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Abstract

In this paper, we investigate the link between the joint law of a d-dimensional random
vector and the law of some of its multivariate marginals. We introduce and focus on a
class of distributions, that we call projective, for which we give detailed properties. This
allows us to obtain conditions that are easy to verify, to ensure that a given construction
is projective. We illustrate our results on elliptical distributions on the first hand, and on
a new class of distribution having given bivariate exponential margins on the other hand.
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1 Introduction

Multivariate analysis is now a cornerstone in probability theory. Constructing multivariate
distributions from given marginals is mathematically interesting on its own, but also has huge
impact in practical problems.

Let d > 1 be an integer and let X1, ..., X4 be continuous random variables with cumulative
distribution functions (CDFs) F1, ..., Fy, respectively. Sklar’s theorem [25] states that the joint
distribution H of (X1,...,X4) can be written, for all (z1,...,24) € R? in the form

H(zy, ... 0q) = P(Xy < a1,...,Xq < 24) = c(Fl(xl),...,Fd(xd)),

where C' is a copula function, i.e. the cumulative distribution function of a probability measure
on R? whose marginals are uniform on [0,1]. Copula models have shown their interest in
particular because, as it can be seen from the previous equation, they separate the study of the
margins and the study of the dependence structure.

In this paper, we want to investigate the link between the joint law of a d-dimensional random

vector and the law of its multivariate marginals. For any subset K = (ji,...,Jx) of {1,...,d}
with cardinal k, and any random vector X = (X7, ..., Xy), we will write X the random vector
with values in R* given by (Xj,,...,X,,) and F the cumulative distribution function of Xx-.

We will abuse notations and call Fx a probability distribution on R¥. Let n < 2¢ be a positive
integer and let K7, ..., K, be n subsets of {1,...,d} with cardinals kq, ..., ky,.
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A question that has been extensively studied in the literature is the following: given n
probability measures P, ..., P, such that P; is a probability measure on R¥:, is it possible to
construct a probability measure F' on R such that

Fg,=P; foreachi=1,...,n? (1.1)

The existence of such a measure F' is not guaranteed. In the case where the subsets {K;, i =
1,...,n} are disjoint, the product distribution guarantees its existence. One could also try to
extend the notion of Copula function to the case of non overlapping multidimensional marginals:
Genest & al. [10] showed that this approach is useless, since it only allows to model the product
distribution. More precisely, they proved that if

H(xlv"'7xmay17"'7yn) :C(F(Il,...,Im)7G(y1,...7ym))

defines a proper (m + n)-dimensional distribution function (with m +n > 3) for every F and G
with respective dimensions m and n, then C(u,v) = u - v.

When the subsets {K;, i = 1,...,n} are not disjoint, an obvious necessary condition is that
the prescribed measures {F;, i = 1,...,n} have the same marginals on common subspaces. But
this condition is not sufficient : Kellerer [I8] gave a necessary and sufficient condition only
involving the structure of the sets {K;, i =1,...,n}. We refer to [15] (in particular, chapters 3
and 4) and [7] and the references therein for further details and related problems, in particular
extremal distributions with fixed multidimensional marginals and related optimization problems.

The question of uniqueness is also tricky. In [T1], it is proved that if 4 is a probability measure
on R? with a density f with respect to the Lebesgue measure, then there exists a subset U of R?
such that all the lower dimensional projections of the uniform distribution on U coincide with
the lower dimensional projections of y. This shows, at least in the case where measures have a
density, that there is in general no hope for uniqueness of a measure with prescribed projections.

Possible explicit constructions of distribution functions F' satisfying have been given in
[, 23], [24], [6], [12], [13], [14], [21], [19], [20], [9] for overlapping or non-overlapping marginals.

All these constructions are very useful, in particular in statistics. Indeed, when the dimension
d is large, one can first estimate all the bivariate marginals, since fitting a 2-dimensional copula
is doable, and then construct a valid d-dimensional vector having the prescribed 2-dimensional
margins. One problem of this approach is that it may not provide a unique d-dimensional
distribution, but as pointed out in [I5], one can then use entropy maximization techniques
to choose a distribution among all those that have the prescribed marginals. By comparison,
directly fitting the right copula in large dimension is however quite difficult and often makes use
of recent research developments (nested, hierarchical or vine copulas, see [22], [4], [16], including
pair-copula constructions or copulas with prescribed bivariate projections [I], [2], []]).

