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Abstract

We investigate the influence of a general non-local advection term of the form
K * u to propagation in the one-dimensional Fisher-KPP equation. This model is a
generalization of the Keller-Segel-Fisher system. When K € L!(R), we obtain explicit
upper and lower bounds on the propagation speed which are asymptotically sharp and
more precise than previous works. When K € LP(R) with p > 1 and is non-increasing
in (—o0,0) and in (0, 400), we show that the position of the “front” is of order O(t!/P)
if p < 0o and O(eM) for some A > 0 if p = oo and K (400) > 0. We use a wide range
of techniques in our proofs.
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1 Introduction and main results

The model we consider is

{ut + [(K * u)uly = tze +u(l —u), in (0,400) X R,

u(0,x) = ug(x) >0, in R, (L)

where ug is compactly supported and non-negative and satisfies

The unknown, u, typically represents the population density of a species. Throughout the
paper, K is a bounded odd function which is monotonic except at x = 0, in the sense that
it is monotonic in (—o0,0) and in (0, +00). The notation K * u stands for the convolution
K xu(t, ) of K with u(t,-). We also assume that K does not change sign in (—o0,0) and in
(0, +00). We define the “jump” of K as

J = lim 2K (z). (1.3)

z—0~

We provide a cartoon picture of examples of K and the value of J in Figure 1. We mainly
focus on three cases, leading to completely different behaviours: (i) when K € L!'(R),
(ii) when K € LP(R) with p € (1, +00) and (iii) when lim,_, - K(z) > 0.

Our motivation for considering models of this type is two-fold. Firstly, reaction-advection-
diffusion models where the advection is a non-linear term have garnered interest recently, see
e.g. [2,4,8-11,17,21,22,24,32, 34, 35| for a sampling of such works. However, in many cases,
precise bounds on propagation are intractable. As such, (1.1) serves as a toy model which
may provide insight into other models. Secondly, when K (z) = —x sign(ax)e~#1/Ve/(2d) for
some positive constants x and d (as in the left part of Figure 1), the above is the Keller-
Segel-Fisher model dating back at least to [30,31]. This model, which can be written as

{ w4 X (U0g)y — Upe = u(l —uw),

1.4
—dVpe +v = wu, (14)



Figure 1: A cartoon of K when (left) K € L'(R) and is increasing everywhere except at
x =0 and (right) when K € L*(R) and is decreasing everywhere except at x = 0.

has been the subject of considerable interest recently. Since there have been numerous works
regarding questions of regularity and stability for different choices of domains and dimensions,
we point the interested to [30,31,36] and the many works which cite these. Closer to our
interest, there have been a few works studying the propagation speeds for Keller-Segel-Fisher
systems [26-28]. The case where xy < 0 in (1.4) corresponds to negative chemotaxis, where
a species secretes a chemorepellent causing the species to spread. This behavior has been
observed in, for example, slime molds [19] and entamoeba histolytica, the bacteria that causes
dysentery [37]. Mathematically this behavior has attracted less interest due, perhaps, to the
ease with which well-posedness may be established. However, we mention the more applied
works of [3,16,29], showing pattern formation and the effect on diffusion.

Our goal is to obtain explicit propagation bounds for solutions to (1.1). When K € L'(R),
we obtain a lower bound on the propagation of 2¢. While we believe that this is sharp,
obtaining a matching bound is still an open question. We obtain an upper bound of the
form ¢*t where ¢* is given explicitly by the expression (1.18) in Corollary 1.5 below. After
Theorem 1.2 we discuss heuristically why we believe that the front is at 2¢ asympotically,
and after Corollary 1.5, we discuss the relationship of our bounds on ¢* with known results.
When K(z) ~ 27 as x — +oo for some a € (0,1), we show that the front is at O(t'/?),
and when lim,_,, ., K(z) > 0, the front moves exponentially.

Throughout the paper, the solutions u are understood as classical C’tl;f(((), +00) x R)
solutions, with u(t,-) — ug as t — 07 in L'(R). As a matter of fact, if u is a continuous,
non-negative, bounded solution in (0,7) x R for some T" > 0 and if K belongs to L'(R),
then the general assumptions on K imply that K «u and (K *u), belong to L>((0,7") x R)
with

Ul L= ((0,T)xR) = LY(R) [|W|[ Lo ((0,T)xR) an
[+ < K o2y ] d

(1.5)
[ (F * w)zl| Lo 0, x®y < 20| [|ul oo (0,1)xR)-

Therefore, standard parabolic estimates imply that, for every € € (0,7'), u and u, are Holder
continuous in (¢,7) x R and then that w is a classical solution in (0,7") x R, with wu, u, u,



and u,, bounded and Holder continuous in (¢,7) X R (see also Section 3.1 below in the case
when K is only in L*(R)). The strong maximum principle then yields v > 0 in (0,7) x R
(see also Lemma 2.1 below). The same conclusions hold in (0, +00) x R if u is assumed to be
continuous and bounded in (0, 4+00) x R. We note that, with the positivity of u established,
we may optimize the estimates in (1.5)

1
K - < Z||K % d
[ K ul| oo 0, xR) < 2” 2@l oo 0.1y xm) an (1.6)

(K ) || oo o,y xmy < ] [l o 0,7y <)

To obtain (1.6) we use explicitly the cancellations due to the monotonicity and positivity
properties of K and w in order to pick up an extra factor of 1/2 in both terms.

Lastly, for a function g : £ — R* defined on a subset E of R™ and for p € [1,00], we
denote | g||, the LP(E) norm of the Euclidean norm |g| of g. For instance, if u is a bounded
solution of (1.1), then ||uw stands for ||u|| foo((0,100)xr) While |||l stands for |[ugl|ze(r)-
When there is ambiguity, we write the domain explicitly.

1.1 The effect of L! kernels

Our first main result discusses the case when K € L'(R) as well as the particular case when
K =K for some kernel K € WLHR), meaning that K converges to 0 fast enough at 400
(we recall that K is always assumed to be odd and monotonic except at 0). In this case, we
have the following result.

Theorem 1.1. Suppose that K € L'(R) is odd and monotonic except at 0 and that u is
a bounded classical solution of (1.1) with non-negative and non-zero compactly supported
initial data ug satisfying (1.2). Then u > 0 in (0,400) x R and the following holds:

(1) for every c € (0,2), there exists 6 > 0 depending only on ¢, K and ||u||s such that

liminf inf w(t,z) > 0; (1.7)

t—+oo |z|<ct
in addition, if K is compactly supported, then

lim inf inf u(t,z) > 0; (1.8)
00 |a|<2t—(3/2) log(t)

(i) if K = K with K € WYX (R), then there exists ¢* > 0, given explicitly in (1.18) below,
such that
Ve > ¢, limsup sup u(t,z) = 0. (1.9)
t—+00 |z|>ct
We make a few observations about Theorem 1.1. Firstly, we point out that the well-
posedness of similar models have been handled extensively, see e.g. [26-28,30,31]. When
J < 1in Theorem 1.1, a maximum principle argument gives immediately that

||u||00 S maX{L (1 - ‘]>_1}7
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see Lemma 2.1 below. While this relies on the fact that ||ug|ls < 1, we note that the
condition ||ug||o < 1 is not restrictive; indeed, if ||ug|ls > 1, it is straightforward to replace
the above with

lim sup || w]| oo ((s,400)xr) < max{l, (1 —J)"'}.

S§—+00
Uniform bounds in L have been obtained in various other settings. In particular, solutions
to the Keller-Segel-Fisher model in R are always uniformly bounded in L*>°. We also expect
a similar result to hold for the general kernels considered in this paper, but as this is not the
focus of our study, we do not address it here.

Secondly, we mention that the lower bound (i) in Theorem 1.1 does not require the
monotonicity of K. Indeed, it requires only that K € L'(R) and that u is bounded in
(0,400) x R.

Thirdly, we mention that the upper bound (1.9) in Theorem 1.1-(ii) does not require the
assumption that K = K for some K € WHL(R). If K were merely L' our proof still provides
an upper bound; however, the expression characterizing ¢* (see (1.18) below) is the minimum
of three terms, two of which depend on ||K||;. Hence, in many cases, we obtain better
bounds on ¢* by considering this more specific setting. We note that the choice of K in the
Keller-Segel-Fisher model satisfies this condition; indeed, K () = —y sign(z)e~=1/Vd/(2d) =
(d/da)(xe 1V /(2V/d).

Finally, when J < 1/2, we may apply arguments from [27, 28] to bootstrap our
lower bound to give uniform convergence to 1 (that is, (1.7) may be replaced by
limy o0 SUP|, < [u(t,2) — 1] = 0 and a similar, though more difficult to state, result may
replace (1.8)). This is handled in Corollary 2.3 below.

A general result for the lower bounds in Theorem 1.1

In order to prove Theorem 1.1, we prove some general results, the first of which is a lower
bound in R™ that shows that a “localized” non-local advection term cannot slow down
propagation. In the sequel, for any x € R™ and r > 0, we denote B,.(z) the open Euclidean
ball with center x and radius 7.

Theorem 1.2. Let F : C(R") N L>®(R") — (CY(R™) N W1°(R™))" have the property that,

for any R > 0 sufficiently large, there exist two constants Cr > 0 and cg > 0, such that
limg ,100er =0 and

[F (V)| Br(zo)) + IV - F(0)||l o (Br(zo)) < CrIVIL*(Byn(zo)) + ERIVI Lo ) (1.10)

for allv € C(R")NL>®(R™) and o € R™. We also assume that F is locally Holder continuous,
in the sense that, for every M > 0, there exist a € (0,1) and C > 0 such that |F(v) —
F(w)[|wrce@nyyn < Cllv—wl|ogny for allv, w € C(R")NL¥(R") with ||v||ee@n) < M and
|wl| eorny < M. Let u: (0,+00) x R® — R be a non-negative, non-zero, bounded classical
solution of

ur+ V- (Fu(t,)u) = Au+u(l —u), in (0,400) x R™, (1.11)
Then, for every c € (0,2), there ezists 6 > 0 depending only on ¢, F, and ||u||l Such that

liminf inf w(t,z) > 6. (1.12)

t—+o00 |z|<ct
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Furthermore, if the assumption (1.10) holds with egr = 0, then

lim inf inf u(t,z) > 0. (1.13)
t—+o00 |z|<2t—(n+1/2)log(t)

We expect Theorem 1.2 and its technique to be useful in attacking other problems where
the advection is non-local. We believe that, in the positive chemotaxis setting, i.e. when
K is increasing except at x = 0, 2 is the sharp propagation speed. The reason being that,
for z > 0, at the front and beyond w is, on average, decreasing, in which case K % u is, on
average, negative and so should slow down the front compared to the same model without
advection. Since the Fisher-KPP equation moves at speed 2 without advection, we expect
propagation in our model to be no faster than 2. In view of Theorem 1.2, we expect 2 to be
the sharp rate.

Our proof of Theorem 1.2 hinges on two novel observations. First, when ez > 0, we build
a small function u satisfying a similar equation to u but where the advection F(u(t,-))(x)
is normalized whenever |F(u(t,-))(z)| is not small. We may then apply the results of [5] to
characterize the propagation of u. On the other hand, when (¢, x) is small enough that u
and @ could possibly “touch”, we use a local-in-time Harnack inequality (see [6, Theorem 1.2]
and see also Lemma 2.2 below) along with the inequality that F' satisfies to show that
F(u(t,-))(x) must be small enough to be below the normalization cut-off. Hence, at this point
u and u satisfy the same equation and so the maximum principle rules out this “touching,”
thus preserving the ordering of u and u. As a result, the front of u, which travels at speed
2 — ¢, must sit behind the front of u, providing the lower bound (1.12).

The second observation is that, when ez = 0, we may generalize the local-in-time Harnack
inequality [6, Theorem 1.2] to obtain a bound on |Vu(t,z)| by a term involving wu(t, z)/?
for any p > 1. This allows us to absorb the term V - (F(u(t,-))u) into the reaction term so
that u is the super-solution to an equation of the form u, = Au + f(u). The propagation
of u is well-understood and it leads to the desired lower bound (1.13) for u. The improved
local-in-time Harnack inequality is stated precisely in Lemma 2.2.

Before discussing the second general result used in the proof of Theorem 1.1, which gives
the upper bound on the propagation speed, we mention other known lower bounds on the
propagation speed. First, in [26], Nadin, Perthame, and Ryzhik construct a travelling wave
solution of (1.4) (that is, (1.1) with the choice K (z) = —y sign(z)e~11/Vd/(2d)) with a speed
¢ such that ¢ € [2,2 4+ xV/d/(d — x)] when 0 < x < min{1,d}. Their lower bound matches
ours; however, their strategy, which amounts to understanding the tail of the traveling wave,
does not apply to the Cauchy problem. Indeed, when they investigate the Cauchy problem,
they just show that

K, < liminf 1/u(t,:zc)al:zc < lim sup 1/u(t,x)daz < K,
t——4o00 R t—+00 R

for some 0 < K, Ky, which are not obtained explicitly. This shows linear-in-time propagation

in a weak sense, but it does not provide an explicit bound of the propagation. Later, Salako

and Shen [27,28] are able to obtain a lower bound on the propagation of the Cauchy problem

when d =1 and 0 < x < 2/(3 + v/2) of 2y/1 — x(1 — x)~' — x(1 — x)~%. In both cases, our

bound for the propagation of the Cauchy problem is an improvement.
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Some heat kernel estimates for the upper bounds in Theorem 1.1

The second general result, used in the proof of Theorem 1.1-(ii), is an upper bound on the
heat kernel when the operator takes a similar form to that of (1.1).

