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Abstract This paper studies the almost sure location of the eigenvalues of matrices Wy W73 where Wy =
(Wﬁ\})T7 ... ,WﬁVM)T)T is a ML x N block-line matrix whose block-lines (W%n))m=1ﬁ___ﬁM are independent identi-
cally distributed L x N Hankel matrices built from i.i.d. standard complex Gaussian sequences. It is shown that if
M — +oo and % — ¢« (c+ € (0,00)), then the empirical eigenvalue distribution of W W7} converges almost
surely towards the Marcenko-Pastur distribution. More importantly, it is established using the Haagerup-Schultz-
Thorbjornsen ideas that if L = O(N®) with a < 2/3, then, almost surely, for N large enough, the eigenvalues of
W W7 are located in the neighbourhood of the Marcenko-Pastur distribution. It is conjectured that the condition
a < 2/3 is optimal.

Keywords Singular value limit distribution of random complex Gaussian large block-Hankel matrices - almost
sure location of the singular values - Marcenko-Pastur distribution - Poincaré-Nash inequality - integration by parts
formula
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1 Introduction
1.1 The addressed problem and the results

In this paper, we consider independent identically distributed zero mean complex valued Gaussian random variables
2

(Wmn)m=1... Mmn=1... .N+L—1 such that E|lwmn|* = & and E(wh, n) = 0 where M, N, L are integers. We define

the L x N matrices (W%I))mzlw-,M as the Hankel matrices whose entries are given by

(W) = wmisjo1, 1<i< LIS <N (1)
]

and Wy represents the M L x N matrix

In this paper, we establish that:
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2 Philippe Loubaton

— the eigenvalue distribution of ML x ML matrix W W7}, converges towards the Marcenko-Pastur distribution
when M — +o00 and when M L and N both converge towards 400 in such a way that cy = % satisfies cy — cx
where 0 < cx < 400

— more importantly, that if L = O(N®) with a < 2/3, then, almost surely, for N large enough, the eigenvalues
Wy WY are located in the neighbourhood of the support of the Marcenko-Pastur distribution.

1.2 Motivation

This work is mainly motivated by detection/estimation problems of certain multivariate time series. Consider a
M-—variate time series (yn)ncz given by

P-1
yn = Z ApSn—p + Vn = Xn + Vp (1.3)
p=0

where (sp)ncz represents a deterministic non observable scalar signal, (ap)pzowyp,l are deterministic unknown
M—dimensional vectors and (vn)pecz represent i.i.d. zero mean complex Gaussian M—variate random vectors such
that E(vnv}) = 021y and E(vy vy ) = 0 for each n. The first term of the righthandside of (I3)), that we denote by
Xn, represents a "useful" non observable signal on which various kinds of informations have to be infered from the
observation of N consecutive samples (yn)n=1,...,N- Useful informations on (x) may include:

— Presence versus absence of (x5 ), which is equivalent to a detection problem
— Estimation of vectors (ap)p=o,.. P—1
— Estimation of sequence (sn) from the observations

The reader may refer e.g. to |30], |24], [31], [1] for more information. A number of existing detection/estimation schemes
Y1 XL where Y is the block-Hankel ML x (N — L + 1)

are based on the eigenvalues and eigenvectors of matrix
matrix defined by

yYr y2 -..... YN—L+1
Y, = Y2 y3 YN—-L+2
YL YL+1 - --- YN

and where L is an integer usually chosen greater than P. We notice that matrix Y is the sum of deterministic
matrix X, and random matrix V1, both defined as Y. The behaviour of the above mentioned detection/estimation
schemes is easy to analyse when ML is fixed and N — 400 because, in this asymptotic regime, it holds that

YLY] (X XL o
- I N
=% < N ot =0

where ||A|| represents the spectral norm of matrix A. However, this asymptotic regime may be unrealistic because
ML and N appear sometimes to be of the same order of magnitude. It is therefore of crucial interest to evaluate
the behaviour of the eigenvalues of matrix YLJ\?Q when ML and N converge to +oo at the same rate. Matrix
Y = X 4+ V[ can be interpreted as an Information plus Noise model (see [13]) but in which the noise and the

information components are block-Hankel matrices. We believe that in order to understand the behaviour of the

eigenvalues of YLNYL, it is first quite useful to evaluate the eigenvalue distribution of the noise contribution, i.e.
VLNVL7 and to check whether its eigenvalues tend to be located in a compact interval. Hopefully, the behaviour

of the greatest eigenvalues of YLNY L may be obtained by adapting the approach of |7], at least if the rank of the

"Information" component X is small enough w.r.t. M L.

It is clear that if we replace N by N 4+ L — 1 in the definition of matrix V,, matrix W is obtained from V—ﬁ
VoV

by row permutations. Therefore, matrices and Wy W7 have the same eigenvalues. The problem we study in

the paper is thus equivalent to the characterization of the eigenvalue distribution of the noise part of model Y.
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1.3 On the literature

Matrix W can be interpreted as a block-line matrix with i.i.d. L x N blocks (Wﬁ)mzl__,M. Such random block
matrices have been studied in the past e.g. by Girko (|16], Chapter 16) as well as in [14] in the Gaussian case. Using
these results, it is easy to check that the eigenvalue distribution of W W, converges towards the Marcenko-Pastur
distribution when L is fixed. However, the case L — +o00 and the almost sure location of the eigenvalues of Wy W},
around the support of the Marcenko-Pastur distribution cannot be addressed using the results of [16] and [14]. We
note that the L x N blocks (W™),,—1. a are Hankel matrices. We therefore also mention the works |21] and [6]
that are equivalent to the study of the eigenvalue distribution of symetric M L x ML block matrices, each block
being a Toeplitz or a Hankel L x L matrix built from i.i.d. (possibly non Gaussian) entries. When L — 400 while
M remains fixed, it has been shown using the moments method that the eigenvalue distribution of the above matri-
ces converge towards a non bounded limit distribution. This behaviour generalizes the results of |d] obtained when
M = 1. When M and L both converge to 400, it is shown in |f] that the eigenvalue distribution converges towards
the semi-circle law. We however note that the almost sure location of the eigenvalues in the neighbourhood of the
support of the semi-circle law is not addressed in |6]. The behaviour of the singular value distribution of random
block Hankel matrix (L2]) was addressed in |] when M = 1 and % — ¢« but when the wy , for N <n < N+ L are
forced to 0. The random variables w1 5, are also non Gaussian and are possibly dependent in |5]. It is shown using the
moments method that the singular value distribution converges towards a non bounded limit distribution. The case
of block-Hankel matrices where both M and L converge towards oo considered in this paper thus appears simpler
because we show that the eigenvalue distribution of Wy W7, converges towards the Marcenko-Pastur distribution.
This behaviour is not surprising in view of the convergence towards the semi-circle law proved in [6] when both the
number and the size of the blocks converge to co. As mentioned above, the main result of the present paper concerns
the almost sure location of the eigenvalues of Wy W7, around the support of the Marcenko-Pastur distribution
under the extra-assumption that L = O(N®) with a < 2/3. This kind of result is known for a long time for L = 1
in more general conditions (correlated non Gaussian entries, see e.g. |4] and the references therein). Haagerup and
Thorbjornsen introduced in [17] an efficient approach to address these issues in the context of random matrices built
on non commutative polynomials of complex Gaussian matrices. The approach of [17] has been generalized to the real
Gaussian case in |29], and used in |11, |22], |12] to address certain non zero mean random matrix models. We also
mention that the results of |17] have been recently generalized in [24] to polynomials of complex Gaussian random
matrices and deterministic matrices.

To our best knowledge, the existing literature does not allow to prove that the eigenvalues of W y W are located
in the neighbourhood of the bulk of the Marcenko-Pastur distribution. We finally notice that the proof of our main
result would have been quite standard if L was assumed fixed, and rather easy if it was assumed that L — 400 and
% — 0, a condition very close from L = O(N®) for o < 1/2. However, the case 1/2 < a < 2/3 needs much more

efforts. As explained below, we feel that 2/3 is the optimal limit.

1.4 Overview of the paper

We first state the main result of this paper.

Theorem 1.1 When M — +o0, and ML and N converge towards oo in such a way that cy = LNL converges towards
e« € (0,+00), the eigenvalue distribution of W NW 7y converges weakly almost surely towards the Marcenko-Pastur
distribution with parameters o2, cx. If moreover

L= O(N%) (1.4)

where o < 2/3, then, for each € > 0, almost surely for N large enough, all the eigenvalues of WNyW 'y are located
in the interval [o02(1 — \/c,)% — €,0%(1 4+ +/c,)? + €] if cx < 1. If cx > 1, almost surely for N large enough, 0 is
eigenvalue of W W with multiplicity ML — N, and the N non zero eigenvalues of W W7 are located in the
interval [02(1 — \/c,)? — €,0%(1 4+ 1/c,)? + €]

In order to prove the almost sure location of the eigenvalues of W W7, we follow the approach of |17] and [29].
We denote by x(z) the Stieltjes transform associated to the Marcenko-Pastur distribution p 2
o2, cy, i.e. the unique Stieltjes transform solution of the equation
t = 1 1.5
N(Z) - T P ( . )

14+02cntn(2)

.cn With parameters
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or equivalently of the system
-1
tNz2) = —F/——————
n () z (14 02tn(2))
- -1
t =
~(z) z(1+o%2entn(z))

(1.6)

(1.7)

where #(2) coincides with the Stieltjes transform of p2.y 1 /ey = CNHo2,cy + (1 = cn)do Where Jo represents the

Dirac distribution at point 0. We denote by S](\?) the interval

SV =07 (1= Ven)% o* (L4 Ven)?] (18)

and by Sy the support of p,2 It is well known that Sy is given by

sCN°
Sy =8Wifey <1 (1.9)
Sy =SV u{oyifey >1 (1.10)

Theorem [[T] appears to be a consequence of the following identity:

E {ﬁﬂ ((WNW’;V - ZIML)_l):| —tn(2) = % <§N(z) + ﬁj—x fN(z)) (1.11)

where §x(z) coincides with the Stieltjes transform of a distribution whose support is included into S](\? and where
#n(2) is a function holomorphic in CT satisfying

I*n (2)] < Pr(l2]) P2 (1/Im(2)) (1.12)
for z € F](VQ) where FJ(VQ) is a subset of C* defined by

12
"MN
where Pp, P2, Q1, Q2 are polynomials independent of the dimensions L, M, N with positive coefficients. We note that

F}VQ):{zEC+

Q1(|2)Q2(1/Im(z)) < 1} (1.13)

2 2
() is nearly equivalent to o5 — 0 or % — 0 (in the sense that if & > 2/3, then 545 does not converge towards

0), and that F' ](VQ ) appears arbitrary close from cT when N increases. The present paper is essentially devoted to the
proof of (LII)) under the assumption ([4). For this, we study in the various sections the behaviour of the resolvent
Qn (2) of matrix Wy W7}, defined by

Qu(2) = (WyWx —zIyg) (1.14)

when z € CT. We use Gaussian tools (integration by parts formula and Poincaré-Nash inequality) as in |21] and 28]
for that purpose.

In section 2l we present some properties of certain useful operators which map matrices A into band Toeplitz
matrices whose elements depend on the sum of the elements of A on each diagonal. Using Poincaré-Nash inequality,
we evaluate in section [B]the variance of certain functional of Q(2) (normalized trace, quadratic forms, and quadratic
forms of the L x L matrix Qy(z) obtained as the mean of the M L x L diagonal blocks of Qn(z)). In section ] we
use the integration by parts formula in order to express E (Qu(2)) as

E(Qn(2) =In @ Ry(z) + An(2)

XL yalued function depending on a Toeplitzified version of E (Qn (7)), and

where Ay (z) is an error term. The goal of section [ is to control functionals of the error term Ay (z). We prove
that for each z € c T,

where Ry (z) is a certain holomorphic C

L Tr (A (2))

L < st Pu(lzD) P2 (1/Tm(2)) (1.15)

M

for some polynomials P; and P independent of L, M, N and that, if Ay (z) represents the L x L matrix Ay (z) =
i an\f=1 AN (2), then, it holds that

X 3/2
b7 Ay (2) b < L py(12) Py (1/Tm(2)) (1.16)

MN
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for deterministic unit norm L—dimensional vectors b; and bs. In section [6l we prove that

|57 Q)| ~ () 0 (117

for each z € cT, a property which implies that the eigenvalue distribution of W W7}, converges towards the
Marcenko-Pastur distribution. We note that (ILI7) holds as soon as M — +oo. At this stage, however, the convergence

rate of the lefthandside of (II7) is not precised. Under the condition ﬁ;—ﬁ — 0 (which implies that quadratic forms
of Ay (z) converge towards 0, see (ILIB)), we prove in section B that

E {ﬁﬂ ((VVNVV?V - zIML)’l)} ~in(z) = MLN%N(,Z) (1.18)

where 7 (2) is holomorphic in ¢ and satisfies

[P (2)] < Pi(l2]) P2(1/Imz)
for each z € F](\?/Q), where FJ(V?’/Q) is defined as FJ(VQ) (see (LI3)), but when Ag—jv is replaced by ﬁ;—x In order to
establish (ITI8)), it is proved in section [7] that the spectral norm of a Toeplitzified version of matrix Ry (z) —tn(2) It
is upperbounded by a term such as ﬁ;—x P1(]z]) P2 (1/Im(z)). (II8) and Lemma 5.5.5 of |2] would allow to establish
quite easily the almost sure location of the eigenvalues of Wy W7, under the hypothesis % — 0. However, this
condition is very restrictive, and, at least intuitively, somewhat similar to L fixed. In section [@ we establish that

2 ~ .
under condition ([4)), which is very close from the condition ﬁ — 0, or # — 0, function 7 (z) can be written

as Ty (2) = 8y (z) + ﬁ;—xﬂv(z) where 5y (z) and 7 (2) verify the conditions of (LTI]). We first prove that

E {ﬁT‘r(QN(z) Iy ® RN(Z))} _ ﬁ <sN(z) n ﬁr;v(z)) (1.19)

where sy (z) and ry(z) satisfy the same properties than sy (2) and 7y (z). For this, we compute explicitely sy (2),
and verify that it coincides with the Stieltjes transform of a distribution whose support is included into S](\?). The
most technical part of the paper is to establish that

L

E [ﬁTT (QN(Z) — Iy ®RN(Z)):| — WSN(Z) (1.20)

converges towards 0 at rate (ﬁ)Q For this, the condition Afl_jv — 0 appears to be fundamental because it allows,
among others, to control the behaviour of the solutions of L—dimensional linear systems obtained by inverting the
sum of a diagonal matrix with a matrix with (’)(ﬁ) entries. Using the results of section [7] concerning the spectral
norm of a Toeplitzified version of Ry (2) — tx(2)IL, we obtain easily (LII) from(LI9). Theorem [[l is finally
established in section [[0l For this, we follow [17], [29] and [2] (Lemma 5-5-5). We consider a smooth approximation ¢

of Lo2(1—y/E)2—€,02 (14 /an) 2 +€](® that vanishes on S](\?) for each N large enough, and establish that almost surely,

5/2

T (oW Wi)) = NO(irys) + ML= Ma =0 ((552)2) + ML - N, (121)

(C4) implies that % — 0 and that the righthandside of (LZI)) converges towards [M L — N]+ almost surely. This,

in turn, establishes that the number of non zero eigenvalues of W W, that are located outside [0%(1 — /cx)? —

e,0%(1 + \/cx)? + €] converges towards zero almost surely, and is thus equal to 0 for N large enough as expected.

We have not proved that this property does not hold if L = O(N®) with a > 2/3. We however mention that the
hypothesis a < 2/3 is used at various crucial independent steps:

2
— it is used extensively to establish that (IL20) converges towards O at rate (ﬁ)

2
— it is nearly equivalent to the condition ﬁ — 0 or % — 0 which implies

— that the set I J(VQ ) defined by (LI3))) is arbitrarily close from C T, a property that appears necessary to generalize
Lemma 5-5-5 of |2]
— that the righthandside of (I.2I)) converges towards [ML — N]4
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Table 1.1 Empirical mean of the largest eigenvalue versus L/M?

| L/M? | 2711 | 278 | 275 | 1/4 |

| Mon | 291 | 292|294 ] 3 |

We therefore suspect that the almost sure location of the eigenvalues of W W, cannot be established using the
approach of [17] and [29] if « > 2/3. It would be interesting to study the potential of combinatorial methods in
order to be fully convinced that the almost sure location of the eigenvalues of Wy W7 does not hold if o > 2/3.
We finally mention that we have performed numerical simulations to check whether it is reasonable to conjecture
that the almost sure location property of the eigenvalues of Wy W7, holds if and only if o < 2/3. For this, we
have generated 10.000 independent realizations of the largest eigenvalue A\; n of Wy W7y for 62 =1, N = 214,
ey = ML/N = 1/2 and for the following values of (M, L) that seem to be in accordance with the asymptotic regime
considered in this paper: (M, L) = (28,25)7 (M,L) = (27726)7 (M,L) = (26727)7 (M, L) = (25,28)7 corresponding
to ratios % equal respectively to 2711 278 975 and 1/4. As condition o < 2/3 is nearly equivalent to % — 0,
the first 3 values of (M, L) are in accordance with the asymptotic regime L = O(N®) with a < 2/3 while it is of
course not the case for the last configuration. The almost sure location property of course implies that the largest
eigenvalue converges towards (14 +/cx )2. In order to check this property, we have evaluated the empirical mean Xl, N

of the 10.000 realizations of \; , and compared X\; y with (1 + /1/2)% ~ 2.91.

The values of Xl, N in terms of % are presented in Table [Tl It is seen that the difference between le ~N and
1+ ,/1/2)2 ~ 2.91 increases significantly with the ratio %7 thus suggesting that Ay n does not converge almost
surely towards (1 + 1/cx)? when # does not converge towards 0.

1.5 General notations and definitions

Assumptions on L, M, N

Assumption 1.1 — All along the paper, we assume that L, M, N satisfy M — +o00, N — 400 in such a way that
cN = % — ¢4, where 0 < ¢x < +o0. In order to short the notations, N — +oo should be understood as the
above asymptotic regime.

— In sections [ and 8 L, M, N also satisfy ﬁ;—x — 0 or equivalently ﬁ — 0.

— In sections [@ and [I0}, the extra condition L = O(N®) with a < 2/3 holds.

In the following, we will often drop the index N, and will denote W, tn, Qn, ... by W ¢, Q, ... in order to short
the notations. The N columns of matrix W are denoted (wj)jzlwa. For1<I<L,1<m<M,and1<j <N,
W represents the entry (i + (m — 1)L, j) of matrix W.

C*(R) (resp. C;°(R),Ce°(R)) denotes the space of all real-valued smooth functions (resp. bounded smooth func-
tions, smooth functions with compact support) defined on R.

If A is a ML x ML matrix, we denote by A7"""™2 the entry (i1 + (m1 —1)L,i2 + (m2 — 1) L) of matrix A, while

11,22

A2 represents the L x L matrix (Axli;m2)1§(ihi2)§b We also denote by A the L x L matrix defined by
1 M
A — m,m
A= Zl A (1.22)
m—

ML Whose non zero

For each 1 <4 < L and 1 < m < M, f/" represents the vector of the canonical basis of C
component is located at index ¢ + (m — 1)L. If 1 < j < N, e; is the j*-vector of the canonical basis of V.

If A and B are 2 matrices, A ® B represents the Kronecker product of A and B, i.e. the block matrix whose
block (i,7) is A; ; B. || Al represents the spectral norm of matrix A.

If 2 € R, [z]+ represents max(z,0). CT denotes the set of complex numbers with strictly positive imaginary
parts. The conjuguate of a complex number z is denoted z* or Z depending on the context. Unless otherwise stated, z
represents an element of C*. If A is a square matrix, Re(A) and Im(A) represent the Hermitian matrices Re(A) =
A+TA* and Im(A) = AE;A* respectively.

If (ANy)n>1 (resp. (by)n>1) is a sequence of matrices (resp. vectors) whose dimensions increase with N,

(AN)N>1 (resp. (by)n>1) is said to be uniformly bounded if supy>; [[An]|| < +oo (resp. supy>; [[by|| < +00).
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If z is a complex-valued random variable, the variance of z, denoted by Var(zx), is defined by
2
Var(z) = E(|z|*) - |E(2)]

The zero-mean random variable  — E(z) is denoted x°.
Nice constants and nice polynomials. A nice constant is a positive constant independent of the dimensions
L, M, N and complex variable z. A nice polynomial is a polynomial whose degree is independent from L, M, N, and
whose coefficients are nice constants. In the following, P; and P» will represent generic nice polynomials whose values
may change from one line to another, and C(z) is a generic term of the form C(z) = Pi(]z|)P2(1/Imz).
Properties of matrix Q(z). We recall that Q(z) verifies the so-called resolvent identity

Q(z) = 71”% + %Q(Z)WW* (1.23)
and that it holds that
Q(2)Q"(2) < (Imz)g (1.24)
and that 1
Q=) < () (1.25)
for z € ¢T. We also mention that
Im(Q(z)) >0, Im(2Q(2)) >0, ifzec™ (1.26)

Gaussian tools. We present the versions of the integration by parts formula (see Eq. (2.1.42) p. 40 in |2§] for
the real case and Eq. (17) in |19] for the present complex case) and of the Poincaré-Nash (see Proposition 2.1.6 in
[28] for the real case and Eq. (18) in [19] for the complex case) that we use in this paper.

Proposition 1.1 Integration by parts formula. Let £ = [517: . 7§K]T be a compler Gaussian random vector
such that E[¢] = 0, E[¢€T] = 0 and E[£¢*] = 2. If T": (€) — T'(£,€) is a C' complex function polynomially bounded
together with its derivatives, then

Z 2pmE [ 5 5)} (1.27)

m

Proposition 1.2 Poincaré-Nash inequality. Let & = [¢1,...,¢k ]T be a complex Gaussian random vector such

that £[¢] = 0, E[¢€T] = 0 and E[¢€] = Q. If " : (€£) — 1"(5 £) is a C? complem function polynomially bounded
or or or T

together with its derivatives, then, noting VeI = [651 65;(] and Vgl' = [65 ey @] ,

Var(F(€)) < & [VeI'(€)" 2 VeI'(€)] + & [Vgl(€)" 2 VeI'(¢)] (1.28)

The above two propositions are used below in the case where & coincides with the LM N-dimensional vector
vec(W ). In the following, the particular structure Wzmd = W, i+j—1 of Wy is encoded by the correlation structure

of the entries of Wy :
2
(Wm1 WZQJZ) = % 8(i1 —i2 = j2 — j1) 6(m1 = mz2) (1.29)

11,71

A useful property of the Stieltjes transform ¢y (z) of the Marcenko-Pastur p,2 .
The following lemma is more or less known. A proof is provided in the Appendix of |23] for the reader’s convenience.

Lemma 1.1 It holds that

otenlatn (2)in(2)]? < 1 (1.30)
for each z € cT. Moreover, for each N and for each z € Ct, it holds that
4 g 2 (Imz)4
1—0 CN|ZtN(Z)tN(Z)| >C W (1.31)

for some nice constants C and 1. Finally, for each N, it holds that
(1 - a‘*cN|zt(z)£(z)|2)_1 < C max (17 ;> (1.32)
(dist(z, SK))?
S©.

for some nice constant C' and for each z € C —
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2 Preliminaries
In this section, we introduce certain Toeplitzification operators, and establish some useful related properties.

Definition 2.1 — If A is a K x K Toeplitz matrix, we denote by (A(k))r=—(x—1),..,k—1 the sequence such that
Apr=Ak—1).

— For any integer K, Jg is the K x K “shift” matrix defined by (Jx);; = 6(j — 4 = 1). In order to short the
notations, matrix J% is denoted JI_(l7 although Jg is of course not invertible.

