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EXISTENCE AND CONVEXITY OF LOCAL SOLUTIONS
TO DEGENERATE HESSIAN EQUATIONS

GUIJI TIAN AND CHAO-JIANG XU

AssTrACT. In this work, we prove the existence of local convex solution to the following
k—Hessian equation

Sklul = KO8y, u, Du)
in the neighborhood of a point (yo, ug, po) € R* X R X R", where g € C*, g(yo, uo, po) > 0,
K € C* is nonnegative near yo, K(yo) = 0 and Rank (DZK)(yo) = n—k + 1.

1. INTRODUCTION

In this work, we study the following k-Hessian equation :
(1.1) Silul = f(y,u, Du),

on the open domain Q ¢ R"” with 2 < k < n, where f > 0 is defined on Q X R X R" with
f(vo, uo, po) = 0. When u € C?, the k-Hessian operator S [u] is defined by
Silul = S (D) = AP W)l = > M. Ay,
1<iy <ig...<ix<n

where S ;(D?u) is the sum of all k-order principal minors of the Hessian matrix (D?u), and
A(D?u) = (A;(D?u), ..., A,(D?u)) are the eigenvalues of the matrix (D?u). One origin of
k—Hessian operator is from Christoffel-Minkowski problem, see [4, 5, 6] and references
therein, another one is from calibrated geometries in [9]. The background of k—Hessian
operator in terms of differential geometry can also be found in Section 4, [12].

When f > 0, the solutions « of (1.1) is considered with A(D?u) in the so-called Garding
cone :

Ii(n) ={A1=1,4,...,4,) eR"; () > 0,1 < j< k).
If f > 0, the equation (1.1) is called degenerate, in this case, we consider the solutions
with
AD?u) € Ty(n) = {A€R"; 07j(1) 20,1 < j <k

A function u € C? is called to be k-convex, if A(D*u) € T(n). The n-convex function is
simply called convex.

The convexity of solutions of (1.1) is an important problem in the field of geometries
analysis, including usual convexity, power convexity, log-convexity, or quasi-convexity.
For example, in the study of Christoffel-Minkowski problem (see [4, 5, 6]), an important
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subject is to prove the existence of a convex body with prescribed area measure of suitable
order, this is equivalent to prove the microscopic convexity principle (constant rank theo-
rem) for some k-Hessian type equation on the unit sphere S”. There is also a strong connec-
tion between convexity properties of solutions to elliptic and parabolic partial differential
equations and Brunn-Minkowski type inequalities for associated variational functionals,
see [3, 13, 14, 15].

The microscopic convexity principle, with applications in geometric equations on man-
ifolds, has been established in [2] for the very general fully nonlinear elliptic and parabolic
operators of second order. For the k-Hessian equation with k = 2, n = 3, the power convex-
ity for Dirichlet problem of equation (1.1) with f = 1, and log-convexity for the eigenvalue
problem have been studied in [13, 14], see also [15]. The above convexity results are es-
tablished on two facts, one is that the equations are elliptic, another is that the existence of
classical (at least C?) solution has already known. However, in many important geometric
problem, the associated k-Hessian equation is degenerate (see [8]), and for the degenerate
elliptic k-Hessian equation, one can only prove the existence of C"! solution for Dirichlet
problem ([11]).

In this paper, we study the convexity of solution with following definition: for a convex
domain E, the function v € C(E) is said to be strictly convex if

vity+ (1 -0z <tv(y)+ (1 -tv(z), 0<t<1, y,z€E, y+#z

Which, in case v € C*(E), is equivalent to

n 1 1 2
12 20i-200;-2 I, | 35 Gt mnduds >0
with x(s, 1) = (s + (1 — $))y + (s(1 — @) + (1 — s)(1 — 1))z, this shows that the positive
definiteness of Hessian matrix (D?v) is a sufficient condition for the strict convexity, but
not necessary.

However if u € C? is a k-convex solution of Si[u] = f(y) > 0 with 2 < k < n and
f(o) = 0, then Sy i[u](yp) > O will never occur, so that there are two possibilities: 1)
S+1[ul(yo) < 0, in this case, u is not (k + 1)-convex; 2) Si+1[u](yo) = 0, in this case, it is
shown in Theorem 1.1 of [18] that, if Si[u](yo) = Si+1[ul(yo) = O, then S;[u](yy) = O for
k < I < n. In particular, if f = 0, since the case S [u] > 0 will never occur, then either
Sk+1[u] < 0 in some open subset of Q or Sy1[u] = 0 in Q itself, in the former case u is not
(k+ 1)—convex and let alone strictly convex; in the latter case, S;[u] = 0 for k < < n, then
the graph (y; u(y)) for k = 2 has the vanishing sectional curvature and must be a cylinder or
a plane, see [16] and [19], meanwhile the graph (y; u(y)) for k > 2, by Lemma 3.1 of [7],
is a surface of constant nullity (at least) n — k + 1 and then is a (n — k + 1)-ruled surface.
Therefore if f = 0, the solution u to (1.1) is not strictly convex (at least) along the rulings.

Motivated by above analysis, in this work, we study the local solutions for the following
equation, 2 < k < n,

(1.3) Sylul = K(y)g(y, u, Du),
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with the following assumptions

K € C* is nonnegative in a neighbourhood of yy € R”,
(H) K(yo) = 0, Rank (D*K)(yo) = n—k + 1,
g € C* near Zy = (o, Up, po) and g(Zy) > 0.

This assumption is independent of coordinates. Our main Theorem is :

Theorem 1.1. If K, g satisfy the assumption (H), then for any s 2 2[5] + 5, the equation
(1.3) admits a strictly convex H*-local solution in a neighbourhood of yo € R”.

Remark that u = % Zf':_ll yi2 + % y*is a strictly convex solution of the following Monge-

Ampere equation :
det D*u = y?2.
But the Hessian matrix (D?u) is not positive definite at origin.

This article is arranged as follow: In Section 2, we will introduce the idea of how to
construct convex local solution in terms of K(y). In Section 3, we will construct the first
order approximate solution (y) which is strictly convex. The Section 4 will be devoted to
proving the degenerate ellipticity of the linearized operator of S¢[u«] around ¢. In Section
5, we will use Lax-Milgram theorem to prove the existence of H%-weak solution and their
a priori H*-estimates. In Section 6, we will prove the existence of k-convex solution by
the Nash-Moser-Hormander iteration procedure. In section 7, we will prove the strict
convexity of the local solution obtained in Section 6. Section 8§, as an appendix, is devoted
to the estimates of eigenvalues and eigenvectors for a matrix after a small perturbation, the
conclusion of which is a generalization of Lemma 1.1 of [10].

