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HYPOCOERCIVITY WITHOUT CONFINEMENT

by

Emeric Bouin, Jean Dolbeault, Stéphane Mischler,
Clément Mouhot & Christian Schmeiser

Abstract. — In this paper, hypocoercivity methods are applied to linear kinetic equa-
tions with mass conservation and without confinement, in order to prove that the
solutions have an algebraic decay rate in the long-time range, which the same as
the rate of the heat equation. Two alternative approaches are developed: an analy-
sis based on decoupled Fourier modes and a direct approach where, instead of the
Poincaré inequality for the Dirichlet form, Nash’s inequality is employed. The first
approach is also used to provide a simple proof of exponential decay to equilibrium
on the flat torus. The results are obtained on a space with exponential weights and
then extended to larger function spaces by a factorization method. The optimality
of the rates is discussed. Algebraic rates of decay on the whole space are improved
when the initial datum has moment cancellations.

1. Introduction
We consider the Cauchy problem
M Ocf+v-Vif=Lf, [fO,x,v)=folx,v)

for a distribution function f(t, x, v), with position variable x € R?, velocity variable
veR? and with time t = 0. Concerning the collision operator L, we shall consider
two cases:

(a) Fokker-Planck collision operator:
Lf =Yy MV, (M7 )],

(b) Scattering collision operator:

Lf=/Rda(-, V) (fYME) - fFOMW))dv'.
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We shall make the following assumptions on the local equilibrium M(v) and on
the scattering rate o (v, v'):

(H1) fdM(v)dvzl, V,VMel?RY), MeCRY,
R

M=M(v]), 0<M@) <cie @ vveR?, forsomecy,c»>0.
H2) 1<o(,v)<0o, Vyv eR?, forsomev=1.
(H3) fRd (e, v) o, ) MW)dv' =0 YveR?.
Before stating our main results, let us list some preliminary observations.
(i) A typical example of a local equilibrium satisfying (H1) is the Gaussian
2) M(v) = (2m)~ 4210112

(ii) With o = 1, Case (b) includes the relaxation operator L f = Mp ¢ — f, also known
as the linear BGK operator, with position density defined by

pf(t,x)=fRdf(t,x,v)dv.

(iii) Positivity and exponential decay of the local equilibrium are essential for our
approach. The assumption on the gradient and continuity are technical and only
needed for some of our results. Rotational symmetry is not important, but as-
sumed for computational convenience. However the property

f vM(v)dv =0,
Rd

i.e., zero flux in local equilibrium, is essential.
(iv) Since micro-reversibility (or detailed balance), i.e., symmetry of o, is not re-
quired, Assumption (H3) is needed for mass conservation, i.e.,

f Lfdv=0,
R4

in Case (b). The boundedness away from zero of ¢ in (H2) guarantees coercivity
of L relative to its nullspace

Since L propagates probability densities, i.e., it conserves mass and nonnega-
tivity, it dissipates convex relative entropies, implying in particular

fRdeA—];dUSO.

This suggests to use the L?-space with the measure dy o := Yoo AV, Where Yoo (V) =
M (v), as a functional analytic framework (the subscript co will make sense later).
We shall need the microscopic coercivity property
) [ furdye=n [ (F-Mpp) dye,

R? R?
with some A,, > 0. In Case (a) it is equivalent to the Poincaré inequality with

weight M,
2
fIVUuIZMdvzﬂ,mf (u—f uMdv) Mdv,
[Rd [Rd [Rd
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for all u = f/M € H (M dv). It holds as a consequence of the exponential decay
assumption in (H1) (see, e.g., [28, 2]). For the normalized Gaussian (2) the optimal
constant is known to be 1,, = 1. In Case (b), (3) means

lff a(v,v’)M(v)M(u')(u(v)—u(v’))zdv'dvzﬂ,mf (u—pum)’ Mdv,
2 JJRd xpd R4

forallu=f/Me L2(Mdv), and itholds with A,, =1 as a consequence of the lower
bound for o in Assumption (H2).

Although the transport operator does not contribute to entropy dissipation, its
dispersion in the x-direction in combination with the dissipative properties of
the collision operator yields the desired decay results. In order to perform such
a mode-by-mode hypocoercivity analysis, we introduce the Fourier representation
with respect to x,

ft,x,v) =fRdf(r,é, v) e ¥ du(E),

where du(é) = m)~4 d¢ and d¢ is the Lesbesgue measure on R4. The normaliza-
tion of du(&) is chosen such that Plancherel’s formula reads

17 0 2 = 17 0 | 2

up to a straightforward abuse of notations. The Cauchy problem (1) in Fourier
variables is now decoupled in the ¢-direction:

@) a,f+i(w-Of=Lf, f0,&Ev)=fE ).

Our main results are devoted to hypocoercivity without confinement: when the
variable x is taken in R?, we assume that there is no potential preventing the run-
away corresponding to |x| — +oco. So far, hypocoercivity results have been ob-
tained either in the compact case corresponding to a bounded domain in x, for in-
stance T4, or in the whole Euclidean space with an external potential V such that
the measure e~" dx admits a Poincaré inequality. Usually other technical assump-
tions are required on V and there are many variants (for instance one can assume
a logarithmic Sobolev inequality instead of a Poincaré inequality), but the com-
mon property is that some growth condition on V is assumed and in particular the
measure e~V dx is bounded. Here we consider the case V = 0, which is obviously a
different regime. By replacing the Poincaré inequality by Nash’s inequality or using
direct estimates in Fourier variables, we adapt the L? hypocoercivity methods and
prove that an appropriate norm of the solution decays at a rate which is the rate
of the heat equation. This observation is compatible with diffusion limits, which
have been a source of inspiration for building Lyapunov functionals and establish
the L? hypocoercivity method of [10]. Before stating any result, we need some no-
tation to implement the factorization method of [15] and obtain estimates in large
functional spaces.

Let us consider the measures

ki/2
)

(5) dyr:=vr(w)dv where }fk(v)=(1+|v|2 and k>d,

such that 1/y; € L'(R%). The condition k € (d,co] then covers the case of weights
with a growth of the order of |v|¥, when k is finite, and the at least exponentially
growing weight v, = M}, when k = oo.
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Theorem 1. — Assume (H1)—(H3), x € R?, and k € (d,00]. Then there exists a
constant C > 0 such that solutions f of (1) with initial datum fy € L?(dxdyi) N
L?(dy; L} (dx)) satisfy, forall t =0,

2 Ifo ”iz (dxdy) T I fo ”iz(dyk;L‘ (dx))
||f(t”) ||L2(dxd}’k) = (1 + t)dlz :

For the heat equation improved decay rates can be shown by Fourier tech-
niques, if the modes with slowest decay are eliminated from the initial data. The
following two results are in this spirit.

Theorem 2. — Let the assumptions of Theorem 1 hold, and let

ffwxwfodxdvzo.

Then there exists C > 0 such that solutions f of (1) with initial datum fy satisfy, for
allt=0,

2 ||f0“1242(d}’k+2;L1(dx)) + ”fOHiZ(dyk;Ll(lxldx)) + ||f0 ”iz(dxd}’k)
”f(t’ g ')HLZ(dxdyk) = (1+ pdr2+1 ’

with k € (d,o00).

The case of Theorem 2, but with k = oo, is covered in Theorem 3 under the
stronger assumption that M is a Gaussian. For the formulation of a result cor-
responding to the cancellation of higher order moments, we introduce the set
R/[X, V] of polynomials of order at most ¢ in the variables X, V € R? (the sum
of the degrees in X and in V is at most #). We also need that the kernel of the
collision operator is spanned by a Gaussian function in order to keep polynomial
spaces invariant.

