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The main purpose of this article is to present, within a unified framework, a technique based on
numerical homogenization, to model the acoustical properties of real fibrous media from their geo-
metrical characteristics and to compare numerical results with experimental data. The authors intro-
duce a reconstruction procedure for a random fibrous medium and use it as a basis for the
computation of its geometrical, transport, and sound absorbing properties. The previously ad hoc
“fiber anisotropies” and “volume weighted average radii,” used to describe the experimental data
on microstructure, are here measured using scanning electron microscopy. The authors show that
these parameters, in conjunction with the bulk porosity, contribute to a precise description of the
acoustical characteristics of fibrous absorbents. They also lead to an accurate prediction of transport
parameters which can be used to predict acoustical properties. The computed values of the perme-
ability and frequency-dependent sound absorption coefficient are successfully compared with per-
meability and impedance-tube measurements. The authors’ results indicate the important effect of
fiber orientation on flow properties associated with the different physical properties of fibrous mate-
rials. A direct link is provided between three-dimensional microstructure and the sound absorbing
properties of non-woven fibrous materials, without the need for any empirical formulae or fitting

parameters. © 2017 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4989373]

[KVH]

I. INTRODUCTION

Air-saturated fibrous materials are used in filtration and
in thermal and sound insulation. These systems usually
exhibit interesting sound absorbing properties and are, in
some respects, widely used in the transportation and building
industries. While several studies have devoted considerable
attention to the description of the acoustical characteristics
of fibrous absorbents,“‘ our understanding of the basic rela-
tionships between the structure and the acoustical properties
of these fibrous webs is still to benefit from a better under-
standing. It would be particularly valuable to have a manage-
able set of geometrical parameters of the three-dimensional
(3D) fiber web morphology, in terms of which the transport
(e.g., static viscous kq and thermal k() permeabilities, viscous
characteristic length A, high frequency tortuosity o) and
acoustical properties of non-woven fibrous media could be
described. Obvious candidates for these parameters are the
fiber diameters and the angular orientation distributions of
fibers, as these parameters control most of the transport prop-
erties of non-woven fibrous materials,” and therefore play a
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central role in the description of their sound absorbing
characteristics.’

In this work, we introduce a simple reconstruction pro-
cedure of a random fibrous medium. The reconstructed
fibrous medium is used as a basis for the computation of its
geometrical, transport, and sound absorbing properties. In
discussing a range of experimental data on the microstruc-
ture of non-woven fibrous materials involving x-ray micro
computed tomography and microscopy analysis, previous
works had relied on ad hoc “fiber anisotropies™® or
“yolume weighted average radius.”® Here it is shown that,
in conjunction with the bulk porosity, these parameters:

(1) Contribute to a precise description of the acoustical char-
acteristics of fibrous absorbents. In the present work,
both parameters are implicitly measured from scanning
electron microscope (SEM) images on two orthogonal
cross-sections,

(2) lead to an accurate prediction of transport parameters
which can be used to predict acoustical properties. The
fiber morphology is linked to non-acoustical properties
which control the acoustical behavior of these types of
media (e.g., ko, kj), A, o), and

(3) provide a direct link between 3D microstructure and sound
absorbing properties of non-woven fibrous materials without
the need for any empirical formulae or fitting parameters.

© 2017 Acoustical Society of America
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In the present paper, we focus on 3D reconstruction.
Indeed, the choice of a 3D structure allowed us to study the
effect of fiber orientation on the classical transport proper-
ties, namely permeability, diffusion, and potential flow. The
mathematical modeling of the classical transport properties
is also a means to precisely describe the sound absorbing
properties.

We developed an approach, inspired by a general meth-
odology proposed by Adler and Thovert,'” but dedicated to
fibrous media and taking account of their specific features.
Our methodology consists of three steps. First, the salient
geometric properties of a fibrous sample are measured. The
angular orientation distributions of a fibrous material made
of two different populations of fibers are characterized by
SEM images from horizontal and vertical cross-sections of a
slab of porous sample. Second, models of synthetic fibrous
media are generated with the same statistical properties.
Finally, the transport properties are obtained by integrating
the relevant local partial differential equations. These trans-
port parameters are used as input parameters for the determi-
nation of the frequency-dependent acoustical properties of
the synthetic fibrous medium, which is treated as a homoge-
neous equivalent-fluid. The acoustics of air-filled fibrous
media can be described within an equivalent-fluid approach
through physics-based models. These models account for the
inertial and viscous effects using an effective density
peq(a)),11 and for the thermal effects via an effective bulk
modulus Keq(w).12

Section II describes the measurement procedure for
determination of geometrical properties. The geometrical
properties provide input to our procedure for the generation
of synthetic 3D fibrous samples. Then, an original reconstruc-
tion algorithm devised to precisely mimic the geometry of
non-woven fiber webs is presented. Section III describes the
numerical results for the computed macroscopic properties
and their comparison with experimental data. Predictions
relating to the macroscopic parameters, including the perme-
ability and the sound absorption coefficient are then compared
with measurements. The effect of the orientation of the fibers
is also studied. Our results are discussed in Sec. IV. Finally,
Sec. V is devoted to concluding remarks and suggestions for
future research directions.

Il. NUMERICAL METHODS
A. Generation of random fibrous materials

Here we describe how Protec-Style sustainable fibrous
media (produced by Protec-Style, Quebec, Canada) are gen-
erated computationally. The non-woven fibrous materials
used in this study are disordered structures of fibers ran-
domly distributed in a 3D space and assumed to merge at the
crossovers. We considered the fibers to be circular cylinders,
with uniform fiber diameters. The geometrical characteristics
of the cylinders in the generated fiber-webs were modeled
using the experimentally determined fiber diameters and pro-
portion of each type of fiber [natural fibers (fiber type a)
and petro-sourced fibers (fiber type ») used as a thermal
binder]. All the model structures were generated for a given
porosity (¢ = 0.962+0.004), which corresponds to the
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measured porosity.'®> The same generating protocol was fol-
lowed for all fiber-webs. This approach enables us to capture
the effect of the angular orientation at constant porosity or
the effect of porosity at constant angular orientation.