2. SCHEMA OF CONSTRUCTION OF CONVEX LOCAL SOLUTIONS

The assumption (H) is independent of coordinates. Now we choose special coordinates
under which the leader term of the solution can be explicitly expressed. Since the degen-
eracy is come from the term K, for the simplicity of notations and also computation, we
suppose that

(B) g =1, Rank (D’K)(yo) =n—k + 1.
By a translation y — y + yo and a change of unknown function u — u — u(yo) — Du(yo) - y,
we can assume Zy = (0,0, 0). On the other hand, the solution is searched for locally, that is,
we assume without loss of generality that K(y) is defined in some neighborhood of origin
and

n

@1 Ko = D eyt + 0P
Jj=k

where 2¢; > 0, k < j < n are the positive eigenvalues of (D*K)(0). In order to describe the
“localness”, small £ > 0 is introduced by the change of variables y = £%x, we fix a domain

Q — Q;r X an c Rk71 X Rn*k“’l
with g > 0 being chosen small later and x" = (xy,- -+, x%—1), X" = (X, -+, Xn),

n
Or =¥ eRV Il <m 1 <i<k=1), Qs =" eR™ 3 P < &}).
i=k
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We will determine some &, > 0 and study the equation (1.3) in the following form

(2.2) Silul =K in Q, ={y=gxixe Q)

with

(2.3) Ro) = (1= x5 Y et + x(e7 KW,
i=k

where y(x") € C7(Qy) is a cutoff function equal to 1 if |x’| < 7, equal to zero if |x'| > 7,
and 0 < y < 1. The local solution of (2.3) is also the one of (1.3). The aim of introduce
of function y(x’) is to guarantee the periodicity with respect to variable x” for nonhomo-
geneous terms and the coefficients of all the linearized equations, which is important and
convenient for existence of solution because the linearized operator Lg(w) of (4.1) may be
degenerate in the direction x’.

We will construct the local solution of equation (2.2) in the following form

(2.4) uy) =

N —

k-1 ) 0
Z‘z'jyj+P(y)+82w(s ¥).
=1

So the construction of solution is by three steps:

1) Solutions of the homogeneous equation

Lett= (1, -+ ,7%1,0,---,0) with 7y > --- > 14,1 > 0, then the convex function
=
2.5) o) =3 D T
j=1

satisfies the homogenous equation S;[¢] = 0, and the linearized operators
(2.6) L= 0410
j=1

is degenerate elliptic with
k=1
Or-1,j(0) =0,1<j<k—1; 04-1,j(7) = 0p-1(7) = 1_[‘1', >0, k<j<n.
1=1
We have also Sy1[¢] =+ = Sule] = 0.

Remark that, in [17, 18], we choose T € dl'x(n) with o41(7) < 0, so ¢ is not (k + 1)-
convex. In this case, the linearized operator (2.6) is uniformly elliptic. But in this work, we
want to construct the local strictly convex solution, so we can’t do that choice. On the other
hand, the function ¢ defined in (2.5) is only weakly convex, so it is difficult to guarantee
the convexity after a perturbation.

2) Approximate strictly convex solution
Using the assumption (H) on K, we construct a function P such that

1 k=1
@.7) vo) = 5 ;} Ty} + PO)

satisfies
Syl = K + 0(1)s?,
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and y is strictly convex on ,,. The construction of the function P is algebraic by using
the assumption (H) of K.

3) Nash-Moser-Hormander iteration
We construct finally the smooth function w such that the function u defined by (2.4) is
a local solution of equation (2.2). We use the Nash-Moser-Hormander iteration procedure:

(2.8) { Wwo =0, Wie1 = wy, + Smpm

LG(Wm)pm + emApm = 8m> in xe€Q.

where {S,,} is a family of smoothing operators,
1

29) g = ~Glm) = — [$10 + &% wn(e ™) = K], 6 = supIGOum)| = lgnlli=,
&2
and
o OS (r(w))
L = ——=20;0;,
(W) Z o, j
i,j=1

where

k=1

r(w) = | ) 616 + Pij(e?x) + &7 wij(x)
=1 1<i,j<n

The procedure is to prove the existence and the convergence of the sequence w,, — w in

some Sobolev space with 6,, — 0 which imply that the function u defined in (2.4) by w

is a local solution of equation (2.2). We also need to prove that the perturbation doesn’t

destruct the strictly convexity of ¢ constructed by (2.7).

Remark that the linearized equation is degenerate elliptic, so that there is a loss of the
regularity for the a priori estimate of solution p,,, but the coefficients of linearized operators
depends on D*w,, so that we need to smoothing the solution p,, to continue the iteration
(2.8) for m € N. This is quite different from the procedure of iteration used in [18] where
the linearized equation is uniformly elliptic.

3. THE FIRST ORDER APPROXIMATE SOLUTIONS

Since K(y) attains its minimum O at origin, the critical-point theorem implies VK(0) =
0. Then we have

Proposition 3.1. Suppose that K(y) satisfies assumption (H) and (2.1), then we have the
following decomposition

K0) = K000+ 2 3 EK i 07 4 Ry
y_ y’ Z[Zkaylzy’ yi y

where K(y',0) vanishes at y’ = 0 up to order greater than four and

0K 1 - 0K , e
R(y)—;a—yi(y,O)y[—i-z > 6yiayj()”0)Yiyj+0(l)|y .

i, j=k,i#]
In particulary, for y = &2x, x € Q, we have

R(y) = O(1)°.
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Formally, if u € C*! is a solution to (1.3), by Taylor expansion

n

(3.1) u) = Y uiiOyiy; + olyl)

ij=1
substituting (3.1) into (1.3), we see that,

SKD"u(0) = 8 1(u;(0)) = lim S (Duy)) = K(0) = 0.

Therefore, a smooth (at least C>!) local solution to (1.3) is a solution of S[u] = 0 plus a
small perturbation o(|y[*). So we wish to construct the first order approximate solution as

following form
k=1

1 2
Y(y) = 3 21 7,y; + P(y)
with 7y > 15 > ... > 141 > 0, such that

Syl = K + 0(1)e?,

which is difficult to arrive at. Our observation is that o_;(7) Z;:k P;;(y) is the main part
of S[y], so we only need to find out P(y) to satisfy the weaker version

Ti1(D) ) Py) = K = x(6)R().
=k

This is our trick how to construct P(y), let

1 n
PQy) = 2K, 0 :
0= 30T Do N YKo );y,
1 v [PK 4
S ' 22G,0) = 2¢ |y
3.2) S y)lzk:( ay?(y ) c)y,
1 n c: n n
+— L —da(n-k)|y!+a 22
12 ; [O'k—l(T) Y jzz,;i:%:‘tjy Vi
where
(3.3) 0<a< : min { —
' O 16—k + 40—k + 1) ksyen | 2000 (0 |

Remark 3.2. Taking a example, K'(y) = K'(y") = 3, c;y?, then

yi+ aZn: Z Nyt

=k i=k,i#]

Ci

1 n
PO) = PO = o5 Z;‘ [(rkl o~ da=b

We have
a1 (D ) PLOY) = K67,
=k
and the strictly convex function /' (y) = % Zf-: 11 T,-yl.2 + P'(y") satisfies
Skwh =K'+ oy .

The direct calculation give
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Proposition 3.3. Let P(y) be defined in (3.2), then

o-1(1) Xy Pjj) = K = x(e72Y)R();
(3.4 P;;(y',0)=0lYI*, k<j<n,
Pij(y) =8ayyy;, i#j, k<i j<n,

and
3.5) Pj(y) > 4aly’P, k<j<n.