— Forany PK x PK block matrix A with K x K blocks (AP*P2); <, .y<p, we define (T(P)(A)(k))k:—(K—1),...,K—1
as the sequence

P K
FO(A)F) = =T [Alp 0 I%)] = o2 3 ZA(”)*%ZZ P Diskbusk (21)

i—j=k p=1

— For any PK x PK block matrix A and for 2 integers R and @ such that R > @ and @Q < K, matrix Tépcg(A)
represents the R x R Toeplitz matrix given by

Q-1
oMy = > a3y (2.2)
=—(Q—-1)

In other words, for (i,5) € {1,2,..., R}, it holds that

(71(22( ))Z_j =P (A) (i - j) lli—jl<@-1 (2.3)

B}

When P = 1, sequence (T(l)(A)(k))k:—(K—l),...,K—l and matrix 'TI(%%(A) are denoted (7(A)(k)) p=—(K—1),...K -1

and matrix TRyQ(A) in order to simplify the notations. We note that if A is a PK x PK block matrix, then,

sequence (T(P)(A)(k))k:_(K_l),___7K_1 coincides with sequence (T (A) (k))k o) where we recall
=—(K-1 1

that A = & Zf;:l APP; matrix Tlgfg(A) is equal to Tx.g(A).
The reader may check that the following straightforward identities hold:
— If A is a R x R Toeplitz matrix, for any R x R matrix B, it holds that

R—-1

%Tr(AB): Z A(—k)T(B)(k):%T‘r(ATR,R(B)) (2.4)

k=—(R-1)

If A and B are both R x R matrices, and if Q < R, then,

Q-1
=T (Tho(AB) = Y 7(A)(~0) 7(B)(g) = 1 Tr (ATh o(B)) (25)
q=—(Q—-1)

— If A isa PK X PK matrix, if B is a R X R matrix, and if R > @ and @ < K, then it holds that

Q-1
=Tr (BT (A ))k_%l)rm)(k) FPUA) (k) = 5Tr (I @ Tie (B)) A) (2.6)

— If Cis a PK x PK matrix, B is a K x K matrix and D, E R x R matrices with K < R, then, it holds that

%Tr [BTicx (DT (OE)] = %Tr [C (Ip ® Tk k [ETr,x (B)D])] (2.7)

We now establish useful properties of matrix Tépcg(A).
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Proposition 2.1 If A is a PK x PK matriz, then, for each integer R > K, it holds that

P
« 1
[ @) < sw laro) (530 A% ) ax(v)| < Al (28)
ve(o,1] p=1
where ag (v) represents the K—dimensional vector defined by
1 ( 2imw QiW(K—l)V)T
ag(v)=— (1,e e 2.9
If A is a K x K matriz and if R < K, then, it holds that
| Tr,r(A)|| < Sl[lp | lak (v)"Aak (V)| <|Al (2.10)
velo,1

Proof. We first establish [2.8). As R > K, matrix T}éPIg(A) is a submatrix of the infinite band Toeplitz matrix with

(i,7) elements () (A)(i — 4)1i—jl<kx—1- The norm of this matrix is known to be equal to the Lo norm of the
corresponding symbol (see |8], Eq. (1-14), p. 10). Therefore, it holds that

K-1
||7'1$2(A)||§ sup Z rP)(A) (k)e2imkv

ve(o,1] k=—(K—1)

We now verify the following useful identity:

K-1 , 1 &
Z T(P)(A)(k)e—szkV _ aK(V)* (F Z A(P7P)> aK(V) (2.11)
k=—(K—1) p=1

Using the definition &I) of 7 (A)(k), the term ZkK;_l(K_n 7P (A)(k)e™?™ can also be written as

—
]

K-1 K—1 P
Y. ke =2 Y T (( ! S A(w)) o 2imky J;;(>
p=1

k=—(K—1) k=—(K—1)

or equivalently as

1 & 1 K—-1
— (mp) | L —2inky 1k
n((am) [ X e
p=1 k=—(K—1)
It is easily seen that
1 K-1 )
? Z 672171'161/.]1[6( — aK(l/)aK(l/)*
k=—(K—1)

from which ([ZIT) and (2.8)) follow immediately.
In order to justify (ZI0), we remark that R < K implies that Tp r(A) is a submatrix of Tx g (A) whose norm
is bounded by sup,, |ax (v)*Aak(v)| by 2Z3J).
We also prove that the operators T preserve the positivity of matrices.
Proposition 2.2 If A is a PK x PK positive definite matrix, then, for each integer R > K, it holds that
TR (A) >0 (2.12)

If A is a K x K positive definite matriz and if R < K, then, it holds that

Tr,r(A) >0 (2.13)
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Proof. We first prove (212). (ZII) implies that

K—-1 )
> P A)(k)e ™ >0
k=—(K-1)

for each v. (T(P)(A)(k))k:_(K_1)7...,K_1 thus coincide the Fourier coefficients of a positive function. Elementary

results related the trigonometric moment problem (see e.g. [18], 1.11 (a)) imply that for each R > K, matrix T}éP&(A)

is positive definite. We finally justify @I3). As R < K, matrix T r(A) is a submatrix of Tk g (A) which is positive

definite by (2.12)).
We finally give the following useful result proved in the Appendix.
Proposition 2.3 If A is a K x K matriz and if R > K, then, it holds that
Tr,k (A) (Tr,x (A))" < Tr x(AAY) (2.14)
If A is a K x K matriz and if R < K, then

Tr.r(A) (TR.r(A))" < Tr r(AAY) (2.15)

3 Poincaré-Nash variance evaluations

In this section, we take benefit of the Poincaré-Nash inequality to evaluate the variance of certain important terms.
In particular, we prove the following useful result.

Proposition 3.1 Let A be a deterministic ML x ML matriz for which supy ||A|| < &, and consider 2 ML-
dimensional deterministic vectors a1, az such that supyy ||a;|| < & fori =1,2 as well as 2 L-dimensional deterministic
vectors by, by such that supy |b;|| < & fori =1,2. Then, for each z € C, it holds that

Var (ﬁﬁ (AQ(Z))) < C(2) 2 ﬁ (3.1)
Var (ajQ(z)az) < O(z) x* % (3.2)
M
Var (b*f {% ) (Q(z))m’m} b2> <CC) R She (3.3)

where C(z) can be written as C(z) = P1(|z|) P2 (ﬁ) for some nice polynomials P1 and P>. Moreover, if G is a

N x N deterministic matriz verifying supy |G|l < k, the following evaluations hold:

Var <ﬁTr(AQ(z)WGW*)> < C(z)r* YIS (3.4)
Var (a]Q(2) WGW*az) < C(z) r° % (3.5)
M
Var (b’{ [% 221 (Q(z)WGW*)m’m} b2> < C(2) K MLN (3.6)

where C(z) can be written as above.

Proof. We first establish (3I)) and denote by ¢ the random variable £ = 417 Tr (AQ(z)). As the various entries of 2
different blocks W™ 'W'™2 are independent, the Poincaré-Nash inequality can be written as

¢ ) ——m o€
Var¢ < Y E {(W) E ( i1 Wiz,jz) ~m | T 3.7)
Myi1,42,71.72 OWi, j, n OW.i, js
o¢ _ o\
>, E awm ¢ (Wﬂl,jlwz,jz) (W) } (3.8)
m,i1,42,51,52 1,1 i2,2
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In the following, we just evaluate the right hand side of (3.1, denoted by 3, because the behaviour of the term defined
by (B:8]) can be established similarly. It is easy to check that

Q

= —QWe,(f™")T
oW QWe; (fi")" Q

so that

o¢ 1 T
S\ (A We (£" )
owr mr A9 e (") Q
which can also be written — i ()7 QAQWe,. We recall that E (WZL,J& WZJZ) = %26(2'1 —id2 = ja — j1) (see

(T29). Therefore, B is equal to the mathematical expectation of the term

V)

1 . . . . * * * *
=Y (2 —q =i —i2)e], W QTATQE] ()T QAQWey,

(ML2N £~
m,11,22,71,72
We put u = i1 — 2 and remark that Zm i —iy—u f{f(fgb T — Iy ® J7*. We thus obtain that
1 0_2 L—1
T K K A K K *
8= I N " > > e, WQTA'Q (I ® J1")QAQWey,

u=—(L—1) ja—j1=u
Using that ijijlzu ejzeJT1 = J3, we get that
9 L—1

1 *U * kA Kk *U
Z m’I‘r(QAQWJNW QAQ (I ®J7"))
u=—(L—1)

1 o

P=mL N

If Bis a ML x N matrix, the Schwartz inequality as well as the inequality (zy)'/? < 1/2(z 4 y) lead to

1
2ML

Tr (BIN'B*(In; ® J1"))

Tr (BJN'INB*) + Tr (B"(Iy ® J7'J7)B)

— <
ML — 2ML

It is clear that matrices J3*J% and J;“J% are less than Iy and Iy, respectively. Therefore,

1 * * *
'mrﬁ (BIN'B (I ®J7"))| <

Using (39) for B = QAQW for each u leads to

0_2

MN

1 * ok Ak K
B < E {mTr (QAQWW*Q*A*Q )}
The resolvent identity (23] can also be written as QWW™ = I + zQ. This implies that the greatest eigenvalue
of QWW*Q™ coincides with the greatest eigenvalue of (I + 2Q)Q" which is itself less than ||Q| + |z|||Q||2 As
Qll < ﬁ, we obtain that

< — —_— . .
QWW'Q™ < s (1 + Tz 1 (3.10)
Therefore, it holds that
1 2| 1 1 -
< —_ R [ .
B*Imz <1+Imz> MNE [MLTY(QAA Q )} (3.11)

We eventually obtain that

1 1 |z]
B< w5 CE) ey (” @)

The conclusion follows from the observation that

(In;z)z; (1+ %) < [(Imlz)3 + m} (]| + 1)
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In order to prove ([3.2) and (33)), we remark that

1
aiQaz = ML mT‘r (QaQal)

1 & 1
bt {M 3 (Q(z))m’m} by = L7 Tr (Q(Iar ® bab?))

m=1

(2) and B3] follow immediately from this and inequality ([BII) used in the case A = asa] and A = Iy ® bob]
respectively.

We finally provide a sketch of proof of (34]), and omit the proof of (Z6]) and (B0) which can be obtained as above.
We still denote by & the random variable ¢ = 417 Tr (Q(2) WGW™), and only evaluate the behaviour of the right
hand side 3 of (). After easy calculations using tricks similar to those used in the course of the proof of [B1), we
obtain that

2
8 < ij [ﬁTr (QWGW AQWW" Q" A*WG'W* Q") | + (3.12)
20'2 1 * * Nk A K
TNE |3 T (GTWIQTATAQWG) (3.13)

The term defined by ([3.I3) is easy to handle because Q*A*AQ < (Im( ))2 I. Therefore, (313) is less than

(f&ﬁ 11w E [7r Tr (WGG*W™)] which is itself lower bounded by 475 (fn‘:(i;))? because E (g Tr(WW*)) =
C 4
e

2. To evaluate the righthandside of (12, we use (B10) twice, and obtain immediately that is less than

4 Expression of matrix E(Q) obtained using the integration by parts formula
In this section, we use the integration by parts formula in order to express E (Q(z)) as a term which will appear to be
close from t(z)I;;;, where we recall that t(z) represents the Stieltjes transform of the Marcenko-Pastur distribution

Mo2 ¢ For this, we have first to introduce useful matrix valued functions of the complex variable z and to study
their properties.

Lemma 4.1 For each z € C*, matriz Iy + UQCNTJS,IVP (E(Q(2))) is invertible. We denote by H(z) its inverse, i.e.

H(:) = [y +oen TP (2(QE)] (11)

Then, function z — H(z) is holomorphic in C* and verifies

z
H(2)H(2)" < (I|m|z) Iy (4.2)
Moreover, for each z € CT, matriz —21+ o Ty, 1, (H(z)) is invertible. We denote by R(z) its inverse, i.e.
—1
R(z) = [fzIL + O'QTLﬁL(H(Z))} (4.3)

Then, function z — R(z) is holomorphic in ct, and it exists a positive matriz valued measure pR carried by RT,
satisfying pr (RT) =1, and for which
d A
R+ A—z

Finally, it holds that

R(:)R(:)" < (—) I, (1.9
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Proof. The proof is sketched in the appendix.

In order to be able the integration by parts formula, we use the identity (I23]) which implies that

E [QZL}%’:ALZ} = —%(5(2'1 —1i2)8(m1 —ma) + %E [(QWW*)ZL;’ZmZ} (4.5)
We express (QVVW*)?flz’:n2 as
N N
(QWW?) [P =D (Quyw)) T =D (Qwy) Wi
Jj=1 j=1

where we recall that (w;) ;=1 . n represent the columns of W. In order to be able to evaluate E [(ij );mz,mz} it
242

is necessary to express E kaw mLme | _ g wi )t (w ™2 for each pair (k, j). For this, we use the identity
11,12 21 37/ g
m ma s
|:(ka)11 ' (WJ) i| = Z E (Q;legm3wg3kwiz J)
i3,M3
and use the integration by parts formula
9 (le,m3wzn2 )
miy,m ms3 a7 2\ m ms 11,23 2,J
E (Qihlig 3Wi3,3kwi2,j) - Z (Wzgfkw ! /) E aw’ﬂ,m/

o
5]

It is easy to check that

9 (Q;.ml-’m3W:nQ )
1,43 2J ) mi,ms o S . ML s ma o2
G QA = ma)3( = )3 =) - (Qwy ), Quam Wiy

() implies that E (Wm3 W, ) = %26(2'3 —i =4 — k). Therefore, we obtain that

2
E (thmﬂ'wmww) = Tolis — iz = j — k)3(ma = ma)E (QL"™)

11,13 11,13

o2 . K J m *) T )
~ il i =i k) [(QW;). (Wj)iﬁQ?i'gmﬂ
1;/7]-/

1

and that

12

{(ka) (w )’”2} = %2 > 8(is —iz = j — k)6(m2 = m3)E (fof{fg)

3,13

2 ’ ' m1 m2 ~msz,m
_ ?\7 Y > dlis—i =i —k)E [(QWJ-')Z.1 (W5)s, Q7 3}

13,Mm3 i’,j/

We put i = i - i3 in the above sum, and get that

2
g
B [(Quul (w))] = Sz (Q:f,li;n?(k—j)) H<is—(h=f)<L

12
L—1
—o’cey Z Lick—i<N B [ (Qwp_;)!" (w]) i ML Z ZQTi;ma
1=—(L-1) i’ —ig=i M3
or, using the definition (21]),

2

m g
[(lec)z1 (W), 2} = E (Q?ff{:iz(k_j)) L1<ir—(k—j)<L (4.6)

L-1

—oleny Y. 11§k—i§NE[T(M) Q)(i) (Qwp—;); ! (W;)T-nz}

2
i=—(L—-1)
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Setting u = k — 4, the second term of the righthandside of the above equation can also be written as

2

N
— UQCNE Z T(I\/[)(Q)(k) — U)lf(L71)§k7u§L71 (QWu)ZLl (W;)m2:|

u=1

or, using the observation that ™) (Q)(k — )l _(L—1)<k—u<L—1= (TZS[J’\?(Q))I@ . (see Eq. [Z3)), as

(@wa);" ()7
(Qw2);)" (w));,”

— 02cN E eg T&%)(Q) . ”
Qwn)it (w)),”

We express matrix Q as Q = E(Q) + Q° and define the following N x N matrices A?:li’:“,BZ“i’QWQ, T;?li;m?
mi,mo _ my *\ M2
(Aihiz )k j =k [(ka)ll (Wj)i2 }

mi,mz — mi,ma R .
(Bh,iz )kj =E [Qil,ig—(k—j)11§12—(k—J)§L}

(le)z11
(Qw2);"
M o ? * * *
T = —oes |TE@) | | () e s ()
(Qwn)i"
We notice that matrix -
(le)il '
my
() ) )
: in in in
(Qwn);™
can also be written as -
wiQ
T ,__ —
: (f:?l) (f;;w) (Wl,...,WN)
wa Q"
or as .
T AT 7
whQ (£") (£,7) W
Therefore,

T = ooy [T00(Q) WIQT (617 (17) " W] (47)

It is useful to notice that matrix B, is a band Toeplitz matrix whose (k,[) element is zero if |k — 1| > L. It is

clear that Eq. (48] is equivalent to

2
Iy + ?en T ((Q))] AL =SBy 4 Ty

11,12 N i1si2 11,12

Lemma [T] implies that matrix |Iy + O'QCNT]S]\/i) (E(Q(Z)))} is invertible for each z € C*, and we recall that its
inverse is denoted H(z). We obtain that

Am1',m2 — 0_2 H Bm1',m2 + HT(TM'JTW (48)

11,02 N 11,22 11,12

The term E (QWW™*) "2 coincides with Tr (AZIZ-’?WQ), so that

11,02

E(QWW*) "2 — 2 Ly (H Bml’mz) +Tr (H r’.”m) (4.9)

11,12 N 11,02 Q1,02
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As matrix BZ“Z.’;712 is Toeplitz, it holds that (see Eq. (24]))

N-1

1
ST (EBI) = S r ) @E (QUE,) Tii st
u=—(N-1)
which also coincides with
1 L—1
~ (H BZL,Ii;mZ) = Y rE@E ( Tlﬁl) L1<is+u<l
u=—(L—1)

because 1<, +y<r = 0 if |u| > L. Setting v = i2 4 u, this term can be written as

L
o em) = S ()

or, using definition (Z3)), as
L

1
NI () = e () (Team),

v=1
= (E(Q™"™)T,L(H)), ..
Eq. (@9) eventually leads to
E[(QWW*)" "] = o?2(Q™ )T, 1 (H) + Y (H)™ ™ (4.10)
where, for each N x N matrix F, 7 (F) represents the M L x M L matrix defined by

TE) =T (P (4.11)

11,22 11,22

(1) implies that matrix 7'(F) can be written as
T(F) = —o2cyE [QW( 7 (Q° ))TFTW*} (4.12)
By (L23), it holds that (QWW™*)™"™2 = §(m; = m2) Iy + 2Q"*"™2. Therefore, we deduce from (@ITQ) that
£(Q ™) (—zIL +aQTL,L(H)) —1;6(my = ma) — Y (H)™ ™ (4.13)

By Lemma @I} —zI;, + 077 1 (H(2)) is invertible for z € C* and we recall that its inverse is denoted by R. We
thus obtain that

E(Q) =IyoR+A (4.14)
where A is the M L x ML matrix defined by

A=-YH) (I ®R) (4.15)

The above evaluations also allow to obtain a similar expression of matrix E(QWGW™) where G is a N x N matrix.
For this, we express E [(QWGW*)mlqu} as

11,22

B [(QWGW )| = Z G iE [(Qwr)} (w))i)?]
(k,j)=1
or equivalently as
; _ T ;
5 [(QWGW" )| = T (GT A7)
Therefore, using (£3)), it holds that

Bl(Qwew") ™ = T Tr (¢"HBly™) + T (GTHYL™)
Replacing matrix H by matrix GTH in the above calculations, we obtain that
£ [QWGW'] = 02(Q) (IM ®TL,L(GTH)) + r(GTH)
Using ([@I4), we eventually get that

E (QWGW") = o> (IM ® RTL,L(GTH)) +o2A (IM ® TL,L(GTH)) + 1(GTH) (4.16)
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5 Controls of the error term A

In this section, we evaluate the behaviour of various terms depending on A, i.e. normalized traces ﬁTrAA7
quadratic forms aj Aag, and quadratic forms of matrix A= ﬁ Z%:l A"™™_ Using rough estimates based on the
results of section [3] and the Schwartz inequality, we establish that the normalized traces are O(ﬁ), and that two

other terms are O(4/ % %) and O(%) respectively. We first establish the following proposition.

Proposition 5.1 Let A be a ML x ML matriz satisfying supy ||A|| < k. Then, it holds that

1 L
— < k—= .
‘MLTrAA <k C(2) (5.1)

where C(z) can be written as C(z) = P1(|z]) P2 ((Imz)_l) for some nice polynomials Py and Ps.

Proof. As matrix R verifies |R|| < (Imz) ™", it is sufficient to establish (5.1) when A is replaced by ¥ (H). In order
to simplify the notations, matrix 7" (H) is denoted by Y in this section. We denote by <y the term y = ﬁTrTA

which is given by
— 1 1 M1, M2 A M2,M]
T Z i Z Tilﬂz Ai27i1
mi1,M2  iy,in

Using the expression ([@I2]) of matrix 7", we obtain that v can be written as
y=—0’E {%Tr ((TJ%)(QO))T HTW*AQW)}
Using Eq. (Z6) and the identity (™) ((QO)T) (—u) = 7 (Q°) (u), we get that
L-1

o 1 u *
y=—deye | Y M@ (W) 77T (QWJNHTW A) (5.2)
u=—(L—-1)

2
@1 B4) imply that & |+ (Q°)(—u)| and Var (ﬁTr (QWJ}‘VHTWA)) are upperbounded by terms of the

2C(2)
MN

form % and K respectively. The Cauchy-Schwartz inequality thus implies immediately (5.1]).

We now evaluate the behaviour of quadratic forms of matrix A and of matrix A.

Proposition 5.2 Let a1 and ag 2 M L-dimensional vectors such that supy ||a;|| < & for ¢ = 1,2. Then, it holds

that
* [ L L
alAaQ S K/Q C(Z) MN (53)

for each z € C T, where C(z) is as in Proposition[51l Let b;, i = 1,2 be 2 deterministic L—dimensional vectors such
that supy ||bi|| < . Then, it holds that

1 M
* m,m
e

m=1

L3/2
MN

<K CO(2) (5.4)

Proof. As above, it is sufficient to establish the proposition when A is replaced by Y. We first establish ([@.3]). We
remark that ajYaz = ML - Tr(Yaza}). Using Eq. (52) in the case A = aza], we obtain that

L—1
ajYay = —0°E Z ™M (Q°)(u) a}QWILHT Way
u=—(L—1)

B3 BI) and the Schwartz inequality lead immediately to

1 L [ L L
* < 2 2 ==
}alraQ} Sk C(Z)L \/— MN N . C(Z) M N
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We now establish (5.4). We remark that

M
o1 1
b (5 32 = g o)

m=1

Using Eq. (52) in the case A = I); ® bab], we obtain immediately that

bi (7 Xl Y7 ) b =

S e B [F0Q) @) by (4 T (QWIRHT W) ™) by
(E4) thus appears as a direct consequence of (B3]), [3.6) and of the Schwartz inequality.
We finally mention a useful corollary of (5.4).
Corollary 5.1 It holds that
(M) L2
1T () — (s 9 R)) | < )2 6.

for each z € CT where C(2) can be written as C(z) = Pi(|z|) P2 ((Imz)_l) for some nice polynomials Py and Ps.

Taking into account Proposition 2] (&) follows immediately from (54) by considering the unit norm vector b =
ay, (V)

6 Convergence towards the Marcenko-Pastur distribution

In the following, we establish that

ﬁrﬁ (E(Q(2)) = t(2)Iar) — 0 (6.1)

for each z € c*. (@) does not imply in general that 177 Tr (Q(z) — E(Q(z))) converges towards 0 almost surely

(this would be the case if M was of the same order of magnitude than N for some x > 0). However, the reader may

check using the Poincaré-Nash inequality that the variance of [WILTI"(QO(Z))]2 isa O(W) term. As

4

B | =@ ()| = E[ﬁmq‘wz))r + Var {ﬁmq"(z»r

(1) implies that the fourth-order moment of 177 Tr (Q°(z)) is also a O(W) term, and that 77 Tr (Q(z) — E(Q(2)))
converges towards 0 almost surely. Consequently, ([6.1]) allows to prove that the eigenvalue value distribution of WW*

has almost surely the same behaviour than the Marcenko-Pastur distribution g2 As ¢y — cx, this of course es-

,CN T
tablishes the almost sure convergence of the eigenvalue distribution of W W}, towards the Marcenko-Pastur p,2 . .

