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Abstract

We analyze Landauer’s principle for repeated interaction systems consisting of a reference quantum
system S in contact with a environment £ consisting of a chain of independent quantum probes. The
system S interacts with each probe sequentially, for a given duration, and the Landauer principle
relates the energy variation of £ and the decrease of entropy of S by the entropy production of the
dynamical process. We consider refinements of the Landauer bound at the level of the full statistics
(FS) associated to a two-time measurement protocol of, essentially, the energy of £. The emphasis is
put on the adiabatic regime where the environment, consisting of T > 1 probes, displays variations
of order T™! between the successive probes, and the measurements take place initially and after
T interactions. We prove a large deviations principle and a central limit theorem as T — oo for
the classical random variable describing the entropy production of the process, with respect to the
FS measure. In a special case, related to a detailed balance condition, we obtain an explicit limiting
distribution of this random variable without rescaling. At the technical level, we generalize the discrete
non-unitary adiabatic theorem of [HJPR17] and analyze the spectrum of complex deformations of
families of irreducible completely positive trace-preserving maps.
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1 Introduction

The present paper studies a refinement of Landauer’s principle in terms of a two-time measurement
protocol (better known as “full counting statistics”) for repeated interaction systems, in an adiabatic
regime. We describe shortly the various elements we study.

Landauer’s principle is a universal principle for which the most common formulation is as a lower
bound for the energetic cost of erasing a bit of information in a fixed system S by interaction with
an environment & initially at thermal equilibrium. It was first stated by Landauer in | | but was
put on firm mathematical ground by | ], and later | ], who extended it to the case of infinitely
extended system. That mathematical derivation is based on the entropy balance equation, given by
ASs + 0 = BAQe where ASg is the average decrease in entropy of S during the process, AQg the
average increase in energy of £, and S is the inverse temperature of the environment'. The term o is
called the entropy production of the process. As it can be written as a relative entropy, the entropy
production is nonnegative which yields the inequality ASs < BAQe. One of the questions of interest
regarding Landauer’s principle concerns the saturation of that identity, i.e. the vanishing of 0. It is a
general physical principle that when the system—environment coupling is described by a time-dependent
Hamiltonian, the entropy production ¢ vanishes in the adiabatic limit; that is, when the coupling between
S and € is a slowly varying time-dependent function. More precisely, if the typical time scale of the
coupling is T, one considers the regime T — oo.

A repeated interaction system (or RIS) is a system where the environment consists of a sequence
of “probes” &, k = 1,...,T, initially in a thermal state at inverse temperature [, and S interacts
with & (and only &) during the time interval [kT, (k+ 1)7’). In such a situation, the entropy balance

equation becomes Zle ASs + Zle o) = 25:1 BrAQ¢ i, where each term with index %k corresponds to
the interaction between & and &;. We describe the repeated interaction system as an “adiabatic RIS”
when the various parameters of the probes are sampled from sufficiently smooth functions on [0, 1] as the
values at times k/T, k = 1,...,T. This is the setup that was studied in [ |; there we showed
that the total average entropy production limr_, ., Zle o was finite only under the condition X (s) =0
for all s € [0,1], where X(s) is a quantity depending on the probe parameters at time s € [0,1]. The
proof of this result relied mostly on a new discrete, non-unitary adiabatic theorem that allowed us to
control a product of T slowly varying completely positive, trace-preserving (CPTP) maps that represent
the reduced dynamics acting on S.

A refinement of the above formulation of Landauer’s principle is however possible using the so-called
full counting statistics. Full counting statistics were first introduced in the study of charge transport,
and have met with success in the study of fluctuation relations and work in quantum mechanics (see
Kurchan | ] and Tasaki [ ]). An example of their use in improving Landauer’s principle was
given in | ]. In the present situation, the formulation of Landauer’s principle in terms of full
counting statistics can be stated by defining random variables Ass and Agg, which are outcomes of
simple physical experiments, which we now describe. In such an experiment, one initially measures the
quantity —log ps (ps is the state of the small system) and the energies hg, for each k (hg, is the free
Hamiltonian of &), then lets the system interact with the chain of probes, then measures again the same
quantities. With the right sign conventions, the changes in these quantities are random variables which we
denote Ass and Agg,. Our refinement discusses the connections between the probability distributions of
Ass and ), BrAge,. One can show that the expectations of these distributions are respectively ASs and
>k BAQg, respectively; there is, therefore, more information in the distributions than in these scalar
quantities.

We consider an adiabatic repeated interaction system and study the limiting distributions of the above
random variables as T' — co. Again, we show that in the case X (s) = 0 we have the expected refinement of
Landauer’s principle, which is essentially that when T' — oo, one has Ass = )", BrAge, almost-surely. In
the case X(s) # 0, we show that ), BiAqe, satisfies a law of large numbers, a central limit theorem, and
a large deviation principle, all of these for the time scale T', and with explicit parameters. In particular,
>k BeAgg, is of order T, whereas Ass is a bounded quantity. All results in the case X(s) # 0 can
actually be extended to the case where the probe observables measured at each step k are not simply

Lwe will always set the Boltzmann constant to 1, so that 8 = 1/0, © the temperature.



