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Syzygies among reduction operators

Cyrille Chenavier *

Abstract

We introduce the notion of syzygy for a set of reduction operators and relate it to the notion of
syzygy for presentations of algebras. We give a method for constructing a linear basis of the space
of syzygies for a set of reduction operators. We interpret these syzygies in terms of the confluence
property from rewriting theory. This enables us to optimise the completion procedure for reduction
operators based on a criterion for detecting useless reductions. We illustrate this criterion with an
example of construction of commutative Grébner basis.

Keywords: reduction operators, syzygies, completion procedures, commutative Grobner bases.
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1 Introduction

Description and computation of syzygies for presentations of algebraic structures has been investigated
by methods from homological algebra, Koszul duality and Groébner bases theory. In homological algebra,
the constructive methods using syzygies are initiated in the works of Koszul [I3] and Tate [20] who
describe free resolutions by mean of higher-order syzygies. Koszul duality, introduced by Priddy [18]
and extended by Berger [2], is inspired by these works: for homogeneous associative algebras, a candidate
for the space of syzygies, that is for constructing a minimal resolution, is the Koszul dual.

For commutative algebras, methods for computing syzygies are based on Grébner bases: the module
of syzygies for a Grobner basis is spanned by S-polynomials of critical pairs [I9], that is the overlapping
of two reductions, also called rewriting rules, on a term. Conversely, a critical pair whose S-polynomial
reduces into zero leads to a syzygy. This correspondence between syzygies and critical pairs has ap-
plications in two directions: improvements of Buchberger’s completion algorithm are based on the
computation of syzygies [9, [16] and construction of free resolutions of commutative algebras are based
on the computation of a Grobner basis [I5]. The construction of free resolutions using rewriting theory
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for computing syzygies also appear for other algebraic structures, such as associative algebras [I] or
monoids |10} 111 [12].

In this paper, we give a method based on the lattice of reduction operators for computing syzygies
for rewriting systems whose underlying set of terms is a vector space. This method enables us to deduce
a lattice criterion for detecting useless reductions during the completion procedure. As pointed out by
Lazard [14], the completion procedure is interpreted as Gaussian elimination, which leads to use linear
algebra techniques for studying completion. In particular, the Fy and F5 algorithms [6l [7] are based
on such techniques and adaptations of Buchberger, F; or F5 algorithms to various algebraic contexts
were introduced, such as associative algebras [I7) 22], invariant rings [8], tropical Grobner bases [21] or
operads [4], for instance.

We consider a vector space V equipped with a well-ordered basis (G, <). For instance, if V is
a polynomial algebra (respectively a tensor algebra, an invariant ring or an operad), G is a set of
monomials (respectively words, orbit sums of monomials or trees) and < is an admissible order on G.
In our examples, we consider the case where V is finite-dimensional and (G, <) is a totally ordered
basis of V.

Reduction operators. In this work, we describe linear rewriting systems by reduction operators.
A reduction operator relative to (G, <) is an idempotent linear endomorphism 7" of V' such that for
every g ¢ im (7T), T(g) is a linear combination of elements of G strictly smaller than g. We denote by
RO (G, <) the set of reduction operators relative to (G, <).

Recall from [3, Proposition 2.1.14] that the kernel map induces a bijection between RO (G, <) and
subspaces of V. Hence, RO (G, <) admits a lattice structure, where the order <, the lower-bound A
and the upper-bound V are defined by

o 11 X Ty if ker(Ts) C ker (1),
o T) ATy =ker ! (ker (T1) + ker (T3)),
o T\ VT, =ker ! (ker (T1) Nker (T3)).

Given a subset F of RO (G, <), we denote by AF the lower-bound of F, that is the reduction operator
whose kernel is the sums of kernels of elements of F'. We have the following lattice formulation of
confluence: a subset F of RO (G, <) issaid to be confluent if the image of AF is equal to the intersection
of images of elements of . Recall from [3, Corollary 2.3.9] that F' is confluent if and only if the rewrite
relation on V' defined by v — T'(v), for every T' € F and every v ¢ im (T'), is confluent.

Upper-bound of reduction operators and syzygies. In[2Z1.8 we define the syzygies for a finite
set ' = {Ty, ---, T,} of reduction operators as being the elements of the kernel of the application
wp ¢ ker(Th) x --- x ker(T,) — ker(AF), mapping (v1, --+, vp) to vy + --- + v,. The set
of syzygies for F is denoted by syz (F). In 210, we interpret syzygies for presentations of algebras in
terms of syzygies for a set of reduction operators.