Theorem 3. — In Case (a), let M be the normalized Gaussian (2). In Case (b),
we assume that o0 = 1. Let k € (d,o0], ¢ € N and assume that the initial datum
foe LY(RY x RY) is such that

(6) ff folx, ) P(x,v)dxdv=0
R4 x R4

for all P € Ry[X,V]. Then there exists a constant cy > 0 such that any solution f
of (1) with initial datum fy satisfies, forall t = 0,

2 ”fO ||iz(d’}/k+2;Ll (dx)) + ”fO ”iz (dyr; LY (1x] dx)) + ”fO ”IZJZ(dxdy;C)
||f(t;;) ||L2(ddek) = Ck (1 + t-)d/2+1+[ )

The outline of this paper goes as follows. In Section 2, we slightly strengthen
the abstract hypocoercivity result of [10] by allowing complex Hilbert spaces and
by providing explicit formulas for the coefficients in the decay rate (Proposition 4).
In Corollary 5, this result is applied for fixed ¢ to the Fourier transformed prob-
lem (4), where integrals are computed with respect to the measure dy, in the
velocity variable v. Since the frequency ¢ can be considered as a parameter, we
shall speak of a mode-by-mode hypocoercivity result. It provides exponential de-
cay, however with a rate deteriorating as { — 0.
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In Section 3, we state a special case (Proposition 6) of the factorization re-
sult of [15] with explicit constants which corresponds to an enlargement of the
space, and also a shrinking result (Proposition 7) which will be useful in Sec-
tion 5.3. By the enlargement result, the estimate corresponding to the exponential
weight Y. is extended in Corollary 8 to larger spaces corresponding to the alge-
braic weights y with k € (d,00). As a straightforward consequence, in Section 4,
we recover an exponential convergence rate in the case of the flat torus T¢ (Corol-
lary 9), and then give a first proof of the algebraic decay rate of Theorem 1 in the
whole space without confinement.

In Section 5, an hypocoercivity method, where the Poincaré inequality, or the
so-called macroscopic coercivity condition, is replaced by the Nash inequality, pro-
vides an alternative proof of Theorem 1. Such a direct approach is also applica-
ble to problems with non-constant coefficients like scattering operators with x-
dependent scattering rates o, or Fokker-Planck operators with x-dependent dif-
fusion constants like V, - (2(x) MV, (M~ f)). The improved algebraic decay rates
of Theorem 2 and Theorem 3 are obtained by direct Fourier estimates. As we shall
see in the Appendix A, the rates of Theorem 1 are optimal: the decay rate is the
rate of the heat equation on R?. Our method is consistent with the diffusion limit
and provides estimates which are asymptotically uniform in this regime: see Ap-
pendix B. We also check that the results of Theorem 2 and Theorem 3 are uniform
in the diffusive limit in Appendix B.

We conclude this introduction by a brief review of the literature: On the whole
Euclidean space, we refer to [30] for recent lecture notes on available techniques
for capturing the large time asymptotics of the heat equation. Some of our results
make a clear link with the heat flow seen as the diffusion limit of the kinetic equa-
tion. We also refer to [20] for recent results on the diffusion limit, or overdamped
limit (see Appendix B).

The mode-by-mode analysis is an extension of the hypocoercivity theory of [10],
which has been inspired by [17], but is also close to the Kawashima compensating
function method: see [23] and [14, Chapter 3, Section 3.9]. We also refer to [11]
where the Kawashima approach is applied to a particular case of the scattering
model (b).

The word hypocoercivity was coined by T. Gallay and widely disseminated in the
context of kinetic theory by C. Villani. In [27, 32, 33], the method deals with large
time properties of the solutions by considering a H'-norm (in x and v variables)
and taking into account cross-terms. This is very well explained in [32, Section 3],
but was already present in earlier works like [18]. The hypoellipticity theory has
a long history in the context of the kinetic Fokker-Planck equation. One can refer
for instance to [12, 18] and much earlier to Hormander’s theory [19]. The seed for
such an approach can even be traced back to Kolmogorov’s computation of Green’s
kernel for the kinetic Fokker-Planck equation in [24], which has been reconsidered
in [21] and successfully applied, for instance, to the study of the Vlasov-Poisson-
Fokker-Planck system in [31, 5].

Linear Boltzmann equations and BGK (Bhatnagar-Gross-Krook, see [4]) mod-
els also have a long history: we refer to [8, 7] for key mathematical properties,
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and to [27, 17] for first hypocoercivity results. In this paper we will mostly rely
on [9, 10]. However, among more recent contributions, one has to quote [16, 1, 6]
and also an approach based on the Fisher information which has recently been
implemented in [13, 26].

With the exponential weight y., = M, Corollary 9 can be obtained directly by
the method of [10]. In this paper we also obtain a result for weights with poly-
nomial growth in the velocity variable based on [15]. For completeness, let us
mention that recently the exponential growth issue was overcome for the Fokker-
Planck case in [22, 25] by a different method. The improved decay rates estab-
lished in Theorem 2 and in Theorem 3 generalize to kinetic models similar results
known for the heat equation, see for instance [25, Remark 3.2 (7)] or [3].

2. Mode-by-mode hypocoercivity

Let us consider the evolution equation

F
(7 d—+TF:LF,
dat

where T and L are respectively a general transport operator and a general linear
collision operator. We shall use the abstract approach of [10]. Although the exten-
sion of the method to Hilbert spaces over complex numbers is rather straightfor-
ward, we carry it out here for completeness and also derive new explicit estimates
on the decay rate. For details on the Cauchy problem or, e.g., on the domains of
the operators, we refer to [10].

Proposition 4. — Let L and T be closed linear operators in the complex Hilbert
space (S, (-, -)) with induced norm || - ||. Assume that L is Hermitian and T is anti-
Hermitian. Let 11 be the orthogonal projection onto the null space of L and define

A:=(1+(Tm*Tm) " (Tm*

where * denotes the adjoint with respect to {-,-). We assume that positive constants
Am, Aum, and Cyy exist, such that, for any F € A, the following properties hold:
> microscopic coercivity:

(A1) —(LEF) 2 A (1 -TDF|?,

> macroscopic coercivity:

(A2) ITIFI? = Ap ITF,

> parabolic macroscopic dynamics:

(A3) MTIIF =0,

> bounded auxiliary operators:

(A4) IAT(1-IDFI + IALF| < Cy II(1 - IDF]l.
Then for any t = 0, we have

2 A Am A
(8) “e("_T”” <3e M where A=—"Y  _min{1,2 m M )
301+ Ay)

"1+ A C3,
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Proof. — For some ¢ > 0 to be determined later, the Lyapunov functional
HIF]:= 1 ||F|*+ 5 Re(AE F)
is such that % H[F] = —D[F] if F solves (7), with
D[F]:=—(LE F)+ 06 (ATIIF, F)+ 0 Re(AT(1-II)F, F) — 0 Re(TAF, F) — 6 Re(ALE, F).

