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Abstract. The stochastic Gross-Pitaevskii equation is used as a model to describe Bose-Einstein
condensation at positive temperature. The equation is a complex Ginzburg Landau equation
with a trapping potential and an additive space-time white noise. Two important questions for
this system are the global existence of solutions in the support of the Gibbs measure, and the
convergence of those solutions to the equilibrium for large time. In this paper, we give a proof of
these two results in one space dimension. In order to prove the convergence to equilibrium, we
use the associated purely dissipative equation as an auxiliary equation, for which the convergence
may be obtained using standard techniques. Global existence is obtained for all initial data, and
not almost surely with respect to the invariant measure.

1. INTRODUCTION

In this paper, we will present a mathematical analysis of a model related to discussions on
the Gibbs equilibrium in the papers [1, 16]. In those papers, the authors consider the dynamics
of the wave function in Bose-Einstein condensation near the critical temperature 7., using the
so called (projected) stochastic Gross-Pitaevskii equation :

; G
dip = P{ - %Lgpwdt + ké?

(v — Lap)bdt + dWe(z, t)} (1.1)
where

hQ
Lop = =5 V2 4+ V(@) + glb, (dWE(s,y), dWa(t 7)) = 2G(@)d-0sy dt,
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whose derivation from the quantum mechanics system may be found in, e.g., [11, 13]. Here, m is
the mass of an atom, V(x) is the trapping potential, v is the chemical potential, g characterizes
the strength of atomic interactions related to the s-wave scattering length. The second and third
terms in the right hand side of (1.1) represent growth processes, i.e., collisions that transfer
atoms from the thermal cloud to the classical field and vice versa. The form of G(z) may be
determined from kinetic theory, and is often taken as a constant, and dW¢ is the complex-valued
Gaussian noise associated with the condensate growth. Lastly, P is a projection which restricts
the dynamics to the low-energy region defined by the harmonic oscillator modes, or Fourier
modes, depending on the situation. At zero temperature T = 0, the statistics of the atoms
is well represented by a single condensate wave function, and the standard Gross-Pitaevskii
equation describes the coherent evolution of the wave function in a quite good manner since
all spontaneous and incoherent processes, like the effect of thermal cloud, may be neglected.
The effects of such incoherent elements are implemented by adding a dissipation and a noise to
the standard Gross Pitaevskii equation as above. This model was numerically shown in [22], to
be well suited for modeling the dynamics of evaporative cooling and vortex formation during
BEC. The authors in [1] propose a more detailed high-energy cut-off stochastic Gross-Pitaevskii
equation (which they call SPGPE), where in their model a rotation term and a multiplicative
noise are also considered.

The authors in [16] use (1.1) with V' = 0 and periodic boundary condition in 2d or 3d
for the purpose of classification of the phase transition in the system by means of well-known
universality class argument in thermal equilibrium. The phase transition accompanied with a
symmetry breaking leads to the formation of a topological defect, e.g., strings, vortices, and
the paper [16] tries to find some common properties between the strings at the beginning of
the Universe and the vortices in Bose-Einstein condensates by studying the thermal (Gibbs)
equilibrium and the stochastic dynamic evolution.

Our purpose in the present paper is the study of the stochastic partial differential equation
(1.1) with P = Id and G(x) constant (which we assume from now on). Using the mathematical
construction of the Gibbs equilibrium measure in dimension one in space studied in [3], together
with the strong Feller property of the stochastic evolution equation, we will prove the global
existence of solutions for the infinite dimensional system, and show that those solutions converge
exponentially to the Gibbs equilibrium. Note that this implies, for the finite dimensional system
(1.1), the exponential convergence with a rate which is uniform in term of the number of modes
taken into account in the projection P. Several related mathematical studies can be found; for
example, in [2] the author dealt with the equation (1.1) on a bounded domain D with V' = 0 (and
without the projection P), in both cases of defocusing and focusing nonlinearities. It was shown
there the existence and uniqueness of the invariant measure on LP(D) for any p > 2, but the
convergence to the Gibbs measure was not discussed. Recently, the authors in [4] considered an
equation close to (1.1) with a focusing nonlinearity (i.e. g < 0), V =0 and a regular noise, but
with a modified linear operator, on the 1d torus. They proved the existence and the invariance
of the grand-canonical Gibbs measure, and the exponential decay to equilibrium. The additional
term added in the dynamical equation in [4] may be viewed as a restoring term. The technics
we develop in the present paper allow to simplify the proof of the convergence to equilibrium in
this case, and to treat the case of the space-time white noise (see Remark 7.2).
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We will consider the stochastic Gross-Pitaevskii equation (1.1) on R, a defocusing nonlinearity
(g > 0), and a harmonic potential V(x) = |2|?. The invariance of the Gibbs measure, global
existence of solutions for all initial data, and the exponential decay to equilibrium will be proved.
The support of the Gibbs measure in our case will be on a Banach space, and this fact requires
a bit more complicated justification than the papers [2, 4] where the basic space was the Hilbert
space L2. Also, the paper [2] assumed that the dissipation was not too small to obtain a globally
defined strong solution, whereas our result covers any coefficient size of the dissipation. The
noise we will consider is a space-time white noise, and our proof for the convergence to the
Gibbs equilibrium, together with the global existence for all initial data thanks to the strong
Feller property are the first results for this kind of stochastic Ginzburg-Landau equations, as
far as we know. Also, due to the presence of the space-time white noise, the (more physical)
case of space dimension two or three requires the use of renormalization, and of much more
involved arguments, and will be the object of future work. The focusing case also needs some
investigations, as the technics of [4] would lead to a trivial measure in the presence of the
quadratic potential (see again Remark 7.2).

Lastly, let us introduce the results in [3] where the Hamiltonian case was studied, i.e., the case
of G =0 in (1.1) with V() = |z|? in one dimensional space. The authors in [3] constructed the
Gibbs measure, and making use of the invariance of that measure, they prove a globalization
of the local-in-time solution in a negative Sobolev space, for almost all initial data with respect
to this measure. We will sometimes make use of their deterministic results. Moreover, it was
recently proved (see [17]) that this Gibbs measure may be obtained as the mean field limit of
the (finite dimensional) quantum particle system.

2. PRELIMINARIES AND MAIN RESULTS

We consider the following Gross-Pitaevskii equation (complex Ginzburg-Landau equation)
with a harmonic potential, driven by a space-time white noise in one spatial dimension.

{ dX = (i+7)(HX +nX = NX|2X)dt + /2ydW, t>0, z€R,

X(0) = Xo, (2.1)

where H = 0% — 2%, v > 0 and > 0. In this paper we always assume that the nonlinearity is
defocusing, namely, we fix A = 1. The unknown function X is a complex valued random field on
a probability space (2, F,P) endowed with a standard filtration (F;):>0. The stochastic process
(W (t))¢>0 is a cylindrical Wiener process on L?(R, C) associated with the filtration (F;)s>o, i.e.,
for any complete orthonormal system {e;}ren in L2(R,R), we can write

W(t,x) = Br(t)ex(x).

keN

Here, {0 }ren is a sequence of complex-valued independent Brownian motions on the stochastic
basis (Q, F,P, (Ft)t>0)-

It is known that the operator H has a self-adjoint extension on L?(R, C), which is still denoted
by H, and the resolvent of H is compact. Thus, the whole spectrum of H is discrete, and we
denote the (real-valued) eigenfunctions by {h, },>0 which form an orthonormal basis of L?(R, R).
They satisfy Hh,, = —A2h,, with A, = v/2n + 1. In fact, those functions h,(z) are known as
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the Hermite functions. We denote by En the complex vector space spanned by the Hermite
functions, Ex = span{hg, hi,...,hn}.

For 1 < p < 400, and s € R, we define the Sobolev space associated to the operator H.
WHP(R) = {v € S'(R), |vlwewm) = [(—H)"*v| o) < +00},

where S(R) denotes the Schwartz space. If I is an interval of R, E is a Banach space, and
1 <r < oo, then L"(I, E) is the space of strongly Lebesgue measurable functions v from I into
E such that the function ¢t — |v(t)|g is in L"(I). We define similarly the spaces C(I, E), C*(I, E)
or L"(Q, E). Sometimes, emphasis will be put in the notation on the measure we consider ; for
example if we write LI((LP,dp),R), this means the space of real-valued, measurable functions
on the measure space (LP,dp), with integrable ¢-th power. For a complex Hilbert space E,
the inner product will be understood as taking the real part, i.e., for u = uf* + iu! € F and
v=vE +ivl € B, then we set (u,v)g := (uf',v) g + (u!,v!) g that is we use the identification
C ~ R2.

Motivated by the physical background explained in the Introduction, our aim is first to show
mathematically that Eq.(2.1) has the same invariant Gibbs measure as the one described in [3]
which is formally described, up to a normalizing constant, by

p(du) = e 5@Wdu, ue LP(R;C) (2.2)

where S is the Hamiltonian for the case v =0, i.e.,

1 1
S(u) = Q/RI(—H)lﬂu\de—g/R]u|2dx+4/R|u]4d1:,

then to use this in order to prove the global existence of solutions and the exponential convergence
to this equilibrium as t — +o0.

