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ON THE COHOMOLOGY OF CALOGERO-MOSER SPACES

by

CEDRIC BONNAFE & PENG SHAN

Abstract. — We compute the equivariant cohomology of smooth Calogero-Moser spaces and
some associated symplectic resolutions of symplectic quotient singularities.

1. Notation and main results

Throughout this note, we will abbreviate ®c as ®. By an algebraic variety, we mean a
reduced scheme of finite type over C.

1.A. Reflection group. — Let V be a C-vector space of finite dimension n and let W be
a finite subgroup of GL¢(V). We set
Ref(W)={seW | dimc V°*=n—1}
and we assume that
W = (Ref(W)).
Wesete: W — C*, w— det(w).
If s e Ref(W), we denote by a) and a; two elements of V and V* respectively such that
VS =Ker(a;) and V*S = Ker(a\s/), where a\s/ is viewed as a linear form on V*.
If we W, we set
cod(w) = codim¢(V'"Y)
and we define a filtration .Z,(CW) of the group algebra of W as follows: let
Fcw)= P Ccw.
cod(w)< i
Then
Cldy = Z,(CW)c Z,(CW)cC---C Z,(CW)=CW =%, 1(CW)=--
is a filtration of CW. For any subalgebra A of CW, we set Z;(A) = AN.Z;(CW), so that

CIdV:Cgo(A)Cgl(A)Can(A):A:gn+l(A):

The first author is partly supported by the ANR (Project No ANR-16-CE40-0010-01 GeRepMod).
The second author is partly supported by the ANR (Project No ANR-13-8501-001-01 VARGEN)..
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is also a filtration of A. Let 77 be a formal variable, and write
Rees?; (A)= @ n'Z,(A) cClh®A (the Rees algebra),
i>0
g1’ (A) =P Z:(A)/ F i1 (A).
i>0

Recall that gr%;(A) ~ Rees?; (A)/7i Rees?; (A).

1.B. Rational Cherednik algebra at ¢ = 0. — Throughout this note, we fix a function
¢ : Ref(W) — C which is invariant under conjugacy. We define the rational Cherednik
algebra H, to be the quotient of the algebra T(V & V*)x W (the semi-direct product of the
tensor algebra T(V ® V*) with the group W) by the relations

[x,x']1=[y,y']=0,
y,x]= D (&)=

V )
seRef(W) (a5, a)

) @)@, )

forall x ,.x’ e V*, y,y’€ V. Here(, ) : VxV*— Cis the standard pairing. The first commu-
tation relations imply that we have morphisms of algebras C[V] — H, and C[V*] — H,.
Recall [4, Theorem 1.3] that we have an isomorphism of C-vector spaces

(1.1) C[V]®CW ®C[V*]—H,

induced by multiplication (this is the so-called PBW-decomposition).

We denote by Z. the center of H,: it is well-known [4] that Z, is an integral domain,
which is integrally closed and contains C[V]" and C[V*]V as subalgebras (so it contains
P=C[V]Y ®C[V*]V), and that it is a free P-module of rank |W|. We denote by %, the
affine algebraic variety whose ring of regular functions C[Z.] is Z,: this is the Calogero-
Moser space associated with the datum (V, W, ¢).

Using the PBW-decomposition, we define a C-linear map f; : H. — CW by

O (fwg) = f0)g(0)w
forall f €C[V], g €C[V*]and w € CW. This map is W-equivariant for the action on both
sides by conjugation, so it induces a well-defined C-linear map

N :Z,.— Z(CW).
Recall from [3, Corollary 4.2.11] that Q¢ is a morphism of algebras, and that
(1.2) %, is smooth if and only if Q° is surjective.

The “only if” part is essentially due to Gordon [6, Corollary 5.8] (see also [3, Proposi-
tion 9.6.6 and (16.1.2)]) while the “if” part follows from the work of Bellamy, Schedler
and Thiel [13, Corollary 1.4].

1.C. Grading. — The algebra T(V ® V*) x W can be Z-graded in such a way that the
generators have the following degrees

deg(y)=—1 ifyeV,

deg(x)=1 if x e V¥,

deg(w)=0 ifweWw.

This descends to a Z-grading on H,, because the defining relations () are homoge-
neous. Since the center of a graded algebra is always graded, the subalgebra Z, is also
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Z-graded. So the Calogero-Moser space %, inherits a regular C*-action. Note also that
by definition P=C[V]" ® C[V*]V is clearly a graded subalgebra of Z.