For small |y|, the minor matrix (P;j)k<i j<n is strictly diagonally dominant, more explicitly,
for fixed k < jo < n,

n
(3.6) Pjojy) = 20l + > 1Py, ).

i=k,i# jo

Proof. From (3.2), we obtain, for fixed k < j < n,

— 1 -2 ’
Pji(y) = T 1)U](_I(T))((s YIK(',0)

1 6°K
2
2 ayj

1 2.7 ’ 2
(3.7) + O_k_l(T)X(S y )[ 0",0) - Cj})’j

n

y§+4a/ Z yiz.

i=ki#

S datn—k
+[0'k1(‘f)_ o~ k)

By (3.7) we have

n S, ) 1 n 62 K , n
71D D P = x(&7%y )[K(y 0+5 ) 520 ,o>y?) + et

=k i=k 9V =k
which proves the first equality in (3.4). Since K(y’,0) vanishes up to order greater than
four, we have

(v = 1 -2/ ’ _ 714
P00 = o Ve K00 = 0T,

then the second equality in (3.4) is true. The third equality in (3.4) is obvious.
Now we return to (3.7) for P;;(y). Since K(y’,0) > 0, employing (2.1), choosing small
[y’| and then taking « to satisfy (3.3), we have

n

Vi+da D07

i=k,i#j

J
ij(y) > m —da(n-k)
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which implies (3.5). By virtue of inequality above , for fixed jy with k < jy < n, we obtain
by Cauchy inequality,

n

Pioin) 2 [ ( s —dai= b, +4a >
i=k,i# jo
1 Cj
>2aly’|* + — —L— —da(n-k+ D5 +2ay;
aly”| n—kl ;J [[ZO'kl(T) a(n )]y,o ay;
>2aly"|” + |y,y,0|\/ ( —4da(n—k+1)]
i= kz#/o Ok-1{T

>2aly"" + Z Balyiyj,| = 2aly"* + Z 1Py )]

i=k,i# jo i=k,i# jo

so the minor matrix (P;;)i<i,j<n 18 strictly diagonally dominant and (3.6) is proved. O

We will construct the solution as a perturbation of the strictly convex function ¥(y) in
the following form,

k—
(3.8) u(y) = o + e w(e2y) = % ; 24 POy) + &7 w(e ),

see (2.4), where w(x) is a smooth function to construct.
By a change of variable x = &2y, the Hessian matrix of u defined in (3.8) is

(3.9) (D*u)(&*x) =1 = [Z 8I8hT) + Pyj(e™x) + sgw,-j(x)] .

We study firstly the minor matrix ri_; = (7;j)1<; j<k-1 Which is real-valued and symmetric,
then there is an orthogonal (k — 1) X (k — 1) matrix Q such that

O(x, &) Tiy 'O(x, &) = diag(A,(x, &), . ..., A1 (x, €)).

Let
- £
0 Ligs1n-k+1

then

/ll 0 e 0 ik N Fin

0 /12 . 0 .k e Fopn

t
Ql‘ Q: 0 0 /lk—l Tk=1k v+ Tk=1n|>
k1 rk’2 Tk k-1 Tk k Tk
r,,,l }",,72 . rn,k_l rn,k . rn,n

where all terms r;; in the above matrix is in the form

(3.10) rif(X) = Pij(€2%) + £3 wi(x).



DEGENERATE HESSIAN EQUATIONS 9
Noticing the existence of y(72y’) in P(y), we have
Pii(e*x, &8x") = O P + O, 1<i,j<k-1,
applying Lemma 8.1 to the minor matrix r;_;, we obtain that
(3.11) L=1+00De, A >L>... 4% >0,
for £ > 0 small enough.
Lemma 3.4. Let r be defined in (3.9), then Si(r) = © + @ + @ with

k-1

D =01 A1y v o, )TV T -+ s i) = X Ximg Tk=1,j (Ao /lk—l)rjz-i

@ = 0oy, A1) [0'2(ka, ceesTun) = Ding Dot ”f,-] + O(X pustiist 1Fmil®)
k-1 3

@ =23 0k j( A1y A1) O o rnil®) + O(E izt 1Fmil?),

where i = rim = O(e* form > kyi > 1.

Proof. Since S(r) is invariant under orthogonal transform, then S;(r) = S (Qr'Q). By
virtue of (3.11), we can separate S ,(Qr' Q), which is the sum of all principal minors of order
k of the Hessian (Qr'Q), into three parts : @ are the minors containing o_1(A1, ..., A1) =

f.‘z_ll A;; @ are the ones containing all of the elementary symmetric polynomials of (k —
2)—order in Ay, - - , A4_1; @ are the ones containing all of the elementary symmetric poly-
nomials of order < k —3in Ay,..., 4;_;. O

Proposition 3.5. We have for any w € C*(Q), the function u defined by (3.8) satisfy
(3.12) S uly) = K + 0(1)e?,
with O(1) depends to ||w||c2, where K is defined in (2.3).
Proof. By (3.10) and (3.11), we have
Tr1( A1y Apmr) = T (T) + O(DE*.

Noticing that r;; = P,-j(szx) + sgw,-j(x) fori > kor j > k, we obtain S;(r) = @+ @+ ®
with
D = [0 + O] Ty ru(€x) = Ty T2 01, (Ao, A1) (E70)
= 041 (7) 2iy ru(€x) + £80(1) = 41 (1) Thy Pu(e?x) + £30(1)
@ =02 A1) Dty tyzn (T (E2 07151, (£23) = 17, (£23))
+0(ri3l(82x)) =80(1)
® = O(|ri31(52x)|) = &20(1).

Therefore,

Sk1) = 01 (1) ) Pjyehx) + O(1)e?,
=k

from which, using (3.4) and recalling y = £2x, we obtain (3.12). ]
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4. LINEARIZED DEGENERATE ELLIPTIC OPERATORS

By the construction of Section 3 and Proposition 3.5, we have

1 - 1 9

4.1 Gw) = — {Sxw) - K} = = {0(De} = o(1),
E?2 £2

So that for any w € C2(Q),

4.2) A(w) = sup |G(w)(x)| < +o0

xeQ
uniformly with respect to €, and then (4.1) is well-defined for 0 < € < gy << 1.
The linearized operator of G at w is

Low) = ) SJw)did;,
i,j=1
where

iy 08k, 0Sk(r)
4.3) Siw) = oy (w) = o,

(w).

Since the matrix (S ;(j )(w) and r is simultaneously diagonalizable, see [20], that is, for any
smooth function w, we can find out an orthogonal matrix 7'(x, ) satisfying

@ T(x,8)(S) 'T(x,e) = diag| 22ee) dniee) | doideo) |
T(x,o)r 'T(x, &) = diag [11(x, &), 1a(x, 8), ..., Au(x, E)],
where T;(x, €) is the corresponding unit eigenvectors of 4;,i = 1,2,...,n.
The linearized operator Ls(w) is not guaranteed to be degenerately elliptic, because
(A1(x, &), Aa(x,8),...,A,(x,€)), as a result of the perturbation by sgwi j(x), may be not in

T;. We have

Proposition 4.1. Assume that |wllc2q) < 1, then the second order differential operators
Lg(w) + 6A

is a degenerate elliptic operator if € > 0 is sufficiently small, where 0 is defined in (4.2).

Proof. By the definition of degenerate elliptic operator, we have to prove

A=0+ > SJeg; >0, forany ¢ €R"

ij=1
which is equivalent to prove,
A =0 +(S))'TE 'TE) = 6F* + (T(S}))'TE & > 0, forany & e R",

where T is the orthogonal matrix in (4.4), then

k-1 n
(4.5) A= 08P + ) oA eDE + ) ou (A, eNE
i=1 i=k

k-1

Since for small &, we have o1 (A(x, £)) = [T}

to prove

7;+0(e) >0, k <i <n, we only need

(4.6) 0+ 0 1(Ax,8) >0, 1<i<k-1.
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If o (A(x, €)) > 0, together with the fact o ;(A(x, €)) = (11, T2, ..., Ta=1) + O(g) > O for
1 < j<k-1,then A(x, &) € T which yields

Ok-1i(A(x,8)) =20, 1<i<n.

