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A two-dimensional relaxation scheme for the
hybrid modelling of two-phase flows

Kateryna Dorogan, Jean-Marc Hérard and Jean-Pierre Minier

Abstract Recently, a new relaxation scheme for hybrid modelling of two-phase
flows has been proposed. This one allows to obtain stable unsteady approximations
for a system of partial differential equations containing non-smooth data. This paper
is concerned with a two-dimensional extension of the present method, in which
two alternative relaxation schemes are compared. A partial analysis of continuous
stability is given.

1 Introduction

This paper deals with the modelling and the numerical simulation of polydispersed
turbulent two-phase flows, where one phase is a turbulent fluid (considered to be a
continuum) and the other appears as separate inclusions carried by the fluid (solid
particles, droplets or bubbles). Such a kind of flows can be encountered in many
industrial situations (combustion, water sprays, smokes) and in some environmental
problems. Despite the need of their accurate prediction, the physical complexity of
these processes is so broad that existing methods are either too expensive (in cal-
culation cost) or not sufficiently accurate. A hybrid approach recently proposed in
[5] enables to reach an acceptable compromise between the physical realism and
a cheap numerical treatment. A similar approach has been addressed in [13] for a
single-phase turbulent flow. For two-phase flows, it consists in coupling two clas-
sic approaches (Eulerian and Lagrangian) in the particle phase description, while
for the fluid phase only the Eulerian description is used. Given the consistency of
the fluid and the particle descriptions, this method allows to gather the advantages
of classic approaches: high level of physical description, lower calculation costs,
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correct treatment of non-linearities and polydispersity, expected values free from
statistical error. The Lagrangian part of the particle phase description is given by the
stochastic differential equations:

dxp,i = Up,idt

dUp,i = 1
τp

(Us,i−Up,i)dt +gidt

dUs,i = Ai(t,Zt , p(t;z),Yt)dt +Bi(t,Zt , p(t;z),Yt)dWt,i,

(1)

where p(t;z) stands for the probability density function (pdf) of the particle state
vector Zt = (xp,Up,Us) with xp(t) the particle position, Up(xp(t), t) the particle ve-
locity, U f (x f (t), t) the fluid velocity, Us(xp(t), t) the fluid velocity seen at the par-
ticle position and the local relative velocity Ur = Us −Up. Yt represents external
mean fields, i.e. the fluid mean fields defined at particle locations [12]. Then, using
corresponding Fokker-Planck equation we deduce from (1) a system of partial dif-
ferential equations for the mean particle concentration and the mean particle flow
rate

(
αp,αp〈UE

p,i〉
)

, which represents an Eulerian description of the particle phase:
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〉
(2)

Usually, only one among the two systems (1), (2) is solved. However, in this
case we are faced with shortcomings of the standard methods. In fact, system (1)
contains a bias-error and thus needs calculations with a larger number of particles,
whereas the Reynolds stress term 〈up,iup, j〉L in system (2) is not closed. The new
hybrid approach consists in solving both of these systems at the same time. Thus,
the terms with superscript “L”, calculated with a better accuracy in the Lagrangian
part of the model, are provided to the Eulerian part (2). The latter, in turn, gives the
values of 〈UE

p,i〉 free from statistical error, that enable computations with a smaller
number of particles in (1). Hence, for the same accuracy, the total calculation cost is
reduced with reference to the Lagrangian approach. Here, in order to guarantee the
coupling of descriptions (1)-(2), we have to choose the averaging and interpolation
procedures. Moreover, such a coupling introduces noisy quantities (computed by the
stochastic equations) in the Eulerian part of the model, which presents an important
convective part and thus requires a stabilization.

A specific relaxation approach was proposed in [6, 7] to tackle this problem in
a one-dimensional case. It relies both on upwinding techniques and relaxation tools
[11] and allows to obtain stable unsteady approximations of solutions of system (2).
Actually, two alternative relaxation systems were compared and some analysis of
their stability was given.

The present paper is concerned with a two-dimensional extension of the relax-
ation approach. In section 1, we still propose two forms of the relaxation system that
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are very similar but that need a different numerical treatment. We will give some re-
sults on the stability in section 3 and briefly describe the numerical treatment in
section 4. At last, a few numerical results will be given.