Model random fibrous materials were generated based
on the geometrical characteristics of a real non-woven fibrous
sample made of 70% wt. of milkweed Asclepias (natural hol-
low fibers) and 30% wt. of bicomponent fibers comprised of
two polymers within the same filament (PP and PE). The
fibers are mechanically mixed and carded into webs which
are stacked and thermobonded. The internal and external
diameters of hollow fibers were estimated from SEM images.
A S-3000N SEM (Hitachi, Tokyo, Japan) was used to acquire
28 images of horizontal (xy-plane) and 28 images of vertical
(orthogonal to the xy-plane) cross-sections, at different loca-
tions of the non-woven, among which 3601 and 3322 fiber
orientation angles, respectively, were manually measured
(see Appendix A). The experimental data were then con-
verted into continuous probability density functions using
uniform and normal estimates. The experimental histograms
and the resulting probability density functions are shown in
Fig. 1. These two types of cross-section are characterized
by different behaviors of their angular orientations. The prob-
ability density function corresponding to the SEM images
taken along the horizontal plane is uniform, whereas the
angular orientation of the fibers corresponding to SEM
images taken along the vertical plane is characterized by a
mean orientation angle p; = 89.73° and a standard deviation
g9 = 13.63°. The angles of the fibers in the vertical plane
were modeled using a normal distribution after the experi-
mentally determined histograms. The statistical properties of
the experimentally determined geometrical characteristics
from SEM images are summarized in Table I. The typical
length of natural fibers is 2 to 4cm, whereas the petro-
sourced fibers are much longer.

The reconstruction of a 3D random fiber web represen-
tative of the transport properties of real fibrous materials
begins with the construction of a geometrical model preserv-
ing the measured porosity. A simplified model should be
efficient enough to minimize computational cost and repre-
sentative enough to capture the main geometrical features
which could represent the transports phenomena. When the
size of the box in which the cylindrical fibers are introduced
is small, the solid volume for each new cylinder has a large
effect on the calculated porosity, whereas the effect is small
for a large box size. One might therefore expect the size of
the Representative Elementary Volume (REV) to be such
that the porosity of the reconstructed fiber webs reproduces
the measured value. To quantify the size of the box as a
function of porosity, we developed a semi-analytical model
in which we could estimate the required number of fibers
such that the porosity in the model is very close to the mea-
sured one.

Computations of the transport properties were made
on a Periodic Unit Cell (PUC) as the REV. The PUC is a
cubic box with dimension LU for iteration i. We recall
that the indices @ and b account for two different fiber
types, i.e., Asclepias and bicomponent (synthetic) fibers,
respectively. By determining the total fibers volumes VLS")

Luuetal. 4769
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FIG. 1. (Color online) (a) The fiber ori-
entation distributions as experimentally
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and V,(f) inside the elementary volume (i), it is possible to
compute the required number of fibers Né") and N ;ﬁ inside
the cubic box in such a way that the porosity value will
converge. In our case, the values of Véi) and V,SD are
defined analytically from the targeted (final) porosity ¢,
the cubic box volume L(i)3, the fiber radii r, and rp, the
wall thickness ¢ of the hollow Asclepia fiber, and the ratio
between bicomponent and Asclepias fibers L, /L, accord-
ing to (Appendix B)

TABLE I. Statistical properties of the experimentally determined geometri-
cal characteristics of fibers from SEM images.

Asclepias Bicomponent
fibers (a) fibers (b)
Fiber lengths
Number of measured fiber segments 1959 1140
Fiber segments cumulated length (L), um 467 840 173820
Fiber diameters
Number of measured fibers 744 184
Mean diameter (2r), um 25 14.7
Standard deviation (o)), um 6.6 1.7
Fiber wall thicknesses
Number of measured fibers 119 —
Mean thickness (#), um 1.6 —
Standard deviation (g,), um 0.4 —
Fiber vertical orientation angles
Number of measured fibers 3322
Mean angle (m,), degree 89.73
Standard deviation (g,), degree 13.63
Min. angle (gmin), degree 0.00
Max. angle (¢max), degree 166.53

o Al 1 1 1
0 20 40 60 80 100120140160180
Angular orientation [degrees]
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determined by SEM images. Histograms
were converted into probability density
functions. (b) SEM images correspond-
ing to horizontal (x-y plane) and vertical
(orthogonal to x-y plane) cross-sections
at a porosity ¢, =0.962 = 0.004. Blue
segments characterize the lengths and
orientations of the fibers, as manually

measured.
0 (1— Q{))L(m
Vi = — (1)
L}, y
1+—x 5
a rz — (l’a — I)
L 2 )
g 4 w V). )

= X —
Lo 12— (r,—1* ¢

Then, the iterative determination of the number of fibers Nf]" )
and Né') starts by considering a 3D and two-phase (fiber/air)
fibrous material [whose internal structure is shown in Fig.
1(b)]. Each iteration consists of three sequential steps: (i)
Randomly locate the fiber core, ¢;, a position (x;, ¥;, z;) inside
the elementary volume according to a uniform distribution.
(i) Assign a random number pair to the orientation angles
(¢, 0;) for each fiber core to define the fiber orientation. For
the present study, the horizontal orientation angle ¢; can be
any value within [0, 2x[. Values of the vertical angles (0;) are
determined by the experimentally determined distribution.
Here, we used a normal probability density function. (iii)
Calculate the fiber length /; inside the square of side LY,
from which the elementary solid volumes are derived for
each type of fiber (nested loops). As the sums of these ele-
mentary solid volumes asymptotically approach ij) and Vl(li) ,
the current porosity d)(i) approaches ¢. The number of itera-
tions i defines the number of fibers N and N ,(,i ). This proce-
dure essentially allows iterative alteration of the cubic box
dimension L") until porosity is converged. L% was chosen as
a variable in the PUC modeling to ensure that the porosity of
the PUC corresponds to the experimental porosity with a con-
trolled fluctuation. The implemented algorithm is depicted in
Fig. 2. Applying it for 1000 iterations corresponding to each