We may give a meaning to the measure (2.2) as follows. When u = )" ° ( cyhn, ¢, € C, we
write ¢, = ay + ib, with (a,,b,) € R2. For N € N , we consider the probability measure on
R2N+1D) defined by

N )\2 A?L 2 b2
duy = H 2J677(a”+ ) da,,db,,.
n=0 T
This measure defines a measure on Ex through the map from R2V+Y to Ey defined by

N
(an, bn)ho = > (an + ibp)hn,

n=0
2
and this measure will be again denoted by uy. Here, HnN:() ’2\—; is the normalizing factor, i.e.,
un(En) = 1. This measure py can be seen as the law of the Ey-valued random variable

onN(w, x) defined on (2, F,P) by

N
ox(w.2) 1= 30 Vg )hao)
n=0 """



LONG TIME BEHAVIOR OF GP EQUATION AT POSITIVE TEMPERATURE 5

where {g,(w)}Y_, is a system of independent, complex-valued random variables with the law
Nc(0,1). It may be seen, using the asymptotic properties of the LP norm of the Hermite
functions h,, i.e.

_1y
‘hn‘LP(R) < Cp/\n ‘ (p);

where
1 if p>4,
9(1’):{2—;‘; if 2<p<4 (2:3)

(see Lemma 3.2 of [3]), that {¢on}n>0 is a Cauchy sequence in L?(Q, LP(R,C)) for any p > 2.
Thus, the limit ¢ := limy_,00 @n is well-defined and

We denote by p the measure on LP(R; C), with p > 2, induced by this random variable ¢p(w),
that is, for any Borel set A C L?,

n(A) =Pw € Q, p(w) € A).
Note that the measure p can be decomposed into
= pN ® py
where p7 is the law of the random variable on Ey = {u € LP(R;C);Vv € Ey, (v,u) g, = 0},

> o)

n=N+1""

In the case n = 0, recalling that supp u C L*(R) N LP(R), for any p > 2, we see that
exp{—i\u]‘i4(R)} € LY(LP(R),du) for any p > 2, and we can define the Gibbs measure p as

_ 1
p(du) =T71 exp{ - 1|u|i4(R)}u(du), for p-a.e.u

1yt
where I' is the normalizing constant, that is, I' = [;, e 4‘U|L4u(du). When 7 is positive (and
possibly large), we have to use a different decomposition. Consider the spectral projector

1IN ( i cnhn> = i cphn
n=0 n=0

which is bounded in L? with a bound equal to 1, and let Ng = No(n) be such that )\?Vo <n<
)\?V0+1’ with the convention A_; = 0. Then the operator A := —H — n(I —Ily,), with D(A) =
D(—H), is clearly a positive, definite, self-adjoint operator, and arguments similar to those above

show that e~ 3Auww)z2 gy defines, up to a normalizing constant, a Gaussian probability measure

fip on LP(R) for any p > 2. Setting then

~ n 1
() = ~ Mgl + Sluls

and
f‘n:/ e~V i (du),
Lp
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and noting that there exists a constant Cyy, > 0 such that 1[u|1, > Vo (u) > Hult, — Ciy,y for
fi- a.e. u € LP(R), we deduce that V,, € L'(LP,djfi,) and we may define the measure p as

p(du) = f;lefv”(u)ﬂn(du). (2.4)
Of course, both definitions coincide when n = 0.

Let us now consider the equation (2.1). We take {hy,ih;}r>0 as a complete orthonormal
system in L?(R, C), namely our cylindrical Wiener process is now

o)

= > (B() + B () b ().

k=0
Here, (B5(t))1>0 and (BL(t))i>0 are sequences of real-valued Brownian motions.
First, we introduce the linear equation
dZ = (i+~y)HZdt 4+ \/2vdW, teR, zeR. (2.5)

Note that we consider here that the process W has been extended to the negative time axis.
The stationary solution Zs, of (2.5) can be written as

- v [ D g () e R, (2.6)
Expanding W (t) as a series, we may write Zo, as
=V [ R el
Since Z, is stationary,

Nz / ~)6E (dBR(s) + idB(s))
has the same law as

v / D% (aBf(s) + idBl(s))

which is NC( , )\2> Hence we may write

V\%

gr(w, t)h(z)

where (gx(w,t)) is a family of independent ./\/C(O,l)7 i.e. the law L£(Z(t)) is equal to the
Gaussian measure /.

The regurarity of Z(t) is given by the following Lemma.
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Lemma 2.1. Let T > 0 be fized. Letp > 2, s € [0, 20(p)) and a € (0, 550(p)—%). The stationary
solution Zs, of (2.5) has a modification in C*([0,T], WP(R)). Moreover, there exists a positive
constant M, r such that

IE( sup |Zoo(t)\Lp) < M.
te[0,7T
We will give a proof of this lemma in Appendix A. Note that this regularity may not be
optimal, but is enough for our purpose.

Using the regularity of Z. a.s. in C([0,T],LP(R)) for any p > 2 we establish the local
existence of the solution to the equation (2.1).

Proposition 1. Let v > 0,7 >0, A =1 and p > 3. Let T > 0. Assume Xo € LP(R). Then
there exists a random stopping time T* = T)*(W >0, a.s. and a unique solution X (t) adapted to
(Fi)e=0 of (2.1) with X(0) = Xo, almost surely in C([0,T*), LP(R)). Moreover, we have almost
surely, T* =T or lim sTup | X ()| Lr(r) = +o00.

t—T*

Note that this proposition is also valid for the case A = —1, but we focus on the defocusing
case A = 1. The Gibbs measure p is, in fact, an invariant measure for (2.1). With the use of
this invariant measure, we obtain the global existence of the solution of (2.1) for p-a.e. Xy (or
equivalently for p,-a.e. Xo) :

Theorem 1. Let v > 0,71 >0, A =1 and p > 3. There ezists a p-measurable set O C LP(R)
such that p(O) = 1, and such that for Xo € O there ezists a unique solution of (2.1), X(-)
C(]0,00), LP(R)) a.s.

Let P, be the transition semigroup associated with equation (2.1) which, thanks to Theorem 1,
is well defined and continuous on L?((LP(R), dp),R) for any ¢ > 0 and for p > 3. We will actually
prove that P, is defined on the set of Borelian bounded functions on LP(R) for any p > 3 and
that it is strong Feller and irreducible. As a consequence, we will obtain the following theorem.

Theorem 2. Let v > 0,7 >0, A =1 and p > 3. For any Xog € LP(R), there exists a unique
solution of (2.1), X(-) € C([0,00), LP(R)) a.s.

Finally, we will use the purely dissipative counterpart of equation (2.1) to prove the exponen-
tial convergence of the transition semi-group, as sated in the following theorem.

Theorem 3. Let v > 0, n > 0, A = 1 and p > 3. Let ¢ € L2((LP,dp),R), and ¢ =
[1» #(W)dp(y). Thenu(t,-) := Pi¢(-) converges exponentially to ¢* in L*((LP,dp),R), ast — oo;
more precisely,

/ fult, y) — 3 2dp(y) < 2 / 6(y) — @ Pdp(y).
Lr

Lp

Remark 2.1. The statements in the theorems are restricted to the case p > 3 although we only
need p > 2 for the support of the Gaussian measure [i,. This condition comes from the cubic
nonlinearity in (2.1); the results are still valid for more general nonlinear power | X|?° X under
the conditions p > 20 + 1 and p > 2.
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In the course of the proof of the above theorems, we will frequently use an approximation by
finite dimensional objects. We thus define here, as in [3], for any p € [1, 0], a smooth projection
operator Sy : LP(R;C) — En by

SN(icnh") = i%;ﬁi)%hn - X<2NH+ 1) (if"h")'

n= n=0 n=

where x is a cut-off function such that x € C§°(—1,1), x = 1 on [—3,4]. We will make use
of Proposition 4.1 of [3] : Sy is a bounded operator from LP to LP, uniformly in N, for any
p € [1,00]. Note that the usual spectral projector I does not satisfy this property. On the

other hand, one can in fact check under the assumptions in Lemma 2.1 that

IE( sup ]HNZOO(t)|Lp) < M,r, E( sup ](I—HN)ZOO(t)]Lp> < My,
t€[0,T) te[0,T]

and Iy Zoo(t), (I —IIN)Zso(t) make sense in LP(R), a.s. if p > 2 (see the proof of Lemma 2.1).

Let E be a separable Hilbert space and K be a Banach space. Given a differentiable function
¢ from E to K, we denote by Dy(x) its differential at = € E. It is an element of L(F, K) and
if K =R it is identified with its gradient so that it is also seen as an element of E. If ¢ is twice
differentiable, D%y is its second differential. Again, we identify D?¢(z), x € F, with an element
of L(E,FE) in case of K = R. If {e;}ien is a Hilbert basis in E, u a probability measure on E,
and ¢ € C}(E;R), then

Dl e = [ 1De@bdnt) = [ 3 (Dele).bduta).
1EN

This paper is organized as follows. In Section 3, we will introduce the deterministic properties
of the equations including the kernel estimate for the deterministic linear part of equation (2.1).
The proof of proposition 1 will be an easy consequence of those estimates. A review for the
purely dissipative equation, i.e. equation (2.1) without the skew-symmetric part induced by
the imaginary unit ¢ will be given in Section 4 concerning the existence and the uniqueness
of invariant measure, and the Poincaré inequality, for finite dimensional approximations of the
equation. The invariance for the finite dimensional approximations of equation (2.1) will also be
discussed in Section 4. Note that the results of Section 4 make use of rather standard techniques.
We will establish the global existence of solutions of (2.1) for a.e. initial data with respect to the
Gibbs measure in Section 5, together with the invariance of the (infinite dimensional) measure
p, while the strong Feller property and the global existence for all initial data will be proved in
Section 6. Using the purely dissipative equation as an auxiliary equation, the convergence to
the Gibbs equilibrium in (2.1) will be proved in Section 7. Note that, to our knowledge, it is the
first time that such an argument, is used in the infinite dimensional case. In order to simplify
the presentation, it will be assumed from Section 4 to Section 7 that n = 0. Section 8 will be
devoted to explain how the arguments can be adapted to the case n > 0 (and possibly large).
In the Appendix, we will show some regularity properties of the stochastic convolution needed
in the course of the proofs.
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3. LOCAL EXISTENCE OF THE STRONG SOLUTION

In this section we will give a proof of Proposition 1. Let 7" > 0 and fix p > 3. Let z €
C([0,T], LP). Consider the following deterministic equation :

Ov = (i+7)(Hv+n(+z2)—o+2[(v+2), >0, z€R,
v(0) = .
Note that X is a solution of (2.1) if and only if X = v 4 z with

t
2(t) = Zoo(t) — e Z_(0) = /29 / U= THENH gy (4),
0

and v solution of (3.1) with vg = X(. Moreover, Lemma 2.1, and Lemma 3.1 below show that z
has paths a.s. in C([0, 7], L?). Concerning v, we can prove the following local existence result.