The previously mentioned constructions all make use of the joint CDF, or the joint den-
sity. There are however other functions characterizing the joint distribution, for instance the
characteristic function. We will call any such function a characterizing function. In this pa-
per, we assume that a characterizing function m is given, and that there is a linear explicit
decomposition of the characterizing function of the d-dimensional vector with respect to the
characterizing functions of certain of its multi-dimensional marginals (Definition . We will
say that a probability distribution satisfying Definition 2:1] is in a projective class. The main
result of the paper is a complete analysis of the coefficients appearing in a decomposition of a
projective class. Indeed, the distributions satisfying our Definition [2.1| are stable by projection,
in the sense that they are such that all their multidimensional marginals also satisfy the same
Definition This allows us to give precise, and simple necessary conditions for a sequence of
coefficients to generate a probability distribution on R? having fixed multidimensional marginals
and belonging to a projective class. In particular, a necessary condition is that a matrix con-
taining these coeflicients is idempotent (Proposition . Notice that the linear form of the



decomposition in a projective class is not as restrictive as one would initially imagine, since one
could first apply a bijective non linear transformation to a characterizing function, and then
obtain a linear relation in the form of . The case of Elliptical random vectors illustrates
well this last point.

In Section [2] we define the projective classes that we are going to work with, and in Section
[B] we give and analyse examples of elements of this classes.

2 Projective class of random vectors

Let D = {1,...,d} and t € R¢, consider a random vector X = (X;);ep. For K € P(D) a subset
of D, we denote by Xx = (X;)iex the subector of X, and by tx = (¢;);cx the subvector of t.

We assume the existence of a link between the joint distribution of X and the joint distribu-
tions of its projections X . In general this link could be derived from the characteristic function
of X, from its CDF, or from some other quantity. We thus define a function m for which the
link will be investigated.

We will denote by X, the space of R%valued random variables that we will work with
(with k& < d). In the rest of the paper, the quantities involved (and our constructions) will
only depend on the distributions of the random variables, and not on the random variables
themselves. Because it has no impact on our results, we will nonetheless use random variables.

Assumption 2.1 (Characterizing function) We assume that there exists a function m :
R? x Xy x P(D) — R such that for any non-empty K € P(D):

1. {m(t,X, K)}icra characterizes the joint distribution of X, i.e. m(t, X, K) =m(t,Y, K)
for all t € RY if and only if X and Y have the same distribution.

2. there exists a € R such that for all t € RY, m(Pxt, X, D) = m(t,X, K), where

(PKt)"'{ a if i¢ K.

In the rest of the paper, to simplify notations, we will denote m(t, X, K) by m(t, X k).

Remark 2.1 Assumptz’on 2. implies that Py pt = (a)iep =: a, and that m(t,X,0) =
m(a,X,0) for all t. For simplicity, we will write this quantity my := m(a,X,0), or abuse
notation and write m(t, Xg) = my.

Remark 2.2 Such a function m always exists. Typically, m can be given by m(t,Xg) =
E {eit;xf{} , with a = 0 and mo = 1. Another example is m(t,Xg) = Fg(tx), the CDF of X,
with a = +o0o and mg = 1. A third ezample is m(t,Xx) = ¢~ o Fx(tx) where ¢ : Ry — [0,1]
is an invertible Archimedean generator, with a = 400 and mg = 0. Direct transformations of
these functions, as entropy or survival functions, are also suitable characterizing functions.

Remark 2.3 Assumption[2.1] 2. says that to study the marginal distribution of X on the subset
K, it is enough to study the distribution of X, with the characterizing function m restricted to
Pxt. However, notice that every function characterizing the distribution of random variables
does not satisfy this Assumption. Let us give the example of the potential function ([3]). Define
the potential kernel v on R? as follows:

v(x)=—|z|,d=1, wv(@)=—loglz|,d=2, w(z)=|z| ", d>3.



Then the potential Ux of a random vector X on R? is defined by
Ux(t) = E[o(X — t)]

when the expectation exists. We have that Ux = Uy if and only if X and Y have the same
distribution, but the potential function does not satisfy Assumption |2.1] 2.

We aim at defining the whole distribution of X, using only some of its projections, i.e. using
only the laws of X for K € S, where S is a given subset of P(D). For example, S can gather
some subsets of cardinal 3, their subsets, and some singletons, or & can gather only subsets
of cardinal 1, as in copula theory. We assume that S is decreasing, in the sense that for all
K C J, J € § implies K € §: knowing the distribution of a projection easily allows to know
the distribution of every sub-vector. In the algebraic topology terminology, S is a simplicial
complez [26]. Simplicial complexes can be represented using points, line segments, triangles,
and simplices in higher dimensions, which may ease the understanding of the projections and
the model (see Figure [I| for an illustration).
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Figure 1: Ilustration of a multivariate distribution in the dimension 7, knowing the marginal
distribution {3}, the bivariate projection {4,7}, and the trivariate projections {1,2,7} and
{4,5,6}. All subsets of these projections also correspond to known marginal distributions.