Proposition 1.3. Suppose that v : (0,400) x R — R is of class Ctl;f(((),—i-oo) x R) and
satisfies the bounds

||U||oo S Ao, HU.THOO S Ala CI,TLd H'Uxx”oo S A27 (114)

for some Ag, A1, Ay € [0,400). Consider the fundamental solution T'(t, s, x,y) to the equation

{Ft —+ (’er)x - Fxxa imn (37 +OO) X R’ (115)

['(t=s,s,2,y) = 0,(z),

for any s > 0 and y € R. Then, for every 6 > 0, there is a constant Cs > 0 depending on 9,
such that I" satisfies the upper bound

Cs
t—s

As(t — s) (z—y)*

5 4110+ AN(—s)
. (A%(t—s) @y )] }
€€(0,1) 4e 4(1+5+ é) (t—S)

The proof of the upper bound (1.16) in Proposition 1.3 follows the general outline of Fabes
and Stroock’s [13] proof for heat kernel estimates in R™ for second order parabolic equations
without first and zeroth order terms. Their proof involves looking at exponentially weighted
solutions to the equation and obtaining a general L2 estimate in terms of the L2" norm for
all £ € N. Taking k to infinity yields an L*> bound dependent on the growth of the L? norm,
which comes from the estimate when & = 1. Here, we observe that the rate of exponential
decay of the eventual estimate comes only from the L? estimate. As such, we optimize this
estimate in a way which we may not necessarily do for the general L?" estimate. This allows
us to obtain estimates which take advantage of the three norms of v and obtain spatial decay
which is better than the naive bound. We note that, while the above estimate is, in general,
not sharp, it is quite general.

The last general result gives a bound on the tails of solutions. As we observe below, it
translates to the naive bound on the propagation of the sum of the speeds of propagation
for homogeneous Fisher-KPP and of advection, that is ¢* < 24 || K * u||». Beyond this, it is
useful in many places throughout this manuscript, especially in the setting where K ¢ L!'(R).

F(t7 87 x? y) S

exp {6(t—s)+min

(1.16)

for everyt > s >0 and (xz,y) € R x R.

Proposition 1.4. Suppose that T > 0, u € C2((0,T] x R), v € C;((0,T] x R), and

(1.17)

U+ (VU)y = Ugy in (0,T] x R,
u(0,z) = up(x) >0 in R,

7



where ug € L*(R) is non-negative, non-zero, and satisfies supp ug C [—a, a] for some a > 0.
Suppose, further, that v satisfies

sup v, )l ze@) < A,
te(0,T7]

for some A € (0,+00). Then, for all |z| > AT +a+ 1,

a [ 1 AVT (lo]~AT—a)?
T x) < — T
ullhe) < 7 <ﬁ+ ]a:\—AT—a)e

One could prove Proposition 1.4 in a rather straight-forward manner by utilizing the
probabilistic interpretation of the equation. However, the proof of the local-in-time Harnack
inequality requires upper and lower heat kernel estimates that match asymptotically as
|z| — oo. Since we obtain these estimates from a result of Hill [18], we utilize this result to
prove Proposition 1.4 instead of proving Proposition 1.4 directly.

The bound on ¢* follows directly from Propositions 1.3 and 1.4, along with (1.6).

Corollary 1.5. Under the assumptions of Theorem 1.1, the speed ¢* in (1.9) can be given
by the following explicit formula:

K e’} J [e'¢) 7
o= mm{2+ %z\/ (1+ =) (o g,

K]?||u]|? K122
2 inf 1+ M 1+ M ‘
e€(0,1) 16e 1—¢

We make a few observations about Corollary 1.5. Firstly, when K = 0 (and then, J =0
and K = 0), (1.18) reduces to the well-known formula ¢* = 2 for the local Fisher-KPP
equation [14, 20].

Secondly, it is possible to derive an explicit formula for the term involving an infimum
over €. The resulting formula is complicated and since we are interested in estimates that
are asymptotically correct, we leave the formula as above.

Thirdly, when 0 < J < 1, we may make some estimates more explicit. Since ||ul/e <
(1 —J)~! in this case, as we show later in Lemma 2.1, it follows that

f Iy 2—J K3
c Sm1n{2+2(1_J),2\/2(1_J) <1+(1—J)2>’

? b \/ (i) (1 s ) }

Lastly, we point out that, for each term in the minimization characterizing ¢* in (1.18),
one may easily find choices of K for which that term is the minimum.

Since, with the unwieldy characterization of ¢* in (1.19), it is difficult to see if this is an
improvement over known results, we now compare these bounds on ¢* with the known results.

(1.18)

(1.19)

8



First, in [26], as mentioned above, a traveling wave moving with speed ¢ € [2, 24+xVd/(d—x)]
was constructed for K(z) = —ysign(z)e "V/Va/(2d) and 0 < x < min{1,d}. Given that
choice of K, one can observe that 0 < J = x/d < 1, |[K||; = x/Vd, and |K||; = x. We
see improvement in a few regimes. The first term in the right-hand side of the upper bound
for ¢* (1.19) is essentially the same as the upper estimate 2+ xv/d/(d— x) in [26]." However,
the second term is asymptotically better, for example, if x = 1/d and y — 0: the upper
bound in [26] is asymptotic to 2+ x3/2 while ours is, using the middle term in (1.19), at most
asymptotic to 2 + 3x?/2 (the third term in (2.5) would also lead to a similar asymptotics).
The third term is also asymptotically better in the case where, for example, y = d? and
d — 0. In this case, the upper bound in [26] is asymptotic to 2 + d®? while ours is at most
asymptotic to 2+ d3/16, after choosing ¢ = 1 — Vd. We recall again that no explicit bounds
are given for the speed of propagation in the Cauchy problem in [26]. On the other hand, it
is difficult to compare with the results of Salako and Shen [27,28] as they provide two upper
bounds: the first is equivalent to the bound of Nadin, Perthame, and Ryzhik [26] discussed
above, and the second is characterized in terms of the solution to an algebraic equation which
is not explicitly solvable. However, in the case when d is fixed such that d > 1, which in the
notation of [27,28] corresponds to a > 1, this second upper bound converges to 1+ d > 2
as x — 0, while ours converges to 2. Hence, it follows that our bound is an improvement of
the one of [27,28] in some regimes.

Before proceeding to the discussion of the effect of large kernels, we note that we do not
address the problem of the existence of travelling waves. We believe that the procedure of
Nadin, Perthame, and Ryzhik [26] is sufficiently robust to handle our case as well without
the addition of new ideas.

1.2 The effect of large “negative chemotaxis” kernels

One may ask what happens when K is not in L'(R). In the case where K is increasing except
at = 0 and is merely L*(R), this question was investigated by Mimura and Ohara [25]
who found kernels which admitted standing waves. That is, certain kernels K can stop
propagation. On the other hand, we ask what happens in the case of decreasing kernels
which are not in L*(R).

First, we address the well-posedness of the problem.

Proposition 1.6. If K is an odd kernel in L®(R) which is non-increasing except at 0
and is non-positive in (—o0,0) and non-negative in (0,+00), then there ezists a unique
bounded classical solution u that solves (1.1)-(1.2) and that satisfies 0 < u(t,x) < 1 for all
(t,x) € (0,+00) x R.

Next, we define

P(t) :/Ru(t,x) dx (1.20)

to be the total population at time ¢ > 0. In the Fisher-KPP equation u; = g, + u(1l — u),
if the initial condition ug is non-negative, non-zero, bounded and compactly supported, it is

!They are the same up to the 1/2 factor which is a mere oversight in [26].
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Figure 2: A cartoon of u. Notice that P(t) is the area under the blue line that represents u.
From this image it is clear that P(t) ~ 2ct.

known that P(t)/(ct) — 2 as t — 400, where ¢ is the minimal traveling wave speed, which
is known to be ¢ = 2. We use the notation with ¢ to emphasize what role the speed plays in
the asymptotics of P. See Figure 2 for a visual depiction of this. This is a key point in our
analysis. In the theorem below and in the sequel, R* := R\ {0}.

Theorem 1.7. Suppose that u is a bounded classical solution of (1.1)-(1.2) with supp(ug) C
[—a,a] for some a > 0 and with an odd kernel K € L*>(R) that is non-increasing except at 0
and is non-negative on (0,4+00) (and then non-positive on (—o0,0)). Then:

(1) if lim, .o K(x) > 0, there exists r € (0,1), depending only on K, and a constant
C > 1, depending only on P(0) and K, such that

Cle™ < P(t) < Cé' for all t > 0;

(i1) if K € LP(R) with p € [1,00), then there ezists a constant C' > 0, depending only on
ug, p, and K, such that

Pt)<C(({t"+1) forallt>0;

(iii) if K € CY(R*) is convez on (0,+00) (and then concave on (—o0,0)) and is such that
K(x) > A(14+x)™® on (0,400) for some a € (0,1) and A > 0, then there exists
C > 0, depending only on uy and K, such that

P(t) > C(1+t)Y* forallt>0.

We point out that the cases (i) and (iii) complement each other. They match in the
sense that if, in addition to the other assumptions on the kernel K, it satisfies K(z) ~ 2=
as z — +oo with a € (0,1), then K € L1/®*(R) for all £ > 0 so we obtain that t'/* <
P(t) S t/o+e as t — 400, for all € > 0.

We note that these estimates are obtained by deriving differential inequalities on the
quantities P(t) and V(t) := [y u(t,x) (1 — u(t,x)) dz, related by the equation P’ =V, and
an estimate on the derivative (K * u),. Obtaining propagation speed estimates via integral
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quantities goes back at least to [7] and seems to be quite well suited to understanding
acceleration phenomena in situations where there is no comparison principle as in this work.
It is interesting to note that the superlinear acceleration in Theorem 1.7 is due entirely to
advection. To our knowledge, this has not been observed in other reaction-diffusion-advection
models previously.

These estimates may be bootstrapped to obtain pointwise bounds. We obtain the fol-
lowing corollary.

Corollary 1.8. Suppose that u is a bounded classical solution of (1.1)-(1.2) with supp(ugy) C
[—a, a] for some a > 0 and with an odd kernel K € L*(R)NC(R*) that is non-negative and
convez on (0, +00).

(i) If lim,, o K(2) > 0 and if ug is even, radially non-increasing and of class C**#(R)
for some B € (0,1), then there exists A > 0 such that

lim inf w(t,z) > 0.

t—+00 |z|<ert

(ii) If there exist A > 1 and o € (0,1) such that A=Y (1 +z)™* < K(x) < A(1 + x)™* for
all x € R, then there exists a constant Cy > 0, depending on uy and K, such that, for
any p € (0,1),

1 t
hmmﬁlm<¥/\MGR;M&@ZMH@)ZGy
0

t—4o00

This is proved in two parts: Corollary 3.2 and Corollary 3.5. We note that, in Corol-
lary 1.8, if K(z) =~ 7 as * — +o0 and vy is even, radially non-increasing and of class
C?**A(R) for some 3 € (0,1), we may easily bootstrap the results of Corollary 1.8 to obtain
that

lim  sup |u(t,z)—1]=0
E2100 13 <0y t1/a
for some C} > 0, by using the fact that u(¢, x) is even in 2 and non-increasing in |z| for all
t>0.

Organization of the paper

In Section 2, we prove Theorem 1.1 through the results Theorem 1.2 and Proposition 1.3 up
to technical lemmas that we outsource to Section 4. We also show that the lower bound in
Section 2 may be upgraded to convergence to 1 when J < 1/2 in Section 2. In Section 3,
we prove Theorem 1.7 and Corollary 1.8, including in Section 3.1 a discussion of a priori
bounds for the negative chemotaxis model when K is in L>(R) but may not be in L'(R).
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2 Bounds on the speed of propagation for the Cauchy
problem

In this section, we prove the bounds in Theorem 1.1. We prove the upper bound and the
lower bound in Section 2.2 and Section 2.3, respectively. To begin, we show in Section 2.1
some explicit uniform bounds of v when J < 1.