Since the Hermitian operator ATII can be interpreted as the application of the
map z+— (1+ z)1zto(TI*TIIand as a consequence of the spectral theorem [29,
Theorem VIIL.2, p. 225], the conditions (A1) and (A2) imply that

—(LEF)+8(ATIIEF) = A,, |1 -IDF|? + 078 ITLF?.
1+ Ay
Asin [10, Lemma 1], if G = AF, i.e, G+ (TIN)*TII G = (TI)* F, a Cauchy-Schwarz
estimate applied to
IAE|2 + | TAF|I? = (G,G+ (TI)* TIIG) = (G, (TI)*F) = (TAE (1 - I F)
shows that
9) ITAFI> <2 |AFI* + ITAF|I> =2 |GI* + I TGI? < (1 - ID F||*
and establishes the norm equivalence of H[F] and || F 12,
1 1
(10) 51-0) ||F||25H[F155(1+6) IF|I?.

With X :=||(1 -IDF| and Y := ||IIF|, it follows from (A4) that
oA

DIF] = Ay —8) X2+ —L_

1+ M

. _1 . AmAMm . .
The choice 6 = 3 mln{l, A, T C, } implies that

Y?-6CyXY.

DIFj=2m x2 4 _9AM  y2, - A, 222M 2> 202M gy
= Xt sy L S A o 1= 3,y

With A defined in (8), usingd < 1/2 and (1+6)/(1 —6) < 3, we get

2 1+6
IF())1% < TS HF0=— e MIFO)? <3e | F0))2.

For any fixed ¢ € R?, let us apply Proposition 4 to (4) with

H=12 (o), IFI= [ \FPdYe, TF=M [ Fdv=Mps, Tf=iwof.

Corollary 5. — Let us consider an admissible M and a collision operator L satis-
fying Assumption (H), and take & € R, If f is a solution of (4) such that fy(&,") €
Lz(dyoo), then for any t = 0, we have

o 2 _ A 2
||f(t)€) ) ||L2(dYoo) =3e pet ||f0(€’ ) ||L2(dYoo) ’
where

_ AP
B e

1 Am ©?
e8)) d A=§min{1,®}min{1, = }

K+0xk2
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with
(12) @::f w-e2Mw)dv, K::f w-e* M) dv, e:zif |VU\/M|2dv,
RA R d Jpa

for an arbitrary e € S, and with x = V0 in Case (a) andx = 25 v/© in Case (b).

Proof. — We check that the assumptions of Proposition 4 are satisfied with F = f .
As shown in the introduction, Assumption (3) holds and corresponds to (A1). Con-
cerning the macroscopic coercivity (A2), since

THF=i(w-YprM,

one has

uTHHF:umFA;u»GHWUOdv=®meFF:®mFuHFV,

and thus (A2) holds with A3 = ©|&2. By assumption M (v) depends only on |v|, so
it is unbiased: fRd v M(v)dv =0, which means that (A3) holds. It remains to prove
that (A4) also holds.
The operator A is given by
AF = —ié- fpa V'FW)dV
1+0|&?

and satisfies the estimate
f (1-TDF|
1+02Jre VM
na—anf 2 )W Vol
< — 5 O°“Md =——||A-IDF].
TCRE (Rd(v $) v 1+®I€I2"( )FIl
In Case (b) the collision operator L is obviously bounded:

ILFIl =20 (1-IDF]

IAF| = |A1-IDF| < lv-&|vVMdv

and, as a consequence,

25 VO ||
1+0|¢?
For estimating AL in Case (a), we note that

F
f vLde:Zf VoVM—dv
R4 R4 vM

IALF| = I(1-IDFI.

and obtain as above that

Vo €]

ALF| <
|ALF| < rOLT

1-F
I \/M) |’£-VU\/M|dvs (1= F].

el
1+0[¢? Jre
For both cases we finally obtain

K[¢|

ALF| =
l ||<1+®|5|2

I(1-IDFI.
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Joa (V-€)*A-IDF(W) dv'

Similarly we can estimate AT (1 -IDF = FCIRE M by
|fRd (u’~§)2 A-IDFW)dv'
AT -IDF| =
IAT(L - ) F| T
(f (v )M(u)du)/2 JEIE1
R4 K¢
< 5 ||(1—H)FI|=—§2|I(1—H)FII,
1+0|¢| 1+0¢]
meaning that we have proven (A4) with Cy; = 'ditr@)—‘/lglflz.
With the elementary estimates
o2 2 A 1+0 CH
|£| 2_ {1 @} |£| - and M —= ( |€|l -
1+0[] 1+ ] A+AnCy  (k+ VR K+OK
the proofis completed using (8). O

3. Enlarging and shrinking spaces by factorization

Square integrability against the inverse of the local equilibrium M is a rather re-
strictive assumption on the initial datum. In this section it will be relaxed with the
help of the abstract factorization method of [15] in a simple case (factorization of
order 1). Here we state the result and sketch a proof in a special case, for the con-
venience of the reader. We shall then give a result based on similar computations
in the opposite direction: how to establish a rate in a stronger norm, which corre-
spond to a shrinking of the functional space. We will conclude with an application
to the problem studied in Corollary 5. Let us start by enlarging the space.

Proposition 6. — Let 98,, %, be Banach spaces and let 98, be continuously imbed-
ded in %,, i.e., -1 < c1ll - ll2. Let*B and A +°8B be the generators of the strongly
continuous semigroups et and e+t on B, . Assume that there are positive con-
stants ¢z, ¢3, ¢4, A1 and Ay such that, forall t =0,

He(i)u%) t|| Mt

Aot H ‘Bt” -
<ce e <cze Ao <c
s, SC2 ) L =6 y 1A= = ca,

where || - ||;— j denotes the operator norm for linear mappings from %; to ;. Then
there exists a positive constant C = C(cy, ¢2, 3, ¢4) such that, forall t = 0,

|| e@u%) t“ - C(l +|A1 - /12|*1) e~ min{A1,A2} ¢ fordi # Az,
1-1 Cl+pe Mt fordy =2,

Proof. — Integrating the identity L (e®+%)s eB(1=9) = o+ B)s9( B (1=9) with re-
spectto s € [0, t] gives

t
pAB) 1 _ e%t+f oA B s oy ,B(=5) g
0
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The proof is completed by the straightforward computation
t
||e(52[+%) t” -1 < c3 e—ﬂl t + le ”e(gl+%) SQ«le%(t_S) ”1_>2 dS
0

t
<cge Mt c4e_/1‘tf eM—)s g¢.
0
O

The second statement of this section is devoted to a result on the shrinking of
the functional space. It is based on a computation which is very much similar to
the one of the proof of Proposition 6.

Proposition 7. — Let 98,, %> be Banach spaces and let 98, be continuously imbed-
ded in %, i.e., |-lI1 < c1ll- 2. Let*B and A + B be the generators of the strongly
continuous semigroups et and e®+®t on B, . Assume that there are positive con-
stants ¢y, ¢3, ¢4, A1 and A such that, forall t =0,

H B ” At

_Alt H %t” )
<ce e <ce 1A—o <c
. =62 ) b,y =03 ) 1-2 = Ca,

where || - ||;— j denotes the operator norm for linear mappings from %; to 9. Then
there exists a positive constant C = C(cy, ¢, 3, ¢4) such that, forall t = 0,

{ C(1+A = A7) emmintda bt o2, # Ay,

” e t“ = CA+pneMt fori=A,.

22

Proof. — Integrating the identity 4 (% (=9 e@+B)s) = B (1=9 9 oA+B)s with re-
spect to s € [0, ] gives

t
PQA+B) 1 _ eszst+f B U=3) g p2+B)s g
0
The proof is completed by the straightforward computation

t
1B, < cpe et + f PalGRD PES R R
0
t
<c3 e_’lzt+clf 1e® 9B+ Bs| . ds
0
Mot B9 (A +B)
- - +
<cze 2 +le le s lon IRA s lle s||1_>1 ds
0

t
<cge ™ icicc50 e_A”f et~ g ¢
0
O

We will use Proposition 7 in Section 5.3. Coming back to the problem studied in
Corollary 5, Proposition 6 applies to (4) with the spaces %, = L?(dyy), k € (d,0),
and %, = L?(dy,) corresponding to the weights defined by (5). The exponential
growth of Y, guarantees that %, is continuously imbedded in %;.