In Lemma 225 we show that for every integer 2 < i < n,syz(Th A--- AT;—1, T;) is isomorphic
to a supplement of syz (T3, ---, T;—1) in syz (T, ---, T;). In Proposition 2.22.6] we give an explicit
description of this supplement using the operator (T; A --- A T;—1) V T;. Using these two intermediate
results, we obtain a procedure for constructing a basis of syz (F): we construct inductively bases of
syz (T, -+, T;) using the supplement of syz (71, ---, T;—1) defined from (T3 A--- AT;—1) V T;. The
correctness of this procedure is proven in Theorem [Z.2.7

Application to completion. A completion of a set F' = {1y, ---, T,} of reduction operators is
a confluent set F’ containing F. In Section Bl we present a procedure for completing F' taking into
account useless reductions. For that, we first remark that the vector space ker (Ty) x --- x ker(7},)
admits as a basis the set of all e;, = (0, oy, 0, g — Ti(g), 0, -+, 0), where 1 < ¢ < n,



g ¢ im(T;) and ¢ — T;(g) is at position i. Using a well-order T on this basis, we consider the set
F =Ty, -, Tn} of reduction operators obtaining from F' removing the reductions
g — T 1)

where ¢; 4 is the leading term of an element of syz (F) for the order C. Formally, the operators T, are
defined in the following way:

T( ) g, if e; 4 is a leading term of an element of syz (F')
= T;(g), otherwise.

We call the set F, the reduction of F. In B2l we construct inductively a set C' = {Ca, ---, Cy} of
reduction operators which leads to a completion of F'. We call the set C' the incremental completion of
F. In Theorem B.:Z4] we show that the reductions () are useless in the sense that C' completes F':

Theorem [3.2.4L Let I be a set of reduction operators, let F be the reduction of F and let
C' be the incremental completion of F'. Then, F'UC is a completion of F.

Moreover, a consequence of our method for constructing the basis of syz (F) is that its leading terms
are the elements e; 4 such that g does not belong to the image of (T4 A --- A T;—1) VT;. Hence, we obtain
the following lattice criterion: the reductions g - Ti(g), where g ¢ im ((Th A---ANT;—1) VT;), are

useless reductions.

Useless reductions and construction of commutative Grobner bases. In Section[3.3] we relate
the confluence property and the completion procedure for reduction operators to the construction of
commutative Grobner bases. We consider a set X of variables as well as an ideal I of K[X] spanned by a
set of polynomials R = {f1, -+, fn}. Given an admissible order on the set of monomials, we consider
the reduction operator T; whose kernel is the ideal spanned by f;. In Proposition B.3.3] we show that R
is a Grobner basis of T if and only if the set Fgr = {1y, ---, Ty} of reduction operators associated to
R is confluent. This characterisation of Grébner bases enables us to interpret the completion of a set of
reduction operators as a procedure for constructing commutative Grobner bases. Hence, the criterion
of Section enables us to detect useless reductions during the construction of commutative Grobner
bases. In Example 3.3.6, we illustrate with an example how to use this criterion.

Organisation. In Section 2.1] we recall the definition and the lattice structure of reduction opera-
tors. We interpret the upper-bound of two reduction operators in terms of syzygies. In Section 2]
we construct a basis of syzygies using the lattice structure of reduction operators. In particular, we
characterise leading terms of syzygies using the lattice structure. In Section 23] we illustrate how our
basis is constructed. In Section Bl we recall how works the completion in terms of reduction opera-
tors. In Section B2 we exploit the relationship between syzygies and useless reductions as well as our
construction of a basis of syzygies to provide a lattice criterion for rejecting useless reductions during
a completion procedure. In Section B3] we show how to use this criterion during the construction of
commutative Grobner bases.

Acknowledgement. This work was supported by the Sorbonne-Paris-Cité IDEX grant Focal and
the ANR grant ANR-13-BS02-0005-02 CATHRE.

2 Computation of syzygies

In this section, we define syzygies for a set of reduction operators and we compute these syzygies using
the lattice structure of reduction operators.



2.1 Syzygies for a set of reduction operators

We fix a commutative field K as well as a well-ordered set (G, <). We denote by KG the vector space
spanned by G.

2.1.1. Support, leading term and leading coefficient. For every v € KG \ {0}, we denote by
supp (v) the support of v, that is the set of elements of G which belongs to the decomposition of v.
The greatest element of supp (v) is denoted by It (v) and the coefficient of 1t (v) in v is denoted by
lc (v). The notations It (v) and lc (v) are the abbreviations of leading term and leading coefficient of v,
respectively. Given a subset E of KG, we denote by It (E) the set of leading terms of elements of E:

It(F) = {lt (w) | v e E} We extend the order < on G into a partial order on KG in the following
way: we haveu <vifu = Oandv # 0orif lt(u) < lt(v).