Luu et al.
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box size resulted in a minimum mean value of the final box
size L equal to 400 um, to obtain a relative porosity difference
between the experimental and calculated values of less than
& =0.1%. Thus, the fibers are long when compared to the
size of the PUC. The program realization of the box-size-algo-
rithm was implemented as a parallel code in MATLAB language.
The total simulation time was ~163 s on 3.47 GHz/8 processor
cores (160 GB RAM). Figure 3 shows the 3D view [Fig. 3(a)]
and front view [Fig. 3(b)] of a generated fiber packing at a
porosity ¢, = 0.962. In these illustrations, the gray lines
define the Asclepias fibers, whereas the black lines represent
the bicomponent fibers. As the cubic box dimension itera-
tively increases, the porosity asymptotically approaches the
targeted (experimental) porosity ¢ while reducing the stan-
dard deviation; Fig. 3(c).

B. Simulation of transport properties

As in our previous paper,'* Stokes flow, potential flow,
and heat conduction in the generated fiber webs were simu-
lated using a finite element (FEM) scheme.'* The transverse
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permeability ky for the Stokes flow, also called the through-
plane permeability, was obtained by averaging the velocity
components in the direction of the flow (as defined for
instance in Sec. II C of Ref. 14). Similarly, the “thermal per-
meability”'? k{, satisfies the mean value of the “scaled con-
centration field” up(f'), where up(f') solves Au,,(f’) =—1in
the fluid filling the space V| between the fibers and the walls
of the fibers, and u, () = 0 on the walls of the fibers OV.'?
kg is indeed equal to (u,(7)), where () denotes a fluid-phase
ensemble average of volume fraction ¢ [see Egs. (2.10),
(2.11), and (2.13) of Ref. 16 for a derivation of this result].
In the context of diffusion-controlled processes, u,(F) is a
scaled concentration field and is defined as the rate of diffu-
sion of the diffusing species divided by the diffusion coeffi-
cient of the reactive particles. For thermal diffusion, u,(7) is
a “temperature field”, defined as the ratio of the time deriva-
tive of the acoustic pressure over the thermal conductivity of
the solid frame. It is worthwhile noticing that Aw, is dimen-
sionless, therefore u, (7) and k6 have the dimension of a sur-
face. The viscous characteristic length A and the tortuosity

Luuetal. 4771
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FIG. 3. (Color online) 3D reconstruction of a random fibrous medium. (a) Illustration of a typical model made of two type of fibers with different fiber diame-
ters. The angular orientation of fibers statistically reproduces measurements obtained from SEM images. (b) The corresponding two-dimensional view of a
computer-generated fiber web illustrates the impression obtained by looking at a small piece of such a fibrous material (L =0.4mm). (c) The developed
approach for generating the microstructure displays a porosity convergence as a function of the cubic box dimension towards the measured value. The mean
porosity values (in red) are accompanied by a standard deviation (in blue) corresponding to 1000 realizations.

o~ were calculated from their definitions [see Ref. 11, Eqgs.
(2.9) and (2.17)] as

2
oy = wv (3)
L j i, () Pav,
J i@, (7F)[av,
A=21 “)

|it,(F)|*dS

where i), (7) is the microscopic potential-flow solution, L is
the thickness of the porous element and A is its lateral area,
dV, denotes an integration over the pore volume, and dS
denotes an integration over the pore-solid surface. Here,
Y(z=0)=0 and W(z =L) = ¥, (two constants) are two
boundary conditions associated with a potential difference
applied between the ends of the sample. In Eqgs. (3) and (4),
it,(F) = —VY¥ is determined by the solution of the Laplace
equation AW = 0. At the pore walls inside the medium the
normal components of the potential ¥ vanish: 7 - V¥ =0 is
usually referred as the Neumann condition, where 7 is the out-
ward unit vector normal to the boundary dV. It can be demon-
strated that the magnitude of o, is greater than or equal to
one and the equality takes place only if the pore space is a
bundle of straight channels. In this numerical study, we con-
sidered only solid fibers and thus neglected the flow inside the
hollow fibers. We generated a tetrahedralization of the pore
space. This tetrahedralization was then used to create a finite
element (FE) mesh for the COMSOL Multiphysics'’ Stokes,
Poisson, and Laplace solvers. For all the available numerical
schemes the flow was evaluated in direction z. Simulations
were carried out with periodic boundary conditions (see Ref.
14 for more details). This means that the solution fields are
constrained to be equal on opposite faces of the cubic box,
with a geometry which is not periodic. This is a simple means
of increasing convergence of the solution with respect to the
size of the cubic box.'® Figure 4 shows the solution fields
evaluated by FEM numerical solutions for flows in the z direc-
tion and diffusion. Note that, visually, the fluid-flow paths are
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clearly more concentrated, and follow a more tortuous path,
than do the potential velocity paths. This is due mainly to the
no-slip boundary condition. Moreover, as already mentioned
by Boutin and Geindreau'® the heat diffusion field is indepen-
dent of the orientation of the fibers. (It can be viewed as the
superposition of the flow field in the three main directions.)
The typical simulation times for Stokes flow, potential flow,
and heat diffusion problems of transport are, respectively
442+47 s, 14%2 s, and 15*2 s (using a computer with a
3.40 GHz processor core and 24 GB RAM).

