lx* (X — Xjp))
=K=x*xZ
=K« (id«dZ)
=id* (K xdZ),

'Rather than (2.10), it is common to require K * R = R* K = R — K in the definition of resolvent. We
use (2.10) to remain consistent with Gripenberg et al. (1990).



using Gripenberg et al. (1990, Theorem 3.6.1(ix)) for the second equality and Lemma 2.1
for the last equality. Since both X — Xy and K * dZ are continuous, they must be equal.
To prove (2.13), observe that the assumption of locally bounded variation entails that

FxL=(FxL)(0)+d(F «L)«id.

Convolving this with K, using (2.11), and inspecting the densities of the resulting abso-
lutely continuous functions, we get

F=(F+L)0)K +d(F L) K.
Using (2.4) and the fact that K x dZ = X — X by assumption, it follows that

FxdZ =(F«+«L)(0)K *xdZ + d(F « L)« (K xdZ)
— (F* L)(0)X — (F* L)Xo + d(F % L) * X,

as claimed. 0
K(t) R(t) L(dt)
Constant c ce™ ¢ c~og(dt)
Fractional c ?a(;; ct* 1By o(—ct®) c! F(tl_i_aa)dt
Exponential ce M ce~ (At ¢ 1(So(dt) + A dt)
Gamma ce"\t% ce MOTLE, o(—ct®) ¢t F(laa)e_At%(t_a * M) (t)dt

Table 1: Some kernels K and their resolvents R and L of the second and first kind. Here
Eop(z) =>07, F(#ZB) denotes the Mittag—Leffler function, and the constant ¢ may be
an invertible matrix.

3 Stochastic Volterra equations

Fix d € N and consider the stochastic Volterra equation (1.1) for a given kernel K €
Ll20c (R, R¥9) initial condition X € R?, and coefficients b: RY — R? and o: R? — RIX™
where W is m-dimensional Brownian motion. The equation (1.1) can be written more
compactly as

X =Xo+ K * (b(X)dt + o(X)dW).

10



We will always require the coefficients b and o as well as solutions of (1.1) to be contin-
uous in order to avoid problems with the meaning of the stochastic integral term. As for
stochastic (ordinary) differential equations, we call X a strong solution if it is adapted to
the filtration generated by W, and a weak solution otherwise.

The following moment bound holds for any solution of (1.1) under linear growth con-
ditions on the coefficients.

Lemma 3.1. Assume b and o are continuous and satisfy the linear growth condition
b@) V lo@)| < cra(l +]al),  zERY (3.1)

for some constant crg. Let X be a continuous solution of (1.1) with initial condition
Xo € RE. Then for any p > 2 and T < oo one has

sup E[| X;[F] < ¢
t<T

for some constant ¢ that only depends on | Xy, K’[O,T}; cna, p and T.

Proof. Let 7, = inf{t > 0: | X;| > n} AT, and observe that

t p
XL rcny < \Xo b [ R 5) (M s+ (Ko )W)
0

Routine application of the Jensen and BDG inequalities as well as the linear growth con-
dition (3.1) show that the expectations E[|X;|P1f.,,1] satisfy the inequality

/ / 2
n = n
fo <+ K7 f

on [0, T] for some constant ¢’ that only depends on [Xo|, [| K|l 1207, cLG, p and T Consider
now the scalar non-convolution Volterra kernel K'(t,s) = | K (t — s)|?15<;. For any interval
[u,v] C R4, Young’s inequality implies that

H}K/‘HLl(u,q)) S HKHLQ(O,U—’LL)?

where ||| [l 11,,,) is defined in Gripenberg et al. (1990, Definition 9.2.2); see also Lemma C.1
below for related calculations. Thus —c/| K|? is a nonpositive Volterra kernel of type L! on
[0,7] and, due to Gripenberg et al. (1990, Proposition 9.8.1), has a nonpositive resolvent
R’. The Gronwall type inequality in Gripenberg et al. (1990, Lemma 9.8.2) then yields
fn<d(1—=R=x1)<d(1—=R%1)(T) on [0,7]. Sending n to infinity and using Fatou’s
lemma completes the proof. ]

Remark 3.2. It is clear from the proof that the conclusion of Lemma 3.1 holds also for
state- and time-dependent predictable coefficients b(x,t,w) and o(w,t,xz), provided they
satisfy a linear growth condition uniformly in (t,w), that is,

b, tw)| Vo, tw) < ac(l+ o), zeR’ teR, we,

for some constant crg.

11



The following basic existence result can be proved using techniques based on classical
methods for stochastic differential equations; the proof is given in Section A.

Theorem 3.3. Assume that K admits a resolvent of the first kind, that the components
of K satisfy (2.5), and that b and o are continuous and satisfy the linear growth condition
(3.1). Then (1.1) admits a continuous weak solution for any initial condition Xy € R

Remark 3.4. At the cost of increasing the dimension, (1.1) also covers the superficially
different equation X = Xo+ K1 * (b(X)dt) + Ks * (0(X)dW') where the drift and diffusion
terms are convolved with different kernels K1 and Ko. Indeed, if one defines

P8 ) R (). -0

and obtains a solution Z = (X,Y) of the equation Z = Zy + K  (b(Z)dt + 5(Z)dW) in
R, where Zy = (Xo,0) and W = (W', W) is a 2d-dimensional Brownian motion, then X
s a solution of the original equation of interest. If K1 and Ko admit resolvents of the first

kind L1 and Lo, then
> (L1 —IL
=0 %)

s a resolvent of the first kind of I~(, so that Theorem 3.3 is applicable.

Our next existence result is more delicate, as it involves an assertion about stochastic
invariance of the nonnegative orthant Ri. This forces us to impose stronger conditions
on the kernel K along with suitable boundary conditions on the coefficients b and 0. We
note that any nonnegative and non-increasing kernel that is not identically zero admits a
resolvent of the first kind; see Gripenberg et al. (1990, Theorem 5.5.5).

Theorem 3.5. Assume that K is diagonal with scalar kernels K; on the diagonal that
satisfy (2.5) as well as

K; is nonnegative, non-increasing, not identically zero, and its
resolvent of the first kind L; is nonnegative and non-increasing (3.2)
in the sense that 0 < L;([s,s +t]) < L;([0,¢t]) for all s,t > 0.

Assume also that b and o are continuous and satisfy the linear growth condition (3.1) along
with the boundary conditions

x; = 0 implies bj(x) > 0 and o;(x) =0,
where o;(z) is the ith row of o(z). Then (1.1) admits an R% -valued continuous weak

solution for any initial condition Xy € Ri.
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Example 3.6. If K; is completely monotone on (0,00) and not identically zero, then (3.2)
holds due to Gripenberg et al. (1990, Theorem 5.5.4). Recall that a function f is called
completely monotone on (0,00) if it is infinitely differentiable there with (—1)kf®)(t) > 0
for allt > 0 and k = 0,1,.... This covers, for instance, any constant positive kernel,
the fractional kernel t*~1 with o € (%, 1), and the exponentially decaying kernel e~ with
B > 0. Moreover, sums and products of completely monotone functions are completely
monotone.

Proof of Theorem 3.5. Define coefficients b™ and o™ by
0 () =b((x—n"H"),  o"@)=0(@@-n"H"),

and let X™ be the solution of (1.1) given by Theorem 3.3, with b and o replaced by b"
and o”. Note that b and ¢” are continuous, satisfy (3.1) with a common constant, and
converge to b(z") and o(z") locally uniformly. Lemmas A.2 and A.3 therefore imply
that, along a subsequence, X" converges weakly to a solution X of the stochastic Volterra
equation

X = Xo+ /Ot K(t — s)b(X])ds + /Ot K(t—s)o(X)dWs.