Definition 2.1 (Projective class) Let S € P(D) be decreasing. We say that a random vector
X € R? belongs to the projective class Fp(S) if there exist some real coefficients ag.p, K CD,
such that for all t € RY,
m(taX) = Z AK,D m(tvxK)a (21)
Kes

Remark that if a random vector X belongs the projective class Fp(S), then the set of suit-
able coefficients {ax p, K C D} satisfying Equation is not necessarily unique. Notice also
that if D € S, any d-dimensional random vector is in Fp(S), using for example constant co-
efficients o p equal to 1 if K = D and equal to 0 otherwise. This is quite natural, since the
class Fp(S) intends to define multivariate distributions that can be fully determined by some
of their projections. This is obviously the case when the initial joint distribution is already in

S.

In the next Proposition, we prove the following projection stability property: if a random
vector belongs to the class Fp(S), then any subvector also belong to Fp(S), and we compute
the corresponding coefficients.

Proposition 2.1 (Projection stability) Let X be a d-dimensional random vector in Fp(S),
with associated coefficients {ax p, K € S}. Then for any non-empty L C D, the subvector X,



belongs to Fr.(S), where for any non-empty subset J of L, a suitable set of associated coefficients
s given by

OéL]’L = Z OéK7D, (22)

KeS,KNL=J
which implies in particular that oy =0 if J ¢ L.

Let dy be an integer such that 1 < dy < d. When § = {K C D, |K| < do}, and when the
coefficients {ay,, J C L} only depend on the subsets cardinals, i.e. oy = o with j = |J| €
{1,...,d} and £ = |L| € {0,...,d}, then a suitable set of associated coefficients is given by

min(do,d—0+7) d—7
Gwe= 2 (k ~j

>0¢k,d if 3 < min(¢,dp), (2.3)
k=3

and o, = 0 otherwise.

Proof. First remark that, due to the second assumption on m(t,X), we have m(t, Xxnz) =
m(Prnrt,X) = m(PxPrt,X) = m(Prt, Xx). Thus, using (2.1]), we have

m(t,XL) = m(PLt,X) = Z aK,Dm(PLt,XK) = Z aK,Dm(t,XKmL)

KeS KeS
= E QK D E m(t,XJ)
KeS J=KNL

= Z Z O[K7Dm(t,X_J).

JCL KeS,KNL=J

By assumption, K € S implies that J = K N L € S. Setting a; = ZKGS,KHL:J ag p asin
Equation (2.2)) we finally get

m(t,X.) = Y azm(t,X,), (24)
JCL,JES

hence X, belongs to FX(S).
Eventually remark that K "L = J if and only if J C L and J C K and KNL C J. As a
consequence, if J ¢ L, the sum in (2.2) is empty and a1, = 0.

We prove now the second part of the Proposition. When § = {K C D, |K| < dy}, we have
using (2.2)

QgL = g QK/'UJ,D-
K'CD\L,|K'|<do—|J|

Now, let j =|J| and ¢ = |L|. If j > ¢, it is clear that J ¢ L and that oy, =0. As K’ C D\ L
and |K'| < dy — |J|, we get 0 < |K’'| < min(dy — j,d — ¢). Thus when J C L,

min(do—j,d—¥)

agg = QK'UJ,D (2.5)
> >

k=0 K'CD\L,|K'|=k

and if the coefficients o ; 1, do only depend on the cardinals,

min(do—j,d—¥) min(do—j,d—£) d—/
ae= 3 S akga= Y ( ] )Mﬂ.d (2.6)
k=0 K'CD\L,|K'|=k k=0
Hence the second result. O



Remark 2.4 (case of ()) Notice that () necessarily belongs to S. In the case where m(t,Xy) #
0, Equation (2.1) may involve a constant ay p, and implies that Y. p esox,p = 1. In
this case, it becomes useful to determine the coefficients oy 1. For any non-empty L, the Equa-
tion (2.2)) writes

Qg = Z QKD - (2.7)

KCD\L,KES

When L =0, the Equation (2.1) remains valid for D = 0 if one defines ag g = 1.

Corollary 2.1 (Given projections up to dimension dy) Let X be a d-dimensional random
vector in Fp(S). Assume that all projections of X are given up to a dimension dy, so that
S ={K C D,|K| < do}. Assume that the associated coefficients {as, J C L} only depend
on the subsets cardinals, i.e. oy = o with j = |J| € {1,...,d} and £ = |L| € {0,...,d}.
Assume furthermore that oy, = 1 for all k < dy. Then the coefficients oq,—~,q can be obtained

recursively, using
4
d—dy+z
Ody—z,d = 1-— Z < O >ai+d0—z,d7 (28)

i
i=1
for z =1,...,do, starting with og, q = 1. In particular for 2 < dy < d, we get ag,q = 1,
Ady—1,d = —(d — do), Qgy—2,4 =1+ 7d7d2°+2 (d—dy—1).
When doy > 3, agg—3,a =1—(d—do+ 3){1 — d_d20+2 (1- d—%o+1)}. For higher orders, one
can check by induction that these coefficients do only depend on d — dy, but their expression is
omitted here.