Brhe, but a more general observable, or when the system observables are not —log ps.

We show in addition that the random variable ¢p =Y, SrAqs, — Ass can be expressed as a relative
information random variable between the probability measure describing the experiment outcomes, and
the probability measure corresponding to a backwards experiment. Since we obtain a full large deviation
principle for this random variable as T" — oo, this connects these results with the appearance of the arrow
of time (see | , ). We discuss in particular the appearance of symmetries in the moment
generating functions, and their implications in terms of Gallavotti-Cohen type symmetries.

To study the limiting distributions, we relate their moment generating functions to products of defor-
mations of the completely positive, trace-preserving maps representing the reduced dynamics. We study
the peripheral spectrum and associated spectral projector of these deformed dynamics. However, because
little can be said about the spectral data of those deformed maps, studying the asymptotics of these quan-
tities requires an improvement of our adiabatic theorem. These technical results, concerning the spectral
study of deformations of CPTP maps, and the improved discrete non-unitary adiabatic theorem, are of
independent interest, and we describe them in wider generality than required for our present endeavor.

This approach gives an improvement over | ] in various aspects. First of all, Theorem 4.2
(in the case X(s) = 0) and Theorem 5.5 together with Corollary 5.7 and Theorem 5.9 (in the general
case) characterize the limiting distributions of relevant random variables, whereas in | ] we only

derived information about the behaviour of their expectations. We recover our former results (and more)
about these expectations, as Theorem 4.2 implies in particular the convergence of limp_. oo Zle o to an
explicit quantity when X (s) =0, and Theorem 5.9 gives the divergence of the same quantity under generic
assumptions when X (s) does not vanish identically. In addition, Corollary 3.13 gives an expression for
the adiabatic evolution of any initial state. Most of all, our adiabatic theorem can be applied to a wider
range of situations, as illustrated here by its application to deformed dynamics.

The structure of the present paper is as follows: in Section 2 we describe our general framework and
notation, and more precisely we describe repeated interaction systems, Landauer’s principle (for unitary
evolutions), and full counting statistics. We describe our full counting statistics for probe observables Yy
more general than just Sihg,, leading to random variables Ay%® = >, Ay, and we generalize Asg
(emphasising the T dependence in the notation), to random variables Aar as well. In Section 3 we
discuss the various properties of the full statistics random variables: we give an entropy balance equation
“at the level of trajectories”, i.e. almost-sure identities between the different random variables, relate
the moment generating functions of e.g. Ay%* to deformations of reduced dynamics, and give a general
adiabatic result for products of these deformations. In Section 4 we describe the limiting distribution
of the pair (Ay®* Assr) as T — oo in the case Y = Shg when X(s) = 0. In Section 5 we derive a
large deviation principle for Ay in the general case, which in turn implies a law of large numbers and
a central limit theorem. Our technical results regarding the peripheral spectrum and associated spectral
projectors of deformations of completely positive, trace-preserving maps are given in Appendix A. Our
improved discrete, non-unitary adiabatic theorem is given in Appendix B. Various proofs are collected in

Appendix C.
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2 General framework
In this section we will introduce our general framework. We will use the following notational conven-

tions: for X a Banach space, we denote by B(X) the space of bounded linear operators on X and by Id
the identity on X. For H a Hilbert space, we denote by Z;(H) the space of trace-class, linear operators



on H, and by D(H) the set of of density matrices on H, i.e. elements of Z; () which are nonnegative op-
erators with trace one. We will freely use the word “state” for an element p € D(H), therefore identifying
the density matrix and the linear map X — p(X). We say that a state is faithful if the density matrix
p is positive-definite. Scalar products will generally be denoted by (¢,) and are respectively linear and
antilinear in the right and left variable. We denote by |1){¢| the map on the Hilbert space defined by

K= (@, k) .

2.1 Repeated interaction systems

A quantum repeated interaction system (RIS) consists of a system S and a chain &;,&,, ... of probes (or
environments). We will describe the quantum system S by a finite-dimensional Hilbert space Hs, a (time-
independent) Hamiltonian hs = h% € B(Hs), and an initial state p' € D(Hs). Likewise, the kth quantum
probe & will be described by a finite dimensional Hilbert space Hg r, Hamiltonian hg, = hg € B(He k),
and initial state & € D(He ). We will assume the probe Hilbert spaces He i are all identical, He , = He,
and that the initial state of each probe is a Gibbs state at inverse temperature S > 0:

. e Brhey

B Tr(e Prhe)’

We will at times use Zg ) to denote the trace Tr(e™ P khex).

