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ASYMPTOTIC EXPANSION OF THE MEAN-FIELD
APPROXIMATION

THIERRY PAUL AND MARIO PULVIRENTI

ABSTRACT. We established and estimate the full asymptotic expansion in integer powers of % of the
[\/N ] first marginals of N-body systems evolution lying in a general paradigm containing Kac models
and non-relativistic quantum evolution. We prove that the coefficients of the expansion are, at any
time, explicitly computable given the knowledge of the linearization on the one-body meanfield kinetic
limit equation. Instead of working directly with the corresponding BBGKY-type hierarchy, we follows
a method developed in [24] for the meanfield limit, dealing with error terms analogue to the v-functions
used in previous works. As a by-product we get that the rate of convergence to the meanfield limit in

1 . .
~ s optimal.

1. INTRODUCTION: MOTIVATION AND MAIN RESULTS

Mean field limit concerns systems of interacting (classical or quantum)
particles whose number diverges in a way linked with a rescaling of the
interaction insuring an equilibrium between interaction and residual kinetic
energies. In the case of an additive one-body kinetic energy part and a two-
body interaction, and without taking in consideration quantum statistics,
this equilibrium is reached by putting in front of the interaction a coupling
constant proportional to the inverse of the number of particles.

The system is then described by isolating the evolution of one (or j) par-
ticle(s) and averaging over all the other. This leads to a partial information
on the system driven by the so-called j-marginals. The mean field theory
insures that the j-marginals tend, as the number of particles diverges, to
the j-tensor power of the solution of a non-linear one-body meanfield equa-
tion (Vlasov, Hartree,...) issued from the 1-marginal on the initial N-body
state. This program has be achieved in many different situations, and the
literature concerning the mean field approach is protuberant. We refer to
the review article [27] for a reasonable bibliography.

Much less is known about the fluctuations around this limit, namely
the correction to be added to the factorized limit in order to get better
approximations of the true evolution of the j-marginals.

The identification of the leading order of these fluctuations with a Gauss-
ian stochastic process has been established in the quantum context first in

[15] and in the classical one in [5]. For the classical dynamics of hard
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spheres, the fluctuations around the Boltzmann equation have been com-
puted at leading order in [26], generalizing to non-equilibrium states the
results of [3]. More recently, for the quantum case, fluctuations near the
Hartree dynamics has been derived in [21] ( after [20]) and in [2] also for
the grand canonical ensamble formalism (number of particles non fixed),

using in both cases the methods of second quantization (Fock space).

Recently, we developed (together with S. Simonella) in [24] a method to
derive mean field limit, alternative to the ones using empirical measures
or direct estimates on the “BBGKY-type” hierarchies (systems of coupled
equations satisfied by the set of the j-marginals). This method rather
uses the hierarchy followed by the “kinetic errors” E;_j (defined below),
already used (under the name “v-functions”) to deal with kinetic limits of
stochastic models [10, 7, 4, 11, 12, 6, 8, 13] and recently investigated in the
more singular low density limit of hard spheres [25]. These quantities are,
roughly speaking, the coefficient of the decomposition of the j-marginal as
a linear combination of the kth tensor powers, k=1,...,7, of the solution
of the mean-field equation issued from of the 1-marginal of the initial full
state. We developed in [24] a strategy suitable in particular for Kac models
(homogeneous original one [16, 17] and non-homogeneous [9]) and quantum
mean field theory. This strategy allowed us to derive the limiting factor-
ization property of the j-marginals up to, roughly speaking, j < /N. This
threshold is, on the other side, the one obtained by heuristic arguments as
shown in [24].

Here and in all this article, N denotes the number of particles of the

system under consideration.

In the present note we provide and estimate a full asymptotic expansion
in powers of % of the difference between the evolution of j-marginals and its
factorized leading order form (Corollary 1.5), following a similar result for
the kinetic errors F;(t) (Theorem 1.4). Our results are valid for j $ /N in
an abstract paradigm, generalization of the abstract formalism developed
in [24] and described in Appendix A, and applies of course to the different
Kac models and quantum mean field theory treated in [24]. Moreover, we

show that the additional knowledge of the linearization of the mean field
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flow, around the meanfield solution issued from the 1-marginal of the initial
data, gives an explicit construction of the full asymptotic expansion of the
J-marginals in powers of %

We will state in this section the quantum results and postpone in Section
5 and in the Appendix A the Kac’s type and the abstract results, respec-
tively. Sections 2 and 3 contain the algebraic and anlytical proofs of our
results in the quantum case, immediately transposable to the Kac and ab-
stract situations as shown in Section 5 and Appendix A. In Section 4 one
compute explicitly the first terms of the asymptotic expansions obtained

in the quantum case and rely them to previous works.

1.1. Quantum mean-field. Let £'(L?(R¢) be the space of trace class
operators on L?(R?), with their associated norms.

We consider the evolution of a system of N quantum particles interacting
through a (real-valued) two-body, even potential V', described for any value

of the Planck constant A > 0 by the Schrodinger equation

ihOpp = Hy, |, = tm € Oy = L* (R,

where

N 1

HN = _%hQZAzk+2_N Z V(I’k—xl).

k=1 1<k,I<N
We will suppose in the whole presnt paper that the N-body Hamiltonian
Hy is essentially self-adjoint.

Instead of the Schrodinger equation written in terms of wave functions,

we shall rather consider the quantum evolution of density matrices. An

N-body density matrix is an operator F'V such that
0< FN = (FN)*, traceqs, (FV)=1.

The evolution of the density matrix F'N — FN(t) of a N-particle system
is governed for any value of the Planck constant A > 0 by the von Neumann
equation

1

(1) OFN = —[Hy, FN],
1h

equivalent to the Schrodinger equation when FV(0) is a rank one projector,
modulo a global phase.
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Positivity, norm and trace are obviously preserved by (1) since Hy is taken
essentially self-adjoint.

For each j = 1,..., N, the j-particle marginal FJN(t) of FN(t) is the
unique operator on §); such that

traceg, [FN (£)(A1 ®---® A; ® Iy, )] = tracey [F (1) (A1 ® -+ ® Aj)].

for all A;,..., A; bounded operators on $). Alternatively and equivalently,
the F jN can be defined by the partial trace of FV on the N - j last “parti-
cles”: defining F'N through its integral kernel FN(xq,2];...;2n,2)), the
integral kernel of F/ is defined as (see [1])

FN(ay,@l;. g, af) = (T TN FNY (g, 25 ;75,2))
(2) := /l;duvj) FN(zy, 2l oy T35 a1, Tjsl; 5 TN, TN )dTj1da .
It will be convenient for the sequel to rewrite (1) in the following operator
form
(3) OFN = (KN + VNYFN

where KV VN are operators on £1(L?(RN?)) defined by

1. h?
4) KN = —[-—ARga~ h — ). 1.
(4) z’h[ 5 OR R QNZVMWIt Vip = [V(xk 77),]
As mentioned before the (essantial) self-adjointness of Hy implies that