2.1 Explicit pointwise bounds

Lemma 2.1. Let K and u be as in Theorem 1.1. Then u(t,z) > 0 for allt > 0 and z € R.
Furthermore, if J <1,

u(t,r) <max{l,(1—J)"'} forallt >0 and x € R. (2.1)

Proof. First of all, the assumptions on K and u imply that the functions a := K * u and
b:= (K *u), belong to L>((0,+00) x R) with ||al|c < [|K||1|tt]leo/2 and ||b]|cc < [J]]|]|oo

as noted in (1.6). The function u can then be written as a bounded classical solution of
Up = Ugy — at, ) up — b(t, x) u(t, z) + u(l — u)

in (0, +00) x R. As already emphasized in Section 1, since u is non-negative and non-zero,
it follows from the maximum principle that u(¢,z) > 0 for all £ > 0 and = € R. Remember
also that, from standard parabolic estimates, the functions u, u;, u, and u,, are then Holder
continuous in (g, +o00) for every € > 0.
Fix any 7' > 0. Since vy < Ugze — a(t, ) uy + Cu in (0, +00) X R for some constant C' > 0,
there holds
u(t, r) < |luglloce®” for all t >0 and z € R. (2.2)

Assume by way of contradiction that |[[u| pe(joryxr) > max{1,(1 — J)'}. Using the in-
equality ||| ze(orjxr) > 1 > ||uol/ec and equation (2.2), one gets the existence of a se-
quence (tn, Tn)nen in (0, T] x R such that u(t,, z,) — ||ullec = sup(g g u as n — +oo and
liminf, . t, > 0. Up to extraction of a subsequence, the functions w,(t,z) := u(t, z + x,)
converge in C12, ((0,T] x R), to a classical solution ., of

t;x;loc

(too)t = (Uso)zz — ooty @) (Uso)w — oo (t, ) Uso + Uso (1 — Uso)

in (0, 7] X R, with as = K *us and by, = (K * Uy ). Furthermore, for all (¢, z) € (0,T] x R,
one has 0 < ue(t, ) < ||t||oo = Uoo(tso, 0) for some to, € (0,T]. At the point (t,0),

0 < (Ueo)t(toos 0) = (Uoo)zz(toos 0) + Goo(too, 0) (Uoo)z(toos 0)

= U (fa, 0) (1 — 2t (Fac, 0)) — (K * 110 (oo, 0) 2t (foc, 0). (2:3)

If J > 0and K € L'YR) is monotonic except at 0, K is then non-decreasing in

(—00,0) and in (0, +00). The function us being itself non-negative, it follows that —(K x
Uoo )z (toos 0) Uso (toos 0) < J (Uso(tos; 0))?, hence 0 < o (foos 0) (1—Uso (too, 0))+J (Uoo (too, 0)).
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Since oo (too, 0) = ||ul|oo Was assumed to be larger than (1 — J)~! (> 0), one reaches a con-
tradiction.

If J <0, then similar reasoning shows that — (K * s )z (teo, 0)Ueo(ts, 0) < 0. Hence (2.3)
implies 0 < Uso(too, 0)(1 — Uoo(too, 0)). Since oo (too, 0) = ||u||ee Was assumed to be larger
than 1, one reaches a contradiction.

Thus, (2.1) is proved. O

2.2 The upper bound: proofs of Theorem 1.1-(ii) and Corol-
lary 1.5

Proof of part (ii) in Theorem 1.1 and Corollary 1.5, from Propositions 1.3 and 1.4. We first

consider the case when
[ K1 )| ]| oo

2

We obtain our bound by applying Proposition 1.4 to a suitable super-solution of u. Indeed,
let w satisfy

c>24+

Ty + [(K % u)dy = Tpw + T (2.4)

in (0, +00) x R with u(0, -) = ug. Hence, together with the non-negativity of u, we have that
0 <wu(t,z) <u(t,x) for all £ > 0 and all z € R. Let a > 0 be such that suppug C [—a,al.
For any ¢ > 0, recalling (1.6) and choosing v = K * u and A = ||K||1||u|l/2, we apply
Proposition 1.4 to e 'u(t,x) to obtain a constant Cx depending only on K, ||u/|, and a
such that, for all £ > 1 and |z| > || K||1]|u||et/2 +a + 1,

0 < e tu(t,z) < e lu(t,z) < Oxv/te (almIKlilulloct/2=a)/4t

Let 20, = ¢ — 2 — || K||1]|u]|oc/2 > 0. Fix T' > 1 large enough such that, for all ¢t > T,
ct > (24 0.+ ||K1]Julloo/2)t + a + 1. Then, for ¢t > T and |z| > ct, we have

242 9
0 < ult,z) < CrevEexp {t _ (22_‘35“} _ oo {_(4& : 50)15} |

Recalling that 0. > 0, we see that sup|, > u(t,x) — 0 as t — +oo for ¢ > 2+ || K| ||u/|o0/2.
Let us now consider the case when

J|| 1o _
C>mm{2\/ (1+—' el )(1+||K||%Huuzo),
K|]?||u|? T112Mwl2
5 int f (14 NSy () RIS ) U
ec(0,1) 16¢ 1—¢

The key estimate here is the heat kernel estimate in Proposition 1.3 that follows from a
modification of the strategy of Fabes and Stroock [13]. As in the previous paragraph, the
function u solving (2.4) with @(0,-) = ug satisfies 0 < w(t,z) < u(t,x) for all t > 0 and
all x € R. Let I' be the fundamental solution given in (1.15) with the choice v(t,x) =
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(K *u(t,-))(z). Thus, using also that ug has compact support included in [—a, a] and ranges
in [0, 1],

0 <u(t,z) <u(t,z)= et/ [(t,0,2,y) uo(y) dy < 2ae rr[laX]F(t,O,x,y).
R ye|l—a,a

As already emphasized in Section 1 and (1.6), the function v is of class C;f(((), +00) x R),
with
A1l

[Vl < Agi= [IK 1 [lulloc, [|valloo < A= 5

and [|Vzz||oo < Ag:= [J] [|t]loo-  (2.6)
It follows from formula (1.16) in Proposition 1.3 that, for any § > 0, there exists a constant
Cs > 0 depending on 9, such that, for every t > 0 and = € R,

A, (z—y)

2 4(14 0+ At

A2 _ 2
inf 1t o (.’17 y)A2 ]
ee(0,1)\ 4e 4(1 48+ 1_—05)t

In the above formula, each term in the max-min is of the form

0 <u(t,z) <

2
aCs max exp {(1 + §)t + min

Vit yel-aa]

2@05

Vit

for some ay,as > 0. More precisely, the pairs (ag,as) are of the type

(z —y)*
exp{(1+(5+a1)t— 4(1+5+a2)t}

2

A A2 A
(ay,a9) = (72,A3> , or (ay,a9) = <4—51, | —05) with 0 <e < 1. (2.7)

Hence, our upper bound gives us, for every 6 > 0 and ¢ > 0, and for both choices (a1, as)
above,

2aCs { (z — y)2 }
0 < sup u(t,z) < sup max ex 1+0+a))t — —""—— 5.
|$\>I():t ( ) \/I_f |1:|>Iit y€[—a,al P ( 1> 4(1 +0+ CLQ)t

The term on the right tends to zero if

c>2y/(1+8+a))(1+35+as). (2.8)

Substituting the values of (a1, a2) into the right hand side above with (A, Ay, As) given
in (2.6), minimizing over these values (a1, as) and setting § = 0, yields exactly the terms
in the right-hand side of (2.5). If we now choose ¢ as in (2.5), then we may choose § > 0
small enough so that (2.8) holds for at least one of the choices (a1, a2) listed in (2.7). Hence,
SUD|y(set U(t; ) — 0 as t — +oo for every c satisfying (2.5).

The two cases above yield that supy, . u(t,r) — 0 as t — +oo for all ¢ > ¢*, where ¢
is given by (1.18). This finishes the proof. O
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2.3 The lower bounds

In this section, we prove the lower bounds in Theorem 1.1. Afterwards, we show that when
K is small, these lower bounds may be bootstrapped to show that u converges to 1.

2.3.1 Proofs of Theorem 1.1-(i) and Theorem 1.2

Proof of part (i) in Theorem 1.1, from Theorem 1.2. It is immediate, by setting

F:CR)NL®[R) — CYR)NWL=(R)
v = Kxo.

Indeed, it is straightforward to check that F is locally Holder continuous (it is even Lipschitz
continuous since ||F(v) — F(w)|lwieom) < ([[K|1 4+ 2]J|)[|v — w]| Lo (ry for all v, w € C(R) N
L>*(R)) and that it satisfies (1.10) with Cr = || K|}y + 2|J| and limg_, 1o g = 0, and even
er = 0 for R large enough if K is compactly supported. O]

Therefore, we just have to prove Theorem 1.2. There are two key estimates that we use
to prove this. The first is a local-in-time Harnack inequality, allowing us to compare u at
any two points at the same time, and the second is an extension of this to the gradient of u.
The first result in Lemma 2.2 below is a slight generalization of the original version which
appears in [6, Theorem 1.2], while the second result is new and relies on the first.

Lemma 2.2. Suppose that the assumptions of Theorem 1.2 hold. For any ty > 0, sq > 0,
R >0 and p € (1,400), there exists a constant C > 0, depending only on ty, so, R, p, F,
and n, such that if t > ty, s € [0, s0], and |x — y| < R, then

u(t,w) < Cut + 5,9) "7 max{|ull 77, [|ull o} (2.9)

and
IVu(t, z)| < Cu(t,y)""? max{[lull 77, [[ulloo} (1 + [|ufl)-

We now show how to conclude Theorem 1.2 from Lemma 2.2. The proof of Lemma 2.2
is in Section 4.4.

Proof of Theorem 1.2 from Lemma 2.2. First of all, the general assumptions on F' and the
boundedness of u imply that sup,q || F(u(t,-))||(w1.@nr)» < 4-00. From standard parabolic
estimates, it follows that all functions u, u; , u,, and u,., belong to Lj ((0,400) x R™)
for every ¢ € [1,400) and 1 < 4,5 < n, and furthermore that v and Vu are Holder
continuous in [g,4+00) x R™ for every ¢ > 0. Since |[F(u(t,-)) — F(u(t,-))||wroo@myn <
Cllu(t,) = w(t', )| o gny for some C' >0, a € (0,1) and for all ¢,¢' € (0,400), and since
Supy~q || F(u(t, )|l (wree@nyn < 400, one gets that the functions (¢,z) — F(u(t,-))(z) and
(t,x) — V- F(u(t,-))(z) are Holder continuous in [¢,4+00) x R™ for every € > 0. Finally,
Schauder parabolic estimates imply that all functions u, u; , u,, and u,,; are Holder con-
tinuous in [g, +00) X R™ for every ¢ > 0. From the strong parabolic maximum principle, one
also has u > 0 in (0, +00) x R™.
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Fix any ¢ € (0,2). Using the bounds (1.10) for V - F(u(t,-)) along with the results of
Lemma 2.2 applied with u, to = 1/2, so = 0, and p = 3/2, we see that, for any R > 0 large
enough, u satisfies

u — Au+ F(u(t,))(z) - Vu > u(l — Eg — u — Cru®?) (2.10)

in [1,400) x R™, where Cf is a positive constant depending only on R, F', and |lu||« (and
therefore C'r depends only on F' and ||[ul|~), and €r = eg||ul|c = 0 as R — +o00. In the
rest of the proof, we fix R > 0 large enough so that (2.10) holds and 24/1 — £g > ¢, and we
also choose n > 0 such that

(c+n)? < 4(1 —ER).

In order to build a sub-solution to (2.10), we define, for (¢,z) € [1,4+00) x R",

Pt )@
A1) = L P )@ 1)

Notice that A : [1,+00) x R" — R™ is Holder continuous and |A(t, z)| < n for all (¢,z) €
[1,400) x R™ This advection cut-off is, to our knowledge, novel. Let then R’ > 0 be such
that ep||ul|ooc < 1/2. The assumptions (1.10) on F' and Lemma 2.2 (applied now with power
p = 2) yield the existence of a constant C’ > 0 (depending on R', F' and ||u||~, and therefore
on ¢, F and [|ul|) such that

\F(u(t, ) ()| < C'\/alt,z) + g for all (t,z) € [1, +00) x R™. (2.11)

Then, fix M > 1 such that

;e ) le 1 1
td, Mo + 1 1 9.12
C\/ M ) (2.12)

and define u to solve

u, — Au+ A(t,z) - Vu = u(l — g — Mu — Cru®?), in [1,+00) X R™,
u(l,-) =u(l,-)/M.

Notice that, from standard parabolic estimates, u is a classical solution in [1,4+00) x R" and
that all functions u, u,, u,, and u, , are Hélder continuous in [1, +-00) x R", while

0 < u(t,r) < max (W, %) < W for all (t,z) € [1,400) x R" (2.13)
from the maximum principle.

Now we show that we may compare u and u. To do so, observe that, for every (t,z) €
[1,+00) x R™ such that u(t,z) < (||u(1,-)|l«+1)/M, one has |F(u(t,-))(z)| < n due to (2.11)
and (2.12); hence, A(t,x) = F(u(t,-))(z). Together with (2.13) and the definition of u, it
follows that u and u satisfy the same equation locally around any point where they could
“touch.” Thus, one concludes from the maximum principle that

0 <u(t,r) <wu(t,z) forall (t,x) € [1,400) x R™.

16



Since the positive real numbers £g, ¢, and 1 are such that (¢ + 7)? < 4(1 — £) and since
|A] < nin [1,4+00) x R", we may now apply the results of [5, Theorem 1.2], which imply
that

liminf inf w(t,z) > liminf inf w(t,x) >,

t—+o0 |z|<ct t—4o00 |z|<ct
where § > 0 is the unique positive real number solving 1 — £z = M6 + Cr6%>. The above
arguments imply that § depends on ¢, F', and ||u||s-

To conclude, we need to consider the case when eg = 0 in (1.10) for all R > 0 large

enough. Hence, in the above calculations, £z = eg||u/l = 0 and

u — Au+ Flu(t,)(2) - Va > u(l —u - Cru®’?)

in [1,400) x R". Using again the bounds (1.10) for F(u(t,-)) along with the results of
Lemma 2.2 applied (twice) with u, ty = 1/2, so = 0, and p = 3/2, one gets the existence of
a positive constant C, depending only on F' and ||u||o such that

|F(u(t, ) (z) - Vu(t, z)| < Chu(t, ) for all (t,z) € [1,+00) x R".