Proof. This follows directly from Proposition by writing Equation (2.3) in the case where
j=4¢<dy, and setting t =k — j, j =dy — z. O

The case where all bivariate projections are given is a very natural and interesting case: in
practical applications, bivariate projections can be graphically visualized, and the estimation of
the dependence structure among each pair of random variable is still tractable. The following
Remark shows that in this case, under some simple conditions, the coefficients a ;1 can be
computed explicitly.

Remark 2.5 (Given bivariate projections) Consider the same assumptions as in Corol-
lary and assume that all bivariate projections of a multivariate distribution are given, so
that dg = 2 and S = {J C D, |J| < 2}. Then for all non-empty L C D, we can reformulate

equation (2.1) as follows:

m(t7XL) = a07|L|m0 — (‘L| — 2) Z m(t,XJ) + Z m(t7XJ) s (29)
JCL,|J|=1 JCL,|J|=2

where ap o =1, g =1+ %K(ﬁ —3), £ > 1 and where my = m(t,Xy) is defined in Remark .
Let X € R? be a random vector in FP(S). Since D = {1,...,d} is a finite set, the set of
subsets of D is also finite, so that we can define the following matrix, indexed by the subsets of

D:
A= (ayL)icp,LcD- (2.10)

We will write A, for the column vector relative to the subset L.

Proposition 2.2 The coefficients in the matriz A satisfy the following constraints:



1. If the set of associated coefficients {aj} is unique, then the matriz A defined in (2.10))
is idempotent: A% = A.

2. If furthermore the coefficients do only depend on the subset’s cardinal, i.e. ajp = ;¢
with j = |J| and £ = |L|, we get for 0 < j <£<d :

min(do,?) ; i

)
Qg0 = Z <k j) O kOl £ - (2.11)

k=j
Now define s; o := (f:g)aﬂ when j > 2. The previous equation writes, when j > 2,
min(do,f)
S5, = Z 84,kSk,t - (2.12)
k=j

Proof. Let L C D, |L| > 1. From Proposition [2.1]

m(t,XL) = Z aK,Lm(t,XK)
KCL,KeS

From Proposition we also have m(t, Xx) = > ;- g jcs @rxm(t, X ), so that finally

m(t,Xp) = > > agkaxim(t,X;)

KCL,KES JCK,JES

= Z Z OélKOéKyL’I’TL(t,XJ),

JCL,JeS KCL,KeS

as ajx =01if J ¢ K. Then for all t

m(t,Xg) = Z Z ajkakr ¢ m(t,Xy)

JCL,JeS | KCL,KeS

so that, using the unicity of the set of coefficients {1},

ay L = E QJKOK L
KCL,KES

and thus A is idempotent.

Let us now focus on the second part of the proposition. For a subset L C D with cardinal £
and k < £, define [L]* := {K C L such that |K| = k}. Assume that when K C L the coefficients
ak 1, do only depend on the cardinals k = |K| and ¢ = |L| of the considered sets, and assume
agr=0if K ¢ S,ie ape=0if k> dy. Then

m(t,XL) = Z OéK,Lm(thK)

KcCL
min(do,?)
= Z Qg Z (t, Xk)
Ke[L)k
min(do,?) min(do,k)
= Z Oékzz Z Oéjkz (t, X.s)
KelL)* j=0 Je[(K)I



Notice that, by a simple combinatorial argument, for j < k,
> Y mex)=(,27) 3 mex))
k—j : ’
Ke[L)k Je[K]I Je[L)

which entails that

min(do,¢) min(do,k) _]
m(t,XL) = Z Z Q. gajk( ) Z m(t,XJ).
k=0 j=0 —J Je[L)d
On the other hand we have
min(do,£)
m(t7XL) = Z Q50 Z m(t,XJ)
j=0 Je[L)

so that for all t, for all j < k,

min(do,f) E*]
STEED DN (A LT

k=j
and the second result holds. O

Remark 2.6 Notice that due to the projection stability property of Proposition any column
of the matrix A can be deduced from the last one by multiplication by a matriz with values in
{0,1}: A 1 = P(L)A.p, where the 24 x 2% matriz P\Y) is defined by its components

) _ [ 1 ifJ=KNLmdKeS$
LK 71 0 otherwise.

for J,K, L subsets of D. Indeed, we have from Proposition [2.1]:

= Z Qg p = Z PﬁﬁgaK,D. (2.13)
KeS,KNL=J Kes

3 Examples

3.1 Elliptical random vectors

Recall [I5] that d-dimensional elliptical distributions are characterized by the fact that their
characteristic function can be written in the following form: for any t € R,

B et Xom] =g (475t (3.1)

for a given function ¢ : R, — R which is called the generator of the distribution, and where p
is the mean of the vector X and ¥ is a non-negative definite matrix. We assume here that the
generator ¢ does not depend on the dimension d of the random vector, i.e. that the elliptical
distribution is consistent in the sense of [I7].