N+ N N
(5) Het(K v )Hﬁl(LQ(Rd))—»,Cl(LQ(Rd)) = HetK HD(LQ(Rd))—%l(LQ(Rd)) =1, teR.
We will denote
(6) L:= £Y(L*(R?)) so that L®" = £LY(L*(R™)), n=1,...,N,

and, with a slight abuse of notation,

(7)

for i, =1,..., N (here L(IL® L®7) is the set of bounded operators form
L& to L),

{ |-|1 the trace norm on any L&,

||| the operator norm on any L(IL® 1#&7)

A density matrix F™ e L®" is called symmetric if its integral kernel
Fr(zy, 2. .. 2, 2)) is invariant by any permutation
(25, 27) < (v5,2%), i,5=1,...,n

Note that the symmetry of FV is preserved by the equation (1) due to the

particular form of the potential.
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We define, for n=1,..., N,
(8) D,={Fel®" | F>0, |F|i=1 and F is symmetric}.
Note that FV e L8 (F¥ =1 €L := C) and F}¥ > 0, F¥|, = [FN]i, and

obviously F' jN is symmetric as F'N. That is to say:

FJ-N € Dj

The family of j-marginals, 7 = 1,..., N, are solutions of the BBGKY

hierarchy of equations (see [1])

T N -7
0 oy = (10w 2) Y+ oDy ey
where
.1 h?
10 KJ) = —[-—ARjd,
(10) [ Ap, ]
(11) Tj= S T,  with Tj, =V,
1<i<r<j
and
(12) ]+1 j+1 ZCZJ+1 j+1
with

Cpj:  LeGh) - L%
(13) CijuFN, = T (VijaFY) ,

Jj+1
where Tt/ is the partial trace with respect to the (j +1)th variable, as in

2).

Note that, foralli<j=1,... N,
IVe=
h

(meant for |T}||peiopes and |Cj j+1|peGin_res in accordance with (7)).

4 HL°°
(14) IT5] < ** ==, and [Ci ] < j

The Hartree equation is

(15) ihO,F = [—h—QA +Vp(z),F], F(0)eDy,

where Ve(z) = [gaV(z - y)F(y,y)dy, F(y,y’) being the integral kernel
of F'.
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Note that (15) reads also

(16) OF =K'F+Q(F,F),
with
(17) Q(F,F) =Tr*(Vip(F e F)).

Since V' is bounded, (15) has for all time a unique solution F'(¢) > 0 and
|F(t)| =1 (see again [1]).

In order to define the correlation error in an easy way, we need a bit

more of notations concerning the variables of integral kernels.

For ¢ < j =1,...,N, we define the variables z; = (z;,2}), and Z; =
(#1,...,25). For {iy,-- ix} c {1,---, 5}, we denote by Z]/.{“’""““} e R2(-k)d,
the vector Z; = (21,...,2;) after removing the components z;,, ... z;,.
Definition 1.1. For any 7 = 1,...,N, we define the correlation error

E; e L® by its integral kernel

a8)  E(Z)=% ¥ (“1FF(z,) ... F(z, ) FN (2017,

k=0 1<41<<ip<J

By convention and consistently with F' = |F|| =1, we define

(19) Ey:=1eL®:=C.

In [24] was shown that (18) is inverted by the following equality.

J S
(20) FN(Z)) =Y S F(z)... F(z)Ep(Z5), j=0,...,N.

k=0 1<i1<<ix<j

ie. F jN is the operator of integral kernel given by (20).

1.2. Main results of [24]. Theorem 2.4, theorem 2.1 and Corollary 2.2
in [24] state the following facts.
The kinetic errors £, j=1,..., N, satisty the system of equations

-1
(9tEj = (KJ + NTY) Ej + DjEj
(21) + Djl-Ej+1 + D;lEj_l + D}ZEj_27
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where the operators D, Djl., Djfl, DJTQ, j=0,...,N, are defined at the be-
ginning of the Section 2, formulas (37)-(40).

Theorem 1.2 (Theorem 2.2. and Corollary 2.3 in [24]).
Let E;(0) satisfy for some Cy>1,B >0

- IBOh < &
IE;0)h < (§)7Ch j22.
Then, for allt>0 and all j= 1,...,N, one has

BltHVHLoo
N(Boe )

Bl < % )
CitVigeo N (5 \J .
1B, < (Coe™ 7 () 22

for some By,C1 >0, By, Cy > 1 explicit (see Theorem 2.2 in [24]),
and

IN

(23)

IN

Dy#|Viges 52

(24 |EY(0) = F@)® [y < Dye™ L

where Dy = sup{ By, (¢Cy)?}, By =sup{By,2C}}.

1.3. Asymptotic expansion and main result of the present article.

Two questions arise naturally:

(1) are the estimates (23) sharp?
(2) could (24) be improved with a r.h.s. of any order we wish?!

We will see below that, indeed, not only the estimates (23) are true,
but N7/ QEJN (t) has a full asymptotic expansion in positive powers of (%)%
(actually we will show that this expansion contains only powers (+:)2 with

k+j even) if NJ/ 2EJN (0) do posses such an expansion in half powers of
1/N.

Lot course (23) and (24) imply that

(25) IEN @) -F® - > FERIEN ] = o(v- D),

J+Kc
|K|<k<|J|

but first one cannot go further in the approximation, and second (25) is meaningless without the knowledge of the E]Ns.
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More precisely we will show that, under the hypothesis (22) on the initial
data and for all time ¢t and all j=1,..., N,

(26) E;(t)=N72g;, &(t) ~ Y EN(t)N* with £F(t) = 0 for j +k odd
=0

when the same is true at ¢ = 0.

Moreover we will see that all the £ f can be explicitly recursively computed
after the knowledge of the linearization of the mean field equation (15)
around the solution of (15) with initial condition F'(0) = (F~(0));. Indeed
the proof will involve the “j-kinteic linear mean field flow” defined by the

linear kinetic mean field equation of order j:
(27) CA() = (K7 + A (0)A(),  A(0) €L
where A(t) = ]\171_1)130 D;(1).
(27) is solved by the two parameter semigroup U%(t, s) solving
(28) QUNt,s) = (K7 +A;(0)UI(t, s).

U]Q(s, s) = 1.

Note that UJQ exists since K/ generates a unitary flow and A; is bounded.

The reason of the terminology comes form the fact that, as shown by
(37), A1 = Q(F,)+Q(-, F) so that, for j =1, (27) is the linearization of the
mean field equation (15) around its solution F'(¢). Note moreover that, for
G, G? e,

(29) Ay (GIG? + G2GY) =
(A GHG? + GHALG?) + (A GHG + G (A GY).
and therefore
(30) Uy (t,$)(GG* + G*GY) = (UY(L, )G (UL (L, $)G).
More generally, if P;: L/ - L® is any homogeneous polynomial invariant
by permutations,
(31) Ut s)Pj(G,...,G7) = Py(U(t, 8)GY, ..., UP(t,s)GY).

That is: UY drives each G/ along the linearized mean field flow “factor by
factor”. Denoting by L;@gjm the subspace of symmetric (by permutations)

vectors, we just prove the following result.
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Lemma 1.3.
ULt 5y, = U ().

Note also that UJQ(t, s) is given by a convergent Dyson expansion and that,
by the isommetry of the flow generated by K7 and the bound (54) below,
we have by Gronwall Lemma that [U?(¢, )| < e/l=sl.