In the following, we thus prove (G.I)). (£I4]) and Proposition 51l imply that for each uniformly bounded L x L
matrix A, then, it holds that

1 L

—Tr[(E -1 I A)|l = 2
T TR (E(Q()) — T © R(2)) (L @ A)] = O(70) (62)
for each z € CT. We now establish that
1
m’I‘r [(I]\/[ ® R(z) — t(Z)I]\/]L) (IM ® A)] —0
or equivalently that
TTR[(R(z) — 1(2)1) A] = 0 (6.3)

for each z € ct. For this, we first mention that straighforward computations lead to

R L= —ocy 2t(2)i(2) R To.p (HT]%) E(Q) — tIML]) (6.4)

Therefore,

%T‘r [(R—tI.)A] = —o'cy 2t(2)i(2) %ﬂARTL,L (HT}V{VQ E(Q) — tIML])
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Direct application of ([Z71) to the case P=M,K =L,R=L,C=E(Q) —tI;;,B = AR and D = H implies that

T (R~ 11)A) = ey 21(2)i(2) 77 Tr [(E(Q) ~ tharz) (g © T 1 (Tw .(AR)H)]

In the following, we denote by G(A) the L x L matrix defined by
G(A) =T, (Tn,L(AR)H) (6.5)
Writing that E(Q) — tIn;, = E(Q) — I @ R+ Iy ® R — tI1, we obtain that

%Tr [(R—tIp)A] = —oten 2t(2)1(2) ﬁTr [(E(Q) — I ®@R) (In; ® G(A))] — (6.6)
oley 2t(2)H(z) +Tr (R - tI)G(A)]
We now prove that

1 L
sup |=Tr ((R—1I)B)| = O0(—=
IBl<1 | L MN

when z belongs to a certain domain. For this, we first remark that (28] implies that ||G(A)|| < ||H||||R||[|A]. By

Lemma [£T] it holds that |H|||R| < ﬁ Consequently, we obtain that

(6.7)

[l

IG(A)]l < m(2)2 A (6.8)
This implies that for each L x L matrix A such that ||A|| < 1, then, it holds that
1 e 1
S (B(Q) Ty @) (s © G| < el s | (B(Q) T o R) Bl

'%TI‘[( tIL)G(A)]‘ (In1|(|))2 Hf;lll};l %Tr[(RtIL)B]'

Proposition [51] implies that

1 oL
s | IR(Q) -1 R) B = 0(7)

This and Eq. (6.6) eventually imply that

|| 1
sup Tr((Rf tI;)B)| < (’)( ) +oten |2(2)i(2)| ~———5 sup |=Tr((R—tI;)B)
IBl<1 | L (Im(2))? Bj<1| L
It also holds that |2t(2)t(z)]| < (Im‘(zz‘))? Therefore, if z belongs to the domain otcy (IH‘I(L))4 < %, we obtain that
1 L
sup |=Tr[(R—tI7)B]| = O0(—=) (6.9)
iz T | MN

This establishes (3] for each uniformly bounded L x L matrix A whenever z is well chosen. Moreover, for these
values of z, +Tr (R — tI)A), and thus 577 Tr (E( (2) —t(2) Iprp)A), are O(gky) terms. A standard application
of Montel’s theorem implies that (B3] holds on C*. This, in turn, establishes (B.I)).

Remark 6.1 We have proved that for each uniformely bounded L x L matrix A, then it holds that

TR (E(Q() — () Tarr) (T © A)] = 0

for each z € CT. It is easy to verify that matrix Iy; ® A can be replaced by any uniformly bounded ML x M L matrix
B. In effect, Proposition [5.1] implies that it is sufficient to establish that

1
7z T [(Tar @ R(2) - #(2)In) B] = 0
The above term can also be written as

%Tr [(R(z) 2)1p) ( Z B™ m)}

. M . .
and converges towards 0 because matrix % > m—1 B"""™ is uniformly bounded.
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7 Convergence of the spectral norm of T, 1. (R(z) — t(2)In)

From now on, we assume that L, M, N satisfy the following extra-assumption:
A i L ivalently, -
ssumption 7.1 37 — 0 or equivalently, v7z — 0.

The goal of this section is prove Theorem [Tl which will be used extensively in the following.

Theorem 7.1 Under assumption[71, it exists 2 mice polynomials P1 and P for which

[T, L(R(2) = t(2)Iy)]| < o lag (v)* (R(2) — t(2)Ip)a(v)| < f;;j Pl(lzI)PQ(Iml(Z)) (7.1)
for each z € cT.
Proof.
First step. The first step consists in showing that
sup far,(v)" (R(z) —t(z)IL) aL(v)| = 0 (7.2)

ve(o,1]

for each 2z € CT, which implies that || Ty, (R —tIL) | — O for each z € CT (see (ZX)). We first establish that (72)
holds for certain values of z, and extend the property to C T using Montel’s theorem. We take (64) as a starting
point, and write E(Q — tIp;) as

E(Q-tIy.)=E(Q) - Iy @R+ (I ®R —tIpy)
(64) can thus be rewritten as
R tI; = —o'enzt(2)i(2) RTL (H TV EQ) — RM]) - (7.3)
octenzt(2)#(2) R7.,. (H Ty, [R—t1.])
Therefore, for each deterministic uniformly bounded L—dimensional vector b, then, it holds that
b* (R —tI)b = —zt(2)i(2)o enb RTL 1 (H 7™ [E(Q) — Iy ® R] ) b (7.4)
zt(z)f(z)a4ch*R7’L7L (HTy, [R—tI])b (7.5)
Proposition 2] implies that

T,z (T, [R =t 1) H) || < [[H|| [Ty, [R — ¢ 1] || < ||HHSI;p|aL(V)* (R —tL)ar(v)|

and that

17 (7L [B(Q) ~ Ly @ RI) | < [H] 177 [(Q) ~ Tas @ R] | < [H] sup a (v)” Aa ()

where we recall that A = E(Q) — Ip; ® R and that A = i Z%zl A™™) We denote by 8 and § the terms
B = sup, |ap(v)* (R —tI)ar(v)| and § = sup, |ar(v)* Aar(v)|. We remark that § = O (ﬁ;—x) (see (B4)). We

choose b = ar,(p) in (T4), evaluate the modulus of the left handside of (Z4]), and take the supremum over p. This
immediately leads to

B < |zt(2)i(2)|o"en |RI[[HI|S + |2t(2)E(2) |0 e | R||H 5 (7.6)
Moreover, (see Lemma (1)), it holds that

2
7 z
2t (:)E(2) o en IR < ooy 2

(T8) implies that if z satisfies
(7.7)
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then 8 = O ( i N) and therefore, converges towards 0. We now extend this property on ¢ T using Montel’s theorem.
For this, we consider an integer sequence K(N) for which K((%)) — 0, and denote for each N and 0 < k < K(N) by

( ) the element of [0, 1] defined by V(N) = K(N) We denote by ¢(k, N) the one-to-one correspondance between the

set of integer couples (k,N), k < K(N) and the set of integers N defined by ¢(0,0) =0, ¢(k+ 1,N) = ¢(k,N) + 1
for k < K(N) and ¢(0,N + 1) = ¢(K(N),N) + 1. Each integer n can therefore be written in a unique way as
n = ¢(k,N) for a certain couple (k,N), 0 < k < K(N). We define a sequence of analytic functions (gn(z))nen
defined on ¢ T by

9ok (2) = ap (M) (R(2) = t(2) 1) a (V) (7.8)

If z satisfies (7)), the sequence gn(z) converges towards 0. Moreover, (gn(2))pen is a normal family of ¢ *. Consider
a subsequence extracted from (gn),ecz converging uniformly on compact subsets of cT towards an analytic function
gx. As g«(z) = 0 if z satifies (T7), function g« is zero. This shows that all convergent subsequences extracted from
(gn)nen converges towards 0, so that the whole sequence (gn)nen converges towards 0. This immediately implies

that
lim su z) =0 7.9
N i p( )|9¢(k,N)( )| (7.9)

for each z € CT. For each v € [0,1], it exists an index k, 0 < k < K(N) such that |v — N)| < QK(N) It is easily
checked that

Jas )~ a1 = 0 (1)1 =) = 0 (D)) = o)

and that
ar (1) (R(:z) — 1(2) L) ar (v) - an (™) (R(2) — t(2) L) ar (v 0

for each z € . We deduce from (Z9) that ([ZZ) holds for each z € CT as expected.

Second step. The most difficult part of the proof consists in evaluating the rate of convergence of

sup, [ar ()" (R(2) — t(2)Iy)aL (V)]
By (ZI1), the quadratic form ar (v)*(R(z) — t(2)Ix)ar(v) can also be written as

L1
ap(v)" (R(z) —t(2)Iy)aL(v) = > r(R—tI)(l)e >

I=—(L—1)

where we recall that 7(R —tI)() = +Tr ((R - tI)JlL). In order to study more thoroughly

sup, |ar, (v)*(R(z) — t(2)Iy)ar (v)], it is thus possible to evaluate the coefficients (7(R—tI)(1));=—(r—1),...L—1- In
the following, for a L x L matrix X, we denote by 7(X) the 2L — 1-dimensional vector defined by

7(X) = (r(X)(~(L - 1)),...,7(X)(L - 1))"

(Z3) can be associated to a linear equation whose unknown is vector 7(R—tI). Writing T 1, [R — tI] as ZlL:_—l(L—l) (R
t1)(1)I%, multiplying (Z3) from both sides by J%  and taking the normalized trace, we obtain that

TR—tI)=7(') +DO (R —t1) (7.10)
where D(© is the (2L — 1) x (2L — 1) matrix whose entries Dg?l), (k,1) e {—(L—1),...,L — 1)} are defined by
Dg,)l) = —ctenzt(2) f(z)%Tr [RT[HL (HJ}‘\}) le}
and where matrix I represents the first term of the righthanside of (T3)), i.e.
= —ctenzt(2)i(z) RT1 1 ( T [EQ) - Iy © R]) (7.11)
Equation (ZI0) should be inverted, and the effect of the inversion on vector 7(I") should be analysed in order to

evaluate the behaviour of ||Ty 1 (R(z) — ¢(z)In)||. The invertibility of matrix I — D and the control of its inverse
are however non trivial, and need some efforts.
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In the following, we denote by &) the operator defined on chbxk by
30 (X) = —o'enzt(2) () RTy 1, (H T, 1, [X]) (7.12)
for each L x L matrix X. Eq. ((3]) can thus be written as
R—tI, = +&Y®R-tI,)
We also remark that matrix I" is given by
r=e© (E(Q) - R) (7.13)
Moreover, it is clear that vector T (¢(0)(X)) can be written as

T (¢<0>(x)) =D 7(X) (7.14)

In order to study the properties of operator @) and of matrix D(®) we introduce the operator @ and the corre-
sponding (2L — 1) x (2L — 1) matrix D defined respectively by

(X)) =o'cyRTz,, (H Ty, [X]H") R* (7.15)
and
D, = U4CN%T1~ [RTL,L (HJNIH) R*J’z} (7.16)
for (k,1) € {—(L —1),...,L —1)}. Matrix D of course satisfies
7 (#(X)) = D7(X) (7.17)
Before establishing the relationships between (P, D(O)) and (®, D), we prove the following proposition.

Proposition 7.1 — If X is positive definite, then matriz $(X) is also positive definite. Moreover, if X1 > Xa,
then @(Xl) > @(Xg)

— It exists 2 nice polynomials Py and P2 and an integer N1 such that the spectral radius p(D) of matriz D verifies
p(D) <1 for N > Ny and for each z € En where Ep is the subset of ct defined by

3/2

L
En = ct
v={z€ch 315

— for N > Ni, matrizc I — D is invertible for z € En. If we denote by f = (f_(L_l),...,fo,...,fL,l)T the
(2L — 1)-dimensional vector defined by

f=1-D) '7(I)=(I-D) ey (7.19)
where eg = (0,...,0,1,0,...,0)T, then, for each v € [0,1], the term le‘;_l(L_l) £, e 72 s real and positive,
and

L-1 2 242
—92inl 117+ |z
sup fl e 2imly <C W (720)

vefo,1] I=—(L—1)
for some nice constants C' and 1.

Proof. The first item follows immediately from the basic properties of operators 7. The starting point of the proof
of item 2 consists in writing matrix £(Q) = 47 Z%zl E(Q™™) as E(Q) = R+ A, and in expressing the imaginary

part of E(Q) as Im (E(Q)) =Im (E(A)) + Im(R). Writing Im(R)) as

Im(R) = % - 2% R (R‘* - R_l) R

and expressing R™! in terms of H, and using the same tricks for H, we eventually obtain that

Im (£(Q)) = Im (£(4)) + Imz RR" +ocy BT, [H v, (Im (2(Q)) ) B R” (7.21)
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In order to simplify the notations, we denote by X and Y the matrices Im (E(Q)) and Im (E(A)) + Imz RR*
respectively. (C2])) implies that for each z € c™T, then the positive definite matrix X satisfies
X =Y +&(X) (7.22)
Iterating this relation, we obtain that for each n > 1
n
X=Y+ ) &"Y)+e"(X) (7.23)
k=1

The general idea of the proof is to recognize that matrix TNyL(Y) is positive definite if z belongs to a set Ey defined
by (ZI8). This implies that for z € Ej, then #*(Y) > 0 for each k > 1. Therefore, (Z23) and #"+1(X) > 0 imply
that for each n, the positive definite matrix Y ,_; ®"(Y) satisfies

i PY)<X-Y (7.24)
k=1

so that the series ZZ_:; @"(Y) appears to be convergent for z € Ep. As shown below, this implies that p(D) < 1.
We begin to prove that Ty 1 (Y) is positive definite on a set Ey.

Lemma 7.1 [t exists 2 nice polynomials P1 and Pa, a nice constant n1 and an integer N1 such that

(Imz)?

Y R S —
TN ST

(7.25)

for N > N1 and z € En where E is defined by (Z18).

Proof. We show that it exist a nice constant ;1 > 0 and 2 nice polynomials P; and P, such that for each v € [0, 1],

(Imz)® L2
16(nf +12[?)?  MN

ar(v)*Yarp(v) > P1(]z]) P2(1/Imz) (7.26)
For this, we first note that
ar(v)"RR*ar(v) > }aL(I/)*RaL(Z/)|2 > (aL(1/)*Irn(R)aL(1/))2

As R(z) is the Stieltjes transform of a positive matrix-valued measure pg (see Lemma L)), it holds that

ar(v) Im(R)ar(v) = Imz / ar(v) d“R();) a(v)
R+ |)‘ - Z|
We claim that it exists 1 > 0 and an integer Ng such that
" 1
ar(v)” pr ((0,m]) ar(v) > 3 (7.27)

for each v € [0, 1] and for each N > Np. In effect, as cy — c«, it exists a nice constant 71 for which Ho? o ([0,m]) > %

for each N. We consider the sequence of analytic functions (gn(2))nen defined by (T8). If n = ¢(k, N), gn(2) is the
Stieltjes transform of measure py defined by pun = aL(V](cN))* LR aL(u,(CN)) — [tg2 ¢ - Therefore, (T9) implies that
sequence (fin)nen converges weakly towards 0. As the Marcenko-Pastur distribution is absolutely continuous, this

leads to ™) )
li * - -
N;rilmogkilig(N) ar (v, ) pr ([0,m]) ap(vy) = te2 e ([0,m])| =0

This implies the existence of N(l) € N such that

* 5
sup —ar ()" ug (10,m]) ar (™) > 2
0<k<K(N)

for each N > N(/]. As mentioned above, for each v € [0, 1], it exists an index k, 0 < k < K(N) such that |v — V](CN)| <
#(]V)' AS

lar(v) — aL(VI(CN))H =0 (L(N)|y - y]iN)|) =o(1)
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it is easy to check that

aL(v) e (0.m)ar () —ar () pr (0.m) ar (4") = 0

which implies the existence of an integer Nog > N(/] for which

sup ar(v)" pg ([0,m]) ar(v) >
ve(o,1]

N —

for each N > Ny, as expected.
It is clear that

ar,(v)"Im(R)ar(v) > Imz /Om aL(V)*lc)l\N—Rz('é) ar(v)

As |A — 2|2 <2(0% 4 |2]?) < 2(n? + |2]?) if X € [0,m1], it holds that
* Imz
ar(v)'Im(R)ay,(v) > ————
W m®act) 2 e o)
and that ( 2
Imz
ar,(v)*"RR*ap(v) > —s———
LR () 2 55 e
for each v € [0,1]. (54) implies that for each v,
3/2

ar(v)* ImAar(v)| < N

PL(lD Pa(r) (7.28)

for some nice polynomials P; and P>, which, in turn, leads to (C26). If we denote by Ex the subset of ¢t defined

by L P1(|z|)P2(ImZ) <3 %7 then, Y = Im(A) + Imz RR* verifies

Imz)3
f Y > (7 7.29
o 2 Y 2 > a0 e (29
for each z € En. As
L-1 .
ar(v)*Yap(v)= Z T(Y)()e 2
I=—(L-1)
we obtain that
= ; (Imz)3
£ Y)(1 —2imly >
VEH[}) 1] Z 7(Y) (Ve 32(77%4_ |2[2)2
—(L-1)
(Imz)?

for z € Ep. If we denote a(z) = EOIC ARSI EE this implies that (7(Y)(l) — aé(l = 0))l7 (L—1) coincide with Fourier

coefficients of a positive function. Therefore, matrix Ty, 1,(Y) —al is positive definite (see [1§], 1.11 (a)), which implies
that (28] holds. Lemma [T1] follows from the observation that the set Ex can be written as ((I8) for some other
pair of nice polynomials P;, P».

We now complete the proof of item 2 of Proposition (ZI]). We establish that for N fixed and large enough and

z € Ep, then for each L-dimensional vector b, D"b — 0 when n — +oc0, a property equivalent to p(D) < 1.
We emphasize that in the forthcoming analysis, N, and therefore L, are assumed to be fixed parameters. As matrix
Tn,.(Y) > a(z)Iy > 0 on the set Ey for N large enough, (Z24) is valid there. This implies that the positive definite
matrix-valued series Z+°O ®"(Y) is convergent, in the sense that for each unit norm L-dimensional vector u, then
j;g u*®"(Y)u < 4oo. Using the polarization identity, we obtain that the series Z 21 ui®"(Y)us is convergent
for each pair of unit norm vectors (uj, uz). This implies that each entry of #"(Y) converges towards 0 when n — o0,
and that the same property holds true for each component of vector 7 ($"(Y)). This vector of course coincides with
D"r(Y). We have thus shown that D"7(Y) — 0 when n — +o0o0. We now establish that this property holds, not
only for vector 7(Y), but also for each (2L — 1)-dimensional vector. We consider any positive hermitian L x L matrix
Z such that Tn 1,(Y) — Tn,(Z) > 0. Then, it is clear that for each n > 1,0 < #"(Z) < #"(Y), and that the series
>oo°  @"(Z) is convergent. As above, this implies that D"7(Z) — 0 when n — +o0. If now Z is any positive hermi-

tian matrix, it holds that 0 < Ty f, (GI[(ZZ” ) < Tn,o(Y) because T, £.(Z) < [T, .(Z)|| I < ||Z|| I. This implies that
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D" (T[(ZZ”) T(Z)) — 0, or equivalently that D" 7(Z) — 0 for each positive hermitian matrix Z. This property holds
in particular for positive rank one matrices hh*, and thus for linear combination (with complex coefficients) of such
matrices, and in particular for hermitian (non necessarily positive) matrices. We now consider any L x L matrix B. It
can be written as B = Re(B) + i Im(B), i.e. as a linear combination of hermitian matrices. Therefore, it holds that
D"7(B) — 0 for any Lx L matrix. The conclusion follows from the obvious observation that any (2L —1)-dimensional

vector b can be written as b = 7(B) for some L x L matrix B. This completes the proof of item 2 of Proposition (Z.1]).

We finally establish item 3. We assume that z € Ey and that N is large enough. We first remark that, as
Tn,.(Y) > a(z)Iy, then, for each n > 1, it holds that #"(Y) > a(z) $"(I). We also note that " (I) > 0 for each
n which implies that

ar(v)" ®"(Y)ar(v) > a(z)ar(v)* " @) ar(v) >0

for each v. We also remark that this inequality also holds for n = 0 (see (7.29))). We recall that for each L x L matrix

B, then
L—1

ap(v)"Bay(v)= Y 7(B))e ™ (7.30)
I=—(L-1)

Using this identity for B = #"(Y) and B = &"(I) and using that 7(I) = eg, we obtain that

L—1 L—1
Yo DY) e ™ > a(z) Y (D"eo) (e F ™ >0
I=—(L—1) I=—(L—1)

As (I-D)~! =30 D", we finally obtain that

L—-1 L—-1

0< Y ne oL Y (1-D)e(Y)) (e

I=—(L—1) a(2) l=—(L—1)

The conclusion follows from the observation that 7(X) = 7(Y) 4+ D7(X) and that 7(X) = (I—-D)™ ' 7(Y).
Therefore,

L-1
> (@=p) () e
I=—(L-1)
coincides with ay,(v)* X ar,(v), a term which is upperbounded by = on C .

We now make the appropriate connections between (@, D(?)) and (#, D), and establish the following Proposition.