Let us first remark that when one considers a centered multivariate elliptical distribution,
the distribution is fully characterized by all components o;; of the matrix ¥, that is to say by
all bivariate elliptical projections of the distribution (it does not mean that the multivariate
elliptical distribution is the only one having those projections).



It is thus quite natural to analyse, in the case of elliptical distributions, the links between the
matrix ¥ and a given set of submatrices Yk, ,... Xk, , for Kq,..., K, subsets of D = {1,...,d}.
This is easier to do using the matrix ¥ rather than its inverse ¥~!. It thus seems easier to work
with characteristic functions or entropy (which are expressed using X) rather than densities of
cumulative distribution functions (which are expressed using ¥71).

We will try to express the quantity t' ¥t as a linear combination of products t}E kb,
where K belongs to known projections indexes in S.

Definition 3.1 (S-admissible sequence) Let D C N, and S be a decreasing subset of D. A
sequence of coefficients ax p, K € S, is said to be S-admissible if for all matriz ¥, for all t,

tTEt = Z QK. D t;EKt[{ 5 (32)
KCD,KeS

The following Lemma provides a characterization of such coefficients:

Lemma 3.1 (Characterization of S-admissible sequence) Let dy € N be such that 2 <
do < d, and assume that S = {K C D,|K| <dy}. Assume furthermore that for any sets K, D,
ag,p = ag|,|p|- A sequence ag = (ak,d)k<a of coefficients is S-admissible if and only if it can
be written

do
d—k d—2
O‘Ld:_zsk and ak,dzsk/< ), k=2,...,do (3.3)
= k-1 k—2
for some real values sa, ..., Sq4, such that so+ ...+ sq, = 1.

In the particular case where the coefficients are deduced from only two given dimensions, i.e.
if there exists ko > 2 such that s; = 0 whenever i ¢ {1,ko}, we get a particular S-admissible
sequence

d—k
ko — 1

o4 = and (3.4)

Qg = W’ if k = ko and ay,q = 0 otherwise, k =2,...,dp. (3.5)

ko—2
Furthermore, when dy = 2, the only S-admissible sequence is
ajg=—(d—2) and asq=1 (3.6)

Proof. Assume that a is S-admissible, and that ax p does only depend on |K| and |D|. Let
(i0, jo) € D?, io # jo. Isolating the coefficient t;,%;, j,tj, on both sides of Equation (3.2]), we
get

do do
.. d—2
1= E |{K:KCD, |K| Zk‘,{lo,jo} CKHOék)d: E (k—Q)ak?d

k=2 k=2

Denoting s = ak’d(Z:g) for all k, we get ZZ[’ZQ s = 1. Now considering the coefficient
ti, Xig i ti, ON both sides of Equation (3.2)), we get

do do
. d—1
1:;ak7d|{K:KCD,‘K| =k,ip € K} :al’d+k§72 <k_1)ak,d

Now as s, = akyd(gzg) for all k,

do (d*l) do d 1
1= Qi g+ ZS’“% =a1q+ Zskﬁ
k=2 (kfz) k=2 n



Finally, using 1 = Zzoﬂ sk, Equation (3.3) holds. The rest of the proposition are direct appli-
cations of this last equation. O
A direct application of such S-admissible sequence is the following one:

Proposition 3.1 (Elliptical distributions are projective) Consider a d-dimensional ran-
dom vector X having elliptical distribution with mean p, matricx ¥ and invertible generator ¢.
Let D = {1,...,d} and [D)* = {K C D,|K| = k}. Consider that all projections are given up
to a dimension dy, 2 < dy < d, so that S = {K C D,|K|<do}. Then for any S-admissible

sequence og = (01,4, - - -, Qdy.d), the following equality holds
¢ tTEt Zak d Z tKEKKtK . (37)
Ke[D]*

In other words, setting m(t,X) = ¢~1 (E {eitT(X*“)D, and S = {K C D,|K| <2}, we have

X € Fp(S) (3.8)

In particular, when dy = 2 (i.e. starting from all bivariate projections), the admissible sequence
isor,g=—(d—2) and agq = 1.