It remains to prove that X is R%-valued and hence a solution of (1.1). For this it suffices
to prove that each X" is Ri—valued.

Dropping the superscript n, we are thus left with the task of proving the theorem under
the stronger condition that, for some fixed n € N,

x; <n~ ! implies b;(z) > 0 and o;(z) = 0. (3.3)

Define Z = [b(X)dt + [o(X)dW and 7 = inf{t > 0: X; ¢ R1}. On {r < co} we have

Xoin=Xo+ (K *dZ)ryop = Xo+ (ALK xdZ), + /Oh K(h—s)dZ; ;s (3.4)
for all h > 0. We claim that
(ApK; * L;)(t) is nondecreasing in ¢ for any h > 0. (3.5)
Indeed, using that K; * L; = 1 we have

(AhKZ' * Lz)(t) = /Ot Ki(t + h— u)L,(du)

t+h
=1- Ki(t + h — u)LZ(du)
t

h
=1 —/0 Ki(h —u)L;(t + du),
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and therefore, for any s < ¢,
h
(AhKi * Ll)(t) — (AhKZ * Ll)(s) = / Kl(h — u) (LZ(S + du) — Li(t + du)) .
0

This is nonnegative since K; is nonnegative and L; non-increasing, proving (3.5). Further-
more, since K; is non-increasing and L; nonnegative we obtain

0 < (ApKi = Li)(t) < (Ki = Li)(t) = 1. (3.6)

It follows from (3.5) that ApK; % L; is of locally bounded variation. Thus (2.13) in
Lemma 2.6, along with (3.5)~(3.6) and the fact that X, is R%-valued for ¢ < 7, yield

Xio+ (AnKi xdZ;)r = (1 — (ApK; * Li)(1)) X0
+ (ALK, * Li)(0) X, ~
+ (d(ARK; * L) * X;),
> 0.

In view of (3.4) it follows that

h
Xy > / Ki(h — 8) (0i(Xoss)ds + 0 (Xoss)dWo o) (3.7)
0

on {7 < oo} for all ¢ and all A > 0.

Now, on {7 < oo} there is an index ¢ (depending on w) such that X;, = 0 and
X r+n < 0 for arbitrarily small but positive values of h. On the other hand, by continuity
there is some € > 0 (again depending on w) such that X; ;15 < n~! for all h € [0,¢). Thus
(3.3) and (3.7) yield X; -4, > 0 for all h € [0,¢). This contradiction shows that 7 = oo, as
desired. The proof is complete. O

4 Affine Volterra processes

Fix a dimension d € N and a kernel K € L2 (R4, R%¥9). Let a: RY — S? and b: R — R?
be affine maps given by

a(x) = A% 4z AV 4+ gAY (1)
b(x) =0 + bt + - + xgd? .

for some A" € S? and b* € R?, i = 0,...,d. To simplify notation we introduce the d x d
matrix

B=(b - ),

and for any row vector u € (C?)* we define the row vector

Alu) = (wAu", .. ud%u’).
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Let E be a subset of R?, which will play the role of state space for the process defined
below, and assume that a(x) is positive semidefinite for every x € E. Let o: R? — R4*?
be continuous and satisfy o(x)o(x)" = a(x) for every x € E. For instance, one can take
o(x) = \/m(a(x)), where 7 denotes the orthogonal projection onto the positive semidefinite
cone, and the positive semidefinite square root is understood.

Definition 4.1. An affine Volterra process (with state space E) is a continuous E-valued
solution X of (1.1) with a = oo and b as in (4.1). In this paper we always take X,
deterministic.

Setting K = id we recover the usual notion of an affine diffusion with state space E;
see e.g. Filipovi¢ (2009). Even in this case, existence and uniqueness is often approached
by first fixing a state space E of interest, and then studying conditions on (a,b) under
which existence and uniqueness can be proved; see e.g. Duffie et al. (2003); Cuchiero et al.
(2011); Spreij and Veerman (2012); Larsson and Krithner (2017). A key goal is then to
obtain explicit parameterizations that can be used in applications. In later sections we
carry out this analysis for affine Volterra processes with state space R?, Ri, and R x
R;. In the standard affine case more general results are available. Spreij and Veerman
(2010) characterize existence and uniqueness of affine jump-diffusions on closed convex state
spaces, while Abi Jaber et al. (2016) provide necessary and sufficient first order geometric
conditions for existence of affine diffusions on general closed state spaces. We do not pursue
such generality here for affine Volterra processes.

Assuming that an affine Volterra process is given, one can however make statements
about its law. In the present section we develop general results in this direction. We start
with a formula for the conditional mean.

Lemma 4.2. Let X be an affine Volterra process. Then for all t < T,

E[X7 | Fi] = (id - /OT RB(s)ds> Xo + (/OT EB(s)ds> 0+ /Ot E(T — s)o(X4)dWs,

where Rp is the resolvent of —KB and Ep = K — Rp x K. In particular,

E[X7] = <id - /OT RB(s)ds> Xo + </OT EB(s)ds> b0,

Proof. We have X = Xo + (KB) * X + K * (b°dt + o(X)dW), and therefore
X —RpxX = (id— Rp * 1) Xy
+ ((KB) — R (KB)) X
+ Eg * (b0dt 4+ o(X)dW).
The resolvent equation (2.10) states that KB — Rp * (KB) = —Rp, so that
X =(id—Rpx*1)Xg+ Ep  (0°dt + o(X)dW).
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Consider the local martingale M; = fot Ep(T — s)o(Xs)dWs, t € [0,T]. Its quadratic
variation satisfies

T
E[{(M)7] < /0 |Ep(T — s)IEllo(X,)’Jds < | Epllz20.m) I;ﬂga%EHU(Xs)P],

which is finite by Lemma 3.1. Thus M is a martingale, so taking F;-conditional expecta-
tions completes the proof. O

The main result of this section is the following theorem, which expresses the conditional
Fourier-Laplace functional of an affine Volterra process in terms of the conditional mean
in Lemma 4.2 and the solution of a quadratic Volterra integral equation, which we call a
Riccati—Volterra equation.

Theorem 4.3. Let X be an affine Volterra process and fix some T < oo, u € (C?)*, and
f e LY[0,T],(CH*). Assume 1 € L%([0,T], (C%)*) solves the Riccati—Volterra equation

w:uK+<f+¢B+;A(¢)>*K. (4.2)

Then the process {Y;, 0 <t < T} defined by
t 1 t
Y, =Yy + / W(T — s)o(Xs)dW, — 2/ W(T — s)a(X)p(T — 5) " ds, (4.3)
0 0

T
Yo—uXo+ [ (5% + 060X + 50(sIa(Xo)us) ) ds (4.4
satisfies
Y, = BEuXr + (f + X)r | Al + / O(T = s)a(E[X, | F)O(T —s)Tds  (4.5)

for all 0 <t <T. The process {exp(Y:), 0 < t < T} is a local martingale and, if it is a
true martingale, one has the exponential-affine transform formula

E |exp (uXr + (f * X)7) ‘ ]-"t] —exp(yy), t<T. (4.6)

Referring to (4.6) as an exponential-affine transform formula is motivated by the fact
that Y; depends affinely on the conditional expectations E[X | F;]. We show in Lemma 4.5
below that under suitable assumptions, Y; is actually an affine function of the past trajec-
tory {Xs, s < t}. Before proving Theorem 4.3 we give the following lemma.

