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EXCEEDINGLY LARGE DEVIATIONS
OF THE TOTALLY ASYMMETRIC EXCLUSION PROCESS

STEFANO OLLA AND LI-CHENG TSAI

ABSTRACT. Consider the Totally Asymmetric Simple Exclusion Process (TASEP) on the integer lattice Z.
We study the functional Large Deviations of the integrated current h(¢,x) under the hyperbolic scaling of
space and time by N, i.e., hy(¢,&) := %h(Nt7 N¢). As hinted by the asymmetry in the upper- and lower-tail
large deviations of the exponential Last Passage Percolation, the TASEP exhibits two types of deviations.
One type of deviations occur with probability exp(—O(N)), referred to as speed-N; while the other with
probability exp(—O(N?)), referred to as speed-N2. In this work we study the speed-N? functional Large
Deviation Principle (LDP) of the TASEP, and establishes (non-matching) large deviation upper and lower
bounds.

1. INTRODUCTION

In this article we study the large deviations of two equivalent models, the Corner Growth Model (CGM)
and the Totally Asymmetric Simple Exclusion Process (TASEP). The CGM is a stochastic model of surface
growth in one dimension. The state space

o ={f:Z—7Z:flx+1)—f(x) €{0,1},Vz € Z} (1.1)

consists of Z-valued height profiles defined on the integer lattice Z, with discrete gradient being either 0 or
1. Starting from a given initial condition h(0, ) = hi¢(+) € &, the process h(t, +) evolves in t as a Markov
process according to the following mechanism. At each site € 7Z sits an independent Poisson clock of
unit rate, and, upon ringing of the clock, the height at z increases by 1 if h(¢t,z + 1) — h(t,z) = 1 and
h(t,z) — h(t,x — 1) = 0. Otherwise h stays unchanged. On the other hand, the TASEP is an interacting
particle system [Lig05], consisting of indistinguishable particles occupying the half-integer lattice %—I—Z. Each
particle waits an independent Poisson clock of unit rate, and, upon ringing of the clock, attempts to jump
one step to the left, under the constraint that each site holds at most one particle. With

(y) = 1, if the site y is occupied,
)= 0, if the site y is empty
denoting the occupation variables, the TASEP is a Markov process with state space {(1(y)),ec 1 1z} =
{0,1}21%. Given a CGM with height process h(t,z), we identify each slope 1 segment of h(t,-) with a
particle and each slope 0 segment of h(t, -) with an empty site, i.e.,

h(t,y + 3) — h(t,y — 3) = n(t,y); (1.2)
see Figure 1. One readily check that, under such an identification, the resulting particles evolves as the
TASEP. Conversely, given the TASEP, the integrated current

h(t,z) := #{partieles crossing (z — 3,z + 3) within [O,t]} + sign(x) Z 7(0,y) (1.3)
y€(0,]z])

defines an &7-valued process that evolves as the CGM. Associated to a given height profile f € & and x € Z
is the mobility function, defined as

o(f,z) == (flz + 1) — f(2))(1 = f(z) + (& = 1)) = L{f(o11)—f(2)=1,f()—F(x—1)=0} (1.4)
=n(z+3) 1 —n(z—3)), wheren(y):="fly+3)—fly—3)
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2 S. OLLA AND L.-C. TSAI

In the language of the TASEP, ¢(f,x) is called the instantaneous current, i.e., the indicator function of
the jump across the bond (x — %, T+ %) being allowed under the configuration f. Formally speaking, with
f* :=f + 1, denoting the profile obtained by increasing the value of f by 1 at site x, the CGM a Markov
process with state space &7, characterized by the generator

LF(f):=Y_ 6(f,2)(F(f") — F(f)). (1.5)
TEZL

Given this map between the CGM and TASEP, throughout this article we will operate in both the languages
of surface growths and of particle systems. To avoid redundancy, hereafter we will refer solely to the TASEP
as our working model, and associate the height process h to the TASEP.

FIGURE 1. The CGM and TASEP

The TASEP is a special case of exclusion processes that is connected to a host of physical phenomena.
In addition to surface growth mentioned previously, the TASEP serves as a simple model of traffic, fluid
and queuing, and is linked to last passage percolation, non-intersecting line ensembles and random matrix
theory. Furthermore, the TASEP owns rich mathematical structures, which has been the ground of intensive
research: to name a few, the exact solvability via Bethe ansatz [Sch97]; the relation to the Robinson—
Schensted—Knuth correspondence [Joh00]; a reaction-diffusion type identity [BS10]; and being an attractive
particle system [Rez91].

Among known results on the TASEP is its hydrodynamic limit. Let N denote a scaling parameter that
tends to oo, and, for any ¢ > 0 and £ € R, consider the hyperbolic scaling hy(¢,£) = %h(Nt,Nf) of the
height process. Through this article we linearly interpolate hy in the variable ¢ € %Z to obtain a process
hn(t,€) defined for all £ € R. It is well-known [Ros81, Rez91, Sep98a] that, as N — oo, hy converges to a
deterministic function h, given by the unique entropy solution of the integrated, inviscid Burgers equation:

he = he(1 — he). (1.6)

The limiting equation (1.6), being nonlinear and hyperbolic, exhibits non-differentiability due to the presence
of shock waves. This is in sharp contrast with the diffusive behavior of the symmetric exclusion processes,
which, under the diffusive space time rescaling hy (¢, ) := %h(N 2t, N¢), converge to the linear heat equation.

A natural question following hydrodynamic limit concerns the corresponding large deviations. At this
level, the TASEP continues to exhibit drastic difference with its reversible counterpart, symmetric exclu-
sion processes. The LDP for symmetric exclusion processes is obtained in [KOV89], and the typical large
deviations have speed N, i.e, of probability exp(—O(N)), and are characterized by solutions of parabolic
conservative PDEs. On the other hand, under the wedge initial condition, one-point large deviations of the
TASEP exhibits asymmetric tails: the lower tail of h(V,0) has probability exp(—O(N)) while the upper tail
has probability exp(—O(N?)), i.e.,

%logP(%h(N, 0) < h(1,0) — a) = I'"(a), ac (0,h(1,0)), (1.7)

1 u
- logP(%h(N, 0) > h(1,0) + a) - I"(a), a>0. (1.8)
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The lower tail large deviations with an exact rate function as in (1.7) was obtained in [Sep98a] using coupling
techniques; for a different but closely related model, the complete one-point large deviations as in (1.7)—(1.8)
was obtained [DZ99] using combinatorics tools. These results show that the TASEP in general exhibits
two-levels of deviations, one of speed N and the other of speed N2. We note in the passing that a similar
two-scales behavior is also shown in stochastic scalar conservation laws [Mar10].

The speed-N functional large deviations has been studied by Jensen and Varadhan [Jen00, Var04]. It
is shown therein that, up to probability exp(—O(N)), configurations concentrate around weak, generally
non-entropy, solutions of the Burgers equation (1.6). The rate function in this case essentially measures
how ‘non-entropic’ the given solution is. In more broad terms, the speed-N large deviations of asymmetric
exclusion processes have captured much attentions, partly due to their connection with the Kardar—Parisi—
Zhang universality and their accessibility via Bethe ansatz. In particular, much interest has been surrounding
the problems of open systems with boundaries in contact with stochastic reservoirs, where rich physical
phenomena emerge. We mention [DL98, DLS03, BD06] and the references therein for a non-exhaustive list
of works in these directions.

In this article, we study the speed-N? functional large deviations that corresponds to the upper tail
in (1.8). These deviations are larger than those considered in [Jen00, Var04], and stretch beyond weak
solutions of the Burgers equation. Furthermore, the speed-N? deviations studied here have interpretation
in terms of tiling models. As noted in [BCG16], asymmetric simple exclusion processes (and hence the
TASEP) can be obtained as a continuous-time limit of the stochastic Six Vertex Model (6VM). The 6VM is
a model of random tiling on Z2, with six ice-type tiles, and the stochastic 6VM is specialization where tiles
are updated in a Markov fashion [GS92, BCG16]. Associated to these tiling models are height functions.
Due to the strong geometric constraints among tiles, the height functions exhibit intriguing shapes reflecting
the influence of a prescribed boundary condition. A preliminary step toward understanding these shapes
is to establish the corresponding variational problem via the speed-N? large deviations. For the 6VM at
the free fermion point, or equivalently the dimer model, much progress has been obtained thanks to the
determinantal structure. In particular, the speed-N? LDP of the dimer model is established in [CKPO1].

1.1. Statement of the Result. We begin by setting up the configuration space and topology. Consider
the space

&={feCR):0< f(§) - f({) <E—¢, V(< EER}

= {f € C(R) : Lipschitz, f’ €[0,1] a.e.}
of Lipschitz functions with [0, 1]-valued derivatives. Hereafter, ‘a.e.” abbreviates ‘almost everywhere/every
with respect to Lebesgue measure’. Indeed, for any height profile f € &%, the corresponding scaled profile
fn(€) = +f(INE) is &-valued (after the prescribed linear interpolation). Endow the & with the uniform

topology over compact subsets of R. More explicitly, writing || f|c(—rr := sup|_,., | f| for the uniform norm
restricted to [—r, ], on C(R) D & we define the following metric

(1.9)

B (L) =275 (1 = Pllerm A1) (1.10)
k=1
Having defined the configuration space & and its topology, we turn to the path space. To avoid technical
sophistication regarding topology, we fix a finite time horizon [0, T], T € (0, o) hereafter. Adopt the standard
notation D([0,T7],&) for the space of right-continuous-with-left-limits paths ¢ — h(t, ) € &. We define the
following path space:

2 :={h € D([0,T],&) : h(s,€) < h(t,€), Vs <t eT,{ € R}. (1.11)
Throughout this article, we endow the space 2 with Skorokhod’s J; topology.

We say a function h € 2 has (first order) derivatives if, for some Borel measurable functions h', h? :
0.7] x R € [0, 00),

t/
h(t', &) — h(t, &) = / h'(s,&)ds, for all t <t €[0,T], forae. £€R, (1.12)
t
h(t, &) — h(t, &) = / R%(t,¢)dC, for all € < ¢ € R, for ae. t € [0,T). (1.13)
§
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For a given h € 2, if such functions h', h? exist, they must be unique up to sets of Lebesgue measure zero.
We hence let h' and h? be denoted by h; and he, respectively, and refer to them as the t- and ¢-derivatives
of h. Set

P4 :={h € @ : h has derivatives in the sense of (1.12)—(1.13)}. (1.14)
Referring back to (1.9), we see that each h € 2 automatically has ¢-derivative in the sense of (1.13), so
Pq ={h € 2 : h has t-derivatives in the sense of (1.12)}. (1.15)

Recall from (1.3) that h has the interpretation of integrated current of particles. Under such an interpretation,
hi € [0, 00) corresponds to the (instantaneous) flux, and he € [0, 1] represents the (local) density of particles.
Next, consider the large deviation rate function of Poisson variables:

Y(Au) == Aog(2) — (A — u). (1.16)
More precisely, recall from [Sep98b, (4.5)] that, for Xy ~ Pois(Nu), we have

lim lim NlogP(XNG( Ne+ NX, NX+ Ne)) = —¢p(Au).

e—0 N—o0

When u = 1, we write ¥()\) := (A1) to simplify notations. Consider the truncated function 1()\) :=
YAV 1) =1P(AN)1x>1}. We define

Jl : [0700) x [07 1] - [0700]7 (P ) (m)u (117)

J?:[0,00) x [0,1] = [0,00], J? ( ) p(1— ) (p(1 ) (1.18)
under the convention that J'(k,0) := lim, o JJ'(k,p) and J*(k,1) := limyy Ji(k,p). More explicitly,
JH(K,0)] >0 := 00, J(k,1)|x>0 := 0o and J(0,0) := 0,J%0,1) := 0. To simplify notations, for pro-
cesses such as h(t, z), h(t,§), in the sequel we often write h(t) :=h(t, ), h(t) := h(t, +) for the corresponding

fixed-time profiles. Hereafter throughout this particle, we fix a macroscopic initial condition hi¢ € &. Under
these notations, we define

T
/ / JY(he, he) dtde, if h € Dg and h(0) = hic,

I'(h) == o Jr (1.19)
00, if h ¢ Pq or h(0) # hi°,
T
/ / J?(he, he) dtd€, if h € P4 and h(0) = hi,
I*(h) == o Jr (1.20)
00, if h ¢ Pq or h(0) # hi°.

With the macroscopic initial condition k' fixed as in the preceding, we fix further a determsinistic micro-
scopic initial condition h' € & of the TASEP such that, with hi§ (%) := $h'°(z) (and linearly interpolated
onto R),

i do) (W, h') = 0. (1.21)
Remark 1.1. We allow h'® to depend on N as long as (1.21) holds, but omit such a dependence in the
notation. This is to avoid confusion with subscripts in N, such as h';, which denote scaled processes.

With the initial condition hi¢ € &, being fixed, throughout this article we let h(t,z) and hy(t,&) =
%h(N t, N¢) denote the micro- and macroscopic height processes starting from hi¢, and write Py for the law
of the TASEP. The following is our main result:

Theorem 1.2. Let h'® € 9 and hy be given as in the preceding.
(a) For any given closed C C 9,

lim sup — N logPn(hy €C) < }irelg I'(h). (1.22)

N—o00
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(b) For any given open O C 2, we have

lim inf % logPy(hy € 0) > — ,}22 I*(h). (1.23)
1.2. A heuristic of Theorem 1.2(b). Here we give a heuristic of Theorem 1.2(b). As mentioned previously,
the TASEP is a degeneration of the stochastic 6VM. The latter, as a tiling model, enjoys the Gibbs
conditioning property. That is, given a subset A C Z2, conditioned on the tiles along the boundary of A, the
tiling within A is independent of the tiling outside of A. Such a property strongly suggests a rate function of
the form I(h) = [ Jdtd¢. The TASEP, being a degeneration of the stochastic 6VM, should also possess this
form of rate function. Since the TASEP is invariant under height shift h — h + «, it is reasonable to expect
that the rate density J depends on h only through its derivatives at a given location (¢,&). Furthermore,
as the rate density is a local quantity, we anticipate that, among all the derivatives, only the leading orders
ht, he contribute to J. To summarize, we expect the rate function to be of the form

I(h) = /0 ’ /R J(hy, he)dtde.

Next, consider a liner deviation h*(t,£) = a + kt + p€, and consider all possible probability laws Qx on
2 such that, under Qp, the resulting process hy approximates h*. The rate I(h*) should then be the
infimum of the relative entropy #H (Qn|PN) among all such Qu. Put it differently, we seek the most
entropy-cost-effective fashion of perturbing the law of the TASEP, under the constraint that the resulting
process hy approximates h*.

Let A := -5 The linear function 2" is an entropy solution of the equation hi = Ahg(1—hg). This is the
Burgers equation (1.6) with a time-rescaling h(t, &) — h(At,£). In view of the aforementioned hydrodynamic
limit result of the TASEP, One possible candidate of Q3 is to change the underlying Poisson clocks to have
rate A instead of unity. Equivalently, Qf\v is obtained by rescaling entire process h(t) — h(At) by a factor .
This being the case, hy necessarily converges to h* under Q]AV. We next calculate the cost of Qf‘v. Recall
the definition of the mobility function ¢(f,z) from (1.4). Roughly speaking, the cost per site x € Z per unit
amount of time is ¥(A)p(h(Nt), z)dt. This is accounted by the rate () of perturbing each Poisson clock,
modulated by the mobility function ¢(h(Nt),x), since disallowed jumps are irrelevant. Since, under Qf‘v,
we expect hy to approximate the targeted function h*, referring back to the expression (1.4), we informally
approximate ¢(h(Nt),z) by (1 — hg)h{. Such an informal calculation gives

N HQAPN) ~ [ [ Pl peds, Ps,p) = hlL = h)wN) = pl1 = 9 )

Of course, the last integral is infinite, but our discussion here focuses on the density J2(x, p).

—~

The aforementioned Q7 being a candidate for the law Qu, we must have J(x, p) < J2(k, p). As it turns
out, for A < 1, we can device another choice of law such that the cost is zero. To see this, consider an axillary
parameter ¢ | 0. Our goal is to maintain a constant flux , lower than the hydrodynamic value p(1 — p),
together with the constant density p, in the most cost-effective fashion. Instead of slowing down the Poisson
clocks uniformly by A, let us slow down only in windows W; of macroscopic width §2, every distance §(1 — &)
apart; see Figure 2. We refer to this as the ‘intermittent construction’. Even though slow-down is only

W; rate= A rate=1
62 (5(1 — (5)

FIGURE 2. The Intermittent construction. The ticks represent the scaled lattice & (3 + Z)
where particles reside.

enforced on the W;’s, since particles cannot jump ahead of each other, this construction achieves an overall
constant flux x through blocking. More explicitly, it is conceivable that, under the intermittent construction,
particles exhibit the macroscopic stationary density profile as depicted in Figure 3. In between the windows
Wi, the density takes two values p1, p2, with p1 > p > p2, as a result of blocking. Even though the density
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varies among the values p, p1, p2, referring to Figure 3, we see that as § | 0 the density profile converges to
p in an average sense. As for the cost, since the region {W;}; has fraction §, as § | 0 the cost in entropy per
unit length (in £ € R) goes to zero. This suggests that the intermittent construction gives approximately
zero cost for A < 1.

P1
2 R _P_
P2
A rate= 1 A
02 0(1—0) 52

FIGURE 3. Expected macroscopic density under the intermittent construction. Here p; >
p2 € [0, 1] are the unique solutions of the equation p;(1 — p;) = k, and 71,79 are such that
r1 412 =06(1 =6), rip1 +r2p2 = (11 +12)p.

Combining the preceding discussions for the cases A > 1 and A < 1, we have then

Sy < { {72 = 4= ) = PG )

This heuristic gives an upper bound J? on J. On the other hand, for the lower bound, we are only able to
prove J! < J, obtained by bounding the mobility by p A (1 — p). The bounds J*!, J? do not match, and
finding the actual rate function remains an open question.

Acknowledgements. SO thanks Lorenzo Bertini, Bernard Derrida and S. R. Srinivasa Varadhan for useful
discussions. LCT thanks Ivan Corwin, Amir Dembo, Fraydoun Rezakhanlou, Timo Seppélédinen and S. R.
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SO’s research is supported by ANR-15-CE40-0020-01 grant LSD. LCT’s research was partially supported
by a Junior Fellow award from the Simons Foundation, and by the NSF through DMS-1712575.

Outline. In Section 2 we establish some useful properties of the functions I and J’. The lower semi-
continuity is not used in the rest of the article, but we include it as a useful property for future reference.
In Section 3, we prove Theorem 1.2(a) and (b) assuming Propositions 3.4 and 3.5, respectively. These
propositions concern bounds on relative entropies. We settle Proposition 3.4 in Section 4, and then devote
the rest of the article, Sections 5-7, to showing Proposition 3.5.

Convention. Throughout this article, x,4, j,k, ¢, m,n € Z (and similarly for x1,4’, etc.) denote integers,
and &, ¢ € R denote real numbers. The letters s,t always denote time variables, with either s,¢ € [0,7] or
[0, NT]; We use h, g, etc, to denote un-scaled, TASEP height processes, with hy, gy being the corresponding
scaled processes. The same convention applies also for the initial conditions hi¢, gi¢, hi¢ gi¢ of these processes.

2. PROPERTIES OF FUNCTIONS I* AND J*

Recall that 1()\) := (1 A \) denote the truncated rate function for Poisson variables. Under this conven-
tion, we still have that A +— t()) is convex, and that E/(A) =log(AV1).

The functions J!, J?, defined in (1.17)—(1.18), take infinite value at p = 0, 1. This property posts undesir-
able technical issues for our analysis, and hence we consider the following truncations. Let ®!(p) := pA(1—p)
and ®2(p) := p(1 — p). For small a € (0, 1), define the following truncations

BL(p) = (1 - a?)@l )+ a? (2.1)
, when p € [a,1 — a,

(p
— )
g (1—-2a)(p—a) , when p € [0,a), (2.2)

o2 (p) = a(l -
1 +(2a—1)(p— (1 —a)), when p € (1 —a,1].



SPEED-N? LDP OF THE TASEP 7

From this construction, it is clear that &, > ®%, ®! > a? > 0 and that p — @i (p) is concave. We then define

Ja (K, p) = o (p)¥ (5155) (2.3)
Ja(k, p) = 25 (P)Y (5255)- (2.4)

A straightforward differentiation Z—E(ﬁa(%)) = —(£ — 1)+ < Oshows that
& 5@(%) is nonincreasing, V fixed x € [0, 00). (2.5)
so in particular J!(k, p) < a®(ka~2) < oco.

Lemma 2.1. The functions J* : [0,00) x [0,1] — [0,00] and Ji : [0,00) x [0,1] = [0,00) are convez, for
i=1,2.

Proof. 1t is straightforward to verify that
J'(k,p) = sup {ka— @' (p)(e* = 1)}, Ji(k,p) = sup {ka — ®%(p)(e™ = 1)}.

Using these expressions and the concavity of p — ®(p) and p — ®%(p) gives the desired result. O
We next establish a few technical results. To setup notations, let {0} := ZQ—EC 12;0 be an equally spaced

partition of [0, T], dyadic in n. Define, for h € 2, the following quantities
on

R T e ] 26)
i=1 t =
I(h) == s%p/R’fn(h,g)dg. (2.7)

Lemma 2.2. For any h € 9, if I(h) < oo then h € .