Proof. By definition, for any S-admissible sequence, t' Xt = 220:1 Q.d ZKe[D]k t S rrti.
One can also check that the functions m are suitable characterizing functions satisfying As-
sumption [2.1| with a = 0 and mg = ¢~ (1) = 0. Hence the result. O

Remark 3.1 (Matrix A in the elliptical case, dy = 2) Consider the elliptical case with dy =
2. Then we get by Lemma[3.1},

0 ifJ ¢ L,
ajr=4 —(|L|—2) if|J|=1andJCL,
1 if|J|=2and JC L.

In particular, if d =3 and D = {1, 2,3}, the matric A= (aj1)scp,LcD S

1 00:0 0 0:-1

01000 0-1

00 1:00 0!-1
A=|000T T 0 0T, (3.9)

00 0:0 1 0! 1

00 0:00 1! 1

_”0’"6”0"f0’"6”bﬁ[’6”;

where the seven raws and columns correspond to successive subsets of D:

{1}, {2}, {3} {12}, {1,3}, {2,3}, {1,2,3}

As mg = 0 in the elliptical case, it is not necessary to compute the coefficients ayp for J =0
or L =10 (see Remark . One easily check that we can apply Proposition to deduce that
A is idempotent, which can also be verified by hand in this example.
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3.2 Vectors built from bivariate exponential distributions

Consider a random variable X distributed in R‘i. Let D ={1,...,d} and define
m(t,X) =~ (P(X; > t;,i € D)) . (3.10)

where v is a decreasing bijection from R, to (0, 1], such that (0) = 1 and that derivatives of
1 exist up to the order d. Denote by /! the inverse function of 1. It is clear that the function
m satisfies Assumption with constant a = +oo and mg = m(t,?) = 0. The function m is
thus a suitable characterizing function.

Now consider the decreasing set S = {J C D, |J| < 2}, and assume that m belongs to the
class Fp(S) in Definition each multivariate distribution is assumed here to depend only on
its bivariate projections. Assume furthermore that the associated coefficients ok in Defini-
tion[2.1} J C K, do only depend on cardinals j = |J| and k = |K], so that oy x = aj .

When all bivariate projections P(X; > t;, X; > t;) are given for all i, j € K, K C D, then a
direct application of Remark gives the shape of the candidate multivariate survival function.
As an example, assume that following bivariate survival functions are given:

P(Xi > 1, Xj > tj) = w(ﬁltl + Gjtj + aid‘titj) R

for some given non-negative parameters 6;, 6; and 0; ;, i, j € D. Due to Remark if a valid
multivariate distribution belongs to the class Fp(S), then its survival function must be written

Fr®)=¢ [ -(k=-2) > mtX)+ > mtX,) |,

JCK,|J|=1 JCK,|J|=2

Notice that m(t, X ;) = 0it; and m(t, Xy; ;1) = 0it; +0;t;40; jt;t;. Now using Z{i,j}cx(eiti +
(gjtj) = (k — 1) Z{i}CK eiti we get

FK(t)Z’L/J Z 0;t; + Z ei’jtit]‘ . (3.11)

{i}CK {i,j}CK

The following Proposition shows that under some sufficient conditions this expression is a proper
multivariate survival function.

Proposition 3.2 The following three conditions ensure that, for any fized subset K, Fi(t) is
a proper multivariate survival function:

(i) ¥ and its derivatives goes fast enough to zero, i.e. hI—P (™ () = 0.
Tr—r+00

(i1) ¢ is k-monotone, where k := |K|,

(1i1) for all distinct i,j in K, 0; ; € [0, 6;0,py k],

=) (g
Tk | 9D (@)

k—2r+2) .

where py i = and i = 5 (775

inf
z€RT,r<k/2,r odd
For example, if |K| = k = 3 and ¢ (z) = exp(—z), then ¢ is a k-monotone function satisfying
condition (i) and (ii). It also satisfies (iii) with coefficient py x = %, and the function F defined
in Equation is a valid multivariate survival function if 6; ; < 6;0,/3 for all 4, j € K.
Proof. We have

Fr(t) = | D Oiti+ Y 0ijtit; | =(Q(t)),

{i}CK {i,j}CK
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with
S0t Y 0 tit; .
{i}CK {i,j}CK

Let us consider without loss of generality K = {1,...,k} and t = (¢1,...,%;). Let us define

ok _
t) = (—1)F ————— Fx(t).

fe®) = (-1 5 ()

If fk is a non-negative function whose integral is one, then it will be the density of a random

vector, and Fk (t) will be a proper multivariate cdf.