It is left to consider the case o (A(x, €)) < 0, in which case, since K > 0,
6 = 6(w) = max |G(w)|
xeQ

1 - 1
= max —|o(A(x, &) — K| 2 ——0(A(x, &)).
xeQ & E

Now we prove (4.6) for i = 1 with o4_; (1) < 0, the other cases can be proved similarly.
By the definition of G(w) and 0 (1) = 4;0k-1,1(1) + 0% 1 (D),
o1 () = o1 (D)
A1
20'k(/1) = o1(A) _
A

6+ 20'1(_1,1(/1) =60+2
4.7)

1 1 2 2
> — —o(D) + (== + =)o) — — 01 (D).
& e A A

Under the assumption 04— (1) < 0 and o%(12) < 0, we will distinguish two cases.
Case 1. If 0 1 (1) < 0, we have by (4.7)

1 2 2 1 2
0+ k-1, > 0+ ZO'k—l,l > (—— + —)or() - —O'k]](/l) >(——+ —)or() >0
e A4 A e A

provided ¢ is small enough.
Case 2. Next it is left to consider the case in which

o) <0, o 1(D) >0, op1,1(AD) <0

hold simultaneously. Using Newton’s inequalities for (n — 1)-tuple vectors

(k= 1)(n - k)

T 1(D)ok-2,1(4) < K —k+ 1) [o%- 11 (D, A€R"

and the fact
k-1

T2 = [ |7+ 0@ >0, o) = 0),
i=2
we obtain )
- - 114
0<oy < (k= 1)(n = k) [ok-1,1(D]
’ k(n—k+ 1) O'k_z,l(/l)
Back to (4.7), using o (4) < 0, then for £ > 0 small, we have

<10(©)Tk-1,1 (D).

1 2 2 2
0+ 20411 2 (—; + —) o (D) - /l_lo'k,l(/l) > _/l_lo'k,l(/l) = —|0(&)Ti-1,1(AD],

A
which yields
0+ 0k-11 260+ 20411 +10(E)T)-11 (D] =0
provided € > 0 small enough. Proof is done. O

Equality (4.5) shows that the operator L;(w) + 6A may be degenerate elliptic in the
directions of (&, --- ,&~1) and is uniformly elliptic in the directions of (&, - ,&,) after
the orthogonal transform 7 (x, £) which is a perturbation of unit matrix, so we can impose
the Dirichlet boundary condition on dQ;, (the x” direction), but we can’t do that on 0Q,
(the x” direction). Instead of treating a Dirichlet boundary value problem, we shall prove
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the existence, uniqueness and a priori estimates of the solution, which is periodic with
respect to x’, to the degenerately linearized elliptic equation

4.8) Lo(w)p +0Ap = g,in Q;
’ o(x’, x") is periodic for x' € Q, and p(x’,x”") =0 for x”” € dQs,,

in some suitable Hilbert space defined below, this idea is inspired by Hong and Zuily [10]
where they consider the case case k = n. We introduce the space H*(Q2) (s is an integer),
which is the completion of the space of trigonometrical polynomials

- T e
=(ly,lp,....Jx—1 )EZF!

with the (complex-valued) coefficients @, subject to the condition @ (x”) = a_/(x") €
C™(Qs,), with respect to the norm

k=1
lollt = D > L+ ) Dl
1

t+j<s feZ+-1 i=

where H/(Qj,) is the usual Sobolev space. We define H{(Q) in the same way by taking
a¢ € C5(Qs,). We will prove, in the next section, the following Theorem.

Theorem 4.2. Let w be smooth and ||w|| 1) S 1 with nonnegative integer ly. Then
for any 5o € NU {0}, one can find a constant £(sy) such that the equation (4.8) possesses a
solution p € H)(Q) provided that g € H*(€), 0 < 5 < 59 and 0 < & < &(sp). If s 2 1, the
solution is unique . Moreover,

{ llolls < Cslliglls + X7 oy IWillssaliollzs), —if s > [4] + 1+ lo;

(4.9) ' !
ol < Calglle,—if s < [4] + 1+ 1o

holds for some constants C independent of w and €. Here
9
Wii(x) = Py[},j(szx) + 2wy, ().

Remark 4.3. Since the equation (4.8) is degenerate elliptic, we can only get the a priori
estimate (4.9) with a loss of order 2. This loss of regularity of linearized equation ask us to
use the Nash-Moser-Hormander iteration to deal with the solution of (4.8). By definition of
rij by (3.9), if P(y) = 0, then Z?,j:l [ICW; )lls+2 is reduced to ||(W)lls+4 which is introduced in
Theorem 1.3 of [10]. When [y = 0, Theorem 4.2 (2 < k < n) is a generalization of Theorem
1.3 (k = n) in [10]. The assumption ||W||C[%]+4(Q) < 1(lp = 1) is necessary in the estimates of
the quadratic error in Lemma 6.2 for f = f(y,u, Du) in Lemma 6.2, although we will not
@ = 1(lp = 0) is
enough in case f = f(y, u). The uniqueness for s > 1 follows from (5.4) by taking v = 0.

give its estimates of the quadratic error ; while the assumption ||wll 313

5. A PRIORI ESTIMATES OF SOLUTIONS FOR LINEARIZED EQUATIONS
; : P "2
First of all, using the change of unknown function p = pe" i+, we reduce (4.8) to

.1) Lovp = X (ST (w) +60)0,0,0 + X bidip + cp = ¢ Etig, in Q
’ p =0 on dQs, and periodic on Q.
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The coefficients b; and c are expressed as follows.
y = | AT, 1<isk-1
T A - 4T (xS W), k<i<n.

n n n n
c=-2u Z(S (W) +0) +4 Z Z(,lxi)(,lxj)s Jiw) + 46 Z(/in)z.
i=k i=k j=k i=k
We would like to prove Theorem 4.2 for (5.1) rather than (4.8), and write p instead of p,
but also not do it directly, we will consider the solution p, to the regularized version of
(5.1), i.e., the following uniformly elliptic equation, for 0 < v < 1,
52) Lp =30 (S] +0610)0:0,0 + vap + X! bidip + cp = g,in Q,
’ p =0 on AQs, and periodic on Q.

We first need the following Lemmas which is standard for the degenerate elliptic oper-
ators. So we only point out some important steps for the proof.

Lemma 5.1. Suppose that w is smooth and ||wl|lc+qy < 1. Then there exists two positive
constants uy large and gy small such that, for 0 < & < 8, uodo < 1, g € H'(Q) and v > 0,
problem (5.2) admits an unique solution p, € H(IJ(Q) , which satisfies

(5.3) llovllo < Collgllo,

where Cy is uniform for v €]0, 1], € €]0, 69] and independent of w.

