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ASYMPTOTIC EXPANSION OF THE MEAN-FILED APPROXIMATION

THIERRY PAUL AND MARIO PULVIRENTI

ABSTRACT. We established and estimate the full asymptotic expansion in integer powers of % of the
[\/N] first marginals of N-body evolutions lying in a general paradigm containing Kac models and
non-relativistic quantum evolution. We prove that the coefficients of the expansion are, at any time,
explicitly computable given the knowledge of the linearization on the one-body meanfield kinetic limit
equation. Instead of working directly with the corresponding BBGKY-type hierarchy, we follows a
method developed in [22] for the meanfield limit, dealing with error terms analogue to the v-functions
used in previous works. As a by-product we get that the rate of convergence to the meanfield limit in

% is optimal.
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Mean field limit concerns systems of interacting (classical or quantum)

particles whose number diverges in a way linked with a rescaling of the

interaction insuring an equilibrium between interaction and residual kinetic

energies. In the case of an additive one-body kinetic energy part and a two-

body interaction, and without taking in consideration quantum statistics,
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2 T. PAUL AND M. PULVIRENTI

this equilibrium is reached by putting in front of the interaction a coupling
constant proportional to the inverse of the number of particles.

The system is then described by isolating the evolution of one (or j) par-
ticle(s) and averaging over all the other. This leads to a partial information
on the system driven by the so-called j-marginals. The mean field theory
insures then that the j-marginals tends, as the number of particles diverges,
to the j-tensor power of the solution of a non-linear one-body meanfield
equation (Vlasov, Hartree,...) issued from the 1-marginal on the initial
N-body state. This program has be achieved in many different situations,
and the literature concerning the mean field approach is protuberant. We
refer to the review article [25] for a reasonable bibliography.

Much less is known about the fluctuations around this limit, namely
the correction to be added in order to the factorized limit to get better
approximations of the true evolution of the j-marginals.

The identification of the leading order of these fluctuations with a Gauss-
ian stochastic process has been established in the quantum context first in
[14] and in the classical one in [5]. For the classical dynamics of hard
spheres, the fluctuations around the Boltzmann equation have been com-
puted at leading order in [24], generalizing to non-equilibrium states the
results of [3]. More recently, for the quantum case, fluctuations near the
Hartree dynamics has been derived in [2] and in [20] (after [19]) and, in
the grand canonical ensamble (number of particles non fixed) in [2], using

methods of second quantization (Fock space).

Recently, we developed in [22] (together with S. Simonella) a method to
derive mean field limit, alternative to the ones using empirical measures
or direct estimates on the “BBGKY-type” hierarchies (systems of coupled
equations satisfied by the set of j-marginals). This method rather uses the
hierarchy followed by the “kinetic errors” E;_j (defined below), already
used (under the name “v-functions”) to deal with kinetic limits of sto-
chastic models [10, 7, 4, 11, 12, 6, 8, 13] and recently investigated in the
more singular low density limit of hard spheres [23]. These quantities are,
roughly speaking, the coefficient of the decomposition of the j-marginal as

a linear combination of the k-tensor powers, k = 1,...,7, of the solution



ASYMPTOTIC EXPANSION OF THE MEAN-FILED APPROXIMATION 3

of the mean-field equation issued from of the 1-marginal of the initial full
state. We developed in [22] a strategy suitable in particular for Kac models
(homogeneous original one [15, 16] and non-homogeneous [9]) and quantum
mean field theory. This strategy allowed us to derive the limiting factor-
ization property of the j-marginals up to, roughly speaking, j < /N. This
threshold is, on the other side, the one obtained by heuristic arguments as
shown in [22].

Here and in all this article, N is the number of particles of the system

under consideration.

In the present note we provide and estimate a full asymptotic expan-
sion in powers of % of the difference between the evolution of j-marginals
and its factorized leading order form (Corollary 1.5), following a similar
result for the kinetic errors E;(t) (Theorem 1.4). Our results are valid
for j < /N in an abstract paradigm, slight generalization of the abstract
formalism developed in [22], which is described in the next paragraph and
applies of course to the different Kac models and quantum mean field the-
ory treated in [22]. Moreover, we show that the additional knowledge of
the linearization of the mean field flow, around the meanfield solution is-
sued from the 1-marginal of the initial data, gives an explicit construction
of the full asymptotic expansion of the j-marginals in powers of %

In the present article, we will establish the results just described in the

following situations:

e the quantum mean-field model
e the homogeneous and non-homogeneous Kac models

e a general “abstract” model containing the two first situations

We will state in this section the quantum results and postpone in Section
5 and in the Appendix A the Kac’s type and the abstract results, respec-
tively. Sections 2 and 3 contain the algebraic and anlytical proofs of our
results in the quantum case, immediately transposable to the Kac and ab-
stract situations as shown in Section 5 and Appendix A. In Section 4 one
compute explicitly the first terms of the asymptotic expansions obtained

in the quantum case and rely them to previous works.
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1.1. Quantum mean-field. £!(L?(R?), the space of trace class operators
on L?(R?), with their associated norms.

We consider the evolution of a system of N quantum particles interacting
through a (real-valued) two-body, even potential V', described for any value
of the Planck constant i > 0 by the Schrodinger equation

zh@tw = Hn, ¢|t:0 = Vi € HN = LQ(Rd)®Na

where
N
HN = —%hQ Z Aa:k + ﬁ Z V(xk - :L‘l).
k=1 1<k, I<N

Instead of the Schrodinger equation written in terms of wave functions,
we shall rather consider the quantum evolution of density matrices. An

N-body density matrix is an operator F'V such that
0< FN = (FN)*, traceg, (FY)=1.

The evolution of the density matrix F'N — FN(t) of a N-particle system
is governed for any value of the Planck constant & > 0 by the von Neumann
equation

1

N _ N

Positivity, norm and trace are obviously preserved by (1).
For each j = 1,..., N, the j-particle marginal FJN(t) of FN(t) is the

unique operator on §); such that
traceq, [FV (£)(A1 ®---® A; ® Iy, )] = tracey [F;' (1) (A1 ® -+ ® Aj)].

for all A;,...,A; bounded operators on §). Alternatively the F jN can be
defined by the partial trace of F'¥ on the N — j last variables (see [1].
Namely, defining F'V through its integral kernel FN (z1,...,xn; 2], ..., 2h),
the integral kernel of F' jN is defined as

F_]N(x17"'7xj;x,17"'7x9) = (Tl“jﬂ...TrNFN)(xl,...,xj;a:'l,...,:U;-
(2) = Ld(Nj) FN(:Ul,...,acN;x’l,...,x},xjﬂ,...,xN)dxj+1de.
It will be convenient to rewrite (1) in the following operator form

(3) OFN = (KN + VNN
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where KV, VN are operators on L!(L*(RN?)) defined by

1, A2
(4) KY = — [~ Apav. ], VY QNZVMWltth— [V (- ), ).

Note that the (essantial) self-adjointness of Hy implies that
(5) Het(KNH/N)Hﬁl(L2(Rd))—>L1(L2(Rd)) = HetKNHﬁl(LQ(Rd))—%l(LZ(Rd)) =1, teR.
We will also denote by

(6) L = £Y(L*(R%)) so that L®" = £LY{(L*(R™)), n=1,...,N,

and, with a slight abuse of notation, by

(7)

for 4,57 =1,...,N (here L(IL® LL®/) is the set of bounded operators form
L® to L®7).

|-|1 the trace norm on any L&,
||| the operator norm on any L(IL® 1.&7)

A density matrix F" € L®" is called symmetric if its integral kernel
Fr(zy,...,zp; 2], ..., x)) is invariant by any permutation
(25, 27) < (w5,2%), 4,5=1,...,n.
Note that the symmetry of F'V is preserved by the equation (1) due to the

particular form of the potential.
We define, forn=1,..., N,

(8) D,={Fel® | F>0, |F|i=1 and F is symmetric}.

Note that FV e L8 (F¥ = 1eL® := C) and F}¥ > 0, F¥|y = |[FN];, and
obviously F' jN is symmetric as F'V. That is to say:

}?fv € ZDj.