Proposition 2. Let T > 0 and p > 3, and let vg € LP(R) and z € C([0,T],LP). Then there
exist a time T* =Ty . > 0 and a unique solution v of (3.1) in C([0,T%), LP(R)). Moreover, we

V0,2
have T* =T or limsup |v(t)|rrw) = +00.

t—T

(3.1)

To prove Proposition 2, we need some estimates for the linear deterministic equation :

ow =(@(+~vy)Hw, t>0, xR, (3.2)
w(0) = feSM). '
Lemma 3.1. The solution w of equation (3.2) can be written as
wlt.a) =) = [ Ko, fo)dy. >0, zeR
R
with the kernel
1 cos(2(yi — 1)t) x? + y? 1
Ki(z,y) := eX{,. : - — . x}
(x,9) V/—2misin(2(yi — 1)t) P isin(2(yi —1)t) 2 isin(2(vyi — 1)) Y
The kernel satisfies, for t > 0 sufficiently small,
; 1
eV £ gy < Cot™ 2| fl Loy, (3.3)
where
1 1 1 1
0<-<-+-=-<1
r—r | s

Remark 3.1. The constant C,, in (3.83) is independent of t and diverges when v is close to 0.

Proof. The form of the kernel is due to the Mehler formula (see e.g.[15]). For (3.3), we decompose
the kernel as follows.

1)
Kt(%y) = \/;6_(6_6)$26_6(x_y)26—(,3—5)y2,

where we put
1 1 1 cos(2(yi — 1)t)

0= T 2isin(2(yi — 1)t)’ b= T 2isin(2(yi — 1)t)’
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Remark that Re(6) > 0 for 0 < ¢ < 7 and Re(8 —§) > 0 for any 0 < ¢ < 7; indeed, we can
compute
isin(2(yi — 1)t) = —sinh(2vt) cos(2t) — icosh(2+t) sin(2t),

and thus, Re(isin(2(yi — 1)t)) = —sinh(2vt)cos(2t) < 0 for 0 < t < J
Re(d) > 0 for 0 <t < 7 since

Therefore we get

1 1 ~ 1Re(isin(2(vyi — 1)t))
Re(d) = R ati=n) = 2 [sin(2( ~ 0P

On the other hand,
~leos(2(yi —1)t) — 1

P = s )

Since
cos(2(yi — 1)t) = cosh(2vt) cos(2t) + i sinh(2vt) sin(2t),
we have,
cos(2(yi—1)t) — 1
isin(2(vyi — 1)t)
(cosh(2vt) cos(2t) — 1 + isinh(2vt) sin(2t))(sinh(2+t) cos(2t) — i cosh(2vt) sin(2t))
sinh?(27yt) cos?(2t) + cosh?(27t) sin?(2t)

The real part of the numerator is
—(cosh(2vt) cos(2t) — 1)(sinh(2vt) cos(2t)) — sinh(27t) cosh(27t) sin?(2t)
= —sinh(2vt)[— cos(2t) + cosh(2vt)]
<0,
for 0 <t < 7 since cosh(2vt) > 1 > cos(2t). Accordingly, Re(8 —§) > 0 for any 0 <t < 7.

Then, we have,

. T 1/r
|et(z+7)Hf|Lr(R) < {/ (/|Kt(az,y)f(y)|dy> da;}

R R

= {/ (/ \FE‘W‘We‘Re‘“m—y)Ze—Rew—é)y?|f<y>|dy)rdx}l/r
RNJRV T
@ —(Red)x?

< R,
‘5| —(Red)x? . 1 1 1

= ?‘6 (fted) ’Ll'(R)‘f‘LS(R)a with ;4_1:?4_?

where we have used the Young inequality in the last line. Then, it suffices to show that for
0<t<?
4

E||6—(Re6)x2|Ll,(R) < Ct_% (3.4)
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for [ > 1 such that 11/ + } = 1. Note first that there exists a constant C' > 0 which is independent
Ol ¢ o1/ 2,

of t € (0,7%) such that
‘ / Be—(Re(DxQ
™ Lo(R) T

for 0 <t < 7. Next, note that for sufficiently small ¢ > 0,

‘Imé‘ ~ sin2t  cosh(27t) < (e47°t 4 1)(sin 2t) < 1
Red! sinh(29t) cos2t —  16v%cos(2t) — 2%
which is a positive constant if v # 0, and we deduce from this that for some constant C,,
|5| —(Red)z? |5|
\[— = <C,.
‘ . L1(R) Red = 7
Inequality (3.4) follows by interpolation between the cases [ = 1 and [ = +o0. O

Proof. (of Proposition 2). We follow the arguments in [14]. Let Ty < T" be small enough for the
inequality (3.3) in Lemma 3.1 to be satisfied. We consider the closed ball in C([0, Tp], L),

Bgr(Tp) := {v € C([0,To], LP), |vlc(om),zr) < R}

with R := 2C,|vo|r» and C, is the constant appearing in (3.3). We will check that the map T
defined by

!
To(t) = ey — (i + ’y)/ eE=ENH Ty 4212 — ] (v + 2)(s)ds
0

is a strict contraction on Br(Ty), for a possibly smaller Ty. For any vi,vy € Bgr(Tp), taking
r=pand s=p/3in (3.3),

3 1
T(1) = Tlo)lr < 07/ 1t s3] [Jor + 212(01 + 2) — g + 22w + 2)] ()] orods
0
t
+Con [ foa(s) = va(s)aods
0

t 1
< 0 [ fie=sl magla) + 21+ o (o) = ex(oluras.
0 = b}

where we have used Holder inequality in the last inequality. Put 8 := 1 — % > 0. Then

[T (v1) = T (v2)leqo,m),7)

IN

Cy [Tg max v + Z|2c([o7To],Lp) + ﬂTo} [v1 = vale(o,10),L7)

IN

Cy [TOG(RQ + |Z|é([D7T]7LP)) + UTO} [v1 = v2le(o,1),L7)-

Using now the inequality (3.3) with » = s = p for the free term, we similarly have, for v; €
Br(To),

IA

R
S 5T C, T3 (R* + |Z’%([0,T],Lp)) + nTo.

[T (v1)leqo,mo),Le)

A
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We thus see that T is a contraction in Br(Tp) provided Ty is sufficiently small, which gives a
unique solution in C([0, Tp], L), and, thanks to classical extension arguments, a unique maximal
solution in C'([0,7™), L?), where T™* depends only on v, n, v and z. O

Next, we introduce an approximation for the solution v of (3.1) defined above. We fix T' > 0,
and p > 3. For any z € C([0,T], L?(R) N L*(R)), let vy be the solution of

atU:(i—i—’y)(HU—F??SN(’U—l-Z)—SN(|SN(U+Z)|2SN(’U+Z))), t>0, zekR, (3.5)
with initial data
vy (0) € En. (3.6)

This equation has an energy estimate, which is easily obtained by taking the L?- inner product
of (3.5) with vy and using the boundedness of Sy in L*(R) and Young’s inequality (see also
(2, 14]):

1d

;
5o ()22 + 1o () By ey — nlow () 3o + 2 /R on(t2)'de (37)

<c, / S 2(8)] dz
R

< Cy sup ‘Z(t)’él <Cyr.
t€[0,T]

Therefore, |vy(t)|p2 < e2=A0NT [lon(0)|p2 + Cyr,2] for all t € [0,T]. Since vn(0) € En, any
norm of vy (0) is finite, i.e. |[un(0)|rr < Cn, for any r € [1, 00|, and for any p > 1,
[on (8)] 20 < Cvplon ()2 < Cnpe® ™27 (Jun (0)] 2 + Cyr2) < Cpvr

for all t € [0,T7].

Remark also that by Proposition 4.1 of [3], the bound of Sy from L to L is uniform in N,
thus for z € C([0, T, L?(R)),

lim |(Sy — I)Z|LOO(O7T’LP(R)) =0, 1<p<+oo. (3.8)
N—o0
We thus have the following proposition.

Proposition 3. Let p > 3 and T > 0. Let z € C([0,T], LP(R) N L*(R)). Then there exists a
unique global solution in C([0,T], En), denoted by vy, of (3.5)-(3.6). Moreover, for vg € LP(R).
If un(0) = Snvo, then vy converges to v in L*°(0,T, LP(R)) as N — oo for any T < T*.

We remark that the convergence of vy to v is a consequence of the fixed point argument seen
in the proof of Proposition 2 and of (3.8).