1.D. Main results. — For a complex algebraic variety 2 (equipped with its classical
topology), we denote by H/(Z) its i-th singular cohomology group with coefficients in
C. If & carries a regular action of a torus T, we denote by HL(Z) its i-th T-equivariant
cohomology group (still with coefficients in C). Note that H**(Z) = ; soH?(Z) is a
graded C-algebra and H2(2) =@, > (H3 (%) is a graded H3*(pt)-algebra. The following
result [4, Theorem 1.8] describes the algebra structure on the cohomology of %, (with
coefficients in C):

Theorem 1.3 (Etingof-Ginzburg). — Assume that %, is smooth. Then:
(a) H2(Z,)=0 for all i.
(b) There is an isomorphism of graded C-algebras H?*(%,) ~ gr',(Z(CW)).

In this note, we prove an equivariant version of this statement (we identify Hf.,(pt)
with C[7] in the usual way):

Theorem A. — Assume that %, is smooth. Then:
(a) HZM(%Z,.)=0for all i.
(b) There is an isomorphism of graded C[#i]-algebras H(ZC‘X(&”C) ~ Rees?,(Z(CW)).

Note that Theorem A(a) just follows from statement (a) of Etingof-Ginzburg Theorem
by Proposition 2.4(a) below. As a partial consequence of Theorem A, we also obtain the
following application to the equivariant cohomology of some symplectic resolutions.

Theorem B. — Assume that the symplectic quotient singularity (V x V*)/W admits a symplectic
resolution w: X — (V x V*)/W. Recall that the C*-action on (V x V*)/W lifts (uniquely) to X
(see [11, Theorem 1.3(ii)]). Then:

(a) HZM( ) =0 for all i.

(b) There is an isomorphism of graded C[#i]-algebras H(ZC‘X (Z') ~Rees%(Z(CW)).

Note that for W = &,, acting on C", Theorem B describes the equivariant cohomology
of the Hilbert scheme of n points in C?: this was already proved by Vasserot [14]. In [5,
Conjecture 1.3], Ginzburg-Kaledin proposed a conjecture for the equivariant cohomology
of a symplectic resolution of a symplectic quotient singularity E/G, where E is a finite
dimensional symplectic vector space and G is a finite subgroup of Sp(E). However, their
conjecture cannot hold as stated, because they considered the C*-action by dilatation,
which is contractible. Theorem B shows that the correct equivariant cohomological re-
alization of the Rees algebra is provided by the symplectic C*-action, which exists only
when G stabilizes a Lagrangian subspace of E.

Remark 1.4. — Recall from the works of Etingof-Ginzburg [4], Ginzburg-Kaledin [5],
Gordon [6] and Bellamy [1] that the existence of a symplectic resolution of (V x V*)/W is
equivalent to the existence of a parameter ¢ such that %, is smooth, and that it can only
occurs if all the irreducible components of W are of type G(d, 1, n) (for some d, n > 1) or
G, in Shephard-Todd classification. m
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1.E. Conjectures. — In [3, Chapter 16, Conjectures COH and ECOH], Rouquier and
the first author proposed the following conjecture which aims to generalize the above
Etingof-Ginzburg Theorem 1.3 into two directions: it includes singular Calogero-Moser
spaces and it extends to equivariant cohomology.

Conjecture 1.5. — With the above notation, we have:

(1) H2*Y(%Z,)=0 forall i.
(2) We have an isomorphism of graded C-algebras H?*(%,) ~ gr 5 (Im(£2°)).
(3) We have an isomorphism of graded C[Fi]-algebras H(ZC'X(ZZC) ~ Rees z(Im(0°)).

By (1.2), when %, is smooth, the image of ¢ coincide with the center of CW. So
Theorem A proves this conjecture for smooth Z..

We will also prove in Example 3.6 the following result:

Proposition 1.6. — If dim¢(V) =1, then Conjecture 1.5 holds.

1L.E. Structure of the paper. — The paper is organized as follows. The proof of The-
orem A relies on classical theorems on restriction to fixed points in cohomology and
K-theory. In Section 2, we first recall basic properties on equivariant cohomology and
equivariant K-theory and restriction to fixed points. Section 3 explains how these general
principles can be applied to Calogero-Moser spaces. Theorem A will be proved in Sec-
tion 4. The cyclic group case (Proposition 1.6) will be handled in Example 3.6. The proof
of Theorem B will be given in Section 5.