C. Estimation of acoustic properties

Based on the approximate formulae developed by
Johnson er al.'' and Lafarge et al.,'* the effective density
Perr(®) and the effective bulk modulus K () of the fluid
phase can be evaluated as follows:

Pett (®) = pylic [1 + %f(w)] ) ®)

-1

where p, is the air density at rest, K, is the adiabatic bulk
modulus of air, and y is its specific heat ratio. The quantities
w and @' are dimensionless frequencies given by the follow-
ing expressions:

W koo

o= )
0k
2%, ®)

with / = v/Pr, v being the kinematic viscosity and Pr is the
Prandtl number (220.71 for air). f(w) and f'(w’) are shape
functions defined by

flw) =1+ o,

€))
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y coordinate (mm)

fl@) =4/1 +%/ij, (10)

M and M’ are referred to as dimensionless shape factors
determined from

M = 8{%‘8 (1)
8K/
M = A'Z(:p' (12)

peq(w) = peff(w)/q’) and Keq(w) = Keff(w)/¢ are the eqUiV'
alent density and bulk modulus of the so-called rigid-frame
equivalent-fluid medium. The thermal characteristic length?
A’ introduced in Eq. (12) is similar to Eq. (4), but the volume
and area elements are not weighted by the microscopic
potential-flow solution. The characteristic length A’ is a
purely geometrical parameter equal to twice the volume-to-
pore-surface ratio which can be computed directly from the
mesh of the FEM scheme. Assuming plane wave solutions
varying as exp [j(wf — geq(w)x)], Where geq(w) represents
the wave number of the equivalent fluid medium, p.q(®) and
Keq(w) can be used to calculate the wave number and the
characteristic impedance of the equivalent fluid medium
with

Peq(@)
Jeq = @ Keq(w)’ (13)
Zeeq = \/ Peq(@)Keq(@). (14)
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A 875

FIG. 4. (Color online) Asymptotic
fields of velocity and temperature for
1 the reconstructed REV: (a) Typical
mesh used to perform FE simulations
with 497909 Lagrangian P,P, tetrahe-
dral elements, (b) scaled velocity field
(kg..) [x 107" m?] corresponding to
Stokes flow in the z direction [Eq. (7)
of Ref. 14], (c) scaled velocity field
(Lit, /1) corresponding to potential
flow in the z direction [-], (d) scaled
heat diffusion field (1,) [x10~"" m?].

O P N W b U1 O N O

The sound absorption coefficient at normal incidence of a
porous material layer of thickness d backed by a rigid wall is
evaluated by

Z,—1)°
=1- 15
o ‘Zn T1l (15)
with
- .Zceq
Zn=—j 7 cot(Geqd), (16)
0

the effective normal impedance on the free face of the
excited material, where Zj is the characteristic impedance of
ambient air. Then, when the sample is on an anechoic termi-
nation, the normal incidence transmission coefficient 7., is
determined from the equivalent wave number and the equiv-
alent characteristic impedance of the acoustical material as

2¢/0d

oo = .Zceq
2¢08(qgeqd) +j ~Z
0

. .2y . '
Sin(geqd) +JZ 0 -Sin(geqd)
ceq

A7)

Finally, the normal incidence sound transmission loss (TL)
is obtained from

TL = —2010g (|7o]). (18)

When the frame of the porous material is assumed limp (i.e.,
flexible), the effective density is modified as follows:*!

Luuetal. 4773



TABLE II. Macroscopic parameters: measurements and computational results.

?C)
hollow fibers, ¢, solid fibers, ¢, A/ (pm) oo (-) A (um) ko (107" m?) kb (x 107" ' m?
Measurements 0.962 *+ 0.004 19.571 = 1.184
Computations 0.963 = 0.003 0.900 = 0.003 103 =4 1.054 = 0.003 512 19.247 = 0.892 61.838 = 5.848
Peg(@)m — p} sound absorption at normal incidence and the estimate com-
() =—1 0 (19) .
Peq bining the FE results for the transport parameters (Sec. I1B)

m + peq(w) - 2:007

where m = p; + ¢p, is the total apparent mass of the equiv-
alent fluid limp medium, and p, is the in vacuo bulk density
of the medium.

Therefore, an estimation of the acoustic properties of
random fibrous media can be obtained on the basis of six
macroscopic parameters (¢, A, ko, k(’J, 0o, A) determined
from the numerical simulation of three different transport
phenomena (viscous fluid flow, perfect fluid flow, heat diffu-
sion) for rigid fiber packings of thickness d.

lll. RESULTS

In Table II, we present the computed values of transport
parameters for the Asclepias/bicomponent fiber assembly
having a measured porosity of ¢ = 0.962+0.004, an in
vacuo bulk density of p; = 32.30+0.07 kg m ™ (three sam-
ples were measured to create the statistics for these values),
and the fiber orientation distributions shown in Fig. 1.
Practically, we employed the proposed numerical approach
to generate random webs of solid fibers. Because we deter-
mined the transport properties for the packing of solid cylin-
ders instead of hollow cylinders, the porosity of the
reconstructed fiber webs is equal to ¢, = 0.90020.003. This
value corresponds to the value calculated for geometrical
solid cylinders of identical lengths and outer diameters. The
simulated and measured permeability* values are very close
to each other: 19.571 = 1.184 x 10~ "' m? for the experimen-
tal samples and 19.247 +0.892 x 10~ '" m? for the recon-
structed fiber webs. The 1.66% difference between the
viscous permeabilities for the fibrous samples under study
and for the simulated fiber webs indicates that the fibrous
webs capture the essential physics of the viscous dissipation
effects. Ten samples were used to create the statistics for the
macroscopic properties of the simulated fiber webs. We also
present in Fig. 5(a) a comparison between the experimental