Proof. Recall that, we say a function f : [0,7] — R is absolutely continuous if, for any given € > 0, there
exists § > 0 such that for any finite sequence of pairwise disjoint subintervals {[so, to], [s1t1], .-, [Sn,tn]} Of
[0, T] with ", (t; —s;) <6, we always have Y, | f(t;) — f(si)| < e. Recall from (1.15) that, to show h € Zq,
it suffices to show the existence of t-derivate of h, in the sense of (1.12). This, by standard theory of real
analysis, is equivalent to showing

t — h(t,€) is absolutely continuous , for a.e. £ € R. (2.8)

With I, (h, €) defined in (2.7), by the convexity of A — ¥()\), we have that
L(h,€) < In(h,€), ¥ <m. (2.9)

Fix an arbitrary radius 7 < co. Alongside with the partition {o?}2", of time, we consider also the equally
spaced, dyadic partition {7 = £ ?l_zn of [-r,r]. Let U = [£7 ,£}), j = —2",...,2" — 1, denote
the intervals associated with the partition. Fixing arbitrary 0 < € < 1, we inductively construct sets

U(n) C [—r,7] as follows. Set U(0) = B, and, for n > 1, let
Un) = {U;L C sup In(h, ) > afl} (2.10)

U \U(n—1)

denote the union of intervals Uj* on which the function INn(h, €) exceeds the threshold e, excluding those

points from the previous iteration ¢ (n—1). Since h(t) € &, we have that |h(t,&1)—h(t, &)| < |§1—&2| < r27",
for all £, & € U, This gives

‘h(f"?vfl) B h(gglflagl) . h(U?a€2> B h(0?71a€2)

n __ -n n __ .n
0, =01 0, — 01

2—n+1 2
’ < =2 Va6 eUn (2.11)

="n_ n )
0, =01 T

K2

That is, the argument of ¢(+) in (2.6) differs by at most 2~ as ¢ varies among Uj'. With E/()\) =log(AV 1),
it is straightforward to verify that, for all \; < A2 € [0,00) with [Az — A| < %, we have

[b(A2) = ¥(A)] < Zlog((M Ade + 5) V1) < e(P(M) AP(A) + 1),
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for some constant ¢ < co depending only on 2% In particular, for such A, A2, the maximal and minimal of
(A1) and ¥()\g) are comparable in the following sense:

P(A1) Vv E(Az) <(e+ 1) QA1) Ap(X2)) +e (2.12)
In view of (2.11), we apply (2.12) with \; = =2 iln) gffll’&), for all &,& € U, to obtain

i i—1
-1

~ 1 ~ €
inf I,(h,¢)> (su I.(h, )_1>
e In(hh8) 2 ceur (hO) =127

—1, VU CU(n). (2.13)

Sum the inequality (2 13) over all U C U(n), and multiply both sides by [U(n)|. We then obtain
fu( L. (h,&)d¢ > (CJrl — 1)[U(n)|. From this and (2.9), we further deduce

—1 . .
(Eg-1umls [ Lngis [ Tu@d vm<m (2.14)
ctl Un) Un)
Referring back to (2.10), the sets U(1),U(2),. .. are disjoint. Under this property, we let F(m) := U ;U (m)
denote the union of the first m sets, and sum (2.14) over n = 1,...,m to obtain
g7t ~ ~
-1 < I, (&)dé < I(h). 2.1
(e -)Femis [ T < T (215)
Set F := U2 U(n). Letting m — oo in (2.15) gives |Fi| < I(h )(— —1). Now, with
F. D {&€r,—r):sup, n(h,{“) > ¢~ 1}, further letting € | 0, we arrive at
‘{5 € [r,—r) :sup L (h,&) = OOH =0. (2.16)

With the properties 1 > 0 and limy_, o0 @ = 00, it is standard to show that sup,, fn (h, &) < oo implies

the absolute continuity of ¢ — h(t,€). This together with (2.16) shows that ¢ — h(¢,£) is absolutely
continuous for a.e. £ € [—r,r). As r < oo is arbitrary, taking a sequence r, 1 oo concludes the desired
result (2.8). O

Lemma 2.3. For all h € 9, we have I(h) < Ii(h), j =1,2.

Proof. Assume without lost of generality h € 4 and h(0) = hi¢, otherwise I(h) = co. Since ®7(p) < 1 for
all p € [0, 1], by (2.5),

T (hey he) = O (he) V(i) = EV(FE)le=1 = (he). (2.17)
Integrating this inequality over [0,7T] x R gives
T
/ ( / E(ht)dt)dg < I9 (h). (2.18)
r MJo
By the convexity of A+ 9(\), we have that
T — h’( ?55)_ 0 175
Q—nw( e / O(he(t,€))d (2.19)

Summing the inequality (2.19) over i =1,...,2", glves n(h, &) < fo (ht)dt. Integrate this inequality over
€ € R, combine the result with (2.18), and take the supremum over n. We thus conclude the desired result

I(h) := sup,, [y In(h,€)dé < I'(h). 0

The next result concerns local approximation of the derivatives hy, he of a given deviation h € Z4. To
setup the notations, for given r < oo and ¢ < oo, we consider a partition

Ro(r) = {0 = [W=)L i) o (G20 i)y — 1, = —€ 41,0} (2.20)

of [0,T] x [—r,r] into equal rectangles. Write f, fdtd¢ := % [ 4 fdtd¢ for the average over a set A.
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Lemma 2.4. For any fized h € 94, we have that

T
lim sup limsup{ Z 0| J} (thtdtdﬁ, thgdtdg)} 2/ /Jl(ht,hg)dtdﬁ. (2.21)
0o Jr

(r,a)—(00,0) £—o0 O€eR,(r)

Proof. Fix arbitrary s.,r < oo, a > 0 and ¢ > 0. Recall the definition of the truncated rate density .J}
from (2.3). We begin by proving the following statement: there exists £, < oo such that, for all £ > £,

|U{O € Re(r) : Ba(h) > e}| <-, (2.22)

;(m A fohedtde thEdtdg) - ][ T (ks A by, he)dtde|. (2.23)
0

Given that J!(k« A «,+) is bounded and Borel-measurable, the statement (2.22) follows from standard
real analysis, similarly to the proof of [CKP01, Lemma 2.2]. We given a formal proof here for the sake of
completeness. In addition to £, we consider an axillary parameter ¢, . Both ¢, and /., will be specified
in the sequel. Write hy A k. =: hy* to simplify notations. Regard the pair of derivatives F' := (hy*, h¢)
as a measurable map F : [0,T] x [-r,r] — [0,x*] x [0,1]. Partition the range [0, k.| x [0,1] of F into
subsets Uy, ...,U,, each of diameter at most 1 . We let V; := F~1(U;) be the preimage of U;. With

By(t,€) € R? denoting the ball of radius b centered at (t,£), by the theory of measure density (see, e.g.,
[Rud87, Section 7.12]), we have that
|Bb(t7 6) N V;'
im ——————
blo [By(t, &)
This being the case, there exists a compact set K; C V;, with |K;| > |V;| —
im ———
bl0 |Ba(t, )]
From this and the compactness of K;, we further constructed a finite union of open balls O; D K;, such that
|0;| > | K| — 54~ > |Vi] — (2.24)
Now, for a fix O;, we classify rectangles O € Ry(r) that intersects Wlth O; (i.e., dNO; # 0) into three types:
e Desired rectangles: 0 C O; with [ONV;| > (1 — i)|lﬂ|;
e Undesired rectangles: 0 C O; with [ONV;| < (1 — i)|lﬂ|;
e Boundary rectangles: 0N O; # 0 and O N Of # 0.
Let A%, A’ 4 and Aﬁd denote the respective sets of desired, undesired, and boundary rectangles with

where Eq(h) :=

=1forae. (t,§) eV, i=1,...,n.

ze , such that

=1 for every (t,¢) € K;.

respect to O;, and let A%, A’ , and A{;)dy denote the areas (i.e., Lebesgue measure) of the union of

des?

rectangles in Ades, Aund and Afsdy, respectively. First, for each of the desired rectangle O € Aées,
vinol = (-0, (2.25)
= (8, €) — b= (', €)], [he(t,€) = he(t', &) < 7m0 Y(8,6), (#,€) e VinD. (2.26)

Recall the definition of En(h) from (2.23). Since hy* and he are bounded, and since (k,p) — J1(k,p) is
continuous, for some large enough /... € N, the condition (2.25)—(2.26) implies

Eg(h) <e, VOe | Al (2.27)
i=1
Next, since each O; is finite union of open balls, and since the rectangles O € Ry(r) in Re(r) shrinks uniformly
as ¢ — oo, there exists £, € Z N [3nl,., 00) such that

ZAbdy < L, V> 0, (2.28)
Moving onto undesirable rectangles. From the preceding definition of undesirable rectangles, we have
Al a1 = 72) + Al + AL, > [Vi|. Combining this with (2. 24) gives

lllnd(l )+ Adcs bdy 2 |O | A (Alllnd + Aécs) - i (229)
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Rearrange terms in (2.29) and sum over i to obtain

- = 1 ; 0. 2
;Aund < ZE**(Z +Abdy) < Z +§ < g (2.30)

Combining (2.27)—(2.28) and (2.30), we conclude (2.22).
Having established (2.22), we now let £ — oo in (2.22) to get

lim sup
£— 00

T r
3o (m A fohedtde | thgdtdf) —/ / T (ke A By, he)dtde
0 —r

OeRy(r)

< 2rTe + || T2 (ke A oy #) || ot
As € > 0 is arbitrary, further letting € | 0 gives

T T
41320{ DEPA (m A fohedtde thgdtdg)} :/0 [ T (s A hy, he)dtde. (2.31)

OeRy(r)

Indeed, J!(h¢ A ks, he) increases as k* increases. We then remove k., A « on the Lh.s. of (2.31) to make the
resulting quantity larger, and let x, — oo using the monotone convergence theorem on the r.h.s. This gives

limsup{ SO, (thtdtdg, thgdtdf } / / (e, he)dtde.

£— o0 O

ERy(r)

Further letting (r,a) — (00,0), using the monotone convergence theorem on the r.h.s. (J! increases as a

decrease), we conclude the desired result (2.21). O
3. PROOF OF THEOREM 1.2

3.1. Upper bound. We begin by establishing the exponential tightness of Py. To this end, consider, for
h € P, n,r < oo, the following modulo of continuity

w'(hyn,r) = sup [R(5F) = R - (3.1)

h(EL¢) — h(%,ﬁﬂ. The main step of showing

n?

Note that for h € 2, we have h(iL, ¢) — h(%,f) =
exponential tightness is the following.

Lemma 3.1. For each fized € > 0 and r < oo, we have that

logPN( '(hy,n,r) >¢) = —o0. (3.2)

limsup limsup —
n— oo N—o0 N

Proof. Write t; := % to simplify notations. Our goal is to bound the following probability:

N_PN(U U it ) bt §) = 2}), (3.3)

1=1 L €l—rr]

Let m := (t—r] and partition [—r, 7] into subintervals U; := [%, L] j=1-m,...,m. Since hy(t) € &,

for each x, 2’ such that £ € Uj, we have

N N
|(hw(ti, &) — h(tion, £)) — (ha(ti, &) —hy(tio1, &) <218 - | < 2 < £,
N

Consequently, if h(t;, ) — h(ti—1, ) > € for some % € Uy, then h(t;,
This gives

Szn: zm: PN(ﬂ{hN(ti,%)—hN(ti—l,%)Z %}) (3.4)
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Under the law Py, the condition hy(¢;, %) — hy(ti—1, N) £ forces the underlying Poisson clock at site x
to tick at least N5 times in a time interval of length J\;T Using this in (3.4) gives

pN <n Z P(Xy > N%)#(Ujm%)7
j=1—-m
where X ~ P01S(NT) Since Uj is an interval of length =, m := [%17 we necessarily have #(U; N %) . %7
for all N large enough. This yields

eN
pn < 2mnP(Xy > N$) ° (3.5)
Recall from (1.16) that ¢ (A|u) denotes the large deviation rate function for Poisson variables. In particular,
limy oo & log Py (Xy > NE) = —9(5|L). Using this in (3.5) gives
limsup — lo —— Iy, 3.6
N%OPN gpy < w( B (3.6)
Now, combining (3.3) and (3.6) gwes
lim sup — logPN( (hN,n,T)ZE)S—Ew(§|I).
The last expression tends to —oo as n — oo. This concludes the desired result . O
Given Lemma 3.1, the exponential tightness follows by standard argument, as follows.
Proposition 3.2. Given any b < oo, there exists a compact set K C 2 such that
hmsup — logPN(hN ¢ K) < —b. (3.7)
N—00
Proof. Define, for h € D([0,T],C(R)), the modulo of oscillation as
w(h,d) := inf max sup dem(h(s),h(t)), (3.8)

{t'b} i E[tifl,ti)

where the infimum goes over all partitions {0 = tg < 1 < ... < t, = T} of [0,T] such that ¢; — t;—1 >
0,4 =1,...,n. Note that w(h,d) decreases as § decreases. Under these notations, recall from [EK09,
Theorem 3.6.3] that A C D([0,T], C(R)) is precompact if:

(1) there exists compact K’ C C(R) such that h(t) € K', Vt € [0,T], h € A;
(2) For each h € A, lims o w(h, §) = lim, o w(h, L) = 0.

The condition (1) holds automatically for any A C & because & is already a compact subset of C(R).
In (3.8), take the equally the spaced partition {0 < % < ... < T} we obtain that, for h € 2 and k < oo,

w(h, §) < max [F(E52) = F(ED)llopru +27% = o (hon, k) +27" (3.9)
For each fixed k < oo, using Lemma 3.1 with ¢ = 27% to bound the term w’(h,n, k) in (3.9) gives

hmsuphmsupN logPN( (hN, ) >27 k+1) = —00.

n—oo  N-—oo
Fix further b < oo. We then obtain n.(b, k), N.(b, k) < oo, depending only on b, k, such that
1
m1ogPN( why, L) > 2781 < —kb,  ¥n > n.(b,k), N > N.(b,k). (3.10)

Further, for each N € {1,..., N.(b,k)}, it is straightforward to show that lims o Py (w(hy,d) > 27FF1) = 0.
Hence, by making n. (b, k) larger in (3.10) if necessary, the inequality (3.10) actually holds for all N > 1, i.e.,

N2 log Py (w(hy, L) > 2771 < —kb,  Vn > n,(b,k), N > 1. (3.11)
Now let A := N2, {h : w(h, m) > 27%+11 By the previously stated criteria (1)-(2), the set A is
precompact. Rewriting (3.11) as Py (w(hy, %) > 27F+1) < ¢=kN? and taking the union bound over

k > 1, we obtain Py (A°) < c(b)e_bN2, for some constant ¢(b) < oo depending only on b. This concludes (3.7)
for KK := A. O



12 S. OLLA AND L.-C. TSAI

We next prepare a lemma that allows us to ignore discontinuous deviations g in proving Theorem 1.2(a).

Lemma 3.3. Given any b < oo and any g € 2\ C([0,T],C(R)), i.e., discontinuous g, there exists a
neighborhood O of g, i.e., an open set with g € O, such that

1
limsup — logPy(hy € O) < — (3.12)
N—00 N?
Proof. Recall that, Skorokhod’s Ji-topology is induced from the following metric
ds(g,h) i=sup { ( sup [o(t) = 1)) v ( sup_deg(g(t), (hov)(1) }. (3.13)
v te[0,T) t€[0,T7]

Here the supremum goes over all v : [0,7] — [0, T that is bijective, strictly increasing and continuous.

Given g € 2\ C([0,T],C(R)), there exists t € (0,T], £ € R and ¢ > 0 such that g(¢,&) — g(t—, &) > eo.
From the expression (3.13) of the Skorohod metric dg(-, +), we see that ds(h, g) < & implies h((t+0)AT, &) >
g(t,&) — 6 and h((t —6) vV 0,€) < g(t,€) + 6. The last two conditions gives

w'(h,20,[¢]) = g(t, &) — g(t™,£) — 26 > g9 — 24

Equivalent,
{h:ds(h,g) <} C {w'(h,20) > eo — 25}. (3.14)
Now, for any given b < oo, by Lemma 3.1 there exists some small enough § > 0 such that
lim sup N_ log Py (w'(hy, 26, [€]) > g — 26) < —b. (3.15)
N—o0
Combining (3.14)—(3.15), we see that (3.12) holds for O := {h : ds(h,g) < d}. O

We now begin the proof of Theorem 1.2(a). The main ingredient is Proposition 3.4, which we state in
the following. To setup notations, give a continuous deviation g € 2 N C([0,T], &), we define the following
tubular set around g:

Uar(g) = {he 7 sup h(t) = gWllorrm < a}- (3.16)

t€[0,T]

For generic ay | 0 and ry 1 0o, we consider the following conditioned law:

1
= P .
A = B oo @) N herr @

Recall that, for probability laws @, P, the relative entropy of @ with respect to P is defined as H(Q|P) :=
Eg(log %) if @ < P; and H(Q|P) := —oo otherwise.

(3.17)

Proposition 3.4. Fiz a continuous deviation g € 2 N C([0,T],8&), and let {Qn}n and U,y +y(g) be as
n (3.17), with generic an L 0 and ry T oo. Then

1
—limsup —5 log Pn (hy € Uy ,ry (9)) = liminf —H(Qn|[Px) > I'(9). (3.18)
N—oo N ’ N—oo N2

Proposition 3.4 is proven in Section 4 in the following. Assuming this result here, we proceed to complete
the proof of Theorem 1.2(a).

Proof of Theorem 1.2(a). Recall from (3.13) that dg denotes Skorokhod’s metric. Throughout this proof we
write By(h) := {h € 2 : ds(h,h) < b} for the open ball of radius b centered at a given h. First, given the
exponential tightness from Proposition 3.2, it suffices to prove the upper bound (1.22) for compact C. Fix
a compact C C Z. For each given radius b > 0, let {Bb(hb)}"(b) C @ be a finite cover of C that consists of
open balls of radius b. Choose a sequence by | 0 in such a way that —= 1og n(by) — 0, and write th = hN
to simplify notations. We then have

n(bs
hmsup 5 log PN (C) < hmsup 5 log ( Z N(hn € Byy (hN))>
N—00 N—00 i—1
< lim sup WA — log P (hy € By, (hY)). (3.19)
Nooco =1 N
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FIGURE 4. The triangulation (7, b)

In (3.19), pass to a subsequences Ny and ips that achieves the limit, and write iNLM = hf-\fé” and EM = bn,,
to simply notations. As C is compact, the subsequence {E M }35—, has a limit point g € C. Hence, by refining
the subsequences, we assume without lost of generality h M — g, as M — oo.

Consider first the case where g is continuous, i.e., g € C([0,7T],&). For such g, converges to g under the

Ji-topology is equivalent to convergence under the uniform topology. This being the case, there exist ay | 0

and ry 1 oo such that, with Uy ,(g) defined in (3.16), B (hn) C Uay,, ra,, (9), for all M. This gives

n(bn) W) — 1 ~
h]{,nj;lop max F log Py (hy € By (h')) = lim N—M log Py (hnry € By (har))

< limsup — N 5 log P (hy € Uay iy (9))-
N—o00
The desired upper bound (1.22) thus follows from Proposition 3.4.
For the case of a discontinuous g, fix arbitrary b < co. By Lemma 3.3 there exists a neighborhood O of ¢
such that (3.12) holds. With 2™ — g and by; — 0, we have B; (hM) C O, for all M large enough. Hence

lim sup T —- 3 198 Py (Buy (1)) < limsup — N2 log(0) < —b.

Nooo =1 N —oc0

Letting b — oo gives the desired result (1.22). O

3.2. Lower bound. We begin by setting up notations and conventions. In the following, in addition to
the process hy with initial condition hi% as in (1.21), we will also consider processes with other initial
conditions. We use different notations to distinguish these processes, e.g., gy with initial condition gt
The initial conditions considered in the following are deterministic. This being the case, we couple all the
processes with different initial conditions together by the basic coupling (see, for example, [Ligl3]). That
is, all the processes are driven by a common set of Poisson clocks. Abusing notations, we write Py the joint
law of all the processes with distinct initial conditions, and write P%; for the marginal law of a given process
g. It is straightforward to verify that the basic coupling preserves order, i.e.,

if h(0,2) > h(0,z), Vo € Z,  then h(t,x) > h(t,z), Vt € [0,NT], z € Z, (3.20)
and that height processes are shift-invariant
if h*(0) = h%(0) + k,  then h'(t) = h?(t) +k, V¢t € [0, NT]. (3.21)

In the following we will often consider partition of subsets of [0,7] x R. We adopt the convention that
the t-axis is vertical, while the £-axis is horizontal. The direction going into larger/smaller ¢ is referred to
as upper/lower, which the direction going to larger/smaller ¢ is referred to as right/left. For a given 7 = %,
¢ €N, we let X(7,b) denote the triangulation of [0, 7] X R as depicted in Figure 4. Each triangle A € X(r, b)
has a vertical edge of length 7, and horizontal edge of length b, and a hypotenuse going upper-right-lower-left.
We say a function h € C([0,T] x R) is (7, b)-piecewise linear if h is linear (i.e., Vh is constant) on each

A € X(1,b).
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Recall from (3.16) that Uy, »(h) denotes a tubular set around a given deviation k. The main ingredient of
the proof is the following proposition.

Proposition 3.5. Fiz e, > 0, r. < 00; 7,b such that %, 7= € N; and a Z-valued, (7, b)-piecewise linear
deviation g such that

0< sup g < oo, (3.22)
[0,T]xR

0 < inf < sup <1, 3.23
omf 9e < [0,T]><]Rg£ (3.23)

Write g* := g(0). Given a TASEP height process gn, with an initial condition g satisfying

dom) (8%.9") — 0, as N — o0, (3.24)

there exists a probability law Qn on 2, supported on the trajectories of gn, such that
Jim Qn (gn € Ue. s (9)) =1, (3.25)

1 d
sup Eq, (N2 log dgév) < 00, (3.26)
hrnsup H(Qn|P%) / / 2(ge, ge)dtdg +/ / )dtd{, (3.27)
. n<\£\<r* 95 1 - 9&)
where r* is defined in terms of r. and g as

=+ DA, (3.28)
A= sup TS (0, 00). (3.29)

[0,T]xR ge(1 — 95)

Proposition 3.5 is proven in Section 5-7 in the following. Here we assume this result, and proceed to complete
the proof of Theorem 1.2(b). To this end, we first prepare a few technical results. First, using standard
change-of-measure techniques, we have the following consequence of Proposition 3.5:

Proposition 3.5%. Let gn,g,ex, 7+, 7" be as in Proposition 3.5. We have

hmlnf—logPN( gn €Ue, . (g / /J2 (9¢, g¢) dtd§—|—/ / )dtd§+6*
N—roo r*<\£\<r QE 1—95) ( )
3.30

Proof. Let {Qn}n be as in Proposition 3.5, and write U := U, _ ,, (g) to simply notations. Changing measures
from Py to Qu, we write Py(gny € U) as

Py(gy € U) = Eq, (luexp( log dgév))

Apply Jensen’s inequality [ F(X)du > ([ dM)F(fj‘)izi#) with the convex function F(€) = exp(—¢£), and with

= log Zgé};’ and p = Eq, (1y+). We then obtain

Paex €U) > Qu@exn (- goorPas (1o o))

: X 4Q (3.31)
= — ———H(Qn|P%) + =~ Eq, (1u:! =)
QN(U) €xXp ( QN(L{) (QNl N) QN(u) QN ( ue 10g —5— dPg ))
Take 7z log(+) on both sides of (3.31), and let N — co. We have
1}\1{21;101’]\[ logPn(gn €U)
o 1 -1 1 1 dQx
> — S — g —_— c—s . .
_1}\1{&1&5 (N2 log QN (U) + ) NQH(QN|PN) + andd Eq. (1u 5 log aPE, )) (3.32)
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With (3.26) and Eq, (U¢) — 0, we have that Eq, (1y-§= log Zgév) — 0. Using this in (3.32) gives
N

1 1 1
. . = > . . = g ) .
liminf = log Py (gn € U) 2 lim inf (N2 log Qn (U) + 7Q @ N2 H(Qn[PY) (3.33)
Now, in (3.33), using (3.25) to replace each Qn (U) with 1, and then using (3.27) to take limit of the last
term, we obtain the desired result (3.30). O

The next Lemma allows us to approximate h* € 2 with I2(h*) < co with a piecewise linear g of the form
considered in Proposition 3.5.