The family of j-marginals, 7 = 1,..., N, are solutions of the BBGKY

hierarchy of equations (see [1])

T (N-J)
(9) atFN (KJ NZ)FJN_" N Cj+lF]]X1
where:
. 1. h?
10 K) = —[-—ARgj, -
(10) S A, ]
(11) Tj= Y T,  with T, =V,

1<i<r<j
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and
(12) Cj+1Fj]X1 = Z];Oi,jHFj]Xl
with _
Ozyj . LeG+1) N 1,87
(13) CijnFfly = TWH(VijaFl)

where Tr/*! is the partial trace with respect to the (j +1)th variable, as in

(2).

Note that, forallt<j=1,..., N,

Vil e MV oo
H HL ’ and HCZ}]‘HHS]” HL .

h

(meant for |T}||peiopes and |Cy j+1|peG+n_res in accordance with (7)).

(14) 175 < 52

The Hartree equation reads
A2
(15) zh@tF: [—EA-I-VF(Q?),F], F(O) GDl,
where Ve(z) = [V (2 - y)F(y,y)dy, F(y,y') being the integral kernel
of F.
Note that (15) reads also

(16) OF =K'F+Q(F, F),
with
(17) Q(F,F) =Tr*(Vip(F®F)).

Since V' is bounded, (15) has for all time a unique solution F'(¢) > 0 and
|F(t)] =1 (see again [1]).

In order to define the correlation error in an easy way, we need a bit
more of notations concerning the variables of integral kernels.

We define the variables z;,i = 1,..., N, equal to (x;, ), and Z; = (21, ..., 2;).
We will also denote by Z]/.{il’""i’“} e R20-9)d_~where {iy,--, iy} c {1,-,7}, the

vector Z; := (z15- -, zj) after removing the components z;,, ... z;,.
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Definition 1.1. For any 7 = 1,...,N, we define the correlation error
E; e L® by its integral kernel

(18)  Ei(Z)=Y Y (-DFF(z,)...F(z)FN (21,
k=0 1<i1<-<ig<j

By convention and consistently with FY = |F| =1, we define Ey:=1.

In [22] was shown that (18) is inverted by the following equality.

J o
(19) FN(Z)) =Y S F(z)... F(z)Ep(Z), j=0,...,N..
k=0 1<41 <-<i<yg
ie. F jN is the operator of integral kernel given by (19).
Note that, in order to avoid too heavy notations, we made, in (18) and
(19), a slight abuse of notation as writing integral kernels as functions of

Z;j=((x1,21), -, (xj,2%)) and not functions of (z1,...,z52q,...,2%).

In the sequel, we will take A = 1, the correct value being easy to restore

in the different expressions.

1.2. Main results of [22]. Theorem 2.4, theorem 2.1 and Corollary 2.2
in [22] state the following facts.
The kinetic errors £, j=1,..., N, satisty the system of equations

|
8tEj = (K] + NY}) E] + DJEJ
(20) + D}Ej+1 + D;lEj_l + D;2Ej_2,

where the operators D, Dj, D;',D;?, j=0,...,N, are defined at the be-
ginning of the Section 2, formulas (35)-(38).

Theorem 1.2 (Theorem 2.2. and Corollary 2.3 in [22]).
Let E;(0) satisfy for some Cyp>1,B>0

1) { |1:(0)]

B
N
(%)2C5, j>2.

IA N

1£;(0)[x

Then, for all t>0 and all j= 1,...,N, one has
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@ B < 4(Be™5)
1tVpee \J N
W < (") ()

for some By,Cy > 0, By,Cy > 1 explicit (see formulas (78),(81) in [22]),
and

Dy#|Viges 52

23 IFX () - Pl s D™ L,
where Dy = sup{ By, (eCy)?}, By =sup{B1,2C}.

1.3. Asymptotic expansion and main result of the present article.

Two questions arise naturally:

(1) are the estimates (22) sharp?
(2) could (23) be improved with a r.h.s. of any order we wish?!

We will see below that, indeed, not only the estimates (22) are true,
but NJ/2EN(t) has a full asymptotic expansion in (%)% (actually we will
k
show that this expansion contains only powers ()2 with k + j even) if
Ni2ZEN(0) do posses such an expansion in half powers of 1/N.
More precisely we will show that, under the hypothesis (21) on the initial
data,

25) E:(t)=N72&. ()~ EL)N? with EF =0 for j + k odd.
J J J 7 J
=0

for all time ¢ and all j=1,..., N.

Moreover we will see that all the £ f can be explicitly recursively computed
after the knowledge of the linearization of the mean field equation (15)
around the solution of (15) with initial condition F(0) = (F'N(0));. Indeed
the proof will involve the “j-kinteic linear mean field flow” defined by the

Lot course (22) and (23) imply that

(24) IFY @) -F2 - 5 FRRIEN = o D),
J+KcJ
|K|<k<|J|

but first one cannot go further in the approximation, and second (24) is meaningless without the knowledge of the E']]-Vs.
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linear kinetic mean field equation of order j:

(26) CAW) = (K7 + A (0)A®),  A0) €L

solved by the two parameter semigroup UY(t, s) solving
(27) 8tUjQ(t, s) (K7 + Aj(t))UJQ(t, s).
0
U;(s,s) I.

Here Aj(t) = ]\lfim Di(t) and U jQ exists since K/ generates a unitary flow
and A; is bounded.

The reason of the terminology comes form the fact that, as shown by
(35), A1 = Q(F,-)+Q(-, F) so that, for j =1, (26) is the linearization of the
mean field equation (15) around its solution F'(t). Note moreover that, for
G, G? e,

(28) Ao (GIG? + GG =
(AGHG? + GHALG?) + (A GHG + G (A GY).
and therefore
(200 OR(ES)EGP+ GPCY) = (U (1 )G (U1, 5) ).
More generally, if P;: LJ - IL®/ is any homogeneous polynomial invariant
by permutations,

(30) UYL s)Py(GL,...,GI) = P(UY(L,s)GY, ..., UYL, s)GY).

That is: UY drives each GJ along the linearized mean field flow “factor by
factor”. Denoting by L?gm the subspace of symmetric (by permutations)

vectors, we just prove the following result.

Lemma 1.3.
Ujo(ta S)|L;®gm = U?(t 5)®j'

Note also that Ujo(t,s) is given by a convergent Dyson expansion and
that, by Gronwall Lemma and the isommetry of the flow generated by K7,
we have that [U?(t,s)[ < e/ =5, Moreover, we will also need in the sequel

the semigroup defined by
(31) QU (t,s) = (K7 +3+X2D(1)Uj(t,s).
U;(s,s) I.
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U;(t) exists by the same argument as for Uj(.)(t). Moreover, since we are
in the regime j2/N small, U; can be also computed out of U]Q by convergent
perturbation expansion (in j2/N). Indeed (35), (100) and (40) show clearly
that H% + %Dj - Aj| < % Therefore U;(t) can be approximated for any
t by a finite Dyson expansion up to any power of j2/N.

Finally, we will extend (23) as we will show that F jN has an asymptotic

expansion in positive powers of 1/N whose partial sums up to any order
n>0is O(jN-"")-close to F.

The main results of the present note are the following.

Theorem 1.4. Consider for 5 =0,...,N, k=0,..., t >0 the system of

recursive relations

EN(t) = Ug(t,O)SJk(O) » o L

J + [oo Uit 8)(ATEF o (s) + ATEX [ (s) + ATE (s))ds
E(t) = Ok,
EN() = E8(t) = &(t) = 0 by convention.

where Uj(t,s) is the two times flow defined by (31) and A;D]l-, A =
ND;t, A =ND;? the Djs being given by (35)-(38).

Then, for any j=1,...,N, k=0,..., t >0, the knowledge of 5313’(0) for
j'=1,...,9+k, k"=0,...,k, determine in a unique way 5f(t), and

EN(t) =0 when j+k is odd

if 5}“(0) satisfies the same property.

Moreover, if E;(t) := N7/2£;(t) solves the equation (117) and satisfies
(21), one has

2n
1€;(t) - kZl NZEL ()1 < tCon()NT"2 (AP 52)7P7,
where C,,(t), A} are defined in (77) below.

Let us define, for j=1,...,N, n=0,...