We will also need in the sequel the semigroup defined by

(32) OU;(t5) = (K7 + 3+ 55LD;(D)Uj (1, 5).

Ui(s,s) = 1.
U;(t) exists by the same argument as for U]Q(t). Moreover, in the regime
g2/N small, U; can be also computed out of UJQ by a convergent pertur-
bation expansion (in j?/N). Indeed (37), (92) and (54) show clearly that
H% + %Dj - Aj| < ‘% Therefore, for any ¢, U;(t) can be approximated,
up to any power of j2/N, by a finite Dyson expansion.

Finally, we will extend (24) as we will show that F jN has an asymptotic

expansion in positive powers of 1/N whose partial sums up to any order
n>0is O(jN-"1)-close to F.

The main results of the present note are the following.

Theorem 1.4. Consider for j =0,...,N, k=0,..., t >0 the system of

recursive relations

Ei(t) = Ug(t,O)gjk(O)

(33) + Jeo Uit $)(AGE]5(5) + ATET (5) + ATEF (5))ds
E(t) = dro
EN() = &5(t) = &(t) = 0 by convention.

where Uj(t,s) is the two times flow defined by (32) and ATD;, Aj =
ND;', A7 =ND;? the Djs being given by (37)-(40).

Then, for any j=1,...,N, k=0,..., t >0, the knowledge of 5].‘”",'(0) for
j'=1,...,5+k, k"=0,...,k, determine in a unique way Sf(t), and

k _ . .
Ei(t) =0 when j+k is odd
if 8]’.“’(0) satisfies the same property.
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Moreover, for allt € R, the solution E;(t) of (21) with initial data E;(0)

+k

satisfying (22). has an asymptotic expansion E;(t) ~ Y N‘jTSj’?(O), where
k=0

Ef(t) is the solution of (33) with initial condition EJ’.“/’(O) = 5k,0N%Ej(O)
(resp. 6,1 N2E;(0)) if j is even (resp. j is odd) and one has

2n o .
| £5(¢) - I;) N PEF ()1 < Dan(t)N 772 (D5, () 5)77,

where Dy(t), D, (t) are defined in (61) below and satisfy, as k, |t| - oo,
log Di(t) = (logh + “¥1=) + Ok + 1171=) and 1og DY(1) = O(h + ¥1=)

Let us define, for j=1,...,N, n=0,...

_J+k

(34) E(t) = % N~z EN(1)
k=0

note that £7(t) contains only integer powers of N1, since £¥ = 0 when j+ k
j y & j

is odd, that is B = % ciN"‘?)7 and FJN’n(t) the operator of integral
k=[(j+1)/2]
kernel FjN’"(t)(Zj) defined by

35) FY(Z)=3 N F() (). F(t)(z) Bl (21,

k=0 1<y <<y <j

(that is (101) truncated at order n, same slight abuse of notation). FJN’"

is therefore a polynomial of order n in %

Corollary 1.5. Let FN(t) the solution of the quantum N body system (1)
with initial datum FN(0) = F®N Fe L(L*(R?)),F >0, TrF =1, and F(t)
the solution of the Hartree equation (15) with initial datum F.

Then, for alln>1 and N > 4(eA?"j)2,

N.n —n-1 2D, (t)eA?" D}, (t)]

[N (1) = () ]y < Nomos 2P0 D),
Remark 1.6. If one is interested only to the expansion up to order n < j,
we can change the sum in the l.h.s. of the inequality in Corollary 1.5 by a

sum up to £ =n.
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Proof. The proof is similar to the one of Corollary 2.2 in [24].

IR GEEDY H (Fe e B )

Kc{l,..., j}
J j-k
< (7 )iE- B
k=1
L J A2n k.2
< N—”—QZ( )0% ()
k=1
o A2n kk‘
< N7 CQn(t)ZJ(]_l) (J- k+1)(¢t— s
GA 1 e 2n
¢ N0 () S ¢ ot g
for N > 4(eA2"5)? (we used ’Z—],C < Ql;k) O

Corollary 1.7. The rate of convergence to the meanfield limit in % 18

optimal.

Remark 1.8. In the asymptotic expansion E;(t) ~ § c,i(t)N‘k the
| E=[G=1)2]
coefficients c)(t), such as Ef(t), depend on N as well: first by the de-

pendence of A = (1 - ]%)C’jﬂ and also by U;(t,s) defined by (42). As
mentioned already the latter can be expressed as a (convergent) series in %
out of the linearization of the meanfield equation so that obtaining a full
asymptotic expansion of E;(t) with the only knwoledge of the linearization
of the meanfield equation is (tedious but) elementary. Let us note also that

E;(0) is allowed to depend on N, without any restriction as soon as it
satisfies (22).

2. THE RECURSIVE CONSTRUCTION

Let us recall from [24] that the hierarchy of error terms saisfy the follow-

ing equation:

-1
&gEj = (K] + NI}) Ej + DjEj
(36) + Djl-Ej+1 + D;lEj_l + D;ZEj_Q
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Here the four operator D;, D}, D;*, D;?, j=0,..., N, are defined as follows
(here again, J = {1,...,j}): for any operator G e L®" n=1,... N, we de-
note by G(Z,) its integral kernel, and for any function F'(Z,),n=1,..., N,
we define F(Z,) as being the operator on L®" of integral kernel F(Z,) then

D; : L® L%
N -7 i
Eim = > Cijn (F(zi)EJ(Z/'{ N+ F(Zj”)Ej(Zj))

7+l
1€

1 !
(37) 5 2 Cim(F()E(Z))
1#led
Djl . L@(j+1) S %I
N
Ejq~ TJCjHEjH
(38)

Do L®(j_)1—>L®j

1 i ' i
Eire Y T FG)E(Z) - L5 (R F) () B (Z17)
i,red 1eJ

1
5 2 Cin(F)F () Ea(Z")
1#leJ

1 i
N Z Cz’,j+1(F(ZZ)F(Zi)Ej—l(Zﬁfl})
1#leJ

D2 . ]L®(j_2)—>L®j

(39)

1 1,7
Ejaw = 3 TiaF (2)F (2) Eja(Z").

i,s€J

‘%,;JQ(F,F)(z@->F<zz>Ej-z<Z/“’”>-

(40)

where, by convention,

DL :=D;?:=0
(41) Di' (Eo) = -5 Q(F, F)
Dy?(Ey)=+(Ti2(F®F)-Q(F,F)® F-F®Q(F.F)) .

In (37)-(40), F'(z) is meant as being the integral kernel of F(t) solution of
the Hartree equation 15.
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We define H;(t) = K7+ T;/N + D;(t) and recall the definition of the (two
parameters) semigroup Uj;(¢, s) satisfying, for all s,t € R,

8,5Uj(t,8) = Hj(t)Uj(t,S), jzl,...,N

(42) Ui(s,s) = I=Uy(t,s)
Let us perform the following rescaling
E; = N7P2¢;
(43) < iji Z ﬁ}D;l
A7 = ND;?