Lemma 4.4. The Riccati-Volterra equation (4.2) is equivalent to

Y =uEp + <f + ;A(l/f)) * Ep, (4.7)

where Eg = K — Rp x K and Rp is the resolvent of —K B.
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Proof. Assume (4.7) holds. Using the identity Ep * (BK) = —Rp * K we get
1
b= (BE) = u(Bp + Ry K) + (14 5A0) ) (Ep + B ),

which is (4.2). Conversely, assume (4.2) holds. With Rp being the resolvent of —BK, we
obtain

~ ~ 1 ~ ~
Y —1Y*xRp=u(K—K=x*Rp)+ <f—i—2A(¢)> x (K — K+ Rp)—1* Rp.
To deduce (4.7) it suffices to prove K ﬁB = Rp x K. Equivalently, we show that for each
T < oo, there is some o > 0 such that
(e77'K) x (e_"tﬁg) = (e""'Rp) * (e"7'K) on [0, T], (4.8)

where e~°" is shorthand for the function ¢ — e*"t.~It follows from the definitions that
e °*Rp is the resolvent of —e 7K B, and that e °*Rp is the resolvent of —e ?'BK; see
Gripenberg et al. (1990, Lemma 2.3.3). Choosing o large enough that |le""* K Bl 1o 7) < 1
we get, as in the proof of Gripenberg et al. (1990, Theorem 2.3.1),

e "'Rp = — Z(e*UtKB)*k and e “'Rp = — Z(e*UtBK)*k
k>1 k>1

on [0,7]. This readily implies (4.8), as required. O

Proof of Theorem j.3. Let Y; be defined by the right-hand side of (4.5) for 0 <t <T. We
first prove that Yy = Yy. A calculation using the identity va(z)v’ = vA% T + A(v)z yields

Yo — Yo = uE[X7 — Xo] + (f * E[X — Xo])(T)

+ (A B ) @0 - e ey @,
where E[X — X denotes the function ¢t — E[X; — X(]. This function satisfies
E[X — Xo] = K « (1° + BE[X]),
as can be seen by taking expectations in (1.1) and using Lemma 3.1. Consequently,
%A(@z)) *E[X — Xo] = %A&ﬁ) « K« (b° + BE[X])

= (¢ —uK — (f +¢¥B) « K) * (1" + BE[X])
=1 (0’ + BE[X]) —uE[X — Xo] — (f + ¥B) * E[X — Xq].
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Substituting this into (4.9) yields Yo— Yy =0, as required.

We now prove that Y = Y. In the following calculations we let C' denote an Fop-
measurable quantity that does not depend on ¢, and may change from line to line. Using
again the identity va(z)v" = vA% T 4+ A(v)z we get

~ T
Y, =C+uE[Xr | F —|—/0 (f—i— ;AW)) (T — s)E[X, | Fi]ds

1 t
-5 /0 W(T — s)a(X (T — s) ' ds.

Lemma 4.2, the stochastic Fubini theorem, see Veraar (2012, Theorem 2.2), and a change
of variables yield

[ (s 3a0) @ - smix, 7o
ot [ (£ 5200) @) [ 10 Bals — rio (X s
o [ ([ (54 540 @ - )Bn(s — s ) o,
—c+ | t ((#+3540)) « B5 )7 =y ).

where the application of the stochastic Fubini theorem in the second equality is justified

by the fact that
T . 9 1/2
/ / dr ds
0 0

1
< O?SE%SXT‘O—(XSM IEB| 20,1 f + §A(¢)"L1(0,T) < 00.

(74 540 )7 = 8) 1pc Bnls = r)o ()

Since E[X7 | Ft] = C + fg Ep(T —r)o(X,)dW, by Lemma 4.2, we arrive at
~ o~ t 1
Y, =Y, —|—/ <uEB + <f + 2A(”¢)> * EB> (T —r)o(X,)dW,
0

1 t
— 2/0 (T — s)a(X)W(T — s) " ds.

Due to Lemma 4.4 and (4.4) we then arrive at (4.3).

The final statements are now straightforward. Indeed, (4.3) shows that Y + (V) is
a local martingale, so that exp(Y) is a local martingale by Itd’s formula. In the true
martingale situation, the exponential-affine transform formula then follows upon observing
that Y = uXp + (f * X)p by (4.5). O
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In the particular case f = 0 and t = 0, Theorem 4.3 yields two different expressions for
the Fourier-Laplace transform of X,

E[e“XT]:exp< uXs] + /w ~ )a(E[X ])w(T—t)Tdt> (4.10)
= exp (¢(T) + x(T') (4.11)

where ¢ and x are defined by

#() = B + Sp(0A(0), 4(0) =0, (112)
X(1) = (1B + JACHD), X(0) = . (4.13)

If K admits a resolvent of the first kind L, one sees upon convolving (4.2) by L and using
(2.11) that x = v * L; see also Example 4.7 below. Note that (4.12)—(4.13) reduce to the
classical Riccati equations when K = id, since in this case L = §pid and hence ¢ = . While
the first expression (4.10) does exist in the literature on affine diffusions in the classical
case K = id, see Spreij and Veerman (2010, Proposition 4.2), the second expression (4.11)
is much more common.

In the classical case one has a conditional version of (4.11), namely

E[e"T | Fi] = exp ($(T — 1) + (T — 1) Xy) .

This formulation has the advantage of showing clearly that the right-hand side depends on
X; in an exponential-affine manner. In the general Volterra case the lack of Markovianity
precludes such a simple form, but using the resolvent of the first kind it is still possible to
obtain an explicit expression that is exponential-affine in the past trajectory {Xs, s < t}.
Note that this property is not at all obvious neither from (4.6), nor from the expression

E[e"XT | F)] = YO+/¢ — ) )dw) (4.14)

which follows directly from (4.3)—(4.4). Here £ denotes stochastic exponential.

Lemma 4.5. Consider the setting of Theorem 4.3, and assume in addition that K admits
a resolvent of the first kind L. Define

ﬂh:Ah¢*L—Ah(¢*L),

and assume Ty, is of locally bounded variation for every h > 0. The process Y in (4.5) is
then given by

Yi = o(h) + (Anf * X))t + (Aptp * L)(0) Xy — mp(8) Xo + (dmp * X))y (4.15)
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with h=T —t and .
o) = | <¢(8)bo i ;ws)Aow(s)T) ds.

If instead Remy, is of locally bounded variation for every h > 0, then ReY; is given by
(4.15) with ¢(h), f, and 7y, replaced by Re ¢p(h), Re f, and Reny. An analogous statement
holds for ImY;.

Proof. Define Z = [b(X)dt + [ o(X)dW. By (4.3) and the definition of Aj, we have

Vi Yoot (Ad2) [ (T =90 + G0(T - SalX)u(r o) Vs, (110

where h =T —t. Note that Y * L =u+ (f + ¥ B + %A(l/})) x1d, so that ¢ x L is of locally
bounded variation (even absolutely continuous). Thus Ay () * L) is also of locally bounded
variation, and hence so is Apt) *x L = w1, + Ap(¥ x L). Applying (2.13) in Lemma 2.6 with
F = Apy now yields

Substituting this into (4.16) and rearranging terms yields the claimed expression. O

Remark 4.6. If K = id so that L = iddg, then the correction w, vanishes and the
expression for Y; reduces to the classical form ¢(T —t) + (T — t) Xy, where ¢ satisfies
¢ = b + 39 A%T and ¢(0) = 0.