4. PURELY DISSIPATIVE CASE AND GIBBS MEASURE

We recall in this section a few results concerning the purely dissipative case that will be useful
in the following. Although those results are obtained thanks to fairly standard techniques, we
will give some details for the sake of completeness. As explained in Section 2, we assume from
now on that n = 0, in order that the arguments are simpler to state, and we refer to Section 8
for a description of the case n > 0.
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The purely dissipative equation is then

dY =~(HY — |Y Y )dt + /2vdW. (4.1)
We first consider the following approximation :
dY = y(HY — Sn(|SNY >’SnY))dt + \/29TINdW, Y (0) =y € En. (4.2)
If we put uy := Yy — lInZo where Yy satisfies (4.2), then uy verifies
Ou = (Hu— Sn(|Sn(u+ Zoo)|*Sn(u+ Zx))) , z € R. (4.3)

Recall that Z is defined in (2.6), and note that Sy o IIy = Sy. By the same arguments as
for (3.5), replacing z by IIyZs, and using Lemma 2.1, we have the energy estimate (3.7) for
up, almost surely. It thus follows as in Proposition 3 that for any v % 0 and p > 3, there exists
a unique global solution uy € C(RT, Ey) a.s. of equation (4.3) so that Yy = uy + lIyZs €
C(R*, Ey), a.s. We denote by Yy (¢,0,y) the solution of (4.2) with initial data Yx(0,0,y) = y.
In fact, since the noise has been extended to the negative time axis, by the same arguments as
above, we may consider Yy (¢, —t1,y) with a ¢; > 0.
The dissipativity inequality, i.e. the inequality

(YH(y — 2) — vSn(I1Snyl*Sny — [Snz*Sn2), y — 2) By < =71y — 2[5y
which holds for all y,z € Ey, and for all v > 0, implies that for any y,z € Ey, and for any
t Z _t17
|YN(t) _tlu y) - YN(t7 _tla Z)‘EN S 677(t+t1)|y - Z|EN‘ (44)

Using (4.4) with z = 0 together with Lemma 2.1 (whose proof is valid also for negative time
intervals), one easily obtains for any y € Ey, and for any t > —t1,

E(YN(t, —t1,9)|Ey) < C+ |yley-
We deduce for all ¢t > —t1 > —ty with t1,t9 > 0,

E(’YN(tv —t1, y) - YN(ta —t2, y)|EN) 6_7(t+t1)E(|YN(_tl7 —ta, y) - y’EN)

e 1 (2ly gy + C).

It follows, in particular letting ¢ = 0, that the family {Yx(0,s,y),s < 0} is a Cauchy family
in LY(Q,Ex) as s — —o0, and there exists a random variable &y € L'(2, Ey) such that
En = limg o YN (0,5,5) in LY(Q, Ey). Thus, as t — +o0,

in the weak topology. Then, setting py := L({x), it follows that py is the unique invariant
measure of the flow generated by (4.2).

<
<

More details for the purely dissipative case are found in, e.g., [10, 9, 18].

Remark 4.1. In the purely dissipative case, the solution' Y of (4.1) can directly be shown to be
global, since one may prove a LP-bound on u=Y — Zy for any vy >0, p >4 (see [2, 14]) :

[u(t)|Le@) < Cr, t€[0,T] (4.5)
for any T > 0.
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Now let our attention turn to the Gibbs measure. Define for y € Ey,
dpn(y) = Tyte 15 duy (y), Ty = / e~ 1SN VLa g (y). (4.6)
En

The next proposition will state that gy is also an invariant measure for the flow generated
by (4.2), which implies py = pn by the above uniqueness property. On the other hand, we will
see that the measure gy is also invariant for the flow of the approximation to (2.1) :

dX = (i+~)(HX — Sy(|SyX|2SyX))dt + \/29TIxydW, X (0) € Ey. (4.7)

Remind that the solution of Equation (4.7) exists globally in C'(R*, Ey) a.s.; such a solution
will be denoted by Xy. Indeed, Xy can be written as Xy = vy + [IyZ where vy is the
solution of (3.5) with z = IInZ and vy (0) = Xn(0) —IInZx(0) € En in (3.6).

Proposition 4. The measure py defined in (4.6) is invariant by the flow of (4.2) and by the
flow of (4.7).

Proof. Write Equation (4.7) in the form:
dX = —JDI(X)dt — yDI(X)dt + /27IIndW, X (0) =y € Ex
where

_ (0 1Y 2 2
J—<1 O).R — R~

and
1 12,12 1 4
=3 |(—H)"“y|*dx + 1 |Sny|*dx, y € En.
R R

This proof will be valid also in the purely dissipative case (4.2), removing the term JDI(X)dt.
The generator of the transition semigroup for the flow of (4.7) is given by

(Lnf)y) =vTeD? f(y) —v(Df(y), DI(y)) ey — (Df(y), JDI(y)) ey
for any f € CZ(En,R?). Here, if f = (fi1, f2), then
N
TrD? f( Z [(D? f1 () e, hie) By + (D fa(y)hies hi) | -

k=0

We shall show that gy is invariant for (4.7), that is, for any f € CZ(En,R?),

/E (ex Nty = [ 1w)Chpnldy) =
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Indeed, by direct calculations,

o
- /E {’yTrD2f(y)—’Y(Df(y),DI(y))EN—(Df(y),JDI(y))EN]efI(y) dy

= 7/ TrDQf(y)e_I(y)dy+v/
En

(D)D) dy

En

-/ Fy)Tr(DJID)(e™!¥)dy
= 0,

where we have used integrations by parts, and the fact that Tr(DJD) = 0. ]

Proposition 5. For any ¢ € CL(EN) the following inequality is satisfied :

/ D) 2, dpn(y) > / 6(y) — 3 Pdin (y), (48)
En En

where ¢PN = fEN P(y)dpn (y)-

Remark 4.2. The important point here is the fact that the properties of the Gibbs measure py,
which is the invariant measure for (4.7) may be investigated through the equation (4.2).

Proof. (of Proposition 5.) Note that we may assume, replacing if necessary ¢ by ¢ — ¢V,
that N = 0. Let Yy be the unique global solution of (4.2), and let R be the transition
semigroup on Ey for (4.2), i.e., RN é(y) := E(¢(Yn(t,y))) for any ¢ € Cp(En,R). Recall that
y =Yn(0) € En. Assume now that ¢ € C}(En,R). Then, for h € Ey and y € Ey,

(DY) (), Wy = E(DSVn(t,9)), 1% )y
where 0% := D,Yy(t,y).h € Ex satisfies

® = yHn—~Sn(ISnYn[*Snn) — 2vSn (Re(SnYn Snn)SnYw),
77(0) =he€ Ey.

Taking the scalar product in Fn with 77}]{,, we have

5l B, < —(SwYa RSyl Sy — 20 [ {Re(SiTavsn)} do
< 0.
Thus
(Ol < el w=12 =7, (19)

which leads to
(DRY¢(y), eyl < E(I(DO(Vi(ty)) )y

<
< E(ID¢(Yn(t,9)| ey Inkley)
< e NhlpyE(DS(Yn (t,y))|Ey)-
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Put g(t,y) = RY¢(y) = E(¢(Yn(t,y))), and ¥(y) = [DP(y)|gy for any y € Ey. Then
Y € Cy(En,R) and (Dyg)(t,y) = D(RYN$)(y). By the above computation, |Dg(y)|g, <
e "|RN4(y)|. Therefore, we obtain

/ Dyt ) ondin(y) < e /E RN () 2dpn ()

En

IN

et / RV (y)dpx (y)
En

= ¢ 2 : WV (y)dpn (y)

= e [ Dol dn () (4.10)
En

where we have used Cauchy-Schwarz inequality, and the invariance of the measure py for the
transition semigroup R¥. On the other hand,

d -
DBy ap) = =27 [ Dol din () (4.11)
En

indeed, let My be the generator of R}, so that %g = Myg ; then for y € FEy, by the
Kolmogorov equation,

(Mng)(y) = v(TrD?g)(y) + (Dg(y), v(Hy — Sn(|Sny[>Sny)) iy -
Therefore,
Mng?(y) = 27[Dg(y) iy + 29(y)(Mng)(y).