_J+k

(32 2ty = 3 N e ()
k=0
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(note that E7(¢) contains only integer powers of N -1 since &; k=0 when j+ k

is odd, that is E} = Z ¢} N7F), and FNn(t) the operator of integral
k=[(j+1)/2]
kernel F;V’n(t)(Zj) defined by

(33) FJN’”u)(Zj):i S P (z) .. F(1) () B (2100,

k=0 1<iq<<ip<j

(that is (109) truncated at order n, same slight abuse of notation). F jN’”

is therefore a polynomial of order n in %

Corollary 1.5. Let FN(t) the solution of the quantum N body system (1)
with initial datum FN(0) = FoN Fe L(L*(R?)),F >0, TrF =1, and F(t)
the solution of the Hartree equation (15) with initial datum F.

Then, for all n > 1,

N —n-1 2t0y,(t)eA?"]
|EN () = FY"()] < N 2Caledly
for N > 4(eA2"j)2.
Remark 1.6. If one is interested only to the expansion up to order n< j,

we can change the sum in the L.h.s. of the inequality in Corollary 1.5 by a

sum up to £ =n.

Proof. The proof is similar to the one of Corollary 2.2 in [22].

IFN(@#) - > H(F®|K|®E"|K|)|\
Kc{l,....5}

J
< (7" )im-
k=1
) j A2n kk2
< NS (D) OB (P )
k=1
1 J A?n kkk
< NTEC () DG - 1) (G~ ko 1)
k=1

Vi

Noneb JEAT 1 o areni 2Can(Ded?]
< Can(t) Z( JN )" <N VN

for N >4(eA?"j)? (we used % < \/%) O

Corollary 1.7. The rate of convergence to the meanfield limit in % 18

optimal.
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Remark 1.8. In the asymptotic expansion E;(t) ~ ) [(OZO: y ]c,i(t)N‘k the
[(j+1)/2

coefficients ci(t), such as Ej’?(t), depend on N as well: first by the de-

pendence of A = (1 - %)Cje1 and also by Uj(t,s) defined by (41). As

mentioned already the latter can be expressed as a (convergent) series in %

out of the linearization of the meanfield equation so that obtaining a full

asymptotic expansion of E;(t) with the only knwoledge of the linearization

of the meanfield equation is (tedious but) elementary.

2. THE RECURSIVE CONSTRUCTION

Let us recall from [22] that the hierarchy of error terms saisfy the follow-

ing equation:

-1
atEj = (KJ + NT}) Ej + DjEj
(34) + Djl-Ej+1 + D;lEj_l + D}QEj_Q.

Here the four operator D;, D}, D;*, D%, j=0,..., N, are defined as follows
(here again, J ={1,...,j}): for any operator G e L®" n=1,..., N, we de-
note by G(Z,) its integral kernel, and for any function F(Z,),n=1,..., N,
we define F/(Z,) as being the operator on L" of integral kernel F((Z,) then
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Dj L® - 1,2
N -
Ejl—> ] ZCZJ+1 (F(ZZ)E (Zj/;{Ll})—i-F(ZjJrl)E](Z]))
1€
L Ry
(35) —Nggj Cijn(F(2)Ej(Z51])
l)J1 : L®(j+1) -
N -
EJ+1 = jCj+1
(36)
D;l . ]L‘X’(j_)l — ]L@j
E'_1|—>i Z T; F(Z.)E,_l(Z/{i}) ZQ(F F)(2)E; 1(Z/{i})
J Nz‘rej L,r ) j ] ZEJ ; !
1
_N Z Ciaj+1(F(Zl)F(Zj+1)Ej_1(Z]/.{l})
i#leJ
(37) —l Z C; ; (F(Z)F(Z)E (Z/{Zl})
N 1,7+1 l 1 j-1 1
1#leJ

DTQ . ]L®(j—2) L@j

Bjor — Z i F () F (2,) Ejo (217,

z seJ

(38) _N ;]Q(F, F)(z2)F(2)Ej_o(Z]"h).

where, by convention,

D} =D%:=0
(39) D' (Eo) = -5 Q(F, F)
Dy*(Ey) = %(Ti2(F®F)-Q(F,F)® F-F®Q(F,F)) .

In (35)-(38), F'(z) is meant as being the integral kernel of F(t) solution of
the Hartree equation 15.

Note that one has the following estimates:

: _ _ _ _ 72
(40) D], 1D}l < 5 and | D7, D57, [ D1 (Eo) |, [D2*(Eo)| < -

Remark 2.1. We shall see that the properties (39)-(40), together with (5),

are actually the only ones being used in the proof of Theorem 1.4.
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We define the (two parameters) semigroup U;(¢,s) for s < t, satisfying

OU(t5) = (K7 + 32+ DiOU(t,5), =1, N
(41) Ui(s,s) = I=Uy(t,s)
Obviously U;(t,s)U,(s,t) = I so that
(42) U;(t,s)™' = U;(s,t).

Having in mind the result of Theorem 2.1. of [22] and calling E; = N/2;

799

Hj=KI+T;/[N+Dj, At = Djl., AF = NDJTl,A; = NDJT2 we find easily that

OE = HiE + N 2ATE + N2ATE,
= H & + N 2AE - N2Q(F, F)
0 = H;E+N72DLEj + NiD7IE + ND72E
(43) = HiE+ NN+ N2ATE 1+ A6 0,522
Therefore
& = Hi& +O(N2)
i€y = Hoby+ N5E +O(N72)
= Hyo +VIF® F +O(N2)

0 = HiEj+ A& 5+O(N2),523.

We define £)(t) as the solution of

(44) 0,E) = H,E)
(45) OiEy = Hyly + V2F®
(46) E) = HE)+AGE) 5,723

(67) and (68) are closed equations whose solutions are given by
(47) EL(t) = Ur(t,0)£1(0) = 0
since we supposed F1(0) = O(N1), and

(18) &) =Ui(1,0)EN0) + Ui(t,0) [ 050, 5)V F(5)%%ds.
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Iterating till j, we get
t
(49)  EY(t) = U;(£,0)2(0) + Uy(%,0) f U;(0,5)AE" ,(s)ds, j > 1,
0

with the convention Elk =0,0<0.
Therefore, for j = 1,...,N,t > 0, the knowledge of U;(t,s), s < t, and
£)(0), jo=1,...,j guarantees the knowledge of £J(t). We write this fact

as

(50) (gj(')o(o))jo:l ~~~~~ j’q(gjoo(t))goajo:l ~~~~~ J

To go one step further, one find

(51) OEL = H\EL+ ATE) + ATEY
+A-1Fgg - Q(FD F)
(52) 0Ey = Hy&y + ATE) + ASEY
(53) OE] = H\E + A&, + ATE)  + AFE) | j>2
Recursively we find:
(54) OEF = H\EF + ATEF T+ ATEF!
(55) O,EF = Ho&F + AJEF T+ ASEM!
(56) OEF = H;EF+ DN, + ATENT + AZEM]

solved respectively by

(1) = Ui(0)EE0) + Ta(1,0) [ U0, 5) (AT + sl )ds
(57)

E5(1) = Ua(t.0)E5(0) + Un(1,0) [ Un(0,)( 58571 (5) + AzE( ) (5))ds
(58)

Ei(t) = Ui(t.0)€7(0)

+ f :to Uj(t,s)(AGEF 5(s) + ATERT () + ATEM (5))ds

(59)
Note that (59) reduces to (57),(58) for j =1,2, by convention (39)
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.....

the knowledge of £F(t),E5(t) and therefore, by (59), the knowledge of
EX(t), EX(t) and so forth till Sf(t):

Therefore

We just proved the following result.

Proposition 2.2. For any j=1,...,N,t >0,k =0,..., let Ef(t) be the
solution of (59). Then Ef(t) is determined by the values Sjk,'(O) for0< k' <
k,1<3'<j+k.

Formula (59) will give easily the following result.
Proposition 2.3. Ef(t) =0 if j and k have inverse parity’.