2.1.2. Reduced bases. Let V be a subspace of KG. A reduced basis of V' is a basis & of V' such that
the following two conditions are fulfilled:

i. for every e € A, lc(e) is equal to 1,

ii. given two different elements e and e’ of A, 1t (¢/) does not belong to the support of e.
Recall from [3] Theorem 2.1.13| that V' admits a unique reduced basis.
2.1.3. Reduction operators. A reduction operator relative to (G, <) is an idempotent endomor-
phism T of KG such that for every ¢ € G, we have T'(g) < g. We denote by RO (G, <) the set
of reduction operators relative to (G, <). Given T € RO (G, <), a term g is said to be a T-normal

form or T-reducible according to T'(g) = g or T'(g) # g, respectively. We denote by NF (T) the set
of T-normal forms and by Red (T") the set of T-reducible terms.

2.1.4. T-decompositions. Let T € RO (G, <). The kernel of T admits as a basis the set of elements
g — T(g), where g belongs to Red (T'). Hence, every v € ker (T') admits a unique decomposition

v o= Z /\g(ng(g)), (2)

The decomposition ([2)) is called the T-decomposition of v.

2.1.5. Kernels of reduction operators. Let .Z (KG) be the set of subspaces of KG. Recall from [3]
Proposition 2.1.14| that the kernel map induces a bijection between RO (G, <) and % (KG). The
inverse map is denoted by ker™!. Explicitly, for every V € % (KG), let 2 be the unique reduced basis
of V. Then, T = ker ' (V) is defined on the basis G by:

g—eg, ifg € It(B)
T(g) = { oo
g, otherwise,

where eg is the unique element of % with leading term g.
In Section 2221 we need the following lemma:

2.1.6. Lemma. Let V be a subspace of KG. We have an isomorphism:
KG/V ~ K{g €G|yg¢ 1t(V)}.

Proof. Let T = ker ' (V). The operator T being a projector, we have an isomorphism between
KG/V = KG/ker(T) and im(T) = KNF (T). The latter is equal to K{g €cG|gédtl (V)},
which proves Lemma



2.1.7. Lattice structure. We deduce from the bijection induced by the kernel map that RO (G, <)

admits a lattice structure, where the order =<, the lower-bound A and the upper-bound V are defined
by

i. T1 j T2 if ker(Tl) Q ker(Tg),

ii. TV ATy = ker ! (ker (T) + ker (T3)),
iii. Ty VT, = ker ! (ker (T1) Nker (T3)).
Given a subset F' of RO (G, <), the lower-bound of F' is written AF:
AF = ker ! ( Z ker (T))
TeF

Moreover, recall from [3, Lemma 2.1.18] that 73 =< T3 implies that NF (77) is included in NF (7%).
Passing to the complement, we obtain

T1 j T2 implies Red (Tg) Q Red (Tl) . (3)
2.1.8. Syzygies. Let F = {Ty, ---, T,} be a finite subset of RO (G, <). The vector space
ker (Ty) x --- x ker(T,) is denoted ker(F'). We consider the linear map mp : ker (F') — ker (AF)
defined by
ﬂ-F(vla ) 'Un) = Z viv
i=1
for every (v1, --+, v,) € ker (F). The elements of ker (7r) are called the syzygies for F, and the set

of syzygies for F is denoted by syz (F).
In Section 2] we construct a basis of syz (F'). This construction requires to relate syzygies to the
upper-bound of reduction operators. This link is given by the following proposition:

2.1.9. Proposition. Let P = {Ti, Tz} be a pair of reduction operators. We have an isomorphism:

ker (Ty VTy) — syz(P).
v— (—v, v)

(4)
Proof. Since ker (Th V T») is equal to ker (77) N ker (T%), the map (@) is well-defined. Moreover, it is
injective since (—v, v) is equal to (0, 0) if and only if v is equal to 0. Finally, it is surjective since
(v1, v2) belongs to syz (P) if and only if vy —up and in this case, vy belongs to ker (T7) N ker (T%).
O

2.1.10. Syzygies for presentations of algebras. We end this section by briefly relating syzygies for
a set of reduction operators to syzygies for a presentation (X | R) of a commutative or a noncommutative
algebra A. We denote by K[X] and T (X) the polynomial algebra and the tensor algebra over X,
respectively. Let G be the set of commutative or noncommutative monomials over X, according to A is
commutative or not, and let < be an admissible order on G. We let R = {f1, ---, fn} and for every
integer 1 < ¢ < n, we denote by T; € RO (G, <) the reduction operator whose kernel is the ideal of
K[X] or the two-sided ideal of T (X) spanned by f;, according to A is commutative or not. Then, the
syzygies for the presentation (X | R) are the syzygies for (Th, -+, Ty,).

2.2 Construction of a basis of syzygies

Throughout the section, we fix a set F = {T3, ---, T,} of reduction operators.