Proposition 7.2 If N is large enough and if z belongs to the set En defined by (Z.18), matriz I-D© s invertible,
and for each matrix L X L matriz X, it holds that

L—-1

— —2imly HTN L(X)H 1 —2imly
sup I-D)"1r(x)) (1)e 2| < 1A _ + fle
ve[01] lzf%fl) ( ) 2 1- J4cN|zt(Z)t(z)|2 lzf%fl)
(7.31)
Proof. We first establish by induction that
(@) (%) (#)"(X)) < 1T (X)I? (o'enlat(2)i2))" 2"(@) (7.32)

for each n > 1. We first verify that (Z.32]) holds for n = 1. Using Proposition (23], we obtain that
To, (HTx, (X)) [T2,0 (HTn,2(X))]" < T2, (HTy,£(X) T, (X)"HY)
Remarking that T 1 (X) 7y, (X)* < || Tv.L(X)[* I, we get that

To.o (HTx, (X)) [Tz, (HTxn,£(X))]" < 1T, (X)|* Tz, (HH")
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This and the identity (1) = o*cyRTz L (HH*)R* imply immediately (Z32) for n = 1. We assume that (7.32)
holds until integer n — 1. By Proposition [Z3] we get that

(@0)"(x) ((#9)" (%)) <

R [HTv s (@0) X)) (T (@)1 ())) B R (739

)U4cht(z)f(z)

Using again Proposition (Z3), we obtain that
Trr (@) 71X)) (T (@) 71(X))) " < T (@) (%) [(29) ' (x)] )
(Z32) for integer n — 1 yields to
(@) (X) ((@9)"(X))" < 1T, (O (o en) ™ [21(2)i() " R 1 (18"~ (1) R*

(7:32) for integer n directly follows from " (I) = o'cy RTy, 1, (HQS"_l(I)H*) R*.
We now prove that if z € E defined by (ZI8) and if N is large enough, then, for each (2L —1)-dimensional vector

n
X, it holds that (D(O)) x — 0, a condition which is equivalent to p(D(O)) < 1. For this, we observe that each vector
x can be written as x = 7(X) for some L x L matrix X. The entries of Toeplitz matrix 77, 1, ((45(0))"(X)) are the
n n
components of vector (D(O)) 7(X). Therefore, condition (D(O)) x — 0 is equivalent to |7z, 1 ((45(0))”()()) | —

0. We now prove that

sup Jaz (1) (@) (X)ar (v)] -+ 0
ve(o,1]

a condition which implies ||77, f, ((45(0))"()()) | = 0 by Proposition EZI} and thus that p(D(®)) < 1. It is clear that

a2 ()" (@) (X)ar ()| < ar () @) (%) (@©)"(%)) ") (7:34)
Inequality (Z32]) implies that

ar(v) (@) (X) (@)"(X)) ar(v) < ITw (X (oten 2:)i)1P) " ap@) @ Mar)  (7.35)

By (L31)), it exists 2 nice constants C' and 1 > 0 such that
2 212
4 2N2 (n” + 1217)
t(z)t <l1-C~—————+— .
o ey |2t(2)t(2)]” < C (Tm(2) )3 (7.36)

for N large enough. Moreover, it has been shown before that each entry of matrix " (I) converges towards 0, which
implies that sup, ¢ 1) aL(v)*®"(I)ar(v) — 0 (we recall that L is assumed fixed in the present analysis). Therefore,

sup az ()" (@) (X) (8)"(X)) ar(v) -0
velo,1]
n
which implies that |7z, 1 ((45(0))"()()) || and (D(O)) 7(X) converge towards 0. We have thus established that
p(D(O)) < 1, and that matrix I — D(® is invertible.
n
We finally establish Eq. (31)). Using (I — D(O))_1 = Z::B (D(O)) and

L—-1
S (OO X)) (e = ay ()" (#9)" (X (v)
I=—(L—1)
we first remark that

L—-1

+oo
Z ((I _ D(O))—lT(X)) () e 2imly < Z )aL(V)*(¢(O))n(X)aL(V)

l=—(L-1) n=0
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Inequalities (C34] [735) imply that

L—1
)aL(V)*(ﬁ(O))"(X)aL(V)) = Z ((D(O))HT(X)) (l) 6—217’I’ll/
I=—(L—1)
is less than [|7yv, £ (X)]| (U4CN |2t(2)i(2) 2)n/2 (aL(V)*din(I)aL(V))l/QA Using the inequality |ab| < —(angz), we ob-
tain that

2" @) (X)) < LON [0 ()7 2) "+ s 00" (D (0]

Summing over n eventually leads to (Z32).

We are now in position to establish the main result of this section, which, eventually, implies (Z.I)).

Proposition 7.3 It exists 2 nice polynomials P1 and P> for which

L3/
sup |ar(v)" (R(z) —t(2)11) ar(v)| < v i) Pe(—=) (7.37)

velo,1] Im (Z)

for N large enough and for each z € cT

Proof. We recall that ar,(v)* (R(z) — t(2) IL) ar(v) coincides with Zl (L 1 T(R—tI) (1)e=271 (see [ZII)), and
recall that by Eq. (T3)), vector 7(R — ¢I) satisfies the equation

(R —tI) = 7(I') + DY7(R - 11)

where matrix I' is defined by (ZI1)). Proposition [[I] Proposition used in the case X = I' as well as (((.30) imply
that for N large and z € E}, it holds that

L—-1

> rm-me | <o BB iy ) (739
I=—(L-1)

for some nice constant C' and for 72 = max(n7 771). It is clear that

T, (D)) < Pr(2) Pa(s——) TN (E(Q) = Ray) | (7.39)

I()

Corollary [51] thus implies that (Z37]) holds for N large enough and z € Ep. It remains to establish that (Z37)
also holds on the complementary Ef; of Ex. For this, we remark that on Ef;, 1 < ﬁ/{jv P1(|z|)P2(Im1(Z)). As

sup,eo,1) [aL(v)" (R(2) —t(2) 1) ar(v)| < ﬁ on CT, we obtain that

1 L3?

)

sup |ap(v)" (R(2) —t(2)11) ap(v)| < —— I
ve(o,1]

I()

)

for z € ES;. This, in turn, shows that (Z37) holds for N large enough and for each z € ™.

Remark 7.1 We note that this property also implies that any quadratic form of R — ¢t I converges towards O at rate
%. Using the polarization identity, it is sufficient to prove that b* (R —tI)b is a (’)(ﬁ;—;\?) term for each uniformly
bounded deterministic vector b. We consider Eqs. (7.4] [[5)), and note that the righthandside of (Z4) and () are
bounded, up to constant terms depending on z (and not on the dimensions L, M, N) by ||T, (M) [E(Q) —Ry] || and

I Tw,r (R —tI) || respectively.
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8 Proof of (I.18)

The purpose of this section is to establish the identity (II8). For this, we have essentially to control the term
%Tr (R — tI). More precisely, we prove the following proposition.

Proposition 8.1 [t exists nice polynomials Py and Pa such that

1 L
Hzlﬁ21 ZTr[(R—tIL)A] < mPl(z)Pg(l/Imz) (8.1)

for each z € F](Vg/Q) where F](Vg/Q) is a subset of CT defined by

3/2

F](Vg/Q) ={z¢ c+ Ql( )Q2(1/Imz) < 1} (8.2)

for some mice polynomials Q1 and Q2.

Proof. In the following, we denote by B(A) the term +Tr [(R — tI;)A]. We write (6.0) as

%Tr [(R—tI)A] = —o'enzt(2)i(2) arTr[(E(Q) — Iy @ R) (Iy ® G(A))] — (8.3)
U4cht(z)f(z) %Tr (R — D71 [(TN,L(AR)) H])

We denote by €(A) the first term of the righthandside of (83). (6.8) and Proposition BIlimply that sup) 5| <1 [e(A] <

15 P1(|2]) P2(1/Imz) for some nice polynomials Py and P». In order to evaluate the contribution of the second term
of the righthandside of (B3)), we remark that matrices R(z) and H(z) should be “close” from #(2)I;, and —zt(z) Iy
respectively. It is thus appropriate to rewrite ([83]) as

LT (R~ 11)A) = —2t(2)i(2)o ey T TX[(B(Q ~ Ty @ R) Ty © G(A)] (8.4)
(H(:)i(2)) o ey 7T (R~ 1)Ts 1 (Thv(A))]
(l(2))*1(z)o en 7T [(R— 1Ty, 1, (T 1 [AGR— 1)) ] -
(#(2))%E(2)o e %ﬂ [(R—t1) 75 (T, (A)(H+ 28(=) T) )] -
I)

)]

We denote by a1(A),a2(A),a3(A), and as(A) the second, third, fourth and fifth terms of the righthandside of the
above equation respectively.
We first study the term aq (A). We first recall that for each z € CT and N large enough, it holds that

2t(2)i(z)oen 7T [(R— 1) Ty 1 (T 1 [A(R — )] (H + 28(2)

(Imz)*

4 nf 2
t(z)t <1-C+—"F—=
o Cle (Z) (Z)l (772 ¥ |Z|2)2

where C' and 7 are nice constants (see Eq. (I31))). Moreover, for each A, ||A|| < 1, it is clear that

=Tr [(R—tI)Ty,1 (Tv,L(A))]| < sup |B(B)| 7o, (Tv,L(A)) | < sup |B(B)]

IBll<t IBll<1

because || 77, (Tn,z(A)) | < [|A]l < 1 (see Proposition 2ZT). This shows that

sup |a1(A)] < (1—0%) sup |B(A|

llall<1

We now evaluate the behaviour of as(A). We first use ([2.7)) to obtain that

as(A) = (2(2))2(z)oten %T‘r (AR - t)Typ, (Twn(R—t1)]
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We remark that for each matrix A, ||A]| <1, it holds that

ST [(R— )T, (T £ (R — 1)) A]| < sup S(B) AT (R~ D)
<1

I
([I) implies that
L3/2
sup |az(A)[ < sup B(A) MN Pi(|2]) P2(1/Imz)
llal<1 llal<1

for each z € CT. The terms a3(A) and a4(A) can be handled similarly by writing H + 2£(2)T as

H + 2i(2)I = o2y zi(2) H'TJS,{\? (E(Q) — Iy ® R) + ocnzi(2) H7y 1 (R—tI)

In particular, it can be shown that for ¢ = 3,4 and N large enough, it holds that

L3 2
sup |ai(A)| < sup (A)
A<t IA]I<1 MN

Therefore, it holds that

. ., (Im2)* ) L3/? B B
||il|1|21|5(A)|SH§|1\21| (A)Hnilﬁzlﬁ(A) [(1 C(n+|z|2)2 3w FrlleDP(1/Imz)

We define the set F](\?/Q) as

13/ Imz)*
FO/D = (pect, 17 Pr(12)Pa(1/Imz) < C/2 ﬁ}

which can also be written as
L3/2
s @ille)@a(1/1mz) < 1)

for some nice polynomials Q1 and Q2. Then, it is clear that for each z € F](\,g/Q)7 then it holds that

F](\?/Q):{ZGC+

(n” + |2*)? L
Hzlﬁzl IB(A)] <2/C oyt Hzlﬁzl le(A) < 37 Pr(lz) P2(1/Tmz)

for some nice polynomials P; and Ps. This completes the proof of Proposition [R1}

We conclude this section by the corollary:

Corollary 8.1 The mathematical expectation of the Stieltjes transform WlLTr(Q(z)) of the empirical eigenvalue
distribution of WW* can be written for z € CT as

1 L
|57 Q)] = 1) + 5 7 (35)
where 7(2) is holomorphic in CT and satisfies
- 1
< —_— .
7(2)] < P1(|Z|)P2(Im(z)) (8.6)
for each z € F](Vg/Q) defined by (83).
Proof. In order to establish (83]), we have to prove that
T EQE)) - 1) < PUDP i) 7
ML ? =T Gy M

for z € F](Vg/Q). E(Q(z)) — t(2)I can be written as
E(Q(2)) — t(z)Inr = A(2) + Iy @ R(2) — t(2) Inrp

Therefore, Proposition [5.1] implies that we have just to verify that

1

“Tr(R—tIp)

T < Pi(J2]) P2(

for z € F](\?/Q), a consequence of Proposition Bl
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9 Expansion of 7 Tr(E(QN(z))) — tn(2).

Notations and definitions used in section [@ In order to simplify the exposition of the results presented in this
section, we define the following simplified notations:

— Let (/BN)N21 be a sequence depending on N. A term ¢y (z) depending on N defined for z € ¢t will be said to
be a O(By) term if it exists 2 nice polynomials P; and P> such that

lpn (2)] < BnPi(]2]) P2(1/Imz)

for N large enough and for each z belonging to a set defined as F](\72 ), but possibly with other nice polynomials.

— Cn(z,u1,...,uy) will represent a generic term depending on N, z, and on indices u1,...,u € {—(L—1),...,L—
1}, and satisfying sup,,, ., ICN((z,u1,...,u;)| = O(1) in the sense of the above definition of operator O(.).
Very often, we will not mention the dependency of Cn(z,u1,...,u;) w.r.t. N and z, and use the notation
C(ul,. . .,uk).

— By a real distribution, we mean a real valued continuous (in an appropriate sense) linear form D defined on the
space CZ°(R) of all real valued compactly supported smooth functions defined on R. Such a distribution can of
course be extended to complex valued smooth functions defined on R by setting < D, ¢1 + ip2 >=< D, ¢d1 >
+i < D, ¢g > for ¢1, P2 € Ce°(R). We also recall that a compactly supported distribution D can be extended to
a continuous linear form to the space C;°(R) of all bounded smooth functions. In particular, < D, 1 > represents
< D, ¢ > where ¢ is any function of C2°(R) that is equal to 1 on the support of D.

From now on, we assume that L satisfies the condition

L =0O(N®), where o < 2 (9.1)
which implies that
L? L
2
uN 0, i.e. Vel —0 (9.2)

The goal of this section is to establish the following theorem.
Theorem 9.1 Under {@1), 11 Tr (E(Qn(2))) — tn(2) can be ezpanded as
1 L L3/? 03
E - = — B
ar T E@y () - () = 3 (35 )+ () 0.3

where Sy (z) coincides with the Stieltjes transform of a distribution Dy whose support is included into S](\?) =
[0%(1 — \Jen)?,0%(1 + /en)?] and which verifies < Dyn,1 >= 0, and where | (2)| < Pi(|2])Pa(125) when 2

belongs to a set F](V defined by

2
(2) _ +
Fy'={zec ' UN

(I2)Q2(1/Imz) < 1} (9-4)

for some nice polynomials Q1 and Q2.

As shown below in section [I0], (@3) provides the desired almost sure location of the eigenvalues of Wy W, In order
to establish (@3], we express 117 Tr (E(Qn(2))) — tn(2) as

ST (EQu(2) — in() = T TR AN() + T Tr (R(2) — b (2)T)

and study the 2 terms separately. We first establish that if (@] holds, then

2
1 L

—TrA .
AN = ex()+ (7 ) () 95)
where sy (z) is the Stieltjes transform of a distribution whose support is included in S](\?), and where

Irn(2)] < Pi(|2]) P2(1/Imz)

for some nice polynomials P; and P> and for z € F J(VQ ). Using Theorem [Z1], (@3] will follow easily from (@.1)).
The proof of (@1 is quite demanding. It needs to establish a number of intermediate results that are presented
in subsection [0.2] and used in subsection
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9.1 Useful results concerning the Stieltjes transforms of compactly supported distributions.

Before establishing ([@.3]), we need to recall some results concerning the Stieltjes transform of compactly supported
real distributions, and to establish that the so-called Hellfer-Sjostrand formula, valid for probability measures, can
be generalized to compactly supported distributions.

The following useful result was used in |29], Theorem 5.4 and Lemma 5.6 (see also Theorem 4.3 in |11]).

Lemma 9.1 If D is a real distribution with compact support Supp(D), its Stieltjes transform s(z) is defined for each
z € C — Supp(D) by

1
S(Z) =< D,E > .

Then, s is analytic on C — Supp(D) and verifies the following properties:
— (a) s(2) = 0 if |z|] = +o0
— It exists a compact K C R containing Supp(D) such that
— (b) s(2*) = (s(z))* for each z €C — K
— () It exists an integer ng and a constant C' such that for each z € C — K,

1
|s(z)| < C'Max (W 1) (9.6)

If ¢ is an element of CZ°(R), then the following inversion formula holds

1
= lim /qb()\) Im(s(A+iy))dA =< D, ¢ > (9.7)
T y4)0+
— Iflim, 4o [25(2)] = 0, then, it holds that

<D,1>=0 (9.8)
Conversely, if K is a compact subset of R, and if s(z) is a function analytic on C — K satisfying (a), (b), (c), then s(z)
is the Stieltjes transform of a compactly supported real distribution D such that Supp(D) C K. In this case, Supp(D)
is the set of singular points of s(z).

Remark 9.1 — We note that ([Q.6)) of course implies that

|s(z)] < C Max (# 1) <cC (1 + %) (9.9)

(Imz)mo Imz)no

for each z € C — R.

— We have chosen to present Lemma [9.]] as it is stated in [29]. However, we mention that (b) and (c) hold for each
compact subset K of R containing Supp(D). ng does not depend on the compact K and is related to the order of
D. However, the constant C' does depend on K. .

We now provide a useful example of such functions s(z).
Lemma 9.2 Ifp > 1, then function sy (z) defined by
1
(1 —anoen(ztn(z)in(2))2)"

for lan| <1 coincides with the Stieltjes transform of a real bounded distribution Dy whose support is included in Sy
for each integers ¢ > 0 and n > 0. Moreover, Dy satisfies (Q8) as soon as p > 2.

sn(2) = (tn (2))" (2in(2))1

Proof. It is clear that sy (2*) = (sy(2))* and that sy(z) — 0 if |z| — +o0o because p > 1 and that 2£(z) — —1.
We use Lemma [[T] to manage the term

1

(1 —aynoten(zty(2) EN(Z))Q)

n

and use that [ty (2)] < m for z € ¢ — Sy We also remark that

~ z
) =ew [ I ey )~ (1)
Sy N T
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or equivalently that
~ A
i) =en [ 52 e ) - 1
Sy N T

Therefore,
1

~ 1
< — ) < _—
[#in () < ¢ (1 + dist(z,SN)) < C max (1’ dist(z,SN))

for each z € C — Syy. Moreover, it holds that zs(z) — 0 if |z| — 400 as soon as p > 2.

We now briefly justify that the Hellfer-Sjostrand formula can be generalized to compactly supported distributions.
In order to introduce this formula, used in the context of large random matrices in |2], |3] and [26], we have to define
some notations. x is a function of Cg°(R) with support [—1,1], and which is equal to 1 in a neighborhood of 0. If
#(z) € C°(R), we denote by ¢y, the function of CZ°(R?, C) defined for z = = + iy by

- (iy)
o) = Y 0V (@) - x(w)

=0

Function d¢;, is the "derivative"

and is given by
Nk
91, (2) = ¢(k+1)(-’v)% (9.10)

in the neighborhood of 0 in which x(y) = 1. If s(z) is the Stieltjes transform of a probability measure y, s(z) verifies
|s(2)| < 2= on CT. Therefore, ([@I0) implies that if k > 1, then function 0@y (2) s(z) is well defined near the real
axis. The Hellfer-Sjéstrand allows to reconstruct [ ¢(\) du(\) as:

/ 6N du(3) = L Re < /C 0B4(2)5(2) dmdy) (9.11)

The following Lemma extends formula ([@.IT)) to real compactly supported distributions.

Lemma 9.3 We consider a compactly su}lported distribution D and s(z) is Stieljes transform. Then, if k is greater
than the index ng defined by (@9), then 8¢y (z) s(z) is well defined near the real azis, and

<D,¢>= %Re (/C+ 0¢y,(2) s(2) dmdy) (9.12)

Sketch of proof. It is clear that 9¢y(z)s(z) is well defined near the real axis. Therefore, the integral at the
righthandside of ([@I2]) exists. By linearity, it is sufficient to establish ([@JI2]) if D coincides with a derivative of a

Dirac distribution D = 6&’;) for p < ng — 1, ie. 5(z) = W Using the integration by parts formula and the
analyticity of s(z) on CT, we obtain that

%Re (/C+ 0 (2) s(2) dxdy) = lim % Re (fi/[R%C(x + ie)s(z + ie)dx)

< D, ¢ > is of course equal to
<D, ¢ >=(=1)F < 65,,0" >

As the Hellfer-Sjostrand formula is valid for measure d,, and that the Stieltjes transform of dy, is )\0% it holds that

® < limiRe(—i [ (2@ oL
<O @ > eh—%ﬂ'Re( Z/[R(¢ )k(x+ze)>\0_(x+i€)d:v

It is clear that ((b(P))k (z +i€) = %ak (z + i€). Therefore, the integration by parts leads to

— 1 — 1
<p>) )L gp = (—1)? :
/[R(¢ k(x—i—ze) o (a0 dr = (-1) /[R¢k(x+ze) Do = (@ £ ia)rHT dx
from which ([@I2) follows immediately.
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9.2 Some useful evaluations.

(@I7) and (52) imply that 577 Tr (A(2)) is given by
1 L—-1 1 o
2 M l T
ST (AE) =0y > E (T< (Q°) () 77 T (QWJAIIH W (I ® R)) )
ly=—(L—1)
In order to establish (@.3)), it is necessary to evaluate the righthandside of the above equation up to O( ﬁ)Q terms us-
ing the integration by parts formula. If we denote by x(?) (i1, 1) the term defined by (2 (11, 12) = E (T(M) (Q°)(11) ™M) (Q°) (lg)) ,
then, we establish in the following that

L—1
1 1 * xly
SETHAE) = (@%en)® Y wPub)E {mTr (QWJ%,HTW (IM ® o?RTy, 1 (HIY H)R))}

Iy, lo=—(L—1)
L—1
—(@%en)? Y. kP l)E [ﬁﬂ (QWJ?@HTJ%HTW*(IM ®R))}
I1,la=—(L—1)
olen = 1 i l i prT~rr* 2 #l
+o S E {mTr (Q(IM®JL)Q(IM®JL1)QWJNH W*(Iy @ o RTLVL(HJNlH)R)}
lyi=—(L—1)
olen = 1 i ! i oxT vl pxToxr*
Y [mﬁ (Q(IM ©3:)Q(Ly ® 31 QWINHT ILHTW* (I, ®R)}
ly,i=—(L—1)
L—1) .
+(o%en)® D E {T“V”(Q")(zl)T(”f)(Q")(zg) ﬁ"ﬁ (QWJ%HTW* (1M®02RTL,L(HJ>;V11H)R)) }
lila=—(L—1)

L—-1
—(%en)® Y E [T<M>(QO)(zl)AM)(Q")(zQ) ﬁﬂ (QWJ?@HTJ%HTW*(IM ®R))O} (9.13)
ly,la=—(L—1)
We evaluate in closed form the third and the fourth term of the righthandside of (3.I3)) up to (’)(ﬁ)z7 prove that
£ (u1,u2) = 3ty C(2,u1)d(ur +uz = 0) + O(W), and establish that the 2 last terms of ([II3) are O( &)
In Paragraph we calculate useful quantities similar to the third and the fourth term of the righthandside of
@13), and in Paragraph I2Z.2 we evaluate £(?) (u1,us).

9.2.1 Evaluation of the third and fourth terms of the righthandside of (913).

We first state 2 technical Lemmas.

Lemma 9.4 We consider uniformy bounded M L x M L matrices (CS)S=11___1T and A, and a uniformly bounded N x N
matrix G. Then, for each p > 2, it holds that

1 - so). 1
E <mTr(Hs=1QC ) ) = O(w) (9.14)
p
E [ﬁTr ((]‘[STZIQCS)WGW*A)O} = O(W) (9.15)

Proof. We just provide a sketch of proof. We first establish ([@I4]) and (@I5) by induction for even integers p = 2q.
For ¢ = 1, we use the Poincaré-Nash inequality, and for ¢ > 1, we take benefit of the identity

Ele|?? = |E(29)|* + Var(2?)
and of the Poincaré-Nash inequality. We obtain (@.14]) and ([@I5) for odd integers using the Schwartz inequality.

We now evaluate the expectation of normalized traces of matrices such as IT;_;QC?. Proposition is used in
the sequel in the case r = 2 and r = 3.
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Proposition 9.1 For each ML x ML deterministic uniformly bounded matrices (CS)S=11___1T+1 and A, it holds that

1 T S 1 T S T L
o (51 (mztac?) ) = (50 [0mmae) e me ] ) + ()
(9.16)
r L—1
+o2en ; -,_%:_1) 5 {ﬁﬁ ((H{ZSQCS)Q(IM ® Ji))} 5 {ﬁﬁ ((Uf;fQCS)QWJéVHTW*(IM ® R)c’”“)

and that

1

ML

E [ﬁrﬁ((H;:lQCS)QWGW*A)} =E (

T [12,QC° (I @ UQRTL,L(GTH))MD + O3 )+

T

L—-1
o2y Zl (Z )E [ﬁﬁ ((7i-.Qeh) Qi © JiL))} E {ﬁﬂ(ﬂfgﬁQCs)QWJﬁvHTW*(IM ® aQRTLL(GTH))A}
s=1i=—(L—1

T

L—1
— oy Z: DO [ﬁTr ((U{:SQCS)(Q(IM ®JiL))} B {ﬁTr ((Uf;fQCS)QWJévHTGW*Aﬂ
s=1i=—(L—1)
(9.17)

The proof of this result is similar to the proof of ([@I4]) and (£I6]), but is of course more tedious. To establish (@16
and (@I7), it is sufficient to evaluate matrix E {H§:1Q7527s QWGW*} using the integration by parts formula for

each multi-indices (lll, o l;) and (nll, e n;) A proof is provided in |23].