Corollary 8. — Assume (H1)-(H3), k € (d,o0], and ¢ € Re. Then there exists a
constant C > 0, such that solutions f of (4) with initial datum fy(,-) € LZ(dYk)
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satisfy, with ug given by (11),
A 2 iy ~ 2
||f(t'€')||L2(d)/k) =Ce Het ||f0(é)')||L2(dYk) Vi=0.

Proof. — In Case (a), letus define 2 and B by AF = NyrFand BF =—-i(v-{) F+
LF —2(F, where N and R are two positive constants, y is a smooth function such
that 1p, < x = 1,, and xg := y(-/R). Here B, is the centered ball of radius r. For
any R and N large enough, it has been established in [25, Lemma 3.8] that

f(L—Ql)(F)deks—/hf F?dy;
Rd Rd

for some arbitrarily large 1; > 0 if k > d. The boundedness of 2( : %8; — %, follows
from the compactness of the support of y and Proposition 6 applies with 1, =
pel2 < 1/4, where pg is given by (11).

In Case (b), we consider 2( and B such that

AF(v) M(v)fda(v, VYFWhdv',
R

SBF(v)

Fv).

i(v-9 +fd o, VYMW)dv
R
The boundedness of A : %, — %A, follows from (H2) and

1/2
1AF Nl 2(ay.) <O N FlLan <O (f[Rd 721 dv) 1 E N2y, -

Proposition 6 applies with A, = % <1land ), =1because fpio(v, V) M) dv' = 1.
O

4. Asymptotic behavior based on mode-by-mode estimates

In this section we consider (1) and use the estimates of Corollary 5 with weight
Yoo = 1/M and Corollary 8 for weights with O(|v|¥) growth to get decay rates with
respect to t. We shall consider two cases for the spatial variable x. In Section 4.1,
we assume that x € T%, where T is the flat d-dimensional torus (represented
by [0,27)? with periodic boundary conditions) and prove an exponential conver-
gence rate. In Section 4.2, we assume that x € R? and establish algebraic decay
rates.

4.1. Exponential convergence to equilibrium in T¢. — As a first example of our
mode-by-mode estimates, we consider the case x € T%. The unique global equi-
librium in the case x € T is given by

1
Joo(X, V) = peo M(v) with po = —f fodxdv.
|Td| JJv

d xR

Corollary 9. — Assume (H1)-(H3) and k € (d,o0]. Then there exists a constant
C >0, such that the solution f of (1) on T% x R? with initial datum fy € L?>(dx dyy)
satisfies, with A given by (11),

”f(t"»') _f°0||L2(dxd1/k) =C ”f()_fOO”LZ(ddek) e_Ai Viz0.
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Proof. — If we represent the flat torus T¢ by [0, 27) with periodic boundary con-
ditions, the Fourier variable is ¢ € Z%. For ¢ = 0, the microscopic coercivity (see
Section 2) implies

||f(t’0y) _foo(o; ') ||L2(dYoo) = ||f0(0y ) _foo(oy ) ||L2(dYoo) e—t.

For all other modes, foo(f, ) = 0 for any ¢ # 0 (that is, for any ¢ such that [{] = 1).
We can use Corollary 5 with ¢ = A/2, with the notations of (11). An application
of Parseval’s identity then proves the result for k = 0o, and C = v/3. This result can
also be derived by directly applying Proposition 4 to (1), as in [10]. If k is finite, the
result with the weight y follows from Corollary 8. O

4.2. Algebraic decay rates in R?. — With the result of Corollary 5 and Corollary 8
we obtain a first proof of Theorem 1 as follows. Let C > 0 be a generic constant
which is going to change from line to line. Plancherel’s formula implies

2 Cpet |52
||f(t,.,.)||L2(ddek)scfw([we bt | fol dg) dy.

We know that fj; -, e ¢! dé < fpae 21 de = (22)%"% and thus, for all v € R,

[ e Bl ac=c e ol [ et ae=C 16,

Using the fact that yg = A/2 when |{| = 1 and Plancherel’s formula, we know that,
for all v e RY,

f o Het |fo|2 di<Ce ! I folv) ”I%de) ,
é1>1

which completes the proof of Theorem 1.

5. Nash inequality, algebraic decay rates in R, and improved decay rates

Given an arbitrary function u € L' n H' (R?), the Nash inequality [28],

4 2d
2 d+2 d+2
(13) ” u”LZ(dx) = CgNaSh ” u”Ll(dx) ”vu”LZ(dx) »

provides us with an optimal algebraic decay rate, as we shall see below in Sec-
tion 5.1. We can also state an improved Nash inequality

4 d+2
2 d+4 d+4
<
Nl gy = Cx N ull i, o IVUllZ g,

valid, with some positive constant 6%, for any u € H!(dx) nL! ((1 + |x]) dx) such
that fp« udx = 0. The proof follows from a minor modification of Nash’s original
proof in [28] and uses Fourier variables. As a consequence, any solution of the
heat equation with zero average decays in L?(dx) like O(t™1=%/2) as t — +oco. In
Section 5.2, we will give a proof of Theorem 2 for a solution of (1) with zero average,
which directly relies on estimates in Fourier variables, in the spirit of Nash’s proof.

5.1. Hypocoercivity and the Nash inequality. — Here we temporarily abandon
the Fourier variable ¢ and consider the direct variable x € R%: throughout this
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section, the transport operator on the position space is redefined as

Tf=v-Vif.
We rely on the abstract setting of Section 2, applied to (1) with the scalar product
(-,"yonL2(dx dYeo) and the induced norm || - ||. Notice that this norm includes the

x variable, which was not the case in the mode-by-mode analysis of Section 2. It is
then easy to check that (TID) f = MTpp=v-Vyips M, (TID* f = =Vy-(fga v fdv) M
and (TID*(TID f = - ©Axp s M so that

g=Af=(1+TmM*TO) " (TM*f < g=uM
where u—©Au = —Vy-(fpa v f dv). Since M is unbiased, Af = A(1 —II) f. For some
0 > 0 to be chosen later, we redefine the entropy by H[f]:= % I £I%+ 6 (AS, .

Proof of Theorem 1. — 1f f solves (1), the time derivative of H[f (¢, -, )] is given by

d
(14) 5H[f] =(Lf, /)-8 (ATIf, /=6 (ATA-ID f, /Y+ 5 (TAf, f)+25 (ALS, f).
The first term in (14) satisfies the microscopic coercivity condition

—(Lf Y= Am A =TD fII.

The second term in (14) is computed as follows. Solving g = ATII f is equivalent to
solving (1+ (TID*TI) g = (TID*TILf, i.e.,

(15) Uf—@Axl/f=—@Axpf,
where g = vy M. Hence

(ATHf,f>:fRd vrpyds.

A direct application of the hypocoercivity approach of [10] to the whole space
problem fails by lack of a macroscopic coercivity condition. Although the second
term in (14) is not coercive, we observe that the last three terms in (14) can still be
dominated by the first two for 6 > 0, small enough, as follows.