2 Relaxation approach in a two-dimensional framework

In order to compute stable approximations of the solution W t = (αE
p ,αE

p 〈UE
p,i〉),

i = 1,2 of system (2), we proceed as follows. Since non-smooth external data are
introduced in the system, we are formally interested in finding discontinuous solu-
tions. However, for system (2) the Riemann problem can not be defined in an usual
way, because the term RL = 〈upup〉L is not closed as RL(W ). To overcome this dif-
ficulty, a relaxation technique was proposed in [8, 9], which is grounded on ideas
developed in [3]. It consists in introducing supplementary equations that govern the
time evolution of the Reynolds stresses, so that the relaxation system is hyperbolic
and preserves the realizability of solutions.

From now on, we omit the superscripts “E” and we denote by ρ = αpρp the
mean density distribution of the particles in the domain, by Ui =

〈
Up,i

〉
, i = 1,2

the mean particle velocity and by Ri j = 〈up,iup, j〉, (i, j) ∈ {1,2}2 the ”Reynolds
stress” tensor. We propose the following natural expression for an extended system
corresponding to (2):

∂tρ +∂x j(ρU j) = 0

∂t(ρUi)+∂x j(ρUiU j)+∂x j(ρRL
i j) = ρgi +ρ

〈
Ur,i/τp

〉L

∂t(ρRi j)+∂xk(ρUkRi j)+ρ(Rik∂xkU j +R jk∂xkUi) = ρ(RL
i j −Ri j)/τR

p

(3)

Since this system is invariant under frame rotation, we consider the reference
frame (n,τ): n = (nx,ny), τ = (−ny,nx), such that n2

x +n2
y = 1, for a given interface

whose normal is n. The transition relations are given by: Un =U .n, Uτ =U .τ , Rnn =
nt .R.n, Rnτ = nt .R.τ = τ tR.n = Rτn, Rττ = τ t .R.τ .

When neglecting transverse variations (i.e. ∀φ : ∂φ/∂τ = 0), the relaxation sys-
tem corresponding to system (3) for a variable Zt = (ρ,Un,Uτ ,ρRnn,ρRnτ ,S) takes
the form:

∂tZ +An(Z)∂nZ = S (Z), (4)

with Z = Z(t,xn), S =
(
(ρRnn)(ρRττ)− (ρRnτ)2

)
/ρ4 and:

An(Z) =


Un ρ 0 0 0 0
0 Un 0 ϑ 0 0
0 0 Un 0 ϑ 0
0 Ψnn 0 Un 0 0
0 Φnn Φnτ 0 Un 0
0 0 0 0 0 Un

 ,S (Z) =


0
0
0

ρ(RL
nn−Rnn)/τR

p
ρ(RL

nτ −Rnτ)/τR
p

(SL−S)/τR
p


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where ϑ(x, t) = 1/ρ(x, t). Eigenvalues of the corresponding homogeneous system:

λ1,6 = Un± c1, λ2,5 = Un± c2, λ3 = λ4 = Un, (5)

with ρc2
1 = Ψnn and ρc2

2 = Φnτ . Thus, system (4) is hyperbolic (unless vacuum
occurs in the solution) if Ψnn > 0 and Φnτ > 0. Further, two distinct forms of the
functions (Ψnn(Z), Φnτ(Z), Φnn(Z)) are introduced.

• The first one, refered to as (A1), relies on the pure Eulerian formulation and
thus takes advantage of the hyperbolic structure of Eulerian closures [3]:

Ψnn = 3ρRnn, Φnτ = ρRnn, Φnn = 2ρRnτ . (6)

In that case, system (4) is characterized by four linearly-degenerate (LD) fields and
by two genuinely non-linear (GNL) fields. This approach is detailed in [9, 10]. Its
nice feature is that the whole set of partial differential equations in the evolution step
preserves the realisability of the ”Reynolds stress tensor” Ri j, both at the continuous
and the discrete levels. This is in fact mandatory since eigenvalues remain real if
and only if the quadratic form niRi jn j remains positive. However, a drawback in
this approach is due to the “true” non-conservative form of the governing equations
for the Reynolds stress components in (4). Thus, non-conservative products that are
active in genuinely non-linear fields are not uniquely defined.

