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MAHLER MEASURE ON GALOIS EXTENSIONS.

FRANCESCO AMOROSO

Laboratoire de mathématiques Nicolas Oresme, CNRS UMR 6139
Université de Caen, Campus II, BP 5186
14032 Caen Cedex, France

ABSTRACT. We study the Mahler measure of generators of a Galois
extension with Galois group the full symmetric group. We prove that
two classical constructions of generators gives always algebraic numbers
of big height. These results answer a question of C. Smyth and provide
some evidence to a conjecture which asserts that the height of such a
generator growth to infinity with the degree of the extension.

1. INTRODUCTION

Let a be a non-zero algebraic number of degree d. We let as usual M («) the
Mahler measure of . Thus

d
M(a) = [le(f)] T] max(lay), 1)
j=1

where lc(f) is the leading coefficient of a minimal equation of « over Z and where
ai,...,qq are the conjugates of a.

Assume that « is not a root of unity (otherwise M(«) = 1). By an old result of
Kronecker M(«) > 1 and Lehmer [5] asked if we could replace 1 by a real number
> 1 which does not depend on «. This problem is still open, the best known result
is a theorem of Dobrowolski (see [4]) which proves the lower bound

M(a) > 14c(e)d™*

for all € > 0, with ¢(¢) > 0 depending only on e.

Recently, a construction of Smyth gives a renewed interest in lower bounds for
the Mahler measure of a generator of a Galois extension (a problem first considered
in [1]). In this special case we can considerably improve the above lower bound.
Let a be a non-zero algebraic number of degree d, not a root unity, such that
Q(a)/Q is Galois. Then (see [2])

M)V > 1+ c(e)d®

for all ¢ > 0, with ¢(¢) > 0 depending only on e.
The result of [2] was partially motivated by a problem posed by Smyth during a
recent BIRS workshop (see [3, problem 21, p. 17]). Let n > 2 and 8 = f1,...,n

be the roots of 2" — z — 1, known to be irreducible for all n, and to have Galois
group the full symmetric group &,. Put
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Then (by an easy consequence of [6] Lemma 1) the Galois closure of Q(f) is Q(«)
of degree d = n! over Q. Smyth computed with Maple the first values of M (04)1/ d

n| d=n! M(a)l/d
2| 1.2720196495
6 | 1.1509639252
24 | 1.2428334720
120 | 1.2292495215
720 | 1.2846087150
5040 | 1.2833028970
40320 | 1.3243452986
9 | 362880 | 1.3307248410

and asked the following questions:

CO O Ui Wi

1/d - 1 for a of

(1) Does anyone know of any smaller values of M («)
degree d with Q(«) Galois?
(2) Does the above sequence of values M («)

and, if so, what is it?

1/d tend to a limit as n — 0o

The quoted result of [2] is related to the first question. One of the aim of this
paper is to give an answer to the second question. More generally, in section 3 we
show:

Theorem 1.1. Let 8 be an algebraic unit of degree n, with algebraic conjugates
By, Bn. Assume that Q(fB1, ..., Bn)/Q has Galois group S,,. Let ay, ..., a, € Z
and put

a = ill 5«218’7171
Then:

1) « is a generator of Q(f1,...,0n)/Q if and only if ay,...,a, are
pairwise distinct.

2) Puty;=a; — x>, a;. Then
M(B)erlr < M ()t < M ()N

with |yl = %Z?:l lyj| and where c, ~ /=

3) If « is a generator of Q(B1,...,0n)/Q, ”
M(a)l/n! > M(ﬁ)(lJro(l))\/g'

The Mahler measure of a root of z* —x — 1 is > 6 = 1.32..., the smallest Pisot’s
number (the root > 1 of 23 — 2 — 1). Thus Theorem 1.1 implies that Smyth’s
sequence tends to co.

A more classical way to construct a generator for the Galois closure of Q(f) is
given by the proof of the Primitive Element Theorem, thus taking a general linear
combination of the conjugates of 3. In section 4 we give a proof, based on a simple
discriminant argument, of the following partial analogous of Theorem 1.1.

Theorem 1.2. Let 8 be an algebraic integer of degree n, with algebraic conjugates
Bi,y...,Pn. Assume that Q(S1,...,0n)/Q has Galois group S,,. Let ay,...,a, € Z
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and put
a=a1fB +axfB2+ -+ anfn.
Then:

1) a is a generator of Q(f1,...,0n)/Q if and only if ay,...,a, are
pairwise distinct.

2) Let V(a) be the Vandermonde [[,<;;<,(aj — a;). Then, if n >5,

9= % (\V(a)\ : |disc(5)|1/2)”"<l’“” < M(a)/™ < Jaly - M(B).