We now use Proposition to study the behaviour of certain useful terms. For this, it is first necessary to give
the following lemma. If A is a matrix, |||A|||cc is defined as

[[Alllo = sup Y Al
2 .
J

Lemma 9.5 We consider the (2L—1) x (2L—1) diagonal matriz D(z) = Diag(d(—(L—1),z),...,d(0),...,d(L—1,z)
where for each | € 7, d(l, z) is defined as

d(l,z) = oy (24(2) 1(2))* (1 = |UI/L)+ (1 = I|/N)+ (9.18)
We consider a (2L — 1) x (2L — 1) deterministic matriz T whose entries (¢ ;) —(L—1)<k,<L—1 depend on z, L, M, N

and satisfy
L 1

< P P: 1
|6k,l| = WUN 1(|Z|) Q(Im(z)) (9 9)
for some nice polynomials Py and Py for each z € Ct. Then, for each z belonging to a set Ex defined by
By = {2 € 0t Qi) @al ) < 1) (9-20)
N "MN Im(z) '

for some nice polynomials Q1,Q2, matriz (I— (D + X)) is invertible and for each L, M, N, and for each z € Ep, it
holds that

sup [[[ (1= (D+ 7)) oe < LS

S (Tm(z))? (0-21)

for some nice constants n and C.
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Proof. It is well known (see e.g. |20], Corollary 6.1.6 p. 390) that
p(D+T) <|[ID + Y[l

Therefore, we obtain that

oD+ ) < ez t(2) i) + o i) Po(

)

As olen|zt(2)E(2)?P <1 — C(Imiz for some nice constants C' and 7 (see Eq. [[.31])), we get that

(n?+1z])?
_C (Im(2))*
p(D+7T) <1 2 2+ |22)2
if z satisfies . A
(Im(2))* L? ; 1 C (Im(2))
G+ P~ N PR E) > 9 G ey

a condition that can be written as z € En for well chosen nice polynomials @)1, Q2. We note that a similar result
holds for p(|D| + |X'|) where for any matrix A, |A] is the matrix defined by (JAl); ; = |A|; ;. This implies that for
z € Ey, matrices I - D — Y and I — [D| — |7 are invertible, and that (I -D — ¥)~! = 7% (D + 7)™ and
(I-D|-7]) = :i%(|D| +|7[)". We note that for each k,, [ (D +X)"), ;| < ((|ID|+[Y])"); ;- Therefore,

(a-p-17),,

<(a-pi-mn),, (922)

We denote by 1 the 2L—1 dimensional vector with all components equal to 1, and by b the vectorb= (I — |D| —|Y]) 1
It is clear that for each I € {—(L —1),...,L — 1}, by is equal to

by =1—o'enlzt(2) €(z)]* (1= /L)L = [U/N) = D le il
k

c_(

which is greater than 3 m

if z € E. Therefore, for each [, for z € Fp, it holds that

1= a-ml- DL b > § s (Imz))° > -l

n2 + |2]2)2
which implies that

2 (n” +2°)?

@ = (DD ke < & ~Fmrye

(@21) follows immediately from ([@.22]).
We now introduce w(u1,uz,z) defined for —(L — 1) <w; < (L —1) fori = 1,2 by
1
w(ur,uz,2) = 7= Tr (QIa @ I QI @ J7)) (9.23)

and prove the following result.

Proposition 9.2 E(w(u1,u2,2)) can be expressed as
E (w(ui,u2,2)) =0(u1 +uz = 0)w(u1,2) + O(L (9.24)
) ) ) MN
for each z € Ey where E is defined by (@20) and where w(u1, z) is defined by

(1= ua|/L) %(2)
1—oten(2t(2) 1(2))2(1 = Jur|/L)(1 = |u1] /N)

w(ui,z) =
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Proof. We use (II6) for r = 1,C' = (Ips ®.]1£1),C2 = (Ip; ® J7?). Using that
£ (L Tr(QCH Iy ® R)C?) ) = — Tv ((1 ®R)CH(I ®R)CQ)) yo(-L
ML M ML M M MN

we obtain that
1 = 1
E(w(ui,u2)) = ETr(RJ%lRJz?) + oy Z E (MLTT(QWJNH W* (I ®RJ“2)) E(w(u1, ))Jr(’)( )
i=—(L—1)

(9.25)
For each u; fixed, this equation can be interpreted as a linear system whose unknowns are the

(E(W(UhUQ)))UZ=,(L,1)1”'7L71. (£I8) implies that

2
E (Lﬁ(QWJNH W* (I @ng?)) = %TYR’fLL(HJ H)RJIY + O(

ML MN)

Moreover, we check that, up to a O(ﬁ) term, matrices R and H can be replaced into the righthandside of the
above equation by ¢(z)IL and fzf(z)IL respectively. In other words,

E (ﬁTr(QWJévHTW*(IM ® RJZZ)) = o”(st(2) f(z))Q%Tr (7'LyL(J )J“Q) + O(MN)

L

= 6(i — u2) 0 (2t(2) 1(2))*(1 — Jual /L) (1 ~ u2l /N) + O35

We write R77, 1, (HJ H) RJ}? as
RTLL (HJ}‘\}'H) RJY = (R—tI)Tp. 1 (HJA}H) RI+
tTLL ((H + ztI)J}‘\}H) RJIY — 24T, | (J*NZ (H + 201 ) RJY 4
1(z0)>Tp 1 (J}‘\}') (R — t D)% 4 2 (20)°7p 1, (IR) IU2

The terms %Tr ((R —tDTr L (HJ}‘\} ) RJ?) and %Tr (7’L7L (J}K\}) (R - tI)J}‘f) are (’)(ﬁ) by Proposition [B11
We just study the term +7Tr (¢ 77, 1, ((H + 2¢1)J5¥H) RI%?) and omit +Tr (77,1 (I3 (H + 2iI)) RI}?) because it
can be handled similarly. We express H + 21 as

H+ 21 = 0'26N szT(M) (E(Q) —tI)

= ocn AHT") (E(Q) — Iy ® R) + 0cy s HTy 1, (R — t1)

Property (1) and Proposition Bimply that +Tr (¢ 7z, 1, ((H + 2(1)J¥H) RJ}?) is a O(5Fy )- We have thus shown
that for 4,us € —(L —1),...,L — 1, then, it holds that

1 ; , , L
o’cN E (mTr(QWJﬁvHTW*(IM ® RJzz)) = 08(i+uz = 0)d(i, 2) + O(5,%) (9.26)
Similarly, it holds that
%Tr (RIV'RIY) = t(2)? lT1~(J“1J“2) +0(57%
= 0(u1 +uz = 0) (¢(2))* (1 = |wr|/L) + O(MN

We denote by w(u1) the (2L — 1) dimension vector (w(u1,u2))u,=—(—1),...,L—1, and by F(u1) the vector such
that

F(w1)us = 8(ur +uz = 0) (¢(2))* (1 — [ua| /L)
The linear system ([@.23]) can be written as

E(w(u1)) = (D +7)E(w(u1)) +7(u1) + €
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where the elements of matrix ¥ and the components of vector € are O(ﬁ) terms. Matrices D and Y verify the
assumptions of Lemma [9.5l Therefore, it holds that

B(w(u)) = I-D-7)"" (F(w) +e)
when z belongs to a set En defined as in (@20). Writing matrix (I—- D — T)fl as
I-D-7)'=1-D)'+@1-D-7)'ra-bD)"
we obtain that
E(ww))=I-D) ' Fu)+I-D-7)"'"TY(I-D) ' F(u1) + I-D-7)""e
@21) implies that for each usz,

((1 _D-1)? e)m - 0(%)

Moreover, as vector 7(u1 ) has only 1 non zero component, it is clear that each component of vector " (I — D)f1 F(u1)
is a O(gk) term. Hence, (@21 leads to

(@-p-1)7'ra-p)~50w) = 0(37)

This establishes ([@.24). We notice that Lemma plays an important role in the above calculations. The control
of [||(X= (D] +[X)]) " ||loc allows in particular to show that E(w(u1,us)) = O(g&y) if ur + uz # 0, instead of

2 _ 2
O(4%y) in the absence of control on ||| (I— (|D| + (X)) "lloo. As Lemma [05] is a consequence of % — 0, this
discussion confirms the importance of condition (3.I]), and strongly suggests that it is a necessary condition to obtain
positive results.

It is also necessary to evaluate E(w(u1,u2,us,2)) where w(u1,ug,us, z) is defined by

w(ul,uQ,U3,z) =FE ﬁTI‘ (Q(I[\/[ ®J21)Q(IM ®J22)Q(IM ®st)) (927)

It holds that for z € E defined as in (Q.20])
Proposition 9.3 E(w(u1,us2,us,z)) can be expressed as

L

E(w(u1,u2,us,2)) = 6(ur + ug +usz = 0) w(u1,uz,2) + O(MN)

(9.28)
where W(u1,uz2, z) is given by

s FTHEEIRIN)) 4 o0 (24(2) ) (1~ fa /L) (1~ fual /L)1~ Jus + /L) eI T3 )
(0~ d(ur, 2)) (1~ d(u2.2)) (L d(es + 1,2))

(t(2))
(9.29)

Proof. The proof is somewhat similar to the proof of Proposition [.2] but it needs rather tedious calculations. We just
provide the main steps and omit the straightforward details. We use again (@.I6), but for r = 2, and C* = (I5; ®J7*)
for s = 1,2,3. We obtain immediately that

E(w(u1,u2,u3)) = ﬁE [Tr (Q(Iy ® J71)Q(In @ I RIT?))] + (9.30)

L—1
1 7 * u .
olex > E [m (Tr(QWJNHTW (IM®RJL3))} E(w(u1,uz,i))+
i=—(L—1)
= - L
o2en 3 1)mE [Tr (Q(IM®ng)QWJ§VHTW*(IM®RJg3))} B(w(uz,)) + O(51v)

(@30) can still be interpreted as a linear system whose unknown are the (E (w(ul,uQ,U3)))u3e{_(L_1) ...i—1}- The
matrix governing the system is the same matrix D + 7 as in the proof of Proposition (but for a different matrix
T'). In order to use the same arguments, it is sufficient to establish that

L

[Tr(Q(In ®I7HQIN @ IPRIT?))] = C(u1, u2,2)0(ur + uz +ug = 0) + O(MN

" ) (9.31)
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and
L-1 1 )
> ogE [Tr (Q(IM ® I QWINHTW* (I © RJ%“))} E(w(uz,i)) =
i=—(L—1)
L
C(u1,u2,2)0(ur +ug +ug =0) + O(W) (9.32)

To check (@31), we use (@IA) for r =1,C! =1, ® .]1L“,C2 =TIy ® J72RJI}3. This leads to

1 1
=5 [Tr (Q(Iy ® 3})Q(Iy @ TPRIP))] = £ Tr (RIP RIPRIP) +
L—1 I
o’ey Y E(w(uni)E [ML (Tr(QWJNHTW*(IM ®R2J22RJZ3))} +O0(51v)
i=—(L—1)

Up to a O(5ky) term, it is possible to replace R(z) by t(2)I into the first term of the righthandside of the above
equation. This leads to

1 51 L
3l *(ur+ L
= (t(z)) ZTI'J%IJ%QJL(UI u2)5(U1 + u + u3z = O) + O(m

Similarly, it is easy to check that

E {ﬁ( (QWIVHTW* (I, @ R JWRJ“S)):| C(u2,us, 2 )5(17u2+u3)+0(m

As E(w(u1,4,2)) = @(u1,2)0(i +ur = 0) + O(5Ey ), we get immediately that if uy +ua + ug # 0, then,

L—-1

2 1 R 2 L o
oPen > E(w(u,i)E [ML (ﬁ(QWJﬁVH W (I ©R JgQRJgs))} O )+L(’) <(MN) )
i=—(L—1)
(@31) follows from the observation that, as % — 0, then L(55&)* = Iv%jv T = 0( MN)
Finally, (132) holds because, using [@I7) for r = 1,C! = I, ® I, G = JVHT A =1y ® RJ7?, it can be
shown that
1 i L
— [Tr (Q(IM ® I QWINHT W* (1), ® RJZS))} = O(u1, us, 2) (i = uy + us) + O(~—=)
ML MN
As E(wa(i,u2,2)) = 8(i +uz = 0)W(uz, 2) + O3 ), % — 0 implies ([@.32).
The calculation of w(u1,ug,2) is omitted.
We now define and evaluate the following useful terms. If p > 1 and g > 1, for each integers ¢, u1,u2, l1,...,p,

k1, ..., kq belonging to {—(L — 1),...,L — 1}, we define

/prq(i7u17117 .. ~:lp7k317 ey kQ7u27Z)
as
1 ' i T Ui 34T xx % sk,
ST (Qy @ 3)Q(y @ 3P QWIVHT I7_ IRHTW” (Ly @ 11]_, (RT;, L(HIY"H)RI}) ) (9:33)
We also define 8p (4, u1,l1,. .., lp, uz, 2) as
T (QUy © 30)Q(Ly © 33 QWINET 17, (KT YW (1, © RI})) (9.34)

and Bo,q (%, u1, k1, ..., kq,u2,2) is defined similarly. We finally denote by (%, u1, uz, z) the term B 0(4, u1, uz, 2), i.e.

. 1 7 uy 7 * Uo
Bi,ur,uz, 2) = = Tr (Q(IM ©3%)Q(Ly ® I )QWINVHT W* (1) @ RIY )) (9.35)
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Proposition 9.4 For p > 0 and g > 0, it holds that

E(Bp.q(isut, i, lp k1, ... kg ug, 2)) = 6(us +ug = Zz —I—an)ﬁpqzul,ll,...,lp,kl,.. kq,z)+o(MN

(9.36)
where for each i,u1,l1,...,lp,k1,...,kq, function z — Bp’q(i?ul7 li,...,lp,k1,...,kq, 2) is the Stieljes transform of
a distribution D whose support is included into Sy and such that < D,1 >= 0. Moreover, if cy > 1, for each
i,l1, function z — E1,o(i:llz l1,2) is analytic in a neighbourhood of 0, while 0 is pole of multiplicity 1 of functions
z — 2B8(3,11,2) and z — 30,1(2}1172) where we denote Eoyo(i,ll,z) by B(i,11,2) in order to simplify the notations.
Finally, function s(i,l1,2) defined by

8(7;7 by, Z) = 70‘231,0(7;7 liyl, Z) + 0230,1 (Z7 Iyl Z) + (937)

ex () 470) (14N - /D)1 - /W) (1S B, )

is the Stieltjes transform of a distribution D whose support is included in S](\?) and verifying < D,1 >= 0.

Proof. In order to simplify the notations, we just establish the first part of the proposition when p = ¢ =0, i.e. for
the term B(i,u1,uz2,2) = Bo,0(é,u1,u2, z). Then, we check that

L

E (8(i,u1,u2,2)) = 8(u1 +uz = 0) B(i,u1, 2) + O(W) (9.38)

where ((i,u, z) is given by
5
B(i,u,z) = Z iU, 2)
with

o®t(2)" (2 1())*(1 — lil/N)  Te (I I IF I
1—4d(i,2) ’

Bl (ivuv Z) =
By (is,) = o e t(2) (1)) D6, u) (L — i+ ul/N) (1 /M) LT+,

- /. 7 /. 1 ) *7
By (i u, 2) = o' ent(2)*(21(2)) (i, u) 1)y < p o1 (1 - |U1|/L)NT1°(J}§/+1J7\}L N

Bali . 2) = o®ent(2) (= 1)) D) (1~ ul/N) (1 — Jil/N) 7 Tr(FLILIETT) +
o 10K1(2)* (21(2))*B(w)B(0) (1~ [il/N) (1~ [ul/N) 7 Tr(ILIEIEIT) -

o het(2)* (= (2)) BB (1~ il /N) - TR TN IN) LTI a7,

Bs(i,u,z) = o*ent(2)(2 f(z))‘q'w(u)lTr(J}F\%J]uVJFU) lTr(JiiJuﬂ.J*u)—l—
o Kt(2)* (= 1(2)) B)B(0) (1~ lil/N) ST INIRITY) TT(JLJU T+

0% cit(2)* (2 4(2)) 'B(1)o(w) (1~ |ul/L) 7 Tr(JNJ%/J?vJ}‘v“
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The proof is based on (@I7) for r = 2, with C! =1, ®JiL, C2 =1y I, G= Jﬁ'vHT, A =1, ® RI}?. It holds
that

. 1 Ul u2
B(8(i,ut,u2) = 577 [ (Q(IM®JL)Q(IM®J )y ® 0*RT, 1 (HIVH)RIY )}+
L—1
oPey Y E((iun,g)) o M [Tr (QWJJ H'W*(Iy; ® 0°R7T;, 1 (HIWH)RIY) )} +
j=—(L-1)
L—1 1
o > Ew(ud) p7E [Tr (Q(IM ® J)QWILH W (1), ® o’ RT,, L (HINH)RI2) )}
i=—(L-1)
L—1
oley Y E(w(isui, ) —E [Tr (QWJJ H I\ H W* (I,; ® RJ% )}
J=—(L-1)
L—1 . ' _ .
en Y. Ewund) 778 | Tr QU © I QWILHTIVH W (Ly 9 RIP?) )|
i=—(L-1)

Using (@.I6)), it is easy to check that

1 : i _ L
mE |:rI\I‘ (Q(I]\/[ ®JZL)Q(I]\/I ® J’Zl)(lj\/j ® O'QRTL,L(HJ]\}H)RJ’Z2))i| = 6(’“1 +ug = 0) C(’L,th) + O(W
E [Tr (QWJfVHTW Iy ® aQREL(HJﬁH)RJ?))] = 8(j = up — §)C(i, uz,2) + O(770);
L e[ (QWI, BT IV HT W (I @ RI®) )| = 6(j = uz — )C(i,uz, 2) + O(=2),
ML MN
—E [Tr (Q(IM ©J)QWILHTW* (I ® aQRTL,L(HJA}H)RJ?))} = 3(j = u2)Ci,uz, 2) + O(570);
ﬁE [Tr (Q(IM ®J3)QWIL HT IVHT W (1), ® RJ%Q))} = 6(j = u2)C(d,uz, 2) + o(ﬁ)

Proposition and Proposition immediately imply that E(8(i,u1,u2)) can be written as (@38]). We omit the
proof of the expression of 3(3, u, z). Moreover, Lemma[@.2limplies that function z — (i, u, 2) is the Stieltjes transform
of a distribution D whose support is included in Sy and which verifies < D,1 >= 0.

We now establish the second part of the proposition, and assume that ¢y > 1. In this case, 0 is pole of multiplicity
1 of t(z) and f(z) is analytic at 0. It is easy to check that for each j = 1,...,5, 0 is pole with multiplicity 1 of function
z — zf;(i,11, 2), and thus of function z — 2 8(i, 11, 2). As for function z — B4 1 (4, 11,11, 2), it can be shown that

Bo,l(i7 i, 2) =02 (1= |l1|/N) t(2) (28(2))?*B(i, 11, 2) (9.39)

from which we deduce immediately that O is pole with multiplicity 1 of BOJ(Z’, l1,11, z). The analytic expression of
BLO(Z’, l1,11,2) (not provided) allows to conclude immediately that 0 may be pole with multiplicity 1, but it can be
checked that the corresponding residue vanishes. Therefore, function z — Bl,O(i7 l1,11, 2) appears to be analytic in a
nel%hbourhood of 0, and thus coincides with the Stieltjes transform of a distribution whose support is included into

In order to complete the proof of the proposition, it remains to check that function z — (4,11, 2) is analytic in
a nelghbourhood of 0. As 0 is pole of 25(i, 11, z) and 30,1(2’, l1,11,7) with multiplicity 1, it is sufficient to verify that

;ig})z Bo1(isli, 11, 2) + oten (zt(z)f(z))2 2t(z2) (1 + azt(2)i(z)(1 = |l1|/L)(1 — |ll|/N)) (% B(i, 11, z))} =0

This property follows immediately from ([@.39)).
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9.2.2 Evaluation of n(z)(ll, l2).

The treatment of the terms ff(Q)(ll7 l2) appears to be difficult, and also needs a sharp evaluation for each r of the
term of k(") (u1,...,ur) defined for u,...,ur € {—(L —1),...,L —1} by

K(T)(ul,...,ur):E( T Q) (us )) (9.40)

Lemma [04] and the Holder inequality immediately lead to £ (u1,. .., ur) = O(W)’ but this evaluation is not

optimal, and has to be refined, in particular if » = 2. More precisely, the following result holds.

Proposition 9.5 If z belongs to a set En defined as in (320), then, for r = 2, it holds that

k@ (w1, uz) = LC(Z ) 6 + 2 = 0) + O( L

) (9.41)

More generally, if r > 2, and if (u1,us2,...,ur) are integers such that —(L — 1) <wu; < (L —1) fori=1,...,7 for
which uy, + u; 7 0 for each k,l, k # 1, then, it holds that

r) S o — 9.42
£ (u, . ur) TN ((MN)T/Q) (9.42)
The proof of this result is quite intricate. The goal of paragraph is to establish Proposition
In order to evaluate H(T)(uh ...,ur), we state the following result. It can be proved by calculating, for each
integers (l1,1l1,m1,M1,...,lr, Ly, nr, 0, ), matrix

{ 1(Q° )"S’" QWGW }

by the integration by parts formula. This calculation is provided in |23].

Proposition 9.6 We consider integers (u1,ug, ..., ur), (vi,v2,...,vr) such that —(L—1) < u; < (L-1), —(L-1) <
v <(L—1) fori=1,...,r. Then, it holds that

5 [mm 700 (@) ()] = -5 [Z! 7 M0(Q7) (ws)| 7T (AL ©35)) +

L—-1

oley Y. E (H; llT(]M)(QO)(us)T(M)(Qo)(ll)) E {ﬁﬁ (QWJ%HTW*(IMQ@RJ%T))} +
L=—(L-1)
L—-1 1 o
soy 3w (M@ ) @) ) [mTr (Qwakw* & ray)] ) +
:—(L—l)

r—1 r—1
MLN Z Z E |:Ht#517n T(M)(Qo)(ut)} E(B(i,us, ur))+ MLN Z Z E |:Ht¢57T T(M)(QO)(Ut) ﬂ(i7US7u’l‘)(0):|

s=1i=—(L—1) s=1i=—(L—1)
(9.43)
and that
E [ T 7D (Q0) (uy) <LH(QWGW A)) } — (o1, o) (G, A) +
L—1
oley Y E |:H§:1T(I\/[)(Qo)(vs)T(I\/[)(QO)(ZQ) ﬁTr (QWJIAZ,HTW* (IM ®02R717L(GTH)) A)} _
lo=—(L—1)
L—1
o >0 B[ (Q) ) 100 W) 5T (QWIGHT 6w AT) |+
la=—(L—1)
2 o 1 7 v 7 *
WIN s<r \;L_lE [H#s Q) g (Q(IM ®JIL)Q(y ® I} ) QWINH'W (IM ®02RTL,L(GTH)) A)}
2 . .
- MULN Z E |:Ht;£s T(]\/I)(QO)(UIE) ﬁTT (Q(I[\/] ® JlL)Q(I]\/I ® JzS)QWngHTGW*A)} (9.44)

s<m|i|<L-1
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where we recall that B(i,us,ur) is defined by (2.33) and where €(G, A) is defined by

1 * *
«(G,A) = o%cyE (m ( w7 (Q) T HT (GW A-W (IM ® aQRTL,L(GTH)) A)))
In order to evaluate (") (u1,...,ur—1,ur), we interpret (@.43) as a linear system whose unknowns are the
(H(T)(ul, e Up—1, ur))uT:_(L_l),___L_l, the integers (us)s=1,...,r—1 being considered as fixed.