2. Equivariant cohomology, K-theory and fixed points

2.A. Equivariant cohomology. — Let 2 be a complex algebraic variety equipped with
a regular action of a torus T. Recall that the equivariant cohomology of % is defined by

HY(%)=H"(By x5, Z),

where Eyp — By is a universal T-bundle. The pullback of the structural morphism x : & —
pt yields a ring homomorphism Hj(pt) — H3(%'), which makes H}(Z) a graded Hi(pt)-
algebra.

gDenote by X(T) the character lattice of T. The for each y € X(T), denote by C, the one
dimensional T-module of character y, the first Chern class ¢, of the line bundle Ey x1C,
on By is an element in H?(By). Identify the vector space C ®; X(T) with the dual t* of the
Lie algebra t of T via y — d y. Then the assignment y — c, yields an isomorphism of
graded C-algebras S(t*) = H3"(pt).
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2.B. Equivariant K-theory. — We denote by Ky(Z') the Grothendieck ring of the cate-
gory of T-equivariant vector bundles on 2. Note that a T-equivariant vector bundle on
a point is the same as a finite dimensional T-module. We have a canonical isomorphism
Kr(pt) = Z[ X (T)] which sends the class of a T-module M to

2.1) dim"(M)= > dimc(M,)y,
ZEX(D)
where M, is the y-weight space in M.
Let H2°(2') be the completion of H2*(Z') with respect to the ideal @;.,H(Z). The
equivariant Chern character provides a ring homomorphism
chy : Kp(Z)— HF(2)
with the following properties. First, when & is a point pt, we have
chpe: Kyp(pt)=Z[X(T)] — H3(pt)=S5(t")
V4 —  exp(dy).

Next the Chern character commutes with pullback. More precisely, if # is another variety
with a regular action of the same torus T and if ¢ : & — % is a T-equivariant morphism,
then the following diagram commutes

2.2)

(23) Ch@ Chgy
2 (%) d H2*(2).

Here ¢* denotes both the pullback map in K-theory or in equivariant cohomology, and
@* is the map induced after completion by the pullback map in equivariant cohomology.
In particular, by applying the above diagram to % = pt and the structural morphism
X — pt, we may view chy- as a morphism of algebras over Ky(pt), with the Ky(pt)-algebra
structure on H2*(Z') provided by the embedding (2.2).

2.C. Fixed points. — We denote by ZT the (reduced) variety consisting of fixed points
of Tin Z. Let iy : T — Z be the natural closed immersion. Since T acts trivially on
2T, we have HY (¥ T = Hi(pt)® H* (%X T)as Hj(pt)-algebras. Recall that the T-action on &
is called equivariantly formal if the Leray-Serre spectral sequence

Ey? =HP (B HY(%) = HY (%)

for the fibration Er xt 2 — Br degenerates at E,. We have the following standard result
on equivariant cohomology (see for instance [9, Proposition 2.1]):

Proposition 2.4. — Assume that H**Y(2)=0 for all i. Then X is equivariantly formal, and:
(@) There is an isomorphism of graded Hy(pt)-modules Hy(%') ~ Hy(pt) ® H*(X). In particular
H2 () =0 for all i.
(b) The pullback map i}y : Hy(Z') — HJ(Z") is injective.
(c) Let m be the unique graded maximal ideal of Hy(pt). Then we have an isomorphism of
algebras H*(X') ~ HY(Z')/mHL(Z).
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In particular, this shows that Conjectures 1.5(1) and (3) imply Conjecture 1.5(2).

Example 2.5 (Blowing-up). — Let # be an affine variety with a T-action and let 6 be a
T-stable closed subvariety (not necessarily reduced) of #. Let Z be the blowing-up of %
along 6. Write 7: 2 — % for the natural morphism, and we equip & with the unique
T-action such that 7 is equivariant. We assume that 2V is finite. We write

HE (2" = @ Ste.,

xex T

where e, € HA(2'") is the primitive idempotent associated with x (i.e., the fundamental
class of x).

Then 2 = n*(6) is a T-stable effective Cartier divisor, and we denote by [ 2] the class
in Kp(Z') of its associated line bundle (which is T-equivariant). We denote by ch;K.([ 9] e
H%(SK ) its first T-equivariant Chern class. We want to compute i;r(ch%(@)).

First, let I be the ideal of C[#] associated with €. As it is T-stable, we can find a family
of T-homogeneous generators (a;); <; <, of I. We denote by A; € X(T) the T-weight of
a;. The choice of this family of generators induces a T-equivariant closed immersion
Z — % x PF-1(C). We denote by Z; the affine chart corresponding to “a; #0”. If xe 2T,
we denote by i(x) € {1,2,..., k} an element such that x € Z(,). Then

(2.6) i%.(chi(2)=—n Z (dAx)ey.

xegT

Indeed, we just need to compute the local equation of 2 around x € ', and this can be
done in Zyy). But 2N 2%; is principal for all i, defined by

INX;={(y,8)e¥xP*HC)| (y,&)e; and a;(y)=0}.