Proof. Let us write (59) again

(60) EN(t) = /Ot U (t,8)(AEN 5 (s) + ALERT(s) + AZEM](s))ds

J¥i-2 Jj g+l j&i-1

By (67) we have that E)(¢) = 0 since £)(0) = 0. Since (60) gives EJ’?(t) =
fsio U;(t, S)A;EJ(.)_Q(S‘)ds, we get £7(t) =0 for all j odd.
Since &(t) =1, &)(t) = 0,7 > 0, and we have that £/ (t) = 0 and therefore
£}(t) =0 for all j even, since then j + 1 is odd, and therefore £7,, = 0.
This gives & =0 and so on. l

Corollary 2.4. E;(t) has an asymptotic expansion in powers of N=1 with
J+l
leading order N7

2j even, k odd or j odd, k even
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ol : : Ve _
In order to simplify the expressions, we will first suppose that ~—=*~ = 1.

Let us first notice that (117) expressed on the &;s reads
(61) 0Ej = HiEj + NTEATE ;1 + NT2ATE L + A€,
and that (21) and (22) can be rephrased as
(62) [€:(0)] < (A7%)? = &;(1)] < (Aef?)?, Ar= A'e”!

for some explicit constants A’, C'.
Let us consider the solution at order k of (61) given by (59):

t
Ef(t) = /;:0 U;(t, s)(A;Ef_Q(S) + A;Efjll(s) + A;Ef_‘ll(s))ds +U,(t, O)Ef.

We get
O (t)

Hi(£)EF(t) + ASER,(t) + ATERT (1) + AZEM (D)

J¥i-2 J

H;(0)EF(t) + ASEF H(t) + ATEE (8) + ATEF (1)

JYi-2 J J

+A;(5f+_1l(t) N 5Jk+1(t)) + A;(é’f_‘f(t) B Sf—l(t))’

and, calling 5_]” = NK 28;.“, one easily check that
k=0

b
VN
)" AT (ERL (1) + AT (E]4(D))-

DEN(L) = Hy()ENE) + AEN, (1) +
1

VN

Therefore A7 :=&; - 5_}”‘ satisfies the equation

(AJELA () + AGE! (1))

(63) +(

n = ) n + ATA" +L AT + AT A"
BA(E) = H(DAT(E) + ATAL, (1) + (AT A (1) + AT AT, (1)
(64) +<¢%>"/+I<A;<e;11<t>> A (EN (1))

Let us define

U (t,5) = Hy(UT(t,5) + A5UN(t,5)

1, ]
VA U (t,8) + A5U (8 5)),

N _

Ui'(s,s) = I
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Hence, the solution of (64) reads
(65)

+1 ! + n - n n
A?(t) =N"2 ‘/(; UJN(t78)(Aj (5)5j+1(5))+Aj (S)Ej—l(s))dSJfov(t?O)(Aj (0))
where A¥(s)E7, 1 (5))+A7(s)ET 1 (s) (resp. A%(0)) is meant for the sequence

((A7(8)E71(8)) + A($)EL, (8))) oy (vesp. (AF(0)3k)im1,...v).
Let us suppose that that £;(0) has an asymptotic expansion of the form

%N‘k/%’k 0) so that |A"(0)| < N=% D,,(Aj2)i/2 for some positive con-
j j
0
stants D,,, A. Then (62) implies that
(66) [UN (#,0)(A2(0)) ] < N™% D, (A'e j2)il2.
By the same idea we get that, if
(67) [AT(EL1(9)) + AT(E ()] < Culs) (AL, Vs <t
for two increasing functions C'(s, A7) of s (say), then
(68) |€;(t) = EP ()] < N5 tC (£) (A7) e j2) I,
where (A}')" depends only on A}, and on the same way that A’ depends on
A in (62).
It remains to prove an estimate like (67).

We will obtain such an estimate by iterating (59). We first remark that,
KI+T;/N

since e is unitary and | D,| < j, the Gronwall Lemma gives that

(69) |U;(t,5)] < e,
We will use

(70) [TV dtitin) < eUsmltma=tol for any (t;)iz0. m (see [22]),
i=0

(1) 1A% <5
1€ < (AU < (A5 +n)2)TI2, 5 <+,

and

t t—1 th-1 tn
(72) f dt, [ dts... f dt, = .
0 0 0 n!

Let us remind that we have £5(t) = 0x for all . Without loss of general-
ity, we might take 5]’.“ (0) = 5k705§)(0) (possibly depending on N) such that
1€9(0)]| < (A[j +1])li*H2 A > 1. Under this hypothesis, (59) reads:

E)(t) = Ui(t.0)E)(0) + [, Uj(t, ) A5Ey(s)ds
EFE) = [LoUi(t, s)(AGER,(s) + ALER(s) + AEF](5))ds, k> 0.

J g+l J 731
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Therefore we get easily, using (70),(71),(72),
(73) €7 ()] < M5 (A7?)P2.

Moreover iterating the second line M times, we will end up with the sum
of less than M? terms involving the values 777", for any (r,5,t) such that
M =r+ s+t with the two constraints n—-s-t>0, j-2r+s—t>0. Using

the first constraint we see that
J=2r+s—-t<j-2r+n<j-2(M-n)+n=75-2M + 3n.

So that, taking M = [(j +3n)/2] := M,,, the second constraint reduces to
j—2r+s—t=0 and the first one to s+t =n since &} = oy .
We easily (and very roughly) estimate

Jj+3n

((G+3n)/2)%UN((j + 1))
(1 n 3n>3(n+1)€3n|t|j3(n+1)(1 n n/j)j(€2|t|j2)j/2

l€F @)

IN

IN

so that, using (1+mn/j)/ < e and j* < e?Me X > 0, we get

(74) ”gjk(t)H < (1 + 3n)3(n+1)€(3n+1)|t|(62|t|+3(n+1)/2]‘2)j/2’ E>0
and, since A > 1,

(75) ”gjk(t)H < (1 + 3n)3(n+1)€(3n+1)|t|(A62|t|+3(n+1)/2j2)j/2, k>0.

We conclude by

(76) [AL(ER(5)) + AF(ERL(5)] < Cul(s)(A52)I

with, after restoring the dependence in —”V‘,LL%

[22], Section 3,
(77)
o [V e [V oo
Cn(S) :](] + 1)(1+3n)3(n+1)€(3n+1)|t| A and Avsz :A€2|t| 5 +3(n+1)/2.

by the same argument as in

Therefore (68) is satisfied and Theorem 1.4 is proven.
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4. EXPLICIT COMPUTATIONS OF FIRST ORDERS

We have
1 1
anlo(t) S) = -_[_hQA +Vp, Ulo(t7 S)] + -_[VUO(t s)s F]
uh oh - 71

where, in the last term, Vyjoq, oy acts on E1(s) as Vo e, (s)-

More generally,

1 .
AUI(1) = —[-h* A+ Vi UN(D)] + P(UY, F)
where
(P(U7, F)E;)(Z;) =

5 [ de(Vwi-w) =V (@l =) (U5 B2, () F (i, ),
that is ;
(P(U]())F)E]) = z[v *i (U]O(t7S)E])7F]z

i=1
Finally

) = [ [ dsaZiU(t,)(Za, Z)V (at-ah) F(5) () F(s) (4 sl
and

Nty = [OtUl(t,s)Q(F,F)ds

t S
H(1-1) fo [0 U, (t, )T [V Us (s, u)V F(u) ® F(u)]dsdu
(78)
5. THE KAC AND “SOFT SPHERES” MODELS

In this section we consider the two following classes of mean field models
(see [22] for details).

e Kac model. In this model, the N-particle system evolves according to a
stochastic process. To each particle 7, we associate a velocity v; € R3. The
vector Vi = {vy, -, vn } changes by means of two-body collisions at random
times, with random scattering angle. The probability density F(Vy,t)
evolves according to the forward Kolmogorov equation
1 -
1) aFY =3 [ dwBwivi- o) (FYOY) - FX )},
1<j

!/
J
gives the outgoing velocities after a collision with scattering (unit) vector

0 _ / / : /
where V' = {'Ul,"',Ui_l,Ui,UiJrl,“‘,Uj_l,Uj,Uj+1,"',UN} and the pair v/, v
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B(wivi-v;)

oo ] is the differential cross-section
i~y

w and incoming velocities v;,v;.
of the two-body process. The resulting mean-field kinetic equation is the

homogeneous Boltzmann equation
(80)  B,F(v) = f do, / dwB(w;v - v ) {F(W)F(0) = F(v)F(v1)) .

e ‘Soft spheres’ model. A slightly more realistic variant, taking into account
the positions of particles Xy = {x1,-,zy} € R3V and relative transport,
was introduced by Cercignani [9] and further investigated in [17]. The
probability density FN(Xy, Vy,t) evolves according to the equation

N
8tFN+ZUi-V%FN = —Z h(|$Z .7:]|)B( ; Uj)
i=1 v = :c]|

z<]

(81) < {FN( Xy, Vi) = FN(Xn, Vi) } .

