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ASYMPTOTIC EXPANSION OF THE MEAN-FIELD
APPROXIMATION

THIERRY PAUL AND MARIO PULVIRENTI

ABsTrRACT. We consider the N-body quantum evolution of a particle system in the mean-field approximation. We
show that the jth order marginals F’ J-N (1), for factorized initial data F/(0)®", are explicitly expressed, modulo N~
out of the solution F'(t) of the corresponding non-linear mean-field equation and the solution of its linearization
around F'(t). The result is valid for all times ¢, uniformly in j = O(Néfa) for any o > 0. We establish and
estimate the full asymptotic expansion in integer powers of % of F jN (t), = O(VN), whose computation at order
n involves a finite number of operations depending on j and n but not on N. Our results are also valid for more
general models including Kac models. As a by-product we get that the rate of convergence to the mean-field limit
1

in & is optimal in the sense that the first correction to the mean-filed limit doesn’t vanish.
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The mean-field limit concerns systems of interacting (classical or quantum) particles

whose number diverges in a way linked with a rescaling of the interaction insuring an

equilibrium between interaction and kinetic energy. In the case of an additive one-body

kinetic energy part and a two-body interaction, and without taking in consideration
1



2 T. PAUL AND M. PULVIRENTI

quantum statistics, this equilibrium is reached by putting in front of the interaction a

coupling constant proportional to the inverse of the number of particles.

The system is then described by isolating the evolution of one (or j) particle(s) and
averaging over all the other. This leads to a partial information on the system driven
by the so-called j-marginals. The mean-field theory insures that the j-marginals tend,
as the number of particles diverges, to the j-tensor power of the solution of a non-linear
one-body mean-field equation (Vlasov, Hartree,...) issued from the 1-marginal on the
initial N-body state. This program has be achieved in many different situations, and
the literature concerning the mean-field approach is protuberant. We refer to [29] for

a review and recent references.

Much less is known about the fluctuations around this limit, namely the correction
to be added to the factorized limit in order to get better approximations of the true

evolution of the j-marginals.

The identification of the leading order of these fluctuations with a Gaussian sto-
chastic process has been established in the quantum context first in [16] and in the
classical one in [5]. For the classical dynamics of hard spheres, the fluctuations around
the Boltzmann equation have been computed at leading order in [28], generalizing to
non-equilibrium states the results of [3]. More recently, for the quantum case, fluctu-
ations near the Hartree dynamics has been derived in [22] (after [21]) and in [2] also
for the grand canonical ensamble formalism (number of particles non fixed), using in
both cases the methods of second quantization (Fock space) (see also [24] for a proof
using the usual quantization formalism): in the case of pure states, the N-body wave
function is shown to be ﬁ—close in L? norm to a sum of partially factorized states
constructed out of the so-called Bogoliubov hierarchy. Note that these results rise a
problem fundamentally different form the one treated in the present paper, whose goal
is to compute mean-field approximation of the N-body problem with an accuracy of
any order in powers of %

Recently, we developed (together with S. Simonella) in [25] a method to derive mean-
field limit, alternative to the ones using empirical measures or direct estimates on the
“BBGKY-type” hierarchies (systems of coupled equations satisfied by the set of the
j-marginals). This method rather uses the hierarchy followed by the “kinetic errors”
E;_i, (defined below), already used (under the name “v-functions”) to deal with kinetic
limits of stochastic models [10, 7, 4, 11, 12, 6, 8, 13] and recently investigated in the
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more singular low density limit of hard spheres [26] (note that error terms are also used
in [22, 21, 2, 24] for the total (pure state) wave function with a quite different point
of view). These quantities are, roughly speaking, the coefficient of the decomposition
of the j-marginal as a linear combination of the k-th tensor powers, k=1,...,7, of the
solution of the mean-field equation issued from of the 1-marginal of the initial full state.
We developed in [25] a strategy suitable in particular for Kac models (homogeneous
original one [17, 18] and non-homogeneous [9]) and quantum mean-field theory. This
strategy allowed us to derive the limiting factorization property of the j-marginals up
to, roughly speaking, j < v/N. This threshold is, on the other side, the one obtained
by heuristic arguments as shown in [25] and rigorously in [15] for the Kac’s model.

Here and in all this article, N denotes the number of particles of the system under

consideration.

In the present paper we provide and estimate a full asymptotic expansion in powers of
% of the difference between the evolution of j-marginals and its factorized leading order
form (Theorem 3.2), following a similar result for the kinetic errors E;(t) (Theorem
3.1). Our results are valid for j < C\/N for some explicit constant C' and are valid for
quantum, Kac’s models and in the framework of the abstract formalism, slightly more

general than the one developed in [25], described in Appendix A.

The non-vanishing of the first correction is established, showing therefore that the

rate of the mean-field convergence is at most of order % (Theorem 3.4).

Moreover, as the mean-field solution issued from the first marginal of the N body
symmetrical factorized initial data determines the leading order of the the j-marginal,
we show that the additional knowledge of the linearization of the mean-field flow around
it gives an explicit construction of the full asymptotic expansion of the j-marginals in
powers of % uniformly in j, N satisfying j < CN 27 for any C,a > 0 (Theorem 3.5).
Let us note the analogy with the quantum propagation of semiclassical observables,
driven by the classical underlying flow at leading order in the Planck constant, and
whose full asymptotic expansion is explicitly computable by the only knowledge of the

linearized flow.
Let us summarized in words our main result:

The knowledge of the mean-field flow F(t) and its linearization around F(t)
determines explicitly, modulo N-*, uniformly for j = O(Nz®), a > 0, the
j-marginals of the N-body flow issued from F(0)®".
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2. QUANTUM MEAN-FIELD

Let £ L?(R?) be the space of trace class operators on L?(R?), with their associated

norms.

We consider the evolution of a system of N quantum particles interacting through a
(real-valued) two-body, even potential V', described for any value of the Planck constant
h >0 by the Schrédinger equation

Zh@tw = H]\ﬂp) w‘t:() = %n € f)N = L2(Rd)®N )

where

5a >
— - Vi(z,—x7).
2 k=1 2N 1<k, I<N

k;tl

We will suppose in the whole present paper that V' is bounded so that the N-body
Hamiltonian Hy is self-adjoint on a suitable domain.

Instead of the Schrodinger equation written in terms of wave functions, we shall
rather consider the quantum evolution of density matrices. An N-body density matrix

is an operator F'V such that
0<FN=(FN)*,  traceg, (FY)=1.

The evolution of the density matrix F'V — FN(t) of a N-particle system is governed

for any value of the Planck constant A > 0 by the von Neumann equation

L Hy, PV,

1 FN =
1) PN = —

equivalent to the Schrodinger equation when FV(0) is a rank one projector, modulo a

global phase.
Positivity, norm and trace are obviously preserved by (1) since Hy is self-adjoint.

For each j = 1,..., N, the j-particle marginal FjN(t) of F'N(t) is the unique trace
class operator on £); such that

traces, [FY (1) (A1 ®---® A; ® I, ;)] = traces [F' (1) (41 ®---® A;)].

for all Ay,...,A; bounded operators on §). Alternatively and equivalently, the F jN can
be defined by the partial trace of F'N on the N -7 last “particles”: defining F'N through

its integral kernel FV(xy,2);...;xn, 7)), the integral kernel of FJN is defined as (see
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1])

FN (g, ah; . ay,0)) = (T TN ENY (2, 2l T4, )
(2) 1= Ad(Nj) FN(xl,x’l;...;xj;xg;xj+1,xj+1;...;xN,xN)dxj+1---de.

It will be convenient for the sequel to rewrite (1) in the following operator form

(3) OFYN = (KN + VNYFN
where KV, VN are operators on L'(L?2(RN?)) defined by
1. h?
(4) KNz%[—?ARdN g1, vy QNkalwn;h Vi o= [V(xk—xl),-].
The self-adjointness of Hy implies that
(5) ef KNWN)Hcl L2(R4))—>L1(L2(RY)) = e Hﬁl(LQ(Rd))—%l(LQ(Rd)) =1, teR.
We will denote
(6) L:= £Y(L*(R?)) so that L®" = £LY(L*(R™)), n=1,...,N,

and, with a slight abuse of notation,

(7)

fori,j=1,..., N (here L(IL® L®/) is the set of bounded operators form L% to L),

|-|1 the trace norm on any L&,
||| the operator norm on any L£(IL® L#&7)

A density matrix F € L®" is called symmetric if its integral kernel F"(zy,2};...; 2y, 2],)

is invariant by any permutation
/ / . .
(xiaxi)e(l‘j)xj)? Z)]_la"'an

Note that the symmetry of F'V is preserved by the equation (1) due to the particular

form of the potential.