Positivity Let us first establish conditions under which fx is a non-negative function. The
multivariate Faa Di Bruno’s formula gives

fe®) = C1F Y 0@ - I] a'B‘Q (3.12)

mwellx Ber HJGB

where Il is the set of all partitions of K. B € 7w means that B runs through all non-empty
blocks of a considered partition 7. In the following, we will write %Q(t) = %(%Q(t), and
0p =0, ;, where B = {i,j}.

Notice that 9'P!Q(t) is 0 when |B| > 3. Thus the only partitions 7 involved in the calculation
contain blocks of 1 or 2 elements only. Hereafter, we denote by II% the partitions in IIx that
contains exactly r distinct blocs of size 2. For a partition 7 € Il these r blocs will be denoted
BT,...,Bl. Such a partition 7 € II%, contains r blocs of size 2 and k — 2r blocs of size 1, so
that |7| = k — r. Thus we get (with the convention H?:l =1)

Lk/2]

ZOSISUD D SEECIOR | KL

r=0 mwelly i JEK\U;BT

If v is k-monotone, 1*~7) = (=1)k—" |1/)(”*7”)|, and setting NV, = {0,..., k/2]},

=> > \ww—w@@»\-g(—igﬁ) 11 8?5)-

reN, mellf, JEK\U; BT

One can write fx(t) = >, cp; £(r). Assume that all §; > 0 and ¢; ; > 0, 4,5 € K. Under this
assumption, one can check that, when r is even, {(r) > 0. As a consequence,

d = D ) +Er—1)].

reN reNy,r odd

Let us try to simplify £(r) +&(r —1). First remark that for r > 1, [II%| = ( ). (k_z(;_l))/r! =

277k!/(k — 2r)Ir!, and [T | = v, [T |, with 4y, = 1 (k 2r+2). Let us write &(r) = ZT&'EH;( 2(By,. ..

2
The term &(r — 1) can be written

Z 2(BT,...,B —’y,” Z (BT,...,Bl_{).

remy! el
and thus
) +Er—1)= > [2(Bf,.... BY) =i b2(BL,. . BLy)| -

mellf
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As a consequence, a sufficient condition to ensure that fx(t) > 0 is that: for any B = {i,j},
for any odd r, for any t,

aQQ(t) (k—r)
Ot v

Q)|+t [ Q)

Thus the sufficient condition to ensure the positivity of fx (z).

Absolute continuity Let us now check if the integral of fx is summing to one. If so, Fg
would be a valid absolutely continuous distribution, without singular component. First assume
that for all integers n < k — 1,
i () () =
xEI}rloo zp\"™(x) =0. (3.13)
Recall that F(u) = 1(Q(uy,...,u)). We now make use of the multivariate Faa Di Bruno’s
formula as is Equation (3.12). Seen as function of u,,, the derivative of F(u) with respect to
Ukt1,- .., Ug Writes as a sum of terms 1) (auy, + b) - P(uy), where P is a polynomial of degree
at most 1 and a, b some real values. Thus under chosen assumption,
o _

li — F =0. 3.14
uni{r—il-oo 8un+1 - Oug K(u) ( )

first show that for any u € R” for all integer n < k — 1,

o" _
li — F =0. 1
B ey T K(u) =0 (3.15)

As a consequence, one can show by recursion that in this case

_ +0oo +0o0 o _
Fr(ty, ... 1) = Y Fr(ugs. . ug)dug - duy . 3.16
K (1, te) /tl /tk Bur D KUty .o ug)dug - dug (3.16)

Using the fact that Fi (0,...,0) = 1, we conclude that the derivative function fr is non-negative
and is integrating to one on the whole domain Ri. Under chosen assumptions, it thus defines
a proper probability measure and F is a valid multivariate survival function. O

Acknowledgment

This paper was written during an invited stay of the authors at the Vietnam Institute for
Advanced Study in Mathematics (VIASM). The authors warmly thank the VIASM institute for
his support.

References

[1] Aas, K., Czapo, C., FRIGESSI, A., AND BAKKEN, H. Pair-copula constructions of
multiple dependence. Insurance: Mathematics and economics 44, 2 (2009), 182-198.

[2] ACAR, E. F., GENEST, C., AND NELEHOV, J. Beyond simplified pair-copula constructions.
Journal of Multivariate Analysis 110 (2012), 74 — 90. Special Issue on Copula Modeling
and Dependence.

[3] BAXTER, J. R., AND CHACON, R. V. Potentials of stopped distributions. Illinois J. Math.
18, 4 (12 1974), 649-656.

13



[4]

[16]

[17]

[18]

[19]

BrReEcHMANN, E. C. Hierarchical kendall copulas: Properties and inference. Canadian
Journal of Statistics 42, 1 (2014), 78-108.