and the semi-phenomenological analytical models (rigid
and limp) for the acoustic properties (Sec. I1C). Except
around the resonance frequency, we see that both rigid and
limp estimates agree with the experimentally measured
sound absorbing coefficient: 0.69 for the limp model, 0.61
for the rigid model, and 0.57 = 0.06 for the measured sound
absorption at 1600Hz, a frequency corresponding to the
largest relative differences in the rest of the frequency
spectrum. This strongly supports the idea that the recon-
structed random fibrous materials capture the essential trans-
port parameters—because our sound absorption prediction
contains transport coefficients that depend on the arrange-
ment of the fibers. It is noteworthy that using the double-
porosity theory results in a sound absorption increasing
slightly at high frequencies (not shown here). This minor
effect of fiber hollowness corresponds to a low interscale
coupling. We notice that all of the proposed models
(rigid,""'? limp,?" elastic,**) predict an overall sound absorp-
tion in agreement with measurements. With the elastic
model, the sound absorption is almost always in accord with
measurements. The maximum relative difference is observed
around the resonance frequency where the measured sound
absorption is about 0.20 = 0.04 at 1000 Hz, whereas that for
the elastic model is equal to 0.30 at the same frequency. This
relative difference must be balanced by the fact that the
sound absorption is very sensitive to mounting conditions
around the resonance frequency. Thus, the small differences
between experimental and modeling data, such as permeabil-
ity (Table II) or sound absorption [Fig. 5(a)], on the one
hand for a stack of solid fibers and on the other hand for real
samples containing hollow fibers indicate that a simplified
model of the reconstructed fibrous geometry can be used,
preserving the outer dimensions of the fibers in a FE model
without any inner porosity meshing.

In the rigid case, the model used was the Johnson-
Lafarge one presented in Sec. IIC, with the computed
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FIG. 5. (Color online) A comparison
between measurements and prediction:
(a) normal incidence sound absorption
coefficient, (b) TL. The sample thick-
ness d is equal to 14.30 = 0.89 mm.
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parameters given in Table II including ¢, = 0.900. Indeed, to
meet double porosity model requirements, the microporous
medium must be sufficiently permeable to acoustical waves,
and the micropore characteristic size must be greater than
10 um.** As the fiber inner diameter is close to that limit
with a value of about 22 um, the acoustical wave should not
penetrate much into the fibers’ internal porosity. We also
used the limp model in which the effective density of the
rigid-frame equivalent fluid medium is corrected as per Eq.
(19). In the elastic case, an axisymmetrical FE poroelastic
model was used. In that model, the same p.,(®) and Keq()
as described in Sec. IIC were used for the fluid phase. To
identify the elastic properties of the fibrous material, we
therefore used an axisymmetrical FE model with a Biot for-
mulation in which we could replicate the mounting condi-
tions of the samples in the impedance tube while explicitly
representing the transport properties that were directly com-
puted previously. This exploration is however reported in
Appendix C since the main objective of this work is to
predict acoustic properties while avoiding any fitting param-
eter; whereas the latter FE model does not allow for the
direct micro-/macro numerical computation of the elastic
parameters.

The Johnson er al.'' and Lafarge et al.'? models assume
a porous material having a rigid frame. In this situation, the
experimentally measured effective density and effective
bulk modulus could be used to quantify o, A, A’, and k|
from analytical inversion,”?° if one directly measures
the porosity ¢ and the permeability ko>’ As rigid-frame
behavior cannot be completely assumed here (see Fig. 5 and
Appendix C), we used direct measurements of the perme-
ability and the sound absorption of the fibrous material under
study to validate this reconstruction approach.

To further validate the results, the simulated transport
parameters were compared with the analytical values pro-
posed for fibrous media by Allard and Champoux.” In par-
ticular, we checked whether the thermal permeability k{, and
the viscous permeability were linked by k=4 x ko [Eq.
(46a) of Ref. 2]. In the case investigated the ratio k/ko is
3.21 £0.14 (Q,,=0.054), and we also verify that the ratio
k{/ko increases from 1.15 + 0.16 at Q,, =1 to 3.14 = 0.15 at

Q,, =0 (see the discussion on the effect of the orientation of
fibers and Table III below). The remaining analytical esti-
mates A’ =2 x A [Eq. (41) of Ref. 2] and o, =1 [Eq. (46b)
of Ref. 2] are fully consistent with our numerical data
(Table II). Although the numerical ratio k(/k is not equal to
4—presumably because ¢;=0.900 £ 0.003 (the equations
are valid for very thin fibers)—the close match between the
values of the transport coefficients in the numerical simula-
tions and the analytical model, together with the experimen-
tal validations above, confirms that the reconstruction
approach captures the essential physics of the visco-thermal
losses in fibrous materials.

The main conclusion which can be drawn from the data
presented in Table II and Fig. 5 is that the use of the gener-
ated random fibrous material reconstructed from the experi-
mentally determined geometrical characteristics of single
fibers, probability density functions for angular orientations,
and porosity, allows an accurate estimate of the transport
and the sound absorbing properties of the sample we ana-
lyzed in this study. Thus, the proposed approach gives a
good estimate of the sound absorbing properties of random
fibrous materials, using only information on the fibrous net-
work geometry.

The numerical method developed here will now be used
to simulate the effect of fiber orientation on the transport
properties of a random fibrous material. The degree of align-
ment of fiber networks may be characterized using the
second-order fiber orientation tensor [Q].30 Here, we adopt
the approach of Advani and Tucker,*® for which the full
range of angular orientation states in fibrous materials is
defined using a second-order fiber orientation tensor given
by an integral over all directions of unit vectors p’ associated
with each fiber axis

0 =0, - Jp,-pjw(mdﬁ, (ij = 1,2.3), 20)

where W(p) = (¢, 0) denotes the probability distribution
function for fiber orientation, and ¢ and 0 are the orientation
angles of the fibers in the horizontal and vertical planes,
respectively (Fig. 6). The components of p are related to ¢
and 6 such that

TABLE III. Macroscopic parameters determined by numerical simulation as a function of the statistically averaged angular orientation of fibers Q...