So 2NX%; is defined by a T-homogeneous equation of degree A; € X(T), and so (2.6)
follows. m

3. Localization and Calogero-Moser spaces
In this section, we apply the previous discussions to 2" = %, and T = C*. Denote by
g : C* — C* the identity map. Then X(C*)= g%, and we have
Ke«(p)=2Zlq,q7"],  Hg(pt)=Cln],
with 71 = ¢,, following the notation of Section 2.A. So ﬁé‘x (pt)=C[[#]] and the Chern map
in this case is given by
chpe:ZIg, g 1= ClR], g~ exp(h).

Note also that a finite C*-module is nothing but a finite dimensional Z-graded vector
space M = @;cz M; such that C* acts on M; by the character g’. The identification
Kex(pt)=Z[q, g7 '] sends the class of M to its graded dimension (or Hilbert series):

dim® (M) =" "dimc(M;)q’ €Nlg,q "],

i€Z
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3.A. Fixed points. — For y € Irr(W), we denote by w, : Z(CW) — C the associated
morphism of algebras, i.e. w,(z)= y(z)/x(1)is the scalar through which z acts on the
irreducible CW-module with the character y. We denote by eXW the unique primitive

idempotent of Z(CW) such that a)x(exw )=1. If & is a subset of Irr(W), then we set
W 14
73 _Z XEE ek/ :
Now, consider the algebra homomorphism
Qf{:a)onC :Z,—» C.
Its kernel is a maximal ideal of Z.: we denote by z, the corresponding closed point in
%.. It follows from [3, Lemma 10.2.3 and (14.2.2)] that z,, € fZéCX and that the map

z: Im(w) — Z©

3.1

is surjective. The fibers of this map are called the Calogero-Moser c-families. They were
first consider by Gordon [6] and Gordon-Martino [8]: see also for instance [3, §9.2]. Let
CM (W) Dbe the set of Calogero-Moser c-families. For & € CM (W), we denoteby z; € Z c
its image under the map z. On the other hand, by [3, (16.1.2)] we have

(3.2) me)= & ce.
EECM (W)
Hence we get an isomorphism of C-algebras

H*( @) ~Im@°), e, —e),

which extends to an isomorphism of C[#1]-algebras HZ, (% fx) ~ C[#i] ® Im(Q2€). For sim-
plification, we set i, = iy, Z fx — % and, under the above identification, we view the
pullback map i* as a morphism of algebras

i* tHZ.(%.)— C[h]® Im(Q°).
So, by Proposition 2.4, Conjecture 1.5 is implied by the following one:

Conjecture 3.3. — With the above notation, we have:
(1) H2HY(%Z,)=0 for all i.
(2) Im(i*) = Reesz(Im(£2°)).

Remark 3.4. — Set .
91.H(Im(ﬂ”)) ={z€Im(Q°) | 'z € Im(i})}.

Then, by construction and Proposition 2.4, ZH(Im(02¢)) is the filtration of Im(2¢) satisfying
Hé‘x(fc) ~Im(i}) = Rees zu (Im(Q2°))

and H?*(%,)~ gr 7u(Im(Q°)).
So showing Conjecture 3.3 is then equivalent to showing that the filtrations Z,(Im(Q2¢))
and ZH(Im(029)) coincide.

Note also that, since Z, is an affine variety of dimension 2n, we have H/(%,) = 0 for
i >2n, so this shows that

0) Z,(Im(02°)) = Im(Q°) = ZH (Im(Q)).
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On the other hand, since %, is connected, we have
b)) Fo(Im(°)) = Z, (Im(02°)) = C.

These two particular cases will be used below. m

The following result, based on the previous remark, can be viewed as a reduction step
for the proof of Conjecture 3.3:

Proposition 3.5. — Assume that H>* (%)= 0 and
dimc(H* (%)) = dime(Z;(Im(°))/ Z;_,(Im(2°)))
for all i. Then Conjecture 3.3 holds if and only if Rees z(Im(Q€)) C Im(i).