COHEN, L. Probability distributions with given multivariate marginals. Journal of Math-
ematical Physics 25, 8 (1984), 2402—-2403.

CuaDRrAS, C. Probability distributions with given multivariate marginals and given de-
pendence structure. Journal of Multivariate Analysis 42, 1 (1992), 51 — 66.

DALL’AGLIO, G., KOTZ, S., SALINETTI, G., AND UNIVERSITA DEGLI STUDI DI ROMA " LA
SAPIENZA.” DIPARTIMENTO DI STATISTICA, P. E. S. A. Advances in Probability Distribu-
tions with Given Marginals: Beyond the Copulas [; Lectures Presented at a ”Symposium on
Distributions with Given Marginals” Organized by the Dept. of Statistics of the University
La Sapienza, Rome, Italy, Held in Rome in April 1990]. Mathematics and Its Applications.
Springer Netherlands, 1991.

DI BERNARDINO, E., AND RULLIERE, D. On an asymmetric extension of multivariate
archimedean copulas based on quadratic form. Dependence Modeling 4, 1 (2016), 328-347.

DoLAaTi, A., AND UBEDA FLORES, M. A method for constructing multivariate distri-

butions with given bivariate margins. Brazilian Journal of Probability and Statistics 19
(2005), 85-92.

GENEST, C., QUESEDA MOLINA, J. J., AND RODRIGUEZ LALLENA, J. A. De
I’impossibilité de construire des lois marges multidimensionnelles données partir de cop-
ules. Comptes rendus de I’Académie des sciences. Série 1, Mathématique 320, 6 (1995),
723-726. fre.

GUTMANN, S., KEMPERMAN, J. H. B., REEDS, J. A., AND SHEPP, L. A. Existence of
probability measures with given marginals. Ann. Probab. 19, 4 (10 1991), 1781-1797.

JOE, H. Parametric families of multivariate distributions with given margins. Journal of
Multivariate Analysis 46, 2 (1993), 262 — 282.

JoE, H. Multivariate extreme-value distributions with applications to environmental data.
Canadian Journal of Statistics 22, 1 (1994), 47-64.

JOE, H. Families of m-variate distributions with given margins and m(m — 1)/2 bivariate
dependence parameters, vol. Volume 28 of Lecture Notes—Monograph Series. Institute of
Mathematical Statistics, Hayward, CA, 1996, pp. 120-141.

JOE, H. Multivariate Models and Multivariate Dependence Concepts. Chapman &
Hall/CRC Monographs on Statistics & Applied Probability. Taylor & Francis, 1997.

JoE, H., L1, H., AND NIKOLOULOPOULOS, A. K. Tail dependence functions and vine
copulas. Journal of Multivariate Analysis 101, 1 (2010), 252-270.

KaNO, Y. Consistency property of elliptic probability density functions. Journal of Mul-
tivariate Analysis 51, 1 (1994), 139 — 147.

KELLERER, H. G. Distribution functions with given marginal distributions (german:
Verteilungsfunktionen mit gegebenen marginalverteilungen). Zeitschrift fr Wahrschein-
lichkeitstheorie und verwandte Gebiete 3 (1964), 247-270.

L1, H., SCARSINI, M., AND SHAKED, M. Linkages: A tool for the construction of multivari-

ate distributions with given nonoverlapping multivariate marginals. Journal of Multivariate
Analysis 56, 1 (1996), 20 — 41.

14



[20] L1, H., SCARSINI, M., AND SHAKED, M. Dynamic linkages for multivariate distributions

with given nonoverlapping multivariate marginals. Journal of Multivariate Analysis 68, 1
(1999), 54 — 77.

[21] MARcoO, J., AND Ruiz-Rivas, C. On the construction of multivariate distributions with
given nonoverlapping multivariate marginals. Statistics €& Probability Letters 15, 4 (1992),
259 — 265.

[22] McNEIL, A. J. Sampling nested archimedean copulas. Journal of Statistical Computation
and Simulation 78, 6 (2008), 567-581.

[23] RUSCHENDORF, L. Construction of multivariate distributions with given marginals. Annals
of the Institute of Statistical Mathematics 37, 1 (1985), 225-233.

[24] SANCHEZ ALGARRA, P. Construccién de distribuciones con marginales multivariantes
dadas. Qestii 10, 3 (1986), 133-141.

[25] SKLAR, M. Fonctions de répartition ¢ n dimensions et leurs marges. Université Paris 8,
1959.

[26] SPANIER, E. H. Algebraic topology, vol. 55. Springer Science & Business Media, 1994.

15



	Introduction
	Projective class of random vectors
	Examples
	Elliptical random vectors
	Vectors built from bivariate exponential distributions