We find easily that, again with the convention (41),

0,; = H;Ej+ N2D}j + N2D;E;_ + ND2E;,
(44) = HiE+ NEAE + NT2ATE + ATE
= Hi&j+ A6+ O(N2).
We define 5?(75) as the solution of

(45) 8755? = ngi)

(46)  0,&) = Hold+Tio(FOF)-Q(F,F)® F-F®Q(F,F)
47) 9 = HiE) + AGE) 4,523,

(45) and (46) are two closed equations whose solutions are given by
(48) EP(t) = Ur(t,0)€7(0) =0

since we supposed E1(0) = O(N™1), and
E)(t) = Ui(t,0)£)(0)
(49) + Us(t,0) fot Us(0,5)(T1o(F ® F) - Q(F, F) ® F - F & Q(F, F))ds.
[terating till j, we get explicitly the solution of (45)-(47) given by
(50) E)(t) = U;(t,0)€7(0) +Uj(t,0)fOtUj(o,s)Aggf_Q(s)ds,j >1,
with the convention &' =0,1<0.
Therefore, for j=1,...,N,t € R, the knowledge of U;(t,s), |s| <|t],, and

5}),(0), j" =1,...,7 guarantees the knowledge of SJQ,(t),t eR,j’ <j. We
write this fact as

(51) (52(0))3":1 ..... j“*(??(ﬂ)teR,j/ﬂ ..... j
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Making now the ansatz &;(t) ~ § <5']l.“(t)]\/"’“/2 we find that the family
=0

(Ej’?(t))jzl ,,,,, N.k=0,.. must satisfy
(52) &) = HEN+ DJ*Ey o+ ATEN + ATET

with again the conventions (41) and Ejl. =0 for [ <0, solved by

EF(t) = U;(t,0)£5(0)
t

(53) " f Ui(1) (AJELa(s) + ATEL () + A€ (5))ds
Since &, (¢) = 0 by convention and EF(t) = 0 for k > 1 since Ey(¢) := 1, we
find after (51) that £} (¢) and £}(¢) are determined by & (0) and &£}(0).

.....

and determine £2(t) and &3(t). These ones determine in turn all the
Ef(t),j =1,...,N and so on.

.....

We just proved the following result.

Proposition 2.1. For any j =1,...,N,t >0,k =0,..., let Sf(t) be the
solution of (53). Then Ef(t) is determined by the values Ej"i’(O) for0O< k' <
k,1<j3'<j+k.

Formula (53) will give easily the following result.

Proposition 2.2. Let £8(0) = 0 for j' < j, k' <k, j'+k' odd. Then EF(t) =0
for j+k odd.
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Proof. Let us suppose Sf‘}'(()) =0 for j' < j, k' <k,j’+ k" odd. By (45) we
have that £Y(¢) = 0 since £)(0) = 0. Therefore, by induction on j in (53),

O _ .
&£;(t) =0 for all j odd.

Since &y(t) =1, Sg(t) = 0,7 >0, so that £(t) = 0 by (53) and therefore
£} (t) = 0 for all j even, since then j + 1 is odd, and therefore £7,,(s) =0 .

This gives £2(t) = 0 by (53) and so on.

L]

Corollary 2.3. E;(t) has an asymptotic expansion in powers of N=1 with

+1

leading order N~ 2 when E;(0) is so.

3. ESTIMATES AND PROOF OF THEOREM 1.4

L . : [V
In order to simplify the expressions, we will first suppose that ~—=*—

Note that one has therefore the following estimates:
. . - _ _ J’
(54) 1Dl 1Djl < 5 and | D7, D57, [ D1 (Eo), [ D2*(Eo)| < -
Let us first notice that (21) expressed on the £;s reads
(55) 6t€j = ngj + N_%A;-gjurl + N_%A;gj_l + A;gj_Q
and that (22) and (23) can be rephrased as
(56) &) < (A7) = &))< (Af?)Y2, Ap = C" A

for some explicit constants A’, C.
We get

2HO

H; (t)gk(t) + A] j- Q(t) + N2 (A] j+1 (t) + Aj 7 1 (t))
H; (t)5’“(t)+AJ joa() + A ]+1(t)+A] (1))
FNTH((AF(ES (1) = €10 () + (A5 ()5 () - E14(1))).

and, calling Sf = Z N~k 25 F one easily check that
k=0

AEW = HOBO S0 N HALEL (1) + ATEL, (1)
(57) NF (A (€ (6)) + A7 (E74(1)).
Therefore R} = & - 53” satisfies the equation
OR)(t) = Hij()R}(t) + ATR) (1) + N2 (AT RY, (1) + AFRY (1))

n+1l

(58) +N7 2 (A7 (€] (1)) + AT (€71 (1))
Let us define the mapping

=1.
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.....

&tUJN(t,S) - Hj(t)UfV(t,s)+A;Uf\_[2(t,s)
+NT2(ATUN (8, 8) + ATUN, (8, 9)),
UY(s,s) = I.

Hence, the solution of (58) reads

59) o+ N UV (ANSER) + A (EL(5)) . )i

with again the same convention on negative indices.
By hypothese, R7(0) =0 since £7(0) = 0,,0£7(0).
Let us suppose now that

(60)  JAT(ELA(5)) + AT (EL(5)] < Cu(s)(Cr()5%), Is| <[t

for two increasing functions C,,(s), C"(s),C!(s) > 1, Then (56) implies that
[ (8, $)((A] ()] (5))+A7 (5)E]1(8)) j-1,..3) | € Cu(s)(C'C ()M 52) 712,
and thus

1)=& D] = R} ()]
= [ U (A ()ER()) + AT (EL ())jen. )]
< N5 D, (6)(D;(1)52)",

where

(61) D, (#) = tCy(t) and D! (t) = C'C",(t)eM.

It remains to prove an estimate like (60).
We will obtain such an estimate by iterating (53). We first remark that,
since eX7+5/N is unitary and | D;| < j, the Gronwall Lemma gives that

(62) |U;(t, )] < =,
We will use

(63) H eUD(titin) < m)lbma=tol for any (ti)izo...m (see [24]),
i=0
(64) | A=), A7) < 52,

t t-1 tos m
(65) f dt, [ dty... f dt, = .
0 0 0 n!
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Let us remind that we have £(t) = &y for all ¢ 5;“(0) = 5k70N%Ej(O)
(resp. 6x1N2E;(0)) if j is even (resp. j is odd) with |E;(0)]; < (AjNQ)j/Z.
Therefore (53) reads:
£(t) U;(t,0)£7(0) +f8t:0 Uj(t,s)AE) 5 (s)ds, £j(t) =0, jeven
] £1(t) = Ui(t,0)£}(0) + oo Uj(t, )AZEL (s)ds

+ [y Ui(t,s)(ATEY (s) + ASEY (s))ds, E9(t) =0, jodd,

J
Sf(t) fot U;(t, 3)(A;Sf_2(s) + A;Sﬁ‘f(s) + A;é’f_‘ll(s))ds, kE>1.

