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ON THE SIZE OF CHAOS IN THE MEAN FIELD
DYNAMICS

THIERRY PAUL, MARIO PULVIRENTI, AND SERGIO SIMONELLA

ABSTRACT. We consider the error arising from the approximation of an N-particle dynamics with its
description in terms of a one-particle kinetic equation. We estimate the distance between the j-marginal
of the system and the factorized state, obtained in a mean field limit as N — oo. Our analysis relies on
the evolution equation for the “correlation error” rather than on the usual BBGKY hierarchy. The rate
of convergence is shown to be O(j2/N) in any bounded interval of time (size of chaos), as expected from
heuristic arguments. Our formalism applies to an abstract hierarchical mean field model with bounded
collision operator and a large class of initial data, covering (a) stochastic jump processes converging
to the homogeneous Boltzmann and the Povzner equation and (b) quantum systems giving rise to the

Hartree equation.
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1. INTRODUCTION

The kinetic description of particle systems is based on the propagation of
chaos. This property allows to substitute the complex dynamics of a huge
number of particles by a single nonlinear partial differential equation for
the probability density (in quantum systems, the reduced density matrix)
of a given particle. More precisely, one applies a statistical description. At
time zero, the N—-particle system is assumed to be “chaotic” in the sense
that each particle is distributed identically and independently from the
others, at least up to an error, vanishing when N diverges. The dynamics
creates correlations and the statistical independence is lost at any positive

time. However, after suitable rescaling of space and time, the statistical
1
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independence of any finite group of particles can be recovered, in the limit
N — oo0. As a consequence a given particle evolves according to an effective
equation. The nature of this dynamics is determined by the microscopic
details of the system and by the regime of physical parameters. Such a
mechanism works in the formal (in a few cases, rigorous) derivation of the
most common kinetic equations.

In this paper we consider the following class of mean field models.

e Kac model. The N-particle system evolves according to a stochastic pro-
cess. To each particle, say particle 7, we associate a velocity v; € R3. The
vector Vi = {wvy, -+, vn} changes by means of two-body collisions at random
times, with random scattering angle. The probability density fN(Vy,t)
evolves according to the master equation (forward Kolmogorov equation)

01V =53 [ doBlwsvi— o) (P OR) - V),

hJ / / ol o
where Vi = {1, i1, 0, Vis1, -+, 021, 0], Uj41, -, un } and the pair v, o]

gives the outgoing velocities after a collision with scattering (unit) vector
B(w;v;—vj) .
vi=vj]

w and incoming velocities v;, v;. is the differential cross-section of
the two-body process. The resulting kinetic equation is the homogeneous

Boltzmann equation

0f(w) = [ dvn [ dwB(wso- o) F(@) (1) - F(0)F(01))

Such a model has been introduced by Kac [24, 25] and has been largely
investigated over recent times, see e.g. [28]. Very similar stochastic systems
including space variables and (space-)delocalized collisions are frequently
used to justify numerical schemes [32, 33]. We will not mention them
explicitly although they could be included in our analysis.

e ‘Soft spheres’ model. A slightly more realistic variant, taking into account
the positions of particles Xy = {1, xn} € R3 and relative transport,
was introduced by Cercignani [9] and further investigated in [27]. The
probability density f¥(Xy, Vy,t) evolves according to the equation

N
O+ Y0 Ta Y = LY h(fai- :cj|>B( )
i-1 ‘xz IJ‘

z<g

<{ N (Xn, V) = Y (X, W)}
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Here h: R* - R* is a positive function with compact support. Now a pair
of particles collides at a random distance with rate modulated by h. The

associated kinetic equation is the Povzner equation
of(x,v)+v-Vof(z,v) = / dvy / dxi h(|x — z1|)B (ﬁ, V- Ul)
x{f(z,0") f(21,01) = f(z,0) f(z1,01)},
which can be seen as an h—mollification of the inhomogeneous Boltzmann
equation (formally obtained when h converges to a Dirac mass at the ori-
gin).
e Quantum mean field model. The N-particle quantum system has a mean

field Hamiltonian
B2 N

1
HNZ— ZA$1+NZV(IZ_IJ)’
=1

2 i= 1<J
where V' is a two-body potential on R? and d is the dimension of the
physical space. A state of the system is a density matrix p?¥ whose time

evolution is given by the von Neumann equation

aip™ = %[HN,PN]
(equivalent, modulo a global phase, to the Schrodinger equation). The ef-
fective equation for the one-particle density matrix p is the Hartree equa-
tion
Oip = .i[HMFa Pl
th

where o
Hyp = =00+ f dyV(z-y)p(y,y) -
Here p(z,y) is the kernel of p and hence p(y,y) is the spatial density.

In all the above cases we assume symmetry in the particle labels. More-
over, we assume that the initial state factorizes (or at least does so in the
limit N = o0), namely fN(0) = f& and pN(0) = p2V. At time ¢ > 0,
in spite of the correlations created by the dynamics, the system is still
factorizing in the limit N — oo through its j-particle marginals ij , pj.v :
defined as partial integrations of fV and partial traces of p, in the sense
that these marginals converge, for any fixed 7 and in the limit N — oo, to
f® and p®I respectively, f = f(t) and p = p(t) being the solutions of the

associated effective equations.
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This ‘propagation of chaos’ has been proved for the models under consid-
eration and, under certain assumptions, informations on the convergence

rate are also available (see Section 4 below for bibliographical references).

A natural question arises (size of chaos): how large can be a group of
j = 7(N) distinct particles, j(N) diverging with N, so that one sees the
decorrelation of such systems?

A simple heuristic argument on the Kac model gives an indication on
j(N). Let us consider a tagged group of j particles and consider, for any
1 =1,2,--, 7, the set B; of particles influencing the dynamics of particle
¢ up to the time t. We can assume that the cardinality of B; is finite
to have a correct kinetic behaviour in the limit. If the propagation of
chaos takes place, the groups B; must be disjoint. On the other hand
the probability that two fixed particles interact is O(1/N). Therefore the
probability that any pair of particles, in the group of j, is dynamically
correlated is O(j2/N) and hence it suffices that j/~/N — 0 to ensure that
the correlations are vanishing.

The purpose of the present paper is to prove this property for a class of
mean field models including the ones listed above. One can deal with them
simultaneously in terms of an abstract formalism which will be introduced
in Section 2.1. Indeed f¥(V},1), fY(X;V},t) and pY (t) are ruled out by a
hierarchy of equations with the same structure (BBGKY hierarchy). Under
suitable hypotheses, the operators occurring in these hierarchies satisfy the
same bounds. Notice that, physically, these models are very different. In
particular, the Kac and the soft spheres models are stochastic processes

for interacting particles, the quantum mean field is time reversible.