Then, we have

0 - / P )Mipn(dy) = [ Mug?(w)in(dy)
En En

= 27/ IDg(y)I%NdﬁN(y)Jr?/ 9(y)(Mng)(y)dpn (v)
En Exn

= 2 [ 1D lbdint) + g [ lo0Rdpn ),

so that (4.11) holds. Integrating (4.11) on [0, ¢], and using (4.10) we have

90 2 ) — 19O 2y gy = —( = ) /E D(y) %y din (). (4.12)

N
Note that |g(0) %Q(ENWN) = |¢|%2(Ew,dﬁw)' We conclude the proof of (4.8) by letting ¢ tend
to +o0 in (4.12), using the following Lemma, whose proof easily follows from the dissipative
inequality (4.4). O

Lemma 4.1. Let ¢ € C}(En,R), then there is a constant C such that

IRY ¢ — N | 125y dpn) < One™ "Bl Lip-
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Proof. Since jy is invariant for RY and jy(Ey) = 1, we have for any y € Ey;,

E(o(Yn(t,y) — 6" = [E(d(Yn(t,y))) — g (2)dpn(2)]|

— BNt y)) - /E RY6(2)dpn (2)|
- E / (¥ (t,y)) — oY (t,2)))dn (2)]
En

< Mol [y clevdin (o)
En
by (4.4) with t; = 0. Thus, using Cauchy-Schwarz inequality,

|Riv¢—¢3ﬁN’%2(EN,dﬁN) < ‘¢|%ipe_2yt/ / ly — 25 dpn (y)dpn (2)
Ex JEx

< gl e / / Uyl + 1213 )i (9)din ().
En JEN

The integral on the right hand side is finite, since puy is a Gaussian measure on Ey, dpy =
'y exp(—|Snyl7a/4)dun and exp(—[Sny|7./4) < 1. The result follows. O

5. ALMOST SURE GLOBAL EXISTENCE

A similar idea to [5] will be used to prove Theorem 1. Let Xy € LP with p > 3 be given.
Consider a particular decomposition for the solution X of (2.1), given by X (t) = v(t) + Zoo(t) —
Z(0), where v is the solution of (3.1) with 2(¢t) = Z(t) — Zoo(0), vo = Xo. Recall that Z
is the stationary solution for (2.5), which is written as (2.6). Recall also that the law of Z. (%),
supported on LP if p > 2, is equal to u. We will see that the measure p in (2.4) should be
invariant for the flow of X, as the limit of

1
dpn(u) = Txtexp{ = ZISwulls fdun(Tyvw)duk (I = Tw)u), we L(R),  (5.1)
where p > 3 and

1
Iy = — —|Snults pdu(u).
N /LpeXp{ 4| NU|L4} p(u)

This probability measure py is an invariant measure for the flow of a certain approximation X~
to X. Making use of this invariance, we will show that X exists globally in LP(R) for p > 3.

Let us first consider the approximation Xy given by the solution of (4.7), which may be
written as Xn(t) = vn(t) + [INnZoo(t) — IINZoso(0). Here, vy is the solution of (3.5) choosing
v (0) = SyXp. Namely, Xn(0) = SyXo. Now, we define XV (t) = Xn(t) + Zn(t), where Zy
satisfies

dZ = (i+~y)HZ + /2v(I — I N)dW,
{ Z(0) = (I — Sn)Xo.
Then, noting that Sy Zx = 0, one sees that XV satisfies the following equation with initial data
XN(0) = X :
dX = (i+7) (HX — Sn(|SNX[*Sy X)) dt + /27dW. (5.2)
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It follows from Proposition 3 that XV is globally defined on LP(R) if p > 3, and depends
continuously on the initial data Xg. We remark that the results in Section 2 also lead to the
convergence of X to X in C([0,T], L?) for any T' < T*. Consider now the transition semigroup
for the equation (5.2) and denote it by P} for t > 0. Notice that py is an invariant measure
for the transition semigroup PtN for the same reason as in Proposition 4.

Proof of Theorem 1. Let any T > 0. We wish to prove that there exists a constant Cr such
that

[ E(_sw X()l)doty) < Cr. (53)
Lr te[0,7* AT

If this bound is true, we may say that there exists a p-measurable set O C LP such that p(O) = 1,
and for each y € O, sup;c(o r+p7) [X (¢, y)|Lr < 400 as.; the fixed point argument then implies
that T*(y) > T, a.s.

In order to derive rigorously the estimate (5.3), we will use the approximation X*V. Thus the
first step here is to show that there exists a constant C' which does not depend on N, such that

| B( sup (XY (tp)lis)doto) < Cr. (54)
L “Nte[0,T]

We write the equation of X in the mild form.
XN(t, XO) — et(i+’y)HX0 o et(iJr’Y)HZOO(O)
t
—(i+7) / et HENH G (1SN XN 1258 XN ) (8)ds + Zoo(2).
0

Taking the supremum in time on [0, 7], using Lemma 3.1 and the boundness of Sy in LP(R) N
L3P(R), we have

T
sup |XN(t, X())’Lp < ’Xo’Lp + 2 sup ’Zoo(t)‘[/p + Cy/ ’SN(‘SNXN(S)|QSNXN(S))|LpdS
te[0,T te[0,7] 0

T
< ol 2 sup Zult)lir + Gy [ 1SN XV () s
te[0,7] 0

T
< [Xolwr +2 sup |Zeo(t)|1e + €, / X (3) 2, ds.
t€[0,7) 0

We then take the expectation, and we have

T
E( s[up]XN(t,XONLP) < |X0|Lp+2E(|ZOO\LW(07T;LP))+CVE/ XY () 2.
tefo0,T 0
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The second term is bounded by a constant M,  which does not depend on Xy thanks to Lemma
2.1. Integrating in py thus gives,

[ E( sup XV X))oy (X
Lr Nte[o,T]

T
< [ Xolurdon(X0) + Mz 4, [ [T EIXY)fuds dpn(Xo).
Lr Lr Jo

The third term in the right hand side is written as follows :

T
/ E / XN (s, Xo)2spds dpy(Xo) = T / | Xo [ don (Xo);
0 Lp r

indeed, let ®™(v) = |v|3,, A'm for any v € LP, which is a bounded Borel function on L.

T T
| B[ XV Xoldsdon(X0) = [ lim B [ @7 (5 Xo) dpn (Xo) ds
0 p

Lp 0 Mm—oo

T

= lim / PNo™(Xo)dpn(Xo) ds
Lp

0 m—ro0

T
= / lim / O™ (Xo)dpn(Xo) ds
0 m—r00 P
= 7 [ PXoliudon(Xo)
Lp

Here, we have used the invariance of py in the third equality. We shall show that

/L | Xo [ dpn (Xo)
p

is bounded independently of N. This can be seen as follows. Recalling the definition (5.1),
noting that for all ¢ > 0, £(Z(t)) = L(Z(0)) = p, with suppp C (), LP, and Lemma 2.1,
we have

_1 4
| Xoltadon(Xo) = T3t [ (Xl Nk du(xo)
Lpr p
< IV E(1Zs(0)[35,) < TN M3, 7.

As for the normalizing constant I'y, the bound |SyXo|r+ < C|Xo|r+ with a constant C' inde-
pendent of N implies

Iy = / e SN XolLi gy (X > / e §%0lLs gpu(X0) > 0, (5.5)
Lp Lp

i.e. 'y is bounded from below independently of N.
For the same reason, the first term is bounded independently of IV since

- | Xo|zrdpn (Xo) < TN My,

with (5.5). This concludes the bound (5.4).
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Recall that if p > 3, then by Proposition 3, XV (-, Xo) — X (-, Xo) in C([0,T AT*), LP(R)) as
1 1
N — oo for any Xg € LP N L*. Since e alXola y o=dlXola a5 N oo for any Xo € LP N L4,
we obtain by Fatou’s lemma

_1 4
/ E( sup [X(t X)) dp(Xo) = /E( sup_ X (1, Xo)| 1 ) e~ 1PNk dpa(Xo)
Lr te[0,TNT*] Lp te[0,TAT*]

IN

lim inf E( sup yXN(t,XO)\Lp>e‘i'SNXO'i4du(XO)
N=oo Jrp  Nielo,r AT+

— liminf / E( sup  |XN(tX0) 10 ) don (Xo)
N=oo Jpp  Nielo,TAT#]
é CT7

which concludes (5.3).

In conclusion, for a fixed T' > 0, there exists a p - measurable set Op C LP(R) for any p > 3
such that p(Or) = 1 and that for Xy € Or, the solution X exists a.s. up to time 7. For each
T, n € N such that 7, — +00 as n — oo, consider O, and set O := (), Or,. Then, p(O) = 1.
The proof is completed. O

Now, we can define the transition semi-group (F)¢>0 associated with (2.1) : for all £ > 0 and
any ¢ € Cy(LP,R) with p > 3, and for p - a.e. y (i.e., for y € O), let

Pip(y) = E(p(X(t, ).

We end this section with the proof of the invariance of the measure p for the semi-group (P;)s>0.
Let ¢ € Cy(LP,R) and let us prove that

| etwant) = [ Peotwipto). (5.6)
Lr Lp
First, by the invariance of py, we have
| etaon) = [ P etu)don(v).

Lp p
Next,
[ etwdont = [ edow] < [0 [ eme I hdu) - [ o Visaun))

+‘(Fz_\rl - F_l)/ w(y)e_i'y'@du(y)(
r
< C(1+9|re) |l =T,
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where we have used (5.5), and the right hand side above tends to zero by the dominated con-
vergence theorem. On the other hand,

’/Lppt o(y)dpn (y /Ptcp aply)| < ]/L y)))dpn (y) — /LPE(ap(X(t,y)))dp(y)‘
+ /L (XY (1,9))) ~ E(o(X (64)ldp )
\sOILoo/ le” 115l e*%‘y'i‘*\du(y)

/ E(o(X™ (1,9))) — B (X (8, 9))ldu(y),

and we conclude thanks to the dominated convergence theorem and the fact that X N y)
converges to X(+,y) a.s. in C([0,T], LP) for any y € O. O

IN

6. STRONG FELLER PROPERTY AND GLOBAL EXISTENCE FOR ALL INITIAL DATA

We first prove the strong Feller property for the semigroups (P;/¥ )t>0, associated with equation
(5.2), uniformly in N. We denote by By(E) the space of borelian bounded real valued functions
on a Banach space E and, for ¢ € By(E), ||¢llo = sup,eg |¢(2)].