Proof. We prove the existence and uniqueness of the solution p, to (5.2) by applying Lax-
Milgram Theorem to the bilinear form

<-L,p,0>
where < -, - > is the dual pair on H~' x H,. The condition ||w||cs < 1 yields
| <-L,p,0>|<Cliolhllolli, Vp.,o0 € Hy,

where C is uniform on 0 < € < 1,0 < v < 1. For the coercivity, the proof of which is
almost the same as that of Lemma 1.4, [10], there exist &y > 0 small and large u > 0 such
that

(5.4) - < Lyp.p > 2 VIDpll§ + 2041 (DllollG

then by using Lax-Milgram Theorem, for g € H(Q) and v > 0, problem (5.2) admits an
unique solution p, € H(l)(Q). Since |- < Lypy,py > | =1 < g0, > | < llgllollovllo, then (5.3)
follows from (5.4). m]

Similarly o the proof of Theorem 1.3, [10], we have the higher order a priori estimate

Lemma 5.2. Suppose that w is smooth and ||w|| @) < 1. For s > 0, then there exists
&o(8) > 0 small such that, for 0 < € < gy(s), and g € H*(Q), the problem (5.2) admits an
unique solution p, € H(S)”(Q) , which satisfies

55) loulls < Culgll + 5oy IWilleallonli). if s> [4] + 1
‘ lowll < Cllgll, if s < [3] +1

where Cj is uniform for v €]0, 1], € €]0, gy(s)] and independent of w.
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Proof. For s = 0, Since —(L,p, p) = —(g, p), then (5.4) and Cauchy inequality yield

VIDpIIS + llplly < Co(@)llgliz,

where Cy(7) is independent of v, w and €. On the other hand, for @ e N, |o| < s

(L, (8°p), (0°p)) = (878, (8"p)) + ([Ly, 8" 1p, (8°p)),

where the commutators is

(L0 == . > Cap(P(S)0:0; + Y P bid; + )™,
B<aBl>1i.j=1 i=1
here the coefficients depends on D*w, by using the interpolation inequalities, we can get:

DIfs < [%] + 1, then the condition ||W||C[g]+3(g) < 1 imply

I([Ly, 810, (8°p))| < &Cllpl.

2) If s > [5] + 1, a little involved computation also give

I([Ly. 8 Jo. @ )| < Cy(elloll2 + ol (lglls + llolls D IWisllosa)):

i,j=1

where C; depends only on s, so we finish the proof. O
With Lemmas 5.1 and 5.2, we can now prove Theorem 4.2.

Proof. The proof of Theorem 4.2. To simplify the computation, we consider only the case

lp = 0, and prove (4.9) under the assumption ||W||C[g]+3(Q) < 1.Nowfor0 < s < [5]+1, we

can apply Banach-Saks Theorem to find a subsequence p,; with v; = j~2 and an element
po € Hj such that
Py T+ Py,

= polly = 0 (m — oo).

Since ‘% is periodic in x’ for each m, so is py. Back to (5.2), we have
n .. . n + e+ 1 m
Z(S;(]+6{9)656j+2b,6,-+c u+_ZVjAij =g.
ij=1 i " " j=1
For any test function ¢ € C;°, Lemma 5.1 yields
1 < 1 < 1 <
(= > vinpy, $)l < lladloll— > vipwllo < Collaglioliglo — > v; = 0,
m i m = m =

taking m — oo, we have that p is a solution of (4.8) in the sense of distribution :

Z(S ;(j + 5{0)8,‘0.,',00 + Z b,ﬁ,po +Ccoo = 4.

ij=1 i
Moreover, by Lemma 5.2

. Py, Tt py, n
lleolls = lim [|=—————l; < Csliglls, for 0 <s<[5]+1.
Now we prove (4.9) for s > [5] + 1. Since Lemma 5.2 yields

llovllpsrer < Crapallgllpzyens
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by Sobolev imbedding theorem , [|o,||z= < oo, moreover if 3} =1 [IWijlls+2 < oo, then (5.5)
shows that

lolls < C < oo for s> [g] +1,

then, by weak compactness theorem, there is a subsequence p,, of p, and py such that
Pv; = po in the weak topology of W*2(Q) and

llov; = poll= = 0, lloy, — pollwi2) — O,

therefore py is periodic in X", pg € H{(2), and by Lemma 5.2 again

n
lloolls < liirlglfllpv,lls < Cs(llglls + Z IWijlls+2lleollzs),
ij=1

so we complete the proof of (4.9). O

6. NasH-MoSER-HORMANDER ITERATION

We prove firstly the existence of k-convex local solution of (2.2) as a perturbation of
¥ constructed in Section 3 by employing the Nash-Moser-Homander iteration, which is
based on the a priori estimates established in last section. Since the linearized operators is
degenerate elliptic, a loss of regularity of order 2 has occurred for the solution of linearized
equation, so we need to mollify the solution by taking a family of smoothing operators
S(t),t > 1 such that

S() 1 UsoHy(Q) — NoH (Q)

with the following properties:

(6.1) IS @ulls, < Csyllully,, if 51 < 52,
(6.2) IS Dulls, < Cyy5,t" > Mlully,, i 512 52,
(6.3) IS D = ulls, < Coy ot P lully,,  if 51 < 52,

where Cj,;, is independent of ¢ and depends only on sy, s, , see [1] for more detailed
properties of smoothing operators.

Now we define S, = S (u,,) with p,,, = o where o > 1,7 > 1 to be determined later,
we use the following iteration procedure:

Wo = 0, Wit = Wy, + Smpm,

(6.4) L(Wm)pm = LG(Wm)pm + emApm = 8m> x€Q
om € HY(Q), g € H(Q).

where g, and 6,, are defined in (2.9), G(w) is defined in (4.1).
Remember we are studying the equation (4.3) in the variables x rather than y = £2x, and

k

S 2 1 -2
Z‘rjyj+P(y)+82wm(8 y).
J=1

Un(y) =

| —
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Denoting

M(s) = ligolls +&* ) 1Py -1,

ij=1

N(s) = M)+ 3 1Py Hawa 1+ M [g] +1)

ij=1
which is small if € > 0 small. We prove the a priori estimate by induction.

Lemma 6.1. Suppose that Iwill g5 < 1 for 0 <1 < m. Then

(6.5 ligmlls < Cs(M($) + [Whlls+2)
and

m+1 4
(6.6) Waneillses < CIFUE L NCs), for B = 7

where Cj is independents on m and vy.

Proof. We prove first (6.5), noting
k=1 ,
Y, = [Z (5{(597’1 + Pij(ex) + ez(wm)ij(x)].
=1

Using Taylor expansion and wy = 0, we have

”’_dt.

w,
Xi0x j

1 a 1 n i
—8m = G(Wm) = G(wp) + \fo‘ a_t[G(th)]dt = =80+ L Z Sk](rm(t))a

ij=1
Hence

Win

n - 32
B qa gl
lgnlls < llgolls + > D" Chllo Sk<rm>6ﬁ(axiaxj

i,j=1|a|+B|<s

lo-
By using “Wm”C[%H} < 1, we have

11678 ¥ () (

lal+Bl<s,|el<[5]+1

»Pw Pw
m <C 66’ m < Clwyllsen.
aran < wzqu G o < Clhnllsa
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On the other hand, by interpolation and [[wy|| 315 < 1,

w,
(9)6,'(9)6]