Structure of the linear system. We now precise the structure of this linear system. We denote by

k() = (n(r)(ul, c sy Up—1,Ur))y,=—(L—1),...,L—1 the corresponding 2L — 1-dimensional vector. We remark that the
second term of the righthandside of ([@43]) coincides with component u, of the action of vector %" on the matrix
whose entry (ur,l1) is

o2eN E {ﬁﬂ (QWJllHTW (Ins ®RJ“T))}

This matrix appears to be close from a diagonal matrix because

L

1 )
o2eN E {mTr (QWJl]\l,HTW (Lns ®RJ%))} = 3( + ur = 0) d(ur, 2) + O(Fv)

(see (@.20)). We now study the fourth and the fifth term of the righthandside of (@.43]). We introduce y1 v, and y2, v,
defined by

r—1
o = o= > S @) [0 70 (Q7) ()]
s=1j=—(L—1)
and )
ym:MLNZl %Z )E[H#S,MMNQ")(W)ﬁ(i,u&ur)"} (9.45)
S 1=— 1

and denote by y1 and y2 the corresponding 2L — 1-dimensional related vectors. We first evaluate the behaviour of y;.
(@38) and the rough evaluation E |:Ht;£(s,7‘) T(M)(QO)(ut)} = O(W) based on Lemma [0.4] and the Holder

inequality imply that vector y1 can be written as

y1=yl+z (9.46)

where all the components of z; are M N ) terms, or equivalently \/70(

O( (MN)T/2 (]\/IN)(T-H)/Z) - 0( (]\/IN)(T-H)/Z)

and where y] is defined by

0_2

r—1
yT,uT = W L Z Z ,B(Z us) 5(U5 =+ ur = O) K(Tig) ((ut)t#(syr)) (947)

s=1i=—(L—-1)

so that
yiur =0if up # —us foreach s=1,...,r—1 (9.48)
Hence, ([@470.48) imply that
1 o 1
iyttt OER O D) e e

Y1,u. = O( (9.49)
We note that if r = 3, y1,u, = 0 for each us because for each s = 1,2, the term E [Ht#s’g) (M) (QO)(ut)} is identically

zero. Therefore, for r = 3, it holds that y] = 0.
As for y2, we notice that Lemma [0.4] and the Holder inequality lead to

1

AN 7) (9.50)

Y2,u, = O(

We remark that if r = 2, then y2 ,, = 0 for each u because the term IT; 4 , M) (Q°)(us) disappears, and that Y2,u
represents the mathematical expectation of a zero mean term.
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In order to evaluate the third term of the righthandside of (3.43), we define Z(ur,{1) by
#(ur, 1) = E (ng;HM)(Q")(us) 7M(Q°)(1h) {ﬁﬁ (QWJl]\l,HTW*(IM ®RJ1£T))} ) , (9.51)

and Z(ur) by

L—-1

Fur)= > @(ur,lh) (9.52)

li=—(L—1)

In order to have a better understanding of Z(u.), we expand Z(ur, 1) for each I using ([@44). We define (v1, ..., vr)
by vs = us for s < r—1 and v, = Iy, while G and A represent the matrices G = Jl]\erT, and A = (I ®RJ%T). We
denote by (s;(ur,l1))i=1,...,5 the i-th term of the righthandside of (@44), and denote by (s;(ur))i=1,... 5 the term

L—-1
Si(ur) = Z Si(uhll)

ly=—(L—1)

and by s; vector s; = (8;(ur))u,=—(L—1),...L—1- Vector s1 plays a particular role because s1(ur,l1) is equal to
L
s1(ur, 1) = £ (ur, w1, 1) eBSHT T RIY) = 6 (un, . ur—1, 1) 031w

We remark that vector s1 coincides with the action of vector (") on matrix (e(Jé\lf7 I® RJ%T)) .
—(L—=1)<up,l1 <(L-1)

We define by x(ur,l1) and z(u,) the terms

5 L—-1
z(ur,l1) = Zsi(ur,h% z(ur) = Z x(ur,l1) (9.53)
i—2 lLi=—(L—1)

and vector x represents the 2L — 1-dimensional vector (z(ur))y, =—(1—1),....L—1-
We finally consider the first term of the righthandside of (@43)), and denote by € the 2L — 1-dimensional vector
whose components (€u,. )y, ——(1—1),..,L—1 are given by

u, = —5 [I2E 70D (Q7) ()] 71 Tr (AlLy ©93))

We notice that if r = 2, vector € is reduced to 0.
This discussion and (@.26]) imply that ([@.43]) can be written as
() = (D+7) w( +yi,« +2z1+y2 +e+020Nx (9.54)

where we recall that D represents the diagonal matrix D = Diag(d(—(L — 1), 2),...,d((L — 1),2)) and where the
entries of matrix 1 are defined by

T 1, =0’eNE [mT‘r (QWJ%HTW*(IM ® RJ%T))} ~ Dy, 4, + 0 en e(IVHT, Iy @ RIYT))

It is clear the each entry of ¥ is a (’)(ﬁ) term.
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Overview of the proof of Proposition[d.3. We now present unformally the various steps of the proof of Proposition
@3] and concentrate on the proof of Eq. (@42) in order to simplify the presentation. The particular case r = 2 is
however briefly considered at the end of the overview, but it is of course detailed in the course of the proof.

First step: inversion of the linear system (9.54]). Lemma [0.5] implies that if z belongs to a set E defined
as (@20), matrix (I — D — ) is invertible. Therefore, vector k(™ can be written as

& = (I-D- T)_1 (yL* +z1+y2te +020N x)

Using ([@21) and the properties of the components of vectors z1,y2 and €, we obtain easily that

o S 1 )
v T—d(ur,2) Y T NN (MN) D2

((I -D- r)*lyl,*)

_1 o 1
((I—D—T) YQ)UT 70((MN)(T+1)/2)7
and that
& (u,y ) — ;y’{ < eV (u, . ues))] O(L)—I—C sup|x(u)|+(9(;) (9.55)
s 5 1fd(ur,z) SUp | 5 s Ur MN u (MN)(T+1)/2

If multi-index (u1,...,ur) satisfies uy +u; # 0 for k # [, then yi , = 0 (see Eq. ([@48)). Therefore, in order to
establish ([@.42)), it is necessary to evaluate sup,, |z(u)|.

Second step: evaluation of sup,, |z(u)|. In order to evaluate sup,, |z(u)|, we express z(ur,l1) as z(ur,l1) =
Z§=2 si(ur,l1) (see Eq. ([153)), and study each term s;(ur) = > s;i(ur,l1) for i =2,3,4,5. sa(ur) and s5(ur) can
be written as £V (u1, ..., ur—1)O(5E )3(ur = 0) + 0 (m
complicated structure. We just address s3(ur) because the behaviour of s2(ur) is similar. s3(ur,l1) can be written
as s3(ur,l1) = >, s3(ur,l1,12) where

). The terms s2(ur) and s3(ur) have a more

s .12) = —atene | 11 O0(@7) ()7 (@) 17 (@) 1) 5 T (QWIHT IR HTW (1 R )|
We define 53 (ur, I, 12) and &5 (ur, 11,12) by
S3(ur, 1, 12) = —o2ene " T (u, . ur_1, 11, 12) E {ﬁﬂ (QWJ%,HTJ%HTW*(I ® RJ%T))} (9.56)

and

75 (up, 11, 12) =

— 1 o
— ey |21 (Q7) ()7 (@) (1) T (Q°) 1) 777 T (QWJ@@HTJ?VHTW*(MRJZT)) } (9.57)
Then, it holds that
sg(ur,l1,12) = 33(ur,l1,12) + igl)(um l1,12)

and obtain that sg(ur) = Eg(uT)qLaNcgl) (ur) where 53(u,) and igl) (ur) are defined as the sum over l1, I3 of 53(ur, l1,12)
and fzél)(um l1,12). Similarly, s2(ur) can be expressed as s2(ur) = 52(ur) + igl)(ur) where 52 (ur) and fzgl)(ur) are
defined in the same way than 53(u,) and :Egl)(ur). The behaviour of (5;(ur))j=2,3 is easy to analyse because it can
be shown that

L
Ej(ur) = ZCj(uT’ ll)H(TJrl)(ul, ey U1, 1, U — l1) + Z H(T+1)(U1, e Up—1, 11, ZQ)O(W)
Iy

l1,l2
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Therefore, ([@55) implies that

L

(r) 1
o MN

*
ulw‘w“’!‘) 1_d(uT7z)Y1,ur

L
C supZ|/{(T+ )(ul urfl,ll,U7ll)| —+ Z |I€(T+1)(U1,...,urfl,l1,lg)|0(m) +

< KTV (ur, o ue1)| O(—=) +

15 l1,l2
~(1) 1
sup & (u) + O(i(MN)(TJrl)M) (9.58)
where #(!) (u) is the positive term defined by
#0(w) = 7" ()] + 125" ()
Therefore, if ur 4+ us # 0 for s =1,...,7 — 1, then, y7 , = 0 and it holds that
7w, ur ))<|K(T Yo, . 1)|O( )Jr
L
C supz |I€(T+1)(U1 , Ur—1, ll, u — ll)| —+ Z |I€(T+1)(ul7 e, Ur—1, l1, 12)|0(m) +
A l1,l2
=(1) L
sup & (u) + O( (MN)(T+1)/2) (9.59)

In order to manage sup, &%) (u), we expand i;l)(u, l1,12) using [@44) when r is exchanged by r 4+ 1. In the same
way than Z(u) defined by ([@.52)), it holds that

5
(1) 0
#w) =)_ 50 (w)
=1

where the terms (sﬁlz)(u))1:15 are defined in the same way than (s;(u))i=1,. 5. We define iﬁ)(u) for i = 2,3 by
the fact that

1 _(1 2

i) =300 () + ) (w)

We define (2 (u) as the positive term given by

W= Y W)

(4,3)=(2,3)

The terms 505»22 (u) can be developed similarly, and pursuing the iterative process, we are able to define for each ¢ > 3
the positive terms #(%) (u) which are the analogs of #(")(u) and #(*)(u). In order to characterize the behaviour of

sup,, ©M (u), we express 21 (u) as

-1

P
() = 3 (gq)(u) _ g~c<q+1>(u)) + 70 (w)
g=1
where the choice of p depends on the context. The term (P (u) is easy to control because the Holder inequality leads
+1
- - P () = (—L_\"
immediately to £\ (u) = (\/W) O(

Moreover, it is shown that

é)
(MN)r/2/°

i(q)(u)f"i(q""l)(u) < Z |n(r+Q)(u1,...,uT,1,li,i: 1,...,q—|—1)|(9( ) +
liyi=1,....q+1
q+1

c Y |n(r+q+1)(u1,.“7ur_1,lz-,i:17“47q+17u—2li)|+
lii=1,...,q+1 i

S T i = 1 q 4 2) O ) o
li,i=1,...,q+2

1
VGELE ) (9.60)
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This allows to evaluate Zg;i (i(Q)(u) - i(q+1)(u)) in the course of the proof.
Third step: establishing ([@.42]). ([@.59) suggests that the rough evaluation /{(T)(ul, Ceur) = O(W)
can be improved when uy 4 u; # 0 for k # [. The first term of the righthandside of (@.59]) can also be written as

L 1
VMN vVvMN

)H(T_l)(uh ey Up—1)

Even if we evaluate k("™ (uy,...,up—1) as O(
L

m), it is clear the first term of the righthandside of (3.59)

. . 1 . .
— is thus obtained w.r.t. the rate O(W) One may imagine

L 1
appears as a WO(W) A factor
that using the information that w; +u; # 0 for 1 < 4,5 < r — 1,4 # j, should allow to improve the above rough
evaluation of H(T_l)(ul7 ...,ur—1), and thus the evaluation of the first term of the righthandside of (@59]). A similar
phenomenon is observed for the second term and the third terms of the righthandside of ([@.59). We just consider

the second term. If each term K(T+1)(U1, voyUr—1,l1,u — l1) is roughly evaluated as O(m), taking into
L

account the sum over l1, the second term of the righthandside of (@59) is decreased by a factor TN w.r.t. the

rough evaluation O(W)
In order to formalize the above discussion, it seems reasonable to be able to prove (@42]) from (@359) using
induction technics. However, this needs some care because | (u1,...,ur)| is controlled by |&" ™ (u1,. .., ur—1)]

and by similar terms of orders greater than r. In order to establish ([@42]), it is proved in Proposition @10 that if
(u1,...,ur) satisfy ug +us # 0 for 1 <¢,s <r and t # s, then, for each ¢ > 1, for each r > 2, it holds that

r—1+q
£ (u ur) =max | [ — ! L
(17"'7 T) ((\/W) 7\/m) O((MN)T/Q) (9'61)

)r—1+q

This leads immediately to ([@42) because, as L = O(N®) with a < 2/3, it exists ¢ for which (ﬁ
o (ﬁ) In order to establish ([@.61]), we first show in Proposition that for each r > 2 and each integer
1 <p<r—1,if integers u1,...,ur € {—(L —1),...,L — 1} satisfy
ur+us #0s=1,...;,r—1
Ur—1+us #0s=1,...,r—2
. . . (9.62)
Ur—pt1+us #0s=1,...,7r—p

then, it holds that

KT(u174“7uT)maX<<\/%>p,\/%) O(W) (9.63)

Using (@.59) as well as the above evaluation of sup,, :E(l)(u), we prove Proposition by induction on r: we verify
that it holds for r = 2, assume that it holds until integer r9 — 1, and establish it is true for integer r¢. For this, we
prove that for each r > rg and for each multi-index (u1, ..., ur) satisfying (@62) for p < ro — 1, then ([@63]) holds.
This is established by induction on integer p in Lemma [0.6]

We note that ([@.63) used for integer p = r — 1 coincides with (Q.61]) for ¢ = 0. (@61 is established for each integer
g by induction on integer ¢. It is first established by induction on r that (@6I)) holds for each r for ¢ = 1. Then,
(@E6T) is assumed to hold for each r until integer ¢ — 1, and we prove by induction on 7 that it holds for integer g.
For this, it appears necessary to evaluate

Z )“(T—H)(Ulv e Ur—1,11, 7l1)
Iy

where w1, ..., ur—1 verify up +u; # 0 for each k,1 € 1,2,...,7r — 1 (see Lemma [0.7]). This expression corresponds to
the second term of the righthandside of (@.59) for v = 0.

Fourth step: establishing (9.41]). For r = 2, the term O(m) at the righhandside of (@.58)) is replaced
by a O(W) term because vector y2 whose components are defined by (@45]) is identically 0. Moreover, the first
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term at the righthandside of (@.58]) vanishes. Using ([@.42)), it is easy to prove that the third term of the righthandside
of @53 is o (W) (@41) follows in turn from the evaluation

IZ‘“@(“hllv—ll) :O(ﬁ)

which is proved in Lemma [9.8]

Proof of Proposition [2.3. We now complete the proof of Proposition In order to evaluate H(T)(ul, CeUr), We
use ([@54) and Lemma [0.5] We write that

() = (I-D- T)_1 (yL* +z1+y2te +020N x)

We first evaluate each component of the first 3 terms of the righthandside of the above equation. Vector (I — D —
) !y1,. can also be written as

I-D-7)"'y1.=0-D) 'y1.+I-D-7)"'"T(I-D) 'y1.

As vector yi1,x has at most » — 1 non zero components which are O(W) terms and that the entries of 1

are O(gky) terms, the entries of vector (I — D) 'y . are \/]@_NO((MN)}T+1)/2) = O(W) terms. (@21

implies that the entries of (I—D —7) T (I-D) 'y . are \/]@_NO( (MN)%TH)/Z) terms as well. Therefore, it holds
that 1 I 1

I-D-7)"yi.) =i 0

(( )y, up 1 —d(ur,2) Yiue VMN ((MN)(T+1)/2)
and that this term is reduced to a \/ﬁO( (MN)}TH)/Q) if ur does not belong to {—u1, ..., —ur—1}. (@2ZI) implies
that I 1
-1 o
((I D-7T) Zl)uT = /—MNO((MN)(T+1)/2)
and that L
I-D-7)! ) | G —
( 'v2), = Ol

for r > 3, while this term is zero for r = 2 because y2 = 0 in this case. If u, does not belong to {—wu1,..., —ur—1}, the
contributions of the above 3 terms to £ (u1, ..., ur) are at most O(m) terms, which corresponds to what
is expected because we recall that the goal of the subsection is to establish that A(T)(ul, ceUp) = O(m)

if ug +uy # 0 for k # 1 (see (@42). Finally, (9:21)) implies that

_ _ L
((I—D—T) 16)% = k0D (1) O (9.64)
and that
sup ‘ ((I -D-1)" x) ) < C sup |z (u)| (9.65)
u u u
Therefore, it holds that
&7 (u, ) — ;y’{ < eV (u, . ues)] O(L)—I—C sup |z(u)| + O(————+) (9.66)
5 B lfd(ur,z) Uy | B ) MN ” (MN)(T+1)/2
where we recall that yi,_ = 0 if ur does not belong to {—wu1,..., —ur—1}. We note that if r = 2, (L66) can be
written as
5 (w1, u2) — ¥ 0, | < O sup 2(w)] + O~y (9.67)
’ 1—d(ug,2)” "~ 4 (MN)2

because y2 = € = 0.

In order to establish (@42)), it is necessary to study the behaviour of sup,, |z(u)|. We express z(u,) as z(u,) =

Zi;l_(L_l) z(ur, 1) and evaluate the 4 terms s; (ur) = Zi;l_(L_l) si(ur, 1) for i = 2,3,4,5. We just study s; (ur)
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for i = 3 and ¢ = 5 because sa(ur) (resp. s4(ur)) has essentially the same behaviour than sz(ur) (resp. ss(ur)).

s3(ur,l1) is given by
L—1

sz(ur,l1) = Z s3(ur,l1,12)

la=—(L—1)

where

s3(ur,l1,l2) = —o enE |ITZ] (IV[)(QO)(US)T(I\/[)(QO)(ll)T(M)(QO)(ZQ)ﬁTI‘ (QWJIAZ,HTJIA}HTW*(I@RJZT))}
We define 3 (ur, [1,12) and 25" (ur, 11, 12) by
S3(ur, l1,12) = —o2ene " (u, . ur_1, 11, 12) E {ﬁ’ﬁ (QWJ%HTJ%HTW*(IQ@RJ%))} (9.68)

and

Y (ury 11, 12) =

— oZenE H;";llT(M)(QO)(US)T(M)(QO)(Zl)T(M)(QO)(ZQ)ﬁTr (QWJ@@HTJ?VHTW*(I ® RJZT)) } (9.69)

Then, it holds that

s3(ur, 11, 12) = 53 (ur, 11, l2) 4+ 25 (ur, 11, 12)

e )(ur) as S3(ur, 1) = > B3(ur,l1,12), 53(ur) = 33, 53(ur, 1),
5031)(ur,l1) =3 %gl)(umll, l2) and Zg )(u )= x3 (umll) It is easy to check that

We also define 53(ur, l1), S3(ur), :v3 (ur, l1) and T

1 Ly p37T vl pyT ar* . L
B——Tr (QWJ]\Q,H JLHTW* (1o RIY )) = Clur,10)3(ls = ur = 1) + O(775

Therefore, 53(ur) is equal to

L

53(u7«) = ZC(uT7l1)K(T+1)(U17 e U1, 1, U — ll) + Z ,‘ﬁ(r+1)(ul7 .. 47u7«_1,ll7l2)0(MN)

l1,l2

We now evaluate s5(ur). For this, we recall that we denote 81,0(7, us, 1, ur) the term
Br.0(i, us, b ur) = = Tr (Q(IM ©3%)Q(Ly ® I )QWINHT L HTW* (1), ® RJ%T))

We notice that
ss(ur,11) = s5,1(ur,l1) + s5,2(ur, 11)

where
r—1
55,1 (ur, 1) = MLNZ Z 8 [ (o) 70(Q) ) 0@ (1) ) B0y s, )|
s=1i=—(L—1)

and

2
s5,2(ur,l1) = *ﬁ Z E [Htgrﬂ T(M)(QO)(Ut)51,0(1'711,117%)}
i=—(L—1)

We first evaluate s5.1(ur) =37, 5,1(ur,l1). We express B1,0(i, us,l1,ur) as

B1,0(3, us, I, ur) = E (B1,0(3, us, 11, ur)) + B1,0(i, us, l1,ur)°

and notice that ss 1(ur,l1) = 55,1 (ur,l1) + 85,1 (ur,l1) where

55,1(’“7"711) MLN Z ZK )((ut t;é(s r)7l1)E(ﬂ1 O(Z uévlhuT))

i=—(L—1)s=1
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and
r—1

L—-1
Z Z E [Ht#s,r T(M)(Qo)(ut) T(]M)(Qo)(ll)51,0(i7u57l17u7")0}

s=1i=—(L—1)

2
S5,1(ur, 1) = _MULN

It is clear that §51(ur,l1) = O(m) which implies that

1

- L 1
lzs"”l(““ll) = Gz = ez (9:70)
1
Proposition implies that
. - . L
E (61,0(17 us, l1, UT)) = 51,0(%“5; ll)d(ll =ur + Us) + O(W) (9.71)

Using the rough evaluation lﬁ:(ril)(('u,t)t;és,,r, ) =0( , we get immediately that

G o7)
(MN)(r=1)72

— _ 1
55,1(ur) = lzss,l(umll) = O(m) (9.72)
1
We finally notice that if 7 = 2, 55,1 (ur) is reduced to 0.
We define §5 2(ur,!1) and 35 2(ur, 1) in the same way, and obtain easily that
- L 1 1
2_ssalunh) = =0l = A amyeron) (9.73)

Uy

The behaviour of )7, 352(ur, 1) is however different from the behaviour of 37, 351 (ur,l1) if ur = 0. Indeed,
. - . L
£ (Bro(i. b b)) = B i1, 1)8(ur = 0) + O

It is easy to check that the contribution of the O( &y ) terms to >, 85,2(ur,l1)isao (m) term. Therefore,

L—1
1 — 1 _ 1
Soa(ur) = Y Talun ) =3 [+ Y Fuglihh) | oo s 1>(u1wu7ur_1)a<uT:0)+o(7)

r+1)/2
Iy 15 i=—(L—1) (MN)( )

= H(T_l)(ul, v 7U7‘—1) O(ﬁ) (5(u7« = 0) +o (m) (9‘74)

As above, 552(ur) is reduced to 0 if r = 2.