Hence,
u — Au > u(l —u — Cru?® — Clul’?)

in [1,400) x R™. It then follows from the maximum principle that u(¢,x) > v(t, z) for all
(t,x) € [1,+00) x R", where v is the classical solution of

v, — Av = v(1 — v — Cro?® — Cru'/?), in [1, +00) x R,

This, along with the results of [15], implies that

lim inf inf u(t,z) > liminf inf u(t,z) > 0.
t—=+00 |z|<2t—(n+1/2)log(t) t—+00 |z|<2t—(n+1/2)log(t)
The proof of Theorem 1.2 is thereby complete. ]

2.3.2 Convergence to 1 when K is small

In many cases, a weak bound on the infimum may be bootstrapped to convergence to 1.
This occurs, in particular, when there are non-local terms in the reaction term and when the

non-local terms are small enough. This argument is an adaptation from the work of Salako
and Shen [27,28].

Corollary 2.3. Suppose that the assumptions of Theorem 1.1 hold and J < 1/2. Then, for
any ¢ € (0,2), we have that
lim sup |u(t,z) — 1] = 0.

E=400 |z <ct

If K 1s compactly supported, then

lim sup lu(t,z) — 1| = 0.
(t,L)=(4+00,400), |z|<2t—(3/2) log(t)—L
L<2t—(3/2) log(t)
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Proof. Let X(t,L) = 2t — (3/2)log(t) — L or ct with ¢ € (0,2) depending on whether K is
compactly supported or not. Take any sequences (t,)nen in (0,400), (Ly)nen in (0, +00),
and (x,,)nen in R such that ¢, and L,, converge to +00, X (t,, L,,) > 0, and |z,| < X (t,, Ly).
Define
Up(t, ) = u(t +tn, v + x,).

We are finished if we show that lim,, | u,(0,0) = 1.

As already emphasized in Section 1, since wu is bounded uniformly in L%, parabolic
regularity theory implies that u is bounded in C’;Za/ %27 ([, +00) x R™) for any o € (0,1)
and € > 0. Hence, up to extracting a sub-sequence, u, converges to some limit u., in

Ctl;;iloc(R x R). We observe that, due to Theorem 1.1,
0< inf wue(t,z) < sup ux(t,z) < +oo.
(t,z)eERxR (t,z)ERXR
In addition, we have that
(o)t + [(K % Uoo ) Usole = (oo )z + Uoo(l — Us), in R x R. (2.14)

In order to finish, we show that v := infu > 0 and w := supu > 0 satisfy u = w = 1. The
inequality v > 0 is due to Theorem 1.1. To that end, up to re-centering the equation and
taking another limit, we may assume without loss of generality that there exists (t;, z;) such
that u = us(t;, ;) and that there exists (fs, xs) in R X R such that @ = uy(ts, z5). From
here, we handle the cases J < 0 and J € [0,1/2) separately.

First, assume that J € [0,1/2). At (¢;, z;), we claim that

0> (Uoo)t — (Uoo)zz + (K *Uso)(Uso)z = Uso(l — tUso) — (K % Uso)zlloo
> u(l —u)+ut(u—7au).

(2.15)

Indeed, since J > 0 and K is thus non-decreasing in (—oo, 0) and (0, +00), the last inequality
is a consequence of the following one:

—(K % Uso)a(ti, i) = J Uoo (b, 7)) — / [Uoo (tiy  + y) + uso(ti, o — y)| dK (y) > Ju — Ja,

—00

where by p = dK(y) we mean the Radon measure such that u((a,b)) = lim, - K(x) —
lim, o+ K(z) and p({c}) = lim, .+ K(x) — lim, .- K(z) for every —oco < a < b < 400
and ¢ € R. Since u > 0, (2.15) yields the inequality 1 < Ju + (1 — J)u, which we use later.
Similarly, we may argue that at (s, z,) we have

0 < (Uoo)t — (Uoo)zz T (K * Uoo) (Uso )z = Uso (1 — Uno) — (K * Uso)plloo < U(1 — 1) +uJ (U — w).
The above inequality and (2.15) give us u — v? + uJ(u —u) <0 < u—u? +uJ(u —u), hence
(= Da+uw)—u=(1-J) (@) <i-u

We claim that w = wu. If this is not true, then dividing by w — u > 0 above leads to
(1—J)(u+wu) <1, and using the inequality 1 < Ju + (1 — J)u implies that

(1-2J)u <0.
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Since © > 0 and J < 1/2, by assumption, this is a contradiction. Hence u = u. Therefore,
Us 18 uniformly equal to a positive constant. Since K € L'(R) is odd, then K * uy, = 0.
Hence, from (2.14), the constant u., satisfies teo(1 — us) = 0, with uy > 0. We conclude
that u. = 1, finishing the proof of the case when J € [0,1/2).

When J < 0, the argument is similar, but less complicated. At (¢;, x;), we claim that

0> (Uoo)t — (Uoo)wa + (I % Uso ) (Uoo)z = Uoo (1 — Uno) — (K * Uno)plioo > u(l —u). (2.16)

Indeed, since J < 0 and K is thus non-increasing in (—oo,0) and (0, +00),

— (K % Uno )z (b, ;) J Uoo (i, T3) — / [Uoo (tis T+ Y) + Uso(ti, © — )| dK (y)

—0o0

0
> Jg—l—QQ/ —dK(y) = 0.

—00

Hence, from (2.16) along with the positivity of u, it follows that w > 1. Hence, using also
Lemma 2.1,
I<u<u<l,

finishing the proof. O]

3 Negative chemotaxis with large tails

In this section we prove Proposition 1.6 in Subsection 3.1 and then Theorem 1.7 in the
following three subsections. We handle the three cases separately. We recall that, throughout
this section, J < 0 and K is non-increasing expect at 0, non-positive on (—o00,0), and non-
negative on (0, +00).

3.1 Well-posedness of the model in Theorem 1.7: proof of Propo-
sition 1.6

In this section, our goal is to show that a priori bounds on v may be established in the
case when K € L°(R) and is non-increasing except at x = 0, non-positive on (—o0,0), and
non-negative on (0, +00). We aim to give enough of a treatment that the reader is re-assured
that the problem is well-posed, without belaboring the point.

We first claim that the Cauchy problem (1.1)-(1.2) is locally well-posed in spaces with
suitable decay at |z| = 4+00. This may easily be justified by rigorously constructing a unique
strong solution w in (0,7] x R, via the Banach fixed point in sets of the type

Er ={ue C([0,T]; L'(R)) : u(0,-) = up and 0 < u(t,z) < C eIl in (0,7 x R}

endowed with the norm |Ju| g, = maxiep.r ||u(t, )| @) + |Jut, 2) e | poo 0.1y xr), With
a constant C' > 0 depending on ug, and some constants v > 0 large and 7" > 0 small.

It then follows that the functions K % u and (K % u), are bounded in (0,7") x R. Local
parabolic regularity in Sobolev spaces (see e.g. [23, Theorem 7.22]), along with Sobolev
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embedding theorems (see e.g. [12, Lemma A3]), implies that u € Ctlm /Ere (2 T] x R)
for all & € (0,1) and ¢ € (0,7). Examining the form of (K * u),, it is clear that it is
C't(;l:a)/ %1% ([e, T] x R) since u is and K has bounded variation. In particular, the function
K « u is Holder continuous with respect to z in [e,T] x R.

We now prove Holder regularity in time. Due to the heat kernel bounds of Aronson,
[1, Theorem 10], which crucially do not require more regularity than L* estimates on the
coefficients of the equation, and the compact support of ug, there is a constant Cp > 0 so
that

2

u(t,z) < %e_ozﬂ (3.1)

for all (t,z) € (0,7] x R. Fix a € (0,1), ¢ € (0,7] and consider t,t, € [¢,7]. We may
assume without loss of generality that 0 < |t — t2] < 1 since a bound on |K * u(t;,x) —
K xu(ty, x)|/|t; — ta]* follows from the L>°((0,7") x R) bound on K % w if [t; — t5] > 1. Fix
o' € (a,1) and R = \/—a/TCrlog|t; — t2] > 0. Then we have that

K utin, )~ K wultn )| < [ 1K@tz - 9) - ultaz - p)ldy
R
< K] [ [ - =t — g+ [ ey _u<t2,x_y>;d4
ly—z|>R ly—z|<R

OT a2 CT a2 C 12
<K || [/ ( v /Crte L T2 o=y /Orta ) gy 4 9||ul| r2al [t; — t2]* R
ly| >R \/_1 Vi Gz (&TIXR)

) 67R2/0Tt1 e*RQ/CTtQ ,
< 207[|K|oo ﬂlT + \/EQT + ||U||Cg;;2a/([a7T]XR)|t1 — 6| R
Using that t1,t; < T as well as the explicit expression for R, and absorbing all factors into
the constant Cr, including || K| and ||u”Ca/;2a/([ T)xr)> We obtain
t;x &

[t — ta]*
\/—(1// IOg |t1 — tgl
Using that o/ > «, this simplifies to the desired inequality:

|K *x U,(tl, .’L’) — K x U(tg,l‘” S CT|t1 — tgla.

|K * U(tl,l') — K % U(t2717>| S CT ( + Itl — t2|a/\/—0/10g |t1 — t2|>

Since we have shown that all the coefficients in the equation for u are Holder continuous
in [e,T] x R for every ¢ € (0,7) and with every exponent a € (0,1), it follows from the
classical Schauder estimates for parabolic equations that u € Ctl;;ra/ %2+ ([e, T] x R) for every

€ (0,7) and a € (0,1), see e.g. [23, Theorem 4.9]. Notice also that the Schauder estimates
imply that, for every ¢ € (0,7"), there is a constant C. 7 > 0 such that

g (t, 2)| + |up(t, )| 4 e (t, )| < Cope™™ for all (t,x) € [¢,T] x R.

In addition, since the functions K * u and (K * u), are bounded in (0,7") x R, since 0 is a
sub-solution and since J < 0 here, a maximum principle argument as in Lemma 2.1 implies
that

0<wu(t,z) <1 forall (¢,x) € (0,T] x R.
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Furthermore, the function P defined in (1.20), which is by construction continuous in [0, T,
is actually of class C'((0,T]) and, by integrating the equation over R for any ¢t € (0,77, one
infers that

P'(t) = /Ru(t,a:) (1 —wu(t,x))dx < P(t) (3.2)

for all ¢ € (0,77, hence P(t) < P(0)e" = |Jug||1e’ for all ¢ € [0,T]. Since K € L*>°(R), then
we obtain the bound

K u(t, )] < [ K| [Juol |1 €f
for all (t,z) € [0, 7] x R. Thus, we also obtain that

0
6 s wult o)l = |=Tuttn) + [ e =)+l K G)| <2101 (53
for all (¢,z) € (0,7] x R.

The above upper bounds for u, |K * u| and |(K * u),| do not depend on T" and it then
follows from standard arguments that the maximal existence time for the solution u is 400
(hence, u being locally unique is globally unique) and that all above estimates hold for any
T > 0. The proof of Proposition 1.6 is thereby complete. O

3.2 The case when liIJP K(z) = K« > 0: proof of Theorem 1.7-(i)
T—+00

Proof of Theorem 1.7-(1). The upper bound follows from the proof of Proposition 1.6: the
function P defined by (1.20) is continuous in [0, +00), of class C'((0, +00), and it satisfies

P(t) < P(0)é" forallt>0 (3.4)

(notice that the above inequality holds when K., = 0 as well).
To proceed with the lower bound, we first obtain a refined pointwise upper bound on wu.
To this end, fix any ¢ € (0,2K) and let

w(t, ) = e u(t, )
for (t,z) € [0, +00) x R. Notice that w is non-negative, since u is, and solves
w; — ew + (K * u)wy, + (K % u),w = Wy + w(l —e “w) in (0, +00) x R,

with w(0,z) = ug(x) for all z € R. Let T, = e 1log(1 + 2K,.) > 0 and fix any T' > T..

There are two cases. The first case is that |Jwl|ze(0.1)xr) < ||to]le- Due to Proposi-
tion 1.6, u € C,/2((0,T] x R), which implies that w € C;/2((0,T] x R). Then we have that
u(t,x) = e w(t, z) < e | uglloo < e for all (t,z) € (0,7] x R. In particular, this is true
with t = T, which implies that

1
u(T,z) < Tk for all x € R.

The second case is that ||w]|ze(@07)xr) > |[to|/oc- Thanks to the upper bounds (3.1) in
Proposition 1.6 and the bounds (2.2), which still hold locally in time since the functions
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K xu and (K * u), are bounded in L>((0,7) x R), there exists (to,zo) € (0,7] x R such
that (to, o) is the location of a maximum of w in (0,7] x R. For notational ease, let
M = w(ty, z0) = ||w|Le((0,1)xr) > ||to]|oc > 0. Then, at (ty, o), we claim that

0 <w — Wee + (K *xu)wy, = M(1+e—e M) — (K xu),M

< M(1+¢e—e (1 +2K.0)M). (3:5)

Indeed, the first inequality comes from the fact that (¢g,zo) is the location of a maximum,
while the second inequality is proved as follows. Since .J is non-positive and K is non-
increasing on (—o0,0) and (0, +00) we have that |J| > 2K, and, hence,

—(K ®u),(to, xo) = J u(ty,zo) — / [u(to, zo + y) + u(te, o — y)|dK (y)

—0o0

< =] ulto, zo) + (|J] = 2Ko0)[[ulto, )l

= —|J]w(te, zo)e " + (|J]| — 2K.0)||w(to, ) |lece™ " = —2K o Me <",
It follows from (3.5) that M < (1 +¢)e™ /(1 + 2K ). Hence, for all x € R,

1+¢ o<to 1+e¢
142K T 142K,

Combining the results of our two cases, we see that

1 log(1 + 2K
héi foraHTzTEZM
1+ 2K €

w(T,z) =e TwT z)<e "M < et

(T, )| > 0. (3.6)

The proof of the lower bound of P is now relatively straightforward. Integrate (1.1) to
obtain, for t > T,

Pl(t) = /Ru(t,x)(l ~ult 2))dz > /Ru(t,x) <ﬁ°‘;ﬂ_(:> i = (%) P).