Let us note first that (52) for k = 0 is verbatim (21) after replacing E
by &) and Ds by 0. On the other side, we know by Remark 3.2 in [24],

that the proof of Theorem 2.1 in [24], Theorem 1.4 in the present paper,

depends on D5 only through its norm | D} | required to be bounded by 32.
Therefore we get immediately, for j even,

(66) [E7(t)] < (C" A1 %),
and thus, by (62), (64) and using j* < e/Me, X > 0,

t .
67) | fo U(t, s)(ATEY (s) + ATEY | (5))ds|y < 2t(C" AeteelCDIH j2)il2,

J=g+1 !

and the same argument as the one which leads to (66), we get, for j odd,
(68) [EF ()] < (1+2Jt[)(C"Ae e @Dl j2)72,

For k > 1 we will estimate |[cES(¢)[1 by iterating the second line M times,
we will end up with the sum of 3" terms involving the values & ]’.“_‘QST‘ 1, for
any (r,s,t) such that M = r + s+t with the two constraints k —s -t >

0, j—2r+s—t>0. Using the first constraint we see that
j-2r+s—t<j-2r+k<j-2(M-k)+k=j-2M+3k
So that, taking M = [(j + 3k)/2], the second constraint reduces to j —2r +
s —1t =0 and the first one to s+t = k since Eé‘; = 0k.0.
We easily (and very roughly) estimate, using respectively M = [(j + 3k)/2],
(65), (63) and (64),

Jj+3k

eSURIZ (5 + k)?) "2

HSI-“(t)H < 3032 |¢|(G+3k)/2
’ ((J +3k)/2)!
so that, using (1+k/j)7 < ek, j* <eiMe, X > 0 and n! > n"e™" ?, we get
5 .
[EF ()] < (2At]e"3 (3 + k))H72(3ek /et 2)72, & > 1

2

n
since logn! = ¥ logj > ["log(z)dz = [zlogz —x]? =nlogn-n+1.
j=2
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and,

5 6k ;
IEF ()] < (2(1+[)el ™5 (3+8))72((3e e [tlelf+ (L42]t]) O Aetl el DI 12012, J: > 0,
We conclude by (64):

(69) [AH(EEL(5)) + AS (EE(5)] < Culs)(Cl(s)52)7?

with, after restoring the dependence in % by the same argument as in

[24], Section 3, namely a rescaling of the time and the kinetic part of the

Hamiltonian,
(70)
BllV
Ci(s) = de(2(1 + Hlem) =7 a2
* «(3e e BV L 63% e
Ci(s) = (3e%ls|th|L°°e3M+( 4 obllVIe y o g fe (Ve i

Therefore (60) is satisfied and Theorem 1.4 is proven.

The values of the two constants D, (), D! (t) in (61) can be expressed
out of (70) by taking, by Theorem 1.2, C' = sup (B1,C1),C" = sup (B2, Cs)
where By, C, By, Cy,Cy are given in Theorem 2.2. in [24].

Remark 3.1. We see that the properties (41)-(54), together with (5), are
actually the only ones being used in the proof of Theorem 1.4.

4. EXPLICIT COMPUTATIONS OF FIRST ORDERS
We have
atUl (t S) = _[ h2A + VF7 Ul (t S)] + _[VUO(t s)s ]

where, in the last term, Vyjoq, oy acts on E1(s) as Vo e (s)-

More generally,

U(t) = —[ W Agsa + Vi, UN)] + P(US, F)
where

(P(U}, F)E;)(Z;) =
5 [ da(V (@i - 2) = V(i = ) UL ) Ey( 27, (,0) F (i, 7)),
‘l:hautZ is _
(PUY, FYE;) = SV * (Ut ) E), F.

i=1
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Finally

) = [ [ dsaZi(t,)(Za, Z)V (ah-ah) F(5) () F(s) (4 dslZ

and

&) = [ Uit 9)QF F)is

H(1-1) / f UL (L, )T [VUs(s,u)V F(u) ® F(u)]dsdu
(71)

5. THE KAC AND “SOFT SPHERES” MODELS

In this section we consider the two following classes of mean field models
(see [24] for details).

e Kac model. In this model, the N-particle system evolves according to a
stochastic process. To each particle 7, we associate a velocity v; € R3. The
vector Vy = {vy,---, vy} changes by means of two-body collisions at random
times, with random scattering angle. The probability density FN(Vy,t)
evolves according to the forward Kolmogorov equation

(1) 0FY =LY [ deB(wvi-u) (YY) - FY )

’L<j

0] _ / / A
where V' = {vl,---,vi_l,vi,vm,---,Uj_l,vj,vj+1,---,UN} and the pair v}, ]
gives the outgoing velocities after a collision with scattering (unit) vector

w and incoming velocities v;,v;. W is the differential cross-section
J
of the two-body process. The resulting mean-field kinetic equation is the

homogeneous Boltzmann equation
(73)  BF(v) = f du, f dwB(w;v - o)) {F(W)F(0!) = F(v)F(u1)) .

e ‘Soft spheres’ model. A slightly more realistic variant, taking into account
the positions of particles Xy = {x1,, 2y} € R3" and relative transport,
was introduced by Cercignani [9] and further investigated in [18]. The
probability density F'N(Xy, Vy,t) evolves according to the equation

N
atFN+ZUi‘inFN = —Z h(|l’2 I']l)B( ; UJ)
1=1 z<] |xZ J|
(74) x{FN (XN,V;V:J) - FN(Xn,Va)} .

Here h: R* - R* is a positive function with compact support. Now a pair

of particles collides at a random distance with rate modulated by h. The
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associated mean-field kinetic equation is the Povzner equation

O F(xz,v)+v-V,F(x,v) = / dv; [ dxi h(|x - z1|)B (‘gj_—xl|7 v— vl)

r—T
x{F(x,v")F(x1,v]) = F(x,0)F(x1,v1)},

which can be seen as an h—mollification of the inhomogeneous Boltzmann
equation (formally obtained when h converges to a Dirac mass at the ori-
gin). Both classes have be treated in [24] and Theorem 1.2 apply to them,
in the following sense.

The underlying space L is now L'(R?, dv) (resp. L'(R?¢, dxdv))) for the
Kac model (resp. soft spheres) both endowed with the L! norms |-||;. For
FNelLeN, PN eL® is defined by

FJN(ZJ) = LFN(Zla ce ey Zjy R J+1 - - .,ZN)de+1 . ..dZN

for Z, = (z1,...,2,),n = 1,...,N with 2z, = v; € R4, Q = RWV-94 (resp.
zi = (z;,v;) € R¥, Q = R*NV-7)9) for the Kac (resp. soft spheres) model.

In both cases E;(t) is defined by (18), inverted by (20), and it was proven
in [24] that Theorem 1.2 holds true verbatim in both cases.