Here h: R* - R* is a positive function with compact support. Now a pair
of particles collides at a random distance with rate modulated by A. The
associated mean-field kinetic equation is the Povzner equation
O F(xz,v) +v-V,F(x,v) = / duy f dxy h(|x - xl\)B(‘x z1| —vl)
x{F(x,v")F(x1,v]) - F(z,v)F(x1,v1)},

which can be seen as an h—mollification of the inhomogeneous Boltzmann
equation (formally obtained when h converges to a Dirac mass at the ori-
gin). Both classes have be treated in [22] and Theorem 1.2 apply to them,
in the following sense.

The underlying space L is now L'(R?, dv) (resp. L'(R??, dxdv))) for the
Kac model (resp. soft spheres) both endowed with the L! norms |-||;. For
FN ¢ L8N, FJN € L8 is defined by

FJN(ZJ) = AFN(Zl, cee g Rjy RJ+1y - .,ZN)de+1 . ..dZN

for Z, = (z1,...,2,),n = 1,...,N with 2z, = v; € R4, Q = RWV-94 (resp.
z;i = (z;,v;) € R¥, Q = R*N-7)9) for the Kac (resp. soft spheres) model.

In both cases E;(t) is defined by (18), inverted by (19), and it was proven
in [22] that Theorem 1.2 holds true verbatim in both cases.

Stating now the dynamics driven by (79) and (81) under the form (3) with

KN =0 (resp. KN =- Y ;0,,) for the Kac (resp. soft spheres) model
i=1,,N

and V¥ given by the right hand-sides of (79),(81) respectively, one sees
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immediately that the proofs contained in Sections 2,3 remain valid after
an elementary redefinition of the operators D;, D;', D7 in (35)-(38) as (in
the left hand sides below, we use a slight abuse of notation by identifying
functions with evaluations)

(D;E))(Z) = ~F L Cijn (FGBEZ) + P(210) Bi(Z)))
T CoaFGE (D)

+1
z;t eJ J

% 5 T (F()E; 1(Z1)

’L’I’E

Z Q(F, F)(zi)Ej_l(Z/.{})
nd Z Cijr1(F(2)F(2j1) Ej1(Z]1))

(D7 E;-1)(Z))

S CnlFCOFGEA(Z)
(D*E;2)(Z;) = Zszdns(F(z»F(zr) Bi(Z")
% T QUEF)()F(2)E; (2],
with
D} :=D%:=0
(82) | DY (Ey) (1) = -+ Q(F, F) (=) ,
D52 (E()) (Zl, ZQ) = N(TLQ(F ® F)(Zl, ZQ) — Q(F, F)(Zl)F(ZQ)
~F(21)Q(F, F)(22)) .

Note that one has the following estimates:
2
: _ _ - - J
(83)  ID;l 1D}l < j and | D7, | D77, | Dy (Eo)l, 1D3*(Eo) | < 55+
Therefore, by Remark 2.1, the statements contained in Theorem 1.4 and
Corollary 1.7 hold true, in both cases, verbatim. Moreover defining F' jN’”

by (33) in both cases, Corollary 1.5 reads now as follows

Corollary 5.1. [Kac case] Let FN(t) the solution of the N body system

(79) (resp. 81) with initial datum FN(0) = F®N 0< F e LY(RY)), [ f(v)dv =
R
1 (resp, 0 < F e LY(R?)), [ f(z,v)dxdv=1), and F(t) the solution of the
R2d
homogeneous Boltzmann equation (80) (resp. the Pouvzner equation(82))

with initial datum F'.
Then, in both cases, for alln > 1,

N Nn —n-L1 2t0y, (t)eA?"]
[ £ (8) = 57 (1) o < N7"72 ===,
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for N > 4(eA?j)2,

APPENDIX A. THE ASBTRACT MODEL

A.1. The model. We will show in this section that the main results of
[22] and of Section 1 of the present paper remain true in the “abstract®”
mean field formalism for a dynamics of N particles that we will describe
now. The present formalism contains the abstract formalism developed
in [22], without requiring a space of states endowed with a multiplicative

structure.

States of the particle system and evolution equations. Let IL be a vector
space on the complex numbers. We suppose the family of (algebraic) ten-
sor products {IL®" n =1,..., N} equipped with norms |-|, satisfying as-
sumption (A) below. the N-body dynamics will be driven on L&V by a
one- and two- body interaction satisfying assumption (B) and the mean
field limit equation will be supposed to satisfy assumption (C).

Assumptions (A) — (C) below will be followed by their incarnations in
the K(ac), S(oft spheres) and Q(uantum) models.

By convention we denote L8 := C, |z]o = |2| and we denote by L&" the
completion of " with respect to the norm |-|,,.

Forthe K, S and Q models, L®" is L'(R%, dv), LY(R??, dxdv) and L' (L?(RY),

the space of trace class operators on L?>(RY), with their associated norms.

(A) There exists a family of subsets Le" of Lé" n=1,..., N of positive
elements F' denoted by F' > 0 stable by addition, multiplication by

positive reals and tensor product and there exists a linear function
Tr: L - C, called trace.
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Forevery 1<kn<Nand 1<i<j<n<N, let TrfL anda{‘j be the

two mapping defined by?

Trifl . Ler - [en-l
n n
v, — Tr(vg) ® v,
1=1 1=1

(84) itk
ol.. Ler — [Len
" n n !/ !/ N N !/ !/

®1UZ' > ®lvi, CHERN RN Vi = Vj, U} = Vi
1= 1=

We will suppose that Tré“v and 0l 4, 7,k <n < N, satisfy, for any

Felen,
Try (F), 07 (F) >0, [Trp(F)|n-1 = |Fl, when F >0
(85) |3 (E) = [ F

I TR (E) a1 < 1 F

In particular one has that |F|, = Tr"...Tr'F when F > 0 and
Ty"... Tr'F| < | F|, in general.

Note that (85) allows to extend Tr" and o to L& by continuity.
We will use the same notation for these extensions.

For the K, S and Q models, Ti" is [qi-dvg, [ges-dzxdvy, and the
k-partial trace, namely, defining A through its integral kernel
a(zy,..., Ty, @y, ..., xh), the integral kernel of Tk A is defined as
fRQd a(Ty, ..., Ty, &Y, oy X, .., 2 )dxy, Tespectively. Moreover, the
action of o} consists obviously in exchanging the variables v; and
vj, (zi,v;) and (xj,v;) and (x;,v;) and (z;,y;) (in the integral ker-
nel), respectively. Finally (85) is satisfied in the three cases.

From now on and when no confusion is possible, we will identify L®"

with its completion L& and we will denote Trk; = Tr* (note also that Tr
Tr} = Tr"), oV = 0;; and Tr(= Tr,) = Te"Te .. Tr),.

b

We call symmetric any element of L®" invariant by the action of o' Vi,

IA

n.

We call state of the N—particle system an element of

3The fact that the second and fourth lines of (84) define a mapping on the whole tensor space L®" results easily from
the definition of tensors products through the so-called universal property [18]. Indeed, let ¢, be the natural embedding
L*% — L8 (v1,...,vp) = v1 ® -+ ® vy, and let h be any mapping L*" — an” then the universal property of tensor
products says that there is a unique map h:L®" L8 such that iLOLpn =pnroh. Takingn' =n-1, h(vi,...,V%,...,0n) =
(trace(vg)v1, ..., Vk—1,Vk+1,---,Un) for Trﬁ, and n’ = n, h(vi,...,v5...,05,...,0n) = (V1,...,Vj,...,0,...,0p) for o';';j
give the desired extensions.
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(86) Dy={Fel®"|F>0, |F|=1 and F is symmetric}.