For simplicity, let

2o — € (o 2o ). (3.7)

=" € (0,——=—
DTk, S\ 12K,
Integrating the equation above from 7. to t yields the desired result:

P(t) > "I P(TL) for all t > T

To control P(T}), we again integrate (1.1) to obtain

Pl(t) = /R u(t, )1 — u(t, 2)) dz > 0 (3.8)

for all t > 0. Here we used that 0 < u <1 in (0, +00) x R from Proposition 1.6. Hence, we
have in particular that P(¢) > P(0) for all ¢t € [0,7;]. Combining this with our bound on
P(t) by P(T:) yields, for all ¢ € [0, +00),

P(t) > 1) p(0).

This concludes the proof. O
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Remark 3.1. Since € can be arbitrary in (0,2K) in the above proof, it follows from (3.6)
that

1
lim sup ||u(t, -)

< 3.9
sy le < TR (3.9)

and the real number r in (3.7) can be any real number in the interval (0,2K /(1 + 2K))
and can therefore be all the closer to 1 as K, 1s large.

To illustrate that the result of Theorem 1.7-(i) is not capturing a situation where the
maximum of u is small while its support is wide, we consider a specific case in the following
corollary, which amounts to the first claim in Corollary 1.8.

Corollary 3.2. Under the assumptions of Theorem 1.7-(i), suppose further that K € C*(R*)
is convez on (0,+00) and that ug is even and radially non-increasing and of class C*T*(R)
for some o € (0,1). Then there exists A\ > 0 such that

li inf wu(t,z) > L
T R TR )N

Proof. Due to the assumptions, we first claim that u(t, ) is even and radially non-increasing
for all time ¢ > 0. This follows from the well-posedness of (1.1) shown in Proposition 1.6
along with comparison principle arguments. Indeed, to be more precise, observe first that,
since K is odd, the function u(¢, ) := u(t, —z) satisfies the same equation (1.1) as u with the
same initial condition ug. Therefore, Proposition 1.6 implies that u is equal to u, meaning
that wu(t,-) is even for all t > 0.

Let us now show that (¢, ) is radially non-increasing for every ¢t > 0. First of all, since
ug is of class C***(R) with a € (0,1), similar arguments as in the proof of Proposition 1.6

lead to the local and then global existence and uniqueness of a solution of (1.1)-(1.2) of class
Ctl;;ra/ #219([0,400) x R) and satisfying the same estimates as in Proposition 1.6. In other
words, the solution u constructed in Proposition 1.6 is then of class C’tl;a/ #29([0, +00) X R).
Furthermore, parabolic regularity also implies that the function v := u, is a bounded classical

Cj;f((o, +00) x R) N C([0, +00) x R) solution of
v+ (Kxu)v, +2 (K xu),v+ (K*v),u=1v,+0v(1—2u) in(0,400) xR (3.10)

and that v(t,z) — 0 as |z| — +oo locally uniformly in ¢ € [0, +00) since u satisfies the same
property and the coefficient K * u is bounded locally with respect to ¢ € [0, +00) and the
other coefficients (K x u), and (K * v), are globally bounded. Our goal is to show that

u; =v <0 in [0,400) x [0, 4+00), (3.11)

meaning that u(¢,-) is non-increasing in [0, +o0) for all ¢ > 0. If J = 0 then K =0 in R
from our assumptions on K; in this case, the boundedness of v and v and the non-positivity
of v(0,-) on [0,400) (from our assumption on ug) and of v(-,0) on [0,+00) (v(t,0) = 0
for all t > 0 since u(t,-) is even) directly yield (3.11) from the local maximum principle.
Assume then in the rest of this paragraph that J # 0, that is, J < 0 with our hypotheses on
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K. Assume by way of contradiction that there exists 7' > 0 such that supj 71,0, 400) v > 0.
Denote

w(t, ) = e Mly(t, z).
Then supjg 71x[0,+00) @ > 0. From the previous observations and the facts that w(t,0) = 0

for all ¢ > 0 (by evenness of u(t,-)) and w(0,z) < 0 for all > 0 by assumption, one infers
the existence of (¢, o) € (0,7 x (0,400) such that

n:=w(ty,r0) = sup w >0.
[0,T]%[0,400)

From (3.10), there holds, at (to, z),

0<w+ (Kxu)w, —wy, = —6]J|w—2(Kx*u),w— (K*w),u+w(l—2u)
= —6|J|n—2(K*xu)yn+(1—-2u)n—(Kx*xw),u.

Together with (3.3), the bound 0 < u < 1 in (0, +00) x R and the positivity of 7, one infers
that

Since w(to, ) is odd (because u(tp,-) is even), a straightforward calculation yields
zo
—(K * w)y(to, o) = —|J|w(to, o) + / (K/(xo +y) — K’(mo - y)) w(to,y) dy
0

+o0

s [ ) = Koo~ ) wlto, ) dy
xo

Since K € L>®(R) N C*(R*) is assumed to be odd in R and convex on (0, +o0), it follows

that k(y) == K'(zo +y) — K'(zog —y) > 0 for all y € (0, 4+00)\{zo}. Using w(ty,-) < 1 in

[0, +00), we obtain

o +oo
~(K ))<=+ ([ s+ [ st dy) = -2 K@)y <o
)

With (3.12) and the positivity of u(to, o), one gets that 0 < —|.J| n, which is a contradiction
since J < 0 and n > 0. Therefore, (3.11) holds and the even function (¢, -) is non-increasing
in [0, +o0) for every t > 0.

With this in hand, we now claim that — (K * u)(t, x)u,(t,2) > 0 for all ¢ > 0 and x € R.
Indeed, if x > 0, then wu,(t,z) < 0 by our observation that wu(t,-) is radially non-increasing,
while

(K xu)(t,z) = /RK(y)u(t,x —y)dy = /DJroo[u(t,x —y) —u(t,z+y)|K(y)dy > 0. (3.13)

The second equality follows from the fact that K is odd. The inequality is due to the
fact that, for every y > 0, K(y) > 0, [z —y| < = +y, and u(t,-) is even and radially
non-increasing. This establishes the inequality — (K * u)(t, x)u,(t,2) > 0 for all ¢ > 0 and
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x > 0. Similarly, if ¢ > 0 and x < 0, then u,(f,z) > 0 and (K * u)(t,x) < 0 since this time
|l +y| <|z|+y=|r—y|foral y>0.
In addition, a straightforward computation implies that, for all (¢,z) € (0,4+00) x R,

(K xu),(t,z) = —Ju(t,x) + / [u(t,z+y) +u(t,x —y)|dK(y) < |J|u(t,z). (3.14)

—00

The combination of (3.13) and (3.14) yield
Up — Uy > u(l — (14 |J])u) in (0,400) x R. (3.15)

We use this inequality to create a sub-solution, and, hence, lower bound of u in the sequel.

In order to create a sub-solution, we first obtain a preliminary lower bound of u. Fix r
as in Theorem 1.7 with the choice e = K, that is, r = K, /(1 +2K) > 0, and let M = 13
and tg > M to be determined below, depending only on P(0) and K. In addition, fix ¢ > .
We claim that there exists x; € R such that

rt/(2M)

w(t/M, z) > —

. 3.16
(1 + |my]) /A ( )

If not, then using Theorem 1.7-(i), there exists Cy > 0 depending only on P(0) and K such

that
ot/ (2M) 8 ¢rt/(2M)

M _ T =2t
u(t/ ,x)dx<é(1+|x|)l+T/4dx pa—

which is clearly a contradiction when to > (2M/r)log(8/(rCy)). Hence, enlarging ¢ty > M if
necessary (depending on M, r and Cjy, and therefore on K and P(0)), we have that, for all
t > to, there exists z; € R satisfying (3.16). Since u(t,-) is even, one can assume without
loss of generality that 2, > 0. Recalling that 1 > u(t/M, z,) yields 1 > /M) /(1 4 x,)1+7/4,
This, in turn, implies

Coe™™ < P(t/M) = /

R

zy > 2 MUEET) 1 for every t > to. (3.17)

We now obtain a partially matching upper bound on z;, for every fixed t > ¢4, via an
upper bound of u. Indeed, let a > 0 be such that suppuy C [—a, a], and notice that, for all
s € [0,t/M],

/] 7] P(0) e/
16 5 s, Vlow < 1 ol Dl = S5 P(s) < 0

and

I(K s+ u(s,)alloo <[] (3.18)

from the bounds in Proposition 1.6 and from the second inequality in (1.6), which still holds
here. Define %(s, z) to be the solution of

Us + [(K % u)ul, = Uy, + 4,

for all (s,z) € (0,t/M] x R, with initial data @(0, -) = uo. Using the non-negativity of u, the
comparison principle implies that u(s,z) < @(s,z) for all (s,z) € [0,¢/M] x R. Applying
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Proposition 1.4 to e=*u(s,z) with T =t/M > t;/M > 1 and A = |J| P(0) ¢/™ /2, there is a
constant C; depending only on .J, a, and P(0), such that, for |z| > ¢|J| P(0)e!/M /(2M) +
a+1,

_ (a|=t]J| P(0) /M /(20)—a)?
at/M

e Muy(t/M,x) < e Mau(t/M, x) < Cre/™\/t/M e

If we had z; > €*/M for some t > t, large enough so that /M > ¢|J| P(0) /™ /(2M) +
a + 1, then using the above inequality at the non-negative point x; would yield

e”/ZM _ (=¢—t]|J| P(0) et/M j(an)—a)?
Az = u(t/M, ) < Cre®™M\/t/M e Yot
t

This leads to a contradiction if ¢ is large enough, depending on r, M, C;, P(0), and a,
hence on K, P(0), and a. Therefore, increasing ¢, if necessary, depending only on K, P(0),
and a, this implies that

zy < e2M (3.19)

for every t > ty. Since u is even and non-increasing then wu(t,z) > u(t, x;) for all |z| < ;.

Hence, increasing again t, if necessary,
rt/(2M) —2t/M

e e _
u(t/M,x) > (EEL > ST > e 3M for all t > tg and & € [—xy, 7). (3.20)

For every fixed t > ¢y, we now construct a sub-solution of u on [t/M,t| X [T — 7,7 + 7|
for any 7 € [—x, + 7, 2, — 7|. Define
3 —t"*Mlog(2)
M—-1 '

ILL:

Increasing o such that ¢, > M log(2)/3 if necessary, we have that 0 < p < 1/4 because
M = 13. Let

eu(s—t/M)—St/M Tr—T
u(s,x) = —————— cos (—

17| 5 ), for (s,x) € [t/M,t] x [T — 7, T + 7). (3.21)

Then on [t/M,t] X [T — 7, T + 7], using the definition of i, we see that
1
0 < (1+]J]) u(s,z) < eHM-D=3/M _ 5
Hence u satisfies
1 1 . _ —
U~ Upp = put uS cu<u(l—(1+Ju) in[t/M,8] x [z -7z +].
It follows that u is a sub-solution to (3.15) in [t/M,t] X [T — m, T+ 7]. On the other hand, by

the definition of u (3.21) along with (3.20), one has u(t/M,-) < u(t/M,-) in [T — 7, T + 7|,
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while u(s, T+ 7) =0 < u(s,T ) for all s € [t/M,t]. Thus, one infers from the maximum
principle that u < w in [t/M,t] X [T — 7, % + 7], hence

1

Thus, we have that, when t is sufficiently large,

1
inf w(t,z) > ——-—.
|| <zg—m ( ) 2(1 + |J|)

Let A =2r/(M(5+7)) > 0. From (3.17), it follows that

1
liminf inf w(t,z) > ——.
e (¥

This concludes the proof. O

Remark 3.3. In the proof above, for any e > 0, redefining p. = (3—t"M_log(1+¢))/(M.—
1), enlarging M. and redefining u(s,z) = (1 4 |J|) 7t epre(s=t/Me)=3/Me cog((z — T)/(272)) in
[t/ M, t] X} [T—~m, T+7.7| withT € [—xi+7.m, 21 —7.7] and . > 0 large, it is straightforward
to see that there exists A, > 0 such that

1
liminf inf wu(t,x) > )
Y 2 g a )
In particular, for every family (y;)i=o of positive real numbers such that y, = o(e®) as
t — 400 for every a > 0, then
liminf inf w(t,z) > !
iminf inf w(t,z) > .
t—+oo |z|<y: 1+ |J|

Notice that this lower bound is coherent with the upper bound (3.9), since |J| > 2K.
Furthermore, if K is constant on (—o00,0) and on (0,+00), then |J| = 2K, and
SUD|y <y, |u(t, 2) — (L 4+ [J))7Y = 0 as t — 400 for every family (yi)iso of positive real
numbers such that y;, = o(e™) as t — 400 for every a > 0.