2.2.1. Well-ordered basis of ker(F'). For every 1 < i < n and for every g € Red (7};), we denote
by
Cig = (07 e 0,9 — Tl(g)v 0, -+, 0)7

where g — T;(g) is at position i. The set of all e; 4’s is a basis of ker (F'). Moreover, welet e; ; T ey o
ifi < ¢orifi = ¢ and g < ¢. Such defined, CC is a well-order, so that ker (F) is a vector space
equipped with a well-ordered basis.

2.2.2. Canonical decompositions. By definition of syzygies, we have an isomorphism of vector
spaces ker(F)/syz (F) ~ ker (AF). From Lemma 2T.6, ker (AF') admits as a basis the set

{7 eig) | eig ¢ isya(F)) }, (5)

where 1t (syz (F')) is the set of leading terms of elements of syz (F) for the order C. Hence, every
v € ker (AF) admits a unique decomposition

> Nigmr (eig)

0,9

=Y Xigle — Tilg),
0,9

v

(6)

where, for every index (i,g) in the sum, g belongs to Red (7;). The decomposition (@) in called the
canonical decomposition of v with respect to F.

2.2.3. Procedure for constructing a basis of syz (F'). For every integer ¢ such that 2 < i < n,
we consider the reduction operator

U_1 = Ty A ANTi_y. (7)

For every g9 € Red (U;—1 V T;), we denote by

Vigo = 9o — (Uiz1 VT3) (g0)- (8)
The vector v; 4, belongs to ker (U;—1) = ker (T1) + --- + ker (T;—1) and to ker (T;), so that it admits
a canonical decomposition relative to {74, ---, T;_1} as well as well as a T;-decomposition. Let
D N (g = Tig") and Y A (g — Til9)).
7.9 i

be these two decompositions. We let:

Si,go = Z Ag€ig — Z Aj.g' €.’ (9)

7.9’

We define by inductions sets By, ---, B, in the following way: B; = 0 and for every 2 < i < n,

B, = Bi: u{si,go | go € Red(UZ-,l\/Ti)}. (10)

2.2.4. Correctness. The correctness of the procedure2.2.3], proven in Theorem[2.2.7], is a consequence
of Proposition 222,68, which we prove using intermediate results of Lemma

Until the end of the section, we use notations that we present now. For every integer ¢ such that
2 < i < n, we define U;_1, v; g, and s; g, such as in[7)), (8) and (@) of 223 respectively and we consider
the following maps:

i osyz(Ty, -, Tim1) — syz (T, ---, T3), (v, -+, vi—1) — (v1, ==+, vi—1, 0),



ii. m; @ ker(Ty) x --- x ker (T;) — ker (U;—1) x ker (T3), (v, ---, v;) — (v1 + -+ 4+ v;_1, v;),
iii. 7 @ syz(Th, -+, Ti) — syz(Ui-1, Ti), (v1, -, vi) = (v1 + - + vi—1, vi).
Moreover, we abuse notations in the following ways:

i. given two integers ¢ and j such that 2 < j < ¢ < n, we still denote by ¢;, and s; 4 their
images by the natural projection of ker(F') on ker (71) x --- x ker(T3),

)
ii. using the injection ¢;, we consider that we have syz (Ty, ---, T,—1) C syz(Ty, ---, T;), for
every integer ¢ such that 2 < ¢ < n.
2.2.5. Lemma. Let i be an integer such that 2 < i < n.
i. We have im (1;) = ker (7;).

ii. For every go € Red (U;—1 V T;), we have

Ti (Siygo) = (—Vi,go» Vi,go) -
Proof. First, we show i. An element v = (vy, --+, v;) € syz(Ti, ---, T;) belongs to the kernel of
7; if and ounly if v; = —(v1 + -+ + wv;—1) is equal to 0. Hence, v belongs to the the kernel of 7; if

and only if it belongs to the image of ;.
Let us show ii. Let
S N ld = Tild), (11)
7,9’

be the canonical decomposition of v; 4, with respect to {4, ---, T;}. Every index j of the sum (IIJ) is
strictly smaller than i, so that we have

T | Y Ngeig | = (D N (9 — Ti(d)), 0
7,9’ 7,9’

Moreover, letting > Ag (9 — T;(g)) the canonical the T;-decomposition of v;,g,, we have

T <Z )‘gei,g> = <Oa Z Ag (g — Tz(Q)))

Hence, we have

i (Sigo) = i E Ag€ig — E Nig'€i.g'
g

= (0, > N9 - Ti(Q))) - Z N (9" — Ti(g"), 0

= (71}1}90’ 'Uz',go)-



2.2.6. Proposition. Let i be an integer such that 2 < i < n. We have the following direct sum
decomposition:

SyZ(Tl, ey, Tz) = 1m(L1) &) K{Si,go| go € Red(UZ,1VT1)}

Proof. The set of all v; 4, where go belongs to Red (U;—1 V T;), is a basis of ker (U;_1 V T}), so that
the set of pairs (—v; gy, Vi g,), Where go belongs to Red (U;—1 V T3), is a basis of syz (U;_1, T;) from
Proposition The morphism 7; is surjective, so that we have im (7;) = syz (U;—1, T;). Hence,
from ii. of Lemma 2.2.5] 7; induces an isomorphism between the vector space V; spanned by elements
Si,g0, Where go belongs to Red (U;—1 V T;), and im (7;). In particular, V; is a supplement of ker (7;) in
syz (Ty, ---, T;). From i. of Lemma 22 ker (7;) is equal to im (¢;), which proves Proposition [Z.2.61