Proof. — Assume that H2*1(%,)=0 and
dimc(H* (%)) = dimc(F;(Im(Q°))/ ;1 (Im()))
for all i. We keep the notation of Remark 3.4. It then follows from this remark and the
hypothesis that
dime(Z;(Im(Q°))/ Z;—1 (Im(Q°))) = dime (H* (%)) = dim(Z, (Im(Q°))/ 7L, (Im(Q°))

for all i. So, by induction, we get that dim¢(.Z;(Im(2¢))) = dim(giH (Im(N°))) for all i (by
the equality (#) of Remark 3.4). This shows that Reesz(Im(2)) = Im(i¥) if and only if
Reesz(Im(29)) C Im(i*), as desired. O

Example 3.6. — Assume in this example, and only in this example, that dim¢(V)=1. It
is proved in [3, Theorem 18.5.8] that in this case H2"}(%,)=0 and

dime(H* (%)) = dimc(Z;(Im(Q°))/F;_; (Im(02°))

for all i. Since %, is affine of dimension 2, we have H!(%,) = 0 if i ¢ {0,2}. So it follows
from the equalities (b)) and (ff) that Conjecture 3.3 holds in this case (this proves Proposi-
tion 1.6). m

3.B. Chern map. — If & is a Calogero-Moser family, we denote by ms C Z, the ideal of
functions vanishing at z; € Z fx. We also set
m),= P ze.
EECM (W)
We make the natural identification K¢« (% fx) =Z1q,q '1®z1m(Q°);. Through these identi-
fications, the Chern map ch,.c~ just becomes the natural inclusion Z[q, 7] ®zIm(2¢); —

C[[7]]®Im(N2€). Moreover, if P is a Z-graded finitely generated projective Z.-module, then
the commutativity of the diagram (2.3) just says that

(3.7) if(chy, (P))= Y dim¥(P/msP)es’ c Cl[n]]@Im(N°).
EeCM(W)
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4. Proof of Theorem A

Hypothesis and notation. We assume in this section, and only in this sec-
tion, that %, is smooth.

If M =;czM; and N =P, N; are two finite-dimensional graded CW-modules, we

set
(M,N)§, = D (M, Np)w g™,
ijez

where (E,F)y = dimHomcy (E, F) for any finite dimensional CW-modules E and F.
We extend this notation to the case where M or N is a graded virtual character (i.e. an
element of Z[q,q '] ®z ZIrr(W)). Finally, we denote by C[V]®°W) the coinvariant algebra,
i.e. the quotient of the algebra C[V] by the ideal generated by the elements f € C[V ]V
such that f(0)=0. Then C[V]®°") is a graded CW-module, which is isomorphic to the
regular representation CW when one forgets the grading.

4.A. Localization in K-theory. — Recall from (1.2) that the smoothness of %, implies
that Im(Q°)=Z(CW), so that z : Irr(W) — ?ffx is bijective. Let e = eIW =1/IWDY. ew W-
The smoothness of Z, also implies that the functor
H.-mod — Z,-mod
M  — eM=eH.®y M
is an equivalence of categories [4, Theorem 1.7]. If E is a finite dimensional Z-graded
CW-module, the H.-module H, ®cy E is finitely generated, Z-graded and projective.

Therefore, eH, ®cy E is a finitely generated graded projective Z.-module, which can be
viewed as a C*-equivariant vector bundle on %, . For simplification, we set

ch,(E) = i*(ch, (eH, ®cy E)) € C[[A]]® Im(Q°).

Proposition 4.1. — Assume that %, is smooth. Let E be a finite dimensional graded CW -
module. Then

co(W) gr
o(p)= 3 LVIIOB

e .
y €lrr(W) <X’C[V]CO(W)>%\r/ o

Proof. — As the formula is additive, we may, and we will, assume that E is an irreducible
CW-module, concentrated in degree 0.

Now, let y € Irr(W): we denote by m, the maximal ideal of Z, corresponding to the
fixed point z,,. We set p = m, NP: it does not depend on y (it is the maximal ideal of
P =C[V/W x V*/W] of functions which vanishes at (0,0); see for instance [3, (14.2.2)]).
By 3.7),

ch,(E)= Z dim#((eH, ®cy E)/m,(eH, &cy E)e)”.
y €lrr(W)
Now, let Z. =Z./pZ, and H, =H./pH.. We set 1, =wm, /pZ.. Then H, is a finite dimen-
sional C-algebra (called the restricted rational Cherednik algebra) and again the bimodule
eH. induces a Morita equivalence between H. and Z.. This implies that eH, /w1 ,H, =
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(Z, /my,)®;z eH, is a simple right H.-module (that will be denoted by Z,(y): it is isomor-
phic to the shift by some r, € Z of the quotient of the baby Verma module denoted by

L(y)in [6]).
Since CW is semisimple, the CW-module E is flat, and so

(eH;®cw E)/my(eH.®cw E) ~ (eH./my,(eH.))®cw E
= (eﬁc/ﬁl)((el:lc))®CWE-
Z(x)ecwE.