3) If « is a generator of Q(B1,...,0n)/Q,
M(a)l/n! > (n/4)1/48.

Theorems 1.1 and 1.2 may suggest some speculations on the behavior of M («)
for a a generator of a Galois extension.

Conjecture 1.3. Let o € Q be a generator of of a Galois extension of degree
d = n! with Galois group the full symmetric group &,,. Then,

M(a)Y4 > C(d)
with C(d) — 400 for d — +oo.
Equivalently, in terms of the Weil height h(«a) = élog M(a),
h(a) > e(d)
with ¢(d) growing to infinity with d. This would be the first result of the kind

“h — +00”.

Remark that the assumption on the Galois group is necessary, as a couple of
exemples of [2] show: take (. a e-root of unity and put a = 14 ¢, or o = 21/¢ 4+ ¢,
both of uniformly bounded height.

Aknowledgements. We are indebted to Eric Ricard for a convexity argument
which is the key of the proof of Lemma 2.2. We warmly thank Tanguy Rivoal for
equality (2.3).

2. AUXILIARY RESULTS

Let Hy, :={x€R" | z1 + -+ x, =0} and, for x € H,,

1 n
Xl == >l
j=1

We remark that &, acts on Hy, (by o(x) = (T5(1),- - To(n)))-

For x, y € H,, we set

1 1<
sn(X,y) = ] Z ;Z%(D%‘ .
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Thus s, is symmetric,

sn(%,¥) = snly, x).
Moreover, for each y € H,, the function x + s,(x,y) is a seminorm?!, stable by
the action on &,,.

For h=1,...,n— 1 we define a vector z"") ¢ H, by

nn) _ | R ifj=1,...,h
’ —opiy i=h+1...n
(thus |z(™")|; = 1). Let also
- 1 (’I’L,h) (n,k})
Cn 0<I}IL1,1kn<n sn(z ,Z ).

The aim of this section is to prove the following proposition.

Proposition 2.1. Forx,y € H,\{0} we have

2.1) o < Y
x|1 - [yl
Moreover
2
2.2 ~A— .
( ) Cn .

The above lower bound is clearly sharp, and the upper bound is almost sharp,

since
n

(n,1) gnk)y —
(see Lemma 2.3 below).

Proposition 2.1 easily implies the lower bound for M («) in assertion 2) of The-

orem 1.1, as we shall see in the next session. In the rest of this section we present

the proof of the proposition, which follows from the three lemmas below.

Lemma 2.2. Let x, y € H,\{0}. Let h = h(x) be the cardinality of the set of
Jj€{l,...,n} such that x; > 0 and similarly for k = k(y). Then

n,h
Sn(xv Y) > Sn(z( )7 Y) > Sn(Z(n’h), Z(n,k)).
x| - Iyl Iyl

Proof. Let us prove the first inequality. Since x — s,(x,y) is homogeneous, we
can assume [x|; = 1. Let A be the set of j € {1,...,n} such that z; > 0. Since
X — sp(x,y) is invariant by the action of &,,, we can assume A = {1,...,h}. We
now use a convexity argument suggested by E. Ricard. Let G be the subgroup of
o € &, such that o(A) = A. Then

G o) =2l

ceG

and, by the convexity of x — s,(X,y),

sn(z(mh)ay) g Sn(X, y)

land indeed a norm if y # 0, for instance as a consequence of Proposition 2.1 below.
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The second inequality follows from the first one and from the symmetry of sy:
sn(2™M.y) _ saly,z™")
Iyl vl

> 50 (3, 201) = 5, (51,20,

Lemma 2.3. Lety € H, and h, k € {1,...,n}. Then

-1
e = i) X [

SC{1,...,n}  jES
Card(S)=h

and

0 (a0, 00) - UL oD () i (inget) (o )

Proof. We have

1~ (n
sn (2™, y ! Z EZZJ( 7h)y j

O'Ebn ]:1

1 1 h n
=~ > %;ya(] 7}1) > Yol

T oes, j=h+1

1 1 1 h
=1 2 <2h+ 2(n—h)>;y”(j)

’ UEGn

= 2h(n—h)n! Z Zyo

UEGn j=1

=2h<:_h>(31) e

C{l,..n} jeS
Card(S)=h

We now prove the second equality. From the first,

-1
s (21 2(WF)) = m (Z) Z ‘Zz](nk)‘

SC{L,..n} ' jES
Card(S)=h

For S C {1,...,n} of cardinality h we have

> 7 Sl SN L k) 2(n_k)\5m{k+ .Y

jeSs
= (5 30 190 e M = 5 8
2

:%(:_k)QSm{l,...,k}—}f).