(I

2.2.7. Theorem. The procedure 2223 computes a basis of syz (F).

Proof. We show by induction that for every integer 7 such that 1 < i < n, the set B; obtained in[I0 of
the procedure is a basis of syz (T1, ---, T;). If i is equal to 1, there is nothing to prove since syz (77)
is reduced to {0}. Let ¢ be an integer such that 2 < 7 < n and assume by induction hypothesis that
B;_1 is a basis of syz (T1, --+, T;—1). From Proposition 2.2.0]

B, = B;,_1 U{Si,go | go € Red(Ui_l\/Ti)},

is a basis of syz (Th, ---, T;). Hence, B, is a basis of syz (T1, ---, T,,) = syz(F).

We deduce the following lattice description of the set of leading terms of syzygies:
2.2.8. Proposition. Let F = {1y, ---, T,} be a finite set of reduction operators. We have
It (syz (F)) = {emo | 2 < i <n and go € Red(U;—1 VTy) }

Proof. By definition, for every 2 < ¢ < n and for every g9 € Red (U;—1 VT;), 1t (s;,4,) is equal to
€4,go- Hence, the leading terms of the elements of B,, are pairwise distinct, so that we have

1t (KB,) = 1t (By)
= {ei,go | 2 < i < n and gy € Red(U;—1 \/TZ)}

From Theorem 2277 B, is a basis of syz (F), so that Proposition 2:2.8 holds.
O

2.2.9. Remark. In[R2T.I0 we gave the relationship between syzygies for a set of reduction operators
and syzygies for presentations of algebras. Hence, the set B,, constructed in is a basis of syzygies
for such presentations. In this context of presentations of algebras, the set of terms is a set of monomials,
so that it is an infinite set and the construction of B, is not an algorithm.

2.3 Illustration

In this section we illustrate the construction of B,, with an example. For that, we use the implementation
of the lattice structure of reduction operators available onlind.

Thttps://pastebin.com/DsEhaArH
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2.3.1. Example. WeconsiderG = {g1 < g2 < g3 < g4 < g5} Welet F = {14, To, T3, Ty, T5},
where the operators T; are defined by their matrices with respect to the basis G:

10 0 0 0 100 0 0 100 0 1
01 0 0 0 01 1 01 01 0 0O
7, = |0 0 1 0 1|, T = |0 0O 0 O O}, T3 = [0 O 1 O O
00 010 0 00 10 00 0 10
0 00 0O 0 00 0O 00 0 0O

10 0 0 0 100 1 0

01 000 01 0 00

7, = |0 0 1 1 0] and 75 = |0 O 1 0 O

0 0 00O 00 0 00

0 0 0 01 0 0 0 01

The vector space ker(F) is spanned by the following eight vectors:
€l,95 = (g5 — g3, 07 07 07 O) ; €295 = (Oa gs — g2, Oa Oa O) ; €2.95 = (0; gs — g2, 07 0; 0)
€3,95 — (07 05 95 — g1, 07 0) y €49, = (05 05 05 94 — g3, 0) y €590 — (05 05 05 0; g4 — 91) .

2.3.2. Notations. We simplify notations:

€1 = €lygs;, €2 = €243, €3 = €244
€4 = €395, €5 = €4,y €6 = €5g4-
In particular, we have ey < ey < --- < eg. Moreover, as done in the previous section, we let

U_1 =T N NTj_q,for2 < i < 5.
2.3.3. Step 1. We have B; = 0.

2.3.4. Step 2. We have

Uy VT, =

OO O O
oo O~ O
OO = OO
O = O OO
OO = OO

The set Red (T3 V T3) is reduced to {g5} and g5 — (71 V T2) (gs) is equal to g5 — g3. We have

95 — g3 = (95 - T1(95))7

and its Ts-decomposition is

g5 — g3 = (95 - 92) - (93 - 92)

= (95 - T2(95)) - (93 - Tz(gs))-

Hence, we get By = {63 — €y — 61}.



2.3.5. Step 3. The operator Uy V T3 is equal to the identity of KG, so that we have By = Bs.
2.3.6. Step 4. The operator Uz V T} is equal to the identity of K&, so that we have By = Bj.