11078 ¥ (1) ( Mo

lel+BI<s,lal>[5]1+1
2 n i 0w
—[2]-1 q[2]+1

=D, s i) (=l

lel+Bl<s,lel>[51+1 e

<c > [0S 19:0 wallopsp 211

\(t\+|ﬂ\$s,lal>[%]+l
o
+10 1S lafsig1-121-110:0 il |

el
<C Z [||Wm|||a|+w|—[g]+1 +[jota1* S;j(rm)|||a|+|ﬁ|—[g]—1]

lel+BI<s,lal>[5]1+1

<ClWwnlls-rz11 + € D Wil

i,j=1
where
9
(Win)ij(x) = Pyy (870) + 87 (W), ().
Therefore
. oO*w
SU m =z S
1S,/ (r )6x,-ax,~”
< Clwmlls+2 + C”Wm“sf[g]ﬂ +C Z ”(Wm)ij”s
i,j=1
< Clwnllysa + € D Wil
i,j=1
Thus
“gm”s = ”G(Wm)”s
L9
< IGwo)lls + f IIE[G(twm)]Ilsdt < ligolls + Clwullss2 + CllO |52
0
Remembering
9
0:05,05, [Um() lyze2x] = €10 (W,)i(x) = £'0,[Pij(€°%) + 82 (Wy)ij(0)],
we have

n
lgnlls < golls + C&* > IPi(e lls1 + Cliwnllsra < CMUs) + Winllss2),
ij=1

this complete the proof of (6.5).
We prove now (6.6). By using (6.2) and (6.4), we have

4
||Wm+l||s+4 < ||Wm”x+4 + ||Smpm||x+4 < ||Wm||s+4 + C?,um”pm”v
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The a priori estimate (4.9) and Sobolev imbedding yields

n
llomlls < Cdlgmlls + Z ICWiplls+2llomllze)
i,j=1

< C(llgmlls + Z ICWidlls+2llomllrz1+1)

i,j=1

6.7) < Cllgmlls + Z ICWipdlls+2llgmllrz1+1)

i,j=1

< C(M(s) + Iwnllgea + CCY - I1Py(E llssa + lIwllsra)

ij=1
X (MA5T+ D)+ nlis122))
< CONCS) + Iwllses)

Thus we get
(6.8) Was1llse4 < Wallssa + Cstimllomlls < Cim (N () + Winllssa),

then by using wy = 0 and u,, = 0", the iteration of (6.8) gives

m+1 -1

Winstllssa < Cm + Do 5 N(s),
if we choose C; > 1, C;, = 2C5, and 8 = %, then
Wit llss < (C™ L N(s).
This completes the proof of (6.6). O

Lemma 6.2. Suppose |lwil| 314 < 1 for 1 =0,1,...,m. Then for any given s* > s > 1,
there exists o > 1,y > 1 and a > 0 such that

(6.9) gm1llo + llgm1lle < g, 5 N (s").

Proof. By Taylor formula with remainder and (6.4),

= 8m+1 = GWpy1) = GWy + S 1om)

1 62
= G(Wm) + LG(Wm)Smpm + f (1 - I)ﬁ[G(Wm + tSum)]dt
0

=[G(wy) + L(Wm)pm] + LWy )(S 1 — 1)pm - GmASmpm

1 62
+ j(; (1 - Z)ﬁ[G(Wm + tSum)]df

1 2
= L(Wm)(Sm - I)pm - HmASmpm + f (1 - t)%[G(Wm + tSmpm)]dt
0

1
= (A) +(B) + f (1 -0)(C)dt.
0
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For the last terms, we have

82
©) = w[G(Wm + 18 mpm)]
n 2Sk
= (Wi + 18 mpm)(S mpm)ij(S um)p/
L 8r,~,~0rpl
i, j,pl=1 ’
Noticing 822;;, (r) is a polynomial of order k — 2, we have, by Sobolev imbedding , a

priori estimate (4.9), (6.5) and (6.2),

n
IS momlliz13 < Cotpllomllizren < Catpligmlizin < CppMAZT+ 1) + Iwnlliz1+3) < Caty,

and
S _
o= O + 1S )l <MD Wy + DS il
rijc')r,,;
< ID* Wl + 1D?S mpmlle=1 2 < 11+ IS momlliz43]
< (C/)k—Z qu(k—z)_
Then (6.2) yields

or;

& 2
IOlo < Z Il ak Wi + S )22 11(S m0m)ijll 2211 (S i) pillo
iipi=1 OTiOTpl

2(k=2)+[51+5
- 2

k-2, 2(k-2 k-2 2
<C :um( )”Smpm”[%]+3”Smpm”2 <C"u ||pm||0

2(k=2)+[5]1+5
m

<C*p lgmll.

From (6.5), and a priori estimate (4.9), it follows that if [wyll[z1+3 < 1,
Wi + 1S mpomlles < Wl + IS momllr
<1+ S wpmllizer < 1+ Cliomllizyen
<1+ Cligalligger < 1+ COMAZ1+ D+ Iwnligren) < €
and similarly, if ||wm||[%]+4 <1,
VWi + 1S ol < IVWillze + IVS momlle < C7,

we have
2(k=2)+[ 2145 2
IOl < tom o lgmll-

By (6.3), (6.7) and (6.6), we have
Ao = ILWm)S w = Dpmllo < CIS m = Dpwll2
< CCoutty llowlly
< Crp* PC 1 N(s).
By (6.2) and the a priori estimate (4.9),
I(B)llo = 18128 mpmllo < COUIS mpmllz < COWLLllomllo < COeslIgumllo-

Now by combining the estimates of (A), (B) and (C) , we obtain

(5" =2— ; « 2(k=2)+[51+5
(6.10) lgmsllo < Clem” P CEINC) + gz lgmllo + i 2 llgmll3).
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Since 6,, = ||gmllz~ by (2.9), we need to prove two estimates in (6.9) together. By same
computation, using Sobolev imbedding, we have

[51+1 . —(s*=2— " 2k=2)+[21+5
6.11) llgmeilles < Ctyt " ™ P CMING™) + llgmllzoZligmllo + i 2 ligml21.

By comparing the powers of 1, on both sides of (6.10) and (6.11), we can choose a > 0
and large s* > s such that

(6.12) {Z(k—2)+2[§]+6+aygza_1

s*=[31-3-B=zay+1.
Noticing that y,,,; = pt,, we can change (6.10) and (6.11) as
Cttyyllgmillo <C*pt™ PV CEEN(S") + llgnlli=ssllgmllo

ay+2(k-2)+[21+5 2
+ i llgmlig]-

2 [F1+I[ —(s*-2-8— 1 * +2
Cltly i gmetllis <Cpai [ 2PV CENCS) + gl llgmllo

ay+2(k=2)+[2]+5 2
o “llgmlig]-

from which we obtain, by using (6.12) and y,, > 1,

6.13) { Cul, ligmello < C2 [ CrUNC(S™) + ligmllis 25 Ngmllo + 12 g2

Cu, llgmalle < C2 [t CEFNCS™) + gl 2 gl + 24~ g2 -

Noticing y > 1, we can choose o = o(s*) > 1 so large that i, = ™" < % and
C m+1 l
(6.14) Clu,lcmtl = 2™t = 2 (_) <-.
O-W}’m 4
Inserting such o(s*) into (6.13), we have
{ Crl lIgmeillo < TN + 3C2UIGmlleo 2 lIgmllo + 5 C2 a2 llgmll2

Crl gmetlle < TN + 3CPIgmll=p2lgmllo + 2C212N1guml2.

Set
dms1 = max{Cuy, , lIgm+1llo, Ctpy i Igmetllze}s
we get
{ Cu®, lgmeillo < IN(s™) + d2,
Cul, Ngmelle < IN(s™) +d,.
So we obtain,
1 .

(6.15) dpiy < ZN(S‘) +d-.