Proposition 6. Let p > 3 and N € N. For any ¢ € By(LP(R)), and any t > 0, PNy is
a continuous function on LP(R). Moreover, for any T > 0, there exists a constant ¢, (T,
independent of N, such that for any Xo € O, h € LP(R) such that Xo+h € O, and any T > 0,

— 2
PR (X0 + k) = PRo(Xo)l < ey(Dlello (T75% +1) (1Kol + 1) bl (6.1)

Proof. We use a classical coupling argument, based on a control problem and Girsanov Theorem
(see e.g. [20]). Let p >3, T >0, h € LP(R) and define for t € [0,T] :

1 .
k(t) = = e,
and ¢
h(t) = T—e(iﬂ)mh
Then d
—h=(i+7)Hh+k, h0)=h, h(T)=0.

dt
Let 0 € C§°(R) be a cut-off function such that 6(t) = 1 for ¢ € [0,1] and 6(¢) = 0 for ¢t > 2.

S P
Define, for y € LP(R), Fr(y) = 0 <NyRLP(R)> Sn(|Sny|?Sny). We consider the truncated

version of (5.2) :
dX = (i +7) (HX — Fr(X)) dt + \/2vdW (6.2)
with initial data X (0) = Xy. We denote by Xp(-, Xp) its solution, whose existence and unique-

ness in C([0,77; LP(R)) follows from the arguments of Section 3, and the Lipschitz property of
Fp (note that Fp(y) = 01if |Sny|7, > 2R). For € > 0, define Y*(t) = Xg(¢, Xo) + ch(t). Then

dY® = (i +~) (HY® — Fr(Y?))dt + /27 (Gedt 4+ dW)
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with ‘
G.(t) = (%) [FR(YE(8)) — Fr(Xn(t, Xo))] + k().

Since Fj is bounded and k € L?(0,T; LP(R)), we may use Girsanov’s transform and deduce for
each p € CL(LP(R))

Elp(Y*(T))] = E[p(Xr(T,y))p=(T)],

T T
ps<T>=exp{—v /0 Gelt) 2oyt — /2 /0 (Gs(t),dW(t))LQ(R)},

and y = X + ¢h. Clearly Y¢(T') = Xgr(T, Xo) and we obtain

where

Elp(Xr(T, Xo))] = Elo(Xr(T, Xo + h))pe(T)].- (6.3)
On the other hand, noting that for £ = 0 we have G. = 0 and p. = 1,
(i+7)

D:Ge(t)|e=0 = k(t) + Fr(XR(t, Xo)) - h(t)

ﬁ

and

T i _
Depe(T)|e=0 = _\/ﬂ/0 (k(t) + (\;_%)F;%(XR@,XO)) : h(t),dW(t))Lz(R)-

Since ¢ € CH(LP(R)) , h,k € L?(0,T; LP(R)), we may differentiate (6.3) with respect to e and
take € = 0. we obtain :

E[Do(XRr(T, X0)) - (DXRr(T, Xo) - h)]

T
N E[ Gl X0) [ (k) + 2 PRt X0) -l W 1)

Nezi
By the chain rule, the left hand side above is equal to
D [E (p(Xr(T, X0)))] - h = DPfip(Xo) - h,

where (Pf);>0 is the transition semigroup associated to equation (6.2). Note that Pfp(Xy)
tends to PN ¢p(Xg) when R goes to infinity, for any X € LP(R). On the other hand, the right
hand side may be bounded using the It6 isometry and the Cauchy Schwarz inequality, to get

T 1/2
DPfo(X0) 1< Cllell [ 1K) ey + EIPR(Xi( X0) - B0 et (6.4)

We need the following result.

L?(RJ ‘

Lemma 6.1. Let p € [2,00], then, fort > 0, etV maps LP(R) into L*(R) and there exists
a constant Cyp, such that for allt > 0, and all f € LP(R),

1
‘e(l—M)tHﬂL? < Cypt 2 p|f|LP

Proof. Let f € L®(R) and u = (—H)~'f, then —02u + z%u = f and

(~H) 2 Loy = 1(=H)ulla, —/\6:5U(90)\2+x2u2( )dax

_ /f dm<]f\Loo/|u J|dz.
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Note that

1 1/2 1/2
Juttde < ([ gde) (e + louftam) " = VA Puliage,

and it follows :
[(=H) 72 flr2m) < V7l floe. (6.5)

On the other hand, writing v = "2 (v, ex) 2€x, we have for any v € L3(R),

7 - —(i 2 C
[(—H) Pl 2, = S eI R0, )3 < ol
k=0
so that (6.5) implies
e f| oy = |(—H)Y 2T ()2 f| gy < Cot ™2 (—H) Y2 fl oy

IN

ﬁcvt_1/2\f\Lw(R)-

This is the result for p = co. For p = 2, the result is clear and the general case follows by
interpolation. O

Remark 6.1. This result is not optimal. The exponent in t can actually be taken as —f for
11

any B> 3 — %
To end the proof of Proposition 6, we need to bound the right hand side of (6.4). First, we
write

r 2 LT G, 2
| @ = 5 [
T
< — t »|h dt
< T 7|hl|p(w), (6.6)

thanks to Lemma 6.1. Next, we compute, for x,y € LP(R),

Sn(z)¥
F{Q($) Yy = %9/ <‘N(R)|Lp> Re (|SN$|p72SNI, SNy)L2 SN (|SN33|25N$)

+6 ('SN(%J) Sn (|Snz*Sny)

6 <W> Sw (2Re(Sna - Swy)Swa)

Ty =
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Hence, the second term in (6.4) is bounded as follows, using Holder inequality and Lemma 3.1 :

C

T T
E /0 IFR(XR(E X0) B oyt < - / SN (Xr(t, Xo) 2V IR(0)[3, 1Sy (Xr(t, X0)) $adt

T
L CE / Sx (Xr(t, Xo)) |5 A1) Bt
0

C
R2/p

IN

T
E / Sy (X (t, X0)) [ h[2,dt
0

T 1
+CIE/ t 7 |Sn(XR(t, Xo)) |7 4|3 pdt. (6.7)
0
Next, we decompose Xg(t, Xo) = vi(t,0) + Z(t), with
t
Z(t) = e FH X, 4\ /2y / eTFNE=9H gy (5). (6.8)
0

If 3 < p < 4, we use Lemma 3.1 to get |e(i+'7)tHX0]‘i4 < Ct2/PHI2 X014, if p > 4, we
interpolate the inequality of Lemma (6.1) (with p = oco) and the boundedness of the operator
e i L4(R) for any ¢ with 4 < ¢ < p to get \e(i+7)tHX0|‘i4 < CLtYP1 X4 ,. In both case,
this and Lemma 2.1 imply, since Z is Gaussian, and for any integer m,

T m
m 7 4 m
E|Z’%4(O,T;L4(R)) <c [/0 ‘e( +V)tHX0‘L4(R)dt} + My prm < Cypa(1Xol o) + n*™. (6.9)

Since moreover the energy inequality (3.7) (with n = 0), which is easily seen to hold also for the
cut-off equation satisfied by vﬁ,, implies

sup ‘Uﬁ(t)‘%Q(R) < C’%T‘Z|4L4(0,T;L4(R))
t€[0,T]

and
T
| 1000 gyt < CoirlZlfso oy
we deduce from (6.9) and the Gagliardo-Nirenberg inequalities :

R () L1y < Clon ()22 my | 0evi (8)| 22wy

and
\vﬁ(t)\i(s(m < C‘”J@( ) L2(R) |0z UN( )’%Q(R)
that
E[vi|1s0m04(r)) < CoTEIZI a0 7 pa)) < Crpr (1Kol o) + 1%,
and

E[vy|Zsomirs@y < CorEIZI Ao r ramy) < Crp (1 Xo|Lo@) +1)*
Plugging these inequalities into the right hand side of (6.7), after using Cauchy-Schwarz inequal-

ity, shows that

T
E / [FR(XR(t X0)) - B(D)Baqgydt < Copr(1XolLr + 1)1+ = (1Kol + 1] [0y (6.10)

1
0 R2/p
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Finally, (6.4), (6.6), and (6.10) imply after taking the limit R — oo :
4
DPf o(Xo) - h < Cyrpllello (1Xolrey + 1) 1Bl o)

It remains only to approximate ¢ € By(LP(R)) by a sequence (¢n)nen in C}(LP(R)), which
converges pointwise to ¢ and are uniformly bounded, to end the proof. O

Now, in order to prove Theorem 2, we use the fact that there exists a set O C LP(R) such
that p(O) = 1 and for any Xo € O we have sup;cjo 71| X (¢, Xo)|rr(r) < 00 a.s. Note that this
holds in any probability space since we have constructed strong solutions. Letting N — oo in
(6.1) for Xy, Xo+h € O, we deduce that (P;);>0 can be extended uniquely into a semigroup on
LP(R; C) which has the strong Feller property. This is possible since we know that the support
of p in the topology of LP(R) is LP(R).

Let us now choose Xy € LP(R) and take a sequence (Xop)nen in O such that Xy, — X in
LP(R). Considering the corresponding solution X (¢, X ,,) of (5.2), we use again the splitting:
XN(t,XO’n) = UNn + Zn, with vy, satisfying (3.5) with

t
2(t) = Zn(t) = e X, 4 /2y / (= EDH Gy ().
0

Clearly, Z,, — Z in C([0,T7; LP(R)) a.s. where Z is defined in (6.8). Moreover, using (3.7)
for vy, and letting N — oo, we deduce that v, = X(-,Xo,) — Z, is bounded uniformly
in n in L2(Q; L>°(0,T, L*(R)) N L2(0, T; WH2(R)))NLA(Q; L*(0,T; L*(R))). By standard argu-
ments, using again equation (3.5), it follows that, for any negative s, the sequence of laws
of (X (-, Xon))nen is tight in C([0, T]; W*2(R)) N L?(0, T; WT2(R)) N CH([0, T]; W= 22(R)) +
C([0,T]; LP(R)). It is then standard to check that any limit point is the law of a martingale
solution to (2.1). Let us denote by X (-, Xg) such a solution, which is defined on a probability
space (Q, F,P). Take a function ¢ € Cy(LP(R)) N Cy(W*2(R)) ; then we can write for any ¢ > 0

Pip(Xo) = lim Pip(Xon) = lim E(o(X(t, Xon))) = E(e(X(t, Xo)).