Lemma 3.6. Fiz a,e, > 0, ro < 00, and a deviation h* € 9 such that I?(h*) < co. There exist v > 1), €
[ro,0), £« €N, and a Z(é , 7 )-piecewise linear function g € 9, such that

sup lg — h*| < a, (3.34)

[0, T]x[=r,ri]
/ / 2(gt, ge)dtde < I*(hy) + €., (3.35)

T
_ gt
o —2dtde < e, 3.36
/0 /m<£<r»« g¢(1 —gg)) (3:30)
and satisfies (3.22)—(3.23), and
9(0,7%) > ( sup g) +5, (3.37)
[0,T] % [~ 70,70] 5

g0 =)+l > (s (96,8 = 9) +z. (3.38)

[0, T x[—70,r0]

where r* > r, is defined in terms of r« and g as in (3.28)—(3.29).

Remark 3.7. Indeed, %(L T ) -piecewise linear functions have derivatives everywhere except along the
edges of the underlying triangulation. Slightly abusing notations, the supremum and infimum in (3.22)-
(3.23) neglect a set of zero Lebesgue measure where Vg is undefined. We adopt this convention also in the
following.

Remark 3.8. Here we explain the role of this lemma and the conditions (3.22)—(3.23), (3.34)—(3.38) therein.
The idea behind Lemma 3.6 is to approximate a generic h* with a specific type of deviation g, with various
properties that facilitates the subsequent analysis. Indeed, (3.34) allows us to approximate the deviation
h* with g, and (3.35)—(3.36) ensure the corresponding cost does not increase, up to an error of .. The
conditions (3.22)—-(3.23) assert that (Vg) is bounded away from the boundary of (x, p) € [0,00) x [0,1]. In
particular, the resulting rate density J?(g,ge) is uniformly bounded. The purpose of having (3.37)—(3.38)
is to incorporate a localization result from Lemma 3.9 in following.

Proof.

Step 0, some properties of h*. Fix a > 0,79 < oo and h* € 2 with I?(h*) < co. Note that for such h*
we must have h*(0) = hi¢. Before starting the proof, let us first prepare a few useful properties of h*. Since
hi¢ € 9, & s hi°(€) is nondecreasing and & — hi¢(£) — £ is nonincreasing. We let

at = 5lim hi¢(€) =suph® e RU {0}, a := lim (h‘c(f) €) = sup(h'°(&) — &) € RU {o0}.
—00 R E—— £eR

Under the current assumption I?(h*) < oo, we claim that

at = sup h*, (3.39)
[0,T]xR

a” = sup (h*(t,§) —¢§), (3.40)
[0,T] xR

sup(h*(T, &) — h*(0,€)) < occ. (3.41)

£ER
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To see why (3.39) should hold, assume the contrary: h*(to, &) = a > a, for some to € (0,7, & € R. Since
h*(to) € &, we necessarily have that h*(to,)|e>e, > @. Using (2.17), we write

//tht,hgdtd§>/é / P(h})dtde.

Further utilizing the convexity of X — 1()\) gives

I2(h*)2/0 tow(][to h;‘dt)dﬁz/o tow(

This contradicts with the assumption I2(h*) < oo. Hence (3.39) must hold. Likewise, if (3.40) fails, i.e.,
h*(to, &) — &0 = o > a~, we must have (h*(t9,&) — §)le<e, > . The last inequality gives (h*(to,&) —
hi€(€))|e<¢, > o —a~ > 0. From here a contradiction is derived by similar calculation to the preceding.
Hence (3.40) must also hold. Turning to (3.41), for each & € R, using h*(T), h*(0) € & we write

(R*(T,&) — h*(0,&)) —1 < inf<1 (R*(T,€) — h*(0,8)). (3.42)

[§—&0l<3

)dg:oo.

Recall the definitions of I,(h,&) and I(h) from (2.6)—(2.7). With limy_e p(A)A™1 = oo, we have that

h*(T,6)—h"(0,€)
T

A < (A) + o, VA € [0,00), for some universal constant cg < oo. Using this for A = on the

r.hs. of (3.42), we obtain

(h*(T, &) — h*(o,fo)) —1—Te¢y < /E N Ta(h*(T’ 5);

/ (h h* - 5))dfz/Rfl(h"i)dé‘. (3.43)
)

By (2.7) and Lemma 2.3, the last expression in (3.43) is bounded by I(h*), which is further bounded by
I?(h*). Namely, (h*(T, {0) h*(0,&)) — 1 — Tco < I*(h*). Under the assumption I?(h*) < oo, taking the
supremum over &y € R gives (3.41).
Step 1, tilting. Our goal is to construct a suitable g that satisfies all the prescribed conditions. The
construction is done in three steps. Starting with h*, in each step we perform a surgery on the function from
the previous step. Here, in the first step, we ‘tilt’ h* to obtain g, described as follows.

Set Yo 1= sup;epo, 77 1A (£, 0)| < oo, and let ' > (8a) V 1o V (2a70) be an auxiliary parameter. We tilt the
function h* to get

K08

7 (6,8 = (1= 35" (£,) + £5€. (3.44)
Such a tilting ensures the £-derivatives are bounded away from 0 and 1. More precisely,
G = (L= ghi + i € [ 1= 1, (345)
Also, g = (1 — 5%)hi < h, and
sup  [§7 —h*| — 0, as ' — . (3.46)

[0,T)x[—70,70]

Furthermore, evaluating §" at (¢,€) = (0, +1”) gives

3" (0,7) = (1—2)h(r')+ 4 —at+2, ast’ — oo, (3.47)
370, =)+ =(1- ) (R(—=r)+1r)+ 2 —a” + 4, asr — oo (3.48)
We now list a few consequence of the prescribed properties of § ", Recall that ®%(p) = p(1 — p).
From (3.45), it is straightforward to Verify/ that |§5 — 3| < |hf — 3|, so in particular ®*(g g) > ®*(hg).
Combining this with (2.5), together with gi < hj, we obtain
TG g% ) < TPy hY). (3.49)
Next, with [§7 (£, &) — h*(t,€)| < a5 |h*(t, €)| + ZE', [h*(t,€)| < 40 + [€], and 7' > 2a7p , we have that
/ a ar’
sup g —h < —(p+7)+— <a. 3.50
[0,T)x[=7",7"] | | 27'1( 0 ) 47’ ( )
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Further, combining (3.47) with (3.39) and (3.46), we have that

lim inf (ET,(O,T’) - sup @T/) >at + e sup h* > g (3.51)
oo [0,7]x[~70,70] 4 [0,T]x[=70,70] 4
Similarly, (3.48), (3.40) and (3.46) gives
lim inf ( 0, =)+ 1" — ( sup G (LE) + g)) >4 (3.52)
7’00 [0,7] x[—ro,ro] 4
In view of (3.50)—(3.52). we now fiz r’ = r’, and write g™+ =: g, for large enough 7, so that
sup g — h*| < a, (3.53)
[OvT] X [7”,;17«;]
g(0,7%) > ( sup §) _— (3.54)
[0,T]x [~ 0,70 5
go.—r)+r > (s (GhO-€)) -z (3.55)

[0,T)x[—70,70]

Step 2, mollification. Having constructed g, we next mollify § to obtain a smooth function g. To prepare
for this, let us first fix the threshold r.. From (3.49),we have that

T T
/ / J?(Gr, ge)dtde < / / J?(hy, hg)dtdE — 0, as r — oo.
o Jiglzr o Jiglzr

This being the case, we fix . > 7/ such that fOT fI€I>T* J%(Gt, ge)dtdé < (&)25*.

Fix a mollifier w € C*°(R x R), i.e., nonnegative, supported on the unit ball, integrates to unity. Extend
g to R x R by setting g(¢,&)|t<0 := g(0,&) and (¢, &)|e>1 := g(T,&). Under this setup, for § > 0, we mollify
g, and then tilt in ¢, to obtain

Pt,€) = / (s, ) w(t5e, €Y dsid 4 5y (3.56)
R2

With § being continuous on [0, 7] x [—7%, 7], the properties (3.53)-(3.55) hold also for g° in place of g, for
all § small enough. Further, the convexity of (k, p) — J2(k, p) gives

T Ty T46 T Ty
/ / 250,52 dede < / / T2(50 + 6,5¢)dede — / / PG50, Ge)dide < 1P (h*),
—Ts 1€|<r.+d —Ts

T+6 )
/ / gt,g5 )dtdg </ / (gt + 6, ge)dtdg —>/ / gt,gg)dtdg < ( ) Ex,
|£|>n §|>n+6 |&]>7 T

as 0 | 0. In view of these properties, we now fiz small enough § = 8, > 0, set § := §°*, so that

sup g — h*| < a, (3.57)
[0,T]x[—7",r’]
/ / 2(Gr, Ge)dtde < I*(h*) + €., (3.58)
/ / 2(G,, Ge)dtde < ( ) e, (3.59)
S Ar;
300,7) > ( sup g) _e (3.60)
[0, x [~ 70,70] 5
G0, ~r)+r> (s (G -¢) - = (3.61)
[0, x [~ 70,70] 5
Further, since ge is an average of ge, from (3.45) we have that
] (3.62)

As for the t-derivative, we claim that, for some fixed constant ¢, < oo (depending on 4,),

0x < sup Gy < Cy. (3.63)
[0,T]xR
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Indeed, the tilting in (3.56) ensures g; > d.. To show the upper bound, we use (3.56) to write

3.6 = [ G 0m( SO%E = [ @0 -F0.0(52 SOBE Go)
Under the convention g(t, &)|i<o := g(0,&) and g(¢, &) |1 := g(T, £), referring back to (3.44), we have that

sup (sup [§(t, ) — 5(0.)l) = sup(3(T€) = 5(0.€)) = (1= 77 ) sup(h* (1 €) = 1" (0,)).
teR N EER £ER Ty’ ¢eR

* )

The last quantity, by (3.41), is finite, so in particular |g(¢,&) — g(0,¢)| is uniformly bounded. Using this
bound in (3.64) gives supjy 71« gt < oo. This concludes (3.63). Also, combining (3.62) with (3.59), we have
that

! - gt T 1 ,
Y| == ) dtd§ = / / —————J (G, §e )dtd€ < €. 3.65
/O /IHZT* (95(1 N gf)> o Jigzr. Ge(1—7¢) (G 5¢) (3.65)

Step 3, linear interpolation. Given the smooth function g, we are now ready to construct the piecewise
linear g. Similarly to the preceding, the construction involves an auxiliary parameter, ¢ € N, which will

be fixed toward the end of the proof. For ¢ € N, consider the triangulation (%, %) Define a (%, %)—
piecewise linear function g* by letting g* = g at each of the vertices of the triangle A € S(Z, %), and then
linearly interpolating within A.

Similarly to (3.28)—(3.29), we let

T L
|
T N[0, T]xR 95(1 - 95)

Since each A has a vertical edge and a horizontal edge, and since g’ is the linear interpolation of § on A,
the (constant) derivatives gf|ao and gf| Ao are the averages of g, and g¢ along the vertical and horizontal
edges of A, respectively. This together with (3.62)—(3.63) gives

gi € [Bues G € 771 — g7 (3.66)
Using this bound (3.66) on the derivatives, we have
T c
*, 0 * For3
rt <ry 4y [—( sup 7)—‘ =7, 3.67
e \[o,T)xR (@/47))? (367)

Now, since g € C*°([0,T] x R) is smooth, we necessarily have that

lim  sup g —gl=0, lim sup (lg; Gl + g — Gel) = 0. (3.68)

i
€200 [0, T)x [~r7,,r1] =00 [0,T) x [—7*,7]

In view of (3.66)—(3.68), and the properties (3.57)—(3.58), (3.60)—(3.61), (3.65) that g enjoys, we fix some
large enough /£ = /., so that g := g°* satisfies all the desired conditions (3.34)—(3.38) and (3.22)(3.23). O

The next lemma allows us to localize the dependence on initial conditions. Hereafter, we adopt the

convention inf () := co and sup () := —oo. To setup notations, define, for f € &, b, zg € 7Z,
kt(f,b,20) := inf{x € Z N [z9,00) : f(z) > b}, (3.69a)
k= (f,b,20) :=sup{x € ZN (—o0, o] : f(x) —x > b—z0}, (3.69b)
V(f,b,x0) == [k~ (f,b,20), k™t (f, b, 20)] N Z. (3.69c¢)

Lemma 3.9. Let h! denote a generic, pre-scale TASEP height process, with initial condition h'(0) = f € &,
and let b,z € Z, to € [0, NT].

(a) The event {h'(t,x0) < b} depends on the initial condition f only through its restriction onto V(f,b, xo).
That is, given any other process h? such that h2(0)|v(f7b)10) = fly(f.b,zo), (under the prescribed basic
coupling) we have

{h'(to,z0) < b} = {h*(to, o) < b}.
(b) Similarly, the event {h'(to,x¢) > b} dependent on f only through its restriction onto V(f, b, o).
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Proof. The proof of Part(a) and (b) are similar, so we consider only the former. The proof goes through the
correspondence between surface growths and particle systems. More precisely, let

Y,(t) =inf{y € 2 +Z:h'(t,y+3) >n}, neZ (3.70)

Referring back the correspondence (1.2)—(1.3) between height profiles and particle configurations, one readily
verifies that {... < Y1(¢) < Ya(t) < ...} gives the trajectories of the corresponding particles. Let f* :=
lim, oo f(x) € ZU {00} and f, :=lim,_,_o f(z) € ZU {—o00}. Note that, by definition, Y,,(t) = oo, ¥n > f*
and Y, (t) = —oo, Vn < fi, so we allow phantom particles to be placed at oo if f* < oo or f, > —c0. In
addition to particles, we also consider the trajectories of holes (i.e., empty sites). Let

Y, (t) == sup{y € 14+Z:h(ty-4-(y—-%4)>n}, neZ (3.71)

The holes {... < Y(t) < Y1(t) < ...} evolve under the reverse dynamics of the particles: each Y,, attempts
to jump to the right in continuous time, under the exclusion rule.
Fix z9,b € Z, to € [0, NT]. Under the preceding setup, we have

{h'(to, w0) < b} = {Yi(to) > w0} = {Yyu,(t0) < w0}
Also, from (3.69)—(3.71), it is straightforward to verify that
Yo(0) + 2 = kT (f,b,20), Yiouo(0) — & = k™ (b, o). (3.72)

Indeed, since particles in TASEP always jumps to the left, all the particles {Y,,},>p to the right of ¥ do not
affect the motion of V;. In particular, the event {Y;(to) > o} is independent of {Y;,(0)},,>p. Translating this
statement into the language of height function using (3.72), we conclude that {h(to, 7o) < b} is independent
of f(2)|o>k+ (£,b,20)- The same argument applied to holes in places of particles shows that {h(tg,xz0) < b} is
independent of f(2)|,<k— (£,p,20)- O

We now prove Theorem 1.2(b).
Proof of Theorem 1.2(b). Indeed, the lower bound (1.23), is equivalent to the following statement
1
liminf — logPy(hy € O) > —1%*(h.), VYh. €O C 2, O open. (3.73)
N—oo N2

To show (3.73), we fix h, € O C 2 hereafter, and assume without lost of generality I%(h,) < oo. Under
such an assumption, h* is necessarily continuous (otherwise it is straightforward to show that I(h*) = o).
This being the case, there exist a > 0 and ryg < oo such that Us, - (h*) C O. Hence it suffices to show

- 1 ‘
lim inf — log Py (hy € Usa,ry (h*)) = —12(hy). (3.74)
The step is to approximate h* with g of the form described in Proposition 3.5. Fix e, € (0, 2]. We apply
Lemma 3.6 with the prescribed a, 1, £, and h*, to obtain a Z-valued, E(%, Z—:)-piecewise linear function g

that satisfies (3.34)—(3.38), together with £, € N and 7., 7} > 9. Write g’ := ¢(0) Next, we discretize g'°
to obtain g'°(z) := [Ng(%)]. Indeed, with ¢'° € &, this defines a &z-valued (see (1.1)) profile. Also, one
readily check that the corresponding scaled gi; profile does converge to ¢'°, i.e.,

Jimdog (g, 6) = 0. (3.75)

Let gn(t,&) denote the TASEP height process starting from gi. We apply Proposition 3.5% with the
prescribed e, < %, 1. > 1o and g to get

1 T T o g
lim inf — log P €Us . 2—/ /J2 . ge)dtd —/ / — 9 Narde — e
Nioo N2 08 N(gN 5 (g)) o Jr (91 9¢)dtde 0 r*g|g|g:€(95(1—9£)> ¢

Further use (3.35)—(3.36) to bound the r.h.s. by —I%(h*) — 3¢, from below, we obtain

P | .
li inf - log Py (gN e u%,m(g)) > _I2(h*) — 3e.. (3.76)

N—o0 2
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The next step is to relate the Lh.s. of (3.76) to a bound on 5 log Py (hy € Usry(h*)). To this end,
we consider the super-process g and sub-process g, which are TASEP height processes starting from the
following shifted initial conditions:

g :=g°+|Na], g°:=g°—|Nal. (3.77)

Recall from (3.21) that height processes are shift-invariant, so, in fact, g(t) = g(t) + [Na] and g(t) =
g(t) — | Nal, Vt € [0, NT]. In particular,

{env €Uzro(9)} € (AEN) N Algy)); (3.78)
where

(EN) = {EN(tv %) < g(tv %) +a+ %a V(t, %) € [OvT] [ T07T0]

() = {y(t %) > 9t F) —a— 2, ¥(t, %) € [0.7) x [=70, 0] .

Furthermore, rewriting (3.34) for ¢t = 0 as g(0,£) —a < h*(0,€) < g(0,€) + a, V€ € [—r
this with (3.77), (1.21) and (3.75), we obtain

gic(:zr) < hiC(:zr) < gic(:zr), Vo € [-Nrl, Nrl], (3.79)

H/—’H—/

,7.], and combining

*~

for all N large enough.

Our goal is to utilize the ordering property (3.20) to sandwich the process h(t) in between the super- and
sub-processes. However, in order for (3.20) to apply, we need the inequality i 1n (3 79) to hold for all z € Z,
not just x € [Nr— ,Nr"’]. With this in mind, writing [-Nv,, Nr,] NZ = [, 2], 2/, € N, we perform the
following surgery on g(0) and g(0):

Elc(x) , for x € [l , 2],
ghio(x) == ¢ §al) + |z — o, for x € (2., 00),
(=) , for z € (—o0, —17),
gic(.’L') 7fOl"(EE[ ,T*,l'*]
g(z) :={ g(=) ,for @ € (z,, 00),
g(—a,) — |z + |, for z € (—o0, —a,).

This gives g'°(z) < hi(x) < g*i°(x), Vo € Z. Let g* and g. denote the height processes starting from gl¢
and g*i¢, respective. We then have

g.(t,z) <h(t,z) < g*(t,z), VY(t,z)€[0,TN]xZ. (3.80)
Next, recall the definition of ki (f, b, z) and V(f,b,z) from (3.69). By Lemma 3.9, the event A(gy) depends
on g only through g|y, where
v= U VE©“.Bv.2), Bu(ta) =[Nt %) +a+g]
te[0,NT]xz€[—Nro,Nro]
Referring to (3.69a)—-(3.69b) and (3.37)—(3.38), we have that
J\}i_r)noo sup { kT (8, Bn(t,2),2) : & € [-Nro, Nrol}

:inf{§2r019(0,§)+a>( sup g)+a—|—%}<r;,
[O,T] X [—7‘0,7‘0]

lim inf { £k~ (8, Bn(t x),2) : & € [~Nro, Nro]}

N —o00
—sup {¢<—r0:9(0,)Fa—¢>( s gt -¢)+atif>—rl.
[O,T] X [—’I‘() ,T‘()]

Consequently, V C [-Na/,, Na], for all N large enough. Since, by construction, g*°|[_ ny nz/] = g =Na,Nat]»

we thus have A(gy) = A(gk). A similar argument also gives A(g,) = A(gs+,n). Referring back to (3.78),
we now have {gy € Us ,,(h*)} C (A(gk) N.A(g+,~)). Combining this with (3.80) gives

{gN S u%ﬂ“o g } - {hN € u(lJr%)a,rg(g)}' (381)
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Since g satisfies (3.34) and since 7, > ro, we have Uy 1y4.,(9) C Ugy1)q,r,(h") C Usa,ry(h*). Using this to
replace U 4 1), (9) by Usero(h*) in (3.81), and inserting the result into (3.76), we arrive at

1 .
lim inf — log Py (hy € Usa,ry (h*)) = —1?(hy) — 3e..

Since €, € (0, g] is arbitrary, letting . | 0 gives the desired result (3.74). 0

4. UPPER BOUND: PROOF OF PROPOSITION 3.4

4.1. The Conditioned Law Qp. Recall from (3.16) the definition of the tubular set U, (g). This purpose
of this subsection is to prepare a few basic properties of the conditioned law Qpy as in (3.17). Roughly
speaking, Proposition 4.4-4.5 in the following assert that the conditioned law Q is written as a perturbed
TASEP, where the underlying Poisson clocks have rates A(¢,z,h(t)) that vary over (¢,z) and depend on
the current configuration h(t) at the given time. In a finite state space setting (e.g., TASEP on the circle
Z/(NZ)) such a result follows at once by standard theories. For the TASEP on the full line Z considered
here, as we cannot identify a complete proof of Proposition 4.4-4.5 in the literature, we include a brief,
self-contained treatment in this subsection.