Stating now the dynamics driven by (72) and (74) under the form (3)

with KV =0 (resp. KV =- Y ;0,,) for the Kac (resp. soft spheres)
i=1,.,N

model and V'V given by the right hand-sides of (72),(74) respectively, one
sees immediately that the proofs contained in Sections 2,3 remain valid
after an elementary redefinition of the operators Dj, D;*, D;* in (37)-(40)
consisting in removing the bottom and overhead straight lines in the right
hand sides and, by a slight abuse of notation, identifying functions with
their evaluations. The convention (41) remains verbatim the same, to-

gether with the estimates

12
. U h-2l - _ J
(75)  1D;1, 1D}l < j and | D7, | D77, | Dy (o), 1D2*(Eo) | < 55+

Therefore, by Remark 3.1, the statements contained in Theorem 1.4 and
Corollary 1.7 hold true, in both cases, verbatim. Moreover defining F' J.N’n

by (35) in both cases, Corollary 1.5 reads now as follows

Corollary 5.1. [Kac case] Let FN(t) the solution of the N body system
(72) (resp. 74) with initial datum FN(0) = FoN 0< F e LY(RY)), [ f(v)dv =
Rd

1 (resp, 0< F e LY (R??)), [ f(x,v)dzdv=1), and F(t) the solution of the
R2d
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homogeneous Boltzmann equation (73) (resp. the Povzner equation(75))

with wnitial datum F.
Then, in both cases, for alln>1 and N > 4(eA?5)?,

N N.n —n-1 2t0y,(t)eA?"]
[FN () = BV () |y < N7k 2Caledld

APPENDIX A. THE ASBTRACT MODEL

A.1. The model. We will show in this section that the main results of
[24] and of Section 1 of the present paper remain true in the “abstract‘”
mean field formalism for a dynamics of N particles that we will describe
now. The present formalism contains the abstract formalism developed
in [24], without requiring a space of states endowed with a multiplicative

structure.

States of the particle system and evolution equations. Let IL be a vector
space on the complex numbers. We suppose the family of (algebraic) ten-
sor products {L®" n = 1,..., N} equipped with a family of norms |-|"
satisfying assumption (A) below. the N-body dynamics will be driven on
L8N by a one- and two- body interaction satisfying assumption (B) and
the mean field limit equation will be supposed to satisfy assumption (C).

Assumptions (A) — (C) below will be followed by their incarnations in
the K(ac), S(oft spheres) and Q(uantum) models.

By convention we denote L8 := C, [z]° = |z| and we denote by L&" the
completion of L®" with respect to the norm |-|".

Forthe K, S and Q models, L®" is L'(R4, dv), LY(R?*?, dxdv) and L' (L?(RY),

the space of trace class operators on L?>(RY), with their associated norms.

(A) There exists a family of subsets L&" of L&, n=1,..., N, of positive
elements F' denoted by F' > 0 stable by addition, multiplication by
positive reals and tensor product and there exists a linear function
Tr: L - C, called trace. Forevery 1 <k,n<Nand1<i<j3<n<N,

k n : 3
let Tr;, and o} i be the two mapping defined by

3The fact that the second and fourth lines of (76) define a mapping on the whole tensor space L®" results easily from
g Yy

the definition of tensors products through the so-called universal property [19]. Indeed, let ¢, be the natural embedding

L*" — L®" (v1,...,vn) = v1 ® -+~ ® vy, and let h be any mapping L*" — ]I_,X”’7 then the universal property of tensor

products says that there is a unique map h : L8" — L®" such that ho @n = ¢, oh. Taking n’ =n-1, h(v1,.. ., Vky- o Un) =

(trace(Vg )V, - .y Vi1, Vktly- -« s vy) for Trﬁ, and n’ = n, h(vy,..., Vjyenns Vjyonns vn) = (v1,..., Vjyenns Viyenns vy) for O’Zj

give the desired extensions.
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k. _
Ttk : Len - Len-l
n n
®1fui — Tr(vy) ®1 v;,
1= 1=

(76) < i+k
O-Zj . ]L@n — ]L@n
évi > évé, v =t EkE] v :vj,v} = ;.
We will suppose that Trlf\, and 0l L J,k <n < N, satisty, for any
Fele®n,
Try(F), 07 (F) >0, [ Tep(F)|n1 = | F[, when F >0
(77) log; CED ™ = [ £

[T ()t < | F

In particular one has that |F||* = Tr"...Tr'F when F > 0 and
ITr" ... Tr'F| < | F|™ in general.

Note that (77) allows to extend Tr* and o}l to Le" by continuity.
We will use the same notation for these extensions.

For the K, S and Q models, Tr* is [Ra AUk, [Rea-dzrdvy as indi-
cated in Section 5, and the partial traces defined in Section 1.1. The
action of o} consists obviously in exchanging the variables v; and v;,
(z3,v;) and (xj,v;) and (z;,x7) and (z,7%), (in the integral kernel),
respectively. Finally (77) is satisfied in the three cases.

From now on and when no confusion is possible, we will identify L®"

with its completion L& and we will denote Trk = Tr* (note also that Tr =

Tr% = Trl), vaj = 0;; and Tr(= Tr,) = TrZTrZ_l .. .TrTll. Moreover, with a

slight abuse of notation, we will denote
7sy | =l =1 N

||| the operator norm on any L(IL® L®/), Vi ,j=1,...,N
(here L£(IL®",1.®7) is the set of bounded operators form L& to L®/).

We call symmetric any element of L®" invariant by the action of o7 0 1,0 <

We call state of the N—particle system an element of
(79) Dy={Fel®"|F>0, ||[F|=1 and F is symmetric}.

For j=0,..., N, the j-particle marginal of F'V e (L®V){ is defined as the
the partial trace of order N —j of F'V, that is

(80) FN = TN TN LT N Y = Y
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Note that /¥ € L% (Fy¥ = 1€ := C) and F}¥ >0, |[F}V[7 = | FV [N since
Tr is positivity and norm preserving, and obviously FjN is symmetric as

FN . That is to say:

FJ-N € D]

(B) The evolution of a state FV in L8V is supposed to be given by the
N -particle dynamics associated to a two-body interaction:
d

(81) ﬁFN = (KN + VNYFN,
where the operators on the right hand side are constructed as follows.
(82) KN = %Hi(i_l) o KoI?™W™
i-1
and
(83) T %1sz Viy, Viji=oNodV @ Tawnolol,

for a (possibly unbounded) operator K acting on IL and a bounded
two-body (potential) operator V' acting on L2
We assume furthermore that K is the generator of a strongly con-

tinuous, isometric, positivity preserving semigroup (in L)
(84) eMES>0 if F>0; B =1.
and KNV + VN is the generator of a strongly continuous, isometric,
positivity preserving semigroup (in L&)
(85) eENVIOIEN S0 if FN>0; el KTV =1
Finally, for any F e L, F'N ¢ L®N and 7,7 > j, we assume
(86) Tr(KF) =0 and TV (Vi FN¥) = 0.

This last property is necessary to deduce the forthcoming hierarchy.
For the K, S and Q models, the ingredients in (81) are given in
Sections 5 and 1.1, where (84)-(86) are shown to be satisfied.