Since

ligollo = [IG(wo)llo = IG(O)llo = OCe), lgoll~ = OCe),
we choose £(07) > 0 small such that N(s*), ||gollz~ and [|gollo small. By (6.13), (6.14) and
ligollo < llgolls» < N'(s*), we have

1 1 1
< - * — < = ).
di < 4N(s )+ 4IIgollo < 2N(S)
By induction and (6.15), we see that

1
dm+1 < EN(S*)’



DEGENERATE HESSIAN EQUATIONS 21
this completes the proof of (6.9). O

Existence of k-convex solution of Theorem 1.1

We employ now the Nash-Moser-Hormander iteration to prove the existence of solution
of main theorem with s > 2[%] + 5. We shall prove by induction that, there exists gy > 0
small such that, for any € €]0, &]

(6.16) lwall, <1, VmeIN.

Since wy = 0, we may assume that (6.16) holds for 0 < / < m, which, by Sobolev imbed-
ding theorem, guarantees the assumption of Lemma 6.1 and 6.2. Interpolation inequality
and (6.1) yield, for any 0 < s < 57,

m m m

* 1-%
wmarlls < D ISl < Cs D llodlls < € ol Hlorlly ™ -
=0 1=0 1=0
By (6.6), it follows that, for 0 </ < m,
lodle < (CR)N (s
withyy =0’ 0> 1,y>1,8= ~47, and by (6.9),
llodlo < Cligillo < C'u; “N(s¥),
thus
i fEeal-E)
wmatlls < C Y (€' F ™ TN,
=0
So that we can choose s* larghe enough such that
p=—a(l - =)= -a <0,
s s
We choose gy = £y(0") > 0 smaller to make N(s*) small enough such that for s > 2[5] + 5,

wmerlly < G5 D (CF 1" N(s™) < 1
=0

This completes the proof of (6.16).
On one hand, by (6.16) there is a subsequence of w,,, still denoted by itself, such that
wn — win weak topology of H*(Q), s > 2[5] + 5 and w,, — win Cl31** Hence

gn ==G(wn) > =G(w) in  CE(Q).
On the other hand, by using (6.16), Lemma 6.2 can be applied for all m € IN, letting

m — oo in (6.9) and recalling (2.9), we see that G(w) = 0, thus

k-1
u(y) = % Z T2 + P(y) + £ w(s2y) € H'(Q)

i=1

is a local solution of the Hessian equation (1.1).
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7. STRICT CONVEXITY OF LOCAL SOLUTION

In this section, we will prove that the smooth k-convex local-solution obtained in Sec-
tion 6 is locally strict convex under the hypothesis of Theorem 1.1, that is, by (1.2) we need
to prove that, forO <t <1, y,z€Q, y #z,

n 1 pl
(7.1) Z f f u;j(x(s, )duds(yi — zi)(y; — z;) > 0
ij=1v0 JO

with x(s, u) = (s + (1 = $)t)y + (s(1 = p) + (1 — s)(1 — 1))z. Recalling from (3.9),

k=l ,

Wiji<ijen =T = [Z 5f5§~71 + Pij(%x) + e2w;(%) |,

I=1

we separate this matrix into two parts: one is

k-1
V,'j =
1=

S8t + Py + etwy(x),  1<ij<k-1,
1

the principal term of which is Zf;ll 6{ (557’1 and obviously can control the perturbation term
P; j(szx) + &w; j(x) for small & > 0. The other parts is

rij = P,j(szx) + sgwij(x), i>k or j>k,
for which, in order to control the perturbation term, our idea is to prove
(7.2) wij(x',0) = w;;,(x,0) =0, k<p<n,
ifi > kor j > k. Then the Taylor expansion with respect to x”" = (xg, -+ , X;,)
n
_ roN / / 712
Wi (X) = Wi, ¥7) = wig(,0) + > wijp(x', 0)x, + O(1x"P),
p=k

which give,

riix) = Pi@x) + 2 0(x"P), ik or j>k

which, together with (3.6), implies the minor matrix (7;;)i<i, j<n 15 strictly diagonally domi-
nant with

Irijl < O()e*|x”’| + OWerlx"?, 1<i<k-1k<j<n,
2 /7 -
Fiojo(X) = Pjojo(€2%) + £2wj o (%)) > ae*|x”’* + Dickizi Mijol k< jo <n.

Choose € > 0 small (¢ < @) enough such that, for k < j <n,

4 2
P = > Iyl = asfP,

i=k,i# )
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Then Cauchy inequality yields

1 17 2 17 - 77
2o kP2 YOI+t Plag; + Zk] as'|x" Pl

I<i<k—1,k<j<n

Tl + Zaa WPER,  VEER”

from Wthh, it follows that (7.1) holds. In fact , setting & = y — z and recalling x” =
X'(s,p) = (s + (L=s)t)y” + (s(1 — ) + (1 = $)(1 — 1))z, we have

3 f f () sy - )0y, ~

i,j=1

k-1
1
2[4Zrl|y, il + as“b(r)Zly,—z, >0

i=1

with
1 pl
b= [ [ s (1= 9y 1501 =0+ (1= 01 = 0" Pl > 0
o Jo
forany O < ¢ < 1 and y” # Z”, this inequality is true because

(5.0 € 10,11 [0, 13 [sp+ (1= )]y + [s(1 =) + (1 = 5)(1 = )] = 0]

lies on a hyperbolic curve in the (s, 1)— plane and then its Lebesgue measure for duds is
zero. So that u is strictly convex on Q.

We prove now (7.2) by the following 2 lemmas. From the explicit expression of P(y)
in (3.2) together with #(0) = 0 and Vu(0) = 0, we see that w(0) = 0 and Vw(0) = 0.
Moreover, we have

Lemma 7.1. Let u be a solution of equation (2.2) in the form of (3.8) with ||w||cs < 1, then
(7.3) wii(x,0)=0, ik or j>k

Proof. By (3.2),
Pij(e’x) ly=o=0 for i# j i>korj>k,

then
rij lermo= £2wi (X', 0), i#j, izk or j>k
and
n k-1
D D 0Tk (s ) = O
i=k j=1

Pi(e*x',0) = O()e®  for k<i<n,
thus, fork < j <mn,

rij(x,0) = Pi(e2x,0) + £3w;(x',0) = 80(1) + &7 wj;(x’, 0).
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Then the direct computation give
& 9
T (i, Ar) ) wi(x',0) = £20(D).
=k
Letting £ — 0%, we get
n
Z wji(x',0) = o1 (Wi (X', 0), Wis 1441(X, 0), ..., Wi (X, 0)) = 0.

j=k

Using now the identity
m
202() = [ (D = )" 4, VA= (-, Ay) € R,
i=1

it follows that

205 (ru (X', 0), Fies 11 (X7, 0), . .., Fan(X7, 0))

=1 i O = Y [, O)
=k =k
=[*0() + 27 > wij(x', 0 = D [*0(1) + &7 w;(x, )1
Jj=k Jj=k
=0(1)&'® — 2[0(1)88 +etw(xX, 0%
=k

Multiplying by £™° on both side of (2.2), take x”” = 0 and letting £ — 0, we obtain

n k-1 n n n

DA, 0) = Y wid, 0P = 31 Y wi(x,0)=0
i=k j=1 Jj=k i=k s=k,s#i
and then (7.3) is true. m]

Using now (7.3), the Taylor expansion of r;; = Pij(szx) + sgw,-j(x) fori>korj>kis
of the following version

n n
1
rj(x) = Pyl + 1 ) wipp(x 00 + 567 3 wijpg (', 0ty + O 1P,
p=k pa=k

where [[w]| .55 < 1 is required. Similar to the proof of above Lemma, we can obtain