For the rest of this subsection, fix a > 0,7 < oo, a continuous deviation g € 2 N C([0,T], &), and let
U = U, r(g) denote the tubular set around g. Scaling is irrelevant in this subsection, we often drop the
dependence on N, e.g., writing P in place of Py. Hereafter, for a given v € R, [v] :=inf{i € Z : v < 2}
and |v] := sup{i € Z :> i} denote the correspond round-up and round-down. We write the tubular set U as

U= (1 {h eBm}, (4.1)

t€[0,NT]
Bt):= (] B(tx), Btx):={fecé:btz)<flx)<blta)}, (4.2)
IG[—ko,k}o]
where [—kq, ko] = [~Nr, Nr]NZ, and t = b(t,z),b(, z) are the upper and lower envelops, given by b(t, ) :=

lim. 0[N (g(t, ) +a) + €] and b(t, z) := lim. o [N (g(t, %) — a) —€].
Let us first step up a few notations. Define

&y (hi°) = {f €& flx) > h(a),Va € Z}. (4.3)

Indeed, the space &%(hi¢) contains the set of all possible configurations h(t) of the TASEP height process
starting from hi¢, (because TASEP height function grows in time). We say F : &z(h®) — R and G :
[0, NT] x & (hi¢) — R are local, with support V = [k, k], if,

F(f') = F(f*), Vf' f? such that f'|y = 2|y,

G(t,f') = G(t,f?), Vte[0,NT], Vf',f* € such that f'|z_gx = |y

Namely, F, G are local with support V if they reduce to functions on ZZ" and [0, T] x Z*"Y, respectively.

Remark 4.1. We emphasize here that our definition of local functions differs slightly from standard ter-
minologies. In the conventional setup, one considers a Markov process with a state space ., and functions
F:¥ —>R,G:[0,NT] x . — R that act on the entire state space .. Under such a setup, functions are
local if they have finite supports, independent of the initial conditions of the process. Here, unlike the con-
ventional setup, we have fized the initial condition h'®, and consider functions F, G that act on the subspace
&7(hi¢). The supports of functions consider here may refer to hi® in general.

Define, for f € &z(h'¢), Doob’s conditioning function
at.)=P( [ {hs) e B(s)}‘h(t) =f). (4.4)
s€[t,NT)]

This function is the building block of various properties of the conditioned law Qy. We begin by showing
the following.
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Lemma 4.2. The function (4.4) is local, and, t — q(t,f) is Lipschitz, uniformly over [0, NT] x &z(h*). The
deriative 1s given by

for all (t,f) € [0, NT] x &z(h*) where %q(t,f) is defined.

Proof. We begin by showing that ¢(t,f) is local. With g being continuous, the upper and lower envelops
t +— b(t,z),b(t, ) are necessarily D([0, NT],Z)-valued. We enumerate the discontinuity of ¢ ~ b(t,x) and
t > b(t,x), z € [—ko, ko], within t € [0, NT) as 0 < t; <t; <...<t,_1 < NT,set tog =0 and t, = NT for
consistency of notations. Under such notations, we write

N {h(s)eB(s)}: ﬂ (ﬂ N {h(s,2) > b(t;,z)} N {h(s,z) <b(t;,z)}  (4.6)

SE[t,NT] ]i}(),k}()] i=1 Se[tl 1,ti )ﬁ[t NT]
A {h(tn, 2) > bt 2)} N {h(tn, ) < B(tn,x)}).

Our goal is to show that, the probability of the event (4.6), conditioned on h(¢) = f, depends on f in a
local fashion. Recall the notations k4 (f, b, ) and V(f, b, z) from (3.69). View f as the initial condition of the
TASEP starting at time t. Lemma 3.9 asserts that the event {h(s, x) < b} depends on f only through f[y 4, ).
We say f! > 2 € &, if f'(z) > f?(z), Vo € Z. From (3.69), one readily checks that V(f',b,z) C V(% b, x),
if fX > f2. Further, recall from (4.3) that f > hi¢, Vf € &(hi®), so in particular V(f,b,z) C V(hi¢ b, ).
Now, if V(h',b, x) is an unbounded interval, i.e., kT (hi® b(s,z),z) = oo or k™ (hi¢, b(s,2),2) = —o0, is it
straightforward to verify that {h(s) < b,Vs € [0, NT|} must hold. In this case, {h(s) < b,Vs € [t, NT|} holds
regardless of f. Consequently, the event {h(s) < b,Vs € [t, NT|} depends on f only through its restriction
onto

V/(he, b, 2) = { g(hic,b,x), if V(hici, b, x) is bounded,

, otherwise.

A similar argument shows that {h(s) > b,Vs € [t, NT]} depends on f only through its restriction onto
V'(hi¢, b, ). Using these properties for b = b(t;, z),b(t;,x), i = 1,...,n, and = € [~ko, ko] in (4.6), we see
that the event (¢, y7{h(s) € B(s)} depends on f only through f|y, where V is the finite interval

U Vb a).

This concludes the locality of Doob’s function g(t, f).
Next we turn to the Lipschitz continuity. Fix ¢; < t2 € [0, NT]. Referring back to (4.4), we have that

q(t1,f) = E(q(t2, h(t2)) 1,y o th(s)eB(s)y I (t1) = ). (4.7)

Let V' denote the event that none of the underlying Poisson clocks among sites © € [—ko, ko] ever ring during
s € [t1,t2]. On the event V', we have that g(t2,h(t2))1n,_,, .. {h(s)eB(s)} = q(t2,h(t1)). Using this in (4.7)
gives

q(t1,f) = qlt2, )P(V) + E(q(t2, h(t2))1n, . ., (h(s)eB(s)}nve|h(t1) = f). (4.8)

For the event V, there exists a constant ¢ < co, depending only on kg, such that P(V') > 1 —c|ta —t1]. Using
this in (4.8) gives

lq(t1,f) — q(t2, f)| < cqlte,f)[ta — ta] < cfta — ta].

This concludes the Lipschitz continuity of ¢ — ¢(¢,f).
To show (4.5), fix t; and let o := inf{s > ¢; : h(s) ¢ B(s)} to be the first hitting time for h(s) to be
outsides of the tubular set . Since, by definition, ¢(¢,f) = 0 for f ¢ B(t), we have that

q(tg, h(t2))1ﬁse[n1,tz]{h(S)GB(S)} = q(tg N o, h(tg A U)) (4.9)

Since q(t,f) is local and uniformly Lipschitz in ¢, we have that

t— q(t,h(t)) — / (Or + L)q(t,h(s))ds (4.10)

ty
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is a P-martingale. Furthermore, with ¢(¢,f) being local and uniformly Lipschitz in ¢, the process (4.10) is
bounded. Hence the localized process

t— q(tAo,h(tAo)) — / ’ (0 + L)q(s,h(s))ds

ty

is also a P-martingale. Combining this with (4.9) and (4.7) gives

E(/tw (0 + L)q(s, h(s))ds‘h(tl) = f) —0. (4.11)

t1
Now, consider the case h(t;) = f € B(t1). In this case we necessarily have ¢ > ;. Hence, for fixed ¢, almost
surely as to | t1,
1
log =11

/ttw (0 + L)q(s,h(s))ds — (9 + L)q(t1,h(t1)). (4.12)

With ¢(t,f) being local and uniformly Lipschitz in ¢, the Lh.s. of (4.12) is uniformly bounded over ¢t €
(t1, NT]. Hence the almost sure convergence (4.12) give convergence in expectation, i.e.,

1 E(/ttﬂ\” (0r + L)q(s,h(s))ds

h(t) = f) — drq(trh(t) + La(tr,h(t).  (4.13)
t2 — tl

Combining (4.13) with (4.11) gives (4.5), for the case f € B(t1). For the case f = h(t;) & B(t1), since the
envelops b(¢,z) and b(t,x) are right-continuous in ¢, we have that g(t2,f) = 0 = g(t1,f), for all 0 < to — t;
small enough. Hence O¢q(t1,f) = 0 and (4.5) follows. O

The next step is to derive the It6 formula for h under the conditioned law Q. To this end, define, for
f € &(hi®), the perturbed rate

q(t, f*)
q(t,f)
Recall that f* := f + 1,3 and recall from (1.4) that ¢(f, ) denotes the mobility function. We consider the
perturbed, time-dependent generator acting on local f:

SOt @, F(F, x) (F(F7) — F(f)), if f € B(t),
(LO)F)(f) := ¢ *€7 (4.15)

At, z,f) =

(4.14)

0, otherwise.

Since the term 1/¢(¢,f) is unbounded in general, the expression (4.15) could potentially cause issues when
integrating L(¢)F over Eq. We show in the next lemma that this is not the case.

Lemma 4.3. For allt € [0, NT],

1 1
() = do (4.16)

In particular, for any local, bounded G : [0, NT| x &z, (h) — R with support V,

~ #(VNZ)
Ea|LG(h(0)] < 71 16 ke,

Proof. Indeed, since Q is the conditioned law around the tubular set U, we have

1 1 1
Eq N )) = 0. hic)E( @ h(m1mse[o,m{h<s>es<s>})- (4.17)
Let .%; denote the canonical filtration of h(¢). We indeed have that

E(Ln, o nn (h)eB)HTt) = 10, o0 ih)e86) E(Ln e nm{hs)eB()} | F)
= 1n, o {h(s)eB(s)}2(E, h(2)). (4.18)
Inserting (4.18) into (4.17) gives the desired result (4.16). O

We now derive the It6 formula for h under the conditional law Q.
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Proposition 4.4. Let G : [0, NT]x & (h*) — R be a bounded local function which is Lipschitz in t, uniformly
over [0, NT] x &(h%). We have, for each fived t; < ta € [0, NT],

EQG(t,h())|i=)* = Eq /tz (& + Z(t)) G(t,h(t))dt. (4.19)

Proof. By definition,

1
EQ(G(tg,h(tg))]ﬁ}l) = ))E(G(t%h(t2))1ﬁte[t1,NT]{h(t)GB(t)}’yh)' (4.20)

q(tlv h(tl

Let o :=inf{t > t1 : h(t) € B(¢)¢} be the first time that h reaches outside of the tubular set /. Using (4.18)
for [s,t] = [t1,t2] on the r.h.s. of (4.20), together with ¢(o,h(c)) = 0, we rewrite (4.20) as
1

EQ(G(t27 h(tQ))’ytl) = q(tl h(tl))E(lmte[tlvtzl{h(t)elg(t)}(qG) (t27h(t2))”g.tl)
1
=—E(1 t h(t T, )- 4.21
S b)) (Lricieyoney {h()eB)} (4G) (t2 A0, h(ta A 0))| F2, ) (4.21)

Our next step is to express (4.21) in terms of a time integral. To this end, note that since (¢G)(t,f) is
bounded, local, and uniformly Lipschitz in ¢, the process

L / " 00+ 1) (4G) (1 ()t

is a P-martingale. Consequently,

E((qG)(tg A\ U,h(tg A\ U))}ytl)

— @G)(tr,h(t)) + [ "B (Lo, (00 + L) (46) (1 h(0)] 72, )t

ty

= (qG)(t1, h(t1)) + / 2E(1mse[tl,ﬂ{h(s)e,g(s>}(at+L) (qG)(t,h(t))‘ﬂ}l)dt. (4.22)

t1

Next, in (4.22), use (4.18) to write lﬂse[tl,t]{h(s)elg(s)} = mE(lmsE[tl,NT]{h(S)EB(S)}|jt)’ and divide the

resulting equation (4.22) by ¢(t1,h(¢1)). We now obtain

mE((qG)(tz Ao, h(ta No))|F,) = G(t,h(t1)) + /ttQ Eq ((2 (at + L) (qG)) (t, h(t))’9t1> dt.

Combining this expression with (4.21) gives

Eq (G(t2, h(t2))|F1,) = G(t1.h()) + /ttQ Eq <(é(at £ L)) (1 h(t))‘ﬁ‘h) dt.

Now, move the term G(t1,h(¢1)) to the Lh.s., and aver the result over Eq, we arrive at

Ba(G(th)I: = [ " Bq (G(a+ L)) ) a (4.23)

Finally, a straightforward calculation from the definition (4.15), together with the identity (4.5), gives
%(&5 + L)(qG) = (8; + L(t))G. Inserting this into (4.23) gives the desired result (4.19). O

Recall that ¢(\) denote the rate function for Poisson variables. We next derive an expression for the
relative entropy H(Q|P").

Proposition 4.5. The relative entropy of the conditioned Q with respect to P is given by

QP =Eq( [ 3 alh(e). o) (At h(1) ). (1.21)

TEZ
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Proof. From (4.5), we have that

/0 NT(%(at +L)g)(t, h(t)dt =0, Q-as. (4.25)

Write ¢(t,f) := q(¢t,f). Since g(t,f) is local, the random variables Lg = —¢ are uniformly bounded, i.e.,
|Lq(t.f)], lq(t,f)] < e, VEel[0,NT], feB(t), (4.26)

for some ¢ < oo depending only on the support of g. Combining this with Lemma 4.3, we see that the
random variables %(t, h(t)) and g(t, h(t)) are L' under Q, uniformly over ¢ € [0, NT|. Taking expectation
Q in (4.25) thus gives
NT g NT 1o
ozEQ/0 a(t,h(t))dt—i—EQ/O e, h(o)i. (4.27)

With Q being the conditioned law around the tubular set I, we have H(Q|P") = —log P(U) = — log q(0, hi°).
Subtracting (4.27) from the previous expression gives
NT . NT 1o

H(Q|P") = —log (0, h) —EQ/O g(t,h(t))dt—EQ/O 7(t,h(t))dt. (4.28)

The next step is to apply Proposition 4.4 with the function G(¢t,f) = log(¢(t,f)). However, such a function
is not Lipschitz in ¢ due to the singularity at ¢(¢,f) = 0. We hence introduce a small threshold a > 0, and
apply Proposition 4.4 with G(t,f) = log(q(¢,f) + a). This gives

g(NT,h(NT)) +a /NT q /NT
0=Eq! - —-E t,h(t))dt — E L1 +a)(t, h(t))dt. 4.29
qlog Lo Tm S [ )i —Bq | Liogg+a)(t.h)arn (429)
Since h(NT) € B(NT), Q-a.s, the first term in (4.29) is equal to q(Olh%' Subtracting (4.29) from (4.28),
we arrive at
NT Lq
H(QI|P") = H, + Hy + Hs + EQ/ (L logq — ?) (t,h(t))dt, (4.30)
0
where
hic
H, = log q(0,h*) +a

(1 +a)q(0, hic)’
NT . . NT .
Hy = EQ/O ( ¢ _ g)(t,h(t))dt - EQ/O ( 49 )(t,h(t))dt,

g+a gq (q+a)q

NT
Hj := EQ/O L(log(q + a) —log q) (t, h(t))dt.

A straightforward calculation shows that (L log q—%)(t, f) => sz 0f, x)w(%) =D pez o(f, 2)Y(A(t, z,f)).

Refer back to (4.30). It now remains only to show H; — 0, as a | 0, for i =1,2,3.
Clearly, H; — 0, as a { 0. As for Hs, using (4.26) to bound ||, we have

NT ca NT 1 NT 1
i< (B | e ~<Fe [ e qmwm )

By Lemma 4.3 and the monotone convergence theorem, the r.h.s. tends to zero as a | 0. Turning to Hj, we
let V be a support of ¢, and write H3 as Hs = Eq fONT Hs(t)dt, where

Q(t7 hw(t)) +a q(t,h(t))

Hs(t) == ;}Mh(t),x) log {h0) T R0 (4.31)
Clearly, ﬁg(t) —0asal0,and
~ 1 1 1
Hy(1)] < ;}mg P EONCOIE z;; (q(t, RO hx(t))). (4.32)

By Lemma 4.3, the r.h.s. of (4.32) is L' with respect to Eq fONT dt. Consequently, by the dominated
convergence theorem, H3 — 0 as a | 0. 0
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For convenience for referencing, we now summary Proposition 4.4-4.5 in the scaled form as follows.

Corollary 4.6. Let Qn be as in (3.17), A(t,z,f) be as in (4.14), and set Ay (t,x,f) := N7N\(Nt,z,f). For
each t1 <ty €[0,T] and x € Z,

Eq, (hy(t2, &) —hn(t1, &) = Eq, / ; d(h(Nt), z) Ay (t,z, h(Nt))dt, (4.33)
—H(Qn[PY) EQN Z / d(h(Nt), ()\N(t,:z:,h(Nt)))dt). (4.34)
mGZ

Proof. The identity (4.33) essentially follows from Proposition 4.4 for G(t,f) = f(x). The only twist is that
such a function is not bounded above. (Such G is bounded below because f(z) > hi¢(z), Vf € &(hi),
by (4.3)). We hence fix a large threshold r < oo, and apply Proposition 4.4 with G(¢,f) = f(z) A r to obtain

ta
Eqy (hn(t2, §) A1) — Eqy(hn(ty, ) A1) = EQN/ ¢(h(Nt), z)AN (t, 2, h(Nt))Lih(ne)<rydt.
ty

Referring back to (3.17), we have that h(¢,z) is bounded under Qu, so let r — oo gives (4.33). The
identity (4.34) follows directly from Proposition 4.5. O

4.2. Proof of Proposition 3.4. To simplify notations, in the following we often write ¢(z) = ¢(f,z) for
the mobility function, and write Ay = Ay (t,2) = An(t, z,f) for the rate. Recall the expression of I(g)
from (2.7). We consider first the degenerate case T ( ) = oc.

The case I(g) = co. We show that, in fact,

1
lim inf H(Qn[PY) = oo, (4.35)
so in particular (3.18) holds. We achieve (4.35) by bounding the expression (4.34) of the relative entropy
from below. To this end, fixing arbitrary n, we recall that {0 = lT 2 o denotes a dyadic partition, and
rewrite (4.34) accordingly as
1 2’7l
H(Qn|PY) = ZZEQN/ o(x)p (AN (t, x))dt. (4.36)
z€Z i=1
n (4.36), for each fixed i € {1,.. 2"} and xz € Z, view the corresponding expression as an average of

Y (AN (t, x)) over the measure Eq, f;n (+ )dt, with total mass A, , :== Eq, f: &(h(Nt),z)dt. Using the
i1 —1

‘71'

convexity of A — 1 (A), followed by applying the identity (4.33) for (t1,%2) = (o1, 00), we have

EQN/ $(x) (A (t :v))dt>Amw( ! Ba, [ (b(ac))\N(t,x)dt)

1,1 o 1

_ 1 o7
> Amw(A”EQN(hN(t,%)) i ) (4.37)
The mobility function ¢(z) = ¢(f, z) is {0, 1}-valued, so in particular 0 < A;, < (o7 — o7 ;) = . Using
this and (2.5) (for £ = A, ;) in (4.37), and inserting the result back into (4.36), we arrive at

1
N2

1 T— 1
H(Qn[PY) > ~ 2—n¢(mEQN(hN( %))
"EGZ 3 11—

Z" ) (4.38)

Next, with Qn being the conditioned law as in (3.17), we have that
[Eqy(hn(t, %)) —9(t, §)l < an,  V(t, %) €0, T] X [=ry, ry]. (4.39)
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ZZ > g(o, %) — 9(0i" 1, %) — 2an. In (4.38), using this, together with the

i—1

In particular, Eq, (hn(t, %))

fact that A — () is nondecreasing, we further obtain

%H(QN“??V) > % 3 Z o (( o v) ;ng(_ai‘g}’ ) = 2GN)+). (4.40)

NE[-rNArrNAT] =1 v -1

Now, fix r < oo, and let N — oo in (4.40). Under this limit ax | 0 and 7y 1 oo, so

hmlnf H(Qn([PY) > /_ Z 2n or,6) — 9o 175))([5. (4.41)

0'- —O',L 1

Recall the expression of I,,(h, £) from (2.6). Upon letting r — oo, the r.h.s. of (4.41) gives fR (g,&)d¢.
Further taking the supremum over n thus gives the desired result:

i int 7z HQuPh) > s [ T,(0.6) = o) = .
The case I(g) < co. Without lost of generality, we assume g(0) = hi°. Otherwise, if g(0,&) # hi¢(€), for
some ¢ € R, with Qu being the conditioned law as in (3.17) and ay | O by the assumption (1.21), we
necessarily have Qn & Py, for all large enough of N. Hence lim inf y_, o0 < o H(Qn|PY) =
Under the assumptlon I ( ) < 00, by Lemma 2.2 we have g € Z4. This together with g(0 ) = hi¢ implies
fo Jg Ja(gt, ge)dtdé. Recall from (2.20) the partmon R;(r) that consists of rectangles. The first
step is to locahze the function I'(g) and relative entropy = H(Qn [P ) onto each rectangle 0 € Ry(r). To

this end, recalling the definition of J!(k, p) from (2.3). and fixing € > 0, we apply Lemma 2.4 for h = g, to
obtain 7, ¢ < oo and a > 0 such that

> 0l Ja(kg.pn) 2 THg) Ae™ =&, (ko pn) = (fogedtds , fogedtde). (4.42)
OeR(r)
As for the relative entropy, in (4.34), we drop those terms corresponding to % ¢ [—r, 7], and write
L H(QuIPY) > Eq, ( / S blpn (o)), (4.43)
N E[=r,7]

Then, decompose the r.h.s. of (4.43) as

FHOQPR) = 3 Hx©), Hy(©)i=Bay (5 [ Sl peoiélevin(tond).  (14)

OeR,(r)

In view of (4.42) and (4.44), the next step is to show that Hy(O) approximately bound |0|J}(kg, po)
from above, for each O € Ry(r). Recall from (2.1) the definition of ®!. Fix O € Ry(r), and, for each
(t,£) € O, use the convexity of A — () to write

Fowte:2) 2 (g705) =7 (aym) (g —200) 4

Set Ay(0) := EQN(%IE(L%)ED ¢(z)dt) and By (O) := EQN(% fz(t,%)eD o(z) AN (¢, z)dt). In (4.45),
multiply both sides by ¢(z), and apply Eqy (+ fZ(t 2yl . )dt) to the result. Using that ¢ > 1, this
gives

O 25 (G005) 4O ¥ (G607 Tm Y O+ (159

Further, parametrizing the rectangle as O = [to, 0] x [{5, &), using (4.33) for (t1,t2) = (tg, In), we have

By(O) = EQN;[ 3 / O(x) A (b, x)dt) = EQN(;[ > bt F)IED). (4.47)

Feleq £t Felep&d]

)BN(D). (4.46)
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Letting N — oo in (4.47), using (4.39) on the r.h.s., we obtain

55 t:ZD
liminf By (0) > / g(t,{)’ d¢ = 0] ko (4.48)
N —o00 55 t=1in
Combining this with (4.46) gives
Hy(O) > (¥() - AE/(/\))IA:C{(D_AN( )+ (3r557)I8l ko +en(D), (4.49)

ale)
for some remainder term such that limy |e 5 (0)| = 0. Adding and subtracting the expression |0|.J} (kg, po) =
|D|®§(pg)@(%) on the r.h.s. of (4.49), we arrive at

Hy(0) 2 [0, (0, p0) + (W () =¥ b oo (101 @406m) = AN(D)) +en(@): (150)

The expression )\El( A) — () = (A —1)4 in (4.50) nonnegative. Furthermore, with Ax (C]) defined as in
the preceding and with ¢(t,z) := n(t,z)(1 — n(t, z)), parameterizing O := [tn, In] x [£5,&F)], we have

An(0) < %EQN /t ; dt( Y Ntz A Y (1 —n(Nt,x))). (4.51)

=0 ~€d ~€ed

Since

n(Nt,z) = & — &gl (hn (8 &) — hn (t,65)),
P

(1 =n(Nt,x)) = |6 = &51(1 = hn(t, &) = hn(t,€5))-

2l

M o

1
N O

2l
m

It follows that

to
Ay(D) < Eq, / dHes — €518 (h (1, £5) — hw(1,65)
O

With Qu being the conditioned law as in (3.17), we have

o

N—o00 tn
Combining this with (4.50) and the fact that /\E/(/\) — () > 0, we arrive at
liminf Hy (O) > |0]J} (k0, po)-
N—o00

This gives the desired bound on each rectangle O € Ry(r). Referring back to (4.42) and (4.44), we now
have

lim inf Hy(Qn|PY) > T g) Ae ™t —e.
—00
The proof is completed upon letting ¢ | 0.