Example 4.7 (Fractional affine processes). Let K = diag(K7, ..., Ky), where

toci—l
K;(t) =
for some o; € (3,1]. Then L = diag(Ls, ..., Lg) with L;(dt) = F(t%jgi)dt if i < 1, and

Li(dt) = do(dt) if a; = 1. It follows that x; = 1b; x L;y = I'™%4);, where I'=% denotes
the Riemann-Liouville fractional integral operator. Hence, (4.2) and (4.12) reduce to the
following system of fractional Riccati equations,

1
o = + SpA T, $(0) =0,
1
Dalwl:fl+wbz+§wAsza izla"'>d7 Il_ad}(o) =u,
where D = %Il_ai is the Riemann-Liouville fractional differential operator. Moreover,

fort =0, (4.6) reads
E |:€UXT+(f*X)T:| = exp (d)(T) + Il_aw(T)XO)

where we write I'™%) = (I'"%Wpy, ... I'"%)y). This generalizes the expressions in
El Euch and Rosenbaum (2016, 2017). Notice that the identity Lo, * Ko, = 1 is equiv-
alent to the identity D (1% f) = f.
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5 The Volterra Ornstein—Uhlenbeck process

The particular specification of (4.1) where A! = -.. = A% =0, so that a = A is a constant
symmetric positive semidefinite matrix, yields an affine Volterra process with state space
E = R? that we call the Volterra Ornstein—Uhlenbeck process. It is the solution of the
equation

t t
Xt:X0+/ K(t—s)(bo-i-BXs)ds—i-/ K(t — s)odWs,
0 0

where o € R¥? is a constant matrix with oo | = A°. Here existence and uniqueness is no
issue. Indeed, Lemma 4.2 with T" = t yields the explicit formula

X, = (id — /Ot RB(s)ds) Xo + </0t EB(s)ds> 0+ /Ot Ep(t — s)odWy,

where Rp is the resolvent of —K B and Egp = K — Rp x K. In particular X; is Gaussian.
Furthermore, the solution of the Riccati-Volterra equation (4.2) is obtained explicitly via
Lemma 4.4 as

Y =uEp+ f* Ep.

The quadratic variation of the process Y in (4.3) is given by

(YY), = /0 (T = s)oo (T — )" ds,

and is in particular deterministic. The martingale condition in Theorem 4.3 is thus clearly
satisfied, and the exponential-affine transform formula (4.6) holds for any 7" < oo, u €
(C?)*, and f € L'([0, T], (CF)*).

6 The Volterra square-root process

We now consider affine Volterra processes whose state space is the nonnegative orthant
E = R%Y. We let K be diagonal with scalar kernels K; € L (R;,R) on the diagonal.
The coefficients @ and b in (4.1) are chosen so that AY = 0, A’ is zero except for the (i, 1)

element which is equal to O'iz for some o; > 0, and
v’ € RY and By; > 0 for i # . (6.1)

The conditions on a and b are the same as in the classical situation K = id, in which case
they are necessary and sufficient for (1.1) to admit an Ri—valued solution for every initial
condition Xy € ]R‘j_. With this setup, we obtain an affine Volterra process that we call the
Volterra square-root process. It is the solution of the equation

t t
X@t = Xi,O + / Ki(t — S)bi(Xs)dS + / Ki(t — S)O'Z‘\/Xi75dm,s, i=1,...,d. (62)
0 0
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The Riccati-Volterra equation (4.2) becomes

t . g2
d}l(t) = ule(t) + /0 Ki(t - S) <fl(3) + Ql)(S)bZ + 2Z¢Z(S)2> ds, 1=1,...,d. (6.3)

The following theorem is our main result on Volterra square-root processes.

Theorem 6.1. Assume each K; is continuous on (0,00) and the shifted kernels ApK;
satisfy (2.5) and (3.2) for all h € [0,1]. Assume also that (6.1) holds.

(i) The stochastic Volterra equation (6.2) has a unique in law RY -valued continuous weak
solution X for any initial condition Xy € Ri. For each i, the paths of X; are Hélder
continuous of any order less than ;/2, where ~y; is the constant associated with K;
in (2.5).

(ii) For any u € (CH* and f € L (R, (CH*)) such that

loc

Reu; <0 and Re f; <0 foralli=1,...,d,

the Riccati—Volterra equation (6.3) has a unique global solution ¢ € L2 (R4, (C9)*),
which satisfies Rey; < 0, i = 1,...,d. Moreover, the exponential-affine transform

formula (4.6) holds with Y given by (4.3)—(4.5).

Example 6.2. A sufficient condition for K; to satisfy the assumptions of Theorem 6.1 is
that it satisfies (2.5) and is completely monotone and not identically zero; see Example 3.6.
This covers in particular the gamma kernel t*~te=Pt with a € (%, 1] and B8 > 0.

Proof. Thanks to (6.1) and the form of o(z), Theorem 3.5 yields an R%-valued continuous
weak solution X of (6.2) for any initial condition X, € ]R‘i. The stated path regularity
then follows from Lemma 2.2.

Next, the existence, uniqueness, and non-positivity statement for the Riccati—Volterra
equation (6.3) is proved in Lemma 6.3 below. Thus in order to apply Theorem 4.3 to
obtain the exponential-affine transform formula, it suffices to argue that ReY; is bounded
above on [0, T, since exp(Y’) is then bounded and hence a martingale. This is done using
Lemma 4.5, and we start by observing that

h
T == [ - 9Lt +ds). =0,
0
where 1, = Aptp * L — Ap(yp x L) and we write 73 = Renp, and ¢* = Ret. Due to

the assumption (3.2) on L; and since —¢; > 0, it follows that 7} , is nonnegative and
non-increasing. In particular, 7y is of locally bounded variation. Lemma 4.5 then yields

ReY; = Reo(h) + (Re Apf * X )¢ + (Apy™ x L)(0) Xy — m}, (¢) Xo + (dnf, * X)¢
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where h = T — t and, since A° =0,

h
o(h) = /0 (s)b0ds.

Observe that 9", (Apy™ * L)(0), Re Ay f, —m}, and dr}, all have nonpositive components.
Since ° and X take values in Ri we thus get

ReY; <0.

Thus exp(Y) is bounded, whence Theorem 4.3 is applicable and the exponential-affine
transform formula holds.

It remains to prove uniqueness in law for X. This follows since the law of X is deter-
mined by the Laplace functionals E[exp((f*X)7)] as f ranges through, say, all (R?)*-valued
continuous functions f with nonpositive components, and T ranges through R . O

Lemma 6.3. Assume K is as in Theorem 6.1. Let u € (C%)* and f € L (R4, (C%)*))
satisfy
Reu; <0 and Re f; <0 foralli=1,...,d.

Then the Riccati—Volterra equation (6.3) has a unique global solution ¢ € L% (R4, (C%)*),
and this solution satisfies Re; <0,i1=1,...,d.

Proof. By Theorem B.1 there exists a unique non-continuable solution (1, Tyyax) of (6.3).
Let " and 1! denote the real and imaginary parts of 1. They satisfy the equations

2
7

Uf = (Rew) K; + K * (Re fi+ 00 + % <(¢f)2 - (@)2))
Pt = (Imw;) K; + K; * <Im fi+ ' + U%ﬁ;%)

on [0, Tiax). Moreover, on this interval, —1} satisfies the linear equation

2
Xi = —(Rew) K; + K; * <—Re R R (e )> :

Due to (6.1) and since Reu and Re f both have nonpositive components, Theorem C.2
yields ¥F < 0, i = 1,...,d. Next, let g € L2 ([0, Tmax), (R)*) and h, £ € L2 (R, (R%)*)

loc loc
be the unique solutions of the linear equations

gi = |Imw;|K; + K; % (]Im fil + gbi + a?@bfgi)
h; = |ImuZ]KZ + K * (|Im fl| + hbz)

. 2
l; = (Re ul)KZ + K; * <Re fi +b" — U2Zh22> .
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These solutions exist on [0, Tjnaz) thanks to Corollary B.3. We now perform multiple
applications of Theorem C.2. The functions g % 1! satisfy the equations

on [0, Trnax), 50 [} < g; on [0, Tiax) for all 4. Similarly, h — g satisfies the equation
xi = Kix (xb' — o7} ;)

on [0, Tinax), 80 gi < h; on [0, Thyax). Finally, ¢" — ¢ satisfies the equation
i Ui2 r\2 2 i\2
Xi = K  xb +?((¢z) + hi — (¢3) ) 5
on [0, Tiax), 50 4; < ¢F on [0, Tinax). In summary, we have shown that

£; < F <0 and |} < hy on [0, Tax) for i =1,...,d.