But the graded dimension of .Z,(y)®cw E is known whenever %, is smooth and is given
by the expected formula (see [1, Lemma 3.3 and its proof]), up to a shift in grading;:

1

Ay, C[V]eeW) g E)E
ChC(E)= Z rZ(){ [ ] >W w

e )
7elmw) (3, C[V colW)& "7

where r)’{ € Z does not depend on E. Now, if C denotes the trivial CW-module concen-
trated in degree 0, then ch,(C) =1, which shows that r)é =0 for all y, as desired. O

Let Kcx(CW) denote the Grothendieck group of the category of finite dimensional
graded CW-modules. If E is a finite dimensional graded CW-module, we denote by
[ E]its class in Kex(CW). We still denote by ch, : Ke<(CW) — C[[71]] ® Z(CW) the map
defined by

ch([E])=ch.(E).
Now, let W’ be a parabolic subgroup of W and set V/ = VW and r = codim¢(V’). We
identify the dual V** of V/ with V*"’ and note that

4.2) Vi=V"e (V).
We denote by A(V’)* the element of K¢« (CW’) defined by
AVYE=D (DT AT (V)L
i>0

Recall also that there exists n algebraically independenthomogeneous polynomials f;,.. .,
f, in C[V]W such that C[V]Y =CIf,..., f,], and we denote by d; the degree of f;.

Corollary 4.3. — Assume that %, is smooth. Let E’ be a finite dimensional graded CW’-
module. Then

(l_qdl)..(l—qd'l) Z <X}Ind%/El>§Ar/ w

h W/ /L ) = .
c C(Indw ANV )y-®[E ])) (1—q)r (4, C[V JeoW))E €y

y €lrr(W)

Proof. — The group W’ acts trivially on V’ so it acts trivially on ALV for all i. Therefore,
(1—q)""" ch (Ind}y (A(V')* ® [ E'])) = ch (Ind}} (AV* @ A(V') @ [ E'])).
But AV*@A(V/)L = Res [y, (AV*) by (4.2), so, by Frobenius formula,

(1—¢)"" ch,(Ind}y,(A(V)' ®[ E']))=ch,(AV*®Ind}y, E').
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So it follows from Proposition 4.1 that

(1—q)" " ch(IndY (A(V) @[ E'])

1 rWw
- (x,ClVI®Me(AV*)®Ind) (E), €.
,C[V]eoW))¥ d

y €lrf(W) <X w

But, if w € W, the Molien’s formula implies that the graded trace of w on C[V]eoW) §

equal to

S

(1—g")--(1—q*)
det(1—wgq)
while its graded trace on AV is equal to det(1—w™'q). So the class of C[V]oW) @ AV*

is equal to (1— g™)---(1— q%) times the class of the trivial module, and the corollary
follows. [

)

Proof of Theorem A. — Assume that %, is smooth. This implies in particular that Conjec-
ture 1.5(1) and (2) hold (Etingof-Ginzburg Theorem 1.3), and so the hypotheses of Propo-
sition 3.5 are satisfied. Note also that Im(Q¢) = Z(CW) by (1.2). It is then sufficient to
prove that ' Z;(Z(CW)) c Im(i*) for all i.

Let us introduce some notation. If G is a finite group and H is a subgroup, we define a
C-linear map Trg :Z(CH)— Z(CG) by

Trg(z): Z gz=|F1|Zgz

g€lG/H] g€G

(here, [G/H] denotes a set of representatives of elements of G/H and §z =gzg™'). Itis
easy to check that

(1) |G|
(4.4) TeC (eH) = T By 1ndS () g S
e =Ty 2y indimee;

for all n e Irr(H). Also, if h € H and Yy(h) € Z(CH) denotes the sum of the conjugates of
h in H, then

|Cq ()]
|Cr (h)|

where C;(h) and Cy(h) denote the centralizers of k in G and H respectively. Let 22.(W)

denote the set of parabolic subgroups W’ of W such that codim¢e(VW') = r. It follows
from (4.5) that

(4.6) F,(Z(CW)) = Z TrlV (Z(CW)).
W’e®,. (W)