5. LoWwER BouND: INHOMOGENEOUS TASEP

The remaining of this article, Section 5-7, are devoted to proving Proposition 3.5. To this end, hereafter
we fix €, > 0,7, < oo, 7,b such that Z, 7 € N as in Proposition 3.5. To simplify notations, we write
¥ = X(7,b) for the triangulation. Fix further a 2-valued, X-piecewise linear function g that satisfies (3.22)—
(3.23), write ¢'° := ¢(0), and fix a TASEP height process gy with initial condition that satisfies (3.24), as
in Proposition 3.5. Let 7*, \ be given as in (3.28)(3. 29) We write (ka, pa) := (9¢, ge)|ao for the constant

derivatives of g on a given A € X, and let Aa := With ¢ satisfying the properties (3.22)—(3.23),

o (1 pa)’
we have
0< 1nf ka < sup ka <00, 0< inf pa < suppa <1, 0< 1nf Aa < sup Aa < A < o0. (5.1)
Ae AES AeX NS AEY

Let X, :={A € X: A C[0,T] X [-r«, 7]} denote the restriction of the triangulation onto [—r,r.], and
similarly ¥* :={A € X : A C[0,T] x [-r*,r*]}.



SPEED-N? LDP OF THE TASEP 29

Proving Proposition 3.5 amounts to constructing probability laws {Qx }n that satisfies (3.25)—(3.27). We
will achieve this using inhomogeneous TASEP, defined as follows. We say S : [0,7) x R — (0,}] is a
speed function if S is Borel measurable, positive, and bonded by X from above. We say S is a simple
speed function if it a speed function that takes the following form

SZ[O,T) xR — (0,00), S(f,g) = Zl[tiflyti)(t)si(§)7 O=ty<ta<...<t,=T, (52)
i=1

where each S; : R — (0, 00) is lower semi-continuous, piecewise constant, with finitely many discontinuities,
and lim¢|_,o Si(§) = 1. Now, given a simple speed function S, we define the associated inhomogeneous
TASEP similarly to the TASEP, starting from the initial condition gl (as fixed in the preceding), but,
instead of having unit-rate Poisson clocks at each x € Z, we let the rate be S (%, +)- We do not define the
value of S at ¢t = T for convenience of notations, and these values S(T, &) do not pertain to the dynamics of
the inhomogeneous TASEP, define for ¢ € [0, NT]. We write QY; for the law of the inhomogeneous TASEP
with a simple speed function S.

For a time-homogeneous (i.e., S(¢,€) = S(§), ¥Vt € [0,T)) simple speed function, the corresponding
inhomogeneous TASEP sits within the scope studied in [GKS10]. For simple speed functions of the form
(5.2) considered here, the associated inhomogeneous TASEP is constructed inductively in time from the time
homogeneous process. A key tool from [GKS10] in our proof is the hydrodynamic limit. To state this result
precisely, For given f € &, and a speed function S, we define the Hopf-Lax function 4[5, f] via the following
variational formula:

418, f]:[0,T] xR =R, ¥[S, f](t,€) := inf ){@O,t(w;S)-f—f(w(O))}, (5.3)

weW (t,&
where W (t,£) is the set of piecewise C'! paths w : [0,#] — R connected to (t,&), i.e.,
W(t,€) = {w:[0,t] — R : w piecewise C*,w(t) = £}, (5.4)

and Oy, 4, (w; S) is a functional on (w, S), defined as

Oy, 1, (w; S) 1= /t2 S(s,w(s))@(swi)ds, (5.5)

t (s,w(s))
0 , for £ < —1,
0(&) =14 1(&+1)% for £ € (—1,1), (5.6)
£ , for £ > 1.

As we show in Lemma 6.1(b) in the following, the variational formula (5.3) does define a 2 N C([0,T], &)-
valued height function. Such a height function can be viewed as the viscosity solution of the inhomogeneous
Burgers equation:

hi(t,€) = She(l = he),  h(0) = f.

We will, however, operate entirely with the variational formula (5.5) and avoid referencing to the PDE.
The following is the hydrodynamic result from [GKS10].

Proposition 5.1 ([GKS10]). Fiz a time-homogeneous, simple speed function S. For each fized (t,§) €
[0,T] x R, the random variable gn (t,£) converges to 4[S, g°|(t,£), QY -in probability.

Proposition 5.1 is readily generalized to the time-inhomogeneous setting considered here. To see this, we
first prepare a simple lemma that leverages pointwise convergence into uniform convergence.

Lemma 5.2. Let {hn} C 2 be a sequence that converges to h € C([0,T],&) pointwisely, i.e., hn(t,&) —
h(t,€), V(t,€) € [0,T] x R. Then, in fact, sup dem)(hn(t),h) — 0 holds.
te[0,T)

Proof. Fix arbitrary € > 0 and r < oo, and consider the partition Re(r) as in (2.20). As h is continuous,
there exists large enough ¢ < co such that, on each of the rectangle O € Ry(r),

|h(ta€) - h(5a<)| <e, V(t,g), (57<> el (57)
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Fix a rectangle 0 € Ry(r) and parametrize it as [to, i) x [{5,&4]. With Ay being nondecreasing in ¢ and
&, for each ¢, € € O, we have

h(tug) _hN(tug) S h(tug) _hN(ﬁEluga) ( ( ) h(i 5 )) +h(t|:|7§D) hN(EDu&i)? (588“)
h(t,€) = hn(t,€) = h(t, &) — hn (o, &) = (h(t,€) — h(tn,€n)) + h(to, &o) — hn (o, &) (5.8b)
Let V denote the set of all vertices of the rectangles in Ry(r). Using (5.7) in (5.8) gives,

(
W) = (1.6 < < sup(h — h). - A(L.E) = h(£.€) > ~< + inf(h — h)

Equivalently, supjg 7y |_,, [hy — h| < maxy [hy — b +¢e. As V is a fixed, finite set, letting N — oo gives

lim sup y _, o, SUP[0, 7] x [—r,7] |hny — h| <e. With € > 0 and r < co being arbitrary, this concludes the desired

result sup,e(o ) do ) (hn(t), h) — 0. O
The following Corollary generalizes Proposition 5.1 to the time-inhomogeneous setting considered here.

Corollary 5.3. For any given simple speed function S,

sup _dog) (gn (1), [, 9"](t) — 0,  QR-in probability.
t€[0,T]

Proof. Let 0 :=ty < t; < ... < t, = T denote the discontinuities of S. Combining Proposition 5.1 and
Lemma 5.2 gives sup;c(y, +,) do) (8n (1), 91, f1(t)) — 0, QZ-in probability. In particular de gy (gn (t1), h(t1)) —
0, Q}g\,—in probability. This allows us to progress onto [t1,t2]. The proof is completed by inductively applying
Proposition 5.1 and Lemma 5.2 for [t1,ta], ..., [tn-1,tn]- O

In addition to the hydrodynamic result Corollary 5.3, to the end of proving Proposition 3.5, we also need
a formula for the Radon—Nikodym derivative. Using the Feynman-Kac formula, it is standard to show that

S NT
zgg = exp (Z/O (1og S(Nt, £)dnh(t,z) — ¢(h(t),z)(S(Nt, &) — 1)dt)), (5.9)
TEL

In particular, with ¢(§) := {log& — (£ — 1) taking Eqs (+) in (5.9) gives

H(QX[P%) ZEQN / o (1), )0 (S(t %) )dt). (5.10)

Our strategy of proving Proposition 3.5 is to construct a simple speed function .S, so that, QJSV satis-
fies (3.25)—(3.27). In view of Corollary 5.3, achieving (3.25) amounts to constructing S in such a way that
415, g*] well approximates g. To this end, it is more convenient to consider piecewise constant speed func-
tions that are not necessarily simple. In Section 6, we will first construct a speed function A that is not
simple, and in Section 7, we obtain the desired simple speed function A as an approximate of A. As the
functions A and A depend on the two auxiliary parameters m,n (introduced in the sequel), hereafter we
write A = Am n and A = A, ,, to emphasize such dependence.

6. LOWER BOUND: CONSTRUCTION OF A,, ,

6.1. Overview of the Construction. To motivate the technical construction in the sequel, in this subsec-
tion we give an overview. The discussion here is informal, and does not constitute any part of the proof.
Corollary 5.3 asserts that gy converges to ¢S, ¢'°] under Q. In order to achieve (3.25), it is desirable

to construct construct Am » s0 that Z[A,, n, 9] approximates g on [0,T] x [—r*,7*], i.e.,
sup }%[T\m’n,g] - g} ~ 0.
[0,T) % [—r*,7*]

Indeed, it is well-known that the Burgers equation (1.6) is solved by characteristics, which a linear tra-
jectories of speed 1 — 2gc. We generalize the idea of characteristic velocity to the inhomogeneous setting
considered here, and call Ay, ,(t,€)(1—2ge(t, €)) the characteristic velocity at a given point (£, £). Informally
speaking, the Hopf-Lax function h = ¢ [Kmyn, g'°] corresponds to a solution of the inhomogeneous equation
hy = /Nxmmhg(l — h¢) with initial condition g'°. As g is a ¥-piecewise linear function, a natural, preliminary
proposal is to set Kmn| Ao := Aa on each triangle A € ¥, so that g solves the aforementioned inhomogeneous
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Burgers equation. One then hopes that (after extending Km,n onto the edges of the triangulation ¥ in a
suitable way), the resulting Hopf-Lax function ¥[A,, ., ¢'°] matches g. This is false in general. To see why,

assume ¥ [Km,n, g'] = g were the case. Then, on each A € ¥, characteristic velocity is constant Ax. Along
vertical or diagonal edges of the triangulation ¥, characteristics may: merge, semi-merge, refract, semi-
refract, or diverge, as illustrated in Figure 5. While the first four scenarios are admissible, the Hopf-Lax

function ¢[A,, », g*] does not permit diverging characteristics as depicted in Figure 5e.

(A) Merging (B) Semi-merging (C) Refracting (D) Semi-refracting (E) Diverging

Fi1GURE 5. Configurations at a vertical or diagonal edge

We circumvent this problem by introducing buffer zones around vertical and diagonal edges. These zones
are thin stripes of width O(%) If, the neighboring triangles of a given (vertical or diagonal) edge demand

diverging characteristics as depicted in Figure 5e, we tune /~\m7n on the buffer zone, in such a way that
characteristics run parallel to the edge on in the zone, as depicted in Figure 6. This way, instead of diverging
characteristics, along the sides of the buffer zone we have semi-refracting characteristics. As m — oo, buffer

zones become effectively invisible, and the resulting ¢[A,, », ¢'] should well-approximate g.

O oG

1
m m

FIGURE 6. Buffer zones (yellow) in action.

The preceding construction achieves ¥ [Km_,n, g'’] = g, but is not cost efficient in terms of entropy. A few
modifications are in place to improve the entropy cost. Recall the definition of r* and X from (3.28)-(3.29).
First, to avoid the entropy being infinite, we truncation /NXmm, by setting it to unity outsides of [—r*, r*], i.e.,
Km7n||5|>T* := 1. Refer to the formula (5.10) for relative entropy: the prescribed truncation ensures the cost
from {|¢| > 7*} is zero. Further, such a truncation does not change the value of %[A, ., g*°|(t, €) for [¢] < 7.
To see why, recall that 7* > r, + T\, and note that, with 1 — 2ge € [—1,1] and Km,n <\, characteristic
velocity is always bounded by A in magnitude. This being the case, the value of Kmﬁn in {|¢]| > r*} does not

affect 4[Ny n, )| j¢|<r., because characteristics starting from {|¢| > 7*} at ¢ = 0 cannot reach {[¢] < 7.}
within [0, 7.

Next, recalling the the discussion in Section 1.2, we see that on those triangles A with Aa < 1, having
Kmﬁn = Aa is too cost ineffective. Instead, we should perform the intermittent constriction as sketched in
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Section 1.2. On each of the triangle A with Ax < 1, we place thin vertical strlpes of width O( —), every

distance O(nm) apart. We then set Amm = Aa on those thin stripes, and set Am,n = 1 for the rest of the
triangles. As explained in Section 1.2, as n — oo, the prescribed construction should produce approximately
the desired linear function on A, at effectively zero cost.

This concludes our overview of the construction of Xmﬁn. The precise construction is carried out in Sec-
tion 6.3 in the following, and in Section 6.4 we verify that the resulting Hopf-Lax function ¥[A,, ,, ']
converges to g, under a limit procedure. Even though the preceding heuristic discussion invokes inhomo-
geneous Burgers equation as a motivation for constructing /~\m7n, our analysis in the following completely
bypasses references to PDEs. Instead, we work directly with the variational formula (5.3) of Hopf and Lax.
To prepare for this, in Section 6.2 we establish some elementary properties of the Hopf—-Lax function.

6.2. Properties of the Hopf-Lax function. Let us first setup the notations. For a given set A C [0,T]xR
and h € 2N C([0,T],&), we define the localization ¥4[S, f] of (5.3) onto A as follows:

GalS, ) ARy GAS () = b {O1,4(w: ) + At w(t))} (6.1)

where W4 (t,€) denotes the set of piecewise C! paths that lie within A° and connect (¢, &) to the boundary
OA:= A\ A° of A, ie.,
Wa(t, &) == {w: [tw,t] = R :w piecewise C", (s,w(s))|se(t, 1) € A°, (6.2)

w(t) =&, (tw,w(ty)) € OA}.

The expression (6.1) depends on (S, h) only through (S| 40, h|s.4), and is hence referred to as the localization
onto A. For the special case A := [s0,T] x R, so € [0, 7], sightly abusing notations, we write

50 [S f] [th ] xR — Ra gso [Sv f](tvé.) ::wel/%/lslf(t,ﬁ) {@So,t(w; S) + f(w(So))}, (63)

where f € & and W, (t,€) := {w : [s0,T] = R : w piecewise C*,w(t) = £}.
Recall that, by definition, each speed function S is bounded by X. We hence refer to A as the light speed,
and let

C(to, &0) == {(t,€) : t € [0,t0], € — &o| < Alto — 1)} (6.4)

denote the light cone going backward in time from (¢g,&o).
The following lemma contains the elementary properties of the Hopf-Lax function that will be used in
the sequel.

Lemma 6.1. Let S, S1,S2 be speed functions, f € 9.
(a) Let A C [0, T] x R. The Hopf-Laz function (5.3) localizes onto A as
G(S, f1| , = 4alS. 9[S, f]]-
Similarly, let so < s1 € [0,T]. We have
G5, flliso.r1xe = Yo [S, fo],  where fo(-) := Z[S, f](s0, +),
Geo[S, follis1, Txr = Y6, [S, f1],  where fi(+) :=9[S, fol(s1, +).

(b) We have
0 < g[Sv f](t6a€0) - g[ ’ ](thg()) < %(t - tO) VtO < té) € [OvT]a 50 € R, (65)
0 < ¥[8, fl(to, &) — 9IS, f1(to, &) < & — o, Vto € [0,T], & <& € R. (6.6)
0 <%, [S, f1(to, &0) — Yso S, f1(t0, &) < %(to — to), Vo <ty € [s0,T], & €R, (6.7)
0 < gSO[S f](thgo) SO[S f](t07§0) < g(l) - 50) VtO € [507T]a 50 < 5(/) eER. (68)

In particular 9[S, fl € 2 N C([0,T)],&).
(¢c) Given a piecewise C' path w : [so,to] — R and any t), € [so,to], there exists a piecewise C path
v : [80,t0] = R such that
Vlitg.t0] = Wit to); (6.9)

(t, v(t)|eerso.ty) € Ct0, w(tn)) (6.10)
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6807750 (U; S) + f(t07 ’U(fo)) < 9507750 (w; S) + f(t07 ’u}(fo)). (611)

Namely, without making the functional © 4 +,(w; S) + f(to, w(to)) larger, we can replace w with a path
that: agrees with w on [t to]; and lies within a the light cone C(t(, w(ty)) for t € [so,ty)-
(d) Let f1,f2 € &, and so € [0,T]. For any given (to,&o) € [s0,T] X R, let

C/(So,t0,§0> = C(to,go) N ((So,to) X R) (612)

denote the restriction of C(to, &o) ontot € (sg, o). IfS1|c/(SU)tU750) = S2|C/(507t0)50) and f1(§)|(50)5)6c(t0750) =
F2(E)(s0.6)eC(t0,60) 5 then
Do 151, f1l(to, §0) = Fso [S2, f2] (t0, o)
(e) Let f1,f2 € &, and so € [0,T]. We have
918, f1)(to, o) — S, fal(to, 0)| < ’ :u& X|f1(§) = 2, ¥(to, o) € [0,T] x R.
%4, [S, f1](to, €0) — s[5, f2](to, &0)| < sup [f1(€) = f2(8)], V(to, o) € [50,T] x R.

|€—&o0l<(to—s0)X

Proof. (a) We prove only the statement for 94[S, f], as the other statements follow similarly. Fix (to, &) € A.
Under the convention, for any given w € W (to,&p), consider its first exist time s, := inf{s € [ty,t0o] :
(s,w(s)) € A°} Atg from A, and cut w into two pieces accordingly as: wy : [0, 5] — R and wy : [s4, o] — R.
Under this set up we have

0,10 (w; S) + g(0,w(0)) = O, 4, (w2;S) + O s, (w13 S) + g(0, w1 (0)). (6.13)
For such w, the resulting paths wy and w; are Wy(to, &p)-valued and W (s,,w(s,))-valued, respectively.
Conversely, given wa € Wa(to, &) and w1 € W(tw,, w2(tw,)), the joint path w(t) := wi(t)1os,,)(t) +
w2 ()1, 1] (t) i W(to,&o)-valued. Hence, in (6.13), taking infimum over w € W(to,&o) is equivalent
to taking infimum over we € Wu(to,&o) and wy € W (ty,,w2(tw,)). This concludes the desired result
915, f1(to, &) = 4alS, 4[5, f1I.
(b) We prove only (6.5)—(6.6), as (6.7)—(6.8) follow similarly. To this end, we note the following useful
properties of 8(+), which are readily verified from the definition (5.6):
ub(8) = By, Va€R,ue (0,00) with |[2] > 1, (6.14)
u > uf($) is nondecreasing in u € [0,00), Ya € R. (6.15)

Fixing to < t;, € [0,T] and & < & € R, we consider a generic path w € W(tg,&y). For small § > 0 we
perform a surgery on w to obtain ws € W (¢, &)

ws (1) = w(t) 0,10 g (1) + L2 (1 45 1 5) 1130540 (1)

That is, we let ws follow w for ¢ € [0,t9 — d] and then linearly connect ws(to — 0) to (to,&)). Recall that
speed functions are bounded by X. Under this assumption, using (6.15) gives

O0,10/(w5: ) = B0,15-5(w3 5) + Oy 51 (13 5) < O o5 S) + GAG(Sh=llo=2)),
Letting 6 | 0 using (6.14) for 8 = & — w(to — J), we obtain
tim sup G4, (w53 ) < Oo.zo (w3 §) + (£ — wlto))+ = Oo,10(w; §) + & — Lo-
10
Adding f(w(0)) = f(ws(0)) to both sides gives

98, fl(to, &) < lingfoup {©0,10(ws; S) + f(ws(0))} < Oo,e,(w; ) + f(w(0)) + & — &o-

Since w € W (to,&o), further taking infimum over w gives 4[S, f](to, &) — 9[S, f](to, &) < &) — &. This
proves one half of (6.6). The other half, 4[S, f](to, &) — 4[5, f1(to, &) = — (&, — &o), is proven similarly, by
performing the same type of surgery on any given w € W(to, §)). We omit repeating the argument here.
We now turn to showing (6.5). First, for any given w € W (tg, &), continuing the path vertically gives
v(t) == w(t)Lic(o,t0] + S0 Lic(to,ty) € W(th,&o). Referring to the definition (5.6) of Oy, ¢, (w;.S), we have that
Ot (V;5) < Aty — t0)0(0) = A(ty — to)g. This gives Z[S, f1(t, o) — 1S, f1(to, &) < FA(th — to). This
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settles one half of (6.5). To show the other half, we apply Part(a) with sg = ¢y to localize the expression
G[S, f] onto t € [to,T] as

YIS, 1(to,€0) = GuolS. fol(th. &0) = f ~ {Oyq,4 (w3 S) +F[S, fl(to, w(to))}- (6.16)

wEWe (t(,€0)

The convexity of £ — 0(&) gives

Oy 1, (w3 5) =(t2 — 151)ut9(l /t2 w’(t)dt)

utl

— (ty — tl)ug(M)

(t2 — tl)u

Also, by (6.6) we have ¢[S, f](to, w(to)) > Z4[S, fl(to, &) — (w(to) — &) —. Using this and (6.17) for (¢1,t2) =
(to, () in (6.16) gives

u=f2 S(t,w(t))dt

(6.17)

u=f/2 S(t,w(t))dt’

w(ty) — w(to)

(th —to)u
By (6.15), the infimum over u € (0, ] in (6.18) occurs at u J 0. Taking such a limit u | 0 using (6.14) for
B = w(th) — w(to) gives

918, f](th, &) > inf  inf {(tg—to)ue(

w(to) ER ue(0,]

) + 918, f1(to, &) — (w(to) =€)~} (6.18)

= (w(ty) —w(to))+ = (S0 — w(to))+-

th) —w(t
lim (¢, — to)u9(7w( 0) — O))
ul0 (t/O — to)u
From this we then obtain

918, fl(to, &) > w(gl)feR{(ﬁo —w(to))+ + ¥[8, fl(to, &0) — (w(to) — &)} > 1S, fl(to, o)

This completes the proof of (6.5).