Inspired from [31], our main tool is a precise notion of decorrelation. Let
us present it here, for the sake of concreteness, in the case of Kac model.

(For the general definition in the abstract setting, see Definition 2.1 below.)
Define

(1) Ej(t) = I{ZJ(—l)'K'fﬁV\K(t)f(t)@K

where J = {1,2,--+,j}, K is any subset of J, J\ K is the relative complement
of K in J and |K| = cardinality of K. f{(¢) stands for the |A|-marginal
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f|]X|(t) computed in the configuration {v;}ia. Similarly, f(¢)®K = f(t)®IXl
evaluated in {v;};ex. Here f is the solution to the homogeneous Boltzmann
equation.

Eq. (1) has an inverse formula (proven below), that is

(2) [y = Y Ene(@)f(0)%",

KcJ
where E )\ is defined as F j\\f K 1s.

E;(t) measures the tendency of ij to factorize and to converge in the
mean field limit. For this reason E; will be called the correlation error (of
order j) of the mean field system.

These quantities have been already used (under the name “v-functions”)
to deal with kinetic limits of stochastic models [11, 7, 4, 12, 13, 6, 8, 14]
and they have been recently investigated in the more singular low density
limit of hard spheres [31]. In the latter reference, the correlation error of
the N-particle system is given by
(3) Ej(t) = 2 (DI R Y0

KcJ
which is closely related to the cumulant expansion of a probability distribu-
tion of particles at a given time. Note that £ quantifies the mere deviation
of fJN from the product of one-particle marginals without any reference to
the kinetic equation, in contrast with (1) which measures both factoriza-
tion and convergence. Unlike in [31], in the context of the present paper
(1) and (3) provide equivalent information, and it is convenient to work
directly on the functions F; since they satisfy a simple evolution equation.

The plan of the paper is the following. In Section 2 we introduce the
model, state our main results and write the correlation equations satisfied
by Ej. The proofs of the results are presented in Section 3, while the
derivation of the correlation equations is given in the Appendix. Similar
equations for the evolution of the correlation error have been derived in
many of the aforementioned references for stochastic systems. Finally,
Section 4 collects comments on applications of the results and comparisons
with the existing literature.

Let us conclude this introduction with a remark on the fundamental
case of classical particles, i.e. the mean field limit of a Newtonian system.

This case eludes our abstract setting and strategy. Indeed the presence
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of derivatives makes singular the BBGKY operator, which would require
the introduction of analytic spaces (see [19]). An efficient approach for
the convergence to the Vlasov equation is the direct control of the em-
pirical measures, and the problem is naturally solved in weak topologies
[30, 5, 15, 21]. Concerning the size of chaos we refer to [18], where it is
shown (avoiding empirical measures) that the j—marginal converges to the
factorized state with rate j/v/N in Wasserstein distance.

2. ABSTRACT MODEL AND MAIN RESULT

2.1. The model. In this section we introduce an abstract setting which
extends the trace-class operator formalism customary in quantum mechan-
ics. This allows to deal, simultaneously, with classical cases. First, we
assume the existence of states admitting a family of marginals (Sec.2.1.1,
2.1.2), then we state assumptions on the evolution operators and write
down the evolution equations (Sec.2.1.3, 2.1.4) and finally we introduce

the correlation error (Sec.2.1.5).

2.1.1. State of the particle system. Let $ be a complex separable Hilbert
space and let $,,, n=1,2,---, N be the n—fold tensor power of

N, = H%", HL1:=9H.
For any operator A acting on $),,, we denote by A* its adjoint. As usual
|A| =V A*A. To unburden notations, we drop the n—indices here an below,
when no confusion arises.

For 1 <k,s<n,let oy =051 € B($,) be the unitary, involutory operator
defined by

0rs(61®@ - Q€, Q@ Qe;®-€,) =€ Q- Q€@ Qe @€, , k*s

for any orthonormal basis {e;};>1 of §. By convention, we define oy, = I, .

A given A e B($),) is said symmetric if
A= Ok,s A O';;S

forall k,s=1,--,n.

For any n, we postulate the existence of a *-algebra 2, c B($,), 2, =
Aon Ay = A (possibly not containing the identity), stable under the map
A —|A.
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We assume 20, to be equipped with a norm |-|; defined by
| Afl+ = €(|Al) Ael,,
where
(:2, - C
is a positive linear functional satisfying the following properties:
o [((A)[<L(A]), Aey;
o for Ae®; and B e,
((A® B) =((A){(B);
as a consequence
|Ae Bl ={(|A® B) = (|A]@|B]) = [ Al [ B];
o for any A €%, and any oy,

low.sAay = Al

We consider the completion of the above algebras and keep for it the
same notation. Thus 2(,, with norm || - |; is a Banach space and we extend
¢ as a continuous functional by completion.

A state of the N-particle system is, by definition, an element FV € Ay,
positive (as operator in B($)y)), symmetric and such that |FV|; = 1.

2.1.2. Marginals. Let £, : 21, - 24,1 be positive linear maps such that:
o /(A1 ®®A,)=0(A)(A1® @A, 1), AeA.

Note that ¢, is symmetry preserving.

Moreover we assume that
o |6, (A) < Lu(lA]), Ae,.
For 1< j <n, we indicate by ¢;,, : 2, - 2l; the transformation
Cin =Ljr1Ly .
This map is a contraction and preserves the norm of positive elements:
(4) 1€50(A) 1 = Q150 (A)]) < £CL;n([A])) = | All2

for A €2, and the equality holds for A positive.
The j—particle marginal of the N-particle state F'V is given by

FYi=t;5 (FV) e,

By construction, FJN is a j-particle state.
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2.1.3. Ewolution equations. The evolution of a state F'N — FN(¢) in Ay is
supposed to be given by the N—particle dynamics associated to a two-body

Interaction:

d
@ SFN = (K + VY FY,

where

N
(6) K(J)V = Z]Imi_l ® K() ® HQ{N-i
=1

(7) VN = V;,ja

1
NiSen
with
(8) Vij(A) =07,05,V &lay,(01,09A05 j07;)0201:, AeAy

for a (possibly unbounded) linear operator Ky on 2l and a symmetry pre-
serving, two-body potential V' € B(2s).
Formula (8) expresses the following simple fact. If A=A4;®--® Ay and

V(Az ® AJ) = Z ar,sBr ® Cs ;

then
Vi,j(A) = Z@r,sAl QA 1B, C;® Aj+1--- ® Ay .