(4.5) Try; (Zp(h) = Zg(h),

Therefore, by Proposition 3.5, it is sufficient to prove that
(%) n’ Tr%,(e;,’/) e Im(i¥) for all W' € 2,(W) and all y’ € Ire(W”).
But it turns out that the coefficient of #” in

x'(1)

w AYN i
W ch,(Ind}),(A(V) @ 1)
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is equal, according to Corollary 4.3, to

L2'Q) D Wl Indy, 2w w
|W/| y €lrr(W) X(l) *

-1

Indeed, since g = exp(#), this follows from the fact that the polynomial )(,(C[V]CO(W))%;
takes the value y(1) whenever g =1 (i.e. 7 =0) and from the fact that
(1=q%)--(1—gq)
(1 — q)n—r
and that |W| = d,---d,. Note that by definition fvlé}) ch.(Ind}},(A(V')* ® x")) belongs to
Cl[7]] ®¢[n) Im(i}), so each of its homogeneous components belong to Im(i*). By (4.4), this
proves that (%) holds, and the proof of Theorem A is complete. O

=(-1)d,---d,h" mod h"*!

5. Proof of Theorem B

Hypothesis and notation. We assume in this section, and only in this sec-
tion, that the symplectic quotient singularity %o, =(V x V*)/W admits a sym-
plectic resolution Z — %.

Recall [11, Theorem 1.3(ii)] that the C*-action on % lifts uniquely to . As it is ex-
plained in Remark 1.4, the existence of a symplectic resolution of %, implies that all the
irreducible components of W are of type G(d, 1,n) or G4. Since the proof of Theorem B
can be easily reduced to the irreducible case, we will separate the proof in two cases.

Proof of Theorem B for W = G(d,1,n). — Assume here that W = G(d,1,n). Let S! be the
group of complex numbers of modulus 1. In this case, it follows from [7] that Z is dif-
feomorphic to some smooth %, and that the diffeomorphism might be chosen to be
Sl-equivariant. As the S'-equivariant cohomology is canonically isomorphic to the C*-
equivariant cohomology, this proves Theorem B in this case. O

Proof of Theorem B for W = G;,. — Assume here that W = G,. It is possible (probable?) that
again & is S!-diffeomorphic to some smooth %, but we are unable to prove it (it is only
known that they are diffeomorphic). So we will prove Theorem B in this case by brute
force computations.

We fix a primitive third root of unity { and we assume that V = C? and that W = (s, 1),

where 0 . )
s:(gz 1) and t:(o _g )

By the work of Bellamy [2], there are only two symplectic resolutions of Z,=(V x V*)/W.
They have both been constructed by Lehn and Sorger [12]: one can be obtained from the
other by exchanging the role of V and V*, so we will only prove Theorem B for one of
them. Let us describe it.

Let H = V* and let # denote the image of H x V* in %, with its reduced structure
of closed subvariety. We denote by 8 : # — %, the blowing-up of %, along # and we
denote by a: Z — # the blowing-up of # along its reduced singular locus #. Then [12]

n=PBoa: ¥ — %,
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is a symplectic resolution.
We now give more details, which all can be found in [12, §1]. First, C[%] is generated
by 8 homogeneous elements (z;); < ; < s Whose degrees are given by the following table:

z 21 | R | Z3 | @4 | %5 26 | @7 | Zg
(5.1)

deg(z)| 0 |4 |—-a|2|—=2|-6|6]0

The defining ideal of # in C[%,] is generated by 6 homogeneous elements (b;); < j <6
whose degrees are given by the following table:

b | b |b|bs| by | bs|bg
(5.2)

deg(b)| 2|6 |0 |12|8 |4

This defines a C*-equivariant closed immersion # — %, x P°(C). We denote by #%; the
affine chart defined by “b; # 0”. The equations of the zero fiber 571(0) given in [12,
§1] show that %" = {p,, ps, P4, Ps}, Where p; is the unique element of @/;.CX. We use the
notation of Example 2.5. By (2.6) and (5.2), we have

(&) it (ch ([ B*7 1) =—Ti(6e,, + 12e,, +4e,,).

Now,  is contained in %, U %3, so a is an isomorphism in a neighborhood of p, and p.
So let g4 = a~'(p,) and gs = a~}(pg). These are elements of €.

On the other hand, %, is a transversal A,-singularity, so the defining ideal of N %,
in C[%,] is generated by three homogeneous elements a,, a, and a_ (of degree 6, 0 and
—6, by [12, §1]), and it is easily checked that a~!(p,)®" ={q,’, ¢, } where g is the unique
C*-fixed element in the affine chart defined by “a, #0”.