We define, forn=1,..., N,
(8) D,={Fel®"|F>0, |F|i=1 and F is symmetric}.

Note that F}¥ e L® (" =1€eL®0:= C) and ¥ >0, |FV]; = [F¥];, and obviously
FN is symmetric as F'V. That is to say:

FjN EDj.

The family of j-marginals, 7 = 1,..., N, are solutions of the BBGKY hierarchy of
equations (see [27] and also [1])
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1L (N-J)
(9) OFN = (Kﬂ +Nj)FjN+ ejary,
where

- 1. h?
10 K/ = —[-—Anp,
(10) [~ Aps, ]
(11) T] = Z Ty with Tir=Viy

1<i<r<y
and
(12) ]+1 ]+1 ZCZJ+1 7+1
with
C@.’j . LeG+1) N L&

(13) Ciaj+1F}+1 = Te/*! (‘/i,j-rlF]JXl) 5

where Tr/*! is the partial trace with respect to the (j + 1)th variable, as in (2).

Note that, forallt<j5=1,..., N,
IVle=
h
(meant for ||7T}||peiopes and ||C; j+1|rec) e in accordance with (7)).

2 | VL=
(14) 730 < Y02 and Gl 5

The Hartree equation is
A2
(15) tho F = [_EA +Vr(z), F'], F(0)e€Dy,

where Ve(z) = [ga V(2 - y)F(y,y)dy, F(y,y") being the integral kernel of F.
Note that (15) reads also

(16) OF = K'F+Q(F,F),
with
(17) Q(F,F)=Tr*(Vi(F®F)).

Since V' is bounded, (15) has for all time a unique solution F'(¢) >0 and ||F'(t)] =1
(see again [27] and [1]).
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In order to define the correlation error in an easy way, we need a bit more of notations

concerning the variables of integral kernels.

For ¢ <j=1,...,N, we define the variables z; = (2;,2}), and Z; = (21,...,2;). For
{i1,- ir} c {1,---,7}, we denote by Zj/.{“""’”“} e R2U-K)4 the vector Z; := (21,...,2)

after removing the components z;,, ... 2.

Definition 2.1. For any j =1,...,N, we define the correlation error E; € L& by its

integral kernel

(18) E(Z)=Y % ((DFF()... Pz FY (20,

k=0 1<iq<<ig<j

By convention and consistently we set

(19) FN=|F|=1,Ey:=1eL® :=C.

In [25] it was shown that (18) is inverted by the following equality:

J S
(200 FN(Z))=>1 Y Flz)...F(z)Ei(Z17), j=0,.. N

k=0 1<i1<<i,<j

ie. F jN is the operator of integral kernel given by (20).

Theorem 2.4, Theorem 2.1 and Corollary 2.2 in [25] state the following facts, among
others.

The kinetic errors Ej, j=1,..., N, satisfy the system of equations
-1
815Ej = (KJ + ﬁffj) Ej + DjEj
(21) + Djl-Ejurl + D;lEj_l + D;2Ej_2,

where the operators Dj, Djl., Djfl, Djfz, j=0,...,N, are defined at the beginning of the
Section 2, formulas (40)-(43).

We note that the operators D]C.“, a = 1,-1,-2 map functions of j + a variables into

functions of j variables.
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Theorem 2.2 (out of Theorem 2.2. and Corollary 2.3 in [25]).
Let E;(0) satisfy for some Cp > 1

. N
(22) 1B < G () izt

Then, for allt>0 and all j= 1,...,N, one has

CtlVipeo NI (5 NI .
(23) |E;(H)]: < (026 = ) (ﬁ) Cix .
for some Cy >0, Cy>1 explicit (see Theorem 2.2 in [25]),
and
04 PN - (0% < DerltuZHLmﬁ
J N’

where Dy = sup{Bs, (eCy)?}(By = sup{By,2C,}, B1, By being taken in Theorem 2.2 in
[25] at the value By =0).

3. ASYMPTOTIC EXPANSION AND MAIN RESULT

Two questions arise naturally:

(1) are the estimates (23) sharp?
(2) Could (24) be improved with a r.h.s. of any order we wish?

Of course, defining FJN’"(t), n =1,...,7, by its integral kernel FJN’"(ZJ') =
> X F(z)... F(z)Ein(Z) we get by (20), (23) and (24) that,

k=0 1<i1<<i<j

for any n < j, |[FN(t) - FJN’HH = O(N-(+1)/2) " However one cannot go further in
the approximation that is, in any case useless without the knowledge of the true
EjS.

As we will see later on, one of our main results states that, not only estimates (23)
are true, but &;(t) := NJ/ 2EJN (t) has a full asymptotic expansion in positive powers of

(%)?
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More precisely we will show that, under the hypothesis (22) on the initial data, and
for all time ¢ and all j =1,..., N, there exist sequences (8f (t))sen such that

(25) E(t) ~ S EL (LN
=0

k
(in the sense that for all k € N, [&;(t) - ¥ E/(t) N[ = o( NH/2)).
(=0

The coefficients Ef can be determined as solutions of a partial differential equa-
tions which can be solved recursively. More than that, Ef (t) turn out to be explicitly
computed in terms of a perturbative expansion, after the knowledge of the lineariza-
tion of the mean-field equation (15) around the solution of (15) with initial condition
F(0) = (FN(0)); which will be discussed in detail later on.

The starting point of our analysis is the evolution equation for &;(t), obtained by
the substitution E; = N7/2&; in (21):

(26) 0j = HiEj+ NEATE 1 + NT2ATE L + A€,
where

Hj = Ki+%X+D(t)
(27) | ijﬁ Z %1);1

A7 = ND;?

the D's being given by formulas (40)-(43) below. It follows that H;, AT, A7, A7 act on
functions of 7,7+ 1,5 — 1,7 — 2 particles, namely L& L&+l T.®i-1 [.®-2,
Inserting the expansion (25) into (26) we find for (Ef(t))jzl _____ Ni=0,.. the following

sequence of equations

(28) OEN = HiEF + A€V ) + ATERT + Asgl]

with the convention,
(29) EN(t) = 0k.0 ER(t) = EX,(t) = Ej_l(t) =0

and the ones inherited form (44).

(28) can be solved recursively. Indeed we realize that

(30) O&) = H;E) + AFE),
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can be solved by iteration in j (note that £}(¢) = 0). Thus knowing &7, we can also

solve

(31) &} = HiEf + NTE] y + ATE)  + NJE) .

J I+ J=J

by iteration in 7 and so on.

However we will see below that the computation of £F() depends actually only on € ]’.‘i’

k' <k, 7" < 7+k through a number of operations depending only on j and k independent
of N.

We now introduce the two-parameter semigroup defined by
(32) oU,(t,s) = H;(t)Uj(t,s).
Ui(s,s) = 1.

The existence of U;(t) is guaranteed by the classical theory of perturbation of semi-
group, K/ generating an isometric semigroup and % and D;(t) being bounded all the
operators. Moreover, let us define U (¢, s) as the linearisation of the Hartree flow around
F(t), namely

(33) U(t,s) = (Ki+A1))U(,s), Ar:=QC, F(1)) + Q(F (1), )
U(s,s) = 1.

We will see in Section 4.3 that U,(t,s), when acting on symmetric states, is a per-
turbation of U(t, s)®/, and can be explicitly computed out of U(t,s) by a convergent,
entire, expansion in szH—‘;H In particular, we’ll see that expansions of U;(¢,s) up to any
power of % can be explicitly obtained under the only knowledge of the linearisation of

the Hartree flow around F'(t).
Using of this semigroup Uj(t, s) leads immediately to solving (28) by the family of

relations:
5]’?(25) = Ug(t,O)é’j’?(O)
k + [ U;(t, S)(A;Sf_z(s) + A;é’ﬁ‘f(s) + A;gfjll(s))ds,
(34) _50 (E) = 5/€,07
A1 (50) = _Q(FvF)v
A5(‘5’(())) = Tl,Q(F®F)_Q(FaF)‘gF_F@Q(F?F)a
EN(t) = ER(t) = &(t) = 0 by convention.