In other words, the action of V; ; is the same as V; 2 = V' on the slots ¢ and
j (see the table below for concrete examples).

We assume that both K, and K + V' generate a strongly continuous,
positivity preserving, isometric semigroup (with respect to the norm || |;)
and there exists a unique mild solution to (5) with initial datum FV(0) €
2Ay. Symmetry is automatically preserved by the symmetry of KV and
VN,

Finally, for any F €, FN €y and ¢,7 > j, i # 7 we assume

(9) ((Ko(F))=0 and {n (Vi (FY))=0.

These last properties are necessary to deduce the forthcoming hierarchy:.
The following table summarizes the applications of the above abstract
model to the three models presented in the introduction, namely the K(ac),
S(oft spheres) and Q(uantum) models. For these models, we have that § is
L*(R3,dv), L>(RS,dxdv) and L?(RY, dx) respectively, while 2l is given by
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L'n L=(R3), L' n L= (R®) (as multiplication operators') and £'(L2(R%))
(the space of the trace-class operators).

Kac Soft spheres Quantum mean field
0| f- [dof f= [ [ fdzdv A—-TrA
Rk [ - e |- ]2 A - Tr|A]
Ky 0 —v -V, EN
[ o (e - )
B(w;v; —v; B 2= 0 — v,
Ol eptiiny {%&N,vﬁ; v
W) | -V (XN, Vn)}

In both cases S and Q, Kj is only densely defined. As we shall see, we will
use only the groups generated by K|, i.e. respectively

et f(z,v) = f(w—vt,v), felL'nL®
for the case S, and

et A = Ug(=t) AU(t) , Aef!

where Up(t) = e+ as unitary operator on L2 for the case Q. The

operators V;; : Ay — Ay have to be understood as bounded operators
from L*n L' - L*n L! for both cases K and S.

2.1.4. Hierarchies. Applying subsequently ¢x,¢x_1,--- to (5) and using the
symmetry and Eq. (9), we get the BBGKY hierarchy of equations

(10) O FY = (Kg + 2) (FjN) +a(j,N)Cji (Fjﬁl)

N
for j=1,---, N, where

(11)

K], T; are operators on 2,

(N-J)
N

a(j,N) =

, J
(12) Ké = Z ]IQli_l ® KO ® :[[Q[j_i Y
i=1
(13) /Tj = Z ,Ti,r
1<i<r<y

1The restriction to L is merely due to the abstract formulation. This assumption can be removed by density in the

main theorem 2.2 below.
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with?
* * * *
(14) T, (A) = 07,05,V @Iy, (0109, A05,01,;)02,01;, Ael,

and

(15)  Cpa(A) =L (Z Tije (A)) = i@',jﬂ (A) , AeUjn

1<)
with
(16) Cije1(A) =L (Tijn (A))
(17) Cijer s Ay > Ay
We have
as)  1ml <20y <A Dy o) <41C 0l < IV

2 2

(meant for H]—.YjHQ[j_)Q[j7 HTWZ',THQLJ'*Qlﬁ HCjJrlHQljﬂ—’Q[j? HCZ'7]'+1HQ[]'+1—>Qlj7 HVH%*%)
Associated to V', we introduce the nonlinear mapping () : A®? — 2 by

the formula

(19) QU G)=6L(V(Fed))

and the nonlinear mean field equation on 2

(20) F=Ky(F)+Q(F,F), F(0)>0, [FO)]=1.

Eq. (20) is the Boltzmann, Povzner or Hartree equation according to the
specifications established in the table above. By assumption, it possesses
a (global) unique mild solution, preserving | - |1 and positivity.

Observe that, after definitions (19) and (16),

(21) Cijor (FPUD) = peiD @ Q(F, F) @ FoU)
and, if F' is a solution of (20), then {F®7};5; solves
(22) OuF® = K (F®) + Cyy (FEUD) |

In other words, { F®/} j»1 is a solution of the formal limit of the hierarchy
(10) as N — oo .

2According to our definition, it should be specified that T; . : 2; — 2; depends explicitly on j. We avoid to introduce

a further notation, this fact being clear from the context.
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2.1.5. Correlation error. Let us now fix j and K c {1,...,j} = J. Writing
K ={ig;s=1,...,k} with iy < iy < - < iy, |K| = k, we define the unitary
operator

(23) OKj= 0011002 0i k s

04,5 = Is,. We introduce a mapping on Ay € 2 into B($;)

(24) Ay — Af
by
(25) Ai( = UK,j(Ak ® ]Igj_k)O';(J .

For instance in the case of marginals, dropping from now on the explicit
dependence on N (F ].N = F}), we get

(26) Fi i = 0 (Fjos ® Lo, )0
Moreover, for F' € 2l we write
(27) FoRT = O-J\K,j(]lﬁj_k ® F®k)0'}\K,j € B(f)j) .

A more explicit equivalent definition is
FeET = A1 @ Ay ® - ® A,
A;=F if 1e K and A; =1 otherwise.
Note that
(28) FOK.J poR.J _ peR,J pek.J _ pe(KuR).J

if Rn K =@ both in J. Note also that F®&7 and A’ .. commute.

INK
Even if Ty, ¢ 2 (and Ai\K ¢ A;, FEJ ¢ 9), a product of the form
FeK.J Af\ 5 lies always in 2f; and
(29) | EERT A el = [FIT1A k] -
Fixing the convention
(30) Fo27 2 A =T,

we introduce, in the following definition, a family of symmetric elements

in 2A; characterizing the state of the N-particle system.

Definition 2.1. For any j =1,...,N, setting J = {1,...,j} and k = |K],

we define the “correlation error” of order j by

(31) E;= K;(—U’f FRT R
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Eq. (31) also reads

(32) Ej = KZJ(—I)k UJ\K,j(F}—k &® F®k)0'}\K,j .