Also, %3 is isomorphic to (h x h*)/S3, where b is the diagonal Cartan subalgebra of
sl3(C) and &3 is the symmetric group on 3 letters, viewed as the Weyl group of sl3(C).
Let Hilb(C?) denote the Hilbert scheme of 3 points in C?, and let Hilb)(C?) denote the
(reduced) closed subscheme defined as the Hilbert scheme of three points in C? whose
sum is equal to (0,0). By [10, Proposition 2.6],

(5.3) %5 ~ HilbY(C?).

It just might be noticed that the isomorphism #; ~ (h x h*)/&3 becomes C*-equivariant
if one “doubles the degrees” in (h x h*)/S3, that is, if C* acts on h (respectively h*) with
weight 2 (respectively —2). Recall that C*-fixed points in Hilbg((Cz) are parametrized by
partitions of 3: we denote by g5, g5 and ¢g; the fixed points in 23 corresponding respec-
tively to the partitions (3), (2,1) and (1,1,1) of 3, so that
(5.4) x5 =1{aq},q;.9;}.

Finally, we have

(5.5) 2% ={q),q,,45 .45, q5  du G6}-

Also, *(#) = a*(f*(#€)) is an effective Cartier divisor of 2, and it follows from (&) and
the commutativity of the diagram (2.3) that

(<) i;ﬁy(chl@([ A )) = —h(6eq2+ +6e,-+12e, + de, ).
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We now wish to compute i;K.(chi@([ a*])). As the singular locus % is contained in
%, U %3, and contains p, and ps, there exists n, n;, ny, n and n; in Z such that

. 1 — _
iy(chy-([a* )= —h(n;eq; +n e, + n;eq; +nges +nge,).

Since a, and a_ have degree 6 and —6, it follows from (2.6) that n; =6 and n, =—6.

As we can exchange the roles of h and h* in the description of #3 and its singular locus
(because h ~ bh* as an G3-module), this shows that n; =—nJ and ng =—n;. So n; =0 and
it remains to compute n;. So let U, be the open subset of Hilb)(C?) consisting of ideals J
of codimension 3 of C[x, y] such that the classes of 1, x and x? form a basis of C[x, y]/J.
Then we have an isomorphism J, : C* U, given by

2
(a,b,c,d)-—>]+(a,b,c,d):<x3+ax+b,y—cx2—dx—§ac>.

The form of the generators of the ideal J,(a, b, c,d) is here to ensure that J.(a, b,c,d) €
Hilbg((Cz). The fixed point g; is the unique one in U,. Through this identification, the
action of C* on C* is given by

¢(a, b,C,d):(§4d, 5617’ g_Gcr 6_4(1)

(remember that we must “double the degrees” of the usual action). The equation of a*(#)
on this affine chart ~ C* can then be computed explicitly and is given by 4a3+27b% =0,
so is of degree 12. This shows that n] = 12. Finally,

Q) iy(chy([a* S ) =—N(6e,: —6e,- + 12e,+ —12e,-).
Let us now conclude. First, recall from [5, Theorem 1.2] that
H?>*Y(2)=0 for all i,
(5.6) N (x) orall i
H4* (%) ~ grg(Z((CW)).
By Proposition 2.4, we get
1 ifi=0,
(®) dimcHZ (%)=43 ifi=1,
7 ifi>2.

Now, W has seven irreducible characters 1, ¢, €2, y, y ¢, y€* and 0, where y is the unique
irreducible character of degree 2 with rational values and 0 is the unique one of degree
3. We denote by

W HZ (2C) - Clhl®Z(CW)
the isomorphism of C[7i]-algebras such that

\IJ(eq4):e1W, Wleq,)= eaw' \D(eq;)ze;;, \D(eqz—):e;‘gz,

Ue,)=el, Weg)=e) and Ule,)=e,).

By Proposition 2.4, H(ZC‘X (%) is isomorphic to its image by Wo i}, in C[Z]® Z(CW). But,
by (¢) and (V), and after investigation of the character table of W, this image contains

w w
h(Geﬂ —6e

ezt 12¢V +4e," ) =14+ Ty (s)+ S (s%)

and n(12e) —12e)" +6e,. —6e,e2) = (1 +20) Ty (s)+ (1 +2L%) T (s%).
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So it contains ¥y (s) and AiX(s?). Also, by (#) and Proposition 2.4, it also contains
n2Z(CW), so
Rees’;(Z(CW)) c Im(Wo iy.).
Using again (#) and Proposition 2.4, a comparison of dimensions yields that
Rees’,(Z(CW))=Im(¥ o i}.),

and the proof is complete. O
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