We are now in position of stating the main results of the present paper.
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Theorem 3.1. Consider for 7 =0,...,N, k=0,..., t >0 the system of recursive
relations (34). Then, for all t € R, the knowledge of U;(t) (see Remark 3.6 below)
makes true the following
(i) 5}“(15) is explicitly determined by Sj"i'(O), ji<i+k, K<k
(i) F(t) =0 if £7(0) = 0, both for j +k odd
(iii) Let &;(0) be the solution of (28) with the condition |&;(0)| < (Aj%)I? for some
A > 1. Let us take moreover 5}‘3(0) = 030&;(0) (concerning this hypothesis, see
Remark 3.6 below). Then the following estimate holds true

(35) 1€;(t) - ]iN"“”Ef(t)Hl < Lon()N7"72 (L, (1)57)1,

where Li(t), L) (t) are defined in (55) below and satisfy, as k,[t| - oo,
log Li(t) = % (logk + W=y 4 Ok + W=y 4nd 1og L (1) = O(k + 1=,

The proof of the theorem is given in Sections 4.1 and 4.2.

Let us set, for j=1,...,N, n=0,..., 5]]-“(0) = 030&;(0) and

Jj+k

(36) E7(t) = % N2 EF(t)
k=0

and F jN’"(t) the operator of integral kernel FJN’”(t)(Zj) defined by

(37) ﬂ”ﬂ(t)(zj):i S F(t)(2) - F () (z,) Bl (210,

k=0 1<i1<<i<j

(that is (104) truncated at order n).

Theorem 3.2. Let FN(t) the solution of the quantum N body system (1) with initial
datum FN(0) = FoN, F € L(L>(RY)),F > 0, TrF = 1, and F(t) the solution of the
Hartree equation (15) with initial datum F.

Then, for alln>0 and N > 4(ez/L}, (t)7)?,

N Nn el 2Lan (e /Th (D)
|EN(8) - FY"(8)y < Nt 2B

Moreover the expansion of FJN’"(t) contains only integer powers of %

Remark 3.3. The condition of factorization of the initial condition FN(0) = F®N,
equivalent to E;(0) = 6;, is not necessary. It can be mildly modified by taking any
E;(0) satisfying (22) and the associated sequence £;(0). We leave to the interested

reader the elaboration of the precise corresponding statements out of Theorem 3.1.
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Proof. The proof is similar to the one of Corollary 2.2 in [25].

The fact that £7(¢), and therefore F’ jN’"(t) contains only integer powers of 1 comes
form the fact that the factorization of F'V(0) implies that £ f(O) = 01,000 and therefore
Er(0) =EF(t) =0 for j+k odd.

Moreover
|EN (t) - FY (1)
J J . I th k/2
< Z( )\\Ek—E"H < N 2(%)@&)(%)
jy k=1
) k
1 J VL5 (t)) Kk
< N ™2Ly()Y j(G-1)...(G-k+1)[ X212 =
2()];J(J ). (J )( N ) -
nl jey/ Ly, (t) (t) nol 2Lon(H)e/Ih (D))
< Lgn(t) Z < N3
TN g
for N > 4(e\/L}, ()7)* (we used that Ey(t) = E}(t) =1 and k j;%) O

Let us remark that, under the hypothesis of Theorem 3.2, (36) gives that E7(t) =
O(N-2) for j > 2, Ei(t) = 1, E}(t) = N71E(t) + O(N-2) and EN(t) = N71EN(¢) +
O(N72).

Therefore, keeping in F].N’l(t), given by (37), only the terms k= j—- 1,5 - 2, and
defining G'(t) = £{ (t), G3'(t) = &)(t) and G;'(t), j > 2, by its integral kernel

GIO(Z) = Y F®)). F(0)(a)E(Z )

1Si1<---<ilj_23j

Y Pz Pz, )E (2,

1<ig<e<ij <y

we get, by Theorem 3.2, that
. 1 B
FY (5= F()* = G5 (1) + O(N-).

Since G71(t), G9(t) don’t vanish identically by Lemma 4.6 (we guess one can prove the
same for all the Gj‘.l(t)s), we get the following bi-product.

Corollary 3.4. The rate of convergence to the mean-field limit in % 15 optimal.

As we mentioned already, U;(¢,s) is given by a convergent perturbative expansion
out of U(t,s)® where U(t,s) is the flow generated by the linearization of the Hartree

equation around its solution F'(t).
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More precisely, let Kj = %T] +D;—Aj and, for n € N, let us define the truncated
Dyson expansion of U;(t,s) as

(38) Uj'(t,s) =
2n+1 t ton o - .
Z / dtl [ dt2n+1U(t,t1)®jAj(t1)U(t1,t2)®jAj(t2) e U(tgn,t2n+1)®].
k=0 79 s

Let us consider FJN’"’"(t) be defined as FJN’"(t), but by replacing U;(t,s) by U(t,s)®/
in all underlying used expressions. Namely, the integral kernel of F N’"’n(t) is given

by (37) after replacing E "(t) by EN"n(t) = Enn(t) where £""(t) are the explicit
solutions of the recurrence relations
k,n n k,n
(39) R " 7 (Zoztg )EOA) EX(s) + ATEL () + ATET"(s))ds
7+1 7751 )
EF0) = 0ro&;(0)
with the same conventions as in (34).

Obviously the solution of (39) satisfies the items (i) — (i) of Theorem 3.1 and the

statements of Proposition 4.1.

Theorem 3.5. Let 04(0,%) and C' > 0. Then, under the same hypothesis than in
Theorem 3.2, one has, for any ne N, te R and j < CNz o

Nn,n _n-1L
|5 (8) = F;7" " ()] € My N2
for all N> M/, (M, o and M, are given in (74)).

Note that the expansion of F’ jN’"(t) contains again only integer powers of % and, by
the construction of Uy and Proposition 4.1, its explicit computation involves a finite
number of operations depending only on j and n (and not in V) and the only knowledge
of F(t) and the solution of the Hartree equation linearized around it.

The proof of the theorem is given in Section 4.3.

Remark 3.6. [Nature of the expansion in ] In the asymptotic expansion E;(t) ~

Z cl(tYN* the coefficients cl(t), such as Let us remark finally that each coef-
k=[(j+1)/2]
ficient Ef(t) depend on N as well: first by the dependence in N of At = (1 - %)Cj+1

and also U;(t,s) defined by (32). Moreover, since the condition |E;(0)| < (Aj2)i/? in
Theorem 3.1 is a condition only on the size, all the result of this paper hold true under
any dependence of £;(0) in N. In particular, this allows to reincorporate in £;(0) all
the terms EF(O)NY2 k=1..., as done in the second item of Theorem 3.1.
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4. PROOFS OF THEOREMS 3.1 AND 3.5

Let us first recall from [25] the expression of the ingredients present in equation (21):
For any operator G € L®* n = 1,...,N ,G(Z,) denotes its integral kernel and, for
any function F(Z,),n= 1,..., N, F/(Z\n) is defined as the operator on L®" of integral
kernel F'(Z,). Moreover J:={1,...,j}.

D; : L% L%

N-J o AN L P N
(40) Ejrs = 5 Ciga (F) B2 + FGr By (Z)
1eJ
1 —
N > CojaF(2)Ej (201
1#le]

Djl, . LU+ @0

N
(41) Ejqm TjCjHEjH

D7t o LUl L Led

! Ny ) N | T
(42) Ej1m _ZJTi,rF(Zi)Ej—1(Zj/{ ) - - ZJ:Q(F, F)(z)E;1(2)'")
1 -
_N Z Ci,j+1F(Z[)F(Zj+1)Ej_1(Z]/-{l})
1#leJ
1 oy S
_N ';JCi,j+1F(Zl)F(Z¢)Ej_1(Zj/il })
1ELE
and
Df . LeU-2) L8
1 i,r
i,5€J
! il
v 2 QUEF)(z)F () Eja(Z]™).
i#leJ
where, by convention,
D]lv = Dl_2 =0
(44) Di' (Eo) = -5 Q(F, F),

Dy?(Ey)=+(T12(F®F)-Q(F,F)®@ F-F®Q(F,F)) .
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In (40)-(43), F(z) is meant as being the integral kernel of F'(¢) solution of the Hartree
equation 15.