Q. ¢ ) A (um) %o () A (um) ko (x107"" m?) kj (107" m?)
0 0.896 = 0.004 101.0 £ 4.6 1.062 = 0.006 48.7+2.5 18.678 = 1.084 58.735 +5.323
0.054 0.900 = 0.003 103.133 = 3.599 1.054 + 0.003 50.779 = 1.749 19.247 = 0.892 61.838 = 5.848
0.1 0.898 = 0.008 102.3+6.9 1.051 = 0.006 51.4=+3.7 19.637 = 1.137 59.335 +3.612
0.2 0.900 = 0.003 102.8 £2.3 1.043 £ 0.003 542+20 20.742 = 0.927 59.502 = 4.088
0.3 0.896 = 0.004 100.8 £ 3.5 1.038 £ 0.004 56.4+29 21.769 = 1.037 60.113 = 3.894
0.4 0.894 = 0.004 99.5+4.1 1.030 £ 0.003 60.4+39 23.153 = 1.695 58.545 = 3.115
0.5 0.899 = 0.006 101.8 £ 3.6 1.025 + 0.004 64.4+29 25.257 = 1.168 59.211 +3.442
0.6 0.895 *= 0.005 100.2 4.4 1.019 = 0.004 67.7+3.4 25.864 = 1.429 59.702 = 3.439
0.7 0.898 += 0.005 102.1 £5.2 1.014 = 0.003 73.1+x54 32.499 = 2.249 60.175 = 4.647
0.8 0.897 = 0.004 99.7+43 1.006 £ 0.001 80.2*+2.6 39.817 =2.716 59.178 = 2.664
0.9 0.899 + 0.004 103.1 4.2 1.002 = 0.001 899+44 42.184 + 3.602 61.660 = 4.535
1 0.887 = 0.003 954+38 1.000 = 0.000 94,1 =38 53.892 = 6.779 62.117 =2.280
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p1 = sinfcos ¢
p2 = sinfsin @
p3 = cos 0,

sin 0d0d .

21 1
and Jdﬁ = J J
=0 J0=0

Substituting Eq. (21) into Eq. (20) gives
Ny sin? 09 cos @ sin @
sin” 09 sin® O
sin 09 cos 09 sin ¢®

sin® 09 cos? ¢
sin? 0% cos @@ sin @
sin 09 cos 0% cos @t

1

Q=—
Ny =

where Ny = N, + N,, is the total number of fibers; 0 is the
angle formed between the ith fiber axis and the z axis, and
(p(i) is the angle formed between the projection of the ith fiber
on the x-y plane and the x axis. Note that another definition of
the fiber orientation tensor was proposed by Stylianopoulos
et al.,’" in which the fiber lengths /; and the total length of
fibers /,o; are also considered. The trace of [Q] is always equal
to 1. For the isotropic case, Q = Q,, =Q., =1/3 for
aligned networks, the value of the diagonal components is a
measure of the fiber alignment in the coordinate directions.
Off-diagonal components indicate a significant alignment in
a direction other than a coordinate direction. For the current
material, off-diagonal components are equal to zero. A cen-
tral assumption underlying this property is that the fibers
principal directions are superposed with the axes ¢, &>, 3.
According to Eq. (22), [Q] takes on the values Q,, = Q,,
=0.473 and Q,, = 0.054 if ¢ and 0 adopt the fiber orienta-
tion distributions as experimentally determined (Fig. 1).
These statistically averaged values of the angular orientation
of the fibers are such that the resulting orientation tensor
matched the experimental observation, Fig. 1(b), right. This
result corresponds to a transversely isotropic fibrous configu-
ration (Q,, = Q,, # €..) with fibers slightly inclined relative
to the x-y plane (.. > 0, Q.. < 1). Figure 1(b), right displays
the angular orientation of fibers for which 0 is, in general, dif-
ferent from 90°. Because the fibers are mechanically mixed
and carded into webs, the fibers adopt an angular orientation
that may cause a modification of the transport parameters. On

€3

Ps I

; P,

BS

FIG. 6. (Color online) The fiber definition in the polar coordinates (¢, 0).
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sin 09 cos 0% cos @t
sin 09 cos 09 sin o |,
cos? 00

(22)

scales of a few millimeters or more, a relative deviation from
0=90° can occur, depending on the manufacturing
process.>>