This gives

(nh) (nk) n’ n\ "
(@2 = = Wk — B <h> S bk



6 FRANCESCO AMOROSO

with

hk
En,h,k: Z ‘|Sﬂ{1,...,k}|—;

SC{1,..., n}
Card(S)=h
min(h,k
(h,k) Wk
- X (X0 > -7
j=max(h+k—n,0) S1C{l,.k} SoC{k+1,...,n}
Card(S1)=j Card(Sg)=h—j
min(h,k)

- GGk

j=max(h+k—n,0)
We now quote an equality suggested by T. Rivoal. Let g € Z with
max(h +k —n,0) < g < min(h, k).
Then
q
kN (n—Ek\ rhk 1 k\ (n—k
ey > (0N ") = temon-a(H) (575
jmmax(htk—n,0) N h=3j " ¢/ \h—q
This formula can be easily verified by induction on the parameter q. It shows that
min(h,k)

S
j=max(hrh—n,0) h=j)\n
and that

[hk /]

w2 O

j=max(h+k—n,0)

(
= 2=t ) () (o )
Thus

n? n\ "'
su(2"), 20 = 4h(n — h)k(n — k) (h)
x 2 (b [k /] ( — [/ ([h,f/n]> <h N [Zkk/n]>

S ) (), )
|

In the next lemma we give an asymptotic estimate for

su(z"),2"H) = nz(h2;bk[?: /n]h))( fn_[%ﬁ/n]) <Z> i ([h:/n]> <h . [;kk/m)'

Lemma 2.4. Let (nm)nen, (Bm)meN, (km)men with 0 < hup, ki < M. Assume
P . km

lim n, = +oo, lim — =wu, lim —=vw
m—r—+00 m—+00 Ny m—+00 Ny
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for some u,v € [0,1]. Then

lim  2/27uv(1 — w)(1 — 0)ny, - sp,, (27m) | gmokm)y — 1,

m——+00

Proof. By a continuity argument, we can assume u,v € (0,1). Since

hmkm m
m——+00 N,

we have

12, (hm — [Pmkm/7m]) (Bm — [Pk /1om]) N (u—uv)(v—uv) 1

2hm ke (N, — Bo) (N, — ki) 2uv(l —u)(1—v) 2

For the other factors in s,,, (z("m/m) z("mkn)) we use Stirling’s formula, in the
following version. Let (1)menN, (Am)men, (Bm)men with 0 < B, < A,,. Assume
N, — +00, Am/Nm — a, By /N — b as m — 400 with 0 < b < a . Then

() ~ o Vo ()

Thus,

(Z:> ) ~ V2, X \/u(l = u) x (u®(1 - u)l—u)nm

and

X

([hmk?/anN\/Qime uv(vv—uw <(M)w(vvjw)v_w>nm

o L 1 o
21, uv(l —u) utv (1 — u)v—ww ’

(i i)~ 728 \/ R e

" (1—v)t-v rm
(u— uv)¥=w (1 — v — u + yv)-v-vtww

1 1
V2, u(l—u)(1—wv)

1 ftm
X .
<uuuv(1 _ u)17v7u+uv >
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Hence
S (Z(nM7hm)7Z(nmykm))

%(hm - [hmkm/nm])(km - [hmkm/nm])
2hmkm (N — hon) (M, — ki)

(i) i () G )

n

1 1 1
~ ———— 1 -
2\/mx\/u( X =) Wi w =0
1 1 o
]__
X < (1 — u) U uuv(l — u)v—uv X u“‘“”(l _ u)l—v—u+uv>
1

2¢/2muv(1 — u)(1 — v)npy,

Proof of Proposition 2.1. The upper bound in (2.1) is easily proved:

1 1<
T2 [ DT < n, > - Z!w |- 1ysl

€6, j=1 O'EGn Jj=1
1 n
=I5 (S o)
7j=1 oceS,

1 n
0 Z x[1-y; = x| |yl
j=1

The lower bound follows from Lemma 2.2 and from the definition of ¢,. The
asymptotic estimate (2.2) for ¢, is an easy consequence of Lemma 2.4, since