3.3 The case when K € LP(R): proof of Theorem 1.7-(ii)

Proof of Theorem 1.7-(ii). First of all, when K = 0 a.e. in R, then the desired conclusion
with any p € [1,00) follows easily from e.g. [33]. In the sequel, we then assume that K is
not trivial. We begin by obtaining a pointwise upper bound on u. First, for every ¢t > 0 and
r € R,

1—1

(< xwita) = | [ K(x—y)u(t,mdy\ < K1, ( / u<t,y>p”1dy) " <K, PO,
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since 0 < u < 1 by Proposition 1.6. Together with (3.2) and (3.8), this also implies that, for
everyt > 0 and s € (0,t+1], || K*u(s, )|loo < || K|, et"YP P(t)1P < || K|, et =YP P(2) /7.
Let u be the solution to

up + ((K * u)ﬂ)x = Ugy +U in (0, +OO> X R,

with initial data @(0,-) = ug. As above, @ is a super-solution of (1.1) and u(t,z) < u(t, x)
for all (¢,z) € [0,4+00) x R.

Let a > 0 be such that suppug C [—a,a|. Fixing t > 1, using (3.8) and applying
Proposition 1.4 to e~*u(s,z) with T =t and A = ||K||, P(t)'"'/?, there is a constant Cy
depending only on K, P(0), and p such that, for all |x| > ¢| K|, P(t)' /" +a+1,

_ (Jz|—t| K|lpP ()1 =1/P—q)?
4t

e~tu(t, ) < et x) < Cx P(t)"YP+/te (3.22)

Let
L ={zeR:|z| <2t|Kl|, Pt)" " +2a+2}.

Since 0 < u < 1, it follows immediately that, for every ¢ > 1,

(el—tIKllp P()1—1/P—a)?
4t

P(t) < / dr+ [ Cx P(t)"7VP\/tel™ dx
Iy

Iy
Kl PO Y/ Prat)?

3 dte EE
< L+ Ok PO Vi e g
p

<22t ||K|l, P(£) VP + 2a + 2) + 2 Cyc P(1) VP 1312 O IKIZP@C=10 /4)

where we used the inequality [,"™ e ¥’ dy < e~ /(2b) for all b > 0.
Assume first that p > 1 and denote ¢ = p/(p — 1) the conjugate exponent of p. Applying
Young’s inequality, we obtain, for every t > 1,

314 KPP P(t 3p—1 90 OP_ 43p/2 ept(I-|KIZP®)* =1/ /4 py
P(t) §4(a+1)+( I3 + ()>+< Ko © IO

pagr! 3 par! 3

Re-arranging this inequality and using (3.4) and ||K||, > 0 clearly yields a constant C' > 0
depending on a, p, K, and P(0) such that P(t) < C(t? + 1) for all ¢ > 0.

When p = 1, then || K x u(s,)||o < ||K||; for all s > 0. Therefore, with A = ||K|; and
defining this time I, = {z € R: [z| < M(t||K|; + a+ 1)} for some M > 1 to be chosen, the
previous calculations imply similarly that |z| — || K|y —a—1> (1 — 1/M)|z| for all = € I}
and

P(t) <2M(t|K||y + a+ 1) + Cx M (M — 1)~ ¢3/2 gt~ (M=1KlE/4

for every t > 1, where C'x depends only on K. Observe that the second term is less than
1 for all ¢ > 1, provided M > 1 is fixed large enough, depending only on K. Therefore,
together with (3.4), there is a constant C' > 0 depending on a, K, and P(0), such that
P(t) < C(t+1) for all £ > 0. The proof is thereby complete. O
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3.4 The case when K(z) > A(1+ z)~“: proof of Theorem 1.7-(iii)

In order to prove the third case of Theorem 1.7, we require the following lemma, which we
state now and prove in the sequel.

Lemma 3.4. Suppose that ¢ is a non-negative, non-increasing and integrable function on
(0,400). Let M >0 and X = {w € L*(0,+00) N L=(0,400) : [|w[le < 2, [|w]i < M}.

Then
—+o0

M/2
max [ o(y)w(y)dy =2 / o(y)dy.

weX 0

Proof of Theorem 1.7-(iii), from Lemma 3.4. Let the bulk-burning rate be
V(t) = /u(t,:c)(l ot 2))d,  fort > 0.
R

This proves useful for estimating P. First of all, notice that the a priori estimates listed
in the proof of Proposition 1.6 imply that the function V' is well-defined and continuous on
[0, +00) and of class C* on (0, +00). Furthermore, we obtain a differential inequality with
these quantities as follows: at ¢ > 0,

V'(t) = /Rut(l — 2u)dx = /R [Ugr + u(l —u) — (K *u)u),] (1 — 2u)dx

9 /R Pz + V(E) 2/Ru2(1 — w)dz — 2/(K + w)uyda (3.23)

> V() —2/Ru2(1—u)dx+/R(K*u)$u2dj

where all quantities in the integrals are evaluated at (¢,z). A straightforward computation
yields

(K u(t, ))a(a) = ] ult, 2) + / Tlultyr — y) +ult, @+ y)] K () dy.

For any fixed ¢t > 0, applying Lemma 3.4 with ¢(y) = —K’(y) (remember that K is here
assumed to be C', convex and bounded on (0, +0)), M = P(t), and w(y) = u(t,x — y) +
u(t,z +y), we see that, for all z € R,

P(t)/2
(K xu(t,-)a(z) = [J]u(t, z) + 2/0 K'(y)dy = |J]u(t,z) — |J]| + 2K (P(t)/2).

Using this inequality in (3.23) along with the identity u* = u — u(1 — u), we see that, at
every t > 0,

V() > V() — 2/

Ru2(1 —u)dx + /R (|J]u® = |J|u® + K(P(t)/2)u?) dx

— V() — (17 +2) /Ru2(1 — )z + K(P(8)/2)(P(t) — V(1)).
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We now use the facts that [, *(1 —u)der < V(t) and that K € L>(R) to re-write this as
V'(t) + CxV(t) > K(P(t)/2)P(t), (3.24)

where C'x depends only on || K ||« and |J|. On the other hand, P(t) > P(0) > 0 for all¢ > 0
(see (3.8)) and we assume here that K(x) > A(1 + z)~* for all > 0, with a € (0,1) and
A > 0. So there exists a constant Cy > 0 depending only on «, A and P(0), and hence only
on ug and K, such that

K(P(1)/2) P(t) = Co P(t)'~°

for all t > 0. The combination of this with (3.24) yields the key inequality
V'(t) + CxV(t) > Cy P(t)™* for all t > 0. (3.25)

From (3.2), notice that P'(t) = V(t) for all ¢ > 0. We claim that (3.25) is enough to
conclude. To see this, define
P(t) =e(t+1)"

for € > 0 to be determined. Then,

1— C
LA+ )02 g B (1 4 gyt

P'(t)+ CxP'(t)=¢ = .

for all t > 0, while
CoP(t)' ™= Coe' ™™ (1+ t)l/o‘*l.

Hence, taking ¢ > 0 sufficiently small (depending only on «, C'x, and Cy, and hence depend-
ing only on uy and K'), we have that, for all ¢ > 0,

P"(t) + CgP'(t) < Co P(t)'™, (3.26)

Remember now that P(1) > P(0) > 0. Furthermore, u(1,-) is continuous, ranges in (0, 1]
by Proposition 1.6 and u(1,z) — 0 as |z| — +oo by (3.1). Hence, V(1) > 0. Therefore,
decreasing € > 0 if necessary (depending only on ug and K'), we may assume that P(1) < P(1)
and that P'(1) < V(1).
We now claim that
P(t) < P(t) forallt > 1.

We prove this by contradiction. Hence, let
t1=sup{t >1: P(s) < P(s) and P'(s) < V(s) for all s € [1,t]} >0,

and assume that t; < 4+o00. We first claim that P'(¢t;) = V(t1). If P(t;) < P(t;) then
this follows from the definition of ¢;. If P(t;) = P(t1), we argue as follows. The fact that
P(s) < P(s) for all s € [1,t;] implies that P — P has a minimum of zero on [1,#;] that
occurs at t1. It follows that (P — P)'(t;) < 0, which is equivalent to P'(t1) > P'(t;) = V(t1).
Here we used that P’ = V. Continuity, along with the definition of t;, then yields that
P'(t;) = V(t1). It follows that, in both cases P(t;) < P(t;) or P(t;) = P(t1), there holds

P(t) < P(t) and P'(ty) = V(t), (3.27)
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which finishes the proof of the claim that P'(¢;) = V(¢;). We next claim that
P'(t1) > V'(t1). (3.28)

Indeed, since P'(s) < V/(s) for all s € [0,¢;], then we have that V — P’ has a minimum of
zero on [1,t1] that occurs at t;. It follows that (V — P')(t1) <0, that is, P"(t1) > V'(¢1), as
desired. Combining the bounds on the relationship between P and P at ¢y, (3.27) and (3.28),
with the differential inequality for P (3.26) and the differential inequality for P (3.25), we
have that

CoP(t)' ™ > P"(t)) + CP'(t1) > V'(t1) + CxV(t1) > Co P(t))'™* > Cy P(t1)' 7,

a contradiction.
We conclude that P(t) < P(t) for all ¢ > 1. This may be re-written as

P(t) >e(1+t)Ye,

for all t > 1. Together with (3.4) and (3.8), there is a constant C' > 0 depending on ug and
K such that P(t) > C (1 +1t¢)~® for all ¢ > 0, which finishes the proof. O

We now prove Lemma 3.4.

Proof of Lemma 3.4. First, taking w = 2x/o,a/2), We see that

“+o0

M2
sup [ dyw(y)dy > 2 /0 o(y)dy.

weX JO

To show the opposite inequality, fix € > 0 and find w. € X so that
+oo +oo

¢(y)w:(y)dy > sup o(y)w(y)dy —e. (3.29)

0 weX JO
We assume, without loss of generality that w. is non-negative since, otherwise, we may
replace it with |w.|, which also satisfies (3.29). Let v = 2x[o,a/2) — w: € X and observe that
v(y) >0if0 <y < M/2and v(y) <0ify > M/2. In addition, notice that fOJrOO v(y)dy > 0.
Hence,

400 M/2 +o00 +o00
(y)2x70,m/2 (y)dy = (y)v(y)dy + o(y)v(y)dy + o(y)w:(y)dy
0 0 M/2 0
M2 400 +o00
> (M /2)v(y)dy + o(M/2)v(y)dy + o(y)w:(y)dy
0 M/2 0
+o0o
> () + sup oy )w(y)dy — €.
weX JO

In the first inequality above, we used the sign of v and the fact that ¢ is non-increasing. In
the second inequality, we used that f0+°° v(y)dy > 0 and (3.29). Since the above is true for
all € > 0, then we obtain

M/2 +o0
2 / oy > sup [ dly)wly)dy.

weX JO
finishing the proof. [
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(67

3.5 Pointwise estimates when K(z) ~ 27 as x — +o0

As before, we show that Theorem 1.7-(ii) and Theorem 1.7-(iii) imply pointwise propagation.
A pointwise upper bound was constructed explicitly in the proof of Theorem 1.7-(ii) so we
are concerned only with estimates from below.

First, we point out that we may argue as in Corollary 3.2 to obtain pointwise bounds
when ug is even and radially non-increasing. In order to see a more general argument, we
show the following stronger version of Corollary 1.8.

Corollary 3.5. Under the assumptions of Theorem 1.7-(iii), suppose that there exist some
constants A > 1 and o € (0,1) such that

1 A

At ap S K@ =G0

for all x € R. Then, for any § € (0,1/6), there exists a constant Cy > 0 depending only on
ug, K and 9, such that

1 t
lim inf t_l/a<¥/ [{z eR:u(s,z) >1- t_é}‘ ds) > ().
0

t—+00

Proof. Fix § € (0,1/6). Due to Theorem 1.7 and our assumptions on K, we know that there
is a constant C'; > 1 depending on ug, K, and ¢ such that, for all ¢ > 1,

tl/oz s
oo SPB <G tl/ato/2, (3.30)

1

Define the time averaged burning rate

for ¢t > 0. Using the relationship P’ =V in (0, +00), we have that

<l

(P(t) — P(0)) < Cy /om0 (3.31)

S

t

1 t

(t) = —/ P'(s)ds =
0

for all ¢ > 1. For any ¢ € (0,1/2) and s > 0, define the good set, the bad set, and the tail set

Ge(s)={reR:u(s,x) >1—¢}, Bs)={reR:e<u(s,z)<1—¢},

and T.(s) ={r e R:u(s,z) <e}.
Our goal is to obtain lower bounds on |G,| in an averaged sense with the choice ¢ = t=° and
t > 1 large enough so that 0 < t79 < 1/2.

Firstly, we notice that B.(t) cannot be too big. In particular, we have that, for any ¢ > 0
and ¢ € (0,1/2),

e(1—¢)|B(t)] < / u(t,z) (1 —u(t,z))dx < V(t).