(c) Fixing so < t) < to € [0,7T], a piecewise C! path w : [sq, to] = R, we write C := C(to,w(tp)) to simplify
notations. Our goal is to construction v € W (to, w(to)) that satisfies (6.9)—(6.11). To this end, without lost
of generality assume (¢, w(t)) ¢ C, for some ¢t € [sg, t},), otherwise simply take v = w. For such a path w let
8, := inf{t € [s0,h] : (t,w(t)) ¢ C} denote the first exists time from C. Let (so,£F) denote the intersection
of 9C and {so} x R, i.e., && := w(t)) £ N(th — s0). We set

w(ty) —

0() 1= ()L oty 0l () + (¢ = 5.) ) Lo, (1),

w(sy), if sy > so,
a:=13 & if s, =50, and w(sp) € (&, 00),
&, if sy = s0, and w(sp) € (—00,&; ).

th — S«

Such a path v indeed satisfies (6.9)—(6.10). To verify the last condition (6.11), using w|(s,s,)u(t,ta] =
U|[50,s*)u(tg,t0], we write

(Os0.t0 (w3 8) + f(w(s0)) = (Oso.to (v3.9) + f(v(50)))

B { O, 1 (w; S) = O, 41 (v;S) ,if s, > 50, (6.19)
(95*7’56 (w; S) + f(w(so))) — (95*)%(1};5’) + f(a)), if s, = sp. '
Next, apply (6.17) with (¢1,t2) = (s«, () to get
to) — w(sy) %
Os, .4 (w3 S) > (1, s*)u*G( & s ) where wu, 8 S(t, w(t))dt (6.20)
Since S < X, we have u, < X\, so w((:é)z;i“)i*) > |w((i£;):sw)(;*)| = 1. With this property, using (6.14) for
8= % and u = u, in (6.20) gives

Ot (w3 9) = (w(ty) — w(sy))+- (6.21)
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As for Oy, 4 (v;9), since the path v has a constant derivative v'(t) = + for t € (s4, 1)), using (6.14) for
B =7v'(t) and u = S(t,v(t)), and integrating the result over ¢ € (s, (), we obtain

Ot (v;5) = / (0 ()4t = (0(th) —v(s2)+ = (w(th) —v(s2))+- (6.22)

Given (6.19), Our goal of showing (6.11) amounts to showing the r.h.s. of (6.19) is nonnegative. For
the case s, > s, we have v(s,) = w(s4), so combining (6.21)—(6.22) gives O, 1 (w;S) — Oy, 4 (v;S) > 0.
Inserting this into (6.19) gives the desired result. For the case s, = s, we consider further the sub-cases
w(sg) € (—00,& ) and w(sg) € (&4 ,00), as follows:

e if w(sg) € (&, 00), we have f(w(so)) > f(&1) = f(a). Using this and (6.21)—(6.22) gives

(st (W S) + f(w(s0))) = (Os..5(v:5) + f(e)) = (wlty) —wls0))+ — (w(tg) — &)+ =0.
o if wiso) € (00,65 ), Fw(so)) 2 F(6) — (& — w(s0)) = £(@) — (& — w(so)). Using this and (6.21)
(6.22) gives
(st (w: S) + f(w(s0))) = (Os, 4, (v: ) + f(e))
> (w(tp) = w(so))+ — (w(to) — & )+ — (& — w(s0)) =0.

The preceding discussions verify that (6.19) is nonnegative.
(d) Fix (to,&o) € [s0,T] x R. Applying Part(c) with (so,ty,to) = (S0, to, to), have that

Gy [S, f1(t0, €0) = {Oso.to (w3 §) + f(w(s0)) : w € Wi (to, €0), (£, w(1))|eeiso, o] € Cltos€0) } (6.23)

= {Oso.t0 (w3 8) + f(w(s0)) : w € Way (b0, &), (£, w(1))leeso.t0) € C'(50,t0,80) }-

The last expression depends on S and f only through S|c/(s,.0.¢0) and f(§)le:(s0,6)eC(t0,60)- From this we
conclude the desired result.

(e) Similarly to (6.23), applying Part(c) with (s, t(,t0) = (0,to,t0) gives

G[S, fl(to. &) = {Oo,1 (Wi ) + fw(s0)) : w € W(to, &), (t,w(t))leefo,0] € C(to: o) }- (6.24)
The desired results follow immediately by comparing the expressions (6.23)—(6.24) for f = f; and for
[ =re O

In view of the overview given in Section 6.1, to prepare for the construction of /NXm,n, here we solve
explicitly the variational formula (5.3) of Hopf and Lax, for a few piecewise constant speed functions S and
piecewise linear initial conditions f. To setup notations, fix x,x~, k" € (0,00), p,p~,p" € (0,1), and set
A= W’ NE = Wfp)' We assume A\, \* € (0,)]. Fix further ¢y € R and so € [0, 7], we divide the
region [sg,T) x R into two parts: through a vertical cut into

A = [SOaT) X (_007<0)7 A+ = [SOaT) X (CO)OO)a (625)
or through a diagonal cut into
Ti={(t,8) £ <o+ L(t—s0), t €[50, TN}, BT i={(t,&): &> o+ L(t—s0) t €[50, T)}.  (6.26)
Under these notations, consider a pair (5, f) of speed function and &-valued profile, of the following form:
(a) constant S := A, and linear f € & with [’ := p;
(b) piecewise constant S with S| 4+ := A* and unique extension onto [sg,T) x R by lower semi-continuity,
and a piecewise linear f € & with f'|(_oc o) = p~ and f'|(¢y.00) = 7
(c) piecewise constant S with S|z+ := AT and unique extension onto [sg,T) x R by lower semi-continuity,
and a piecewise linear f € & with f'|(_oc.cp) = p~ and f'|(¢),00) = P
(d) constant speed function S := 1, and a piecewise linear f € & with f|(_s.cp) = p~ and f'|(¢y.00) = 7
See Figure 7 for an illustration.

For each of the case (b)—(d) in the preceding, we assume the following condition:

(b) k= =k&T; (6.27)
(¢) K™+ 2p =rT 4+ Lpt, (6.28)

T

d) & +r =r". (6.29)
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S =A"
S =\ S=Xx" S=x*" S=2x
S =t
fr=r fr=p" fr=p" f=p" fr=r" fr=r" fr=r"
(a) (b) () (d)

FIGURE 7. Four types of (S, f)

Under these assumptions, for each of the case (a)—(d) in the preceding, we consider a piecewise linear function
T, specified by its derivatives and value at (so,0), as follows:

I'eC([s0, T x R),  T(s0,R) := £(0),

(a) VI(t,&) = (k,p), Y(t,€) € [s0,T] x R,

(b) VI(t,€) == (x5, p7), V(t,€) € A% (6.30)
(c) VI(t8) := (8%, p7), V(t,€) € BY;

(d) VI(t,€) = (n ), V(t,€) € AE.

Indeed, given f(0), (6.30) admits at most one such function I'. The conditions (6.27)—(6.29) ensures the
existence of such I'. The following Lemma shows that, under suitable conditions, the Hopf-Lax function
(8, f] is given by the piecewise linear I" for each of the case (a)—(d).

Lemma 6.2. Let r, k%, p, p©, A\, \T be as in the preceding, and assume A\, \* € (0, \]. Consider (S, f) of the
form (a)-(d) as in the preceding. For each of the cases, we assume (6.27)—(6.29) and, additionally:

(b) 2p~—1>0, or2pT —1<0; (6.31)
(c) A (20" —1)=2%, or At (2p" —1) < & (6.32)
(d) p~+pt =1, p~>p". (6.33)
Then, the Hopf-Lax function 9[S, f] matches the piecewise linear T as in (6.30):
g[S, f1=T

Remark 6.3. In the language of Figure 5, the conditions (6.31)—(6.32) amount to saying that characteristics
must not diverge along the discontinuity of S. As for (6.33), under the assumption (6.29) the first condition
p~ + pt = 1 together with (6.29) ensures \* = 1, which is consistent with the form of S as in (d). This
being the case, we must have p~ > p* to avoid diverging characteristics.

Proof. Assume without lost of generality sg,(p = 0 and f(0) = 0. Fixing arbitrary (to,&o) € [0,T] x R, we
proceed by solving the variational problem:

inf  {Og,(w; S) + f(w(0))}

weW (to,€0)
for each of the cases (a)—(d).
(a) Applying (6.17) with (t1,t2) = (0,%0) gives Oq ¢, (w; ) > to)\H(
the inequality, and further optimize over w(0). We obtain
G\, f1(to, &) = (toM(FED) + pw(0)) |y 0)—e—2p1rs = K0 + Po.

Conversely, the linear path w(t) := & — (2p — D)A(to — t), W € W (to,&o), does yield the desired value, i.e.,
O0.1, (wo; A) + pw(0) = Kt + p&o. This concludes the desired result:

GIN, p€](to, &o) = weV[i/I(ltfo,go) {©0,t0(w; A) + pw(0) } = ity + plo, for A :=

) Add pw(0) to both sides of

T (6.34)
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(b) Assume A~ < AT for simplicity of notations. The proof of the other scenario A~ > AT is similar.
We consider first the case when (tg,&p) sits on where S is discontinuous, i.e., § = {p := 0, and prove
g[8, f1(to,0) = k™ to. To this end, given any w € W(tg,0), with S(to,w(tg)) = A7, let so := inf{[0, o] :
S(s,w(s)) = A~} be the entrance time of w into the region [0,7] x (—o0, 0].

e If so = 0, we have w(sg) < 0 and S(s,w(s))|seo,ts) = A~- The last two conditions give Oq ¢, (w; S) +

F(w(0)) = O¢.1,(w; A7) + p~w(0). Combining this with (6.34) for {x = 0 and (k, p) = (k—, p~) gives
©0,t, (w; S) + f(w(0)) = Op o (w; A7) + p~w(0) > K™ to.

e If 5o > 0, decompose Og 1, (w;S) + f(w(0)) as O, 1, (w; S) + (Og,s, (w; S) + pTw(0)). For the first term
apply (6.17) with (¢1,t2) = (so,t0) to get

Oso,t0 (w3 S) > (to — 50)A~0(0) = (to — 50) A~

> (to—s0)p (1 —p7)A™ = (to — o)k~ . (6.35)
For the second term, with S(0,w(s))|sc[0,s0) = AT, applying (6.17) with (t1,t2) = (0, so) gives
O0,5 (w3 ) + pTw(0) > soATO(ZLL) + pTw(0). (6.36)

Let w(t) := w(0) — t%(?) denote the linear path that joins (0,w(0)) and (¢o,0). Applying (6.34) with
(to, €03 K, p) = (s0,0; 6, p*) gives
soATO(Z5D) + pTw(0) = O 50 (wes A7) + pFw, (0) > £Fto.
Inserting this into (6.36), and combining the result with (6.35), we obtain
B0, (w; S) + fF(w(0)) > k™ (to — s0) + k80 = K to.
The preceding argument gives 4[5, f](tg,0) > k™~ to. Conversely, for the linear paths
T () = A" (20 — 1)(t —to),
B0 = X (20— Dt —t0), pf = pt A (=),

it is straightforward to verify that

Ou.1y (573.8) + F(@(0)) = (p7)2toA™ = p |\ (2p7 = 1)(~to)| = k™o, if 20" — 120,
Ou.1n (i:S) + F@(0)) = (p)*toA" + p* N (20} = 1)(—to)| 25 ko, i 20" —1 <0,

That is, under the assumption (6.31), one of the linear path w; or w3 (under a limiting procedure § | 0)
does yield the value k™ ty = xTtg.
So far we have shown ¥4[S, f](to,0) = £ to, Vto € [0,T]. Next, fix & < 0. Applying Lemma 6.1(a) with
A=10,T] x (—00,0) and h = Z[S, f], we localize the expression ¥[S, f](t9,&o) onto [0,T] x (—o0,0) as
g[S, f1(to, &) = inf ) {O4,,:(w; S) + G[S, f](tw, w(ts))} (6.37)

weW.a(to,o
Similarly, applying Lemma 6.1(a) with A = [0,T] X (—00,0) and h = Z[\~, p~¢] gives

GIN",p & (to, &) = inf {04, (Wi AT) + G A, p~ & (tw, w(tw))}. (6.38)
wEW.a(to,80)
In (6.38), further using (6.34) for (k, \) = (k—, A7) toreplace [A~, p~&](¢t, &) with Kk~ t+p~ &, we rewrite (6.38)
as
K to+p & = inf C) WA )+ Kty + o w(ty) . 6.39

ot b= {Ouwih) o) (6.39)
The r.h.s. of (6.37) depends on S and ¥[S, f] only through S| 77 (—oc,0), 4[5, f1(+,0) and Z[S, f](0,&)|e<o-
Since S|jo,7]x(=00,0) = A7, 9[S, f1(t,0) = k7t, 4[S, f1(0,&)|e<o = p~&, we conclude that the r.h.s. of (6.37)
and (6.39) must be the same. This gives 4[S, f](t0, &) = k" to + p~ & = £ to + f(&o) for & < 0. The case

& > 0 follows by the same localization and matching procedures.
(c) Assume A\~ < AT for simplicity of notations. The proof of the other scenario A~ > AT is similar. We
consider first the case when (to, &) sits on where S is discontinuous, i.e., £y = %to, and prove 41S, f](to, &) =
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(k= + L2p7)tg. To this end, for any given w € W (to, &), with S(to,w(ty)) = A, we let so := inf{[0, o] :
S(s,w(s)) = A~} be the entrance time of w into the region {(t,£) : £ < t}.
e If 59 = 0, namely w(so) < 0 and S(s,w(s))|sefo,to) = A~, we have Oq ¢, (w; S)+ f(w(0)) = Op,¢, (w; A7)+
p~w(0). Combining this with (6.34) for (k,p) = (k~,p~) gives
Ot (w3 S) + f(w(0)) = O ue (W3 A7) + p~w(0) > K to+ p & = (K~ + Lp7)to.
e If 5o > 0, decompose O 1, (w; S) + f(w(0)) as O ¢, (w; S) + (O, (w; S) + ptw(0)). For the first term
applying (6.17) with (¢1,t2) = (so,to) gives

9507,50 (w; S) Z (to — SQ))\_H(ML,) (640)
For the second term, with S(0,w(s))|scjo,s0) = A1, applying (6.17) with (t1,t2) = (0, so) gives
Oo.s, (w; S) + ptw(0) > 50/\+9(W) + pTw(0). (6.41)

Further, letting w, (t) := w(0) + t%gw(o) denote the linear path that joins (0,w(0)) and (sg,w(so)),
applying (6.34) with (to, &o; &, p) = (s0,w(so); kT, pT), we obtain
s&ﬁ@(%) + pTw(0) = Op,50 (wi; AT) + pTw, (0) > kT 59+ w(so)p™. (6.42)
Use w(so) = 2sg and k't 4+ £p* = k= + Lp~ in the last expression in (6.42), and then combine the
result with (6.41). We have
O0,s0 (w3 S) 4+ pTw(0) > (K~ + Lp7)s0. (6.43)
Combining (6.40) and (6.43) gives
Ot (w; S) + ptw(0) > (to — s0)A"0(==) + (k™ + L£p7)s0
> tomin {\"0(=2=), k" + Lp7}. (6.44)
Let wy(t) = %t denote the linear path that goes along the discontinuity of S. Using (6.34) for
(to, &0 ks p) = (to, wex(to); 57, p~) we have
toATO(2=) = O0 1, (War; A7) 4 p~ Wik (0) > K to + p~ & = to(k™ + Lp7).
Inserting this into (6.44) gives
O0,t0 (w3 S) + pTw(0) > to(k™ + 2p7).
The preceding argument gives 4[5S, f](to, &) > (v~ + 2 p~ )to. Conversely, for the linear paths
w™(t) = A" (207 = 1)(t — to) + Lto,
wi (t) == AT (2pf —1)(t —to) + Lto, pf =p" A (R(E +1-0)),
it is straightforward to verify that
B0 (@38) + F(w(0)) = (x~ + Lo )to, it (20— 1)
1 @01, (7 :5) + F(u (0) = (5 + 29 )to = (5™ + L™, it (207 — 1)

IV
S 3o

IN

That is, under the assumption (6.32), one of the linear paths w (under a limiting procedure) does yield the
value to(k~ + 2p7).
So far we have shown ¥[S, f](t,t2) = (k= + £)t. The desired result 4[5, f](t,£) = f(£ — 2t) + (k= + L)t
follows by the same localization and matching procedures as in Part(b).
(d) We consider first the case (to, &) sits on where S is discontinuous, i.e., &y = 0, and prove 4[S, f](to,0) =
kto. Fix a generic w € W(to,0). Since f(§) = p~&le<o + pT€le>0, depending on where w(0) sits, we have
' | ©0.4(1;w) + ptw(0), if w(0) >0,
@0,750(1, w) + f(w(o)) - { @07t0(1;w) + p’w(O), if w(o) < O7
By (6.34) for & = 0 and (k, p) = (pT(1 — p*), p*) (where & := p*(1 — p*) so that \ := A = 1), the
r.h.s. of (6.45) is bounded blew by

(6.45)
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FIGURE 8. The Slabs S; (white boxes) and transition zones T; (gray)

Under the assumption p~ + p™ = 1 from (6.33), we have p~(1 — p~) = p™(1 — pT). This being the case,
taking the infimum over w € W(to, 0) gives 4[1, f](t0,0) > p~ (1 — p~)to. Conversely, under the assumption
p~ > pt from (6.33), the linear paths w*(t) := (2p* — 1)(t — to) both give the optimal value pT(1 — p*)t.
That is,

Oo,to (L) + f(@(0)) = p~ (1= p o = p" (1= p")to = B0t (L;@") + f(@"(0)).

So far we have shown 4|1, f]|(t,0) = p~ (1 — p~)t. The desired result 41, f](t,&) = f(&) +p~ (1 —p7)t
follows by the same localization and matching procedures as in Part(b). O

6.3. Constructing Kmn First, we set Kmyn to unity out side of [0,T] x [—r*,7*], i.e.,

A ()15 = 1. (6.46)

Recall that each A € ¥ has height 7 and width b, such that %, % € N (the latter implies % € N). We write
by = % € N. Given the auxiliary parameter m € N, we divide 7,b into m parts, and introduce the scales:

=1, b, =2 (6.47)
Under these notations, we divide the region [0, T] x [—r*,*] into £, horizontal slabs, each has height 7 — 67/, :
S = [t 4] X [-r*,r*], i=1,..., 4, (6.48)
t,:=(—17+37, t:=ir—37. (6.49)
We omit the dependence of S;, t; and %; on m to simplify notations. Such a convention is frequently practiced
in the sequel. In between the slabs S; are thin, horizontal stripes of height 67/ or 37/.:

Ti == ([ti, t;1) N[0, T]) x [=r*,7*], i=0,...,0,. (6.50)

We refer to these regions 7; as the transition zones, transitioning from one slab to another. See Figure 8.
We set A, to unity within the interior 7;° of each transition zone:

Apnlre =1, i=0,... 0. (6.51)

Fixing ¢ € {1,...,4.}, we now focus on constructing /~\m7n within the slab S;. To this end, we will first
construct a partition Z; of S;, and then, build /NXmm as a piecewise constant function on S; according to this
partition Z;.

Constructing the partition Z;. To setup notations, we write

(t1,&)—(t2, &) == {(t, B=51(t — t1) beeftr )
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for the line segment joining (¢1,&1) and (t2,&2), and consider the sets of vertical and diagonal edges from ¥
that intersect S;:

By = {e= (= \)rjb)~(im,jb) : j =~ ... 5},

Ed .= {e = ((i = D)7, (j — D)b)—(im,jb) 1 j = === +1,..., T} (6.52)

Around each vertical or diagonal edge e € EY U EY, we introduce a buffer zone of width 2b;, or by, as

depicted in Figure 9. More explicitly, for e¥ = ((i — 1)7, jb)—(i7, jb) € EY,
B 1= [ty 1] x (b= by, b+ b O [=1",77]),
and for ed = ((i — 1)7, (j — 1)b)—(i7, jb) € EI
Be:={(t,&) - 1€ = (= 1)b) = (t = (i = )7)[ < by, t € [t;, ] }- (6.53)

We call B, a vertical buffer zone if e € EY, and likewise call B, a diagonal buffer zone if e € EZ.
Referring to Figure 9, the buffer zones B. and the transition zones 7; shrink the triangle A € X, resulting
in trapezoidal regions. Despite the trapezoidal shapes, we refer to these regions as reduced triangles,
use the symbol A to denote them, and let £ be the collection of all reduced triangles within the slab S;.
Each reduced triangle A is uniquely contained in triangle A € . Under such a correspondence, we set
(Kas parAa) = (Ka, pa, )‘A)

/ / 4
b p 220 b

Ve 4
4

’
2by,

FIGURE 9. Buffer zones (yellow) and reduced triangles (gray)

As mentioned in Section 6.1, those A € ¥ with A4 < 1 need an intermittent construction. To this end,
we divide the slab §; into thinner slabs, each of height 7/, as

Siir = [ty g, (i = D)7 + '] x [=r*,r"], i =4,...,m =3, (6.54)
Ly = i—V)r+@ =), =t;+G—4)7,, Ly =0—1)T+iTm =1+ ({—3)71,. (6.55)

With n € N being an auxiliary parameter, we divide the scales 7/,,b., (as in (6.47)) into m? parts, and
introduce the finer scales
! b/

=T Y= G (6.56)
Now, fix A € 3 with Ay < 1, and fix i € {4,...,m — 3}. Referring to Figure 10, on A NS; i/, we place a
vertical stripe Z; j (A) of width b, ,,, every distance (m—1)bj, ,, apart. These stripes start from the vertical
edge of A, and continue until reaching distance ], from the hypotenuse. Making a vertical cut at distance
by, from the hypotenuse, we denote the region beyond by Z .(4); see Figure 10 We refer to Z;s ;»(A) and
Zy «(A) as the intermittent zones.