Since £ and h are global solutions and thus have finite norm on any bounded interval, this
implies that T,.x = 0o and completes the proof of the lemma. O

7 The Volterra Heston model

We now consider an affine Volterra process with state space R x R, which can be viewed
as a generalization of the classical Heston stochastic volatility model in finance, and which
we refer to as the Volterra Heston model. We thus take d = 2 and consider the process
X = (log S, V), where price process S and its variance process V are given by

%St = Vi (VI Wi+ pdWay), S € (0,00), (7.1)
t
and .
V= Vot / K(t —s) (K(e —V,)ds + o—\/Vdeg,t) : (7.2)
0

with kernel K € L2 (R4, R), a standard Brownian motion W = (Wy, W2), and parame-
ters Vo, k,0,0 € Ry and p € [—1,1]. Here the notation has been adapted to comply with
established conventions in finance. Weak existence and uniqueness of V' follows from The-
orem 6.1 under suitable conditions on K. This in turn determines S. Moreover, observe

that the log-price satisfies

t t
logSt—logSO—/ ‘;;ds—i—/ \/Vs(\/l—deWLs‘i‘deQ’s).
0 0
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Therefore the process X = (log S,V) is indeed an affine Volterra process with diagonal
kernel diag(1, K) and coefficients a and b in (4.1) given by

1 o
A=Al =, A2=< p2>,

po o

b°:<£9>, B:<8 :i) (7.3)

The Riccati—Volterra equation (4.2) takes the form
Yr=w+ 1% f1, (7.4)

Vo = ugK + K % (fz + % (¥ — 1) — Kapo + % (o935 + 2p07,/}1w2)) . (7.5)

Theorem 7.1. Assume K is continuous on (0,00) and the shifted kernel AR K satisfies
(2.5) and (3.2) for all h € [0,1].

(i) The stochastic Volterra equation (7.1)-(7.2) has a unique in law R x R -valued con-
tinuous weak solution (log S, V') for any initial condition (log Sp, Vo) € R x Ry. The
paths of V' are Hélder continuous of any order less than /2, where 7y is the constant
associated with K in (2.5).

(i) Letu € (C?)* and f € L (R, (C*)*)) be such that

loc

Rewu; € [0,1], Reuy <0, f1 =0, and Re fo < 0.

Then, if 11 is given by (7.4), the Riccati—Volterra equation-(7.5) has a unique global
solution Vo € L2 (Ry,C*), which satisfies Revs < 0. Moreover, the exponential-

loc

affine transform formula (4.6) holds with Y given by (4.3)—(4.5).
(iii) The process S is a martingale.

Proof. As already mentioned above, part (i) follows directly from Theorem 6.1 along with
the fact that S is determined by V. Part (iii) is proved in Lemma 7.3 below. The existence,
uniqueness, and non-positivity statement for the Riccati—Volterra equation (7.5) is proved
in Lemma 7.4 below. Thus in order to apply Theorem 4.3 to obtain the exponential-affine
transform formula, it suffices to argue that exp(Y') is a martingale. This is done using
Lemma 4.5 and part (iii). As the argument closely parallels that of the proof of Theo-
rem 6.1, we only provide an outline. We use the notation of Lemma 4.5 and Theorem 6.1,
in particular 7, and 7; = Remy,, and let L be the resolvent of the first kind of K. After
verifying that 77,272 is of locally bounded variation, we apply Lemma 4.5 to get

ReY; = ReuylogS; +Rep(h) + (Apys * L)(0)V;
+ (Re Apfa x V)i — 5 5, () Vo + (dm p, % V)i
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where h =T —t and .
o(h) = /@0/0 Pa(s)ds.
An inspection of signs and monotonicity properties gives
ReY; < Rewuqlog S;.

Since Rew; € [0,1] we get
|exp(Yy)| < 57" <1+ 5,

where the right-hand side is a true martingale by Part (iii), and hence of Class (DL).
Thus exp(Y) is a true martingale, Theorem 4.3 is applicable, and the exponential-affine
transform formula holds. O

tlfoc

Example 7.2 (Rough Heston model). In the fractional case K(t) = T With o e (3,1)
we recover the rough Heston model introduced and studied by El Euch and Rosenbaum
(2016, 2017). Theorem 7.1 generalizes some of their main results. For instance, in the
notation of Example /.7 and using that L(dt) = F(tl;_aa)dt, we have

X = (ur, '),
which yields the full Fourier—Laplace functional with integrated variance,
E [om 1ogsT+uQvT+(f2*V)T} = exp (¢(T) + s log So + I'=a(T)Vh) |
where ¢ and Wy solve the fractional Riccati equations
¢’ = K2, $(0) =0,
D%y = fo + % (U% - u1) + (2pour — k) + 022¢37 I (0) = us.
This extends some of the main results of El Euch and Rosenbaum (2016, 2017).
We now proceed with the lemmas used in the proof of Theorem 7.1.

Lemma 7.3. The process S is a martingale.

Proof. Since S is a nonnegative local martingale, it is a supermartingale by Fatou’s lemma,
and it suffices to show that E[S7| > Sy for any T' € Ry. To this end, define stopping times
T, = inf{t > 0: V; > n}. Then S™ is a uniformly integrable martingale for each n, and we
may define probability measures Q™ by

o S,
P~ Sy
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By Girsanov’s theorem, the process dW;" = dWa; — 1<, 1p/Vidt is a Brownian motion
under Q", and we have

V =Vo+ K * (k0 — (k — polp,,)V)dt + o VVdW™).

Let v be the constant appearing in (2.5) and choose p sufficiently large that v/2—1/p > 0.
Due to Lemma 3.1 and Remark 3.2 we have the moment bound

sup Egn[|ViP] < ¢
t<T
for some constant ¢ that does not depend on n. For any real-valued function f, write

|f‘CO’Q(O,T): sup M

o<s<t<T |t — 8%

for its a-Holder seminorm. An application of Lemma 2.5 with o = 0 now yields

Q"(r < T) = Q" (sup |Vi| = n)
t<T

< Q" (%ol + Vooogom) = n)
1 P »
: <n— |Vo|> Bon [VIgnoon)

(=) ¢
< c
n— [Vl

for a constant ¢’ that does not depend on n. We deduce that

St St 1 P,
Ep|—| >Ep|—1 =Q"(rn>T)>1— | ——— )
P|:So:| = ]P|:SO {Tn>T}:| @ (T > )— (n—]X()]) c
and sending n to infinity we obtain Ep[S7] > Sp. This completes the proof. O

Lemma 7.4. Assume K is as in Theorem 7.1. Let u € (C?)* and f € Li (R4, (C*)*)) be
such that

Rewu; € [0,1], Reug <0, f1 =0, and Re fo <0.
Then, with 11 = uy given by (7.4), the Riccati—Volterra equation (7.5) has a unique global
solution ¥y € L2 (R, C*), which satisfies Rets < 0.

loc

Proof. The proof parallels that of Lemma 6.3. For any complex number z, we denote by
2" and 2! the real and imaginary parts of z. Since f; = 0, 11 is constant and equal to u;.
Equation (7.5) for 9 thus reads

2
o =k I (k= )+ (s ) + 3. (7.6)
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By Theorem B.1 there exists a unique non-continuable solution (¢2, Tiax) of (7.6). The
functions 95 and v} satisfy the equations

1 . ..
05 = I I (4 G0 = o - (o))~ poud

2 2
- R+ (oot w05 + (05

5 = us K + K <f§ + 3 <2u‘{u‘1 — u‘1> + pouis + (pou] — Kk + 021/15)%)

on [0,Tmax). After some rewriting, we find that on [0, Tinax), —t5 satisfies the linear
equation

=K K (= g - D (- )

o 4 pul)? o2
+( 1/}2 2P 1) —(pau‘{—/f—i—ng x ).