For j=0,..., N, the j-particle marginal of F'N e (IL®V){ is defined as the
the partial trace of order N —j of F'V, that is
(87) FY =TT L T RN R = Y
Note that F¥ € L% (F' = 1€L®:= C) and F}¥ >0, |F]; = | FY |y since

Tr is positivity and norm preserving, and obviously FjN is symmetric as

FN. That is to say:
N

(B) The evolution of a state FV in LY is supposed to be given by the

N -particle dynamics associated to a two-body interaction:

d

(88) %FN = (KN + V)Y FN,
where the operators on the right hand side are constructed as follows.
(89) KN = %Hi“‘” o KoI?™™
i=1
and
(90) VN = %KK%N Vii, Viji= a{\fiagj‘/ ® HL®(N—2)O'{VJ0'5\;-

for a (possibly unbounded) operator K acting on L. and a bounded
two-body (potential) operator V' acting on L®2.
We assume furthermore that K is the generator of a strongly con-

tinuous, isometric, positivity preserving semigroup (in L)
(91) eME>0 if F>0; leE)=1.

and KV + V¥ is the generator of a strongly continuous, isometric,

positivity preserving semigroup (in L&)
(92) eENHVIIEN S0 if FNs0; etV =1
Finally, for any F €L, FN ¢ L®N and 7,7 > j, we assume
(93) Tr(KF) =0 and TV (Vi FN) = 0.

This last property is necessary to deduce the forthcoming hierarchy.
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Note the symmetry property of the equation (88) induced by the defini-
tion of VV: if the initial condition Fj¥ for (88) is symmetric, then FN(¢)

For the K, S and Q models, the ingredients in (88) are given in
the table bellow and (91)-(93) are easily shown to be satisfied.

is still symmetric.

The following table specifies the applications of the above abstract model

T. PAUL AND M. PULVIRENTI

to the three models presented in the introduction.

Kac Soft Spheres Quantum Mean field
L L'(v) LY(z,v) LY(L*(RY))
==V F=lfl=VEf A—|A[=VAA
Tr| f- [dvf f= [ [ fdzdv A-TrA
K" 0 —v-V, +[-A, ]
[ dw h(|z; = 2])
B(w;vi —vj) | B(p=ksvi— v
‘/;;J (w]\,]v UU]) (|mi—xj| v i?ﬂ Zih[v(xl_x])’]
UYVD) | {PN (XN V) |
V)Y | -V (Xw, V)
Hierarchies. The family of j-marginals, j = 1,..., N, are solutions of the

BBGKY hierarchy of equations

(94)
where:

(95)

T N-j
8,5FJN = (KJ + N]) FJN + ( Nj)0j+1Fj]}rfl
K = iﬂi(i_l) ® KoI?U™,
1=1
irj = Z E,r with ﬂ,r = ‘/ir
1<i<r<y

Cjn FY, = Tr/*!

J+1 =

Cij+1

N
Z Vi,j+1Fj+1

i<j

(

Fl =

j+1 =

j+1
Tr/ (Vz’,j+1

J

N

) ) ZOZ"J'“FJ‘H
i

N

7+1

)

Ci LU+ 8
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Indeed, thanks to (93) we get easily by applying Tr’"" on (88) that
d : 1 .
—FN = (K7 + j)FJN +=Tr"N (S Vi)
dt N 1<i<j<k<N
By symmetry of F'V and V;; we get Trj’N(%kFN) = Trj“(‘/;,j:le]Xl) for
all k> j and (94) follows.
Note that, thanks to the assumption (85) and for all i <j=1,..., N,
(100) |7 < 32|V, and [C; ] < 51V

(meant for (”T%H]L@'—%@ia Hci,j+1HL®(j+1)—>]L®j7 ”VHL@Q_)L@Q).

We introduce the non-linear mapping Q(F,F), Q) : Lx L - L by the
formula
(101) Q(F, F) = T (Vi»(F & F))
and the nonlinear mean field equation on L
(102) OF =KF +Q(F,F), F(0)>0, |[F(0)|,=1.

Eq. (102) is the Boltzmann, Povzner or Hartree equation according to the
specifications established in the table above. In full generality we will

assuIine

(C) (102) has for all time a unique solution F'(t) >0 and |F(¢)] = 1.
For the K, S and Q models, (C) is true by standard perturbations

methods.

Correlation error. To introduce the correlation errors, we need to extend
slightly the above structure.
For any subset J c {1,..., N} we first define

(103) L}?}’J = .glL‘X)XJ(i)’

where s is the characteristic function of J and L8V = C.
Then we introduce L®’, the subspace of IL®J formed by vectors of the

form ®vZ where v; =1 € C for ¢ ¢ J and v; € L for ¢ € J. Note that L&/ is

sent to IL®|J | by the mappmg

II: ®Ui cL® Ru; € e,
1=1 ieJ
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We define
[les = [TIC-) [ ot-
For ' e L and K c J c {1,..., N} we introduce the linear operator

[F ]?K, defined through its action on factorized elements as

[F]?K . ]L®J/K - 187

N N
(104) B o Sas

=1 =1

as = 1eC if s¢J
where { a, = F if seK
as = vy if seJ/K

Note that, for K, K’ c J, K n K' = @, we have the composition
K K’ KUK’ K’ K
(105) [F155 1Y = LF15) = [R5 [F )
and more generally, for all F,G,
K K’ K’ K
(106) [F15° (G55 = (G157 [F15)k
For any subset J c {1,..., N}, we define the correlation error by

(107) Ej= ;J(—l)'K'[F]?KFﬁK

where F solves (102), the operator [ F ]?K is defined by (104) and F}Y e L&~

is defined through its decomposition on factorized states. Namely if

N
F = Z Cly, V0, @ 0 B Vyy,
b

..... Iy
then
FN = Y coyint ® - ®apy,
ol
as = Tr(vs) eC if s¢L
where : :
as = Vs if selL

The link between the definition of F év and the definition of the marginals
F jN given in (87) is the following:

(108) F{]}’ 77777 o= FN @ (1)°0V-0 e el @ (LO)*(N-0),
The formula inverse to (107) reads
(109) FY =% [F17"Ejx.

KcJ
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Note that the contribution in the right hand side of (109) corresponding
to K = J and K = @ are F®! and E; respectively. To prove (109), we plug
(107) in the r.h.s. of (109) and we use (105):
K |
Z [F]? Ly = Z [ Z (- 1)‘K J/K J/K)/K’]

KcJ KcJ K'cI|K

! K K,
K; . KZJ (-1)MI[FIT [F155 F o
UK'c c

K'nK=g
K’ ®L N
= LZC;](KZC:L(_U| |)[ FJ/L FJ

since Z ( 1)Kl = ||(|L|)( DE =0l =0if L #@, and = 1if L =@ (since
k=0
X (- 1)'K' (-1)?=1).

K'cy
We will use the notation

(110) Sxrr=1if K=K and 0if K # K'.

One notices that since F' jN is the marginal of some F'V which decomposes

on elements of the form v; ® - @ vy, F jN decomposes on elements of the

N
form ( [T Truvg)v; ® --- ® vj. Since one knows that FjN is symmetric, it is
k=j+1
enough to choose one bijection iy : {1,...,5} = J, |J| = 7, and consider the

mapping

D;
(I)' IL®|J| O 2

N

111 ®v; e L8 » ®a; eL®’
( J =1
J€ 1=
(112) F|JJV| > N

where as =1if i ¢ J and a;,(;) =
®, , is obviously one-to-one since iy is so, and, though (111) depends on
the embedding chosen, (112) does not: ®;, restricted to the space ]L?'J| of
symmetric-by-permutation elements of L®| depends only on J and not

on 7;. We will call ®; this restriction,

(113) O, =D,

17 ‘Lglﬂ .

The same argument is also valid for E; which enjoys the same symmetry

property than F¥ and we define
(114) E=%'E,.
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®; is obviously isometric and we have that

(115) | Erlves = [ Eq,. oy lLetn = [ ELpllLsi-

.....