• This has motivated the introduction of a second form for (Ψnn, Φnτ , Φnn) -
corresponding to (A2), (see [6, 7] for its counterpart in the 1D framework). The
main objective here is to comply with the same specifications: (i) the system should
be hyperbolic, (ii) the Reynolds stress tensor should remain realisable, (iii) jump
conditions should be uniquely defined, field by field. The basic idea is to introduce
functions which are close enough to the first ones (6), but such that non-conservative
products are only effective through linearly degenerate fields. We propose the fol-
lowing expression of the functions (Ψnn, Φnτ , Φnn):

Ψnn = 3ρ2
0 (Rnn)0ϑ , Φnτ = ρ2

0 (Rnn)0ϑ , Φnn = 2ρRnτ . (7)

The relaxation system corresponding to (4), (7) is indeed characterized by 6 LD
fields and thus the jump relations are uniquely defined. There is only one point to
be noted: system (4) with such closures no longer preserves the positivity of the
Reynolds stresses neither at the continuous nor at the discrete level. Nevertheless,
the possible loss of positivity does not affect the approximations of system (2), be-
cause the true values of the Reynolds stresses RL

i j are restored at the end of each time
step.
From now on, we assume that the initial conditions of the Riemann problem are
physically relevant:

ρL,R > 0, xtRL,Rx > 0. (8)
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Property 1 (Existence and Uniqueness of the solution of the Riemann problem
for A1). The Riemann problem associated with (4), (6), with the choice of approx-
imate jump relations given in [9, 10] and with the initial conditions (8) admits a
unique solution if

(Un)R− (Un)L <
√

3
(√

(Rnn)L +
√

(Rnn)R

)
. (9)

The solution is composed of six constant states ZL,Z1,Z2,Z3,Z4,ZR separated by 2
GNL waves and 4 LD waves associated with λ2,3,4,5.

Property 2 (Existence and Uniqueness of the solution of the Riemann problem
for A2). Assume that a0 = 3ρ2

0 (Rnn)0 ≥ 0 is such that it satisfies the wave ordering
condition (WOC): λ1 < λ2 < λ3 = λ4 < λ5 < λ6. Then the Riemann problem asso-
ciated with (4), (7) and initial conditions (8) admits a unique solution composed of
six constant states ZL,Z

′
1,Z

′
2,Z

′
3,Z

′
4,ZR separated by 6 LD waves. The (WOC) is the

same as in the one-dimensional framework (see [6, 7]).

Property 3 (Positivity of interface values of the density).
• The realisability of the solution in approach (A1) is ensured by the no vacuum

occurence condition (9): ρ1 = ρ2 > 0,ρ3 = ρ4 > 0;
• For (A2), the latter condition is replaced by WOC, that guarantees the positvity

of the densities in intermediate states: ρ
′
1 = ρ

′
2 > 0,ρ

′
3 = ρ

′
4 > 0.

Remark 1 (Positivity of interface values of Reynolds stresses). In the approach
(A1), the positivity of the ”Reynolds stresses” is required to ensure the hyperbolicity
property for the corresponding relaxation system and, at the same time, is preserved
by the very construction of this system, whereas in the approach (A2) the positivity
of the ”Reynolds stresses” in the intermediate states is not preserved for any initial
condition. However, it is crucial to emphasize that at each time step the local values
of RE = RL are restored, thus the realisability is ensured owing to the instantaneous
relaxation step.

3 Stability property of both approaches A1, A2

We focus now on the evolution step in the relaxation procedure, thus on the ho-
mogeneous system corresponding to the left hand side of (3). In order to give an
estimation of the mean kinetic energy, which characterises the initial system of
equations (2), we focus only on smooth solutions (we assume that: ρ(x, t),Ui(x, t),
Ri j(x, t) ∈ C 1, i, j = 1,2), and we study the evolution of the “total” energy in the
relaxation system (3). Let us denote by

E1(t) =
1
2

∫
Ω

ρU2
i (x, t)dΩ and E2(t) =

1
2

∫
Ω

ρ tr(R)(x, t)dΩ , i = 1,2. (10)
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the kinetic energy of the drift (the mean motion) and the energy of the fluctuating
particle motion. The total particle energy is given by E (t) = E1(t)+E2(t). We also
assume that: ∀x ∈ ∂Ω U p.n = 0, where U p is the instantaneous particle velocity.