1) As in [10], we use the adjoint operators to compute

ATA-TDf, f) =—(1-TDf, TA* f).
We observe that
A*f=TH(1+(T*TI) " =T+ TM*TH) " Tf = MTup=vM-Voup
where uy is the solution in H!(dx) of
(16) ur—OAur=py.
With K defined by (12), we obtain that
ITA FI* < K IV g e = K |Axttr o g -

On the other hand, we observe that v r=—0Auy solves (15). Hence by multiply-
ing (16) by vy = —© Auy and integrating by parts, we know that

00 0 Vauglfyg+ O Istts g = [ vrprd=aTHS ).
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Altogether we obtain that

K
KATA-IDf, HI < 1A= FIITA*fIl < % I =10 fI(ATILF, £YY2.

2) By (9), we have
[KTAF, O =(TAQ-IDf, A -ID fH| < 1L -D 11>

3) It remains to estimate the last term on the right hand side of (14). Let us consider
the solution uy of (16). If we multiply (15) by u¢ and integrate, we observe that

2 2
®||quf||L2(dx)=fRd ufvfdefRd ufvfdx+fw|vf| dx:fw vrprdx
because vy = —0OAuy, so that
X 2
IA*FI? = © | Vtip|| 2 gy < AT, £).
In Case (a), we compute
<ALf,f>:<L(1—n)f,A*f>=ff V.
R4 xR

It follows from the Cauchy-Schwarz inequality that

V,M
M

(1-I)fdxdv.

fR VU MU =TD f1dYoo = 1V Mlli2(ay ) 1L =D fl2(ay,,)

=Vdo -0 fl2(ay.,)

and 1

1 )2
KALS O < Vs 2 (fRd(ElevyMn(l—n)fmﬂ dx) :
Altogether, we obtain that

0 1
|<A|-f,f>ls\/gll(1—ﬂ)f|| (ATILf, f)z.
In Case (b), we use (H2) to get that
KALE, OHI<ILFINA* fll<2a 1A -IDfIIIA* fll<2a 11 -IDfI <ATHf,f>%-

In both cases, (a) and (b), the estimate can be written as
_ 1
[KALF, HHrI<20 (L -TD) fICATILL, f)?2
with the convention that o = % v0/0 in Case (a).
Summarizing, we know that

—%H[f] >Am—0)X>+8Y?+25bXY

with X := |[A1-ID)fIl, Y := (ATHf,f)”2 and b := % +20. The largest a > 0 such
that
A=) X*+6Y*+26bXY =a(X*+2Y?)

holds for any X, Y € Ris given by the conditions
(18) a<A,—6, 2a<8, 8b>—A,,-6-2a)(-2a)<0
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and it is easy to check that there exists a positive solution if § > 0 is small enough.
To fulfill the additional constraint § < 1, we can for instance choose
_4min{l, A}

5
g5 4 2Ty

Altogether we obtain that

d
—HIf Za(lA - fIP +2¢ATILS, ).

Using (16) and (17), we control ||Hf||2 = IIprI by (ATILf, f) according to

L2(dx)

sl =y ”iz(dx) +20 || Vauy “iz(dx) +0” [ Axuy ”iz(dx)
<| ”f”i%dx) +2(ATILf, f).
We observe that, for any ¢ = 0,

1
” ur(t, ')HLl(dx) = ”pf(t' ) ”Ll(dx) = ”fO”Ll(dxdv) ) ”vxuf||i2(dx) = ) (ATILS, )
and use (13) with u = uy to get

_d_
ITLFI2 < @ (2¢ATIIf, £))  with ®_l(y):=y+(%)d+2 Vy=0

wherec=20 %Nash I fo II;E( dxdv)’ The function @ : [0,00) — [0, 00) satisfies ®(0) =
and 0 < @' < 1, so that

I(L=1D) fII* + 2¢ATIIf, £) = @(I f1*) = @(35 HIf1)
where the last inequality holds as a consequence of (10). From

Z:(D_l(y) =J’+(%)di2 <yd+2yd+2 +(,():/)de (_Vd+2 +c d+2)yd+2

aslong as y < yy, for y to be chosen later, we have

_d+2
1+

2 __4a_ d 2
y= D(z) = (q)(Z()) a+2 4+ C d+2) z d,

aslongas z < zj := (I)_l(yo). Since %H[f] <0, We have 1+5 Hif] < 1+5 Hifol. We
thus apply the previous inequalities with zp = 1= 6 H[ fo] together with the fact that

2 4/d
D(z9) =20 = —= 1+5 ||f0|| and that c is proportional to ||f0||L1 (dxdv)’ to get

(1+6 H[f ) (”fonlfgfdxdy ) + ”f0||ﬁl+(2dxdv)) H[f]HE

We deduce the entropy decay inequality

(19) ——H f]>(llfo|ff;fdm )+||fo|;jr2dxd )) HIfI* 4,

A simple integratlon from 0 to ¢ shows that
_dw2 __d

HU S [HUBT# + (L1 gy + 0] 2]

The result of Theorem 1 then follows from elementary considerations. O
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5.2. Improved decay rates. — Let us prove Theorem 2 by Fourier methods in-
spired by the proof of Nash’s inequality.

o Step 1: Decay of the average in space by a factorization argument. — We define

(20) £ ::fdf(t,x, v)dx
R

and observe that f, solves

o:fe=LF%.
As a consequence, we have that 0 = [« f. (¢, v) dv. From the microscopic coercivity
property (3), we deduce that

f' (¢,°) ”iz(dyoo) = -/I‘Qd

With k € (d,00), Proposition 6 applies like in the proof of Corollary 8 or in [25].
We observe that || f.(0,-) ||L2(|U|2dyk) < | fo ”LZ(IUIZd}/k;Ll(dx))' For some positive con-
stants C and A, we get that

2 2 _
(21) f'(t’ .)”Lz(lvlzd)/k) =sC ”fO”LZ(IvIZd)/k;Ll(dx)) e /”’ Vi=0.

o Step 2: Improved decay of f. — Let us define g(t, x,v) := f (¢, x,v) — fo(t, V) (x),
where ¢ is a given positive function satisfying

f(tv)
M

2
Mdv <

£00,9) Hiz(dyw) et vi=0.

fd px)dx=1, eg @x):= Qm) 2 M2y eRd,
R
Since 9; f. = Lf., the Fourier transform g(¢,¢, v) of g(¢, x, v) solves
0:§+Tg=Lg-f T,
where T =i (v- &) ¢. Using Duhamel’s formula
t
g — e(L—T) tgo _f e(L—T)(t—s) f.(s, v) T(f)(f) ds,
0

Corollary 5, and Proposition 6, for some generic constant C > 0 which will change
from line to line, we get

22) |

g(tyfy ) ”Lz(d}/k) = Ce_ENSt ||g0(€y ) ||L2(d}’k)

cof!etees
0

The key observation is gy(0, v) = 0, so that (¢, v) = A‘fl % Vego(n %, v) dn yields

180, ) < 1E1 | Ve8oCy ) || oaey = 1E1 180G ) [ gay g ¥ (60 0) € R X RY,

We know from (11) that g = A[E[?/(1 +1€[%). The first term of the r.h.s. of (22) can
therefore be estimated for any ¢ = 1 by

oo e

f(s,9) ||L2(|v|2 dyr) IEH@©)lds.

i 2 1/2 s _are |2
e gO| dka‘f) S(fwlfl e 2" nds ”gO”LZ(d}/k;L‘(ledx))

C
m ||g0||L2(dYk;L1(|x|dx)) :

=
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which is the leading order term as ¢ — oo, and we have that