Therefore, considering the one-to-one correspondence P, it is enough to
compute/estimate the quantities E;,j=1,...,N. E; and FjN are linked by

E; Y (D[RR FY

KcJ K]

(116)

K
B o= X B -

For the K, S and Q models, let us define the variables z;,1=1,..., N,
equal to v;, (z;,v;) and (x;,x}) respectively. In the three situations,
elements of L8, 7 =1,..., N, are identified as functions of the vari-
ables z;,i = 1,...,j (through, as before, the integral kernel of the
density matriz in the quantum case), that is functions F(Z;) where
we denote Z; = (z1,...,%;). . Let us also denote by Z]/.{il""’i’“}, where
{i1, ik} c {1, 7}, the vector Z; := (z1,...,%;) after removing the
components z;,,...z.. The formulas defining the error and its inverse
read

E(Z) = % Y (D). () EN(Z0)

k=0 1<i1<<ip<j

F(Z;) = 2]: > F(z).. F(z) B (20

k=0 1<i1<<ip<J

A.2. Main results similar to [22]. The kinetic errors E;, j=1,...,N,
satisfy the system of equations

-1
atEj = (KJ + NT}) Ej + DjEj
(117) + D}E]q_l + D;lEj_l + D}2Ej_2,
where the operators D;, Djl.7 D;l, D;Q,j =1,..., N, are defined in Appendix
B below, equations (138)-(139), together with the proof of (117). Moreover,
since (140) holds true, we know by Remark 3.2 in [22], that the proof

of Theorem 2.1 (and therefore Corollary 2.2) in [22] remain valid in our
present setting. We get the following result.
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Theorem A.1 (Analog to Theorem 1.2 (Theorem 2.2.
and Corollary 2.3 in [22])).
Let E;(0) satisfy for some Cy>1,B >0

IO < 5
[E;(0) < (§)PCy, 522
Then, for all t>0 and all j= 1,...,N, one has

(118) X

IA N

IN

(D < L(ByeBitlV]
119) {E(t) x (BaePIVT)

[E;(0)]1 < (Coe®IVY ()
for some By,Cy > 0, By, Cy > 1 explicit (see formulas (78),(81) in [22]),
and

D)
(120) HEjN(t) ~ F(1)%]; < Dzepltvuﬁ’
where Dy = sup{Bs, (eCy)?}, By =sup{B,2C1}.

IN

A.3. Asymptotic expansion. It is easy to see that the proofs of the
main results expressed in Section 1.3 are adaptable in an elementary way
to the present abstract paradigm. Indeed they use only the three properties
stated in Remark 2.1, valid in the present setting as pointed out at the very
end of Appendix B, formula (140), together with (91)-(92).

Therefore, the statements contained in Theorem 1.4 and Corollary 1.7
hold true, verbatim, under the hypothesis of Theorem A.1, and with the
definition of corrections errors given by the first line of (116) and replacing
W=y V] in (77).

Moreover defining now FjN’n by truncating the second line of (116) at
order n, that is

N,Tl n
R TP
where E7 is defined by (32), Corollary 1.5 reads as follows.

Corollary A.2. [abstract] Let FN(t) the solution of the N body system
(88) with initial datum FN(0) = F®N, 0 < F e L,|F|1 = 1, and F(t) the

solution of the mean-field equation (15) with initial datum F'.
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Then, for all n >0,

N.n —n-L 2tCy,(t)eA?";
[EN (1) = F (1) < Nor-h 2oy,

for N > 4(eA?5)2,
APPENDIX B. DERIVATION OF THE CORRELATION HIERARCHY (117)

From the definition of E; (cf. (107)) we find

0= 3 (DI (a(FIF)FY + (P15 0, )

Moreover, by (104)

K K k() kO
(121) o ([F1 ):kZK[F]? O Ry

Applying ®; defined in (114) to the BBGKY hierarchy (94), one finds
casily that F' satisfies, denoting o(j, N) := %,

1 |
(122)  OFY =K/ FY + = 3 T, FY +a(j,N) Y. Ciyja F oy

i<reJ ieJ

(for j+1¢ J). Finally, we recall the mean-field equation
OF =KF+Q(F,F) .
From this we deduce that

K k?o kO
0, = 3 (DK 3 [FIS P + QUE F))SI 0y P

+ X (DEa(-|KLN) Y [FI5"CiaFY
KcJ J/

s (K)ot}
+ LS (DIE[FEY( S T,)FY
2NKCJ( )L i#re] | K ) /K
- > (CLFFTFE (KRR, ).
KcJ

(123)

We compute now the four terms in the r.h.s. of (123), denoted by 7T;, i =
1,2, 3,4 respectively. As we shall see, this computation is purely algebraic
and uses only the decompositions Y. (-1)Kl =6, 5, ¥ [K|(-1)K = =65,
(cf. (110)) and the two following pfocéerties e

{ [FI5 1P = [FISN [FI5 = [FIS™Y), KK'cJ KnK'=o

Ciin [F1iougeny = [F105) Crgers K, j+1¢.J.



ASYMPTOTIC EXPANSION OF THE MEAN-FILED APPROXIMATION 33

Using again the definition (107),

Ti= 3 ()Y [P (K F + QUF F)) S i Foi
KcJ koe K

{ko} K
- 2 (KFE+QEFNT™ 3 COMIEI G F ion

koeJ KcJ[{ko}
- - EJD (KF+Q(F,F)5" By .

(124)

To compute 73 we make use of the inverse definition (109):

Too= Y a(i- KL N)EDE Y [FI95CnFY ougm

KcJ ieJ|K
. K
= Y a(-|KN)(ED)E S R
KcJ ieJ|K

K/
o Ciga Y [Flomogan Boomotiay i
K'c(J/K)ulj+1}

Now we have to distinguish among several cases so we decompose
4

(125) To = Z T
s=1

where each 7’ concerns the part of the sum corresponding to the following

constraints:
es=1: 4,j+1eK",
es=2: 4, j+1¢ K,
es=3: 1eK' j+1¢K',
es=4: 1¢K j+1eK'.
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For s =1 we have

T o= Y a(-IKLN)(DE Y [F)9E
KcJ ieJ|K
Kl
. Cijn . (F10 )0y Bomoy g
K'c(J/K)u{j+1}
1,j+1eK’
. K
= Y a(-|K,N)(-DE S R
KcJ ieJ|K
K"u{i,j+1
G Bt [yt B
= Y a(- K NEDE Y [FFE
KcJ/{i} ieJ/K
i %;W [E Y00ty Bepmoyccnotay
. K
= Y a(-|K,N)(E)EY R
KcJ/{i} ieJ
QK" ®{i,j+1}
o) 0 Gl El o kg ay B oo
K"e(J]{i))/K
) K KII
= Z Z 0‘(]‘|K|7N)(—1)|K|[F]? Z [F]?J/K)"'
ieJ KcJ/{i} K"e(J/{i})/ K

®{i,j+1}
e Ci,j+1[F]((J/JK)/KH)U{M}E(J/K)/(K”U{i})
= Y Y (X a(-|K,N)(D)E)FIFE..

ieJ LcJ/{i} KcL

®{i,j+1}
o Ci7j+1[F]((J/]L)U{j+1}EJ/(LU{i})
B : ®{ij+1} 1 30 ®{i,j+1}
= a(j,N) §Oivj+1[F]Ju{§:1}EJ/{i} N .;} L], Ci,ﬁl[F](J/{Jz})u{jﬂ}EJ/({i,l})
1€ 1#L€

_ ®{i) 1 o {1} ®{ij+1}
= a(J,N)Z][Q(F,F )15 EJ/{i}—N_lZJ%H[F Loty E inyrsn Earcin)
1€ EIAS

: i 1 il j+1
= @(JaN)Z[Q(F,F)]?{ }EJ/{Z'}—N > Ci,j+1[F]?L{J{j_i;}}EJ/({Z',Z})
ieJ itle]

since ¥ (-1)IK1 =6 5. We get
KclL

T, = Q(ij)Z][Q(FaF)]?{i}EJ/{i}

1 i l
- = Y RE PRI By

(126)
N i+leJ
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and therefore there is a crucial compensation:

Ti+T = =S [Q(F, F)¥Ey

Nz'eJ
1 o (i} pyefl)
(127) - NzilZEJ[Q(F’F)]J [ ]J/{Z}EJ/{Z,Z}'
Furthermore,
. K
T = Y a(-|K,N)(-D)F S [F]5° ...
KcJ ieJ | K
K’
G 2 Flmuga Baomoay s
K'c(J/K)u{j+1}
iK' j+1¢K’
=Y Y a@- KL N)(D)EIFGE
ieJ KcJ/{i}
KI
. Cijn Z [F]?J/K)u{j+1}E((J/K)U{J+1})/K'
K'e((J[{i})/K)
i Z]L%:{}(I;L&(] K, N)DEDFTCoja Byt
. 1 !
(128) = a(J,N)Z]Ci,jHE(Ju{jH})—N,ZZJ[F 15" Cign Bty
1€ (ESAS

having used C@J"‘I[F]((@ﬁ;()u{]-i—l} = [ ](J/K)CZ j+1 when ] +1 ¢ K’
By the same argument,

o= Y Y a-|K] N)(-D)KI[F]SK

ieJ KeJ/{i}

K‘/
Ciga 2 IF o Equmugn g
K'c(J/K)ulj+1}
ieK' j+1¢K’

= ¥ ¥ aG-KLNEDREEE Y FN -

ieJ KcJ/{i} K"e(J{i})/ K
- Cl}j+1[F]?Z{jﬂ}/(KuK”)E((J/({i}UKUK")U{jH})

= a(j,N) ZJ Ci [ F1500 0 Eaainotih
7€

et o1}
(129) - ZZJ CijrlF] oy E(nimogy) -
Z:FE
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Finally,

T = Y aG- KL NEDE Y RS

KcJ ieJ|K

K’
~Ciga 2 Flgmogan Bmvgne
K'c(J/K)u{j+1}
K j+1eK’
. K
= > > a-IK[N)EDRC jal 1500 -
ieJ KcJ){i}
[F]®K'U{j:1}

> (/K oti 1y IR + 1) /(Ko j+1})
K'c(JI{i})/K

) Lud{j+
=2 (ZO‘(J_|K|7N)(—1)|K|)07:7j+1[F]iu{j{i}l}EJ/L
ieJ LcJ/{i} KcL

3 ) o{j+1} ® {l,j+1}
= Oé(],N) Zci,jﬂ[F]jUj{jﬂ}EJ T AT Z & J+1 Ju{j+1}EJ/{l}

ieJ z;tleJ

~ : ®{j+1} 1 30! ®{j+1}

=GN 2 Cigal Pl B = 7 2 L ComlFlGgapum B
1€ ESAS

(130)

Next we compute the term

Z( DIEFTEC Y T Fj

KcJ izred | K
Kl
Z( DEIFSSC Y, 1) Y (F15 5k Eyrokry -
KCJ i#reJ|K K'cJ|K
We set,
4 .
(131) Ts=>T;
s=1

where each term 77 corresponds to the constraints

es=1 i,rekK’,

es=2 ,r¢K,

es=3 1eK' r¢ K,

es=4 1¢K' reK'. We obtain



(132)

(133)
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Z( DEEEASC S 1) Y [F]?/I;EJ/(KUK’)

KCJ ixre K K'cJ|K
i,reK’
K K’
2_ 2, (= DEIFY T > | ?/KEJ/(KUK’)
izreJ KcJ/{i,r} K'cJ/K
1,reK’
1
— 1)K 1R T

ixre KcJ/{i,r}

K"ul{ir
>, [F]i/KU{ }EJ/(KUK’)
K'"c (J/K)/{i T}

LTy o

izreJ KcJ/{i,r}

OK" [ @i}
Tr[F 157k L) e Eapeormogian,)
SRR

LYy (cymE

i#reJ KCJ/{Z 7“}

K" ®{i,r}
o (J/z}:{)/{ }[F]J/KTi,r[F]J/(Kukn)EJ/(KUK”U{Z’,T})

o DY (N COEFISTL RIS By

w#reJ LeJ/{i;r} KcL

( > T [F ®{i’r})EJ/{i,r} :

i£red

]_ Kl
_NZ 1)|K| ( Z Ti,r) Z [F]?/KEJ/(KUK’)

KcJ izreJ|K K'cJ|K

1,re K’

1 QK
BYN: Z Z (_1)|K|[F]J
2N iy keIl

K/
K (J/%': WK [F]?/KTZ',TEJ/(KUK’)

Z > (X DN T By

ZiTEJ LeJ{iyr} KcL

1

Ti,)E;=—T;FE
(Z;J YEy = s LB
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1 KI
_NZ )|K| ( Z Ti,r) Z [F]?/KEJ/(KUK’)
KcJ izreJ|K K'cJ|K
1€K' r¢e K’
1 K
oy o2 (UL
2N #red KcJ/{ir}

®[(N {Z}
TolF Ly Epacormoiy)
SR

D MR G 1o i

i#reJ KcJ/{i,r}

ek’ ®{i)
K< (J/{' NIK [F]J/KT”[F](J/K>/K~EJ/(KuK~u{i})

Z > (X OIS T [F5) B

Z;tTEJ LCJ/{Z r} KclL

Z T (F15 By

z;treJ

Note also that

(134)
therefore

(135)

Finally,
Ta

(136)

4 3
72’) :75‘1'97”7

1 i
T+ T =5 .ZjTi,r[F 15 By -
1,1€

KZCJ<—1>'K'[F]?K<KJ/KF;7K>

K K’
= KZJ K’%:/K(—l)m[F]? KJ/K[F]?/KE(J/K)/K'

= > Y COWIFISECY. KR Eumyx)

KcJ K'cJ|K jeJ|K

= Y ¥ Ky ()RR FIS B

KcljeJ|[K  K'cJ/K

. K KI
= YKy Y ()R [F]?/KE(J/K)/K’
jol  KeJl{) K'el/K

= YK Y (X (D) FIT B

jeJ  LeJ/{j} KcL
= Y KBy

jed

K’E;.
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Remark B.1. Note that, in the Kac model case, K =0 so T4 =0

Summing (127), (128), (129), (130), (132), (133), (135) and (136), we
get

OB =
N-j i +1
(K7 +xTs) By + 75" £ Cigon (LIS ey Beavtionreny + (150, B )

1

8 (1)
N2 Crgn (P10 Ecarupotion)

+TjCj+1EJu{j+1}
(137) H¥ T TF15 -4 2 [QF )T Ey

) ’I"E ’LG

1 e{l} of{j+1}
N #%J Cijs ([F]Ju{j+1} [F](J;{l})u{jﬂ}EJ/{l})

1 {1} ®{i}
v 2 Cijn (LIS LE I oy Bertianutio) )

+37( 2 TlFIS ) 0) By = % 2 [QUE F)GIFIGE Espany-

i+seJ

We organized the terms in the above equation, according to the following
rule. The two first lines contains operators which do not change the particle
number. The third line increases the number of particles by one. The three
next lines decrease it by one and the last one by two. We get (117) after
specializing (137) to J = {1,...,7}, using (114) and setting
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(138)

: LU L L% j=2... N
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L®j—>]L®j j=1,...,N,

{7+1}
Z]C”*l( JU{J+1}(I)(JU{J+1})/{}E +[F]Juj{y+1}E

-~ ZZJCwH( 155 @G )
Zie

;LU L 18 j=1,... N -1,

N — i
Ej+1 = TJCjHEjH )

Y

)

Ej1 (_ﬁZ[Q(F F)]; 157 — Z T lF1; Z})q)J/{ B

ieJ z red

®{l} ®{j+1}
N ;] C””[ ](J;{l})u{jﬂ}q’J/{l}Ej—l
Z¢ €

®{l} ®{i}
__Z;J Cija[F ](J/{l})u{j+1}(I)(J/{ivl})u{j+1}Ej—l

Le02) —>]L®J j=3,...,N,

®{ } ®{s}
Bja o Z I3[ F]; ]J/{i}(I)J/{i7S}EJ—2

z ,s€J

i l
_N .;J [Q(F’ F)]?{ }[F]?/{{i}@t}/{u}Ey‘—Q

where, by convention,

(139)

D} :=Dy2:=0
Dyt (Ey) = -5 Q(FF)
Dy?(Ey) = +(Ti2(F®F)-Q(F,F)® F-F o Q(F,F)) .

Note that one has the following estimates:

(140)

2

. 1 2l e _ J
[D;1, 1051 < j and [ DI [ DF[ 1D (Eo)l, | D2* (o) < -
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