Property 4 (Energy estimation for A1). We define: δ = R11R22 −R2
12 and we as-

sume that δ (x ∈ ∂Ω , t > t0) > 0, δ (x ∈ Ω , t0) > 0. Then smooth solutions of the
homogeneous relaxation system corresponding to approach (A1) satisfy the follow-
ing estimate:

0 ≤ E1(t) = E (t0)−E2(t)≤ E (t0), since E2(t)≥ 0. (11)

An important ingredient in the proof is linked with the fact that the governing equa-
tion of X = δ/ρ2 reads:

∂tX +(U ·∇)X = 0. (12)

Up to now, we can only give a partial estimation for approach (A2). Actually, for
the system corresponding to (4), (7), we must introduce a slightly modified defini-
tion of the total energy in a 1D framework:

Ẽ = E1(t)+E2(t)+
∫

Ω

ρ(a2
0ϑ −3ρRnn)2

16a2
0

dΩ , with a2
0 = 3ρ

2
0 (Rnn)0, (13)

and we only have the following estimation (see [7]):

Remark 2 (Energy estimation for A2). In a one-dimensional framework, smooth
solutions of the homogeneous relaxation system corresponding to (4), (7) satisfy:

0 ≤ E1(t) and E1(t)+E2(t)≤ Ẽ (t0). (14)

However, no lower bound on E2(t) has been found yet. Thus, no upper bound for
E1(t) is available yet.

4 Numerical algorithm and results

In order to compute the approximations of solutions of system (2) at each time step
we use a fractional step method, which proceeds in three steps:

• Step 1 (Evolution): computes the approximations ρn+1,−, (ρUi)n+1,−, (ρRi j)n+1,−,
(i, j) ∈ {1,2}2 of the homogeneous system corresponding to the left hand side
of (3) using an approximate Godunov solver for (A1) [10] and an exact Godunov
solver for (A2) (using results of property 2).
• Step 2 (Relaxation): restores local values of the Reynolds stresses Ri j = RL

i j:

ρn+1 = ρn+1,−, (ρUi)n+1 = (ρUi)n+1,−, (ρRi j)n+1,− = ρn+1(Ri j)L. (15)

• Step 3 (Sources): accounts for physical source terms (right hand side of (2)).
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Analytical test cases: In order to validate the two approaches (A1, A2), we consider
some test cases where analytical solutions are known and we focus especially on
the most difficult configurations. Assuming the following closure relation: ρRL

i j =
S0ργ δi j with constant entropy S0 = 105 and γ = 3 (this value of γ corresponds to
the isentropic case arising in [3, 10]), we focus on two 1D Riemann problems. The
computational domain is a square [−1,1]2, the time step is in agreement with the
CFL condition (CFL = 0.49), and the regular meshes contain from 2× 102 up to
2×105 cells. The figures below (fig. 1) represent the L1-norm of the errors w.r.t. the
mesh size. On the whole, both methods (A1, A2) guarantee the correct convergence
of approximations. Moreover, we retrieve the classical h1 convergence since no LD
wave is involved here. Whereas (A1) and (A2) schemes exhibit almost the same
accuracy, (A2) seems to be a little bit more stable than (A1). Both schemes can
handle vacuum occurence and strong shock waves.
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Fig. 1 L1 convergence curves for symmetric double shock (left) and symmetric double rarefaction
waves with vacuum occurence (right). Coarser mesh: 200 cells; finer mesh: 200000 cells.

Numerical results with noisy Reynolds stresses: We choose the initial condi-
tions of a subsonic shock tube problem and we plug noisy Reynolds stresses in
the system of equations (2) at each time step in the cells that belong to the region
x ∈ [−0.25,0.25] as follows: (ρR)L

i j = S0ργ δi j(1 + rms(0.5− rand(0,1))), where
rms stands for the noise intensity and rand allows to manage the noise amplitude.
The noisy region is not developping in time (fig. 2). The same remark holds for
other values of the noise intensity. Other test cases with noisy data [6] show that
the noise is independent of the mesh refinement. Moreover, the L1 norm of the dif-
ference between approximations taking noise into account - or not - tends to be
constant. Eventually, the difference between noisy approximations and those with-
out a noise is increasing with rms in a linear manner. Both methods enable to obtain
stable approximations with noisy data.
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Fig. 2 Approximations of the density (left) and the velocity (right) with rms = 0.5 and rms = 0 in
time. Mesh size: 1000 cells
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