Note that, by (30), the terms K = @ and K = J have to be interpreted as
F =F; and (-1)/F®// = (=1)7 F'®J respectively.
Formula (31) is inverted by

K,J J
(33) Fj = KEC:J FEHTE i

where, using (24), we write

(34) Ej\K = ok (Ejr ®ls, )0
(35) = > (CDIFFSRIES o)
RcJ\K

and EJ =1 . To prove (35), denoting I = {1,--,j -k} and J\K = {is;s =
1,...,j — k} with i increasing, we observe that (32) together with the
change of variables induced by ok ; = 0i, 100, -k,

Io R/ _ {‘61,"'7€|R|} - R = {ifw'“?ielm} C J\K7
imply

Ej\K = Z% (—1)|R|0J\K,j(UI\R',j—k(Fj—k—IRI ® F®|R|)O;\R’,j—k ® Hm)a}\K,j :
RcJ\K

On the other hand

o0 (o0 R+ (Fjiory ® PO o s ®L6,)07

= UJ\K,j(UI\R',j—k ® Im)(Fj—k—|R| ® Felfl g Hﬁk)(a;\R’J—k ® [m)a}\;{,j

= UJ\K,j(UI\R',j—k ® Im)(ﬂf)j_k_m\ ® FPl g Hi)k)(U;\R/,j_k ® [m)a}\;{,j
ok (OnR -k © 15,) (Fiopir © Ly ) (01 ok ® 1) O

= O-[]\R7j(]lf)j7‘m ® F®|R|)03\R7j

TN (KR) G (Fk-1r) @ L )00\ (kuR) )
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Formula (33) follows then from (35) and (28):
Z F®K,JEj\K _ Z Z (_1)|R|F®K,JF®R7JF3]\(KUR)
KcJ KcJ RcJ\K
R| p@(KUR),J ]
i I(EC:JRCEJ%K(_l)' P Finor)

YD NEILIE
TcJ RcT

- Y broFOEY,
TcJ

= FJJEFJ

2.2. Main result. Let F'V(t) be the time-evolved state of the N-particle
system, solution of (5) with initial datum F™(0) € y. Let F(t) be the
solution of the kinetic equation (20) with initial datum F € A and E;(t),j =
1,..., N, the correlation errors associated to the marginals of FN(t), as
given by Definition 2.1.

In the sequel, we will denote for any operator H : 2A; — 20, 7,7 =
1,....N,

(36) [H [ = [ H a1,

Theorem 2.2. Let us suppose that, for all 5 = 1,...,N and for some
Cy>1,

. \J
37 E;(0)], < CY L)
o7) B0 < ¢ (=
Then, for allt>0 and all j= 1,...,N, one has

(38) | B ()] < (C2€Clﬂ|v‘|)j (ﬁ)y

where C1 >0, Cy > 1 are given by formula (78).
Suppose in addition that |E1(0)]y < 52 for some By > 0. Then for all
t>0
HEl(t)Hl < %(BQBBMV')

for By >0, By >1 given by formula (81).

Corollary 2.3. Suppose that (37) holds and that |E1(0)[y < 22 for some
Bo>0. Then for allt>0 and all = 1,..., N, the marginals satisfy

. .2
IFi(6) - F()°)1s < DD V1S
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where Dy = sup{Bs,8(eCs)?}, Dy =sup{By,2C}.

Proof. We have, according to (33) and Theorem 2.2,

|E5(t) = F()%7]

gé(nmumthﬂmh+z(x

k2C2e 201tV

)k:/2

Crilvl

= | By (t)]1 + 23(3—1) (= + 1)k (St

i1tV 2
ejCoe~'1
Crtl v ( 2 )

<|EL ()] + \/— Z (6]026 < IEN®h + =
A
kk ek
since §y < £
(39) N > 4(jeCy)2e2 VI,

On the other hand if (39) is violated

8 (6]02)26201t”v“

8 :
> =22 F() - FO®,

since Fj(t) and F(¢)® remain normalized for all ¢, and this concludes the

proof. [

Remark 2.4. The bound (38) is trivial when j > /N, by virtue of the
obvious inequality |E;(t)|1 < 2/. Therefore we will consider in the sequel
only the case j </N. Furthermore note that there is no need in Corollary
2.8 for the initial condition FN(0) to be factorized.

Theorem 2.2 will be proven in Section 3.

2.3. The correlation equations. In this section we write the equations
satisfied by the errors E; introduced in Definition 2.1.

We make use of the notation (11) and J* = J\{i}, J** = J\{7,s}. We in-
troduce four (time-dependent) operators D;, Djl., Djfl and DJTQ, j=1,- N,
by the following formulas.
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j R~ 8l

A; = a(j,N) ZCMH (F®{i},Ju{j+1}AjiuU{{jj++11}} 4 F®{j+1},JU{j+1}A§U{j+1})
i€

1 (s}, Julj+1} 4 Ju{j+1}
N i,szej Cin (F ' AJSU{j+1})
1£S

(40)

where we used (24) and (27) (and the convention Y =0 for J = {1}).

EXINE

Here F' = F(t) is the solution of (20). The meaning of the above operator
is transparent. Given A; we can construct via formula (25) the operators
Agu{j *I} with |S| = j. The right hand side of the above expression yields
an operator in ;. Similar arguments apply in the following formulas.
From now on, to unburden the notation we will drop the upper indices

of set, i.e. D;, A; -2, is written as

Aj — a(j, N) Z Ci,j+1 (F®{i}AJiu{j+1} + F®{j+1}AJ>
1eJ
1

(41) -

Z C'i,j+1 (F®{S}Ajsu{j+1}) .

i,5€J
1%£5

Analogously, we define:

Dj:Aj - Ay, j=1,...,N-1,
(42) Aj & a(jaN)Cj+1 (Aj+1),

D;l:Qlj_l - Q[j, j=2,...,N,

Ay o> LS QR F)* DA+ e T, (F0 AL +
J N N )
1eJ i,bseJ
EXS
Z Cz',j+1 (F®{i’S}AJi,sU{j+1} + F®{S’j+1}AJ5) ,

i,s€J
1£S

1

(13) =

D;Qi Q[j_g - Q[j, J=3,..., N,

1 1 | .
(44) Ao » =Y (§Ti75(F®{“S}A Jis) = Q(F, F)®U Fets) A J) .
i,s€J

1£S
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Let us consider the equation:

T
oL = (K3+N])(Ej)+9j(Ej)

(45) +D} (Ej1) + D' (Eja) + D (Ej-2)
where, by convention,
(46)

D}, :=D;*:=0

Di' (Ey) = -5 Q(F, F),

D32 (Ey) = %(TLQF ® F-Q(F, F)et ezt — Q(F, F)®{2}F®{1}) :

Note that the first line contains operators which do not change the par-
ticle number. Djl. is an operator increasing by one the number of particles
considered. Djfl and DJTQ are operators decreasing the number of particles
by one and two respectively.