In Table III the calculated transport properties in the
generated random fibrous materials for fibers increasingly
inclined relative to the x-y plane are displayed (increasingly
aligned relative to the z axis). Figure 7 shows transport
parameters computed for a constant porosity (¢ ~ 0.900
=+ 0.003) as a function of the statistically averaged fibers ori-
entation (0 < €., < 1). The effect of angular orientation on
transport parameters is documented in Fig. 7, in which the
mean quantities are displayed for ten different generations of
random fibrous samples, whose reconstructions satisfy a sta-
tistically averaged angular orientation, given in terms of Q..
(Table III). We varied the values of .. by adjusting the
mean p, and standard deviation oy of a distribution supposed
to be normal for the angle 0. The angle ¢ is supposed to fol-
low a uniform distribution between 0 and 2n. These results
indicate that the chosen value of the inclination parameter
(0 < Q.. <1) modifies kg significantly: the permeability for
the strongly aligned networks is higher than the permeability
for the moderately aligned networks, up to a factor of 2.9
[Table IIT and Fig. 7(a)]. In addition, the dependence of per-
meability on the porosity at constant inclination was also
verified. The fiber diameters were slightly modified in order
to provide several values for the porosity and to keep the
angular orientation of the fibers unchanged, for each of the
ten reconstructed samples at Q.. =0.054. Obviously, when
the fiber diameters are slightly increased/decreased in the
numerical model with the same cubic box dimension, this
gives a lower/higher porosity, respectively. As the porosity
increases with a relative difference of 0.42%, the numerical
model displays a permeability of 21.411 +3.053 x 10"
m?; and a porosity decrease of 0.42% is associated with a
permeability of 14.227 =0.546 x 10~'" m? The data in
Table III were also employed to calculate A’/A, Fig. 7(b).
For Q.. = 1, the fibers were perfectly aligned in the direction
of wave propagation such that the porous structure is compa-
rable to a straight cylinder with constant cross section for
which A’= A (A"/A =1). The A’/A values increase with
the misalignment of fibers. At Q,, = 0, the fibers are perpen-
dicular to the direction of wave propagation, and the theoret-
ical result> A’ =2A derived for dilute fibers (p — 1) is
numerically recovered, because the velocity field interac-
tions created by pairs of adjacent fibers can be neglected.
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FIG. 7. (Color online) (a) The permeability ko as a function of the statisti-
cally averaged inclination of fibers as described by Q.. [see Eq. (20) for
details], (b) ratio A’/A as a function of Q... (c) tortuosity as a function of
Q... and (d) ratio k{, /ko as a function of Q....

These results also show that the alignment of fibers affects
tortuosity, Fig. 7(c). The o..-values decrease with the align-
ment of fibers. At a given ¢, the misaligned fiber networks
have a larger o, value than the aligned networks, and that dif-
ference increases with decreasing porosity. Additionally, to
analyze the influence on tortuosity we carried out computa-
tions of transport parameters using a constant orientation of
fibers close to the experimental configuration (€., ~ 0.054)
and lower or higher porosity values (Fig. 8). With these poros-
ity parameters, the calculated mean values of o, increased
proportionally with the diminution of the corresponding values
in Fig. 7(c) (oo =1.054 =0.003 with ¢=0.962, and o,
=1.091 = 0.013 with ¢ =0.946; for ¢ =0.987, the o.-value
was = 1.022 = 0.003). These results indicate that tortuosity
is a function of the number of fibers and of the fiber diameters
at a given orientation of fibers. This change in tortuosity, how-
ever, turns out to be insignificant compared to the change in
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FIG. 8. (Color online) Tortuosity o, as a function of porosity ¢ for a given
orientation of fibers (€., =0.054) obtained by slightly modifying the fiber
diameters.

other parameters. It also appears that combined simulations of
viscous fluid flow and diffusion can be used to determine
information about the orientation state of fibers. In fact, it was
demonstrated that an inequality between ko and k{, holds for
all porous microgeometries, k{, > ko.>* When the fluid velocity
is parallel to the direction of the fibers, the thermal and viscous
permeabilities coincide: k; >~ ko (at Q.. = 1). Because k; is
independent of the angular orientation state of fibers, and
the viscous permeability k) decreases with an increasing mis-
alignment of fibers, the ratio k/ko increases with the mis-
alignment of fibers (k{,/ko ~ 1 for Q.. = 1 and k;,/ko >3 for
Q.. = 0); Table III. In future works, it will be interesting to
carry out analogous transport phenomena studies for disor-
dered fibrous media to identify configurations which can yield
enhanced acoustic properties. It would also be interesting to
compare the results obtained during this work to complemen-
tary approaches using measurements and inverse estimates to
identify the full permeability tensor of fibrous materials.**

IV. DISCUSSION

This work reports results obtained for elementary trans-
port phenomena in random fibrous media. A new class of
sustainable acoustic materials, i.e., fibrous media made from
milkweed Asclepias and bicomponent fibers, was modeled
to determine their sound absorbing properties. The 3D geom-
etry of the fibrous material was characterized based on data
collected from SEM images, and the geometrical model was
reconstructed using a fixed-generation protocol. The combi-
nation of a computer-generation protocol with fiber orienta-
tion distributions allowed us to study fibrous networks with
emphasis on the influence of the fiber orientation distribu-
tions. In a transversely isotropic numerical model that
allowed us to generate isoporous fiber webs, we explored the
effect of fiber orientation, varying the velocity of the air
from perpendicular to parallel to the direction of the fibers.

The calculation of transport properties was carried out
using a FE scheme. It involves Stokes flow, potential flow,
and diffusion-controlled reactions, which can be solved
routinely in the reconstructed fibrous samples. Our results
demonstrate that the values of the transport and acoustic
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coefficients in the investigated fiber webs are determined by
their porosity ¢, the geometrical characteristics of the consti-
tutive fibers, and by the degree of alignment of fibers as
compared to the direction of wave propagation. At a given
porosity ¢, the relative difference between k¢ values in trans-
versely isotropic, moderated aligned, and aligned fibers
webs may reach 285%. The permeability coefficient com-
puted by FEM was compared with ky values derived from
direct standard measurements in the reconstructed fibrous
sample, with a good agreement. The relative difference
between the computed and measured values of the perme-
ability was 1.66%, without any fitting parameter (Table II).
The use of the remaining transport coefficients allows for the
estimation of sound absorbing properties directly from infor-
mation on the geometrical structure of a fiber web.

V. CONCLUSION

Because the orientation of the fibers can be tuned from a
state where air velocity is perpendicular to the direction of
the fibers to the case where it is fluid velocity is parallel to
the direction of the fibers, most of the transport properties
can be modified.

For the studied fibrous sample, corresponding to simu-
lated solid fiber webs with an open porosity of ¢,=0.9, it
was shown that the permeability significantly increases
when the fibers are oriented parallel to the air velocity with a
typical ratio of approximately three (when compared with
the calculated ky values for the fibers lying in the planes per-
pendicular to the air velocity).