4.1. Recursive construction and proof of Theorem 3.1 (i)-(ii). Specializing (34)
to k =0, we get immediately that (we recall £J(t) = 1)

(45) E)(t) = U;(t,0)E7(0) + U;(t,0) /OtUj(O,S)A]:-EJ(-)_Q(S)dS,j > 1,

with the convention & = 0,1 < 0, and A3 (&) = (T12(F®F)-Q(F, F)® F-FeQ(F, F).

Therefore, for j =1,..., N,t € R, the knowledge of U;(t,s), |s| <|t],, and 5;),(0), g’ =
1,...,7 guarantees the knowledge of Ejo,(t),t € R, 7' < 7. We write this fact as

(46) (£5:(0))j=1..j ~ (Ep(1))ter jrm1.. .

Since &£F(t) = 0 by convention and £ () = 0 for k > 1 since Ey(t) := 1, we find after
(46) that &/ (t) and &;(t) are determined by &(0) and &£;(0). Therefore, by (34),

.....

.....

and by iteration
so that, by (46),

We just proved the following result.

Proposition 4.1. Foranyj=1,...,N,t>0,k=0,..., let Ej’?(t) be the solution of (34).
Then 5;.“(15) is determined by the values Sjk,'(()) for 0<k' <k, 1<j' <j+ k. Moreover

the number of operations leading to Ej’?(t) depends on 7 and k, but is independent of
N.

Formula (34) will give easily the following result.
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Proposition 4.2. Let 5]’3’(0) =0 for j' < j,k'<k,j’+ k" odd. Then Ej’?(t) =0 for j+k
odd.

Proof. Let us suppose 5]’3'(0) =0 for j' < j, k' < k,j'+ k" odd. By (34) we have that
£7(t) = 0 since £7(0) = 0. Therefore, by induction on j in (34), £/(¢) = 0 for all j odd.

Since & (t) =1, E(t) = 0,5 > 0, so that £}(t) = 0 by (34) and therefore 5.1(75) =0 for
all j even, since then j + 1 is odd, and therefore &} il(3) =0 . This gives 512(15) =0 by
(34) and so on. O

Propositions 4.1 and 4.2 are precisely the contents of the two first items of Theorem
3.1.

4.2. Estimates and proof of Theorem 3.1 (iii). In order to simplify the expres-

sions, we will first suppose that ”V”L“’ =1.

Note that one has therefore the following estimates:
(47) [D; 1 1450 < 5 and AT I [AT]L [AT (&), A7 (€0 < 5°.
Let us first recall that (21) expressed on the &;s reads
(48) 0j = HiEj + NTEATE 1 + NT2ATE L + A€,
and that (22) and (23) can be rephrased as
(49) 1€;(0)] < (A7%)72 = [€;(1)] < (Aj?)?, Ar=C" A
for some explicit constants A’ C.

Furthermore for the reader’s convenience we recall the equations for £ ]’?(t)

(50) OES(t) = Hi(1)EF (1) + ATE (1) + ATEF (1) + ATET(t)

J=-1
Calling 6_’}"‘ = i N-H2EEF, one easily check that
k=0
OEN(L) = Hi(1)EN(E) + ATEPH(t) + N72(ALEN (1) + ATEM (1))
(51) SN (AT (ER(1)) + AT (E (1)).
Therefore R} = & - 5]77‘ satisfies the equation

OR(t) = Hi(OR}(8) + AJR) (1) + N2 (A[ R} (8) + A R}y (1))

(52) N7 (AF(ER (1) + AT (E]4(D))
Let us define the mapping
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In other words, the family (U;(¢,s));-1... n solves the equation:

oU;(t,s) = H;j(t)U;(t,s) + A7U; o(t, 5)
FNTH( AU (t s) + ATU (1, 9)),
U,(s,s) = I.
Hence, the solution of (52) reads
Ri(t) = U;(¢,0)((R7(0))j=1...3)

n+1l

(53) + NTF fOtUj(t, s)((A7(s)E71(5)) + Aj($)E]1(8))j=1....v ) ds
with again the same convention on negative indices.
By hypothese, R7(0) =0 since £7(0) = 0,,0£7(0).
Let us suppose now that
(54) [AT(ES1 () + AT (3)] < Cu(s)(Cr(5)77), 8| < tl,
for two increasing functions Cy,(s),C/(s),C!(s) > 1, Then (49) implies that

.....

and thus
1€;(t) =& (t)]

|77 (1)

|05 5) (A (5)E()) + A5 ()EL ()1 )]
N=5 L, (1) (L (£)72)72,

IN

where
(55) Ln(t) = tC,(t) and L’ (t) = C'C" (¢)eM,
[t remains to prove an estimate like (54).

We will obtain such an estimate by iterating (34). We first remark that, since e’ +7i/N

is unitary and |D,| < j, the Gronwall Lemma gives that

(56) [Tt )] < e,

We will use

(57) [TV it < eUrmltma=tol for any ()i, _m (see [25]),
i=0

(58) [A=], A7) <52,

t t1 trn-1 tn
(59) f dt, f dt- f dt, = .
0 0 0 n!
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Let us remind that we have
E5(t) = 0rp, E7(0) = 610E;(0)

together with the estimate ||€;(0)] < (Aj2)7/2.

(50) reads:
E(t) = Ug(t,O)SJ(.’(O) + [ LUt $)AZEY ,(s)ds,
EFE) = [y Ut s)(AGEL ,(s) + ATENT(s) + ATEN ! (s))ds, k> 1.

Let us note first that (50) for k£ = 0 is verbatim (21) after replacing E; by 6}0 and D}
by 0. On the other side, we know by Remark 3.2 in [25], that the proof of Theorem
2.1 in [25], Theorem 3.1 in the present paper, depends on D3 only through its norm
| D3| required to satisfy (47). Therefore we get immediately,

(60) [E7(®)] < (C" A7)0,
and thus, by (56), (58) and using j* < e/Me X > 0,

t .
61) [ Uit ) (ATEL () + AJEL ()dsy < 2|(C" AeHeel Ol 2yl

j _
and the same argument as the one which leads to (60), we get, for j odd,

(62) [€5 ()] < (1 +20])(C"Aetleel D2y,

For k > 1 we will estimate Hé’j’?(t)H by iterating the third line M times, we will
end up with the sum of 3 terms involving the values 5]’?_‘2";,‘ o, for any (r,s,u) such
that M =r + s+ u with the two constraints k—s—-u >0, j-2r+s—-u>0. Actually
s,r,u are the numbers of operators A*, A=, A* occurring respectively in the term under

consideration.

Using the first constraint we see that
j=2r+s-u<j-2r+k<j-2(M-k)+k=j-2M + 3k.
So that, taking M =[(j + 3k)/2], the second constraint reduces to j—2r+s—wu =0 and
the first one to s + u = k since E(If = 0k.0.

We easily (and very roughly) estimate, using respectively M = [(j + 3k)/2], (59),
(57) and (58),

j+3k

63(j+k)|t|/2((j+k)2) 5

|EE@)| < 3G+ [#|(i+3k)/2
j ((j +3k)/2)!
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so that, using (1+&/j)7 < ek, j* <eiMe X >0 and n! >n"e™ !, we get
5 .

[EF )] < (2[5 (3 + k)2 (3 e[t 2)i2, k> 1

and, for all k£ >0, using (61),
5 6k .

(63) [EF ()] < (2ftle™3 (3 + k))H2((3e e [t]e + [t C7 AeH el D) j2)il2.
We conclude by (58): for some constants C(s),C}(s), we have
(64) |27 (71 (5)) + A (E1L1 ()] < Ci(s)(Ci(5)5%)">.