Eq. (45) is inhomogeneous so that it has nontrivial solutions even for
initial data E;(0) =0, j > 0 (namely when the initial state is chaotic).

Notice that, by (18), (29) and the normalization of F

1 . 32 :
@7 1D < 2 20C5ml + 5 2 ICml <251V + VI <351V] -
ieJ i,s€]
1+S
Similarly,
4 Dl . D—l 4]2 D—2 3]2
(1) IDI<IIVI, 1D <aZivi, DRl < SRV

The following result will be proven in the Appendix.

Proposition 2.5. Let F' satisfy (20). Then the hierarchy of equations (10)

is equivalent to the hierarchy (45) in the sense that
{F;}z1..n solves (10) = {Ej }i1...n solves (45) .
3. PROOF OF THEOREM 2.2
We start by focusing on the evolution generated by the operator
Ki+4p
(RN
preserving the particle number. We construct the (two-parameters) semi-
group U;(t,s) for s <t, satisfying
T
OU(t.s) = (Kf+ 24 D) U(ts). j=1L. N,
(49) Uj(S,S) = ]Ig[..

J
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Recall that

(50) el )y 21

by assumption.
Moreover, we assume preliminarily that

1
51 V|]=-.
51) Vi=1
From (18) and (47) we get then |7} < j2/8 and
(52) |D; 1 < 3.
We deduce, by Gronwall Lemma,
(53) [U;(t, )] <)

We turn next to the contribution of the operators changing the particle
number and notice that (cf. (48))
(54) D} <i. 1Dl <%, IDls L
j j N j N
In order to estimate E;, we express the solution of Eq. (45) in terms of

the Dyson series

t t1 th-1
Ei(t) = > > / dt1/ dtg---f dt,
130 kyrkey 2 S $ $
(55> Uj1 (t7 tl)D;? (tl)Ujé(tl? t2) s Df:(tn)Ujo(tn7 S) (Ejo(s)) )
where:

e the term n =0 1is U;(t,s) (E;(s));

e Y denotes the sum over all possible choices for the sequence ky ... k,,
-k,
with k; € {1,-1,-2};

® j1=7,72=70+k1,", Jms1 = Jm + km and jp is the number of particles
at time s, namely jo =7 + % ko= gn + kp;

e we use the convention expgr_elssed by (46).

e the Dyson series (55) follows by iterating (45) in integral form via the
Duhamel formula, and since the terms D} (Ey) = 0 and D;! (Ej),
Di%2(E-1), D;*(Ey) are explicitly known (see (46)), the iteration
stops when these terms appear; namely the sums are constrained to
N >js1=J+ %1 ke>0 for s<n (but it can be jo=7+ >/, ke =0).
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When convergent, the sum in the r.h.s.of (55) defines a solution of (45)
with initial condition F;(s).

For any sequence ki ...k, = k, we denote by n} = n* (resp. n”,n") the
number of times where 1 (resp. —1,-2) appears_in {ki,...,k,}, namely

ng= Y 01y It is the number of operators D; (resp. D', D;?) appearing

- I<i<n
in the string Uy, (t,t5) D}*-D"U;, (£, 5). We have that
(56) Jo=j+n"—-n" -2n"=j+n"-m", n=n"+n"+n"
where m~ = n~ + 2n~ is the number of negative steps performed by the
process.

Note that the r.h.s. of (55) is a (finite dimensional) functional integral
over the space of all random walks with single positive and single and
double negative jumps. where we assume that kq, -+, k,, satisfy the following

constraint. For all integers s s.t. 1 < s<n,

S n
j+2ki>0§ j+ZI{IZ‘ZO,
i=1 i-1
and both quantities are not larger than V.

Proposition 3.1. Suppose that, for some Ag>1,
2

iz
(57) HEj(s)Hls(jN) Al forallj=1,... N.

Then there exists Ty sufficiently small such that for any 7=t - s < 7,

2\ J/2 _
(58) HEj(t)ng(JN) (A, forallj=1,....N.

where Ay = C(79) Ay, for some explicitly computable constant C(1y) > 1,

depending only on 1.

This Proposition is the heart of the paper. The proof of Theorem 2.2 at the
end of the present section will consist in iterating this result, together with
a scaling argument in order to remove the simplifying assumption (51).

Proof. The strategy of the proof of Proposition 3.1 will be to split the sum
over ki, ks, -+, k, in the Dyson expansion (55) in several parts, and to use
alternatively the three estimates at disposal

o |Ej|y <card{KcJ={1,...,j}}=2;

« ID g
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o« [D; <
We have, for jj # 0,
H Uj1(t7t1)Dl?1Uj2(t17t2) ce DanJo(tm S) (EJO(S)) Hl
g el+kit+ky) (ti~ti) TT7
(59) < [T, el timtinn) TT

i1 H (1E5]

joHl
(to =t and t,,1 = s). For jy = 0, as already mentioned, one has to replace
in (55) the corresponding quantities defined in (46).
Using that
(60) ﬁe(jﬂ')(ti—tHl) < ¢i(t=5) gn(t=s)
i=0
and [/ dty [ dty- [ dt, = T2, (59) leads to

(61) IE; @) <e™ ), Z H 1D;

n>0ky--k,

nrt

-
Ejo Hlme

We split now

(62) Z Z x(jo < j) + Z x(jo > j)

kq--
namely, using (56),
< >
(63) Yo=Y o+ Y =y Yy
-k, -k, -k, Evky  kiky,

nt-n"-2n"<0 n*-n"-2n720
The corresponding terms in the r.h.s. of (61) will be denoted by £ and &7
respectively.
Let us first bound

< n n

&= % TTIDEIE e

n>0 ]{',1 kn

nrt

In this case n™+2n~—n*=m~—-n* = 75— 7y >0 where m~ is the number of
negative jumps.
no S
Therefore there must be ng such that > k; =0, Y k;<0forallng+1<

=1 i=7’L0+1
n
s<nand ) k;=jo—7. This means that the random walk is definitively
i:n0+1
below j from ng on.

The sequence ky, 41 . .. Kk, has the associated numbers n*,n~, n~ satisfying

(64) nt+n +n" =n-ny and A -n -2 =jy—j.