The reader may check that the terms s2(ur) = Sa(ur) + iél)(ur) and s4(ur) have exactly the same behaviour

than s3(ur) and s5(ur). For the reader’s convenience, we mention that :E(Ql)(ur) is defined as

259 (ur) = 3 2 (ur, 1, 1o)

ly,l2
where :Egl)(ur, l1,12) is the term given by

o2en® [I2E 7 (Q7) ()™ (Q°) (1) M)(Q7) (1) 117 T (QWJ%HTW*(I®02RTL,L(HJ?\§1H)RJ?))O:|

(9.75)
In sum, we have proved the following useful result.
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Proposition 9.7 Ifr > 2, for each ur, it holds that

L
x(ur) = Z C’(ur, ll)K(T+1)(U1, e Up—1, 1, U — ll) + Z /s(T'H)(ul, ey Up—1, 11, ZQ)O(W) (976)
1y l1,l2

(r—1) L _ ~(1) ~(1) 1
0 1) O 8 = 0) 34 () + 5 () + O tzrs)
while if r = 2,
L
w(ug) =D Clug,1)s® (ur, by, us — 1) + Y n(3>(u1,11,12)(9(—MN (9.77)
A 1,02
- - L
+2) (uz) + 751 (uz) + O(i(MN)Q) (9.78)
[@66) thus leads to the Proposition:
Proposition 9.8 For r > 2, it holds that
*
(r) _ Y1u, < [p(r=1) L
T (ugy e, ur) T=dw. )| < |k (u1, .. ur—1)| (’)(—MN) +
L
C supz |I'€(T+1)(u17 ey Up—1, ll, u — l1)| + Z |,‘$(T—H)(u17 ey Up—1, ll, lQ)lO(W) +
“ l1 l11l2
- (1) - (1) 1
Slip|$2 ()] +Slip|x3 (w)] +O( (MN)(TJFU/Q) (9.79)
while for r = 2,
yT,UQ

H(Q)(uh ug) —

< Csu n(?’)u,l,ufl +
< upZI (u1, 1y 1)l

1 —d(ue, z) ;
1

N i) o+ sulit )+ o
lllezm (1,1, 2)|O(577) + sup a7 ()] + sup |7 ()| + O 7553) - (980

We now establish Proposition introduced into the overview of the proof of Proposition

Proposition 9.9 For each r > 2 and for each integer p, 1 <p <r—1, if integers ui,...,ur € {—(L—1),...,L—1}
satisfy

ur+us F0s=1,...,r—1

Ur—1+us #0s=1,...,r—2

(9.81)
Ur—pt1+us #0s=1,...,7r—p
then, it holds that
K (U1, ... u ):max<< L )p ;) O(é) (9.82)
e VMN ) 'VMN (MN)r/2

We prove the proposition by induction on r. We first check (@.82)) if » = 2. In this case, the integer p is necessarily equal
to 1 and (@8I) reduces to uy + uz # 0. We use (&80). Using the rough evaluations £ (v1,v2,v3) = O(W)

and sup,, |§7§1)(u)| = O(%) = (ﬁf@(ﬁ) for j = 2,3, we obtain immediately that (@.82) holds if r = 2.

We now assume that ([@.82]) holds until integer rg — 1 and prove that it is true for integer 7¢. For this, we establish
that for each r > rg and for each u1,...,ur, (@82) holds provided (@8] is true until p < ro — 1. We first verify that
([@82) holds for each r > ro and for p = 1 as soon as ur +us # 0s =1,...,7 — 1. For this, we use (Q79). y] ,,. is of
course equal to 0. Moreover, as k("™ (u1,... up_1) = O(m)’ it is clear that

L L 1

(r—1) —
|’€ (ulv"qu*l)'O(MN)_ \/WO((MN)T/Q)
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as expected. Using that ("1 (v1, ... vp41) = O(m) for each (v1,...,vr41), we obtain immediately that
supz|,{(T+1)(u1,...,urfl,ll,ufll)|: \/%O( L —)
- (MN)"/
wnd (r41) L L* L 1
lzl s w1, 1, 2)IO(5 ) = 3 \/WO( (MN)T/Q)
Finally, the Holder inequality leads to
L? L 1

sup|#5" (u)] + sup 75" (u)] = O( ) (9.83)
u u

)= ( )20(
(MN)(r+2)/2 vVMN (MN)r/2
Next, we consider the case p = 2 for the reader’s convenience. We consider r > rg, and assume that u, 4+ us #
0s=1,...,mr—1aswell as upr—1 +us #0s=1,...,7 — 2. We again use (L79) and remark that y7 , = 0. As
Upr—1 +us #0s =1,...,7 — 2, the use of ([@82) for integer » — 1, multi-index (u1,...,ur—1) and p = 1 (proved

above) implies that £V (uy,. .. upr_1) = \/]@—NO( (MN)%T*U/Z ), and that

(r—1) L . L |, 1
K (ul’“"uT_l)O(MN)i(\/m) O((MN)T/Q)
We now evaluate le |H(T+1)(U17 ooy Up—1,l1,u = 11)]. Tt is clear that
K (e, =) = £ (= )

Asur—1+us #0s=1,...,7— 2, the use of (A82) for integer r + 1, multi-index (l1,u —l1,u1,...,ur—1) and p=1

leads to
L 1

. _1,1 —1) =
ur=1lu=h) \/WO((MN)(T-H)/?)
as soon as uyp—1 + l1 # 0 and uy—1 4+ u — 1 # 0, or equivalently if I; # —u,—1 and {1 # u + uy—1. Therefore,

kD (L

L 2 1
Z |H(T+1)(U1,.--7“7’717l17U7l1)|:( ) O( . )
V /2
Li#(—ur—1,utur_1) MN (MN)
If l1 = —up—1 or l1 = u + ur—1, we use the rough evaluation
(r+1) _ _ 1 1
W e o =) = (GO

Therefore, we obtain that

2
(r+1) o up1,1 — 1) = L ! o L
;Pﬁ (w1, ur—1,l1,u = 1) maX((\/W) "VMN ((MN)T/Q)

We now consider 3, ;. D (uy, e, 1, l2)|(’)(ﬁ). We remark that
K/(T+1)(U17 ceey Up—1, lly ZQ) = K’(T+1)(l17 l27 U,y ... 7“7’71) Therefore’ lf Ur—1 + ll 7& O and Ur—1 + l2 7& O’ (m) fOr
integer r + 1, multi-index (I1,l2,u1,...,ur—1) and p = 1 implies that

(r+1) L 1

e ) = GER O )
If l1 = —up—1 or Il = —u,—_1, we use again that
1 1
K/(TJrl)(Ul

P 7u7‘—17ll7l2) = (\/W)O( (MN)T/Q)
so that for ¢,j = 1,2, 4 # j, it holds that

(r+1) . L, IL? 1 1 _ 1
Z |K’ (ul7"-7UT717ll7lJ)|O(MN)_MN(\/W)O((MN)T/Q)_O((MN)(T+1)/2)

li=—ur—1,l;




On the almost sure location of the singular values of certain Gaussian block-Hankel large random matrices 51

We finally obtain that

r+1 L L 4 1 1
Z|l€( + )(u17~~~7UT71711712)|0(W) = max ((\/m) ,\/W> O((MN)T/Q)

ly,l2

Finally, the first evaluation (@.83) of iél)(ur) and i?él)(ur) establishes (@82) for each r > rg and for p = 2 if
ur+us #O0fors=1,....,r—1land up—1 +us #O0for s=1,...,r — 2.

In order to complete the proof of ([@.82]) for each r > r¢ and for each p < rg — 1, we assume that ([@.82]) holds for
each r > rg and for each p < pg where pg < rg — 2, and prove that it also holds for p = pg + 1. For this, we establish
the following Lemma.

Lemma 9.6 Assume that for each t > ro — 1 and for each integer p, 1 < p < po < ro — 2, it holds that

H<t>(vl7m,vt)max<<\/%>p,\/%) O((M]\lf)t/Q) (9.84)

for each multi-index (v1,...,vt) satisfying
vet+vs #F0s=1,...,t—1

vi—1+vs FO0s=1,...,t—2
. . . (9.85)

Vi—pt1+us #0s=1,...,t—p

Then, for each v > 1o and for each multi-index (u1,...,ur) satisfying (@Z1) for p = po + 1, it holds that
n(rfl)(ul, .. ,urfl)O(ﬁ), le |/{(T+1)(u1, ceUr—1, b, u—1)], le,b |n(r+1)(u1, e Up—1, 11, l2)|0(ﬁ), sup,, |§7§1)(u)|

(po+1)
o L
for 3 = 2,3 are max ((\/—N)

Using (@79), (@82) for p = po + 1 follows immediately from Lemma Consequently, ([@.82) holds for each r > rg
until index p < (ro — 1), and in particular for r = ro and p < (r9 — 1). This completes the proof of Proposition

1 1
’\/W) O((MN)T/Q) terms.

Proof of Lemma We consider a multi-index (ul, .. ,ur) satisfying (@.81)) for p = po + 1 and remark that
it verifies
Up—1+us # O0s=1,...,r—2
Up—2+us # 0s=1,...,r—3
. . . (9.86)
Up—py +us #0s=1,...,7m—pg—1

Therefore, (@.84) used for t =7 — 1, p = pp and multi-index (v1,...,vr—1) with vs = us leads to

KD (uy, . up_1) = max ((\/%)p : \/ﬁ) 0((MN)%T71)/2)

Therefore,

a0t = s () A Yot

po+1
which, of course, also coincides with a max (L) L
’ ’ vVMN " VMN

) O( (M]\II)T/Q) term. We now study the term

Z |K(T+1)(u17 .. '7u7‘—17l17u - ll)'
I

Using (@84) for ¢t = r 4+ 1 and multi-index l1,u — 1, u1,...,ur—1, we obtain that

Po
(r+1) _ L 1 1
Ut lu —h) = ma <<m> ’ m) N Garmyerre)

if Iy is such that w,_;+Il1 # 0 and u,_;+u—I; # Oforeach j = 1,...,po. The sum of the terms |H(T+1)(U,17 ey Up—1, 1, u—
l1)| over these values of 1 is therefore a
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L\ _a 1 : L L\
L max ((\/W) , \/W) (’)((MN)(TH)/Q) term, or equivalently a AT ((\/W) \/W) (’)((MN)T/Q) term,

which, of course, is also a

po+1
max ( ) L O( L )
vVMN "VMN (MN)r/2
term. If [ is equal to —u,_j, or to u,_j, + u for some jo = 1,...,po, we use the rough evaluation

1
(MN)T/2

H(T+1)(U1,...,urfl,ll,U7ll):O( 1 ): 1 O(

(MN)(r+1)/2 vVMN )

This discussion implies that

+1
Z|n(r+1)(u1,...,u7«,1,ll,ufl1)|:max (L)po , ! O( 1 )
- vVMN vVMN (MN)r/2

The evaluation of >, KT (ur, . o1, 1, 12)|O( 55 ) is similar and is thus omitted.

In order to complete the proof of Lemma [9.6] it remains to prove that that

(po+1)
~(1) L 1 1
1) <ma’<((m> m) Gy

for j = 2, 3. For this, we study in more details sup,, |§7§1)(u)| for j = 2,3. We expand :E;l)(u, l1,12) using ([@44) when
r is exchanged by r + 1. In the same way than Z(u) defined by ([@.52)), it holds that

5
5V =3 50w

i=1

where the terms (sﬁ.}i)(u))i:17,,,,5 are defined in the same way than (s;(u));=1,... 5. We define :E;QZ)(u) for i = 2,3 by
the fact that

(1)(u) _ 8(1)(u) (_i_)(u)
We define 21 (u) as the positive term
70 (w) = 135" () + 157 ()

and, similarly, :5(2)(u) is given by

)= |7 ()
(1,5)=(2,3)

. o . ) (1) .
A rough evaluatlon (based on the Holder inequality and on (@36]) of the various terms Che (u) for i = 4,5 leads
0 557 (u) = 70

After some calculations, we obtain that

(]\/IN)(T-H)/Z)

) L
i) < lzl KT (ug, w1, 1, 1)) O(W)JF
1,502

¢ Z |H(T+2)(u17‘ .. 7u7‘—17l17l27u - ll - l2)|+
l1,l2

Z |H(T+2)(u17 > Ur— 17l17l27l3)|0( )+£(2)( )
l1,l2,l3

L o 1
VMN " (MN)(r+1)/2

) (9.87)
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The first term of the righthandside of ([@.87)) corresponds to the contribution of sﬁll) (u) while the second and the third

terms are due to §§712) (u) and 551133 (u). The term \/%O( (MN)%T“)/?) is due to the sg,ll)(u) for i = 4,5. The terms

iﬁ-)(u) can of course be also developed and we obtain similarly

- r L
x(Q)(U)S Z |/€( +2)(U1,...,urfl,ll,lg,l3)|0(m)+

l1,l2,l3
C Z |I€(T+3)(u17~~~7Ur71711712713,u*11 —la—13)|+
l1,l2,l3
(r+3) Ly, 0 Ly 1
l lzll |H (ulv---7Urflyll7l27l37l4)|O(MN)+x (U)+(\/W) O((MN)(T+1)/2) (988)
1,02,L3,L4

The term (\/ﬁ)QO( (MN)}TH)/Q) is due to the terms (s](f),k () fori=4,5and k1, k2 = 2,3: it is easily seen using

the Holder inequality that their order of magnitude is
for £ = 2,3. More generally, it holds that

smaller than the order of magnitude of the (Sl(clz)i=4,5

= I

- . L
D (u) < Z |H(T+q)(u17---7ur—17li71:17---7Q+1)|O(m)+

Liyi=1,...,q+1
q+1
c Z |n(r+q+1)(u1,...,urfl,li,i:1,...,q+1,ufZli)|+
liyi=1,...,q+1 i=1
Z D (e i =1, q+2)|0(i)+§7(q+1)(u)+( L )20( 1 )
L f +2 b ’ P2 I I MN \/m (MN)(T+1)/2
7,0=1,...,q
(9.89)
We remark that the Holder inequality leads to
p+1
~(p) . L 1
sup £/ (u) = Oo(————= 9.90
w00 = (=) O(ss) (9.90
for each p. We express #(1)(u) as
po—1
FMw) = > @D () - 2D (w) + 27 (u) (9.91)
q=1
We now prove that for each g, then it holds that
a
(0 () — @D L L ypot1 1 ) 1
YV (u) —x u) < | —— | max | (— , o 9.92
) < () e (G ) ) (652)
implies that = u) —T u) 1s upperbounded by the sum of 4 terms. We just study the second term, i.e.
implies that (9 74D (u) i bounded by th f 4 We j dy th d i
q+1
Z |/€(T+q+1)(u1, U1, bt =1,...,¢g+1,u— Zli)|
liyi=1,...,q+1 i=1

because, as the fourth term (\/ﬁ)qO((MN)%HW?), it can be easily checked that the first and the third term

are negligible w.r.t. the righthandside of inequality ([@.92). If the integers l1,...,lg+1,u — Zfill l; do not belong

{=tr—1,...,—Ur—py}, (@Z) for t = r 4+ ¢+ 1 and for multi-index (I1,...,lg4+1,u — 23:11 liyul,...,up—1) implies
that

(r+g+1) - L \"™ 1 1
T+gq . _ =
W e bt =L g L ) ) = max (m) Ay ) Qe
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Therefore, the sum over all these integers can be upperbounded by

™ I (po) 1 1 B L L L \po 1 1
LIt max(<\/m> 7\/m> O((MN)(T+Q+1)/2)7 (\/m) \/mma)((( /MN) ’ /MN) O((MN)T/Q)

q
which, of course, is a (ﬁ) max ((\/jfj_N)po—&-l7 \/]&I_N) O((MJ\})T/?) term as expected.

If at least one of the index li,...,lg4+1,u — Zgill l; is equal an integer (—up—;i)i=1,...,p,» We use the rough
evaluation
q+1 1
(r+q+1) R _ N —
K (u1,...,ur—1,0;,i=1,...,q+ Lu 2[1) = O((MN)(T""J‘H)/Q)
i

q
The sum over the corresponding multi-indices is thus a LqO(m) = (\/ﬁ) O((IV[N)%TH)/Q). This
completes the proof of ([@.92]). Therefore, (@.91]) and (@90) imply that

1 1
) O

~(1) _ L
sup '/ (u) = max
wp 3)00) = s (7
as expected. This, in turn, completes the proof of Lemma (.6
We now improve the evaluation of Proposition when (u1,...,ur) satisfy us +us # 0 for 1 < ¢,s < r and
t # s, or equivalently if (u1,...,ur) verify (@81) for p =r — 1. More precisely, we prove the following result.

Proposition 9.10 Assume that (u1,...,ur) satisfy ur +us # 0 for 1 < t,s <r and t # s. Then, for each ¢ > 1,
for each r > 2, it holds that

r—1+q
w() (u ur) =max | [ —— ! 1
(uty .-, ur) ((\/W) ,m) O((MN)’”/Q) (9.93)

Proof. We prove this result by induction on integer q. We first establish (@93)) for ¢ = 1 by induction on integer 7.
If r = 2, we have to check that if u; + u2 # 0, then it holds that

K/(Q) UL, w = max L ’ 1 1
(1, v2) ((\/W) \/W) Gy (9-94)

For this, we use ([@80). We have already mentioned that the Holder inequality leads to

(1) L 2 1
~(1
= O(——

P () <m> v
We study the term

supZ|K(3)(u17l1,u—ll)|

u

Iy

Proposition in the case r = 3 and p = 1 implies that

L 1
Vs iyere

)

K(3)(u17l1,u —l)=

as soon as l1 # —uy and 1 # u + u1. Therefore,

®) ot (=2 Y o
> RO n)l= (A=) 0y)

l1#(—uy,u+tuy)

If I3 = —uy or I3 = u+u1, we use the rough evaluation /{(3)(u1, liy,u—1) = O(W), and we finally obtain that

K/(S) u u — = max L ’ 1 1
Z' ( 1,11, ll)' ((m) 7\/W> O(MN)

l
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as expected. The term

3 L
> |5 )(U17ll712)|0(m)
l1,l2
is evaluated similarly. We have thus established ([@.94]).
We assume that ([@.93) holds for ¢ = 1 until index o — 1 and prove that it also holds for index ro. We take ([Q.79])
as a starting point. We consider (u1, ..., ur,) satisfying us +us 7 0 for 1 < ¢, s < rg, or equivalently (@.81) for r = rq
and p =19 — 1. (@93) for ¢ =1, r = rg — 1 and multi-index (u1,...,ur,—1) leads to

(ro—1) ro—2+1 1 1
R 1) = ma (\/ﬁ) Ay ) S amyeore)

and to

(ro—1) L 7Lmax L " /—1 -
K (u174447u,~0_1)0(MN)—\/m <<\/W) s MN) O((MN)TO/Q)

L
MN

, \/]&I—N) O((M]vl)ro/z) term as expected. We now evaluate

ro—1+1
which, of course, is a max ( )

Z |/€(T0+1)(U1, .. .,umfl,ll,u — l1)|
1

Ifl1+us # 0and u—l1+us # Ofor s = 1,...,79—1, Proposition @ for r = ro+1, multi-index (I1,u—11,u1,...,ur—1)
and p = rg9 — 1 implies that

(To+1)

L \° ' 1 1
(- tmg -1,y —h) = max ((\/ﬁ) ’ JW) O((MN)<TQ+1>/2)

and that the sum of the |H(T°+1)(ul7 ee oy Upg—1,l1,u — l1)| over these indices is a

L L\ 1 1
L o) o( )
vVMN vVMN vVMN (MN)ro/2
term. If [1 +us = 0 or u — 1 + us = 0 for some integer s, we use as previously that

1 1
Stire—1, L u—lh) = \/WO((MN)TO/Q)

K(TO+1)(u1, ..

This, in turn, implies that

ro—1+4+1
(T0+1) _ _ L 1 1
Slip ZK/ (u17-"7u7‘0—17l17u ll) maX((\/m) 7@) O((MN)TO/Q)

U

as expected.

The term
L

Z |/€(T0+1)(U1, . ,urnfl, l1,lg)| O(W)

l1,l2

can be evaluated similarly. Finally, it is easy to show as in the proof of Lemma that sup,, i(l)(u) behaves as
expected.

This completes the proof of ([@93) for each r and ¢ = 1. In order to establish the proposition for each ¢, we
assume that it is true until integer ¢ — 1 and prove that it holds for integer q. We prove this statement by induction
on integer r, and begin to consider r = 2. We of course use (0.80) for u; + uz # 0. It is easy to check as previously
that the term sup,, &Y (u) is as expected, and that it is also the case for Dol K3 (u1, 11, 12)|O(3kx ). However,
the term

sup E |/€(3)(u1,l1,u — ll)|
u
I
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appears more difficult to evaluate. If u # 0, it is easy to check that le |/€(3)(u1, li,u—11)]is a

1+q
L 1 1
max —_— ,—— | O(—=)
vVMN vMN MN
term because, except if u1 +11 = 0 or u1 +u — I3 = 0 (the contribution of these particular values to the sum is a
O(W) term), ([@93) used for » = 3 and integer ¢ — 1 implies that

K/(S) u u — = max L o 1 1
(1, u =) ((m) m) vz

and that

®) L (L T 1
Z |Ii (ul,lhu l1)|—\/m ((\/W) ’\/m>o((MN))

Li#—u,u1+u

If w = 0, the sum becomes

Z |K(3)(U,17l1, _l1)|
I

(@93) for r = 3 and integer ¢ — 1 cannot be used to evaluate K(3)(u17 l1, —l1) because |1 — {1 = 0. We have thus to
study separately this kind of term. For this, we prove the following lemma.

Lemma 9.7 We consider an integer r > 2 and assume the following hypotheses:

— for each integer s and for each v1,...,vs such that vs, + vs, 70, 1 < s1,52 < s, $1 # s2, it holds that
(s) s—14qg—1 1 1
&% (v1,...,vs) =max | [ — , (@] 9.95
(.- v0) ((m) m) ) (999)
— for each s <r —1, and each v1,...,vs such that vs, +vs, 0, 1 < 81,82 < 8, 81 7# S2, it holds that
) | 1
5% (v1,...,vs) = max | [ — , (@] 9.96
(oreeeee) ((\/W) m) ) (9:96)
Then, if ui,...,ur—1 verify us, +us, 70, 1 < s1,s2 <r—1, s1 # sa, it holds that
r—1+q
D (L wpy, 1) = max | | 2 L ot 9.97
lzl’{/ (Ul, s Ur—1,101, 1)| /MN ’ /MN ((MN)T/Q) ( )
1
Proof. We evaluate K(T+1)(u17“4,ur_l,lh—ll) using ([@79) when r is replaced by r + 1 and for multi-index
(u1,... ur—1,l1,—01). If Iy = Fus for some s, the term n(r"'l)(ul,...,urfl,ll,fll) is a O(m) It is
thus sufficient to prove (@.97) when the sum is over the integers l; that do not belong to {—wu1,...,—ur—1} and
{u1,...,ur—1}. In order to simplify the notations, we do not mention in the following that the sum does not take
into account {—u1,...,—ur—1} and {u1,...,ur—1}.
If I3 does not belong to {—wu1,...,—ur—1} and {ui,...,ur—1}, component —Ij of vector y] corresponding to
k= (K" (u1,. .. ur—1,l1, u))y=—(L-1),...,(L—1) can be written as
Vi =5 () O+ )
sl ) ’ MN
(see [@A4T)). Therefore, for I} # tus, s=1,...,r — 1, (@79)) implies that
T (g, e, by, —1)] < T (g, ur71)|0(—1 )+ 167 (ua, w1, 1) O( L )+
b b ) b — b b MN ) b ) MN
L
C Sl;pz |/€(T+2)(U1, e, Upr—1, ll, lQ, u — lg)| —+ Z H(T+2)(U1, ey Upr—1, ll, lz, l3) O(m +
lo l2,l3
- (1) ~(1) 1
sup |25 5, (u)| + Sup |15 (u)] + O(W) (9.98)
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where we indicate that the terms x( )(u) associated to (u1,...,ur—1,01,u) depend on l; (these terms also depend

on (us)s<r—1 but it is not useful to mention this dependency). In the following, we denote by a(l)(ul, ...yup—1) the

term
04(1)(1117 CeUp—1) = Z |H(T+1)(U,17 ey ur—1, 01, —11)]

([@98]) implies that

r— L
a(l)(ul,...,urfl) < |/€( 1)(u1,.. s U — 1)|(9( )+Z|H( )(U1:~~~7ur—1vll)|0(m)+

L

)|t

Csupz|/€(T+2)(u17~~~7ur717l17127uflz)l+ > KU (ur, e, o, 1) O(

11,12 l1,l2,l3
(1) (1) L
sup g |y, (W) + sup g |15, (u)] + (9(( )(r+2)/2) (9.99)

@36) for s =r — 1 implies that

(r—1) L r—2+q 1 1
|K (u17"'7u7‘—1)| = max (\/m) 7\/W O((MN)(T_l)/Q)

and that
(T—l)(

|k

Jo(+E) = A (—) T ot
ULy ey Up—1 \/mmax VMN "VMN (MN)T/Q

r—1+q
which, of course, is also a max ((\/T_N) , \/ﬁ (9((MA1[)T/2) term as expected. In order to evaluate the

second term of the righthandside of ([@.99)), we first notice that if I; € {—u1,..., —ur—1}, the Holder inequality leads

to
1

(MN)(T+1)/2)
If Iy + us #0 for each s=1,...,7r — 1, we use (@95) for s = r and (v1,...,vr) = (u1,...,ur—1,01). It holds that

. L
| )(ul,...,urfl,l1)|(9(MN) = o

() I r—14q—1 1 1
& (ut, ., up—1,l1) = max (\/ﬁ) TN O((MN)T/Q)

so that

Z |H(T)(u17 sy Up— 1711)|O(

Li#—ug,s=1,...,r—1

L\ttt g 1
VM ax((\/MN> ’VMN>O((MN)T/2)

which is a max ((m , ﬁ) O( (M]\lf)r/z) term. The fourth term of the righthandside of (@.99) is evalu-

ated similarly. Moreover, following the arguments used to establish Lemma [9.6] it can be shown that

)Tfl-‘rq

M) (1) L\ 1
supZL’c (u|+supZ|x3ll(u|_maX (m) Vi O((MN)T/Q)

It remains to evaluate the third term of the righhandside of ([@99]). The supremum over u # 0 is as expected, but the
term corresponding to u = 0 has also to be evaluated. We denote a(z)(ul, ...,upr—1) the term

04(2)(1117 e Up—1) = Z |H(T+2)(U,1, coUr—1, 1,12, —12)]
l,l2
The previous discussion implies that

r—1+q
Dug, . ur1) < Ca®(ug, ... ur L L o 1
o (uh , U 1)_ o (U‘l? , U 1)+maX((\/m) 7\/m ((MN)T/Q)
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It can be shown similarly that

r—1+q
2) ) ! 1
a'“(u,...,ur—1) < Ca (ul,...,url)—l—max((\/m) 7\/W> O((MN)T/Q)

where

(X(B)(Ul, .. .7'U,T71) = Z |Kz(r+3)(u17 e 7“7‘717[17[27[37 7l3)|
1,203

More generally, if a(p)(ul, ...yupr—1) is defined by

P (ur, . upq) = Z TP (g, e, (i =1, p), —1p)]
liyi=1,...,p

it holds that

I r—1+q 1 1
Oé(p_l)(ul7...7u7‘—1) Sca(p)(u17'“7u’l‘—1)+max ( ) ’ O((

vVMN

and consequently that

r—1+q
Dy, up1) < Ca® (ug, . upy) + L ! 10) 1 9.100
(e} (’U,l, y U 1) > (e} (uly y U 1) max \/W ) \/m (( ) ( )

The Holder inequality leads immediately to

L
vVMN

1
(MN)T/2

)PO( )

a(p)(u17' . 7u7’71) - (

and choosing p = r — 1 4 ¢ provides (0.97)).