Remark 4.3. In the estimate of HEf(t)H the dangerous term is ATEST which increases
the number of particles. However k is simultaneously decreasing so that we can stop the
iteration after a finite number of steps thus avoiding the usual short time assumption

necessary for a full iteration procedure.

v HL

After restoring the dependence in by the same argument as in [25], Section 3,

namely a rescaling of the time and the kmetlc part of the Hamiltonian, we find
[slV]z= HL

Cr(s) = 46(2|S|HVHL°°6 J)3H/2
(65) ) X(366ke+4| ||vh|m63%+0%6 Vi i
Ci(s) :(36%%6% IVl 0 g e (s EllV i w

Therefore (54) is satisfied and Theorem 3.1 is proven.

The values of the two constants D, (t), D! (t) in (55) can be expressed out of (65)
by taking, by Theorem 2.2, C' = sup (B, 1), C’ = sup (Bs, Cy) where By, Cy, By, Cy, Cy
are given in Theorem 2.2. in [25].

Remark 4.4. We see that the properties (44)-(47), together with (5), are actually the

only ones being used in the proof of Theorem 3.1.

4.3. Computability and proof of Theorem 3.5. The main result of the present
paper is Theorem 1.4 which asserts the approximability of F jN (t), a state of the real
N-body evolution, in terms of FJN’"(t), up to an arbitrary accuracy. Of course the
interest of the result is related to the computability of F jN’"(t), at least in principle.

The starting point is obviously the knowledge of the solution of the Hartree equation.

The second ingredient is the semigroup U;(¢,s) defined by (32). We underline that

to compute Uj(t,s) we need in principal to solve a j-body problem. But we will show

1 =nlogn-n+1.

n
although the argument is quite standard, let us recall it: logn!= Y logj > fln log(z)dx = [:c logx - x]?
=2
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now how, up to the desired order of accuracy, this problem can be solved by a explicit
perturbative expansion.

The N-independent part of the computation is the “j-kinteic linear mean-field low”
defined by the linear kinetic mean-field equation of order j:

d , ,
(66) 7 A@) = (B + 4;(1)) A1), A(0) e L™,
where A(t) = %im Di(1).
(66) is solved by the two parameter semigroup U7(t,s) solving
(67) QU (t,s) = (K7+Aj(1)UN(t,s).

0 _
Uj(s,s) = 1.

Note that U]Q exists since K/ generates a unitary flow and A; is bounded.

The reason of the terminology comes form the fact that, as shown by (40), Ay =
Q(F,) +Q(-, F) so that, for j =1, (66) is the linearization of the mean-field equation
(15) around its solution F(t): U(t,s):= UP(t,s) solves (33).

Note moreover that, for G, G? € L,

(68) Ao(GIG? + G2GY) = (ALGHG? + GHALG?) + (AGP G + GH(ALGY).
and therefore
(69) Ud(t,s)(G'G? + G*GY) =

(U(t,s)GH)(U(t,5)G?) + (U(t,s)G*)(U(t, 5)G).

More generally, if P;: L/ - L® is any homogeneous polynomial invariant by permu-

tations,
(70) UY(t,s)P(GY, ..., GY) = Py(U(L,5)GY, ..., U(t, 5)G).

That is: UY drives each G/ along the linearized mean-field flow “factor by factor”.
Denoting by L;@gm the subspace of symmetric (by permutations) vectors, we just prove

the following result.

Lemma 4.5.
0
Uj (tv S)

Lo, = Ut $)®.

Note also that, since AjA(%) is a commutator, we have that 9;TrA(¢) = 0 when A(?)

solves (66). Therefore U ]Q(t, s) preserves trace on L&),
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To be more concrete, let us present the explicit computation of the first orders.

We have
1 1
U(t,s) = %[—#A +Vp, U(t,s)] + %[VU(@S), F]
i i
where, in the last term, Vi 5) acts on E1(s) as Viis)B,(s)-

More generally,

OUN(1) = = [ A + VE,UND)] + P(UL. F)

ih
where
(P(U2, F)E;)(Z;) -
Y, [ da(V (=) =V (ai =) (U B (o)) Pl
that is |
(P F)E) = XAV 4 (U3(0.9)E). F).
Finally _

ENZ) = [ [ dsaZsU(t,)(Ze, )V (3} - a8) F(5) () F (5)(25)dsdZs

and
§0) = [ Ut9)Q(F Fis
(71) -4 [ t [0 TV, )V () 8 F ()]s

Lemma 4.6. &' and &) don’t vanish identically.

Proof. By (28) and (34), £(t) = 0 for all ¢ would imply that T o( F® F') = Q(F, F)® F-
F®Q(F,F) =0, which is wrong, and &/ () would imply that A7EY = Q(F, F), incom-
patible with applying A} to (28) taken at j = 2. ]

Proof of Theorem 3.5. Let us first note that U jo(t, s) is given by a convergent Dyson
expansion and that, by the isometry of the flow generated by K7 and (47), we have by
Gronwall Lemma that [U9(t, s)| < e/, Since | £T;+ D; - A;| < 3e/t L= (2, s)
is itself given by a convergent Dyson expansion.

Let again A, = =T+ D; - A;. and UZ(t,s) be defined by (38).



22 T. PAUL AND M. PULVIRENTI

We get easily that, for j <CN %—04,

it 42 1V Lo
(3ej|t|3_ )n+1
N A

(n+1)!

it 2 IV oo s
|U;(t,s) - UR(t,s)| +1< e A

= Cn,j,a,tN_n_l-
Let us define Ef’"(t) the solution of (34) where Uj(t,s) is replaced by U?(t,s) and
[E5(0)] < d1;(Aj2)7%. One easily adapt the derivation of (63) in order to get the

following result.

Lemma 4.7. Let us rewrite the r.h.s. of (63) as dy.;;(Aj?)//?. Then
|EFE) = EXM ()] < (G + k= DIy ja(Af%) PN

n7j7a7t

Proof. Tterating j + k times the first equality of (34), we get that the difference Sf(t) —
E f’"(t) is given by the sum of (k+ j —1)! expressions similar to the one for £ ]].“ (t) with
m Ujs replaced by U; = Uy, m = 1,...,j+k—1. Since m € [1,j + k - 1], each such
expression is bounded by c{ff&ltN 1 times a similar expression where the U;s are
replaced by some Vjs, equals either to U; or to U; - U}"‘ renormalized. That is, in all
cases, |V;(t,s)| < e/l=sl. Since the derivation of (63) uses only (56)-(59), the Lemma

is proven. ]
Defining 5_;7”" =Y Nk 25;.“’", Lemma 4.7 gives immediately that
k=0

€7 =& < (n+ 1) (G + k= DT, i (AFRN

n?]’a’t

Hence, defining £" = N —il 26_’;”", we get, using (35) and under the hypothesis of The-
orem 3.2,

(72) |E(t) - EX"'(£)] < Cje N2
with
(73)  Cuja=Lon()NT"2(Lh, ()52 + (n+ 1) (j + k- DT di i (Aj2)12

Let us fix n and let us define j, = [(n+ §)/a] + 1 (so that N~ < N-"3). If
J < Ja, (72) gives the result with M, o, = C, ... When j > n, let us decompose
N(4) - N N - N o
FY() =Y (1) +F;Y, (t) where the integral kernel of Fi% . (%) is given by the r.h.s.
of (37) where the sum is restricted to k € {0,...,7 = ja}.

Cclt”V”Loo
By (23), |[FN_, ()] <2(Coe— 7 )

s SJa
Ja .
argument as in the proof of Theorem 3.2) and, by (72), [F}¥,, ()] < (X (j,j)C’n,kvt)N‘”‘%.
k) (0% k:O

TYN-""3 for N > (2Cgew)1/a (by the same
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Theorem 3.5 is proven by setting

1t ad 1t oo . ja ‘Oz
(74) e t - (202600 ”hV”L )1/a n,o,t = Cn,n,t + 2(02600 ”;/HL )30‘ + Z (j]{: )Cn,k,t-
k=0

5. THE KAC AND “SOFT SPHERES” MODELS

In this section we consider the two following classes of mean-field models (see [25]
for details).

e Kac model. In this model, the N-particle system evolves according to a stochastic
process. To each particle i, we associate a velocity v; € R3. The vector Vy = {vy, -+, un}
changes by means of two-body collisions at random times, with random scattering
angle. The probability density F'V(Vy,t) evolves according to the forward Kolmogorov

equation

(75) a,FN = f dw B (w;v; — v, {FN (Vid) - FN (W)}

where Vi = {v1, 01,0}, is1, =+ vjo1, V5, vji1, -+, on b and the pair o], v} gives the out-

going velocities after a collision with scattering (unit) vector w and incoming velocities

B(w;vi—v;)
[vi—vj

mean-field kinetic equation is the homogeneous Boltzmann equation

(76) 0,F (v) = f dv; [ dwB(w;v - ) {F(')F(¢!) = F(v)F(v1)} .