- 4 _A
f|¢|>1e K] 806, gy 46 < Ce2 g0 l22 grary

for any ¢ > 0, using the fact that ys = A/2 when [{| = 1 and Plancherel’s formula.
Using (21), the second term of the r.h.s. of (22) is estimated by

t ¢
Ll
R4 \JO

t e 2
2 ~ 56— _A
<C "fO ”Lz(lvlzdyk;Ll(dx)) jl‘%d |£|2 |(p(€)|2 (j; e 2 (=9 e ZSdS) df

On the one hand, we use the Cauchy-Schwarz inequality to get

YUY [ (L P 2
f €216 (f R AGRISS. ds) dc
I¢l=1 0
<[l f {5 (fte_“f(t_s) e‘gsds) (f[e‘lzlsds) dg
= L@ J o A

2 P ¢ A2 p _4 _d_ _A
51”(,0”111(03)6)\[0 ([§|<1|€|26 5 1617 (¢ s)df)e ZSdsSClt 5 1+C2€ 4t,

where the last inequality is obtained by splitting the integral in s on (0, ¢/2) and
(¢/2,1). On the other hand, using p¢ = A/2 when [{| = 1, we obtain

t g 2 .
f |€|2 |¢(6)|2 ([ 6_7“_5) e—;sds) df < tz e—mln{A/Z,/l}t ||v¢||iZ(dx) .
[§1=1 0

2
£ ez upayy IEII@(&)Ids) dé¢

By collecting all terms, we deduce that || g(t,-") ”iZ( dxdy) is bounded by

_ a
C (“go ||iz(dyk;L1(|x|dx)) + ”fO ||1242((|1/|2 dyk;Ll(dx))) (I+1) (1+2) ’

for some constant C > 0. Recalling that f = g+ f. ¢, the proof of Theorem 2 is
completed using (21).

5.3. Improved decay rates with higher order cancellations. — We prove Theo-
rem 3, which means that from now on we assume in Case (a) that M is a normal-
ized Gaussian (2), and in Case (b) that o = 1. Moreover, the initial data satisfies (6),
that is,

ff foPdxdv=0 VYPeR/[X,V].
R4 x R4
For any P e Ry[X], let

PIf1(zt,v) 2=fRdP(x)f(t,x, v)dx,

so that fga P[f1(0,v)dv =0.
In this section we use the notation <y to express inequalities up to a constant
which depends on k.

« Step 1: Conservation of zero moments. — For a solution f of (1) we compute
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%fjl;dxﬂkd f(t’ X, U)P(x; U) dxdy

=—ff (U-fo)devarff (LA Pdxdv
R4 xR4 R4 xR
:[f (U-VxP)fdxdv+f/ (LAYPdxdv.
R4 x R4 R4 x[Rd

In Case (a) of a Fokker-Planck operator, we may write

1
ffRde(Lf)PdXdU N ffu‘\edxuw ]\_/IV”'(Mvvp)dedl/

:ffw Rd(AUP—v-VUP)fdxdv.

By definition of Ry [ X, V], it turns out that A,P—v -V, P € R/ [ X, V]. For the scatter-
ing operator of Case (b), one has

ffRded(Lf)dedv
:ff (f (M) f(t,x,v") - M@ f(1,x, v))dv’) P(x,v)dxdv
RAxR4 \JR4

‘/ffw it MO [ (62,0 = MW f(1,2,0)) Px, v) dxdv d |

=ff U M) P(x, v) dv f(t,x,v’)dxdv’—ff Flo 0P, v) dxdv.
R xR? \JR? RY xRA

One can check that fRd M(v)P(x,v)dv € Ry[X]. Since also v-V,P € Ry[X, V],
the evolution of moments of order lower or equal than ¢ is equivalent to a linear
ODE of the form Y (t) = QY (1), where Q is a matrix resulting from the previous
computations. Consequently, if Y (0) = 0 initially, it remains null for all times.

e Step 2: Decay of polynomial averages in space.— We claim that for any j < ¢,
there exists A > 0 such that, forany P e R;j[X] and g €N,

i~
@3) [ PUAIE 12y, Sia 1oz (ayegusit (eixihan) A+ 8 e V20

Let us prove it by induction.

1. The case j = 0. Notice that j = 0 means that P is a real number and P[f] = f.
as defined in (20), up to a multiplication by a constant. Since fga fi(t,v)dv =0
for any ¢t = 0, one has 9, f. = Lf., thus we deduce from the microscopic coercivity
property as above that

£ (5 ) 2y < 1A0,) Iizay. e M V=0,
We also obtain that

(24) (M2 aye ) Sa lollizaye, guan e ™ V20,

but this requires some comments. The case k € (d,c0) is covered by Corollary 8.
The case k = oo in (24) is given by the following lemma.
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Lemma 10. — Under the assumptions of Theorem 3, one has

”fo(t, ‘)||L2((1+|U|q)d’)/oo) Sq ”fo|IL2((1+|UI")d}’OO;L1(dx)) e_/lt Vi=0.

Proof. — We rely on Proposition 7 with the Banach spaces %; = L?(dy,) and
%By = L2((1 + |v|7) dys). In Case (a), let us define 2 and B by 2F = N ygF and
SBF = LF —2F. In Case (b), we consider 2 and ‘B such that

AF(v) M(v)de(v')dv’,
R

BF(v) = —f M@W)dv' F(v).
Rd

The semi-group generated by 2( + ‘B is exponentially decreasing in 8; by the mi-
croscopic coercivity property, as above. The semi-group generated by ‘B is ex-
ponentially decreasing in %8,. In Case (b), it is straightforward. In Case (a),
F(t) = e®' F, is such that

1d ) q B q
EEfWIFI (1+1vl )dyoo—fw(%F)F(lel ) dY oo

:fWV”(MVv(A—Z)) F(1+v]) dYoo—fW Ny IFP (1+[0]9) dYoo
== [ oG @) v [ a1 -9, (§) & Mav

dv

— 2 q\ “~

fRdeR(v)lFl (L+1017) =

q Vo (w72 v M) ) dv 1 ,
Sﬁed{EW‘NW“)}'F' (L 10) 3 =73 Jo P (101 oo

for some A > 0, by choosing N and R large enough.

The operator 2 : 98; — 98, is bounded. This is straightforward in Case (a) and
follows from the boundedness of fRd M(v) ( 1+] vlq) dy. in Case (b). Proposition 7
applies which concludes the proof. O

2. Induction. Let us assume that (23) is true for some j = 0, consider P € Rj,1[X]
and observe that P[f] solves

d,PIf] :LP[f]—fRd(viP)fdx.