2.3.7. Step 5. We have

=

<

o3

|
cooc o~
cooro
cor~oo
coocor
—_—o o oo

The set Red (Uy V T5) is reduced to {gs} and g4 — (UsV T5) (g4) is equal to g4 — g1. The canonical
decomposition of g4 — ¢1 with respect to {11, Ts, T3, T4} is equal to

94 — 91 = <94 - 93) - (95 - 93) + (95 - 91)
= (94 - T4(94)) - (95 - T1(95)) + (95 - T3(95)),
and

gs — g1 = (94 - T5(94))-

Hence, we get By = {63 — ey + e, e6 —e5 — eq4 + el}.

3 Useless reductions for the completion procedure

In this section, we interpret leading terms of syzygies as useless reductions during a completion procedure
in rewriting theory. We deduce a lattice criterion for rejecting useless critical pairs for the construction
of commutative Grobner bases.

3.1 Reduction operators and completion
In this section, we recall from [3] Section 2.3] the basic notions from rewriting theory used in the sequel

and how reduction operators are related to abstract rewriting theory, confluence and completion.

3.1.1. Abstract rewriting systems. An abstract rewriting system is a pair (4, —), where A is a
set and — is a binary relation on A, called rewrite relation. An element of — is called a reduction
and we write @ — b instead of (a, b)) € — such a reduction. We denote by — the reflexive

transitive closure of —». If we have a — b, we say that a rewrites into b.

3.1.2. Confluence. Let (A, —) be an abstract rewriting system. We say that the rewrite relation

— is confluent if for every a, as, az € A such that a; =5 gy and a; —» as, there exists ay € A

such that as — a4 and as s ay:
/GQ"'--.*
.

ay a4

7

as
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3.1.3. Obstructions and confluence for reduction operators. Let F' be a subset of RO (G, <).
We let:
NF(F) = () NF(T).
TeF
For every T € F, we have AF < T, so that NF (AF) is included in NF (T') from (B]). Hence, NF (AF)
is included in NF (F) and we let Obs” = NF (F)\ NF (AF). We say that F is confluent if Obs” is
equal to the empty set.

3.1.4. Reduction operators and abstract rewriting. Given a subset F' of RO (G, <), we consider
the abstract rewriting system (KG, 7)) defined by v 7 T(v), for every T € F and for every
v ¢ KNF (T). Recall from [3, Corollary 2.3.9] that F is confluent if and only if - is confluent.

3.1.5. Example. We consider the example of Section23 G = {¢1 < g2 < g3 < g4 < g5} and
F = {Tl, TQ, Tg, T4, ’1—‘5}7 where

1.0 0 0 O 1 0 0 0 O 10 0 01
01 0 0O 01 1 0 1 01 000
7, = [0 0 1 0 1|, Ty 000 0O, I3 =10 01 00
0 0 010 0 00 10 000 10
0 0 0 0O 0 00 00O 000 00
10 0 0 O 1 0 0 1 0
01 000 01 0 00
7 = |0 0 1 1 0] and 75 = |0 O 1 0 O
0 00 00O 000 00
0 00 01 0 00 0 1
We have
111 11
000 00O
AF = |0 0 0 0 O
000 00
000 00

We have NF (AF) = {g1} and NF (F) = {g1, g2}, so that we have Obs” = {go}, that is F is not
confluent. We check that the rewrite relation induced by F' is not confluent, since we have

gs
T1 T TS
2
93— 092 g1

T>
94
Indeed, g4 and g5 rewrite into g2 and g1, but there is no reduction between gs and g¢;.
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3.1.6. Completion. Let F be a subset of RO (G, <). A completion of F is a subset F’ of RO (G, <)
such that

i. F’ is confluent,
ii. ' C F’' and AF' = NF.

We denote by C¥ the reduction operator (AF) V (VF), where VF is equal to ker ' (KNF (F)).
Recall from [3, Theorem 3.2.6] that the set F'U {C*'} is a completion of F.

3.1.7. Example. Consider Example B.T.0l We have:

cF =

OO O O
OO O O
OO = OO
o= O OO
_— o O O O

We check that F'U {C’F } is a completion of F' by the following diagram:

gs

3.1.8. Ambiguities. Given a subset F' of RO (G, <), an ambiguity of F is a triple (go, T, T")
such that go belongs to Red (T') N Red (T”). The possible obstructions to confluence come from these
ambiguities, as it is the case in Example since we have the following non confluent diagrams

N N N

3%92 3%92

We see that among the three ambiguities (g5, 11, T2), (g5, T2, T3) and (g4, T4, T5), two can be avoided
during the completion procedure since they are completed using a single reduction: ga — g¢i.

In the next section, we introduce a lattice criterion for detecting these useless ambiguities. In order
to prove the correctness of this criterion, we need Proposition

3.1.9. Proposition. Let F and C be two subsets of RO (G, <). Then, FUC is a completion of F if
and only if

Obs”™ € [ Red(T) and AF = AC.