Vi, Vj. is the differential cross-section of the two-body process. The resulting

e ‘Soft spheres” model. A slightly more realistic variant, taking into account the po-
sitions of particles Xy = {x1,--, 2y} € R and relative transport, was introduced by
Cercignani [9] and further investigated in [19]. The probability density F'N(Xy, Vy,t)
evolves according to the equation

N
8tFN+ZvZ--inFN = —Zh(m :z:j\)B( : -—vj)
1=1 Z<j ‘xl $]|
(77) <{FN( Xy, Vi) = FN(Xn, Vi) } .

Here h: R* - R* is a positive function with compact support. Now a pair of particles

collides at a random distance with rate modulated by h. The associated mean-field
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kinetic equation is the Povzner equation

OF(x,v)+v -V, F(z,v) = fdvlfdxlh(|x xl\)B(‘ | 1)
x{F(x,v")F(x1,v]) = F(x,v)F(x1,v1)},

which can be seen as an h—mollification of the inhomogeneous Boltzmann equation
(formally obtained when h converges to a Dirac mass at the origin). Both classes have
be treated in [25] and Theorem 2.2 apply to them, in the following sense.

The underlying space L is now LY(R¢ dv) (resp. LY(R??, dxdv))) for the Kac model
(resp. soft spheres) both endowed with the L' norms |[-[;. For FV e LN, FY e L8 is
defined by

F}N(Zj) = AFN(Zl, cee s Zjy RJ+1y - .,ZN)de+1 .. .dZN

for Z, = (21,...,20),m = 1,...,N with z; = v; € R4, Q = RW=94d (resp. z; = (z;,v;) €
R, Q) = R2(N-1)d) for the Kac (resp. soft spheres) model.

In both cases Ej(t) is defined by (18), inverted by (20), and it was proven in [25]
that Theorem 2.2 holds true verbatim in both cases.

Stating now the dynamics driven by (75) and (77) under the form (3) with KV =0
resp. KV = - ¥ 0;0,,) for the Kac (resp. soft spheres) model and VN given
(resp. | p p g

.....

by the right hand-sides of (75),(77) respectively, one sees immediately that the proofs
contained in Sections 4.1,4 remain valid after an elementary redefinition of the operators
D;, Djfl, D]T2 in (40)-(43) consisting in removing the bottom and overhead straight lines
in the right hand sides and, by a slight abuse of notation, identifying functions with
their evaluations. The convention (44) remains verbatim the same, together with the

estimates
. _ _ _ _ 52
(78) | D1, | Dj]l < j and | D;|, | D;?|l, | Dy (Eo), | Dy (Eo)] < N

Therefore, by Remark 4.4, the statements contained in Theorem 3.1 and consequences
hold true, in both cases, verbatim. Moreover defining F jN’" by (37) in both cases,

Theorem 3.2 reads now as follows

Theorem 5.1. [Kac case] Let FN(t) the solution of the N body system (75) (resp.
77) with initial datum FN(0) = F®N, 0 < F e LY(RY)), [ f(v)dv =1 (resp, 0 < F ¢
R
LY (R*)), [ f(z,v)dxdv = 1), and F(t) the solution of the homogeneous Boltzmann
R2d
equation (76) (resp. the Povzner equation(78)) with initial datum F.
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Then, in both cases, for alln>1 and N > 4(eA2"j)?,

N Non —n-L1 2t0y,(t)eA?"]
| (t)_Fj ()1 <N Q—Qﬁ .

The statements of Corollary 3.4 and Theorem 3.5 (witth the hypothesis of Theorem
5.1), and the Remarks 3.3 and 3.6 remain verbatim true.

APPENDIX A. THE ASBTRACT MODEL

A.1. The model. We will show in this section that the main results of [25] and of
Section 1 of the present paper remain true in the “abstract’” mean-field formalism for
a dynamics of N particles that we will describe now. The present formalism contains
the abstract formalism developed in [25], without requiring a space of states endowed

with a multiplicative structure.

States of the particle system and evolution equations. Let IL be a vector space on the
complex numbers. We suppose the family of (algebraic) tensor products {L®",n =
1,..., N} equipped with a family of norms |-|" satisfying assumption (A) below. the
N-body dynamics will be driven on L&V by a one- and two- body interaction satis-
fying assumption (B) and the mean-field limit equation will be supposed to satisfy
assumption (C).

Assumptions (A) — (C) below will be followed by their incarnations in the K(ac),
S(oft spheres) and Q(uantum) models.

By convention we denote L2 := C, ||z||° = |2| and we denote by L.®" the completion
of L®" with respect to the norm |-|™.
For the K, S and Q models, L®" is L'(RY,dv), LY(R*!, dxdv) and L'(L*(RY), the

space of trace class operators on L*(R®), with their associated norms.

(A) There exists a family of subsets Le" of L8 n=1,..., N, of positive elements F
denoted by F'> 0 stable by addition, multiplication by positive reals and tensor
product and there exists a linear function Tr : I - C, called trace. For every
1<kn<Nand 1<i<j<n<N, let Tr,k;; and o be the two mapping defined
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by?

Tl"fb . Len — [en-l
n n
v, — Tr(vy) ® v,
1=1 1=1

(79) 3 itk
O-;”Lj . L@n - L@n
’ n n . .

®1v2~ > ®1v;, v, =t EkE] vlf:vj,vj’.:v,'.
1= 1=

We will suppose that Trfv and 0}';, 4,7,k <n < N, satisty, for any F e L®",

Try(F), 07 (F) >0, [Teg(F)|n1 = | F[, when F >0
(80) log; (B ™ = F
| Ten(F) [t < | Fl»

In particular one has that |F|” = Tr"... Tv'F when F > 0 and |[Tv"... Tr' F| <
|F'|™ in general.
Note that (80) allows to extend Tr" and il to L&" by continuity. We will use
the same notation for these extensions.

For the K, S and Q models, Tr* is .[Rd -dvy, fRQd -dxrdvuy as indicated in Section
5, and the partial traces defined in Section 2. The action of o} consists obuvitously
in exchanging the variables v; and v, (zi,v;) and (x;,v;) and (z;, x7) and (zj,2}),

(in the integral kernel), respectively. Finally (80) is satisfied in the three cases.

From now on and when no confusion is possible, we will identify IL®" with its com-
pletion IL® and we will denote Trh = Tr" (note also that Tr = Trj = Tr'), o = 0;; and

)

Tr(=Tr,) = Te"Ty" .. Tr}. Moreover, with a slight abuse of notation, we will denote

[-ly= -7, yn=1,....N

(81) N
||| the operator norm on any L(L® L®/), Vi,j=1,...,N

(here L(IL®",1L.®7) is the set of bounded operators form L& to L&7).

We call symmetric any element of L®" invariant by the action of opp ) < N

We call state of the N—particle system an element of

(82) Dy={Fel® | F>0, |F|=1 and F is symmetric}.