Outside of the intermittent zones on ANS; i are stripes of width (m—1)b;,, ,. We enumerate these regions
as Ry j»(A), as depicted in Figure 11a. We further divide each of these regions R j(A) into two parts,
Ry ju(A) on the left and R7 ;. (A) on the right, one of width ), (A) and width 77, ,(A), respectively, as
depicted in Figure 11b. The values of 7}, . (A) and 3, ,(4) are given in (6.61)-(6.62) in the following. The
regions R ji (A), Ry ju(A) and R}, ;. (A) are referred to as residual regions. For convenient of notations,

1]

in the following we do not explicitly specify the range of the indice 7, j in Zys ju(A), Ry ju(A), etc., under
the conscientious that it alway runs through admissible values as described in the preceding.

Collecting the regions introduced in the preceding, we define the partition 2; of the slab S; as
% ={B.:e€ EYUE!}U{a €N 1 \g > 1}
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FIGURE 10. Intermittent zones (gray) on a given A with A, <1
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R? = R;/JN (A)

FI1GURrE 11. Residual regions

U{Ii/7*( / //(A) / //( ),MQ/J//(&)AGE;,)\A<1}

Further, collecting these partitions 25, ¢ = 1,...,/,, the transition zones 7; (as in (6.50)), and the ‘outer
regions’ [0, T] x [r*,00) and [0,T] x (—oo,r*], we obtain a partition 2" of the entire domain [0,7] x R:

2 = {[0,T] x [r*,00),[0,T] x (—o0, —1*]} U U {Ti}u U Z. (6.57)

The edges of Z € 2 collectively gives rise to a graph, and we call the collection of these edges the skeleton
Ske(Z"). More precisely,

Ske(%) {8 Z1N2Zy: 2 7§ Z9 € 32// £ is not a pOlIlt} (658)

In the following we will also consider the coarser version Zof 7
% :={B.:ec EYUE}UX. (6.59)

That is, we dismiss the intermittent construction on those A € X%, A\, < 1, and replace the regions
{Ii’)*(A),Iq/ //( ) Rg} //( ) N/ //( )} Slmply by {A} itself.
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Having constructed the partition Z;, we proceed to define Km,n on each region Z € Z; of Z;. To do this
in a streamline fashion, in the following we assign a triplet (kz, pz, Az) to each Z € Z;. To this end, let us
first prepare a simple result regarding (ka, pa, Aa)Aes.

Lemma 6.4. . Lete € EY U Efl, i =1,...,4, be a vertical or diagonal edge, and AN™, AT € 3 be the
neighboring triangles of e. If e is vertical, we have ka- = Ka+; if e is diagonal, we have Kao- + %pAf =
Ka+ + gpA+ .

Proof. Parametrize e as e = (t,£)—(%,£) and consider the difference of g across the two ends of e. With g
being piecewise linear on A~ and on A", we have

KA- ,ifee EY g(faé)—g(fag) N ,ifee EY
Kn-+Lpa-,ifeeES [T T—1 T kar + Lpoasifee BY

O

Previously, we have already associated the triplet (ka,pa,Aa) = (Ka,pa,Aa) to each A € ¥, where

A D A is the unique triangle that contains A. We now proceed to do this for each other region Z € %,.

Defining the triplet (kz,pz,\z), for Z € Z.

e For a vertical buffer zone B.:
We let A~ and AT be the left and right neighboring triangles of e, set ke = Ka- = ka+, (Ka- = Ka+
by Lemma 6.4), and set (Ke, pe, Ae) := (Ke, %,41%)-

e For a diagonal buffer zone B.:
We let A~ and AT be the left and right neighboring triangles of e. To define (ke, pe, Ae), We consider

the two cases separately, as follows.
x If the condition holds:

(2pa- — DAa- <L < (2pp+ —DAp+. (6.60)

By Lemma 6.4, kao- + %pAf = ka+ + gpA+. We let a0 := ka- + gpAf denote this quantity, and let

F(p):=(2p— 1);(;_%1’)). Under the condition (6.60), we necessarily have that p™ > £, and therefore
b

a > gp*‘ > 5-. It is then straightforward to verify that F' is increasing on p € [%, 1) and that
. K .

F([3,1)) = [0,00). Further, using Aaz+ = W_i%i) and kat = o — Lpax in (6.60), we have

that F(pa-) < 7 < F(pa+). From these properties we see that F(p) = 7 has a unique solution in

11). We let p. be this solution, and set A\, := b/z and ke 1= Aepea(l — pe). To summarize,
2 P 2pe—1) Pe P

(Ke, pes Ae) € (0,00) x (%,1) x (0,00) is the unique solution of the following equations

Ke = Aepe(l = pe),
(2pe — D)Ae = 2,
Ke+ Fpe=a:=kKa-+Zpa- =tia+ + Zpa+.
* If the condition holds:
(2pn- = DAa- = 2, or (2pa+ = 1Ap+ < 2.

In this case we set (Ke, pe, Ae) = (KA, PA—s Aa—)-
e For the intermittent zones Z = Zy ,(A), Zir +(A), with Ay < 1:
We let (Faz, PZ, )\1) = (HA, PAS )\&)
e For the residual regions R' = R}, ;,((4)) and R* = R . (A), with Ay < 1:
Since Ay < 1 and k5 = Aapa(l — pa), there are two solutions p1, p2 of the equation k, = p(1 — p). We
order them as p; > p2 € [0, 1]. Under these notations, we set

(HnlvalaARl) = (Hﬁvpla 1)7 (“R%PR%/\R?) = (K’Aap% 1)

Note that, with p; > pa solving the equation k, = p;(1 — p;), we necessarily have p; + p2 = 1.
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Recall that r;, . (4) and 72, , (A) denote the (yet to be specified) widths of the residual regions R' =
Ry ju(A) and R2 RZ j»(A). We now define

pA - pRll 7 (&)
T}n n(A) = (nbxz n 1)p& A1 = (nb;; n 1) — ) (661)
’ ’ PL— P2 ’ PRL () T PR2 (&)
_ PR2 ,(A) ~ Pa
w2 (a) = (b, — )22 gy e . (6.62)

pl - p2 pRi/,j// (&) - pR?/’j// (&)

We next list a few important properties of (kz,pz,Az)zecz. These properties are readily verified from
the preceding construction. First,

Kz = /\2/)2(1 — pz), VZ e %. (663)

Next, recall from (6.48) that S; denotes a slab. Consider vertical or diagonal edges £ € Ske(2") in the
skeleton that is not on the boundary of the slabs S;, i =1,..., 4,

£ .
Ske(2), := {5 eske(2): €2 08, € vertical}, Ske(2), - {5 eske(2): €2 | 08, € diagonal}.

Given &€ € Ske(Z"), U Ske(Z")], letting Z1,Z~ € 2 denote, respectively, the right and left neighboring
regions of £, we have

Kz- = Kz+, if £ € Ske(2).,, (6.64)
(kz- + 2pz-) = (kz+ + 2pz+), if £ € Ske(2)q, (6.65)
(1—-2pz-)>0or (1—2pz+) <0, if £ € Ske(2)%,, (6.66)
(2pz- —DAz- > L, or (2pz+ — D)Az+ < L, if £ € Ske(2)),. (6.67)
Also, for a given pair of residual regions R}, ;. (4) and R ;. (A), we have

PRY, (&) TPRZ (&) =1 PR (&) > PR, (A) (6.68)

and, with 7, (4) and 72, | (A) defined as in (6.61)(6.62),
P ()1 + 17, (A)p2 = (nby, , — Dpa. (6.69)

Now, for the {\z}zc 4, defined in the preceding, we set
Amnlze =Xz, Z€ %, i=1,...,4. (6.70)

This together with (6.46) and (6.51), defines /~\m7n ([0,T) xR)\ (UseSke(%) ), i.e., everywhere expect along
edges of the skeletons. To complete the construction, for any given (¢,&) € UgeSke(%) &, we define

Rn(t,€) = lim mf{fxmm(s,g) : (5.0) € (10,7) x R\ (|

s> 1, |s—t|+|§—c|<6}. (6.71)

£),
£eSke(X)

That is, we extend the value of /NXm,n onto the edges of the skeletons in such way that £ — /NXmm(t,{) is
lower-semicontinuous for each ¢t € [0,T"), and ¢t — Ay, o (t, €) is right-continuous for each £ € R.

This completes the construction of the speed function A,,,. We summarizes a few properties of A, ,,
that will be useful in the sequel. These properties are readily verified from the preceding construciton.

0<A=: 1nf Aa < A (5,6) < sup Aa <X, V(t,€) €[0,T) x R, (6.72)
JANS )
Jim lim Y / | A — (Aa V 1)|dtdé = 0. (6.73)

JANSD I
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6.4. Estimating ¢ [Km,n, ¢*°]. Having constructed /NXm,n, in this subsection, we verify that the resulting
Hopf-Lax function ¢[A,, », '] does approximate the piecewise linear function g. More precisely, we show

in Proposition 6.8 in the following that, under the iterated limit n — 0o, m — 0o, %[As,.n, g'°] converges to

g.
Recall from (6.48) and (6.54) the definitions of the slabs §; and S; i/, together with the corresponding ¢,

ti, t; o, ti from (6.49) and (6.55). Closely related to /NXmm is the piecewise linear function I‘}nzln :Sii = R,

24,0

defined by

i, € C(Sin,R), (6.74a)
VI ons . = (kz,p2), VZ € Z, (6.74D)
1—\:'7,:'7’" @17 0) = g@iv 0)' (6'74C)

Indeed, (6.74) admits at most one such anz,n . On the other hands, The identities (6.64)—(6.65) guarantee
the existence of I‘ﬁnz/n that satisfies (6.74).

Recall from (6.4) that C(t,&) denote the light cone going back from (¢,&). In the following we will often
work with on domain

D:={(t,&):t€[0, T, [—(T —t)A—re,re + (T — )N} (6.75)
This is the smallest region in [0, 7] x R that contains [0, 7] X [—r., 7] and enjoys:
C(t,¢) cD, V(& eD, (6.76)

Note also that [0, T] x [—7x, 7] C D C [0,T] x [—r*,r*].
The following result shows that, the Hopf-Lax function &, [Am, », f] actually coincides with the piecewise

.
. . i
linear function I'};7,,

Lemma 6.5. Fizi € {1,....0.}, i €{4,....m 3} and f € &. If (&) =T (t;11,€), Y(t; 4,€) € D, then

~ -
gﬁm’ [Am,na f”Siyi/ﬁD = F:;lz;n

provided that the initial condition f agrees with I‘}nzn

SM/OD'
Proof. To simplify notations, throughout this proof we write l"jnl/n =T. Let

toi=sup {s € [t 5ii) : G, [N, 1(,6) =T(t,€), V(t,6) € Siv N D} (6.77)
denote the first time when the desired property fails. Our goal is to show t, = ¢; ;. To this end, we advance
t. by the small amount o, := b/, /(X+ 2) and consider a generic point (to, &) € DN ([t (tc +0x) ALy ] X R).
Let fi(§) == %, ., [Km,n, J1(t+, &) denote the profile at time ¢,. Apply Lemma 6.1(a) for (so,s1) = (4; 7, tx),
we write

%i,i’ [Km,n, f] (tOv 50) = gt* [Km,na f*](t()a 50) (6.78)
Recall the notation C'(so, to, &o) from (6.12), and write C’ := C(t, to, o) to simplify notations. Let X := {¢ :
(t;,€) € C(to,80)} denote the intersection of the light cone with the lower boundary of S; ;. As shown in

Lemma 6.1(d), the r.h.s. of (6.78) depends on (A, ., f.) only through (A, nler, filx). Our next step is to
utilize this localization of dependence to evaluate the expression (6.78). First, With ¢, defined in (6.77), we
necessarily have fi(§) = ['(t4,§), V(tx, &) € D. Also, by (6.76), {t, ,} x X CD. Consequently,

filae =Tt +)|x.
Next, recall the definition of the skeleton Ske(2") from (6.58). We claim that C’ intersects with at most one
edge of Ske(2), i.e.,
#{C'NEF£D:E €Ske(2)} < 1. (6.79)
To see why, first note that, since C’ C (t; ;/, i) X R, the restricted cone C’ does not intersect with horizontal
edges of Ske(Z"), and it suffices to consider vertical and diagonal edges of Ske(Z") within the slab S, ;.

From the preceding construction of Z € Z;, we see that vertical and diagonal edges in Ske(Z") are at least
horizontally distance bﬁlﬁn apart. Viewed as spacetime trajectories, vertical edges travel at zero velocity, and

diagonal edges travel at velocity %. Since the cone C’ goes backward in time at a speed of at most A, the
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"
m,n

time span of C’ has to be more than ;4_—£ =: o, for C’' to intersect with two vertical or diagonal edges in
Ske(2"). This, with C" C [t; s, t; ; + 04], does not happen, so (6.79) follows.
Recall the four special types (a)—(d) of (5, f) from before Lemma 6.2, in Section 6.2. With (6.79) being

the case, the pair (Ay,,n, I'(tx)), when restricted to ¢’ x X, coincides with (5, f) of the form considered in
Section 6.2 for s = t,, i.e.,

(Amnler, Tt %) = (Slers flx)- (6.80)

The condition (6.27)—(6.29) holds thanks to (6.64)—(6.65). Given (6.80), we apply Lemma 6.1(d) with
(S1, f13 52, f2) = (Am,ns fx; S0, fo), to replace (A n, fr) with (S, f) in (6.78) . This yields

Gy, o Ao f(t0, &0) = %, . [S, £(to, 0)- (6.81)
Further, thanks to (6.63), (6.66)—(6.69), the conditions (6.31)—(6.33) hold. This being the case, we apply
Lemma 6.2 for sq = ¢, to conclude % ,[S, f](to,&) = I'(to,&o). This together with (6.81) gives

G, s (A, f](t0, €0) = T(to, &o).
As this holds for all (t, &) € ([tx, (tx + 04) Aii/] X R) N'D, we must have that ¢, > (tx + 04) A ;. This
forces the desired result ¢, = fi,i’ to be true. O

Given Lemma 6.5, our next step is to show that i approximates g. The this end, it is convenient to

m,n

consider an analog fﬁn of Ff;f:n, defined as follows. Recall from (6.59) that f}’;\ denotes the coarser version

of the partition Z;. We consider unique the piecewise linear function fin : S; — R with gradient given by
(kz,pz) on each Z € %, i.e.,

Il :eC(S,R), (6.82a)
VI . = (kz,p2), VZ€ Z, (6.82b)
I, (t;,0) = g(t;, 0), (6.82¢)
Lemma 6.6. For fized i € {1,... 0.},
lim (sup - f:n|> =0, i'=4,...,m—3, for each fized m < oo, (6.83)
n—o0 Si,i/ ’
lim (sup T — g|) =0. (6.84)

Proof. We first establish (6.83). Since the partition f};\ differs from Z; only on those reduced triangles A
with A4 < 1, we have

VIl ze =V 5o, V2 Z\{aeX] 1Ay <1} (6.85)
On each A with Ay < 1, the £ invokes the intermittent zones Z; ,(A), Zy j»(A) and residual regions
Ry ju(A), RZ i (A); see Figure 10-11. Referring to the definition of (rz, pz)ze 2, in the preceding, we have

that

KA = KT, (A) = KTy n(h) = FRY ,(A) THERL (&) PA =PI, (A) = PLy u(A); (6.86)
for all relevant #’, 5. Also, the identity (6.69) implies that, for each R = Ry j» (A),

S R _ ,

| @ ode = [ Eet e, Vee . Fr). where R = [t Fel < [r. 671 (687
That is, the integrals of (I‘mm)é and (fﬁn)g along any horizontal line segment passing through R do match.
To briefly summarize, (6.85)—(6.86) shows that the derivatives of I‘ﬁnz/n and fjn match everywhere they are

defined, except for the £-derivatives in Ry j(A), and (6.86) gives a matching of the &-derivatives in Ry j» (A)
in an integrated sense. These properties together with (6.74c) and (6.82c) gives that

Dol (6:9) = T (0,8), (6,8 € S\ [J{(Rojn())° : Ag <1, relevant 7,5}, (6.88)
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Since each Ry j»(A) has a width of (n — 1)b), , = Z5*b], and since T is continuous, letting n — oo
in (6.88) gives (6.83).

Next, to prove (6.84), fix arbitrary (to,&) € Si, and express L' (o, &) and g(to,&) in terms of the
integral of their derivatives along the vertical line segment (¢;,0)—(to,0) and the horizontal line segment

(to, 0)—(to, o), i-e.,

~. ~ to o
Fﬁn(to,&)) = F:n(g,()) —|—/ (Fin)t(t,())dt —|—/ (an)g(to,g)dg, (6.89)
t; 0
to &o
olto, &) = glt:,0) + / 0u(1,0)dt + / ge to, €)de. (6.90)
0

Note that the line segment (t;,0)—(tg,0) sits within a vertical line segment of the triangulation ¥; see
Figure 4. Even though g is in general not smooth along edges of ¥, g; does exist along vertical edges of X.
More explicitly, letting A, € ¥ be a neighboring triangle of the line segment (¢;,0)—(¢o,0), we have that
9:(t,0)liet, 1) = K. Likewise, letting B, be the (unique) buffer zone that contains (¢;,0)—(t,0), we have
(f;in)t(t70)|t€(§i,to) = kp,. For any triangle A € 3 that intersects with the slab S;, let e € E} denote its
neighboring vertical edge, and let A C A denote the corresponding reduced triangle. Referring the definition
of (kz, pZ)ZefZ in the preceding, we have that

(ka,pa) = (kp,pp) = (KB, pB.)- (6.91)
In (6.89)—(6.90), use (6.91) for (A,B.) = (A4, B.) to match the t-derivatives (I, ); and g, use (6.91) to

~

match the &-derivatives (I';,)e and ge on those reduced triangles A along the line segment (¢o,0)—(to,&o)
(recall that ge|ae = pa, VA € X), and take the difference of the result, using (6.82c). We arrive at

. So .
T (f0, &0) — 9(to, )| = ‘/O ((Th)e = 9¢) (10, )11y e ¢ avmen 48| < (€ +1)2b7, [I(T7,)¢ — gelloo-

~.

With (I, )¢, g¢ being [0, 1]-valued, and with b], = 2, letting m — oo gives (6.84). O

A useful consequence of Lemma 6.5—(6.6) is the following result. It controls the deviation of the Hopf-Lax

function %, [frmns Am,n] from g in terms of the deviation of a given initial condition f, p.

Lemma 6.7. Let {fmn}tmn C&. For any fized i € {1,...,4,},

lim sup lim sup ( sup ‘%,[Km)n, fmonl — gD <limsuplimsup sup |fm.n(§) — 9. 8)|- (6.92)
m—oo n—o0 S;ND o m— o0 n—o0o (Ewg)esiﬂD
Proof. Throughout this proof, to simplify notations, we write G := % [Kmﬁn, fm.n]. Let us first setup a few
notations. For i’ =4,...,m — 3, let fi := G(t;,;/) denote the fixed time profile of the Hopf-Lax function at
t; #. Consider also the fixed time profile v* = I'4¥ (¢, ;) of T%¥ at time t; ;. The function 4* is defined
on

= = {€: (t,4,€) € S;y N DY,

and we extend the function beyond =" in such away that vi/ € &. The precise way of extending Wi/ does
not matter, as long as the result is &-valued. We omit the dependence of G, fi, and ”yil on m,n to simplify
notations.

Instead of showing (6.92), we show

lim sup ( sup |G — f%}) <limsup sup |fmn(§) — T (L, €)l. (6.93)

n—00 S;ND n—oo (t,,£)eS;ND

By (6.84), the function fjn uniformly approximates g on S; 1D as m — co. This being the case, the desired
result (6.92) follows by letting m — oo in (6.93).