This proves that the law of X (t, Xo) is in fact P}dx,.
Now, we make use of the following result, which is proved as in [6] Lemma 7.7 (see also [12]
for the original idea).

Proposition 7. The semigroup (P;)i>0 is irreducible on LP(R).

This and Proposition 6 mean that (P;);>¢ is regular and that all the measures Pfdx, are
equivalent and are also equivalent to the invariant measure p, which is the unique invariant
measure of (P;)¢>o (see [9], chapter 4). It follows that for any Xy € LP(R) and any tg > 0,

P(X (to, Xo) € 0) = p(0) =1

so that

sup | X(t, Xo)|zrmr) < 00, Pa.s.
te(to,T]

By the construction of local solutions, we know that there exists a stopping time 7%(Xy) with
0 < 7%(Xp) <T, a.s. such that

sup |X(t,X0)‘LP(R) <000, Pas.
tel0,7*(Xo))
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It follows, since 7%(X() > 0, a.s., that
sup |X(t,X0)|Lp(R) <00, Pas.,
te[0,T]

and we have constructed a global solution in LP(R) for any Xy € LP(R). This solution is clearly
pathwise unique in C([0,7]; LP(R)) and either using Yamada-Watanabe theorem or Gyongy,
Krylov method we may deduce global existence and uniqueness of a strong solution (in the
probabilistic sense) in any probabilistic space. O

7. CONVERGENCE TO EQUILIBRIUM

We recall that Xy(.,yn) is the solution of (4.7) with initial data Xx(0) =: yny € En. By
Proposition 4, the measure py is invariant by the flow of X, and by Proposition 5, it satisfies
the Poincaré inequality (4.8). Let (P );>0 be the transition semigroup corresponding to (4.7).
Using the above properties, we have
Proposition 8. Let ¢n € Cyp(EN,R). Then, fort >0 and v > 0,

d > TP ~ ) 70 ~
— | 1BV on(y) = Y Pdpn(y) +2v / 1PN on(y) — o Pdpn (y) <0,
dt En En

1.€e.,
/ 1PN on(y) — SR Pdpn (y) < 62“/ o (y) — O [Pdpn (y),
EN EN
where _?VN = fEN on(y)dpn (y).

Proof. Using a density argument, we may assume gZ;fVN =0, and ¢n € C}(En,R). Let Ly be
the generator of P}, associated with (4.7). As was seen in the proof of Proposition 5 for the
generator My, using the Kolmogorov equation and the invariance of the measure py,

~ B d ~ B ~ B
0= [ Ln(PYon)’dpn = pn |PN on|*dpn + 27/ IDEN ¢ |3, dp -
Ex t ey En
The use of inequality (4.8) implies the desired result. O

Now taking the limit N — oo, we shall show the following proposition.

Proposition 9. Let p > 3 and let ¢ € Cy(LP(R);R). Then there exists ¢n € Cp(En,R) such
that for allt > 0,

lim [ PN on(y) — O Pdin (y) = /L |Pg(y) = ¢ Pdply), and lim Y = ¢,

N—o0 EN

where ¢P = Ji» d(W)dp(y).

Note that the proof of Theorem 3 follows immediately from Proposition 8 and Proposition 9.
The proof of Proposition 9 makes use of the next Lemma.

Lemma 7.1. Let 1 < p < +oo. Let i € Co(LP(R);R) and let oy, (u) == ¢(Sn(u)) for u €

LP(R). Then, for any q with 1 < g < 400, ‘¢|EN ) tends to 0 as N goes to infinity.

B ¢‘Lq(Lp,dp
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Proof. Note that Sy is continuous from LP(R) to LP(R), so 9, 5, 1S continuous from L7 (R) to
R. Also ¢ . is bounded uniformly in N. Moreover, since Syu — uw as N — oo, we deduce
Vg, (u) = YP(u) for any v € LP(R). Thus, by Lebesgue’s dominated convergence theorem,

}QZJ\EN - w‘Lq(Lp’dp) tends to 0. o

Proof. (of Proposition 9) Let ¢ € Cp(LP(R);R). Then, ¢ is continuous and bounded on En
since Ey C LP(R). Thus, if we choose ¢y = gb‘EN, with the notation of Lemma 7.1, then

PNon(y) = E(on(Xn(t,y))) is well-defined for y € Ey. Hence

/ 1PN on(y) — SR Pdpn(y) = / 1PN on (Tvy) — o0 [Pdpn (Tvy) / dp (I — Iy)y)
En En E+

N
=/ 1PN on (Tvy') — o0 *dpn (y)
P
=/ 1PN on () — &R Pdon (y)
P
where we have used the following equalities:

on(Iny') = ¢, (ny') = ¢(SNIINY') = ¢(Sny') = o, (V) = on(Y).
Thus, it follows that

[ 1B ont) = R Pdin() - [ 1Potw) - 3oty
En Lr
= | [ 1B ont) - e Pdonto) - [ 1Potw) - 7 Poty)
g p
< /L BN b (y) — Po(y) Pdon (v)
D
_ _ _ - 12
+| [ 1Pt - #Pdpntn) - [ 1Pot) - & Paotw)| + |o - B[
P ¥
Similar arguments as in the proof of (5.6) imply that all terms in the right hand side converge

to zero as N — +oo. Indeed, note that |Pé(y) — ¢°|> < 4|¢|2 ; thus, the second term on the
right hand side of the last inequality is estimated by

AD|TRE = D762 + 4|67 / e TNV il | (),
P

and this quantity tends to zero by (5.5) and the dominated convergence Theorem. The last term
is estimated as follows, using the same computation as above.

- <] 0w -exwi)
+P|P]_V1 o F71’|¢|Loo 4 ’(b‘LOOF]_Vl /Lp ‘€_i|SNy|i4 _ e‘i\y|i4 ‘du(y)’

which tends to zero when N — 400, applying Lemma 7.1 with ¢ = 1. Lastly, the choice
of approximation Xy defined in Section 5 allows us to apply Proposition 3 to conclude that
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Xn(y) = X (-, y) in C([0,T], LP(R)) with p > 3 a.s., for any y € O. Therefore, the first term

/Lp 1PN o (y) — Pio(y)Pdpn (y) < /O E(o(Xn(t, Sny)) — d(X (t,9))Pduly)

converges to zero as N — 400 by Lebesgue’s dominated convergence. O

Remark 7.1. Using the argument in [19], we could use the strong Feller property (Proposition
6) and a coupling argument to prove that exponential convergence to equilibrium holds for any
initial data. This may seem better than the result of Theorem 8 but, contrary to Theorem 3, the
convergence rate given in the proof with such a coupling argument is difficult to write explicitly
and is very small.

Remark 7.2. Note that if we consider, as in [2], the same problem but posed on a bounded
interval D of R, without quadratic potential, that is

dX = (i —)(—02X + N X[2X)dt + \/27dW,
then the corresponding Gibbs measure is supported in L?(D) (see [2]). All the arguments above

may obviously be adapted to this case if X > 0. Moreover, in the focusing case A = —1, one may
proceed as in [4], with p =4, r =3 and o = Id, that is considering the modified dynamics
dX = (i —v)(—02X — | X|2X + 6| X |}, X)dt + \/2vdW (7.1)

corresponding to the Hamiltonian
1 1
S(X) = 5\8$X\%2 - Z\X‘iél + k| X |72
For the associated purely dissipative dynamics
dX = y(02X + |X[*X — 65| X |3, X)dt + \/2vdW, (7.2)

it is not difficult to check that n"(t) = Dx, X (t, Xo)h formally satisfies, for k large enough, an
estimate similar to (4.9), which allows to prove the Poincaré inequality for finite dimensional
approximations of the Gibbs measure, uniformly in the approximation parameter. All the other
arguments seem to work in this case, and this indicates that we easily recover with our method
the convergence result of [4], at least in the case p = 4. Now, in our situation, where the domain
is the whole space, with the addition of the quadratic potential V(x) = x2, one has to take
account of the fact that p(L?) = 0 (where we recall that p is the Gaussian measure defined by
the quadratic part of the Hamiltonian) so that the natural Gibbs measure given by

e_n|x|6L2+i\X|i4u(dX)

is actually equal to the trivial measure dg.

8. THE CASE OF GENERAL CHEMICAL POTENTIAL n

In this section, we explain how to treat the case where the chemical potential 7 in (2.1) is
positive, and possibly larger than A\g = 1. We use the notations of Section 2, and in particular,
the measure p is defined by (2.4). It is clear that Proposition 4 applies also to such a Gibbs
measure through a finite dimensional approximation (see the arguments below) and we infer the
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invariance of the measure under the flow given by (2.1). Now, in order to prove the Poincaré
inequality (4.8) in this case, we write S(u) in the following way :

= 5 [ uP e + Vi) + Vi
with
VW = [ A lu@P)de Vaw = [ Faeu@))ds,
R R
where F; and Fj are defined by

=1y, y>n,

Fl(xay) =
o) (1y? — Jy) + 1 -0@)( - %), 0<y<n,
and
1
Fy(z,y) = 11/2 - gy — Fi(z,y)
1 n
= (1-0(z)) (zyQ —5Y + Z) lo<y<y-

Here, O(x) is a cut-off function satisfying

O ecC®R), 0<O(x)<1, O(x)=1for|z|>+/2n, ©O(x)=0 for |z| </3n/2.