2The fact that the second and fourth lines of (79) define a mapping on the whole tensor space L®" results easily from the definition of
tensors products through the so-called universal property [20]. Indeed, let ¢, be the natural embedding L*™ — L&" (v1,...,vn) = 01 @+ @ Vp,
and let h be any mapping L*" — ]LX”/, then the universal property of tensor products says that there is a unique map h:L®" - L8 such that
hown =@, oh. Taking n’ =n—1, h(vi,..., 0, ..., 0n) = (trace(vg )V, ..., Vh_1,Vks1,s---,0n) for TrF and n’ =n, h(vi,..., 05y 05,...,0n) =

(V1,...,0, ..., V4, ...,vp) for O’,?,j give the desired extensions.
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For 7 =0,..., N, the j-particle marginal of 'V € (L®")7 is defined as the the partial
trace of order N — j of F'N, that is

(83) FY =TV TV T PN Y = FY

Note that F¥ e L® (Y =1 € L®0 = C) and F}Y > 0,|FN|7 = [FN[Y since Tr is
positivity and norm preserving, and obviously FJN is symmetric as F'V. That is to say:

FjN EDj.

(B) The evolution of a state FV in IL®V is supposed to be given by the N-particle

dynamics associated to a two-body interaction:

d
(84) EFN = (KN + VNYEFN,
where the operators on the right hand side are constructed as follows.
N e(i-1 N-i
(85) EV=3T"Ve Ko™
i=1
and
1
(86) VN = N 1<Z<N Vii, Vij:= aﬁ.agjv ® HL®(N—2)O'{\’]Z-O'§’ZJ-
<i<j<

for a (possibly unbounded) operator K acting on L and a bounded two-body
(potential) operator V' acting on L&
We assume furthermore that K is the generator of a strongly continuous, iso-

metric, positivity preserving semigroup (in L)
(87) eME>0 if F>0; et =1.

and KV + V¥ is the generator of a strongly continuous, isometric, positivity

preserving semigroup (in L&)

(88) e ENVIOIEN S0 it FN>0; e KTV =1
Finally, for any F e L, FN ¢ L8N and 7,7 > j, we assume

(89) Tr(KF) =0 and To" (V;, FN) = 0.

This last property is necessary to deduce the forthcoming hierarchy.
For the K, S and Q models, the ingredients in (84) are given in Sections 5 and
2, where (87)-(89) are shown to be satisfied.
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Note the symmetry property of the equation (84) induced by the definition of V:
if the initial condition F{ for (84) is symmetric, then FV(t) is still symmetric.

Hierarchies. The family of j-marginals, 7 = 1,..., N, are solutions of the BBGKY
hierarchy of equations

T N-j

(90) O F) = (KJ + Nj) FN+ ( N] )(Jj+11«ji1
where:

R R -
(91) K=Y1"" e KeI?V™,
(92) er = Z CZ—;',T with Crz’,r = Vi

1<i<r<y
and
(93) Cj+1F]]X1 rj+1 (Z V;j'*‘l ]+1) Z Cl J+1 +17

1<)

(94) Cigo1 + LoD - L, CignFj = Te/ (%JHFJH) ’
Indeed, thanks to (89) we get easily by applying Tr’"' on (84) that

1 .
—Te!N( Y VipEY)

d N _ j N
—FN = (K7 + EY < D
1<i<j<k<N

dt ’

By symmetry of 'V and Vi, we get T (V; , FN) = T/ (V1. 1 F N) for all k> j and
(90) follows.

Note that, thanks to the assumption (80) and for alli<j=1,..., N,
(95) ITil <7V, and |C;jual < 5]V

(meant for (HT%HIL@—JUX’U HCi7j+1HL®(j+1)_)L®j7 HVHL®2—>L®2 USng (81))

We introduce the non-linear mapping Q(F, F'), @ : L x . > L by the formula
(96) Q(F, F) = ¥ (Vio(F & F))
and the nonlinear mean-field equation on LL
(97) OF=KF+Q(F,F), F(0)>0, |F(0)],=1.

Eq. (97) is the Boltzmann, Povzner or Hartree equation according to the specifications

established in the table above. In full generality we will assume
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(C) (97) has for all time a unique solution F'(t) >0 and ||F'(t)] = 1.
For the K, S and Q models, (C) is true by standard perturbations methods.

Correlation error. To introduce the correlation errors, we need to extend slightly the

above structure.

For any subset J c {1,..., N} we first define

(98) L8/ = 1L®XJ(Z)

where Y is the characteristic function of J and L& = C.

Then we introduce L&/, the subspace of IL®J formed by vectors of the form ®v,
where v; =1 € C for i ¢ J and v; € L for i € J. Note that L®/ is sent to L& by the
mapping

N
I: u; el » ®uv; e L&V
1=1 ieJ

We define a norm on L®/ by
[-lees = [TIC) 1.
For FeL and K c J c {1,...,N} we introduce the linear operator [F]3", defined

through its action on factorized elements as

[F]?K CLeJE e

N N
(99) ®v; » ®aj;,
i=1 i=1
a, = 1eC if s¢J
where { a;, = F if sek
as = vy if seJ/K

Note that, for K, K'c J, K n K’ = &, we have the composition
(100) [FY5E TFY5 s = LRI = P05 [R5
and more generally, for all F,G,

(101) [F15° (G5 = (G157 [F 15 e
For any subset J c {1,..., N}, we define the correlation error by

(102) Ey= Y (-D)[F] ®KFL%K
KcJ
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where F' solves (97), the operator [F]?K is defined by (99) and F¥ e L®" is defined
through its decomposition on factorized states. Namely if

Ol
then
Fiv = Z Cly ey Oy @ -7+ ® Ay,
fl ..... ZN
as = Tr(vs)eC if s¢lL
where _ :
as = U if sel

The link between the definition of F}¥ and the definition of the marginals F’ jN given in
(83) is the following:

(103) FY

(1,0} ~ FN ® (1)°WV-9 e L8 @ (L80)®(V-0),

The formula inverse to (102) reads

(104) F}V: Z [F]?KEJ/K-

KcJ
Note that the contribution in the right hand side of (104) corresponding to K = .J and
K = @ are F®V| and E; respectively. To prove (104), we plug (102) in the r.h.s. of
(104) and we use (100):

S FI Eyx = Y FIT Y COREISEY o]
KcJ KcJ K'cJ|K

/ K
>y (MRS [F]J/KF}\;(KUK’)
KuK'cJ KcJ

K'nK=@
/ L
- ST ORI, = E

K'cL

> (- = (- 1)0—

,CQ

since Y (1)K = Z ('L,|)(—1)|K' =0l =0if L # @, and = 1 if L = & (since
)

One notices that since F N is the marginal of some F'V which decomposes on elements

of the form v; ® -+ ® vy, F N decomposes on elements of the form ( H Trog)v; ®
k=7+1
--®v;. Since one knows that F jN is symmetric, it is enough to choose one bijection
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iy:{l,...,5} = J, |J| = j, and consider the mapping

o,
(I)z'J 2L®|J| R -

N
(105) ,®ijeL®|J| > .®1aieL®J
JE€ 1=
(106) Ej = F7

where a,=11if ¢ ¢ J and a;,(;) = v;.
®, , is obviously one-to-one since iy is so, and, though (105) depends on the embedding

7]

chosen, (106) does not: ®;, restricted to the space ]Lg of symmetric-by-permutation

elements of L8/, depends only on J and not on 7;. We will call ®; this restriction,
(107) D, = <I>Z-J\L§|J|.

The same argument is also valid for E; which enjoys the same symmetry property
than FV and we define
(108) Eyj = Ol E;.
® ; is obviously isometric and we have that

(109) |Eser = | Eq, oy lLete-im = [Eg i

Therefore, considering the one-to-one correspondence ®, it is enough to compute/estimate
the quantities F;,j=1,...,N. E; and FJN are linked by

B = T (DFIFIOr),
(110)
FfC = E P15 ®r By
For the K, S and Q models, the corrsponding expression are given in Sections 5
and 2.

A.2. Main results similar to [25]. The kinetic errors E;, j = 1,..., N, satisfy the
system of equations
|
815Ej = (Kj + N,Tj) Ej + DjEj

(111) + DjEj+D;'E;_1 + D°E;_,,

where the operators Dj,Djl,DjTl,D]Tz,j =1,...,N, are defined in Appendix B below,
equations (120)-(121), together with the proof of (111). Moreover, since (122) holds
true, we know by Remark 3.2 in [25], that the proof of Theorem 2.1 (and therefore

Corollary 2.2) in [25] remain valid in our present setting.
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We get the following result.

Proposition A.1. The statements of Theorem 2.2 hold true in the abstract setting
defined in Section A.1.