Since V4P € R;[X], the induction hypothesis at step j (applied with g replaced by
q +2) gives

v fea VPYF1AX 24y, ) S [ ot (VP L1 AX]| 2 gy, o
,Sj,q ”fO||L2(d}’k+q+2(j+1);L1((1+|x|j)dx)) (1+ t)j e_/lt :
By Duhamel’s formula, we have
t
P[f](t, U) — eL[P[f] (0’ U) _f eL(t—S) (U-fd (VJCP) [fS] dx) dS.
0 R

Note that fpa V- fJpa (VxP) [fldxdv = [[gayge (V-ViP)[fldxdv =0 for all t = 0
since v-V,P € Ry/[X, V]. As a consequence, the decay of the semi-group associated
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with L can be estimated by

e_/lm (t—S) .

et=9 (v- f (Vi P) [f5] dx) <
R? L2(dY o)

” f (V.P) [fs] dx
L2(dY o) Re

in the case j = 0, we deduce from Corollary 8 that

et (v- f (Vi P) Lfi] dx)
[Rd

A

«»

L2((A+|v|9) dyy)

. f (VP) ] dx
Rd

< e—A(t—s)

L2(dYgeg)
j —At
Sak 1olliz(@ye, geagoni L (A +1x1 ax)) A+ )7 €770

Moreover, since ff rdxrd Jo(X, V) P(x)dx dv = 0, for the same reasons we also have

that

”eLtP[f](O,J At

for some A > 0. We deduce from Duhamel’s formula that
IPU L2 (aypq)

S | piaio,0

L2(dYi+q) = ||P[f0]||L2((1+|v|q)dyk) e

t
—L(t-s) .
2(dyisg) [ 100 (0 o VP40 iz,

wy
Sk 1 folliz(aye Lt (411 dx)) €

t
i At
+f0 A+ 97 e N folliz (dyp guagyoni L (0 +x1) dx)) 4S
j+1 ,—At
Sk I foliz(@y e guogoni L (+1xli axy) A+ D7 e,
which proves the induction.

* Step 3: Improved decay of f.— Let us choose some fy > 0. In order to estimate
I £, ”iZ(dxd}/k) = ||3(L_T)tfo||i2(dxdyk)’ we compute its evolution on (0, 2 fy) and
split the interval on (0, #y) and (%, 2 tp) using the semi-group property

2 2
” L= w0 £ = " LTt (e(L—T) fo fo)

We decompose f;, = -1 % f; into

12(dxdyk L2(dxdyy)

. 1
+8 with go:=fi,— > — X"1fi)]0%

laj<t 2+

1
ffo :( Z _,Xa[ffo]aa(p

la|<l ***

where a = (a1, a,...a;...a ) € N4 is a multi-index such that |a| = Z?zl a; </¢and
@ is given by

@(x):= 2m) "2 e M2 yxerd,
The notation 8%¢ stands for 0y 052 ...05% . According to (23), we know that

oy
XUl 2y Si 1 folie @yt @siniyaxy) 1+ 1)) €740,
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so that, by considering the evolution of the first term on (%, 2 ty), we obtain
(25)

_ 1
et T)‘O( > aX“[ft(,]O“(p)

|a|<l

Ay
||Z‘<’€HXOC fto]”LZ(d)/k) ||0w(1[)||L2 (dx) ~ < e 2.
L2(dxdyy) 1@

Next, let us consider the second term and define, on ¢+ £ € (%, 2 ty), the function
8= fr4r— Z —X (fr+1,10%p.
jal=e @
With initial datum go, it solves on(0, fy) the equation

0:8=0ifrsty= ) ;6 ¢ (X fre1,]) 0%

1134

=(L - (fr+s)-L (Z ;X [ft+1,10 ‘P)
lal<f

(f (v-Vix )ft+todx) %

\a|<z a!

=(L-T(g-T (Z ;X (fi+1,) 0%

Ial<€

+) = (fd(v-vxx“)f,;ﬂo dx) 0%

lal<e &

=L-Tg+v- ) — o (va“[fw%p X[ fr+4,]1 Vx(0%))

lal=l

where a! = H‘.i L @il is associated with the multi-index a = (05,-)?:1 and

Ve XO[f] = (0x, X© f] pg (f Oy, x“ fdx)l 1=(~[Rdaix%ifdx)d )

i=1
Here the notation a,; denotes the multi-index (a;,az...aj—1,@; —1,@j41...a4)
with the convention that X* = 0 if a; = 0. We also define the opposite trans-
formation ay; := (a1, Q2...a;—1,a; + 1,&;41...a4) so that 0y, (0%¢p) = 0*i¢. Let us
consider the last term and start with the case d = 1. In that case,

ve Yy — (VxX“ma“(p—X“[fmolvx(a“(p))

lal<e @

= Z ((f (a1 X7 frig, dx) ox'p - (fmz X frig dx) axi’““(p)

v
= [1! (f X ft+t0 dx) Gx[H

because it is a telescoping sum. We adopt the convention that a! =1 if a; < 0 for
some i =1,2...d. The same property holds in higher dimensions:

Z o (asza[f Y0 — X[ fr+1,]0x,(0%9))

lal=l
=) X““[f]O“qo——X“ [fi+1) 0 “(p) - —X [fi+1) 0x, 0% ) .
=0 \ Q! laj=¢ @
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We deduce that
1
0:g=(L-M(g-v- Z _'Xa[ft+t0] V. (0%p).
|(X|:[ a!l
Duhamel’s formula in Fourier variables gives

fo 1 I
81, &, v) =gy - fo eIy ¥ — X[ fi1)) Vx(0%9) | s

lal=¢ &
up to a straightforward abuse of notations. Hence

||g(t0)€) ) ||L2(dYk) S e_ill{ fo ||g0(6) ) ||L2(d}’k)

o ne 1 J—
— = (tp—9) - a
+L e 2\ =, o ||X [f5+t0] ||L2 (lulz d’yk) |Vx(6a(p)| dS.

Recall that (23) gives
X% sl 2o aye) Se 1 folliz @yt (0151 dx)) ez,
On the other hand we use IW)I < |€|€+1 | | and observe that
180 I SIE | 80Co |y g ay ¥ (6 v) €RE xR,
Collecting terms, we have that
180, 6,12 (ayu

N ez Hel0 |04 Ligi<t || goC v) ”Lz(dyk;Ll(lxl"dx)) +e2beh Ligiz1 || 60, ) ”Lz(d}/k)

041 o Mg A
+|€| |(p(§)|“fo||L2(dyk+2/+2;L1((1+|x|5)dx)) 0 e 2 e 2°ds.

We know from (11) that ugs = AIE2I(Q + 1) so that e = %Iél2 if |&] < 1 and
pe = A/2if || = 1. Hence, for any #p = 1,

12 .
_A g2 -(1+0+%
- U o h1el t0|5|2(l+1)d£) < to( b
Rd

||e—%u,5t0 |€|[+1 <
L2(d¢§) ~

Lig<1

- S _A
fl‘f|>1e " o ”go(év)”IZJZ(dYk) dff, e 2 b ||g0||iZ(ddek)

by Plancherel’s formula. We conclude by observing that

+1 5 o —Hi(to—s) —ig
11" @I | e 2 e 2%dsdé
ISl=1 0
to B
0+1 ,— 5 1E2 (19— -4 —(1+0+4)
S”(p”Ll(dx)fo (f|£|<1|5| Tl 2 K =9) gl o35 ds < Iy 2,

. fo ke, g A . ~L i
flfl |€|€+1|(p(é—)|f e 2 (fo S)e 2Sd5d§§|||f|é+1(ﬂ(€)”L1(d5) foe 4m1n{A,2/1}t0.
=1 0

Altogether, we obtain that

. -(1+0+9)
”g(to"")”iZ(dxdyk) = g(t0,) ”iz(dfdy;c) St
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The decay result of Theorem 3 is then obtained by writing

e(L—T)to( 5 i,X“[ftolaatp)

”fz'fo ”iZ(dxdyk) S ||g(t0,',') ”i%dxdyﬂ +
la|<l ***

L?(dxdyy)
and using (25) for any fy = 1, with t =2 1y. For ¢ < 2, the estimate of Theorem 3 is
straightforward by Corollary 8, which concludes the proof.