Due to (6.1) and since uj, |p| € [0,1], and f3 and u5 are nonnpositive, Theorem C.2 yields
5 <0 on [0, Tax)-

Now, if o = 0, then (7.6) is a linear Volterra equation and thus admits a unique global
solution 1o € L2 (R, ,C*) by Corollary B.3. Therefore it suffices to consider the case o > 0.

loc

Following the proof of Lemma 6.3, we let g € L2 ([0, Tinax), (R)*) and h, ¢ € L2 (R, (R)*)

loc loc
be the unique solutions of the linear equations

. i 2
A (20 - 14 22)

g = |ul|K + ‘puila_l‘ + K * (
o

+ (pou] — K+ 021/1§)g>

Ui

2
. (2(1 Y ”’0> ‘ + (poud — n)h)

h:|ui2]K+‘puilal‘+K*< A+ —

r r 1 r r i i i _—
{=uy K + K * <f2 + 5((“1)2 —u} — (u})?) = |poul| <h+ ‘Pula 1‘)
2

70-7 i_—1 2 r
5 (h+‘pu10 D + (pouj /@)€>.

These solutions exist on [0, Tiax) thanks to Corollary B.3. We now perform multiple
applications of Theorem C.2. The functions g + (1 + (pulo™")) satisfy the equations

: +
. . + . ut 2K
Y = (bh)*K + (pu‘la_1> N <<f5+21 <2(1_p2)u{—1+ p))

g

+@mﬁ—m+a%@x>
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on [0, Thnaz), so that 0 < |¢§ + (puila_l) | < g on [0,Tine). Similarly, the function h — g
satisfies the equation

X = K x (—o?5g + (pou} — K)x)

on [0, Trax), so that g < h on [0, Tiax). This yields || < h+ |puio™| on [0, Thaz)-
Finally, the function 15 — ¢ satisfies the linear equation

= (lpo (14 o) = pod
2

+ % <(h + ’puia‘ll)Z - (¢£)2 + (¢5)2) + (pouy — “)X>

on [0, Tryax), so that £ < 95 < 0 on [0, Timax). Since h and ¢ are global solutions and thus
have finite norm on any bounded interval, this implies that T,,x = oo and completes the
proof of the lemma. O

We conclude this section with a remark on an alternative variant of the Volterra Heston
model in the spirit of Guennoun et al. (2017).

Example 7.5. Let K denotes a scalar locally square integrable non-negative kernel. Con-
sider the following variant of the Volterra Heston model

ds; = S;\/ V,dB;, So =1,
Vi = k(0 — Vi)dt + o\/Vid By, Vo >0,
Vi=Vo+ (K V),

where B and B* are independent Brownian motions. Since K is nonnegative, one readily
sees that there exists a unique strong solution taking values in R X Ri. The 3-dimensional

process X = (log S,V ‘7) s an affine Volterra process with

B 0 0 0 —3
K =diag(1,1,K), = |xf]|, B=|0 —x 0 |,
0 0 1 0

A’ =0, A'=0, A%=diag(0,0%,0), A%=diag(1,0,0).
The Riccati—Volterra equation (4.2) reads

V) = fi, ¥1(0) =

2
Uh = fa+ vy — mibp + 03, 2(0) = uz. (7.7)
s = usK + K (f3 + %1/11(1/11 - 1)> : (7.8)
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Under suitable conditions the solution exists and is unique, and the process €¥ with Y
given by (4.3)—(4.5) is a true martingale. Hence by Theorem 4.3 the exponential-affine
transform formula (4.6) holds. We omit the details. In particular, for f =0 we get, using
Example 4.7,

(uf — Ul)t>

) = (0 D)0 = (1, a(0 00+ 15

and

uy log Sp+ua Vir+us Vi ('LL%—U&)T 7
E[e Liog ST U2 VU T] =exp | ¢(T) +urlogSo + vo(TVo + (us+ ———— | W0 |,
where ¢ and 9 solve

le = ’{'971)23 QS(O) = 07

u2—u 0'2
(g —w) _ Ko + Ew%, 2(0) = ua.

W= w4 K x

Setting K = % and ug = 0, this formula agrees with Guennoun et al. (2017, Theorem

2.1). If B and B+ are correlated one loses the affine property, as highlighted in Guennoun
et al. (2017, Remark 2.2 ).

A Proof of Theorem 3.3

Lemma A.1. Assume b and o are Lipschitz continuous. Then (1.1) admits a unique
continuous strong solution X for any initial condition Xo € RY.

Proof. The proof parallels that of Mytnik and Salisbury (2015, Proposition 2.1), which
uses a standard Picard iteration scheme; we refrain from repeating the argument here. Let
us only mention that the proof hinges on the extended Gronwall’s lemma given in Dalang
(1999, Lemma 15), as well as routine applications of the BDG inequalities and Jensen’s
inequality. O

Lemma A.2. Fiz an initial condition Xy € R% and a constant cr,. Let X denote the
set of all continuous processes X that solve (1.1) for some continuous coefficients b and
o satisfying the linear growth bound (3.1) with the given constant crg. Then X is tight,
meaning that the family {law of X: X € X} of laws on C(R,;R?) is tight.

Proof. Let X € X be any solution of (1.1) for some continuous b and o satisfying the linear
growth bound (3.1). Lemma 3.1 implies that sup,<r E[|b(X,)[P] and sup, <7 E[|o(X,)|?]
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are bounded above by a constant that only depends on |Xo|, || K|[z2(07), cLa, p, and T.
Therefore, since the components of K satisfy (2.5), we may apply Lemma 2.5 to obtain

p
X, — X
E sup M <c
o<s<t<T |t —8|*

for all @ € [0,7/2 — 1/p), where 7 is the smallest of the constants v appearing in (2.5) for
the components of K, and where c is a constant that only depends on [Xol, ||K|[z2(0,7),
cLg, p, and T', but not on s or ¢, nor on the specific choice of X € X. Choosing p so that
Ap/2 > 1, and using that closed Holder balls are compact in C(R;R?), it follows that X
is tight. O

Lemma A.3. Assume that K admits a resolvent of the first kind L. For each n € N, let
X™ be a weak solution of (1.1) with b and o replaced by some continuous coefficients b"
and o™ that satisfy (3.1) with a common constant crg. Assume that b — b and o™ — o
locally uniformly for some coefficients b and o, and that X™ = X for some continuous
process X. Then X is a weak solution of (1.1).