A.3. Asymptotic expansion. [t is easy to see that the proofs of the main results
expressed in Section 3 are adaptable in an elementary way to the present abstract
paradigm. Indeed they use only the three properties stated in Remark 4.4, valid in the
present setting as pointed out at the very end of Appendix B, formula (122), together
with (87)-(88).

Therefore, the statements contained in Theorem 3.1 and Corollary 3.4 hold true,
verbatim, under the hypothesis of Theorem 2.2, and with the definition of corrections
errors given by the first line of (110) and replacing % by |V in (65).

Moreover defining now FjN’" by truncating the second line of (110) at order n, that
is

N,TL _ K n
= 2L P15 R By
where E7 is defined by (36), Theorem 3.2 reads as follows.

Theorem A.2. [abstract] Let FN(t) the solution of the N body system (84) with initial
datum FN(0) = F®N 0 < F e L, |F|y, = 1, and F(t) the solution of the mean-field

equation (97) with initial datum F.
Then, for alln>0 and N > 4(eA2"j)?,

N N,TL —n—l 2150271(15)614?”]
HFj (t)_Fj ()1 <N ? A

The statements of Corollary 3.4 and Theorem 3.5 (witth the hypothesis of Theorem
A.2), and the Remarks 3.3 and 3.6 remain verbatim true.

APPENDIX B. DERIVATION OF THE CORRELATION HIERARCHY (111)

From the definition of E; (cf. (102)) we find

K K
08 = T (DF(a([FIS) ), + [FI5 0F),)

Moreover, by (99)

K K [{ko ko
(112) o ([F1 ):kZK[F]? O R gy



ASYMPTOTIC EXPANSION OF THE MEAN-FIELD APPROXIMATION 33

Applying @ defined in (108) to the BBGKY hierarchy (90), one finds easily that F'Y
satisfies, denoting a(j, N) := %,

(113) OFYN = K'FN + — Z T ) +a(G,N) Y CigaF i

i<reJ ieJ

(for j+1¢J).
By the mean-field equation (97) we deduce that

Oy = T (DK T [FISOE QUSSP

KcJ
_ K . QK o
+ KCJ( 1)' |04(J |K"N)ie§/:K[F:|J CZJHF(J/K)U{]H}
+ L -1 |K| T‘zr
e 2 (DRI 2 T
QK
(114) + KZC:J(—U'K'[ 1y (KJ/K J/K)'

We denote by 7;, 2 =1,2,3,4, the four terms contained in the four lines of the r.h.s. of
(114), respectively. The computation of the T;s is purely algebraic and will use only
the four following properties

DISIEER

5 I =

[F]?K[F]iﬁé _ [F]?K'[F]?ﬁé/ _ [F]?(KUK')’ KKcJ KnK'=g
CijrlF1 im0y = [F] J/K)CZJ+17 KclJ, j+1¢J

In order not to make the paper too heavy, we will compute extensively two terms and

leave to the reader the straightforward (but tedious) computation of the other terms.
Using the definition (102), we get

Z( 1)|K| Z ®K/{k°}(KF+Q(F F))®{ko} F};K

P 2 JI(K [{ko})
ko
= - Y (KF+QE )T Y COFE o FY ik
koeJ KcJ/{ko}

- Z] (KF+Q(F, F))?{i}EJ/{i} :

(115)
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To compute 7, we make use of the inverse definition (104):

Too= Y a(i - |[KLN)EDED S (FISC 0 oo

KcJ ieJ | K
= Y a(-|KLN)(DE S [R5
KcJ ieJ | K
RK'
(116) < Cign ) [Flomuyan Bomogay
K'c(J/K)u{j+1}

Distinguishing among the belonging or not to K’ of i and j + 1 in the r.h.s. of (116),

we decompose

(117) 7-2 :7-21',j+1eK’+7-21',j+1¢K’+7-21'eK’,j+1¢K’+7-2¢¢K’,j+1eK’
We have
T = S (- KL N) ()RS (RS
KclJ ieJ|K
RK'
---Cz',j+1K, (J/% o [F](J/K)u{j+1}E((J/K)u{j+1})/K’
C U4q 7+
z’,j+1eK’j
= Y a( - K[ N)(-D)E S [FIFEL
KclJ ieJ|K
®K"u{i,j+1}
G K”c(zf/z;()/{i} (F) oyt B
= Y a(- KL N)ED)EY [FIFEL
KcJj{i} ieJ | K
®K"u{i,j+1}
G2 NGt Bunorue)
= Y a(- KL N)ED)ES RS
KcJ/{i} ieJ
QK" ®{i,'+1}
Kre(TTNIK [F 1m0y Gt L oy aemots ey B ey
. K KII
=Y Y a(-|K,N)(DR[F]S > [FIm -
ieJ KcJ/{i} K"e(J/{i})/K

®{i,j+1}
- CigulF ]((J/]f;)/K”)U{jH}E(J/K)/(K”U{i})
; L
=Y Y (X a- KL N)(D)EN[FIFE

1€J LcJ/{i} KcL

®{i,j+1}
e Cz',j+1[F]((J/j/;)u{jﬂ}EJ/(LU{i})
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. 1,7+1
= a(j,N) Z] Ci,jﬂ[F]%{;H}}EJ/{i}

®{l} ®{i,j+1}
- ZZJ CogalF1 5 imonsy B
Z:F €

- oM TIQ(F, 15V By

®{l} ®{i,j+1}
N ZZJC”” VoG Gy B
Zi €

. i 1 idj+l
= Oé(J,N)Z[Q(F,F)]Ee}{ }EJ/{Z}—N > Ci,j+1[F]?L{J{j;71+}}EJ/({U})
ey itle]

since Y (~1)&1=§, 5. Note that there is a crucial compensation:
KclL

ir1eK! Ji i
T+ Ty = _WZI[Q(F’F)]?{ 'Ejpga

1 i l
(118) -5 ;] [QUF, ISV FIS I, Bapgiay-
1¥l€

L, j+1¢ K’ K/, j+1¢K’ ¢ K’ j+1eK’
T T

The computations of 7, go the same way and we omit

it here.

We consider a similar dichotomy for the term

KZ:( 1)|K| ®K(. EJ:/K zr) J|K
N

2|H 2|H

K
1)|K| ® ( Z zr) Z J/KEJ/ (KuK') -

izreJ | K K'cJ|K
according, this time, to the cases i,7 ¢ K/, i,r ¢ K', i e K')r ¢ K" and 7 ¢ K',r ¢ K'.
The computation of the different terms uses the same “tricks” than for 75 and we omit
them.

Finally, we obtain easily that

(119) Ti =y (-D)RIFS(KIEFY ) = K7E).
KcJ

Summing up all the contributions 77,1 =1,...,4, we get (111) after specializing to the
case J ={1,...,j}, using (108) and setting
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Dj: ]L®j—>L®j j=1,..., N,

i) ®{j+1}
Z Cijn ( 5y oot B + (P15 Es)

ieJ
>, Cign F155Gm @arme Ej
Z:#G
D! LeUM L Lo =1, N-1,
N-j

Ej+1 = TC]’HE]'H )

D7' o LeUD L8 j=92 ... N,

J efi} ®{}
Ejl”(_ﬁg;[ (F,F)]; QNZTM )(I)J/{}Ejla

i,reJ

®{l} ®{j+1}
- Z Czj+1[ ](J/j{l})u{j+1}q)J/{l}Ej_1

®{z} ®{i}
N Z CignlF ](J/{l})u{j+1}(1)(J/{ial})u{jH}Ej—l
D72 . LU L@J j=3,...,N,
j -2 = Z T‘zs ®{} F]®{S} (I)J/{i,s}Ej—2

z seJ 1}
i !
(120) _N -;, [QUF, IS F1S 0 @iy By
(EIAS
where, by convention,
D} :=D;?:=0
(121) D1t (Ey) = -xQ(F, F),

Dy?(Ey)=+(T12(F®F)-Q(F,F)® F-F®Q(F,F)) .

Note that one has the following estimates:

'2
. 0y 12l e _ J
(122) ID;1,1D;1 < j and [ DI D5 [ Dy (Eo)l, | D2* (o)l < -
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