Appendix A
An explicit computation of Green’s function for the kinetic Fokker-Planck
equation and consequences

In the whole space case, when M is the normalized Gaussian function, let us
consider the kinetic Fokker-Planck equation of Case (a)

(26) O0if+v-Vyxf=Vy-(0f+V,[f)

on (0,00) x R% x R? 3 (¢, x, v). The characteristics associated with the equations
dx dv
P v, T v

suggest to change variables and consider the distribution function g such that
ft,x,v) = edtg(t,x+ (1-e)v,e'v) V(L xv) € (0,00 x R x R?.

The kinetic Fokker-Planck equation is changed into a heat equation in both vari-

ables x and v with ¢ dependent coefficients, which can be written as

27) 0,8=V-9Vg

where Vg = (V,g,V,g) and 2 is the t-derivative of the bloc-matrix

_1 ald blId
7= 2( bld cId

witha=e?'—1,b=2e’—1-¢?/ and c = e?’ —4e’ + 21 +3. Here Id is the identity
matrix on R?. We observe that @ is degenerate: it is nonnegative but its lowest
eigenvalue is 0. However, the change of variables allows the computation of a
Green function.

Lemma 11. — The Green function of (27) is given for any (t, x, v) € (0,00) x R? x R4
by
alx|?-2bx-v+c|v)?

G(t, x, v)=me"p 2(ac—b?)

The method is standard and goes back to [24] (also see [21, 19] and [31, 5]).

Proof. — By a Fourier transformation in x and v, with associated variables ¢
and n, we find that

logC-1logG(t,&,m) = ,&)-2(n,&) = 3 (alnl® +2bny- & +c|éf?)

2
=1aln+2¢"+ FA1EP, A=c-2
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for some constant C > 0 which is determined by the mass normalization condition
IG(¢,-, )l e xray = 1. Let us take the inverse Fourier transform with respect to n,

lvl?

v A C _w ;b . 1
(ZE)_dede’”'"G(t,f,n)dnz o e iz V€ g AP

(2mwa)d

g2 1 b 2 b2

= ¢ e_% e‘ZA‘G’a—A”‘ —232A|V|2’
(2ma)d

and then the inverse Fourier transform with respect to ¢, so that we obtain
2\ 2 2 b > e
G(t, x, y):—c e_(1+:7)%e_% eaLAx’V:—C —i‘x—a v‘ e_lz‘a

@2ra)d (2nA)4 (4n2aA)4
It is easy to check that C = (2m)<. O

Let us consider a solution g of (27) with initial datum g € L' (R x R%). From the

representation
g(t) ) ) = G(t) ) ) >k.)(,',l/ gO )

we obtain the estimate

” g(t) ) ) ||L°°(Rd xR4) = ” G(t) *y ) ”LOO([Rdx[Rd) ||g0 ”Ll (R4 xR4)

=[am(e' = 1) ((t-2e' +1+2)] I~ D!

as t — oo. As a consequence, we obtain that the solution of (26) with a nonnegative
initial datum fy satisfies
”fO ”Ll (R4 xRY)

@nn
Using the simple Hélder interpolation inequality

/ -1/
17 oo < 11t 1 gty

we obtain the following decay result.

1) o xmay = (1+0(1)) as t— oo.

Corollary 12. — If f is a solution of (26) with a nonnegative initial datum fy €
LI(RY x RY), then for any p € (1,00] we have the decay estimate

||f0 ”Ll(Rded)

m(1+0(1)) as t—oo.

”f(t"r') ||Lp(Rd><|Rd) =
By taking fy(x, v) = G(1, x, v), it is moreover straightforward to check that this esti-
mate is optimal. With p = 2, this also proves that the decay rate obtained in Theo-
rem 1 for the Fokker-Planck operator, i.e., Case (a), is the optimal one.

Appendix B

Consistency with the decay rates of the heat equation

In the whole space case, the abstract approach of [10] is inspired by the diffusion
limit of (1). We consider the scaled equation

F 1
(28) £d—+TF:—LF,
dt £
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which formally corresponds to a parabolic rescaling given by ¢t — €2 f and x — € x,
and investigate the limit as € — 0. Let us check that the rates are asymptotically
independent of € and consistent with those of the heat equation.

B.1. Mode-by-mode hypocoercivity. — It is straightforward to check that in the
estimate (8) for A, the gap constant 1,, has to be replaced by A,,/e while, with the
notations of Proposition 4, Cy; can be replaced by Cy;/€ for € < 1. In the asymptotic
regime as € — 0, we obtain that

/IM Am /'LM €
3(L+Am) (1+2Ay) C3,
which proves that the estimate of Proposition 4 becomes
2
PRSIV
3(1+Am)?C3,

We observe that this rate is independent of .

DI[F]

E%H[F]S—D[F]S

B.2. Decay rates based on Nash’s inequality in the whole space case. — In the
proof of Theorem 1, o has to be replaced by /¢ and in the limit as € — 0., we get
that b ~40/¢ and (18) is satisfied with 4a =6 ~ 8%”2 €. Hence (19) asymptotically
becomes, as € — 0.,

d Am ) 1+2
_EH[f]zEc(mH[f]) ,
which again gives a rate of decay which is independent of €. The algebraic decay

rate in Theorem 1 is the one of the heat equation on R? and it is independent of ¢
in the limit as € — 0.

B.3. Decayrates in the whole space case for distribution functions with moment
cancellations. — The improved rate of Theorem 2 is consistent with a parabolic
rescaling: if f solves (1), then f¢(t,x,v) = e~ f (e 72 t,e~ x, v) solves (28). With the
notations of Section 5.2, let g€ = f€ — f€¢(-/¢), with ¢f = e % ¢(-/¢). The Fourier
transform of g€ solves

€20,8° +eTgf = Lg% — e fET .

The decay rate A in (21) becomes A/&e? and the decay rate of the semi-group gener-
ated by L —¢T is, with the notations of Corollary 5, p.¢. Moreover, A in (11) is given
by A= % min{1,0} for any £ > 0, small enough. Duhamel’s formula (22) has to be
replaced by

AE _ﬂ% AE
g (t»fr ') ||L2(dYk) =Ce 2 ' ||g0 (5’ ‘) ||L2(d)/k)

t ,Lt&t
v [ e
0

[EGs,0) ||L2(|v|2 drr) leSlipes)lds.
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- . r|2 . . .
Using lim,_.¢, % = lim,_.o, % = A|¢]?, a computation similar to the one of

Section 5.2 shows that the first term of the r.h.s. is estimated by

et 5E
L e F 185y €

Heg
= e_ETt
[l{EH

£

. 2 T 2
856 a6+ [, & N8y

_A
2

_Ag2 s
= ”gg ||iz(dYk;L1(|x| dx)) f[Rd |6|23 2 Kl tdé'i_ ”gg ”I%%dxdy;& e 2,

while the square of the second term is bounded by

€2t 2
Err— A2 2 A 2 3 Hec(e721=5) ;=3 As
fo@=0, )||L2(|v|2d)/k) «[I;{d“:él lp(ed)] (L e zHe e ds) d¢

2 d+1 C2 —min{A,/l}i

< Ul [ 5 + o ).
By collecting all terms and using Plancherel’s formula, we conclude that the rate of
convergence of Theorem 2 applied to the solution of (28) is independent of . We
also notice that the scaled spatial density p fc = fpa f© dv satisfies

2 €o

loset, )|y s —2— Viz0
P = 4 4 i+

for some positive constant 6 which depends on fj but is independent of €. This
is the decay of the heat equation with an initial datum of zero average.
Similar estimates can be obtained in the framework of Theorem 3.
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