Be(t)
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Using this with (3.31), we have that, for every t > 1 and ¢ € (0,1/2),
) t 9 t 20 tl/a—1+6/2
—/ |B(s)|ds < -/ |B.(s)|ds < =—————— (3.32)
t Jio tJo e(l1—e¢)
Secondly, using the upper bound for u (3.22) with any p € (1/a, +00) along with the
bounds on P (3.30), it is straightforward to check that

lim u(t,z)dr = 0. (3.33)

t——+00 {|@|>t1/o+8/2}

With these inequalities in hand, we obtain the desired lower bound for |G;-s(s)| in an
averaged sense. Indeed, using |jull < 1, (3.8), (3.30), (3.32), and the choice ¢ = t7%, we
have, for all ¢ large enough,

e 2 /t P(s)d
—_— < - S)as

2 t
< —/ {/ u(s, x)dx +/ u(s, x)dx +/ u(s, r)dx
t t/2 LJ B(s) Ge(s) T.(s)N[—s1/a+8/2 g1/a+5/2]

+/ u(s,:c)d:c] ds
{|x‘>81/0¢+6/2}

t
<2 [ |+ oo+t
t

/2 {|$‘>Sl/a+6/2}

2 [ 2 [
< 8C,th/em1F3e2 2 / |G (s)|ds + 2t/ 4 —/ / u(s, z)dxds.
tJo t Jij2 J{jz|>s1/ate/2)

u(s, x)dx] ds

Using (3.33), it follows that the fourth term tends to zero. Since, by assumption, 36/2 < 1,
then, if ¢ is sufficiently large, we may absorb the first, third, and fourth terms from the right
hand side into the left hand side. We obtain, for all ¢ sufficiently large, that

tl/a - ) t G J
ety = ¢ ; |Gi-s(s)|ds.

This concludes the proof. O

4 Proofs of Propositions 1.3 and 1.4 and Lemma 2.2

4.1 Heat kernel estimates: proof of Proposition 1.3
In this section, we prove Proposition 1.3. We investigate the heat kernel for the equation
Wy + (VW) = Wy in (s,+00) x R (4.1)

with s > 0, where v satisfies (1.14). We follow the Fabes-Stroock [13] approach. First, we
look at weighted functions

Golt,x) = e wy(t, x) (4.2)
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for (t,z) € [s,+00) X R, where o € R and w, solves (4.1) with initial data
wa(s, ) = g(z) €™, (4.3)
for a fixed g € C.(R). Then we prove the following bound.

Lemma 4.1. For any 6 > 0, there exist a constant Cs > 0, depending on d, and a constant
R > 0, depending only on Ay, A1, and As, so that, for everya € R, g € C.(R) andt > s > 0,

Cs e
falt, Yoo < —22e efalt=s)+oR(@+1)(t

\/m )Hng;

where R, 1s given by

A2 A2 A
. : 2 0 1| 2 2 2
Ra—mln{selgfl){a (1+1_€)+4€},a(1—|—A0)+ 2}.

Before beginning, we note the following abuse of notation. Since our estimates depend
only on t — s, we set s = 0 for the remainder of this section and obtain the desired bounds.
The general case is straightforward.

Let us now explain how the bound on I' follows from Lemma 4.1.

Proof of Proposition 1.3, from Lemma 4.1. Let P be the solution operator which gives us
®o from g. Notice that then

Prgta) = |

I%QMM®W@—/&@MWM@
R R

for every t > 0 and x € R, where K.(t,z,y) := e @ ¥I(t,0,2,y) and T is the heat
kernel for (1.15), that is, (4.1) with Dirac mass at y as initial condition. The inequality in
Lemma 4.1 gives us by duality that, for any ¢ > 0 and (z,y) € R x R,

0< Ka(t,z,y) < Ca eRat+oR(a*+1)t

i ,

which in turn gives us that

Cs 502
r t, O, z, < 20 eRatJr&R(a +1)t+a(xfy).
( y) < i
This holds for all @ € R so we may optimize in the following ways. Notice that we may write
each term in the infimum in R, as a;a® + ay. More precisely the pairs (a1, as) of the type

A2 A% , Ay
(CLl,CL2> = <]. + 1 _05, 4—€l> with 0 <e <1 or (al,ag) = (1 + Ag, 7) . (44)

Hence, in each case, choosing v = —(x — y)/(2t((5§ + ay)), yields

Vit 4t(6R + ay)

Substituting the values (ay, as) from (4.4) into the right hand side above, and changing SR

into ¢ (remember that R does not depend on 4) yields (1.16), finishing the proof. ]

['(t,0,z,y) < G exp{(ag—kéﬁ)t— M}
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4.2 Proof of Lemma 4.1

Proof of Lemma 4.1. We repeat that we can assume s = 0 without loss of generality. The
proof of Lemma 4.1 proceeds as follows. First, we obtain an estimate on the growth of
|pa(t,)||l2 in time ¢. Then, using the Nash inequality, we obtain a sequence of inequalities
on the L2 norm in terms of the L2* norm. Iterating this procedure and using the growth
in L? as a boundary condition, we obtain an L? — L* estimate. Using duality, this gives us
an L' — L? and then an L' — L estimate.

In order to apply duality, we obtain bounds for a slightly more general equation. For any
v v satisfying the same conditions (1.14) as v, we investigate bounds for the equation

wy 4+ v w, 4+ 0P w = W,y in (0, +00) x R. (4.5)

Let ¢o(t,2) = e *w,(t,x) for t > 0 and = € R, where o € R is fixed and w, solves (4.5)
with initial condition
wa(0,2) = g(z) e (4.6)

and a fixed non-zero function g € C.(R)

L? growth of ¢,

Define
My(t) := |alt, )l L2rw)

for p > 1 and ¢ > 0. All quantites M,(t) are positive real numbers. As mentioned above,
the first step is in obtaining the inequality

M (t) < e"an®a®* 07 (0) (4.7)

for all t > 0, with R, ,0) .2 given in (4.13) below.
To this end, using (4.1) we have that ¢, satisfies

() + v (€%%h0)e + 12 e hg = (€% ha)an in (0, 4+00) x R. (4.8)
Multiplying this by e~**¢,(t, z) and integrating by parts gives us, for all ¢ > 0,

1 dM?
2 dt

() = = [ ((9a)e—06)(9a)s +ada)dz— [ VD 62dr— [(9a)s +a0) Sar(Vda
/]R /R /R (4.9)

(1)
= a2 M2(t) —/\(%)xy?dxw/(%)x% (v —”L)dx—a/¢§v;1>dx,
R R 2 R
where all functions in the integrals are evaluated at (¢,z). Notice that all integrals converge
since wq(t, ) and then ¢, (¢, x) satisfy Gaussian estimates as |x| — +o00 locally uniformly in

t € (0,+00), see [1]. Notice also that the function M; is continuous on [0, +00) and of class
C*' on (0,+00), as are the functions M, for all 1 < p < +oc.
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We now estimate the last two terms in (4.9). Depending on Ay, A;, and As, there are
different ways to estimate the third term. It may be estimated, for any £; € (0,1), as

(1)
2/L0anx¢@ <v§>—-“; > drf;slj£|0@gxﬁdx-+

or it may be estimated as
(1)
A

24@%%(f—

We bound the last term in (4.9), for any €5 € (0, 1], as follows:

/¢2v(1)d:p—2a/¢a Pa)aV dm<52/| Da)e

Combining the estimates above gives us (4.7). Indeed, we obtain the two different choices
of R, as follows: on the one hand, using (4.10) and (4.12), with €; 4+ €2 = 1, we obtain

ﬁ

/ \bol2dzr,  (4.10)

(1)

Uzz

l\DI»—t

/¢2dx (4.11)

(4.12)

@ _ oW
1 dM? 9 ’ T T2 a? A3
- —— () < o0 M?2(t):
2 dt ()_ o &1 +1—€1 1()7

on the other hand, using (4.11) and (4.12), with 5 = 1, we obtain

1 dM? , sy
- t) < Y | — M2 ().
2 dt ( ) — <Oé +a :c:r; 2 l( )
Defining
o
A2 ‘ Tl ol

R, y»=ming inf |a?(1+-—"2 )+ x| 02 (1+A2) Hlv®P - =21 3, (4.13)

o £1€(0,1) 1—¢4 €1 2

we obtain (M7)'(t) < 2R, ) ,@M{(t) for any ¢ > 0. This differential inequality yields
exactly (4.7).

An LP/? — [P inequality
We now obtain the inequality
1 de2p ~ C M, bp(¢)

3 O SPROCTDITO - gl

IA

(4.14)

for every t > 0 and p = 2F with k € N (k > 1), where R > 0 is a constant depending only on
Ap, Ay and Ay, and C' > 0 is a universal constant. Recall the estimates (4.7) for M;(t); here,
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our arguments above give us a “boundary condition”. With this, we may close the system
of inequalities by considering p = 2* for any & € N (k > 1) and obtain the estimate using an
ODE argument.

To obtain (4.14), we begin by multiplying the equation for ¢, (4.8) by e~ *®¢?P~1(t, x)
(for p=2* k € N, k > 1) and integrating by parts, which yields:

i [ e == [ (o= 16 (6a). — b2 ™) (000 + (G)s), o
:;?1

—/«m—nﬁ”w¢ﬁaﬁ“ww9M—/%m%m
R R

S

~
=1

for every ¢ > 0. First, we re-write and then estimate I; using Young’s inequality to obtain
h=a? [ e —p—1) [ @ H(0u. de — 20— Da [ 6276
R R R
1
<atp [ girdo— o [ (@)
R P Jr

Now we estimate the second term I,. To that end, we use our bounds on v and v®
together with Young’s inequality, to obtain

I < o) / 6ol (Ga)aldz + (@ o]loe + [02]]0) / P
7

< 3 (a® 4+ 1) / ¢*dx + 2]192 ((¢P)s)?dx

where R > 2 is a constant depending only on Ay, A;, and A,. For notational ease, let

Ry = R(a*+1).

Then, since p > 1, one infers that

dM?p ~
S0 < pRa (0 - o [ (%

for all £ > 0. From the Nash inequality, there is a universal constant C' > 0 such that
2C [Vl 2@y < 1V 1122y 191170 @) (4.15)

for all » € H'(R) N L}(R). Applying this inequality to ¢ = ¢P (¢, ) yields (4.14).
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From (4.14) to an L*> bound

Letting now G,(t) = Mp(t)e’éapt, we have that, for every t > 0 and p = 2% with k € N
(k= 1),

1 dG-4p 4p2 Rot
— 2 (1) > Ce - (4.16)

Now, we define

M,(t) = sup sP~ VD[ (s)
s€(0,¢]

with the intention of leveraging the fact that M, is non-decreasing in ¢ (notice that the
supremum could be taken over [0,¢] without any change). Fix any 6 € (0,1). Then the
above equation (4.16) becomes, after substituting, integrating, and estimating the integral,

L e /t SR s 40 /t o2 s
GP(t) ~ o SPAMT(s) T Mﬁiz(t) (1-5/p?)t

tp=1 = SN\
> 40— e(1-0/r)p Rat (1 - (1 - —2) ) M, (t),

p b

for every t > 0 and p = 2¥ with k € N, & > 1. There exists a constant Cs > 0, depending
only on 6, such that 1 — (1 —d/p?)P~1 > 1/(Csp) for all p = 2% with k € N, k > 1. Hence we
have that

2
4 P —(-5/p?)ap* Ret TP
Gpp(t) < 05 w1 € PP Mp/Q(t)>
for every t > 0 and p = 2* with k € N, k > 1, where we have absorbed the universal constant

C given by (4.15) into Cj. Re-writing this in terms of M, yields

/4p
M, ( ) < 01/4]0 < P’ > eéRat/pMp/g(t). (4.17)

{1

Fixing ¢ > 0, considering the above inequality at any s € (0, ], multiplying by s®~1/% and
taking the supremum over (0, ], we obtain

M, (t) < G5/ 7pH St T (1) (4.18)
for every t > 0 and p = 2¥ with k € N, k > 1. Plugging (4.18) into (4.17) k times with
p=2F 2F1 2! we obtain, for every ¢ > 0,

[6a(t, ) loe < Timsup My (1) < Timsup (¢ &0/ @2 ,0(1))
k——+o0 k——+o0

k
< t~Y*lim sup C’Z‘Z 127 H224+1 SRt X 2 T (1) ]

k—-+o0 =1
Using the summability of £27¢, the definition of M (t) and (4.7), we get that, for every ¢ > 0,

Cs (r +oRa)t Cs (r +oRa)t

|Dalt, )]loo < t1/64 6( w01 (2 ) lfa(0, )|z = t1/64 (R, ,(1) (@ ) lglla, (4.19)

where C§ > 0 is a constant depending only on .
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From an ? — L™ bound to an L! — L*® bound

To conclude we use a standard technique. Let Sa7v<1)7v<2> (t; s) be the solution operator sending

the initial data g at time s > 0 to ¢, at time ¢t > s where ¢,, is defined by (4.2), (4.5) and (4.6).

Then (4.19) with the choice v = v®) = v implies that

) e(Ra,v,0+0Ra)(t—s)
(t — s)1/4

1Sa,0,0(t; 8)ll L2 e < (4.20)

for all ¢ > s > 0. On the other hand, (4.19) with the choice v*) = —v and v® = 0 and with

replacing a by —a yields that

! e(R—a,—0,0+3R_a)(t—s)
(t — s)/4

for all t > s > 0, where S_, _,0(t; s)* is the adjoint operator of S_, _,o(t; s), or the solution

operator to the adjoint equation. Since, by a straightforward computation S_, ., o(t;$)* =
Saww(t;s), and since R_, _, 0 = Ra,—v0 and R_, = R,, we have that, for problem (4.1)-(4.3),

H‘ba(tv )Hoo = ||Sa,v,v(t; t/Q)Sa,v,v(t/Z 0)9”00 = HSa,v,v(t§ t/2>s—a,—v,0(t/2§ 0)*9”00
21/40/6(Ra,v,v+51§a)t/2 . 21/2(0/)26((RQ,U,U+R,I,_v,o)/2+5féa)t
— 2 751/4 ”Sfa,fv,O(t/z; O) gH2 < : t1/2 Hng

HS,Q,,,U’()(t; 8)*HL1—>L2 S (421)

for all t > 0. To conclude, we simply note that

oLV, v o,—vV A2 A2 A
oy + o, € <ming inf [a? (1+—2 ) + 2| QX (1+A2) + =2 b =: R,
2 ce(0,1) l—¢e) 4

We note that, in the last step, we could have replaced R, with a sharper, more compli-
cated bound on (R »»+Ra —vp0)/2. Since this does not provide any benefits when considering
the asymptotic limit A; — 0 for all i € {0, 1,2}, we omit it.