It was also shown that when the fibers’ statistically aver-
aged orientation angle (the ensemble average of 6 defined in
Fig. 6 relative to the air velocity) varies from 7/2 to zero,
the length scales ratio A//A decreases from two to one,
in agreement with the known theoretical bounds [potential
flow solution for a dilute fiber orthogonal to the flow
direction, A" = 2A,? versus sound propagation in uniform
tubes, A" = A (Ref. 20)].

Study of the viscous fluid flow and diffusion controlled
reactions revealed quantitative agreement between the viscous
permeability ko and the thermal permeability k), as long as
the fibers are oriented parallel to the flow direction. Because
the thermal permeability is insensitive to fiber orientation, the
ratio k(,/ky combined with the rigorous upper bound kj, > ko
can be used as an estimate of the statistically averaged devia-
tion of the fibers’ through-plane angle from zero.

The approximation o, /= 1 appears to be valid over the
entire range of angular orientations and porosities studied
here. However, a relatively small increase in the tortuosity
was observed when €).. decreases.

The generalization and automatization of the approach to
a large class of fibrous materials will be part of our further
work. Extension to elastic properties will require the model-
ing of the connections between fibers. The proposed approach
is extendable in principle to any physical property of fibrous
media. Thus, the presented approach provides a straightfor-
ward routine to evaluate the effective properties of fibrous
media and to analyze structure-property-manufacturing rela-
tionships in general.
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APPENDIX A: LOCATION OF THE SEM IMAGES

The locations at which the SEM images were acquired are
obtained using a procedure described here. Briefly, to acquire
the pictures, seven cubic samples whose lateral dimensions
were on the order of 4 mm were (destructively) collected in the
bulk of the studied cylindrical sample (44.5mm in diameter)
after acoustical testing. They were collected using an 8 mm
square grid. Three of them were aligned along a horizontal line
passing through the center of the cylinder, with a sample at the
center, and equally spaced by a distance of 16 mm (Fig. 9). Two
samples were selected according to the upper (respectively,
lower) horizontal line, and placed by choosing a vertical line for
which no sample was already extracted. Then, for one horizon-
tal and one vertical plane of each cubic sample, four SEM
images were acquired such as to span the overall surface.

APPENDIX B: DERIVATION OF THE TOTAL FIBERS
VOLUME

In this appendix we briefly detail how the values of the
total fibers’ volumes V, and V, were derived from the
knowledge of the targeted porosity ¢, and the ratio between
bicomponent and Asclepias fibers L, /L,. The Asclepias and
bicomponent fiber volumes are, respectively, equal to

FIG. 9. (Color online) Location of the SEM images.
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Vo =n|r — (ra— z)z}La, (B1)
Vy, = mry’Ly. (B2)
Therefore
Ly, 7°Va
Vp=————. B3
b Larg> — (ry — t)2 (B3)
Consequently, the calculated porosity is
. Va+Vyp
$p=1- i (B4)

Introducing Eq. (B3) into Eq. (B4) gives Egs. (1) and (2).

APPENDIX C: ESTIMATION OF THE ELASTIC
PARAMETERS FROM AN AXISYMMETRICAL FE
POROELASTIC MODEL

In this appendix we explore how an axisymmetrical FE
model with a Biot formulation can be used to identify the
apparent elastic properties of the fibrous material under
study. For further details on such poroelastic inversion based
on an axisymmetrical FE model, see Ref. 28. Unlike the
transport properties that can be directly determined from a
basic set of elementary geometrical information, the deter-
mination of the elastic properties required adjustment such
that the TL curves become comparable to those measured
experimentally. To better replicate the mounting condi-
tions?® of the sample in the tube (due to friction, the cylindri-
cal face of the sample was constrained by the tube wall), an
appropriate axial motion constrain was imposed in the FE
model. A close match between the sound transmission values
in the experiment and in the poroelastic model confirms that
the elasticity of the fibrous structure is an essential feature in
capturing the physics of sound insulation, Fig. 5(b). The
adjusted elastic properties of the corresponding poroelastic
fibrous samples are E=280000N mfz, v=0, n=0.01,
where E, v, and 7, respectively, account for the Young’s
modulus, Poisson’s ratio, and damping loss factor of the
bounded samples inside an impedance tube of 44.5mm in
diameter. This triplet of parameters represents the apparent
elastic behavior for a fibrous, yet bounded material. The
Young’s modulus appears to be relatively high when com-
pared to standard fibrous materials. This has to be attributed
to an effective rigidity due to boundary conditions, and also
to the fact that the fibrous media was assumed to be isotropic
whereas an assumption of transverse isotropy should better
replicate the elastic behavior. The values corresponding to
the remaining elastic parameters, v and 1, are classical
for fibrous materials. For glass wool of density 30kg/m?,
Tarnow? reported a constant complex Young’s modulus
E; =12(1+0.05j) kPa in the direction perpendicular to
which the fibers are laid (longitudinal direction). In the
direction parallel to which the fibers are laid (transverse
direction), the complex Young’s modulus E,” was found to
increase with frequency. At 20Hz E;" = 1.5(1 + 0.01j) MPa,
and at 160Hz E,"=2.6(14 0.06/) MPa.** Obviously, the
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real part of the Young’s modulus, corresponding to the stud-
ied sample mounted in an impedance tube, satisfies the
inequality, E; <E <E;, where E; and E;, respectively,
account for the real parts of £, and E5 . This suggests that,
when mounted in a tube of small diameter, the longitudinal
and transverse elastic coefficients are strongly coupled,
which has the effect of shifting the effective longitudinal
Young’s modulus toward the value of the transverse
Young’s modulus. Properly modeling the fiber-to-fiber inter-
actions is intended to be the topic of a forthcoming paper.
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