Proof. We denote by Red (C') the union of the sets Red (T"), where T belongs to C.

12



The relation AF < AC is equivalent to (AF) A (AC) = AF, that is it is equivalent to the relation
AN(FUC) = AF. Hence, we have to show that given a set C' of reduction operators such that
AF =< AC, FUC is confluent if and only if Obs” is included in Red (C).

Let C € RO (G, <) such that AF < AC, that is A(FUC) = AF. The set FFUC is confluent
if and only if NF (FUC) = NF (A (FUC(Q)), that is FFU C is confluent if and only if NF (F)) N NF (C)
is equal to NF (AF). By definition of Obs”, we have

NF (F) N NF (C) = (NF (AF) N NF (0)) | (ObsF ANF (C)) .

From [ZT77 the inequality AF < AC implies that NF (AF) is included in NF (AC'), which is included
in NF (C). Hence, we have

NF (F) NNF (C) = NF(AF) | | (ObsF ANF (0)) .
Hence, F'UC is confluent if and only if Obs” N NF (C) is empty, that is if and only if Obs® is included

in the complement of NF (C). The latter is equal to Red (C), which concludes the proof.
O

3.2 Completion procedure using syzygies

In this section we introduce a lattice criterion for detecting useless reductions during an incremental

completion procedure of a set of reduction operators. We fix a finite subset F = {Ty, ---, Tp,} of
RO (G, <).
3.2.1. Incremental completion. We define by induction subsets Fy, ---, F, of RO (G, <) in the

following way: Fy = {71} and for every 2 < i < n,
F, = F,_y U {T;, Ci},

where C; = CFi-1U{Ti} Theset C = {Cy, ---, C,} is called the incremental completion of F. The
terminology comes from the fact that F; is equal to {Ty, ---, T;, Co, -+, C;} and it is confluent for
every integer ¢ such that 1 < ¢ < n.

3.2.2. Reduction of F. For every integer i such that 1 < i < n, let TZ be the reduction operator
defined by

Tilg) = g, if €4 € lt(syz(F))
0 = Ti(g), otherwise,

for every g € G. The set F = {Tl, cee Tn} is called the reduction of F.

In Theorem 24 we show that the incremental completion procedure of F' leads to a completion of
F'. This is a consequence of the following proposition:

3.2.3. Proposition. We have AF = AF and Obs? C Obs? .

Proof. First we prove that AF = AF. Let S be the set of pairs (i,g) such that e;,q belongs to
It (syz (F')). For every pair (i,g) such that 1 < ¢ < nand g € Red(T;), we let

Ujg = 9 — T’z(g)
We have

ker (AF) = Z Kuj g + Z Ku g,

(J.g') ¢ S (i,9) € S
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and .
ker (/\F) = Z Kuj g
(4.9) & S
Hence, in order to prove that AF = AF, it is sufficient to show that each u; 4 such that (i,g) € S
belongs to the vector space spanned by u; 4 ’s such that (j,¢') ¢ S.
Let # be the reduced basis of syz (F). From Proposition [Z2.8 1t (%) is equal to the set of ¢; 4’s
such that (i,g) € S. Let
big = €ig — Z Aj.g'€hg’s
(4.9') & S
be the element of # such that 1t (b; 4) is equal to e; 4. The element b; , being a syzygy, we have
Ujg = g — le(Q)
- Z Aj.g’ (9/ - Tj(g/))v
Jg ¢S
which proves that AF = AF. )
Let us show that Obs” C  Obs?. For every integer i such that 1 < i < n, NF (T;) is
included in NF (T), so that NF (F) is included in NF (15) Moreover, we have AF = AF, so that

Obs” = NF (F)\ NF (AF) is included in Obs” = NF (F) \ NF (AF).
O

3.2.4. Theorem. Let F be a set of reduction operators, let F be the reduction of F and let C be the
incremental completion of F. Then, F UC is a completion of F.

Proof. By construction, F U C is a completion of F. From Proposition B9, Obs” is included in the
union Red (C) of the sets Red (C;) and AF is smaller than AC. From Proposition 323, Obs” is included
in Red (C) and AF is smaller than AC for <. Using again Proposition B9 F U C is a completion of
F.

(I

3.2.5. Lattice criterion for detecting useless reductions. Combining Theorem 2.2.7 and Theo-
rem B.2.4] we deduce a lattice criterion for detecting useless reductions during a completion procedure:
they are the reductions ¢ — 7T;(g), where g belongs to the kernel of U,_; V T;.

3.2.6. Example. We consider Example B. 1.5 For that, we use the basis of syzygies constructed in

Section We have two elements in It (syz (F)): ez 4, and es 4,. In particular, we have T; = T; for
i = 1, 2, 3, and for i = 2 or 5, we have

1 00 00 100 0 0
01 00 1 01000
T, = (0 0 1 0 0f and 75 = |0 0 1 0 0
00010 00010
00000 00001
We have C; = Idgg for i # 3 and

1100 0

00000

Cs =10 01 00

00010

00001
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Hence, F'U{C5} is a completion of F.