D wip(x,0) = Y Wippp(¥',0) =0, k<p<n.
i=k i=k
And also :

Lemma 7.2. Let u be a solution of equation (2.2) in the form of (3.8), and |Wll .31+ < 1,
then

wijp(x’,0)=0, i>kor j>k k<p<n.
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8. APPENDIX

In this section, we will estimate the eigenvalues and eigenvectors of the following Hes-
sian matrix

k-1
- )
r = (Fipi<ij<n = [Z 5/ + 8Wij(x)]
=1 1<i,j<n

which is a small perturbation of diagonal matrix (Z;:ll 6{631’1) . For any function

I<i,j<n
W € C?, we can find out an orthogonal matrix T(x, &) satisfying

T(x,&)r 'T(x, &) = diag [1(x, &), A2(x, &), ..., Au(x, 8)],

Let

T,

T,
T(x,e) = _E T(x,€) |s=0=1d

T,

with T; = (Ty1,Tp, ..., Ti) the corresponding unit eigenvectors of A;,i = 1,2,...,n. In
[10], there also exists such an orthogonal matrix 7'(x, €). The estimates for all of its entries
can be obtained because all of its eigenvalues are different from each other. Now we can
only give the estimates of 7; for 1 < i < k — 1, because in our case 1;(x,&),k < j < n
are around zero and there is no distinct gap among them, they are not necessarily smooth
in x and &, so are the corresponding eigenvectors 7;(x, &) (k < i < n). But the following

estimates are enough for us.

Proposition 8.1. Suppose that w is smooth and ||W||cs < 1. Then, Ti(x,€), 1 <i<k-1,

is smooth in (x,€) € Q x [0, &0] for some positive 0 < gy < 1, and

k-1 n n n
(8.1) Di—Tl<Ce Y ), > Il < Ce ()] Wy(D?,
i=1 i=k ij=1

i,j=1
k-1 k—1 n n
(8.2) DT e) =1+, > [Tyxe)l < Ce Y ()l
i=1 i=1 j=1,j#i i,j=1
k-1 n n
(8.3) D IDTi(x, &) < Ce > i)l

i=1 j=1 iji=1
with C independent of € and W.
Moreover, if W(x) is periodic in x; (1 <i <k~ 1), then so is each of T;j;, while T;; has
the same regularity as D*W and is C* insfor1 <i<k-1,1<j<n.

Proof. Noting
F(t) = det(r — ¢ D).

Now we denote R(x, €), R;(x, &) and R;;(x, ) as the different functions, which are smooth
in x , € and W, with the properties

(8.4) IR(x, &)| + [Ri(x, &)| + |Rij(x, €)| < Ce Z Wi (x)l

ij=1
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and C being independent of x and . Firstly, using the condition ||[W||c2 < 1 and 0 < gy <« 1,

we have
k-1

Fo = [ [ai— 0™ + R(x, o).
i=1
Noticing 71 > 15 > ... > 141 > 0, we take 6 = iminlgsk_z(l - L, TTT -1)>0ifk>2
and 6 = i if k = 2. For fixed iy with 1 < iy < k — 1, we have

io—1 k=1

F((1=0)r) = | |@i= A= )ymi)om, [ | @i= (1 =) =)™ + Ri(x, 0)
i=1 i=ig+1
and
io—1 k-1
F((1+8)m) = = @i (1 +9mor, [ | @0 +0m) (0 +8)m) ™ + Ra(x, &),
i=1 i=ip+1

By the choice of §, we have
T —(14+0)T;, > 07jp—1, 1<i<ip—1
and
T, = (1 =0T, < =0Tjp+1, lo+1<i<k-1,
therefore, when 0 < £ <« d7_;, we obtain
F((1 =0T )F((1+0)7,) <0

and, by virtue of intermediate value theorem, there exists an eigenvalue, denoted by 4;,,
such that
(1=-81, <, <(1+07,, F,)=0,
which yields
Ti—Adiy 27— (1 +8)T, > 018y, 1<i<ip—-1
and
Ti—Aiy <7 = (1 =0T, < =0T)=1, Qo+ 1<i<k-1.

From 0 = F(4;,) = [T, (7i = 2i)(xi, — 4iy) TS0 11 (7 = i) (i)™ + R3(x, ), it follows
that

N R3(x,¢€)
‘ ! l'[ﬁill(r,- - i) Hf:iiﬂ(n = i) (A"

and then
Ay = Tiy + Ra(x, €).
Now we have proved that there are eigenvalues (4;)Z such that

/l,'ZTi+R()C,8), 1<i<k-1.

Let us express all the eigenvalues as (4;)!_,. Then, since [|W]lcs < 1,

k-1
Si(r) = Z Ti + R(x, &), Sao(r) =o0a(11,...,Tk-1) + R(x, &).

i=1
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Since S i(r) is invariant under orthogonal transformation, then

k-1

DT+ R(x,8) = $1(0) = 01 () = kZiai+Zn:Ai

p P ik
and
02(T15 ..., Tke1) + R(x, €) = S»(r) = 02(A).

from which, using

205() = o (V)2 - Z A2,
i=1

we see that
1<,
o) = (T Ti) — Zk] A2+ R(x, )

and then

n

/liz = R(x, &),

i=k
which implies
(8.5) il < Cex () ()2, k<i<n.

ij=1
This completes the proof of (8.1).

Now we pass to prove (8.2). Let T be the eigenvector corresponding to A;, then T}
satisfies the linear equation r7; — 4, T = 0 and rank(r — 4;I) < n — 1. To solve T, we will
use the Gaussian elimination procedure. Noticing 4; = 7; + R(x,&) for 1 <i <k -1, we
can write the matrix r — 4;1 as

Ry Ri> Ry k-1 Rix Ry,
R Rp+1—1 ... R2,k71 Rz,k c. Rz’n
Ri-11 Ri-12 coo Ryt —m1 R -0 Ricin
Rk,l Rk’2 . Rk,k—l Rk,k — T e Rk,n
Rn,l Rn,z e Rn,k—l R,,)k e Rn,n - T1.

Since each R;;, 2 < j < k-1, is dominated by 7; — 7, and each R;;, k < i < n, is dominated
by 7y, then rank(A) = n — 1. The solutions of the equation r7| — ;7| = 0 is in form

T 1
" Ry ()
T2 T1—-T2—R(x.€)
' Ri1i(xe) .
(86) Tl’k,] = T]] TI—Ti 1 R i1 (08) | with T]] * O,
T Ry1(x,8)
Lk T1=Ri-1 k-1(x,8)
Tin Ry1(x.8)

T1—Run(X,€)
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and each R;;(x, &) has the property (8.4). Because we need T (x, &) |.—o= (1,0,...,0), we
can choose suitable T;; > 0 such that ||T;|| = 1, then Ty = (Tyy, T2, ..., T1,) satisfies (8.2).
The vectors T;(2 < i < k — 1) can be obtained by the same way as 7. Also it follows from
(8.6) that (8.2) and (8.3) hold.

Because each entry of the matrix r = (r;;) is periodic in xy, ..., X;—; and the elementary
operations above do not change the periodicity, then each 7;(1 < i < k— 1) is also periodic.
Also by (8.6), when 1 < i < k — 1, T;; has the same regularity as D*% and is C* ine. O

Remark 8.2. Since A;, kK < i < n, are all around 0, then (8.5) shows that they are not

necessarily smooth in x and &, so are the corresponding eigenvectors 7.
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