4.3 Upper bounds on the tails: proof of Proposition 1.4

In order to prove Proposition 1.4, we begin by stating a bound due to Hill. We use this
bound in the sequel, as well, to derive our local-in-time Harnack inequality.

Lemma 4.2 ([18, Theorem 2.1}). Suppose that v : (0,4+00) x R" — R" is a bounded vector
field with |||v]|| Lo ((0,400)xrny < A < +00. Let I'(t, s,2,y) be the fundamental solution to

{Ft +v-V,I'=AT in (s,+00) x R", (4.22)

I'(t=s,s,2,y)=0,(2)

foranyt >s>0 andy € R". Then

nnrs ()

4re(t — s)
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forallt > s >0 and (z,y) € R" x R", and

1 A

4(t—s)

" 1 n AVt—s _ (zyA(t=s))?
In(i—s) 2 Jar(i—s)  Var(lr—y|-At—s)))
if |t —y| > A(t —s). Further, if |v —y| > Ay/n(t — s) then

_ (z—yl+A V/n (t—s))?
e 4(t—s)

(16(i =) <T'(t, s, x,y). (4.23)

We briefly mention how to obtain these bounds from [18, Theorem 2.1]. We first show
how to obtain the lower bound (4.23). Notice that this bound is invariant under rotation of
x — y and under translation in (t,s) and (z,y), and that the bound on |v] is also invariant
by translation and rotation of the frame. We may then assume s = 0 < ¢, y = 0 and
lz;| = |z|/v/n > At for all i = 1,...,n since we may otherwise rotate and translate the
entire system. Hill [18, Theorem 2.1] proves that

- 1 _ Uzl+4;0)2 Az |£L’Z| Az\/¥
['(¢,0,z,0) > H < e w  — —erfc < + ,
T \Vart 4 2Vt 2

where erfe(z) == 2r~ Y2 [* e *"ds for any z € R and where A; := ||v;| o0 +00)xrn < A
denotes the L* norm of the i-th component v; of v. Using standard estimates, for z > 0, we
have erfc(z) < 77 1/2¢7%" /2. Hence, we have that

1 d=lran? A 2 _ Uzl+4,0)2
e 4t — e 4t
|24 )
At

_(zl+AVmD® g  (Jz]+A rt)?
>¢ " IT(1- A > "
= amr B\ EL ) 2 e

=1

L(t,0,2,0) > ]
=1

where in the second-to-last inequality we used that |z;| > At > A;t (implying in particular
that all factors in the product are positive) and that

(|z1| + Art)* + -+ (|Jzn] + Ant)? < |z + 2|2| Avnt +n A% = (Jz| + Av/nt)?.

This is exactly the bound claimed above.
To get the upper bounds, we may assume without loss of generality that s =0 <t,y =0
and |z,| = |z| (hence, 9 = - -+ = z,, = 0). Hill [18, Theorem 2.1] shows that

- 1 _ Uzgl-4;0)? Az ’l‘l‘ AZ\/g 1 A\"
I'(t,0,2,0) < ? — erf — < — | .
(t, ,x,)_g< rWte 1 ~|—46rc(2\/Z 5 < —47rt+2

Furthermore, if |z| = |z1| > At, then |z1| — A1t > |z| — At > 0 and

1 _(zq1-410)? Al ( ’$1| Alﬂ)) ( 1 A)n_l
I'¢,0,2,0) < e at + —erfc | — — X + —
( ) (\/zm 4 2v/t 2 Vart 2

_|__

( 1 AVt > _(al—Ap? ( 1 A)"‘l
< + X e 4 X .
Vart VA (|z| — At) Vart 2

These bounds are the upper bounds claimed in Lemma 4.2.
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Proof of Proposition 1.4. The proof of Proposition 1.4 is a straightforward application of
Lemma 4.2. Indeed, letting I" be the fundamental solution of (1.17). Then, we notice
that f(t, s,x,y) :=I(t,s,y,x) is the fundamental solution of the adjoint operator of (1.17),
Oy — 00, — Opy; see, for example, [1, Theorem 10]. Hence, by extending the field v with, say,
v = 01in (T,+00) x R (the extended field v still satisfies ||v||1o(0,+00)xr < A), We apply
Lemma 4.2 to I to obtain, for all T>¢ > s> 0and |z —y| > A(t — s) + 1,

AVt — s _(\z—m(—A(t)—s»?
e 4(t—s .
VAr(t — s) \/ (|l —y| — At —9))

Using this, along with the fundamental solution representation of u yields, for all |z| >
AT +a+1,

L(t, s, x,y) = F(t S,Y, T

u(T,z) = /RF(T, 0,z,y) u(y) dy

1 AVT _Ue=ul- AT>2
S/ﬂ{( —47TT+\/E<|CL’—y|— T)) ]l[aa]( )dy

a 1 AT  (al-AT-a)?
< — + e 4T ,
VT \VT |z —-AT —a

which concludes the proof. O

4.4 The local-in-time Harnack inequality: proof of Lemma 2.2

The final technical lemma to prove is Lemma 2.2. We do that here. Our proof proceeds as
follows: first, we notice that the heat kernel bound due to Hill [18] on operators of the form
0y +v -V — A is sharp in the spatial decay of the tails even if the bound is quite weak when
|z| is small. The decay in the tails is crucial in the first step of Lemma 2.2 where we show
that u(t, ) and u(t + s,%)"/? may be compared at any two points x,%. Finally, we use this
to bootstrap to the gradient Harnack estimate, finishing the proof of Lemma 2.2. In this
last step we use crucially that our new Harnack inequality has the shift forward in time for
any s € [0, so].

Proof of Lemma 2.2. As mentioned above, we first prove the inequality involving only u. To
this end, fix tg > 0, s > 0, R > 0, p € (1,400) and t >ty > 0, and let ¢ be the conjugate
exponent to p, 6 = min{tg/2,1}, « = (1 +p)/(2p) > 0, and

A= sup (| 1F(u(t, D) e + IV - Flult, ) o= ).
t>0

Notice that ap > 1, that o < 1, that o depends only on p while § depends only on ¢, and
that A is a real number from the assumptions on F' and u. Define u : (s', ) — u(s’, ) that
solves

Uy + F(u(s',-)) - Vu = Ax, in (t —0,400) x R"
u(t—9,-) =u(t—o,-) in R™.
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It follows from the maximum principle that 0 <@ < |ju||o in (t — 0, +00) x R™. A straight-
forward computation shows that the functions

u™(s',z) = min{1, |ul| !} e A" qG(s, 2) and ut (s, x) = HDEHI (S )

are, respectively, a sub- and super-solution of (1.11) for (s',z) € (t — §,4+00) x R™, in the
sense that

uy + F(u(s',) - Vu + V- Fu(s', ) u” <Au” +u (1 —u")

and
ub + F(u(s',)) - Vut + V- F(u(s, ) ut > Aut +ut (1 —uh)

in (t — d,400) x R". Furthermore, u=(t — ¢,-) < u(t —9,-) = u™(t —¢,-) in R". Hence, we
have that, for all (s',2) € (t — 9, +00) x R",

min{1, |ul|Z}} e A" q(s, ) < u(s',x) < eMHAETHI (¢ 7). (4.24)

Let I'(¢,s,z,y) be the fundamental solution of (4.22) with v(t,z) = F(u(t,-))(z). Then,
using (4.24) and Holder’s inequality, we write

u(t,z) < e gt ) = 6(1+A)6/ L(t,t — 6,2, 2)u(t —6,2)dz

n

1/q dz

n

< A ||y || L/ / (u(t — 8, 2) T(t,t — 8,2, 2)°") /P (D(t, t — 0,1, 2)17))

1/p
< O ul| LDt~ 6 (/ u(t =6, 2)0(t = b,2, z>“”dz) |
Note that Lemma 4.2 along with the fact that o < 1 implies that |T(¢,¢ — d,x, )%, is
bounded by a constant depending only on n, A, §, a and ¢, and then only on %y, p, A and n.
Hence, we are finished with the proof of (2.9) if we show that there exists a constant Cy > 0
depending only on tg, sg, R, p, A and n such that

n

Lttt —0,2,2) < CoT'(t+ s, t —6,y,2) (4.25)

for all s € [0, s0], |* —y| < R and z € R"™. Indeed, were this the case, then the above, along
with (4.24), implies that

n

1/p
ult, ) < L7 o409 ||y | /o ( [ ut=d2r+ 5= 50,2 dz)

= Co/? MV ||y Y1 a(t 4 5, ) /P (4.26)

_ Cé/p €(1+A)5+A(6+s)/p “uHiéq (e—A(6+s) ﬂ(t +s, m))l/p
< Cy/P e MIHACHO/P maxc{|Juf| L5VP, [[uflao} ult + 5, 2) V2.

We now prove (4.25). We assume that z = 0, though the general case follows similarly.
We fix any s € [0, so] and any z, y in R™ such that |z — y| < R. There are two cases to
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consider. If |z|,|y| < /nAd + R+ 1, then we use well-known heat kernel bounds from,
e.g., [1, Theorem 10}, which state that there exists C; > 1, depending only on d, sq, A, and
n such that, for any 2’9" € R” and any 0 < s’ < t/, such that t' — s’ < sg + J, then

|z/_y/|2

—_— C T o (=)
e O < L', s, 2" y) < LT, (4.27)

Cl<t/ _ Sl)n/2 - - (t/ _ S/)n/Q

From (4.27), it is clear that there exists a constant Cy > 0 depending only on 6, sg, A, a, p,
n, and R, and hence only on ty, so, R, p, A, and n, such that

D(t,t — 8, 2,0)°
<C 4.28
F(t+8,t—5,y,0)_ ’ ( )

if |z, |y < /nAd+ R+ 1. We note that the bounds in [1, Theorem 10] are not sharp
enough as |x| — oo to be useful in the regime |z| > /n Ad+ R+ 1.

If either |z| or |y| is larger than /n A0+ R+ 1, then both |z|,|y| > vVnAd+1> Ad+1
because |x — y| < R. Then, applying the bounds in Lemma 4.2 yields:

1 A\ p(n=1) 1 AVE AP ap(|el-A6)>
F(tat B 6a L, 0)011’ < <m+5> ~ <m+ \/‘E(m‘*“w)) ¢ v

L(t+s,t—94,y,0) (16w(6+s))—N/Qe‘W

(4.29)

Let € > 0 be a constant to be determined and A; = |z —y|+ A /n (s+ ). Notice that A; is
bounded by a constant depending only on A, n, sg, to, and R (remember that |z — y| < R)
and that |y| + Ay/n(s+90) < || + A;. Using (4.29) and Young’s inequality, there exists a
constant C5 > 0 depending only on ty, So, p, 4, and n, such that

L(t,t—d,2,0)°P |z|? — 2|z|Ad + A%5?  |z|? + 2|x| Ay + A?
< Csexpq —ap
L(t+s,t—6,y,0) 46 4(s+0)
(L—e)|z]?+ (1—1) 426 (L+e)|z>+ (1+1) 43
< — £ €
< Gyexp { op 15 - (s 1 0)
1—¢) l1+¢ apA?s? (14 1) A
< 2 ap( _ AN
< Cs eXp{ = ( 15 4((5+s)) LT TP

Since ap > 1 and § < § + s, it follows that we may choose € > 0 small enough, depending
only on p, such that ap(l —€) > 1+ ¢ and hence
ap(l—e)  1+4¢

40 4(6 +s) —

Using this inequality, we see that there exists Cy depending only on tg, sg, p, A, n, and R,

such that Tltt— 6 0.0\
(7 — 0,7, ) <C4

L(t+s,t—96,y,0) —
for all s € [0, so], |t—y| < R and max{|z|, |y|} > v/n Ad+R+1, as desired. The combination
of this with (4.28) implies (4.25). This yields (4.26) and (2.9).
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We now show how to obtain a gradient bound on w from (2.9). Let R = |z — y|. The
local L9 parabolic estimates, see e.g. [23, Theorem 7.22] along with the anisotropic Sobolev
embedding for ¢ = n + 3 (see e.g. [12, Lemma A3]), implies that there exists a constant
Casnr > 0 that depends only on A, §, n and R such that, for any (t,z) € (to, +00) x R™,

\Vu(t,z)| < Casnr (||UHLq([t—6,t]xBR(a:)) + Jlu(l — u)“Lq([t—&t]XBR(ﬂf)))
< 2Casm.r [l Lo(t-s.0xBa() (1 + [ulloo)-

Applying (2.9) to ||| ree([t—s4x Br(z)) implies that, for any p € (1, 00), there exists a constant
Cy > 0 that depends only on ty, R, p, A, and n such that

[Vt )| < Co max{|lull 57, [ulloc} (1 + [[ulloo) u(t, y)'7?

for all |x — y| < R, which finishes the proof. O
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