We finally complete the proof of Proposition The use of Lemma [0.7] for r = 2 establishes immediately that
if (@.93)) holds until integer ¢ — 1 for each s, then, it also holds for integer ¢ and r = 2. We assume that ([@.93]) holds
for integer ¢ until integer r — 1, i.e. that both ([@93) and ([@96) hold, and prove that it also holds for integer r, i.e.
that

£ (ug ur) = max ((—)T_1+q L ) O( L )
e VMN "VMN (MN)r/2

For this, we use ([@79)). All the terms of the righthandside of (O279) are easily seen to be as expected, except the
)Tfl-i—q

1 1
) /*MN) O((MN)T/Z)'

second one. However, Lemma [0.7] implies that the second term is also a max <(—

vVMN
This completes the proof of Proposition [0.10]

We are now in position to establish ([0.42)

Corollary 9.1 If (u1,...,ur) satisfy us +us # 0 fort #s, 1 <t,s <r, then (942) holds for r > 2.

Proof. As L = N® with o < 2/3, it exists an integer go for which (ﬁy_lﬂm = o \/ﬁ) Therefore,

r—14qo 1 1
max | | —— , =
(\/MN) vVMN vVMN
@93) for ¢ = go thus implies ([@.42).

It remains to establish (@41]). For this, we take ([@Q.80) as a starting point, and prove that the righthandside of
@30) is a O(W) term. We first justify that:

supi ) () = 0((M§V)2) (9.101)
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We use the decomposition ([@.97]) of # (u) for the following convenient value of p: we recall that the Holder inequality
implies that

=(0) () — pig L
T u) = O
As L = N® with a < 2/3, it exists p for which
L
p+l _
=)

For such a value of p, it holds that

~(p) _ L

T (w) = ol rye)

Using ([@87) for r = 2 as well as ([@T42), it is easy to check that 21 (u) — &) (u) is a O( (M%V)Q) term, and that the

same holds true for &9 (u) — #9471 (u) for each ¢ > 1. This establishes (TI0T).
([@42) implies that the second term of the righhandside of ([@0) is a O ((MN) )= O(W)) term. It remains
to establish that

Zm (uy, 1, —l)| = (9((MN)2) (9.102)

Lemmal[@Tfor ¢ = go (where qo is defined in the proof of Corollary @Ilfor » = 2) implies that this term is O(W ),

but this evaluation is not sufficient to prove (@41]). Using (@.42]), we now evaluate K(T+1)(U1, ooy Up—1,l1,—11) when
Us, + us, # 0 for s1 # s2, —(L—1) < 51,52 <L —1 and for r > 2.

Lemma 9.8 We consider r > 2 and a multi-index (u1,...,ur—1,l1,—11) such that us, + us, # 0 for s1 # sa,
—(L — 1) S S1,82 S L—1. Then,

—ifli £us #0 fors=1,...,r —1, it holds that

(r+1) ) = 1
R (ul,...,urfl,ll, l1) O((MN)(TJFQ)/Q) (9103)

— ifli £us =0 for somes=1,...,r—1,

1
(MN)(T+1)/2

L
H(T+1)(u174“7ur_1,l17—l1):m(’)(

Proof. The proof is similar to the proof of Lemma We take ([@08)) as a starting point, but just evaluate
n(r"'l)(ul, v yUr—1,l1,—11) instead of a(l)(ul, ...,ur—1) by iterating ([@.98). Using ([@.42), it is easy to check that
for each [,

) (9.104)

O(—
(MN)<T+2)/2

We first assume that [y £ us # 0 for s =1,...,r — 1. (@.42) implies that the first term of the righthandside of (O.98])
is O((m) (and is identically O if r = 2). The second term is \/ﬁo(((MN)%TH)/Z) while the fourth term

is (\/ﬁ)QO(( (MN)%HQ)/? ). The supremum over u # 0 of the third term is O((

sup 255 ()] = O

(r+1) (r+2) 1 _
15 (u17---7ur717117*11)|SZZ)H (Ulv---vurflylhl%*b))+O((MN)(T+2)/2)

As in the proof Lemma ([@.7]), we iterate this inequality until an index p for which

-t

(r+p)
‘” (u1 ( (MN)(r+p)/2

)

-7“7“717[17[27'"7lp7ilp)) =0

l27~vvlp
is a 0((W) term. This, in turn, proves (@I03]). (@I04) follows directly from the use of the Holder inequality
in
We now complete the proof of (@I02). For this, we remark that

Z|H3(u17l17—ll)|: Z |K3(ul,l17—ll)|+2|H3(u1,—u17u1)|
I

lﬁéiul
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Lemma 0.8 implies that
L
3 _
Z |K/ (u17l177l1)|_0<(MN)2)
li#tuy
and that

k% (w1, —u1,u1)| = O ((MfV)Q)

This establishes (@102]) as well as (@.41).

9.3 Expansion of ﬁTr (A(z)).

In the following, we establish (@5). We recall that (5.2) implies that 577 Tr (A(2)) is given by

L—1
1 . 1 ) ) °
T Tr(A() = O—QCNZ 7_§(L_1)E (TW)(Q (1) 7 T (QWJINHTW (Ins ®R)) )

In the following, we denote by Z(l1) and & the terms defined by

i) =5 (+40(@°) 1) 5 (QWIRHTW 1y 9 1))

and
L—1 1 °
~ M l T
i= Y ® (T< Q) (1) 57 T (QWJAl,H W* (Iys ®R)) )
Li=—(L—1)

Z(l1) and Z appear to be formally similar to #(0,l1) and Z(0) defined by (@51 and ([@52) in the particular case
r = 1. While we have considered in the previous subsection the case r > 2, a number of evaluations and results can
be adapted to the easier case r = 1. As in subsection [0.2] we expand Z(l1) and Z using (@44) in the case r = 1,
vy =11, G= Jé\l,HT and A = (Ip; ® R). Using the same notations as in subsection [I.2] we obtain that

and

where s; =37, s;(l1). We note that the term s is reduced to 0 in the present context. It is easy to check that

5  L-1
sa(lh) = UN > E(Boalirh,1,0))
i=—(L—1)
and that
o2 L-1
85(l1) = “UN Z E (ﬂl,o(i,lhll,o»
i=—(L—1)

where the terms 3 are defined by ([@.33]). Proposition immediately implies that

sS4 = ﬁ Z (%Zﬁo,l(ivlhll)) +o <(ﬁ)2>
N i

or equivalently,
L2
iy

s4(2) = =B (2) + O
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where B 1 (2) is defined as
— 1 -
Bo,1(2) = Iz Zﬂo,l(% I1,01)(2)
ll,i

Similarly, it holds that

s5(z) = —UQﬁBLo(Z) + O( (MN)Q)

where

Bro() =73 3 Brolish 1)(2)

l1,%

We have now to evaluate s2(z) and s3(z). For j = 2,3, s; can be written as

We first evaluate 53 and Sa. 53 is equal to

5= —oZen S kD (l, 1o)E [ﬁTr (QWJ@@HTJ?VHTW*(IM ® R))}
l1,l2

We remark that
1 % ~ L
E {mﬂ (QWJxHTJ%HTW (I ® R))} = —0%t(2)%(21(2))2(1 = |l1|/N)6(11 + Iz = 0) + (577

We also have to evaluate () (I1,13). Using ([@47), (80), and the observation that the righthandside of (.80) is a
O(—( MLN)z) term (see (@4I), we obtain that

2
ORI S o 7 _ L
k3 (11, 12) AN T ) LZ/}(@zl)a(leQ 0) + 0((MN)2)
3
Therefore, 53 can be written as
1 1—|l1]/N)=,. L L?

33(2) = o%ent(2)*(28(2))°

2221 —d(lhz)B(l’ll) RN YL

i,ll
Similar calculations lead to

1 (L= Jul/N)2( = [Ll/E) = L 12
2 1—d(ly,2) A6 3y + )

01

52 = oSent(2)?(21(2))*

Therefore, it holds that

L2

L 1
@z

. ~(1 ~(1
= o 12 0 s 12) + 850 (2) + 850 (2) + O

01

52(2) +33(2) + s4(z) + s5(2) (9.105)

where s(7,11, ) is defined by ([@37). Proposition [04] implies that function sy (z) defined by

1 .
SN(Z) = UQCN ﬁ Z SN(7’7 l17 Z)

il

coincides with the Stieltjes transform of a distribution whose support is included into S](\?) and satisfying ([@.8) for
K= S](\?). In order to complete the proof of [@3), we finally prove that #(1) = |a~c§1)| + |ié1)| is a O(%) term.

For this, we remark that #) verifies ([@:87) in the case r = 1 and v = 0. However, the term \/]@_NO( (MN)}TH)/Q)
2

(for r = 1) is replaced by a O((ML—N)?) term. This term corresponds to the contribution of the sgli) for j = 2,3 and

i =4,5. In the present context, » = 1 and it is easy to check that 5;11.) is identically zero and that s;li) coincides with



62 Philippe Loubaton

51 which, using the Hélder inequality, a to be a O( L) term. In order t that 21 = O(E)
InE , g q y, appears to be a arnyz) term. In order to prove that %77 = N2 )

we use (@.9]I) as in the proof of Lemma [0.6] The Holder inequality implies that

As L = N® with a < 2/3, it exists an integer p; such that

L \" L
_t —of =
(7))
Therefore, using ([@.91) for p = p1, we obtain as in the proof of Lemma [0.6] that M = O(%) as expected. This,
in turn, completes the proof of ([@3)).

9.4 Evaluation of E (ﬁTr(QN(z))) —tn(2).

In order to establish (@3), we evaluate +Tr(Ry(z)) — tx(z). For this, we use (84) for A = I. We claim that the
15/2

third, fourth, and fifth terms of the righthandside of (84) are O(W) We just check the third term. It is clear
that
1 1
7T (R=MDT 1 [T L(R—1D)])| < Hzlll\p 7T (R —A)| [[Tn, (R — D)
<1

Proposition [l and (7)) immediately implies that the third term of the righthandside of (84) is a O(%) term.
The fourth and the fifth term can be addressed similarly. The first term is equal to

~olen (21(2)i(2) 17 T (A (L © Tp 1 [T £ (R)H])

Writing that R = tI + R — I and H = —zi(z) + H + 2£(z), and using (51)), Proposition B and (Z1]), we obtain
that

1 21 L5/?
L (A @ Trr [Tv, L (R)H]) = —2t(2)i(2) mrﬁ(A) + O(W)

Therefore, we deduce from (84) that

1 dy(0,2) 1 L3/?

—Tr — = W2 (A =
This, in turn, implies that

1 L sy (2) L5/?
E(——"Tr — =

and that ([@3) holds with §x(2) = #((Zo),z)’ which has the same properties that sy (z). This, in turn, establishes

Theorem

10 Almost sure location of the eigenvalues of WW*

Under condition (@), we finally establish that the eigenvalues of W W7}y lie almost surely in a neighbourhood of
the support of the Marcenko-Pastur distribution.

Theorem 10.1 If cx < 1, for each € > 0, almost surely, it exists No € N such that all the eigenvalues of Wy Wiy
belong to [0 (1 — \/a)2 —e,0% (1 + \/E)Q +¢€] for N > No. If cx > 1, for each € > 0, almost surely, it exists No € N
such that the N non zero eigenvalues of WNW'y belong to [02 (1 — \/&x)® —€,0% (14 /cx)® + €] for N > Np.

The proof follows |17] and the Lemma 5.5.5 of |2] which needs to verify conditions that are less demanding than in
[17].
We first establish the following lemma.
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Lemma 10.1 For all ¢ € C;°(R) constant on the complementary of a compact interval, and vanishing on Sy for
each N large enough, it holds that:

= [ (W Win)] =0 ((55)"2) (10.1

(%2)1] (102

Proof. In order to establish (I0.]), we first justify that for each smooth compactly supported function ¢, then, it
holds that

B [T (p(WyWi)) — B (9(WyWi))[* =0

for each 1 > 1.

© [T (bW Win)] = ML [ 6e0) dion oy ) = ML < Do >= 0 ((5)*2) (103

([@I03) is a consequence of Theorem [0I] In order to prove ([I0.3)), we cannot use Theorem 6.2 of |17] because function
7n(2) defined by [@3) does not satisfy |#n(2)| < Pi(]z])P2(1/Imz) for each z € C*, but when z belongs to the set
F ](VQ ) defined by ([@4). To solve this issue, we use the approach of |2| based on the Hellfer-Sjostrand formula which is
still valid when |7y (2)] is controled by Pi(|z])P2(1/Imz) for z € F](VQ).

As we have proved in Lemmal[@.3]that the Hellfer-Sjostrand formula is valid for compactly supported distributions,
([I03) follows directly from Lemma 5.5.5 of [2] provided we verify that for each nice constants Cp, C(;, it exist nice
constants C1,C2, Cs and an integer Ny such that

L5/2 1

(MN)?2 (Imz)Cs (104)

B (TrQu () — v (2) — grén(2)| < o

for each z in the domain |[Re(z)| < Cy, ﬁ <Im(z) < C(,) and for each N > Nj.

In order to check that (I0.4]) holds, we fix nice constants Co, C(lh and first show that it exists C1 such that the
above domain, denoted Ey ¢, is included in the set F](VQ) defined by ([@4]) for N large enough. It is clear that for
each z € En c,, it holds that

Q1(12)Q2(1/Imz) < Qu ((C§ +C*)/?) Qa(N) < ON®

for some nice constant C, where g2 = Deg(Q2). Hence,

L Q (| |)Q (l/Im )<C’L_2NQ2C1
MN ZH\FDR2 2) < C o

Using that N = O(ML), we obtain immediately that

2 L1+Q201
wrn @120)Q2(1/Imz) < € T
Condition (@.I) implies that
[ 1t+aCh 1
M2—q2C1 - (N2*3a7qZCl )

We choose C1 > (2 — 3a)/g2 so that % — 0. Therefore, Ag—jv Q1(|2])Q2(1/Imz) is less than 1 for N large

enough. We have thus shown the existence of a nice constant C for which Dy ¢, C FZ(VQ) for N large enough. Hence,
for each z € En ¢,

1 Tr L, < L/ P Py(1/1
mE( Qn(2)) —tn(2) — WSN(Z) < INy? 1(|2]) P2(1/Imz)

We now prove that if z € Ey ¢, then Pi(|z|)P2(1/Imz) < Co m for some nice constants C2 and C3. We

remark that Pi(|z]) < Py ((C’g + 062)1/2) and denote by p2 and (Ps ;)i=o,...,p, the degree and the coefficients of
P respectively. If Imz < 1, it is clear that P>(1/Imz) < (Zfio PQ,i) This completes the proof of (I0.4) if

1
(Imz)P2 *
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’
C(,) <1.1If C(,) > 1, it remains to consider the case where z € Dy ¢, verifies 1 < Imz < Cj. It is clear that ﬁ < Lo

Imz
Therefore,
’ p2 ’

C, (C )P2

Py(1/Imz) < Py | —= | < Py |~

2( /mz) > 2 (Imz) = (ZO 2,1) (Imz)p2

i=

In sum, we have proved that P;(|z|)P2(1/Imz) < Cs W for some nice constant Cz and for each z € En ¢,

which, in turn, establishes (I0.4)).

@I12) allows to follow the arguments of the proof of Lemma 5.5.5 of |2], and to establish (I03]). In order to
prove (IO, we follow [17]. We denote by « the constant for which (\) = & outside a compact subset. Function
e =¥ — K is thus compactly supported, and is equal to —x on Sy for N large enough. Therefore,

/1[)5()\) iy o (\) = —k and < Dy, e >=0
and (I0.3) implies (I0.).
The proof of (I0.2)) is based on the Poincaré-Nash inequality, and is rather standard. A proof is provided in [23].

1,3/2
As Fr

= — 0, (I0) and 03 for [ large enough imply that
Tr (y(WNyWh)) = 0 a.s. (10.5)

Consider a function ¢ € C5°(R) such that
— @) =1ifze (02 (1-Ve)’ — o (14 Va) +dul-ed i)

—v(@) =0ifze ([0 (1= Ve’ = /2,02 (14 Va)* +¢/2U[—¢/2,¢/2] 1e.1)
— 0 <%¢(z) <1 elsewhere

C

Such a function 1 satisfies the hypotheses of Lemma [I0I] It is clear that the number of eigenvalues of Wy W73,
C

located into ([02 (1- \/E*)2 — 60 (1+ \/E*)Q + €U [—¢ € lc*>1) is less than Tr (¢ (W yWY)), which, by (I0.5),

converges almost surely towards 0. This completes the proof of Theorem [0l if c« < 1. If cx > 1, we consider a

function . € CZ°(R) such that

— Ye(z) =1if z € [—¢/2,¢/2]
— YPe(z) =0if z € [—¢,€¢¢
— 0 < te(z) <1 elsewhere

As 0 does not belong to the support of ﬁN7 it holds that < Dy, e >= 0 for each N large enough. Using (I03)) and
the observation that function 1. satisfies also (I0.2]), we obtain as above that almost surely, for N large enough, the
interval [—¢, €] contains ML — N eigenvalues of WyW7. As ML — N coincides with the multiplicity of eigenvalue
0, this implies that the N remaining (non zero) eigenvalues are located into [0 (1 — v/c,)? — €,02 (1 4 v/¢,)” + €.
This establishes Theorem [[0.1]if ¢« > 1.

A Proof of Proposition [2.3l

We first establish (2I4]). For this, we first remark that, as K coincides with the size of square matrix A, then, for i,j €
{1,2,..., R}, it holds that (TR,K(A)),' ;= T(A)(@ —7) Lji—jj<(x—1) is equal to

K
1
(Trx(A)); ;= 7 D2 Artivsklishtiog<x
k=1

We establish that for each R—dimensional vector b, then, ||b*7Tx x (A)||? < b*Tg x (AA*)b. For this, we note that component
r of b*Tr Kk (A) is equal to
R 1 K
(b*Tr,k (A)), = > _b; e D Aktiork li<ktior<i
i=1 k=1
Therefore,

R 2

K R
1 _
Ib*Tr k (A)* = X SN biAkriork li<ktior<k

r=1 k=11i=1
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and is thus less that the term a defined by

2

1 & E
a= Z e Z ZbiAIerr,k Li<k+i—r<K

r=1 k=1 li=1

a can also be written as

R K
— 1 _
a= >  bb; ® DO Akgic e Argjork Li<ktior<Ki<ktj-r<K

(i,7)=1,....R r=1k=1

We denote by u the index u = k — r, and rewrite a as
1 X

a= Z bibj} Z Z l1<k—u<R AutikBAutjk l1<uti<K,1<utj<K
(4,))=L,...,R k=1luezZ

or equivalently as,

R 2

D biAuiik licuti<k

K 1
a=3 > B
k=1ueZ i=1

Therefore, a satisfies

R

ZbiAu+i,k li<uti<K
i=1

at 1
agz e

or equivalently

a< Y E‘bj} (AA") 1wty L<uti<K1<utj<K

-
<
Il
J_‘
Y
e
m
N

We define index k as k = u + j, and remark that

K

1 * 1 *
a D (AAY), iy DSuri<KiSubi<k = I DOAAY ik Lickioj<k = (TR (AAY)),

uezZ k=1

Therefore, we have shown that
Ib*Tz,x(A)||* < a < b*Trx(AA*)b

In order to prove ([ZI5), it is sufficient to remark that the entry (i, 5), (,7) € {1,2,..., R} of matrix Tr r(A) is still equal to

K
1
(TrRr(A),; = & > Akyiojk Li<krioj<K
k=1

because R < K, and to follow the proof of (2.14).

B Proof of Lemma [4.7]

We use the same ingredients than in the proof of Lemma 5-1 of |15]. Therefore, we just provide a sketch of proof. The invertibility
of In + 0'2CNT1£7]\/I{) (E(Q(2))) for z € ct is a direct consequence of Im (Q(z)) > 0 on Ct (see (I26))) as well as of Proposition

In order to prove ([2]), we first establish that function G(z) defined by

H(2)

G(z) = —

coincides with the Stieltjes transform of a positive CV ¥ matrix valued measure v carried by R such that v(RT) = Ly, i.e.

_ dv(X)
G(=) = /|R+ A—z

For this, it is sufficient to check that Im(G(z)) and Im(zG(z)) are both positive on CT, and that limy— 400 —iy G(iy) = In

(see proof of Lemma 5-1 of |[15]). We omit the corresponding derivations. It is clear that

dv(X) < 1
+ A =22 7 Im(z)

Iy

Im(G(2)) = Im (=) /[R

for z € cT. Im(G(z)) can also be written as

H(2)"

2%

() = T L) o (1 ()]
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or equivalently as

H(z)*

z*

Im(G(z)) = @ [Im(z) +o2enTHy (Im(zQ(z)))]

As Im(2Q(z)) > 0 on CT (see (L2H)), this implies that

@ Iy > Im(G(2)) > IT;TE )

H(2)H(2)"

which implies (£.2). The other statements of Lemma [£1] are proved similarly.
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