20 T. PAUL, M. PULVIRENTI, AND S. SIMONELLA

This implies that

J~J0 and ﬁ+§n—no—‘7_‘70.
2 2

(65) TR N

Therefore, using (54), we get

|Do L Db < (Jﬁ)m—mm j=n0=(G=i0)/2),

jn0+1
Clearly the same estimate holds true also when j4 = 0.
On the other hand, observe that, for all k = ky...k, and i = 1,...,n,
HD;f <ji <(j+n%), so that

K . "
(66) [DS- 1D < (G +mt)e.
Thus we get, using (57), and the obvious inequality

g AR < (G 0",

_70/2 . (J=do)
jO J ? Jo
(67) 5<<637 (]+n ( ) (—) AL,
7;) ,ﬁZ N N 0
where 7 = Te’.

By using that kk—lf < S E - ek we get

1= rl
r>0

(68) %(j enty < (eﬁ)n(j*T”)n < (em)el

Note that e, = ere” is arbitrarily small provided that 79 > 7 =t - s is
sufficiently small.
In conclusion, since Ay >1 and (Y, 1) < 3", setting A = A\(79) = 3erpe™,

we have o
5< < €J(T+1 AJZ Z (67_67')71(]0) (j_)
7’L>0]{31 k/’ N
A j 2\ J/2
69 Ager 1y ( ) .
(69) < (Agemy 2
As a consequence, if
1
)\2367'0670S1,
we have
A
(70) <1
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and

2\ J/2
< T+1)J 32 ’

Next we estimate

> T 7_ E
(72> gj_ = ¢’ Z _| q

Ejo Hl

To do this, we introduce a parameter p € (0, 1), to be determined later,

and we split the above sum into two terms, namely

lee”Z Z e’ T—'

n

Jo

n>0 © =1

n* n 2n >0

josu/'N
and
Fnn
Ty=e" ), Z e’ TH N Ejoll1 -

n>0 © =1

nt-n" 2n >0

jo>uv/'N
Note that, when j > u/N, T} =
By (66), the inductive hypothesm (57) and estimate (68) we deduce

j+L

Tl < 63(7'+1 Z Z Z (7_67'+1)n((j +€) ) A(()]+€)
n>0n>0 N
n* n 2n >0

Josu/N
where £ =n* —m~ =75y —j. But

o\ . 4
GHO\E e _ (72 G0\ (LY Ae
Uy - (5
N N N J
52 2 Vo
(N) et Ag.
Here we used that j + ¢ = jo < un/N and that (]ji)ﬂ < ef. Therefore we

conclude that
2
M)J(J )” |

For the term 75 we make use of the estimate

(73)

IN

(74) Ty S

after having fixed p = A%e'

(75) |Ej|y < card{K cJ={1,...,j}} =2
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which is valid for any j = 1,---, N. Now we can assume j < @ because

otherwise, reminding that u = ﬁ,
(76) (4A06)J(ﬁ)] > (440e)(5) = 2 > | .

Thus, if j < ’“/_ and jo > /N then

n N
u\/ﬁgjozj+2kigj+n<u\§_+n,
i=1
therefore
> N
2=
As a consequence
o 2 (7+1) /N
T2 S2j€](7'+1) Z (2)\)71 ( 6) ( )\) \/_
mw 1-2X

Setting 3 = |log(2)\)| we obtain (A < l)

_5u\/_

w1 i 2
2A) 7 < (=)"supe N2 < J(—=)J
(2)F < () sup <(<y()

so that
(77) 1, < 25y (2ey o0 ;ﬂyz

Collecting (71), (74), (76) and (77), we conclude that there exists an
explicitly computable constant C'(7y) > 1 so that, taking 7y small enough
the Proposition holds with A; = C(71p) Ay. O

To prove Theorem 2.2, we first fix 7y small enough. Then, for ¢ < 7y,
Proposition 3.1 gives the desired bound with C = 0, Cy = C(79)Cy. For
t> 719, we set t = k7 with 2 <7 <7 and k£ >1 is a positive integer. Then
we iterate Proposition 3.1 to get

| E5(8)[x < ( )]/2 (C(m0)*Co) .

The first part of Theorem 2.2, under hypothesis (51), follows by setting
Cy = 4% and Cy = C'(79)Cy.

In order to evaluate Cy,Co we first fix A(7p) = 37pee™ = 1. This easily
implies that |log(1 - %) < 70 < 3= (1 - 51-) . Moreover tracing the depen—
dence in 7 of (71), (74), (76) and (77), we easily show that, when A(79) = 1,
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C(79) can be taken as C(7p) = 16(2¢)™+! < 16(2¢)=*! so that one can take
16(2¢) 1!
[log(1 - 57))
What is left in order to finish the proof of the first part of Theorem
2.2, is to release the hypothesis (51). This is easily done by means of a
scaling argument. Note that rescaling V as V/(4|V|) in (10) and in (20)
is equivalent to speed up time by 4|V| and rescale K, as Ko/ (4]|V]). But

(78) C = and Cy = 16(2¢) 112y, |

all the estimates is this section depend only on K| through the hypothesis

(50) and we supposed that |esk5| = |e {53 +_)H 1 for all s,t € R. This
allows to conclude.

In particular, for any Ky, V', the corresponding correlation error is
E(Koy) _ E(ﬁ’ﬁ) AtV
;) = B (4t V)

and we obtain

(79) | B @) < (Coe VY (f_ﬁ) |

The second statement in Theorem 2.2 is proven directly from the equation
(45) which reads for j =1

(80) (‘9tE1 = (K() + Dl) (El) + D% (EQ) + Dl_l (E()) .

Using the semigroup U;(t,0), estimated by (53) as |Ui(t,s)| < e(t=9),
reminding that, under assumption (51),

- 1 1
1D (Eo) ()1 = 7 1QUE F) () < o
and, by Theorem 2.2,
4
| D1 (Es) (8)]1 < | Ea(s)|1 < N02262015/4 ’

we get
t
IE:0): < 1B+ [ 1D} (Ey) () + DI (o) (5)]1ds
BO t _ 1 B2€Blﬁ/4
< o220 t-s 2 2015/4)d <
_6N+Oe (4N NC s < ~
1 16C3
(81) with By = % and By = By+ 5 n c _22

The same argument as before (¢ — 4t||V|) allows to place the |V in the

exponential, so Theorem 2.2 is proven.
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L]

Remark 3.2. Let us point out that the proof of Proposition 3.1 out of the
equation (45) uses only the properties (50), (52), (54) and the “convention”
(46). No particular explicit incarnation for the operators Djs in (45) is
needed. Therefore Theorem 2.2 and Corollary 2.3 remain true under the
validity of Proposition 2.5 involving an equation of type (45-46) endowed
with the following assumptions

. 2
b5V =1, D1, 1D} <5 and |D;1, 1D;2), 1D; (Eo)l, | D5(Eo) | < 2.
Remark 3.3. According to the heuristic argument in the Introduction, we
believe that our estimates are optimal as regards the size of chaos and the
rate of convergence. They are certainly not optimal as regards the time
dependence. However in the above proof we did not try to optimize the
numerical constants. It is easy to realize that such constants affect only
the growth of the error as a function of time, but not the dependence on j

and N whose analysis is the main purpose of this paper.