Proof. Lemma 2.6 yields the identity
Ls (X" - X,) = /b”(X”)dt+/cr"(X”)dW

Moreover, Gripenberg et al. (1990, Theorem 3.6.1(ii) and Corollary 3.6.2(iii)) imply that
the map
F s L+ (F— F(0))

is continuous from C(R,;R%) to itself. Using also the locally uniform convergence of b"
and ¢”, the continuous mapping theorem shows that the martingales

M" = /a”(X”)dW =L+ (X" — Xo) — /b”(X”)dt

converge weakly to some limit M, that the quadratic variations (M™) = [ om0 (X")dt
converge weakly to [ oo (X)dt, and that [b"(X™)dt converge weakly to [ b(X)dt.

Consider any s < t, m € N, any bounded continuous function f: R"™ — R, and any
0<t; <--- <ty <s. Observe that the moment bound in Lemma 3.1 is uniform in
n since the X" satisfy the linear growth condition (3.1) with a common constant. Using
Billingsley (1999, Theorem 3.5), one then readily shows that

Bl (Xey, o5 Xa ) (My = M)] = i E[f (X, ..., X ) (M — M)] =0,

n—o0

and similarly for the increments of M;" M — (M, M ]”> It follows that M is a martingale
with respect to the filtration generated by X with quadratic variation (M) = [ oo T (X)dt.
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This carries over to the usual augmentation. Enlarging the probability space if necessary,
we may now construct a d-dimensional Brownian motion W such that M = [ o(X)dW.
The above shows that L * (X — Xg) = [b(X)dt + [ o(X)dW. The converse direction
of Lemma 2.6 then yields X = Xo + K * (b(X)dt + o(X)dW), that is, X solves (1.1) with
the Brownian motion W. O

Proof of Theorem 3.3. Using Hofmanova and Seidler (2012, Proposition 1.1) we choose
Lipschitz coefficients 0™ and o™ that satisfy the linear growth bound (3.1) with ¢,g replaced
by 2crg, and converge locally uniformly to b and o as n — oo. Let X™ be the unique
continuous strong solution of (1.1) with b and o replaced by b™ and ¢™; see Lemma A.1.
Due to Lemma A.2 the sequence {X™} is tight, so after passing to a subsequence we have
X™ = X for some continuous process X. The result now follows from Lemma A.3. ]

B Local solutions of Volterra integral equations

Fix a kernel K € L2 (R, R%*%) along with functions g: R, — C% and p: R, x C? — C,

loc
and consider the Volterra integral equation

=g+ Kxp(-,1) (B.1)

A non-continuable solution of (B.1) is a pair (¢, Tmax) With Thmax € (0,00] and ¢ €
L2 ([0, Tinax), C%), such that ¢ satisfies (B.1) on [0, Timax) and [|¢[| 120 7,.0) = 00 if Tinax <
00. If Tinax = 0o we call ¢ a global solution of (B.1). With some abuse of terminology we
call a non-continuable solution (1, Tyax) unique if for any T € Ry and o € L?([0,T],C%)
satisfying (B.1) on [0, T], we have T < Tiax and ¢ = ¢ on [0, T.

Theorem B.1. Assume that g € L2 (Ry,C%), p(-,0) € LL (R4,C%), and that for all

loc

T € R, there exist a positive constant O and a function Iy € L?([0,T],R,) such that
|p(ta l‘) _p(tay” < HT(t)‘x - y‘ + @T‘x - y’(|$‘ + ’y|)a T,y € Cda t<T. (BQ)

The Volterra integral equation (B.1) has a unique non-continuable solution (1, Tmax). If g
and p are real-valued, then so is 1.

Remark B.2. If K € L3 for some € > 0, then it is possible to apply Gripenberg et al.

loc

(1990, Theorem 12.4.4) with p =2+ € to get existence.

Proof. We focus on the complex-valued case; for the real-valued case, simply replace C¢
by R? below. We first prove that a solution exists for small times. Let p € (0,1] and £ > 0
be constants to be specified later, and define

B,. = {v € L*([0, p],C%): 191 220,p) < €}
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Consider the map I acting on elements ¢ € B, . by

F) =g+ Kxp(-,9).

We write || - [l = [| - [ za(0,p) for brevity in the following computations. The growth condition

(B.2) along with the Young, Cauchy—Schwarz, and triangle inequalities yield for v, {/; € B,

IE@)ll2 < llgll2 + 1K l2llp(-, )
< llgllz + I1K]l2 (Il 0) 11 + [l [ll2 + ©1]l13) (B.3)
< llgllz + 1K 12 (Ip(-, 0}l + ITall 20,1y + ©16%)

and

1F@) = F@)ll2 < 1Kl (ITl2 + 61 (Il + 1912) ) 1Y = Bz
<Ko (1Ml 20,1 + 2612) ¢ = P ]lo.
Choose € > 0 so that 14 5+ ||TI1[| ;20,1 + ©1? < 2 and & (|1 || 12(0,1) +201€) < 2. Then
choose p > 0 so that ||g|l2 V || K||2 V ||p(-,0)|l1 <e/2. This yields
5 5

IF@)ll2 < 5 (145 + 1MWl 200 + ©167) <&

and _ B -
IF() = F@)ll2 < #llv =Pl % =5 (Mllz21) +2612) < 1.

Thus F' maps B,. to itself and is a contraction there, so Banach’s fixed point theorem
implies that I has a unique fixed point ¢ € B, ., which is a solution of (B.1).
We now extend this to a unique non-continuable solution of (B.1). Define the set

J={T € Ry: (B.1) has a solution ¢ € L([0,T],C?%) on [0, T]}.
Then 0 € J, and if T € Jand 0 < § < 7T, then S € J. Thus J is a nonempty interval.
Moreover, J is open in R;. Indeed, pick T" € J, let ¥ be a solution on [0, 7], and set

T
h(t)—g(T+t)—|—/O K(T + 1t — s)p(s, (s))ds, >0,

which lies in L2 (R4, C%) by a calculation similar to (B.3). By what we already proved,
the equation
XxX=h+Ksx*xp(-+T,x)

admits a solution x € L?([0, p], C%) on [0, p] for some p > 0. Defining 1(t) = x(t — T) for
t € (T, T + p|, one verifies that ¢ solves (B.1) on [0,7 4 p]. Thus T + p € J, so J is open
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in Ry and hence of the form J = [0, Tihax) for some 0 < Tiax < 00 with Tax ¢ J. This
yields a non-continuable solution (¢, Typax)-

It remains to argue uniqueness. Pick T' € R, and ¢ € L2([0, T}, C?%) satisfying (B.1) on
[0,T]. Then T € J, s0 T < Tax- Let S be the supremum of all S" < T such that ¢ = ¢
on [0, 5']. Then ¢ = ¢ on [0, S] (almost everywhere, as elements of L2). If § < T, then for
p > 0 sufficiently small we have 0 < || —7Z||L2(0,S+p) < 3l _,(Z||L2(O,S+p)a a contradiction.
Thus S = T, and uniqueness is proved. O
Corollary B.3. Let K € L2 (R, R v e R, f € Ll (R, RY) and G € L*(Ry,RI¥*9),
Suppose that p: Ry x R* = R is a Lispschitz continuous function in the second argument
such that p(-,0) € L2 (R, ,R%). Then the equation

loc

X = Ku+ K (f +Gp(, X)) (B.4)

has a unique global solution v € LIQOC(R+,Rd). Moreover, if K is continuous on [0,00) then

Y is also continuous on [0,00) and ¥ (0) = uK(0).