To prove (6.93), we fix i’ =4,...,m — 3, and proceed to bound the difference |G — IA“§n| on each S; ; ND.
First, by Lemma 6.1(a) for (so,s1) = (¢;,t; ), the Hopf-Lax function G localizes onto S; i as Gls,,, =

Zi0 Zi,q!
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Liirs we

4. [Km,m fi/]|siyi,. Given this property, applying Lemma 6.1(e) with (f1, f2) = (f,~7") and so = ¢
obtain

‘G(to,fo) _gﬁi’i/ [Km ny Y i/](t07§0)‘
=%, B 7] (0,0) = %o, (R y (0, S0)] < sup () =27 (9], (6.94)

o (t;,11:€)EC(t0.60)
for all (t9,&0) € Si,iv- Recall the definition of = =% from the preceding. By (6.76), for each (to,&) € Siiv ND,
we have that {£ : (£; /,€) € C(to, &)} C E 2%, Using this property, we take the supremum of (6.94) over
(fo,go) S Sz)l/ ND to get

sup |G “,

[Am,na'}/i ]| < sup|fi _’Yi |
Sw +ND =i’

=i,/

Next, using Lemma 6.5 for f = +%, we replace the expression G, [Apmnsy"] with I‘f;f:n, and write

sup |G T4 | <sup|f' —+"| =sup|G(t, ) — D50 (k0] (6.95)

Siyi/ﬁ'D

Further, by (6.83), the function I':¥ uniformly approximates I, on ; N D. This being the case, we let

N

n — oo in (6.95), and replace each I‘i’i/ with T to get
limsup sup |G — I v | < limsupsup |G(t; ;1) — f:-n(ﬁi)i’”u i'=4,...,m—3. (6.96)
n—oo =i’

n—oo S, /ND
Indeed, since {t; ;1,1 } ¥ =741 ¢ 8, ND, we have supzi 11 |G (t; ) — fﬁn@“,ﬂ <sups ,np |G — T |. Given
this property, inductively applying (6.96) for ¢/ = 4,...,m — 3 gives the desired result (6.93). O

We now show that ¢ [Kmyn, ¢'°] uniformly approximates g over [0, T] x [—7.,r.]. More precisely,

Proposition 6.8. We have that limsuplimsup ( sup ’g[xm,n,gw] - g’) =0.

m—0o0  n—0o [0, T]X [—7x,74]

Proof. Throughout this proof, to simplify notations, we write G := ¢ [Kmﬁn, g'°] for the Hopf-Lax function.
Recall from Section 6.3 that [0, 7] x [—r*,r*] is divided into a stalk of slabs S;, with transition zones 7,
1=0,...,¢, in between the slabs; see Figure 8. By Lemma 6.1(a) for sy = ¢,, the function G localizes onto
Si as Gls, = %, [Apms G(t;)]ls,. With this property, we rewrite Lemma 6.7 for f,,., = G as

hmsuphmsup( sup ‘G g|) <limsuplimsup sup |G(¢;,&) — g(t;, &)l (6.97)

m—00 n—oo S;N m— oo n—oo (t»,f)EsiﬂD
for each i = 1,...,¢,. Next, fix a transition zone T;, i € {0,...,¢,} as in (6.50), and it write as
Ti = ([t ti1) N[0, T]) % [=r*, 7] = [(a)4, tigs AT x [=r*,77].

By (5.1), g is uniformly Lipschitz; and by Lemma 6.1(b) the Hopf-Lax function G is also uniformly Lipschitz.
Consequently, there exists a fixed constant ¢ < co, such that

|G(t,8) = G(s1,8)| < cft = (i)+| < 6ery,, gt &) — g(s1,8)| < cft — (i)4] < bery,, V(E,€) € T
This gives

sup [G—gl < sup  |G((#0)+,€) — g((i)+, )| + 1277,
T:nD ((#:)+,§) ETiND

Taking the iterated limit n — co, m — oo, we obtain

hmsuphmsup( sup |G — g’) < lim sup lim sup sup |G((t:)+,€) — g((T:)+,€)], (6.98)
m—o00  n—00 T:ND m—0o0 M=o ((¢;)4,£)eT:ND
for each i = 0,...,¢,. As mentioned earlier, [0,T] X [—r«, ] is decomposed into a stalk of transition zones

and the slabs, from bottom to top as ToUS1 UT1 U...Sp, UTy,. This being the case, applying (6.97)—(6.98)
inductively, similarly to the proof of Lemma 6.7, we obtain

hmsuphmsupsup |G g| < limsuplimsup sup ‘ (0,¢) — g(O,§)|.

m—00 n—»00 m—oo  n—oo (0,£)€D
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Indeed, since G(0,&) = 4 [Ap.n, g°°1(0,€) = g(0,€), the r.h.s. is zero. This together with D D [0, 7] X [+, ]
completes the proof. O

7. LOoWER BOUND: CONSTRUCTION OF A,, , AND PROOF OF PROPOSITION 3.5

7.1. Constructing A,, and estimating ¥[A,, ., 9°]. We now construct the simple speed function A, ,, as
an approximation of A,, . Recall that 7, ,, and by, ,, are the scales defined in (6.56). Consider the following

partition of [0, 7] x R that consists of rectangles of height 7, , and base by,
0, = A{0= (" = D1 70 < [ = Db, b ) 2 =1, bemn®, §7 € T}, (7.1)

m,n

Recall from (6.57) that 2~ denotes a partition of [0,7] x R, and recall from (6.58) the induced skeleton
Ske(Z"). One readily check that, each rectangle 0 € IIj, ,, is either contained in a region Z € 27, or

intersects with a diagonal edge £ € Ske(%Z"). In the latter case, the edge £ goes through the upper-right and
lower-left vertices of L. Having noted these properties, we now define

Amn ifdcC Z, for some Z € Z;

Oe = Am,n Oe>

and if O intersects with a diagonal edge & € Ske(:2"), we let Z* € 2  denote the neighboring regions of &,
and set

Am,n

= (Az- AAz+) =inf Ay .
O (Az z+) 1510 ,

So far, we have defined the values of A, , on [0,7) x R except along edges of the rectangles 00 € II;;, .. To
complete the construction, we extend the value of A, ,, onto [0,7) x R in the same way as in (6.71). This
defines an simple speed function, i.e., a function of the form (5.2). Further, from (6.46), (6.72)—(6.73), we
have

A (b, )l jgg>re =1, (7.2)
Amn € AN, (7.3)

lim lim / A — (Aa V1) |dtdE = 0. 7.4
A Jim, O [ VAmn = (e V)] (7.4)

The following result gives the necessarily control on the Hopf-Lax function Z[A,, n, ¢'].

Proposition 7.1. For each fized m < oo,

lim sup | Ans "] = G R 9]

Jim sup =0. (7.5)

In particular, by Proposition 6.8,

lim sup lim sup ( sup ‘%[Amyn,g“] — g‘) =0.

m—oo  n—oo [0, T X [—7w,r4]

¢, and parametrize the zone as (6.53). Under
the notations of (6.53), we let 0B, = (¢;,(j — 1)b £ b],)—(%:;, kb £ b),). denote the right/left boundary of
the buffer zone B., and let

UE = {(L€) 6+ ( — Db £, — L(t—1)| <V t € [t T])

denote the regions of width 2b/ . around 9FB.. Referring the preceding definition of A, ,, we see that

m,n

Proof. Consider a generic diagonal buffer zone B, e € Uf*‘:lEd

A # /~\m7n only within the regions U, e € E4. Showing (7.5) hence amounts to showing that such a
discrepancy does not affect the resulting Hopf-Lax function as n — oo.
Let 0, := b, (2(X + 2)). Divide each ¢/ into smaller parts Z/{:i,, each of height at most oyy,:

U =UEN ([ = 1)om,i'om) x R).

Let % := {U:i, te € Uf;lEid,i’ = 1,2,...} denote the collection of these regions, and enumerate them as
U =A{U,...,Uyga }. We replace the value of A,, ,, on each Uy, by that of /~\m7n sequentially, i.e.,

0 — k _ qk—-1 N
Sm,n T Am,nv Sm,n - Sm,n 11/{,‘; + Am,n]-Z/{k/ .
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Under these notations, we telescope the difference 4[Ay, 1, '] — 4 [/NXm,m g'°] accordingly as
#U

G A, 01 = G A, g1 = > (D[SE, . 0] = G[SE L g]). (7.6)
k=1

Given the decomposition, we now fix k € {1,...,#% } and (to,&) € [0, T] x R, and proceed to bound the
quantity [Z[SF, .. g'] = 9[Sh 1, g*]|. Let us prepare a few notations for this. Parametrize Uy, € % as

Uy = {(t,€) 1€+ Go = 2(t = 8)| < b n t € [5,3)}, (7.7)

where s := (i’ — 1)ou,, $:= i'to,, for some i’ € N, and (o = (j — 1)b+ b/, for some j° € N. In addition to
Uy, we consider also the region

VE = {(t,€):0< (€4 ¢ — 2(t—s) <y, t €[s,9)},
V7= {(4,€): b, < (E+ ¢ — L(t—35)) <0,t€[s5,3));

see Figure 12. Recall from (6.59) that f»’j’g\denotes the coarser partition, and let Z=,Z% ¢ Uf;lﬁ’j’g\denote

|

s 0B

ot B,

FIGURE 12. The regions Uy, V™ and V™

the two regions from these partitions that intersect with Uy, (i.e., Z* NUy # 0), with Z~ on the left and
Z7 on the right. Referring to Figure 13, we see that

Km,n|(vi)° = Az, (7.8)
Kfmnkyi\uk)o = Azi, Kﬁ;%kyi\uk)o = Azi. (79)
b b
= =
27

FIGURE 13. On each reduced triangle A, the function /~\m7n takes value A, on the gray
regions, no matter Ay > 1 or Ay < 1. The gray regions stretch a distance b}, from the
buffer zone into the reduced triangles.

We now begin to bound |Z[SE, ., ¢'°] —4[Sk"! ¢°]|. To this end, we assume Az+ > Az- for simplicity of

n
notations. The other scenario is proven by the same argument. The functions S* Sﬁ;j differ only on Uy,

m,n?
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and by (7.8), these functions S*

m,n’

Sk 1 takes two values {\z+, Az~ } on Uy. Under this property, we define

the upper and lower envelopes of S¥ S,’f”%

S* = ST’%,nlqo,T)xm\uk + Az Lo, Sei= Sy L0, <m0y + Az Loy,

so that S, < SF ., Sk-1 < S*. Combining this with (6.15) gives

|9 (S 1 = 9 S prn» 1) < G[S™, 9] = 9S4, 5 (7.10)
The next step is to bound the r.h.s. of (7.10). We do so by appealing to the variational formulation:
g[s » g ](t07§0) = weVilfr(lth,fo) {eo,to (S ,’LU) + g (’U}(O))}7
G(S*, g")(t = inf  {Og4(S*; €(v(0))}. 7.11
(5,900, 60) i= _int  {@0,(S":0) +g(v(0)} (7.11)

Fiz a generic w € W (to,&). Indeed, because S* > S, and because of (6.15),
O0,t(S*;w) + g*(w(0)) > o1 (Ss3w) + g (w(0)).

Our goal is to perform surgery on the path w to obtain a new path v, so that the reverse inequality holds
for v, up to an error of order n=!. Consider the last time ¢, := inf{t € [s,3] : w(t) € Uy} when w lies within
Ug. If t, = 0o, i.e., w never lies within Uy, taking v = w (7.11) gives

B0, (™5 w) + ¢ (w(0)) = Ou ¢, (Sws w) + g'(w(0)) > Z[S*, 4] (to, &)
Otherwise, applying Lemma 6.1(c) with (so,t(,%0) = (0,%4,t0) and with S = S,, we obtained a modified
path w € W (to, &), such that
O0,t, (Se3 @) + g**(W(0)) < oyt (Se3 @) + g (w(0)), (7.12)

that (t,w)j0,¢,] € C(t«,w(ts)), and that w|p, ;) = wy, 4] The last property ensures that (t,w(t))|(, ] ¢ U,
and we already have (t,w(t))|[0,s) & Uk (see (7.7)). Since Uy, is the only region where S* and S, differ, our
next step is to modify the path w(t) for t € [s, t.].

Fix a small parameter § > 0. We set

w(t) , for t € [0, 5] U [ts, to],

w(t) —3by, ,forte[s—i-ét*—é]
vs(t) = w(s) + 3b” “t—s) ,forte(s,s+9),

w(ty) — 3b” 6 Lty —t), for t € (ty — 6, t4).

That is, we shift the part of w within ¢ € [s + 5, —0 +t,], by distance 3by;, ,, to the left. Within the intervals
(s,s+9) and (=06 + t4, t.), we linearly joint the path to ensure vs € W (to,&o). For such a path vs, evaluate
the corresponding functional O 4, (S*;vs) + ¢'°(vs(0)), and let § | 0 to get

i (90, (57 5) + 97(050))) =00,5(": ) + ©11, (5" ) + (1) (7.130)
+ O, (8% — 30}, ,,) (7.13b)
+ %1?01 O s+5(5™;vs) + 151{101 O _s5+t,.t, (5% vs). (7.13¢)

We now analyze the expressions on (7.13a)—(7.13c) each by each.

e As mentioned earlier, for ¢ € [0, s) and for ¢ € (t4, to], w(t) sits entirely within the region where S* = S,,
so we replace S* by S, on the r.h.s. of (7.13a).
e Next, for t € (s,t4), given the properties

(t*7 ﬁ(t*)) € uku (tu w(t))|t€[0,t*] € C(t*u w(t*))7 t* - S S Om,
using the same speed-counting argument below (6.79), we have that

S*(t, w(t) — 3by, < S, (t,w(t

(t) |te(§7t*), (7.14)

") |t€(§,t*)

for all n large enough such that 4b), , < b}, — o (X + £). Further, by (7.9), we have S*|(y-\1)e = Az-.
This together with (7.14) and Az- < Az+ gives

S (tv @(t) - 3b:;z,n) ’t€(§,t* ’te(ﬁ,t*)’
for all n large enough, and therefore ©; ¢, (S*;w — 3by;, ,,) < Oy, (Sx; w).

) < Ss (t,w(t))
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e For t € (s,t,) and for t € (=0 + t,,1,), the path vs has constant velocity vs = £6-'3b]/, . Using this
and (6.14) gives
lim O s45(S™;v5) =0, limO_ S*;vs) = 3bl)
51},101 ,7,+l5( ) U5) ) gig O+t ts ( ) Ul5) m,n
Combining the preceding discussions with (7.13) gives
lim (€010 (5% v5) + 9°(vs(0))) < Ou.t, (™3 @) + g(@(0)) + 307,

Further combining this is with (7.12) and (7.11), we arrive at 9[S,, ¢'](t0, &) > ©o.4, (S*; @) + g (w(0)) +
30y, .- As this holds for all w € W(to, &) and all (to,&o), we conclude

g[s*v giC] > g[S*a giC] - 3b{r/n,,n
Inserting this into (7.10) thus gives

|G (S ) = G 1S a1 < 307, e (7.15)

Applying the bound (7.15) within the decomposition (7.6) gives
% A, 6] =GRy 5| < SHAVL, .- (7.16)
Referring to the preceding definition of %, we see that #% depends on ¢, and m only, and in particular
does not depend on n. Hence letting n — oo in (7.16) completes the proof. |

7.2. Estimating the relative entropy. Recall that Q]SV denotes the law of the inhomogeneous TASEP
with a simple speed function S. Having constructed A, ., in this subsection we estimate the relative entropy

=H(Qy Aem, " |P%). First, from the explicit formula (5.10) and (7.2), we have

—H( VPR =~ Y E Amn / o(h(N?), ( (%))dt) (7.17)

\z\<N *

Let us divide the r.h.s. of (7.17) into two sums over |z| < Nr, and over N7, < || < Nr*, and write resulting
sums as H}nn ~ and H2 respectively. More explicitly,

m,n,N>
Hy.ni=5 > E AM / o(h(N?), ( (,%))dt), (7.18)
|m|<Nm
H2 , n ;:% 3 Eng,n(/()Tqﬁ(h(Nt),x)w(Am,n(t,%))dt). (7.19)

Nr.<|z|<Nr*
Recall that 3* denotes the restriction of the triangulation ¥ onto [O T] x [—r*,r*] and that X, denotes
the restriction of ¥ onto [0,7] X [—r., 7). We begin with a bound on H,

mnN

Lemma 7.2. We have that

limsuplimsuplimsup H;, ,, &

im sup lim sup i 2 < TOYSIAR / / ) e
m—o00 n—oo N-—o00 o Z m<\£\<r* gE 1_95)

AETF\T.
Proof. Since the mobility function ¢(f, z) is bounded by 1, we bound the expression (7.19) as
1 X
Bon<y Y / (t, £))dt. (7.20)
Nr.<|z|<Nr*

Since A,y is piecewise constant, and since (A, ) is bounded (thanks to (7.3)), letting N — oo in (7.20),
the discrete sum in (7.20) converges to an integral, giving

T
limsup Hp, , v < / / V(A (t, €))dtdE. (7.21)
0 e <|E|<r*

N—o00

With ¢(Ay,,») being bounded, in (7.21), letting n — co and m — oo in order, together with (7.4), we obtain

T
limsup limsup limsup HZ, ,, y < lim hm/ / YA n(t,8))dtdé = Z P(AA)|A]
re<[E|<r

M—00 N—00
m—oo  n—oo  N-—oo AET*\Z,
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This completes the proof. O

We next establish a bound on H}!

m,n,N*

Lemma 7.3. We have that

T r*
— o — 2
Jim Jim i = 3 palt = pal¥00e) | [ g (7.22)

Proof. Throughout this proof, we use om, n N (1) and wy, », to denote generic, deterministic quantities that
may change from line to line, but satisfy
lim lim lim |0, n(1)] =0, limsuplimsup |um,,| <1.
m—00 n—00 N —o00 m—oo n—00
Recall from (7.1) that II7, ,, denote a partition of [0,7] x R consisting of rectangles, and that A, is
constant within the interior [J° of each rectangle 00 € II;, . This being the case, letting II},, , denote
the restriction of IT7;, , onto [0,T] X [, 7], we parametrize each 0 € II};, | as [i, 0] X [{D,ﬁm], and

express (7.18) as

N

T
H71nnN_ Z "/J mn|I:I° E Amn/ 1 Z ¢ Nt

Qe . . (t z)ele
1 D
= Z C(Amaloe) 5 D Boyn | #e(Vt), 2t (7.23)
gen ,, . £el¢n ] -

Here, unlike in Lemma 7.2, using ¢(g(Nt),z) < 1 does not yields a good enough bound for our purpose.
Instead, we use the following analog of (4.33) for inhomogeneous TASEPs:

ta
By ([ At £)0ENO.0)dt) = B (gt ) - (2 8)). (7.24)
Vi1 <t €10,T], x € Z. Applying (7.24) with (¢1,%2) = ({0, tg) in (7.23), we obtain the following expression
for HY, ,, v
1 1 7
1 T a
Hyon= Y. ¢(Am,n|D°)m— > Eqtmn (en(t %),0)- (7.25)
DENY ’ £eleq &)

Write Gonn = 9[Am.n,g'¢] for the Hopf-Lax function. Recall from Corollary 5.3 that, gy converges
to G, Q?V’"’"—in probability. In order to approximate the r.h.s. of (7.25) in term of G, ,, our next
step to leverage the convergence in probability into convergence in L'. Recall from (7.3) that Ay, < A

Consequently, under the law, Qé\v’"’", g(te, ) — g(t1, ) is stochastically dominated by Pois((ta — t1)A),
Vt; < tg € [0, T]. In particular,

sup {EQJAVm,n (en(t, 222 NeN, z €2, [tr,ts] C [0, T]} < . (7.26)
The L? boundedness (7.26), together with the converges in probability, Corollary 5.3, gives
: 1 z |t EE z\|to
g Y Bt ) = [ Gualt 0 (70
Feleg.eh 0

Further, by Lemma 6.1(b), the function (¢,&) — G n(t,€) is uniformly Lipschitz. This allows us to rewrite
the r.h.s. of (7.27) as [ 0;Gm ndtd§. On this note, combining (7.27) and (7.25) gives

JM1H%WN—:/ / w @ —° (7.28)
—00

Next, recall from (7.4) that A, , converges in L! to ()\A \Y 1) on each A € ¥* under the relevant limit.
Further, A,,, is bounded away from zero and infinity (by (7.3)), and 9,G,, , is uniformly bounded (by
Lemma 6.1(b)). Under these properties, we rewrite the r.h.s. of (7.28) as 3" n ey [x 0:Gm.n®(Amn) /A ndtdE,
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and for on each A € ¥, replace A, , with its limiting value Aa V 1. This, together with ¢»(AV1)/(AV 1) =
P(A)/A, gives

WN = Z w()\A) lim lim 8tGmndtd§, (7.29)

yaN m—00 N—r0oQ

lim lim lim H}
m—00 m—00 N —o00

provided that the limit (limy,—co lim,— oo fA 01G ndtd€) exists, for each A € ¥,. Fixing A € X,, We
next show that the corresponding limit does exist, and calculate its value. To this end, we parametrize the
triangle as A = {(1,€) : £ € [t (€),7a(€)], € € [€2,€X]}, and write

ek
/&e man = Gt §)|§A§g (7.30)
VAN

By Proposition 7.1, the function G, , converges uniformly to g on [0,7] X [—rs,r.] under the relevant
iterated limit. Using this the take limit (7.30) gives

X -
lim lim | 0Crmn =/Ag(t,€)|§i§§§d5:A9tdtd§=|A|’$A- (7.31)
- t

m—00 N—00
AN

Inserting (7.31) into (7.29), together with kA /Aa = pa(l — pa), we conclude the desired result (7.22). O

Combining Lemma 7.2-7.3 immediately yields:
Corollary 7.4. We have that

lim sup lim sup lim sup (QN’""|P ie) / / gt,gg )dtdg +/ / )dtd§
m—00 n—o0o0 N-—oo —p* r*<\5\<r gg 1_ E)

7.3. Proof of Proposition 3.5. With ¢, > 0 being given and fixed, we apply Proposition 7.1 and Corol-
lary 7.4, to obtain fixed m,,n. € N such that

sup |%[Am*,n*,gi°] — g| < Ex, (7.32)
[0, T X [—7u,7x]

1 T T _
lim sup lim sup ~— H(QA™ ™ [P i) < / / T2(ge, ge)dtde + / / w(¢>dtd§. (7.33)
n—oo  N-ooo IN? 0o JR ' 0 Jr.<lg|<r> 9&(1—95)
A

Given such m.,n, € N, we set Qn = Qy"*"". The inequality verifies (7.33) the condition (3.27). Next,
combining (7.32) with Corollary 5.3, we see that the condition (3.25) holds.
It remains only to check the condition (3.26). From the explicit formula (5.9) and by (7.2), we have that

il dQn
N2 8 apg.
N 3 / 108 A, . (N, Z)dhn (t, Z) = $(h(NE), ) (A, . (N, Z) —1)dt). (7.34)
NE[=rr*

From (7.3), we have the bounds |log(Am, ».)| < [logA| +|log A| := A and |A,,, . — 1] < A+ 1. Using these
bounds in (7.34) gives

’_1 dQn
N2 dP1C

<% X (A IEE+ R T), (7.35)
e[—r,r¥]
Taking (Eq, (+)?) on both sides of (7.35) and using Jensen’s inequality, we arrive at
dQy 4r* A et o~
Eq. ([W log e ] ) <—— Y Eq, ([hN(t,N) =7 >+4r R +1°T%  (7.36)
|2| <N

Using the L? bound (7.26) on the r.h.s. of (7.36), we concludes the desired condition (3.26) and hence
complete the proof.
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