4. RETURN TO THE CONCRETE EXAMPLES

In this section we comment on our abstract results in relation to several
specific cases.

The identification between the abstract structure analyzed so far and the
concrete models we have in mind is given by the table. Let us analyze more

precisely our results in these concrete contexts.

4.1. Stochastic models. We recall the evolution equation for the proba-
bility measure f¥(Vy,t) describing the Kac model:

05V =53 [ dwBlwivi—v) (Y OR) - V),

1<J

_ 1 _ / / :
where Vy = {v1,---,on} and Vy/ = {Ul,'",Ui_l,Ui,---,Uj_l,?)j,---,UN} is the
B(w;v;—v;)

[vi—vj

is the differential cross-section of the two-body process, which we assume

vector of the velocities after a collision between particle ¢ and j and

here to be bounded. The resulting kinetic equation reads

0f(w) = [ dvn [ dwB(wso- o) F(@) (1) - F(0)F(01))
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For the soft spheres model the probability density [ (Xx, Vy,t) evolves
according to

N
ath+Zvi-infN = _Z h(‘l’l .%’j|)B(‘ x.|, i_vj)
Li—Xj

1=1 Z<j
<{ N (Xn, V) = (X, Vn)}

Here Xy = {x1,-,xn} and h : R* - R* is a positive function with compact
support. The associated kinetic equation is

of(u,t) +v-Vuf(zx,v) = fdvlfdazlhﬂa: a:1|)B(‘ 331\ 111)
X{jxaaz/)f(xlvvl)_'f(xav)f(lqavl)}'

For both models the correlation error is defined as
Ej(t) = 3 (DR PN (0 F(8)*"
KcJ
where J = {1,2,---,7}, K is any subset of J and |K| = cardinality of K.
[ (t) stands for the |A|-marginal f@(t) computed in the configuration
{2i}iea. Similarly, f(t)®K = f(¢)®Xl evaluated in {2;}ix. Moreover either

zi = v; or z; = (x;,v;) for the Kac and soft spheres model respectively and

f is the solution to the kinetic equations above.
According to Corollary 2.3 we have, whenever | E1(0)|| 4.y < Bo/N,

) 2
(82) Hf]N(t) - [¥(t) HLl(dzlmdzj-) < D2€Dlt|‘/|jﬁ

where D5 is a geometrical constant and |[V|| < 2| B|e (27 + |[A]c0)-

The Kac model has been extensively studied. We refer to the recent
papers [28, 29, 22] and to the references therein. Here uniform in time es-
timates have been derived for models including unbounded kernels. Typ-
ically the error in the propagation of chaos is controlled in terms of a
Wasserstein distance, which however is sensitive on the metric chosen for
the configuration space.

Estimates in L! similar to (82) for models with bounded cross-section
were obtained first in [20]. The technique uses an explicit representation of
the underlying stochastic process, making rigorous the heuristic argument
described in our introduction.

In contrast, the method of the present paper focuses on the errors £

in an abstract setting, thus using only the hierarchy of equations. This
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allows us to apply our results also to different cases such as the soft sphere
model where the impact parameter is not random. We also remark that
collisional mean field models are potentially useful for applications in pop-

ulation dynamics involving a large number of agents.

4.2. Quantum mean field. In this case, 2 = L}(L?(RY)) is the space of
trace-class operators on L?(R¢) and

e K = %[_%QARCU']? KN = %[_%QARN‘U ] ;

e Vii=mlV(e,—2)), ], VN =25 ¥ V(zi-xz),].

1<i#j<N

For any operator B € %;, j = 1,..., N, we denote its integral kernel by
B(X;, X)) = B(Z)), X; = (v1,...,2;) € R/ where we denote Z; =
(21,...,2)) e R¥, 2z = (a,2)) e R* . We also denote Z i the vector Z;
after removing the components z; , ... z;,, where J stands for {1,---,j} and
K ={i1, i }. The formulas defining the error and its inverse read

B(Z) = Y Y ECDEG) PG Z)

=0 1<it, in<j

FJN(ZJ') - i Z

=0 1<i1,...,ix<j

1
HF(»’%) o F(z)Ejo(Zng) -

Note that all operators commute since they act on different variables. The
quantum N-body dynamics is defined by the equation

h? 1
[—?ARNd-i-N Z V(a:,—azj),FN(t)]
1<i<j<N

0, TrFN(0) = 1.

ihO, N (1)

v

FY(0)

Moreover the mean field Hartree equation reads

! 1h 2 £ ,

Ve(e)= [ V(@ =9)F(y.y)dy.

Corollary 2.3 is reformulated as follows:

(83) Te|FN (t) - F&I(t)] < Dot jﬁ
A bound like the one (83) is, to our knowledge, new, in view of its explicit

dependence in j, t and A and validity for “all” (pure and mixed) initial
data.
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Introduced in 1927 (one year after the Schrodinger equation), the Hartree
equation has received an enormous interest in physics since then. The first
derivation from the quantum N-body dynamics of observables goes back
to Hepp in [23], using coherent states, and to Spohn in [34] for pure states,
using hierarchies. A proof of the mean field limit for bounded potentials
and mixed states including rates of convergence can be found in [2], and for
Coulomb singularity and pure states in [16], after [3], using hierarchies. At
h =1, the rate of convergence in \/Lﬁ has been discussed in [26] together with
an explicit dependence in 7, using heavily a pure states hypothesis on the
initial data, and in [1], improved to a (optimal) rate in 5 in [10] without
tracing the dependence in j and A. These two papers use the method
of second quantization and “coherent” states in Fock space, initiated in
(23, 17]. A rate of convergence with explicit (exponential) dependence in j
and A can be found in [19], Theorem 7.1. Eq. (83) realizes an improvement
of this last result.