Note the symmetry property of the equation (81) induced by the defini-
tion of VN: if the initial condition Fj¥ for (81) is symmetric, then F'N(¢)

is still symmetric.
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Hierarchies. The family of j-marginals, j = 1,..., N, are solutions of the
BBGKY hierarchy of equations

T (N -7)
(87) OF} = (K‘7 * ﬁj) Fj+ N Cin F}Y,
where:
J , o
(88) Ki = ZHE(H) ® K oI,
i=1
(89) T;= > T, with T;, =V,
1<i<r<y
and
. J
(90) CJ”FJZL - (Z Vi7.7'+1FJA+[1) =2 Ci,j+1Fjj\+[1;
i<j i=1
(91) Ci,j+1 CLeU+D ]L®j, Ci7j+leZX1 _ Tyt (vz',j+1FfX1> 7
Indeed, thanks to (86) we get easily by applying TN on (81) that
d n NS i\N N
ZF) = (K7 + ) F + ST ()0 Vi)

1<i<j<k<N

By symmetry of FN and V;; we get T/ (Vi FN) = Trj”(\/;’j:lej\fl) for
all k> 7 and (87) follows.
Note that, thanks to the assumption (77) and for alli<j=1,... N,

(92) |73 < 7%V ], and |Cijur] < FIV]

(meant for (”TiHL@A}L@ia HCZ'JHHL@(J'H)_)L@]', ”VH]L@Q_)]L@)Q using (78))

We introduce the non-linear mapping Q(F,F), @ : Lx L - L by the

formula

(93) Q(F, F) = Ti¥(Vis(F & F))

and the nonlinear mean field equation on L

(94) OF = KF +Q(F,F), F(0)>0, |[F(0)|, =1.

Eq. (94) is the Boltzmann, Povzner or Hartree equation according to the
specifications established in the table above. In full generality we will
assume
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(C) (94) has for all time a unique solution F'(t) >0 and ||F'(t)] = 1.
For the K, S and Q models, (C) is true by standard perturbations

methods.

Correlation error. To introduce the correlation errors, we need to extend
slightly the above structure.
For any subset J c {1,..., N} we first define

N .
L®J — L@XJ(Z)
(95) N i§1 9
where s is the characteristic function of J and L®Y = C.
Then we introduce L%/, the subspace of IL,‘X’J formed by vectors of the

form ®UZ where v; =1 € C for i ¢ J and v; € L for ¢ € J. Note that L®/ is

sent to L®|J | by the mapping

II: ®vze]L®J'—> ® v c L8l
1€

We define a norm on L&/ by

[les = JTIC)]s-
For F e L and K c J c {1,..., N} we introduce the linear operator

[F ]?K, defined through its action on factorized elements as

[F]?K . L®J/K N L®J

N N
(96) U — Qay,
1=1 1=1

as = 1eC if s¢J
where § ays = F if sekK
as = wvg if seJ/K
Note that, for K, K’ c J, K n K' = @, we have the composition
K K’ KuK' K’ K
(97) [F15[F )55 = [E15 = (P15 [F)5
and more generally, for all F G,
K K’ K’ K
(98) [FI7° G5k = (G157 (P15
For any subset J c {1,..., N}, we define the correlation error by

(99) By = KZJ(—l)'K [F15" Flik
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where F solves (94), the operator [F]?K is defined by (96) and F}Y ¢ L®F

is defined through its decomposition on factorized states. Namely if

N
FN= 3 e iyve, ®--®uyy,

O,y
then
FN = Y coyin@ ® - ®apy,
Oy
as = Tr(vs)eC if s¢lL
where . :
as = Vs if sel

The link between the definition of F iv and the definition of the marginals
F given in (80) is the following:

(100) FY

{10} = FN e (1)2WV-0 ¢ L8 @ (L&0)°(NV-0),

The formula inverse to (99) reads

(101) PY = 3 P19 By
KcJ

Note that the contribution in the right hand side of (101) corresponding
to K =J and K = @ are ['®/| and E; respectively. To prove (101), we plug
(99) in the r.h.s. of (101) and we use (97):

S FISEy = Y IFIET S ORI o]

KcJ KcJ K'cJ|K
! QK RK'
i K; ; KZJ R LV 1) V7 3 TR
o K7m;%:®
/ L
= ST (OO, = F

\L|
since ¥ (-DE1= ¥ (',f,')(—l)w =0l =0if L #+ @, and = 1 if L = @ (since
K'cL k'=0

> (-DIEI= (-1)0 = 1).

K'co
One notices that since [ jN is the marginal of some IV which decomposes

on elements of the form v; ® --- @ vy, F jN decomposes on elements of the

N
form ( [T Trvg)vy ® --- ® v;. Since one knows that F jN is symmetric, it is
k=j+1
enough to choose one bijection iy: {1,...,57} = J, |J| =, and consider the
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mapping
q)i]:L®|J| CI)_Z)J L@J
N
(102) @ijem"l - ,®1aieL®J
je 1=
(103) F|]JV| > F}V

where a,=11if i ¢ J and a;,(;) = v;.

®, . is obviously one-to-one since iy is so, and, though (102) depends on
the embedding chosen, (103) does not: ®;, restricted to the space ]L?'J| of
symmetric-by-permutation elements of L8| depends only on J and not

on 7;. We will call ®; this restriction,
(104) O, = CIDZ-J\L?J\.
The same argument is also valid for E; which enjoys the same symmetry
property than F jV and we define
(105) E|J| = (I)}lEJ.
® ; is obviously isometric and we have that

(106) |Er|ves = | B, oy lLeteim = [Eg

.....

Therefore, considering the one-to-one correspondence ®;, it is enough to

compute/estimate the quantities Ej,j = 1,..., N. Ej and F are linked by

E; Y (CD)EIF]SR® i FY

Koy J-IK]|
(107)

_ K
FY = X P15 B

For the K, S and Q models, the corrsponding expression are given

i Sections 5 and 1.1.

A.2. Main results similar to [24]. The kinetic errors E;, j=1,..., N,

satisfy the system of equations
-1
5’,5Ej = (K] + NT}) Ej + DjEj
(108) + D}Eﬁ.l + D;lEj_l + D;2Ej_27

where the operators Dj, D}, D;*, D;%,j = 1,..., N, are defined in Appendix
B below, equations (117)-(118), together with the proof of (108). Moreover,
since (119) holds true, we know by Remark 3.2 in [24], that the proof
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of Theorem 2.1 (and therefore Corollary 2.2) in [24] remain valid in our
present setting.

We get the following result.

Proposition A.1. The statements of Theorem 1.2 hold true in the abstract
setting defined in Section A.1.

A.3. Asymptotic expansion. It is easy to see that the proofs of the
main results expressed in Section 1.3 are adaptable in an elementary way
to the present abstract paradigm. Indeed they use only the three properties
stated in Remark 3.1, valid in the present setting as pointed out at the very
end of Appendix B, formula (119), together with (84)-(85).

Therefore, the statements contained in Theorem 1.4 and Corollary 1.7
hold true, verbatim, under the hypothesis of Theorem 1.2, and with the
definition of corrections errors given by the first line of (107) and replacing
L= by [V in (70).

Moreover defining now FJN’” by truncating the second line of (107) at
order n, that is

Nmn _
F; —KZ][F]?K(DJ/KEJ IK]

where E7 is defined by (34), Corollary 1.5 reads as follows.

Corollary A.2. [abstract] Let FN(t) the solution of the N body system
(81) with initial datum FN(0) = F®N, 0 < F e L, |F|1 = 1, and F(t) the
solution of the mean-field equation (94) with initial datum F.