3.3 Useless reductions and commutative Grobner bases

In this section, we relate the completion of a set of reduction operators to the construction of commuta-
tive Grobner bases. Let X be a set of variables and let us denote by [X] and K[X] the set of monomials
and the polynomial algebra over X, respectively. We fix a set R = {f1, -+, fn} of polynomials as
well as an admissible order < on [X].

3.3.1. Reduction operators associated to F. We associate to R the set Fp = {T1, -, T),} of
reduction operators with respect to ([X], <), where the kernel of T; is the ideal of K[X] spanned by f;,
for every integer ¢ such that 1 < i < n.

3.3.2. Remark. For every integer 1 < ¢ < n and for every monomial m, T;(m) satisfies one of the
following two conditions:

i. if m is equal to 1t (f;) m’ for a monomial m’, then we have T;(m) = 1/lc(f;) (r(fi;)m’), where

r(fi) = le(f)l6(fi) — fi
ii. if m is not divisible by 1t (f;), then T;(m) = m.

In particular, NF (T}) is the set of monomials which are not divisible by 1t (f;), so that NF (F) is the
set of monomials which do not belong to the monomial ideal spanned by 1t (R).

3.3.3. Proposition. Let I be an ideal of K[X]. A generating set R of I is a Grobner basis of I if and
only if the set Fr of reduction operators associated to R is confluent.

Proof. The kernel of AF is the sum of the kernels of the operators T3, ---, T, that is it is equal to I.
Hence, Red (AF) is equal to It (I). Moreover, F' is confluent if and only if NF (F') = NF (AF), that is
if and only if the complements of NF (F') and NF (AF) in [X] are equal. Hence, F' is confluent if and
only if the monomial ideal spanned by 1t (R) is equal to It (I), that is if and only if R is a Grobner basis
of I.

(I

3.3.4. Corollary. Let I be an ideal of K[X], let R be a generating set of I and let Fr be the reduction

of the set Fr of reduction operators associated to R. Let R' C K[X] such that FR U Frr is confluent.
Then, RU R’ is a Grébner basis of I.

Proof. This is a consequence of Proposition B.3.3] and Theorem B.2.4]
O

3.3.5. Useless reductions. From Theorem B34 we deduce the following criterion for detecting
useless reductions during the construction of Grébner bases: they are the reductions induced by mf;,
where m is a monomial such that mlt (f;) is reducible for (T3 A--- AT;—1) V T;. We illustrate this
criterion with the following example:

3.3.6. Example. Consider the example from [B, Example 4.3.4]: let X = {x, y, z, t}, let < be the
DRL-order induced by t < z < y < zandlet R = {fi, f2, f3}, where fi = > — uz,
fo = 22 — yzand f3 = zyz — y?z. We denote by T} the reduction operator whose kernel is the
ideal spanned by f;. There is no critical pair between f; and fs, so that {f1, fo} is a Grobner of the
ideal spanned by fi; and fo. When considering fs3, there are two critical pairs:

i. xy?z is reducible both by f; and fs,
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ii. 22yz is reducible both by f, and fs.

The polynomial ¢ = z?yz — y32 + zyz? — 3222 belongs to the kernel of (T} A T) V T since we
have:

g = xzfi + (yz + 2°)fo

Hence, the reduction induced by zf3 is a useless reduction so that we can reject the second critical
pair. Moreover, when reducing the S-polynomial of the first critical pair, we get the new polynomial
fi = z2® — yz3. We obtain two new critical pairs:

i. 2223 is reducible both by fo and fy,
ii. zyz3 is reducible both by f3 and f;.

The polynomials 2223 — 3223 + 22* — yz* and xyz3 — y®2° belong to the kernel of (T} A Ty A T3) VT}.
Indeed, we have:

(x +y + 2)fs = 23(f2 — f1) and yfs 22 fs.

Hence, the reductions induced by xf; and yf4 are useless reductions, so that we can reject the two
critical pairs. Hence, {f1, f2, f3, fa} is a Grobuner basis of the ideal spanned by {f1, fa2, f3}.

Conclusion. We presented a method based on lattice constructions for constructing a basis of the
space of syzygies for a set of reduction operators. Using the relationship between syzygies and useless
reductions during the completion procedure, we deduced a lattice criterion for detecting these reductions
and thus for avoiding useless critical pairs during the construction of commutative Grobner bases. When
syzygies are infinite dimensional, our method does not lead to an algorithm since infinite computations
are necessary. However, this work was motivated by computation of syzygies for richer structures than
vector spaces. Hence, a further work is to exploit these structures for obtaining an algorithm.
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