APPENDIX. DERIVATION OF THE CORRELATION EQUATIONS

We prove here Proposition 2.5.
We want to compute the time-derivative of (31), which we recall:

(84) Ej= [;J(_l)k PRI

with J ={1,2...5}, k = |K]|.
We first notice that, using the mapping (24) and the hierarchy (10),

T
, _ INE | ZAK ,
FERIQF] o = (KO i )(F®K TFx)
- K, Ju{j+1} pJu{j+1}
(85) +Oé(j - ka N)CJ\K,jH (F® A }F(J\[?)U{jﬂ}) )
where, for S c J,
(86) K§=> 1Ty ,®@Ko®lLy, ,, Ts= ) Tj,
1€S z%v;erS
and
(87> Cka‘,3’+1 = Zci,jﬂ .
€S

Moreover, (20) and (27) imply

(88) 8tF®K’J _ Kg( (F®K,J) n Z F®Ki,JQ(F, F)®{Z'},J :
e
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with the notation K’ = K\{i}.
Therefore we have

0,E; = Ki(Bp+ £ (D' % FORIQ(F, F)RUIF) o
ulit Ju{j+1}
+ Z ( 1)k&(] k N) 16§K023+1 (F®KJ l 1}F(J\I?)U{j+1})
1 C1\k : 8K.,J o]
(89) *ox ch:J( 2 z’,re%:\KTZ’ (F FJ\K) '

i#r
In the following computation we shall simplify the notation by skipping
the upper indices of sets J and Ju {j + 1}, now clear from the context.
We compute next the terms in the three lines on the r.h.s. of (89) sepa-
rately. They are denoted by 7;, 7 = 1,2, 3 respectively.
Using K*= K\{i} and the change K — K7,

Ti= Kj(E)+Y X (-1)FVFeRQ(F, F)*W Fyg
1eJ KcJt

= K7 (B) - SQEF)Y T (-)FK

- KOJ (Ej) -z Q(F, F)®BE;:

where in the last step we applied (35) (for E7,).
To compute the term 75, we will make use of the combinatorial identity
(90) Z (- 1)k04(J k,N) = a(]aN)5R® - —5|R|1 RcJ.
KcR
We postpone the elementary proof of (90) to the end of the section.
Applying again (35) into the second line of (89) we obtain

o= Y (-Dfa(i-kN) Y Ciju (F oy F ®LEJu{j+1}\<KuL>)
KcJ ieJ/K LecJu{j+1}\K
= > > (-Dra(j -k, N)Cijn (F®K > F®LEJu{j+1}\(KuL)) :
1€ KcJt LeJu{j+1}\K
(91)
Now we distinguish the following cases:
er=1: 4,j5+1elL
er=2: 4j+1¢L
er=3 1elL,j+1¢L
er=4: 1¢L,jg+1el
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and set
4
7-21 — Z 757"
r=1

with 7 given by (91) with the additional constraint r = i above. Setting
L'= LWt = [\{i,j+1} and R = K u L’ and recalling (28),

T =% ¥ QUEF)P P E, 3 (<)fa(-k.N)

so that (90) leads to

. i 1 ) r
751 = Oé(j,N) ZQ(Fa F)®{ }E’Jz - N Z Q(Fa F)®{ }F®{ }EJ” .
ieJ i,red
1ET

Observe that

. o |
Tie T = K (B) =5 D QU )V En - = 3 QUEF)* P By
ieJ i,re

1#r

namely there is a crucial compensation for which all the operators, but
K{, are O(%)
Furthermore, setting R= K u L,

T = Zngfchgz/L( DFa(j =k, N)C; jor (FEEDE ) (uL))

=> ¥ X (- 1)k04(] k N)OU+1 (F EJU{J+1}\R)
i€J RcJt KcR

= OK(], N) Z;] Ci,j+1 ( +1) N Z CZ g+l (F {r }EJTU{j+1})

ZTE
1ET

To compute 7,2 we set L' = L and R=L'U K so that

T2 = >3 Y (-DFai -k N)Cijur (FEEFPW Egijganr)

ieJ RJi KR
. : 1 .
= a(j,N) Y. Cju (FEU Epigiy) - N > Cijer (FEUIEirygjeny) -
ieJ i,reJ

ETM

Finally, setting L' = L/*! and R = K u L' we obtain

b =YY ¥ (Dra(i-k N)C”H(F@RF@{JH}EJ\R)
i€J RcJt KcR

- Oé(j, N) Z CZ j+1(F®{j+1}EJ) - N Z CZ J+1 (F®{Tj+1}EJ’) .

ZTE
1T
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Similarly we compute the term

75 B 2N ng( 1)k ) seZJ\K LC?\KTYZ : (F®K JF@LEJ\(KUL))

3
- 27;)7"
r=1
where each term 75" corresponds to the constraints
er=1. 4,s€el
er=2: 4,5¢L
er=3 1el,s¢L.
Setting L' = L»% and K U L' = R we have

T= 3% L ¥ ¥ (DM (FEUSIFORE i R)
t,s€J RcJbs KcR

2N )y T@S(F®{”}EJ“)

i,s€J

and an analogous computation gives

T.
=— Y T, (E;) ==L (F;
3 ZNZSGJ ;( ]) N( J)

1£5

and |
1%£5

In conclusion:

Ol = Ké (E;) + % (Ej) +a(j,N) Z Cij+ (F®{i}Eﬂu{j+1} + F®{j+1}EJ)

S Ot (PO By

’L SE
’L#S

+a (g, N)Cj+1( j+1)

£ S QFF)*WE; i+ ¥ T, (FPUE)
ZGJ zseJ
1S

N Z ng+1 (F{ }Ej”u{j+1} +F®{SJ+I}EJS)

stJ
’L#S
(92) o ZJTZS(FW $Eps) - % > Q(F,F)® FellE .. .
1#S zis

We organized the terms in the above equation, according to the following

rule. The first two lines contain operators which do not change the particle
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number. The third line increases the number of particles by one. The 4"
and 5 lines decrease the particle number by one. Finally the last line

decreases it by two.
Using the definition of D; in (40)-(41) and of D}, D;!, D;* in (42), (43)
and (44), Eq. (92) reads
T
OiEj = (K3+Nj)(Ej)+Dj (E))
(93) +D31 (Ej+1) + l)j_1 (Ej—l) + D;Q (Ej_g) .
We end this section with the proof of (90). Denoting |R| = r one has
S r S r 1 & r
O )at =RV = alW) YD)+ 5 S ED( )
2O, VAN PV
1 @ r—1
PTSTNE IS T o)
OZ(], ) ,0 NT];)( ) k
: 1 .
= a(j,N)do— Nr(l - 1)1
1

= Oz(j, N)(gr,() - Nmr’l .
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