Proof. Theorem B.1 implies the existence and uniqueness of a non-continuable solution
(X Tmax). If K is continuous on [0, c0), then this solution is continuous on [0, Tiax) with
X(0) = K(0)u. To prove that Tinax = 00, observe that

IX| < K Jul + [K]+ (If] + 1G] (p(, 0)] + ©[x1)) (B.5)

for some positive constant ©. Define the scalar non-convolution Volterra kernel K'(t, s) =
O|K(t — 5)||G(8)|1s<t. For any interval [u,v] C Ry, Young’s inequality implies that

I 2 ) < O N 2200 Gl 22(0,0-u):

where ||| - [l 11,,,) is defined in Gripenberg et al. (1990, Definition 9.2.2); see also Lemma C.1

2 and, due to

below for related calculations. Thus —K” is a nonpositive kernel of type Li. .
Gripenberg et al. (1990, Proposition 9.8.1), has a nonpositive resolvent R’ of type L2 ..
The Gronwall type inequality in Gripenberg et al. (1990, Lemma 9.8.2) and (B.5) then

yield .
NE / R(-,8)f'(s) ds (B.6)
0
on [0, Tonase, where
f = 1Kl + K] = (] + GI(p(-, 0)]).

Since the function on the right-hand side of (B.6) is in L2 (R, R) due to Gripenberg et al.

(1990, Theorem 9.3.6), we conclude that Tyax = co. O
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C Invariance results for Volterra integral equations

Lemma C.1. Fiz T < co. Letu € C¢, G € L*([0,T],C%™%), as well as F™ € L?([0,T],C%)
and K™ € L*([0,T],C%%) for n = 0,1,2,.... For each n, there exists a unique element
X" € L%([0,T],C™*?) such that

X" =F"+ K" % (Gx").
Moreover, if F* — F9 and K™ — K° in L*(0,T), then X" — x° in L*(0,T).
Proof. For any K € L2([0,T),C%4), define K (t,s) = K(t — 5)G(s)1s<¢. This is a Volterra
kernel in the sense of Gripenberg et al. (1990, Definition 9.2.1), and we have

T T
| [ vesim = oPice Pasde < 1 K1) Gl
by Young’s inequality. Thus by Gripenberg et al. (1990, Proposition 9.2.7(iii)), K is of
type L? on (0,T) with norm
KN 2207y < | Kllzz0.m) | Gllz2(0.1)5 (C.1)

see Gripenberg et al. (1990, Definition 9.2.2). Next, we show that —K admits a resolvent
of type L? on (0,7T) in the sense of Gripenberg et al. (1990, Definition 9.3.1). For any
0 <u <wv <T, achange of variables and Young’s inequality give

v v v—u t
//15§t|K(t—s)|2G(s)2dsdt:/ /\K(t—s)PyG(qus)Pdsdt
u u 0 0
< K220l G220

For v — u sufficiently small, the right-hand side is smaller than 1, whence || K|| 2wy <1
by Gripenberg et al. (1990, Proposition 9.2.7(iii)). We now apply Gripenberg et al. (1990,
Corollary 9.3.14) to obtain a resolvent of type L? on (0,7 of —K, which we denote by
R. Due to Gripenberg et al. (1990, Theorem 9.3.6), the unique solution in L2(0,T) of the
equation

() = F(t) + /Otf((t, Ix(s)ds, € [0,T],
for a given F € L2([0,T],C%), is

() = F(t) - /0 Rt $)F(s)ds, te0.7].
This proves the existence and uniqueness statement for the x™. Next, assume F Z — FY
and K" — K%in L?(0,T). Applying (C.1) with K = K" — K° shows that K" — K with

respect to the norm || - ||| 2o 7). An application of Gripenberg et al. (1990, Corollary 9.3.12)
now shows that ™ — x° in L?(0,T) as claimed. O

35



Theorem C.2. Assume K € L2 (Ry,R¥9) is diagonal with scalar kernels K; on the

loc
diagonal. Assume each K; is continuous on (0,00) and the shifted kernels ApK; satisfy

(2.5) and (3.2) for all h € [0,1]. Letu € RY, F € L] (R4,RY) and G € L} (R4, R¥9)
be such that u; > 0, F; > 0, and Gi; > 0 for all i,5 =1,...,d and i # j. Then the linear
Volterra equation

X =Ku+ K % (F + Gx) (C.2)
has a unique solution x € L2 (Ry,RY) with x; >0 on [0,T] fori=1,...,d.

loc

Proof. Define kernels K™ = K (- 4+ n~!) for n € N, which are diagonal with scalar kernels
on the diagonal that satisfy (2.5) and (3.2). Lemma C.1 shows that (C.2) (respectively
(C.2) with K replaced by K™) has a unique solution y (respectively x™), and that x"™ — x
in L?(R., Rd). Therefore, we can suppose without loss of generality that K is continuous
on [0,00) with K;(0) > 0. To shows that x takes values in R, it is therefore enough to
consider the case where K is continuous on [0, 00) with K;(0) > 0 for all i.

For 2 € R? define b(z) = F + Gx. For all positive n, Corollary B.3 implies that there

exists a unique solution x" € LfOC(R+, R?) of the equation

X" =Ku+ K*b((x" — n*1)+),

and that x™ is continuous on [0, 00) with x7'(0) = K;(0)u; > 0 for ¢ = 1,...,d. We claim
that x" is Ri valued for all n. Indeed, arguing as in the proof of Theorem 3.5, we can show
that if L; denotes the resolvent of the first kind of K;, then (A, K; % L;)(t) is nonnegative,
bounded and nondecreasing in ¢ for any h > 0. Fix n and define Z = [b((x™ —n~1')" dt.
The argument of Lemma 2.6 shows that for all h >0 and i =1,...,d,

ApK; xdZ; = (ARK; « L) (0)K; « dZ; + d(ARK; + L)  K; % dZ;
— (AhKZ * LZ)(O)X? + d(AhKZ * Ll) * X? (03)

Convolving the quantity d(Ap K; * L;) * K; first by L;, then by K, and comparing densities
of the resulting absolutely continuous functions, we deduce that

d(AhKZ * Li) * Ki = AhKi - (AhKl * LZ)(O)KZ
Plugging this identity into (C.3) yields
AhKi xdZ; = (Ath' * Li)(O)X? + d(AhKZ * Li) * X? — UzAth (04)

Define 7 = inf{t > 0: X; ¢ R?} and assume for contradiction that 7 < co. Then

h
X" (t+h) = ApK(T)u+(K*dZ)ryp, = AhK(T)u—i—(AhK*dZ)T—i—/O K(h—s)dZ;1s (C.5)
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for any h > 0. By definition of 7, the identities (C.4) and (C.5) imply

h
X?(r+h)z/0 Ki(h—8)bi(x"(t+s) —n"HT)ds i=1,...,d.

As in the proof of Theorem 3.5, these inequalities lead to a contradiction. Hence 7 = oo
and x" is ]Ri—valued for all n.

To conclude that y is R? -valued it suffices to prove that x™ converges to x in L?([0, T],R%)
for all T € R. To this end we write

X=X"=Kx*(GX"—(x"-n"H")+Gx—x"),

from which we infer
n \/a n
X = x| = — K|+ |G| + K] (IGlIx = x"]).

The same argument as in the proof of Corollary B.3 shows that

=y < L (7= [ #CoPeas). (©6)

0

where R’ is the nonpositive resolvent of type L2 of K'(t,s) = |K(t — s)||G(s)|, and
F' = |K| *|G|. Since the right-hand side of (C.6) is in L (R4, R) in view of Gripenberg
et al. (1990, Theorem 9.3.6), we conclude that x” converges to x in L2([0,T], R%) for all

T e R;. O
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