1—u)(l—v)=—.
ng}éluv( u)(1 —wv) 16

3. PROOF OoF THEOREM 1.1

Let us prove the first assertion of the theorem. If a; = a; for some ¢ # j, then

« is not a generator of Q(f1,...,53,)/Q, since Ta = « for 7 = (7, 7). Assume now

ai,...,a, pairwise distinct. Let o be a permutation of &, such that ca = «.
Then

Y S

which implies, by [6, Lemma 1], that j — a; — a,(;) is constant, say = . For

l = o(c) we have ay = a,i(qy = -+ = a1 + Ik, thus £ = 0 and Vj, a,(j) = a;. Since
ai,...,a, are pairwise distinct, o is the identity.

o(n) — 1’
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To prove 2), let z; = log|B;| € R and remark that >, x; = 0 and >, |z;| =
2log M (). Moreover

1 n
logM ] Z Zaa o Z Z%(J)yj

0€G, |j=1 f €6, |j=1
Inequality (2.1) of Proposition 2.1 then gives
2log M(8)
cp—————=
n

with ¢, ~ /2. Assertion 2) follows.

‘YM

1 2 2log M
vh < = 2 log M(a) < 2208 2P)
n n. n

To prove the last assertion, we need the following elementary lemma:
Lemma. Lety € H, with yj41—y; >1 forj=1,...,n—1. Then
n—2

4
Proof. Let k be such that y;, <0 < ygy1. Then, for j =1,...,k

Yi <yp—(k—j) < —(k—j)

lyl1 >

while
Yi > Y1+ —k—-1)>j—-k—1
forj=k+1,...,n. Thus

k n n—k—1
k—1)k n—k—1)n—=k
D S S S S
j=1 j=k+1 h=0
< n(n — 2).
- 4
[l
We can now prove 3). The integers yi,...,y, are pairwise distinct, since «
is a generator of Q(B1,...,5,)/Q. Thus we may assume y;41 —y; > 1 for j =
1,...,n— 1. From the lower bound for M(«) in 2) and from the lemma above we
get:
Calyl~ i/ — \.Y\l \/ \/
[l

4. PROOF OF THEOREM 1.2

The proof of the first assertion of Theorem 1.2 is similar to the proof of the
corresponding assertion of Theorem 1.1.

For any o € Gal(Q(«)/Q) we have
loal < |alimax{[f1],...,[Bal} < [al1M(B)

which shows the upper bound for M («) in 2). We now prove the lower bound. Let
T, be the set of transposition of &,, and, for 7 = (i, ) € T, let A, be the set of
permutation of &,, with support {1,...,n}\{7,j} and with no orbits of length 2.
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Lemma. For n > 3, let A, be the set of permutation of &, with no orbits of
length 1 or 2. Then |A,| > n!/12.

Proof. The inclusion-exclusion principle shows that the set of permutation of
&, without fixed points has cardinality
n!  nl n!
k(n):=nl——+——- 4 (=1)"—.
! n!
Notice that 1/3 < k(n)/n! < 1/2 for n > 3. Again by the inclusion-exclusion
principle

n(n—1) n! nn-1 (n-2)! nl
An| > - kn—2) > — — : =
[Anl 2 5(n) ; rn=2 =23 2 2 12
O
By the lemma above (recall that n > 5) the sets A, have all cardinality |A,_2| >
(n—2)! Let
2 -

A= H H |Toa — oal.

TET, 0€EA,
For 7 = (i,5) € T,, with 1 <i < j <nand o € A, we have
Too—oa = (aj — ai)(Bi — Bj)
since the support of ¢ is disjoint from {7, j}. Thus
‘An72|

A= (V@) ldisc(3)]'?)

Let 7,7/ € T,, and let 0 € A;, 0’ € A;. Then 7o # o’ (since the supports of 7o
o’ are not the same). If 7 = 7/ and o # ¢’ then 70 # 7'0’ and o # o’. Moreover,
if 7 # 7/ then again 70 # 7/¢’ (since o has no orbits of length 2) and o # ¢’ (since
the supports of o and ¢’are not the same). Thus

A< H H 2 max(|roal, 1) max(joal, 1) < 2/TnHA—2Ip1(q).
TGTn O'EAT

From the two last displayed equations and from the inequality |A,_o| > (n1—22)! we

get

[Ap—2]

M) = (27T ()] - faise(8)]/2)

=273 |V ()] - [dise(3)]"/?) O

We finally prove 3). Notice that the result is trivial if n < 4, thus we assume
n > 5. The integers aq,...,a, are pairwise distinct, since « is a generator of
Q(B1,...,Pn)/Q. Thus we may assume aj1 —aj > 1 for j =1,...,n — 1, which
implies
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A computation shows that [}_, k! > n™™~1/4 Thus, by 2) and since |disc(3)| > 1,

M(e)'" > 24 V(@) - dise(8)[12) T 2 (/)1
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