Then, for alln>0 and N > 4(eA?"j)?,

N Nn ~n-1 2tCoy, (t)e A2 j
[N (1) - £ (1) < N3 2l

APPENDIX B. DERIVATION OF THE CORRELATION HIERARCHY (108)

From the definition of E; (cf. (99)) we find
OBy = ~1)El (9 F15%o,F
tLeg ch:J( ) (t([] )J/K [] tJ/K)
Moreover, by (96)

K\ _ K/{ko} {ko}
(109) (%([F]? )—kOZE:K[F]@’ [0 F ]?/(K/{k‘o})
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Applying ®; defined in (105) to the BBGKY hierarchy (87), one finds
casily that FI satisfies, denoting a(j, N) := %,

1 .
(110) OF;) = K'FY +— 3 Ti Fp +a(j.N) Y, Cij Frlgi,
i<reJ ieJ

(for j+1¢.J).
By the mean-field equation (94) we deduce that

OBy = DIEL s (1R (R (R, F))SR)  EN
oy KZC:J( ) kOZE:K[ 1; ( QU F)) i ohoy F iy

+ 2 ()Ea(-|KLN) 5 [FISC R

Tk (/K {i+1)
+ 4 ¥ (-DIEIFSE T,,)FN
QNKZC:J( JHLE mg]/K +) TIK
QK
- I COWFIS (IREY,) .

We denote by 7;, i = 1,2,3,4, the four terms contained in the four lines
of the r.h.s.of (111), respectively. The computation of the 7;s is purely

algebraic and will use only the four following properties

> (-D)IE =64

KcL

| 2 K11 =

(P13 (R = [FI55 (P15 = [F15Y), K oK' e ), KnK'=g2
K K .

Oi7j+1[F]?J/K)U{j+1} = [F]E@J/K)Cz',jm KcJ, j+1¢J.

In order not to make the paper too heavy, we will compute extensively two

terms and refer to an earlier version, [23], for an exhaustive calculus.

Using the definition (99), we get

Ti= Y (D S PO KE + QUEF)S G g Fil

z 2 TI(K ko))

B ®{ko} ®K

= =Y (KF+Q(F )T Y (DM 0 Fo ek
Iy KT ko)

(112) - (KF+Q(F, F)S By

1eJ



30 T. PAUL AND M. PULVIRENTI

To compute 73 we make use of the inverse definition (101):

Too= Y a( =KL N )RS [FI55C 0 F Y e

KcJ ieJ|K
= Y a(- K, N)(-D)E S [F3R L
KcJ ieJ|K
Kl
(113) o Ciga 2 Flmugen Bormoya e
K'c(J/K)u{j+1}

Distinguishing among the belonging or not to K’ of ¢ and j +1 in the r.h.s.
of (113), we decompose

(114) 75 _ 7-21',j+1eK " 7-21'7j+1¢K " 7-2‘iEK J+1¢K " 7-2'i¢K J+leK
We have

T = N (- K], N)(-D)ED S [R5

KcJ ieJ|K
Kl
. Cijr >, (F1Cm )0t Btk
K'c(J/K)u{j+1}
i,j+1leK’
. K
= Y a(- K N)(-D)E Y R
KcJ ieJ|K
- Cijn D [F]?ﬁ[(u)&jj:ﬁE(J/K)/(K"U{i})
K"e(J]K)/{i)
= Y a(- KL N)D)E Y [
KcJ/{i} ieJ | K
- Cignt (JE/%})/K LFY oot B
. K
= > a(-|KL,N)(E)EY RIS
KcJ/{i} ieJ
QK" ®{i,j+1}
s [F1 1) Crant LF) (i eomyo oy B jacmotiy)
K"e(J]{i})/K
. K KI/
= > > a(i-|K[N)(-D)F[FI] > F1ky -
ieJ KcJ/{i} K"e(J{i})/K

®{i,j+1}
- CigulF ]((J/jK)/K")u{jJrl}E(J/K)/(K"U{i})
= Y (3 a-|K],N)()EYFEE

1eJ LeJ/{i} KcL

®{i,j+1}
e Ci,jﬂ[F]((J/jL)u{jH}EJ/(LU{i})
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= a(j,N)> Ci,j+1[F]?L{f{’§ﬁ}}EJ/{i}

i€
®{l} ®{i,j+1}
N Z CijualF ](J/{jz})u{ju}EJ/({i,l})
z;tleJ
= a(j. N) Y [QF )5 By
i€
®{l} ®{i,j+1}
N ;JCZJH Ju{j+1}[F](J/{jl})u{j+1}EJ/({i7l})
Z €
_ ®{i} 1 {ilj+1}
= Oé(]a N) Z [Q(F; F)]J EJ/{Z} - N Z Cz"jq_l[ ]JU{]+1} EJ/({Z 1})
1eJ i+leJ

since Y. (1)Kl =§p 5. Note that there is a crucial compensation:
KclL

T+ T = ‘% LIQF. )] 15" By

1 !
(115) - % ZZ [QUF, SRS Erpiay-

The computations of T,/ ek Jr1ek! pieRLivlel o the same way
and we omit it here (see [23] for a complete derivation).

We consider a similar dichotomy for the term

Z( DRILFITEC Y T Fjj

KCJ i#reJ /K

Kl
Z( DEI[F ( > T) > [F]?/KEJ/(KUK’)-
KCJ izreJ K K'cJ|K

according, this time, to the cases 7,7 € K', 1,r ¢ K', i ¢ K',r ¢ K’ and
1 ¢ K',r ¢ K'. The computation of the different terms uses the same
“tricks” than for 75 and we omit them (see again [23]).

Finally, we obtain easily (see [23]) that

(116) Ti = > (-)E[P(KIEFY ) = K7E).
KcJ

Summing up all the contributions 77,1 = 1,...,4 (see [23]), we get (108)
after specializing to the case J ={1,...,7}, using (105) and setting
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D; : L®j—>L®j g=1,..., N,

()
Z Cija ( 158 @t By + (P15 By

ieJ
__ Z C. ( {l} o _ E)
s i,j+1 Ju{j+1} (T W{g+1}+7
’LZFE
D} : LeU) L8 =1, N-1,
N -
Ej+1 = ]C]+1Ej+1 )

D7l L®(j‘1)—>L®J]:2,...,N,

J ®fi} | ®{Z}
Ejl”(—N;[Q(F 15 2N Y T, [F )(I)J/{}EJ 1,

i,red

N Z ®{I}C7J+1|: R QB

N a2 (J/{1})u{j+1}

. et} a{i}

_Ng;][ ] CigalF ](J/{l})U{j+1}(I)(J/{i,l})U{jJrl}Ej—l
i+ LU *L&" F=3 b,
By ' bl J/{z‘} J/{i s} Lrj—2

ZSE

1 . l

o N -zZJ [QE )] }[F]?/{{i}q)J/{u}Ej-z-

(EJAS

where, by convention,

DY :=D%:=0
(118) D' (Ey) = -5 Q(F, F)
Dy?(Ey)=+(T12(F®F)-Q(F,F)®@ F-F®Q(F,F)) .

Note that one has the following estimates:

2
. - _ _ J
(119)  [D;1,1D;1 < j and [ D7 [ D5 [ D (Eo)l, | D2* (Eo)| < -
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