Note that Fy(z,y) is a convex function of y € RT, for all z € R. With these definitions, the
Gibbs measure is rewritten under the following form :

p(du) =T le VW=V y(du),  with F:/ VW=V (W) gy (),
Lp

and p is the Gaussian measure defined in Section 2. Note that Va(u) satisfies e~ < e=V2(%) < 1
for some constant Cj; > 0 depending only on 7, so that e V2(u) w(du) makes sense. Indeed,

< - | F Nde = [ (1-0© Lt — M+ T\ d
0<Vaw) = [ Pl = [ (1= 0@)(hul' = Gl + )by

< /1— dx</ T dr =25,
o<y 2

Note that the finiteness of p implies e="1(*) is integrable with respect to e~V2(")dyu; then the
boundedness of Vo implies that the measure e~"1(*)y(du) is also finite.

Let us consider, for a large N € N satisfying 22]]\\[}’:11 < 1 , the measures defined on Ey :

P (du) = (D) " Le V2N ViNY) v (du),  and  wy(du) = e V1N (du),

where Ty = fEN e VilONw)e=Va(Snu) gy (1), and v is defined in Section 2. We will see that

m satisfies the Poincaré inequality, i.e. for any ¢ € Cbl(E N, R)

/ D(y) [, drn(y) > / 16(y) — ™ Py (y). (8.1)
En

En
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which implies a Poincaré inequality for py. Indeed, assuming that (8.1) holds,

O [ 1Do) b ditle) =T [ Do) e ary ()
EN EN

> (Fy)! /E D)y dmn(y) > (Fy)~ /E () — F Py (y)

N

> (07 [ lola) = 67 e dmty) = [ o) ~ 67 P,

N

and the Poincaré inequality for p/y follows from the obvious fact that

/ 16() — 3N 2 () = int / 16(y) — CPddiy (y).
En En

CeR

For (8.1), the following two points are essential according to Section 4. The first point is the
dissipative inequality (4.4), with Equation (4.2) replaced by the equation

dY = y(HY — 2Sn (0, Fi(z, |SNY [*)SNY))dt + /27T ydW,

and the second point is the exponential decay of 0% := D,Y (t,y).h. One may check for all
w,z € By and v > 0,

(YH(w — 2) — 2SN (9, F1 (-, |Snvw|?) Syw — 9y Fi (-, |Sn2|*)Sn2), w — 2) (8.2)
= —AN(—H)"P(w = 2|7 - VRe/ {0y Fi(, |Snw]?) + 0y Fi (@, |Sn2*) } |Svw — S 2|*dx
R

“1Re / [0,F1(z, |Syw]?) — 0,F1(z, |Sx %)} (Syw + Syz) (Sxw — Syz)de.
R
The second term on the right hand side above can be estimated as follows.

—’yRe/ Oy F1 (z, |Syw|?)|Snw — Sy z|*dax
R
1
= —’yRe/ ]I\SNwIQZn(i‘SNwP - g) |Syw — Snz|?dx
R

1
'yRe/ Lisyw2<n©() (§|SNZU’2 - g) |Syw — S z|*da.
R

Note that the first term on the right hand side above is non positive while the second term is
bounded by

W/@(x)SNw—SNdex < 7/ n|SNw—SNz|2d:U
2 Jr 2 Jialz/%
< g/ 2[2|(Syw — Snz)(x)|2dx < g/ ((—H)Y2(Syw — Sy2)|2dz
R R
v
< 2|(—H)YP(w - 2)[2..

3
Thus

2
~1Re [ {0, Fa(w,[Sul?) + 0, Fi (o, [SwaP) S — Sy Pds < 3 |(—H) 2w - ),
R
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and this term can be absorbed by the first term on the right hand side of (8.2). On the other
hand, the third term, which is equal to

—VRe/ {0, F1(z, |Sywl|?) — 8, F1(z, ]SNZ|2)} (|Syw|* — |Syz|*)dx
R

is clearly non positive, thanks to the convexity of Fj(z,-). Hence, the dissipative inequality
holds.
Consider now 1} := D,Y (t,y).h which is the solution of

Om = ~vHn—2vSn|0yF1(z,|SNY [*)Snn + 20} Fi (x, |SNY|2)RG(SNYSN7I)SNY}
77(0) =h e FEy.

Similarly as above, taking the product with 77]}([,

1d
3 b A HiR)s, = —2Re [ 0, FielSwY ) Syl s
_ 2
4y / ajpl(x,|sNY|2){Re(sNysthV)} dx
R
2y
<3 [ 1m ey,
R

and the exponential decay of 7% follows. Thus, all the results of Section 4 also hold in the case
n > 0.

Next, the results of Sections 5 and 6 are proved exactly in the same way as in the case n = 0.
It remains to obtain the convergence of the measure gy, (Section 7); for that purpose, consider N

22]]\@111 < i, define Ay := —H —n(Sn —Ily,) and consider the associated

1
Gaussian measure fiy on En which, up to a normalizing constant, is equal to e z(Anuu)my du,
and converges to fi, as N — +o00. Note that we may write

large enough such that

() = (Fx) eV djiy (du),
with T'y = fEN e‘V(SN“)dﬂN(du). We have py ® fix; — p as N — 400, for p > 2, provided

. ~ p ) _ v, f—
i fig(u € ZP(R), |V (Syu) = V(w)] > 8) =0,

for any § > 0. This may be shown similarly as in Lemma 3.3 in [3].

9. APPENDIX

Here we give a proof of Lemma 2.1.
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Proof of Lemma 2.1. We apply the Kolmogorov test (see [8]) in order to investigate the
regularity of Z(t). For t,s € [T, T], with s < t,

Zoolt,7) = Zoo(s5,2) = /24D / RN (B (o) (x) + idB (o) ()

keN VS
- / (e MHENU=0) — NN (458 (o) () + idBL (0)ha ().

We set

t
frislw,z) == > / e NN (B (o) hy (2) + idB (o) i (),
k S

Frasw,z) = > / T (e REHNE0) M) (4R (o) () + id B (o) (),
k: —0oQ

and we will make use of the Minkowski inequality; for ¢ > p,

|f]'7t75(w7x)|LfLL§ < ‘fj7t75(w7x)’L§Lgv J=L12 i€ [07T]
We calculate first

B2 [ R a3 ute) + idsl )| )

t
< QEZ/ e 2= o | by () 2
k S

1 —9A2(t—s
< Y (=N ()P
k Ak

< Capy Y ATV - 5[ hy(2) 2,
k

for any o € [0, 1], and v > 0. Since moreover {f1s(w, ) }4epo,7] is a Gaussian process, we deduce
that for any m € N\ {0},

B(| Y [ M a0 @) + idst o] )
k S
< (Caﬁ)m’t B 8,am<z)\i(a—1)’hk(x)‘2>m
k

Therefore, for ¢ = 2m > p, and « € [0, 1],

1

E(|fres@Fimy) ™ = |fruslizne

| f1t,sl Lz L2m

(Car) 2t — ’a/QKZ)‘ a— 1) )>

N

N|=

IN

2’
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On the other hand,
/2 = (Z/\ o |hk|LP)

(St ), =

Here we remark that for all p > 4, there exists C}, > 0 such that |hk|Lp(R) < CpA, © (see [21],

_4
Lemma 3.2), and by interpolation, if 2 < p < 4, [h]rpm) < Cp, 502 ). Therefore, using the

notation #(p) in (2.3),

(> Ai(“‘”|hk(x)|2)l/2m < Cp(zki(a_l_%e(p)))l/z
k k

and the series converges if p > 2 and « < 6(p)/6. Namely,

E(‘fl,m’%?) < Cpaqyml|t — s[*™ (9.1)
for < 6(p)/6 and p > 2. Similarly, for the second term fa; o(w, x),

B [ (M) ) A8 0 () + id B0 ) )
k —0o0

[un

IA

QEZ/S e M EHNE=0) _ o=+ (5-9) 1245 |y (2) 2

IN

QZ / T M) | N 2 gy ()

- 2 (3 S
< Zw RENCE) 121 () .
k

Here, we note that
e M=) 1] < Cap AR — 8,
ift—s>0and 0 <a<1. Thus,

E(] Z/ (e MEENE=0) — =M (A3 (o) () + idBL (o) () |?)
k —0o0
2(20—1 o
< Oy M= s ()
k
for all a € [0,1], and we conclude with the same arguments as for the first term fi;s(w, z) that
form > & >1and a <60(p)/12,

E(|f2,0.525) < Cpoapymlt — 2™

We conclude by the Kolmogorov test that Z., has a modification in C* ([0, T}, LP(R)) for any
o' < 6(p)/12 and p > 2. In particular,

E( sup |Zoo(®)lire) ) < Mryp.
t€[0,T]

Note that the same calculation with LP(R) replaced by W#®P(R) can be performed, and shows
that Z..(t) has a modification in C®' ([0, T], W*P(R)) for p > 2, 0 < s < 0(p)/6, and o’ <
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0(p)/12 — s/2. Futhermore, the arguments above imply the same estimates for Iy Z and
(I = TIN)Zwe. O
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