The state of the system S evolves by interacting with each probe, one at a time, as follows. Assume
that after interacting with the first £ —1 probes the state of the system is px_1. Then the system and the
kth probe, with joint initial state py_1 ® f}g, evolve for a time 7 via the free Hamiltonian plus interaction
vy, according to the unitary operator

Uy := exp (—iT(hS ®RId+1d® he, + vk)),
yielding a joint final state Uk (pr—1 ® & )U;. The probe & is traced out, resulting in the system state
pr = Tre (Ur(pr—1 ® &)U,

where Tre is the partial trace over Hg, mapping Z;(Hs ® He) to I1(Hs), with Trg(X @ V) = Tr(Y) X.
We define similarly Trg, the partial trace over Hs and, for later use, also introduce f}; = Trg (Uk (pr—1®
§}§)U ,j) The evolution of the system S during the kth step is given by the reduced dynamics
Ly : 11(7-[3) — Il(Hs)
n = Tre (Ur(n @ §)UF), (2.1)

that is pr = Li(pg—1); remark that £ maps D(Hs) to D(Hs). By iterating this evolution, we find that
the state of the system S after k steps is given by the composition

pr = (L o0 L1)(p). (2.2)
We will often omit the parentheses and composition symbols. For more details about the dynamics of RIS
processes in various regimes, see | , ]. We now turn to energetic and entropic considerations

on RIS, at the root of Landauer’s principle.

2.2 Landauer’s principle and the adiabatic limit

In what follows, for n,( in D(H), S(n) denotes the von Neumann entropy of the state n and S(n|()
denotes the relative entropy between the states n and (:

S(n) = —Tr(nlogn),  S(n|¢) = Tr (n(logn —log()). (2.3)
We recall that S(n) > 0 and S(n|¢) > 0. For each step k of the RIS process, we define the quantities

ASy = S(pr—1) — S(pk)s



AQy, := Tre(he, &) — Tre(he, &),

that represent the decrease in entropy of the small system, and the increase in energy of probe k,
respectively, and

oL = S(Uk(pkfl ® &)Uk lpe ® 86)’ (2:4)

the entropy production of step k. For notational simplicity, we at times omit the “i” superscript in §}€.
Also, we omit tensored identities for operators acting trivially on the environment or on the system,
whenever the context is clear.

These quantities are related through the entropy balance equation

ASk + o = BrAQyk, (2.5)

(see e.g. | ] for this computation). This equation, together with oy > 0, i.e. the nonnegativity of the
entropy production term, encapsulates the more general Landauer principle: when a system undergoes
a state transformation by interacting with a thermal bath, the average increase in energy of the bath
is bounded below by B! times the average decrease in entropy of the system. This principle was first
presented in 1961 by Landauer | ] and its saturation in quantum systems has more recently been
investigated by Reeb and Wolf [ ] and Jaksi¢ and Pillet | ], the latter providing a treatment of
the case of infinitely extended quantum systems.

In | ], the present authors analyzed the Landauer principle in the framework of an adiabatic
limit of RIS that we briefly recall here. We introduce the adiabatic parameter T € N and consider a
repeated interaction process with T probes, such that the parameters governing the kth probe and its
interaction with S, namely (hg,, 8k, vr), are chosen by sampling sufficiently smooth functions. In the
former work, this is described by the following assumption. Below, f € C?([0,1]) means f € C?(]0,1[),
and f and its first two derivatives admit limits at 0, 17.

ADRIS We are given a family of RIS processes indexed by an adiabatic parameter 7" € N such that
there exist C? functions s — hg(s), B(s), v(s) on [0,1] for which

hEk :hf(%)a 5]6 :6(%)7 'Uk:?)(%), Vk=1,...,T,
when the adiabatic parameter has value T.

In this case, we may define

U(s) = exp (—ir (e (s) + @he (s) + v(s))).
£(s) = Tre (U(s)(- @ () U(s)"),

where £(s) is the Gibbs state at inverse temperature 5(s) for the Hamiltonian hg(s). Then, [0,1] 3 s —
L(s) is a B(Zi(Hs))-valued C? function, and L, = L£(£) when the adiabatic parameter has value T
Note that for each s € [0,1], the map L(s) is completely positive (CP) and trace preserving (TP). For
some results, we will need to make some extra hypotheses on the family (L(s))scjo,1)- We introduce such
conditions:

(2.6)

Irr For each s € [0,1], the map L(s) is irreducible, meaning that it has (up to a multiplicative constant)
a unique invariant, which is a faithful state.

Prim For each s € [0,1], the map L(s) is primitive, meaning that it is irreducible and 1 is its only
eigenvalue of modulus one.

We recall in Appendix A equivalent definitions and implications of these assumptions. We recall in
particular that the peripheral spectrum of an irreducible completely positive, trace-preserving map is a
subgroup of the unit circle. We denote by z(s) the order of that subgroup for L(s).

Given such a family, we are interested in the T-dependence of the expected total entropy production

T
ot = Zak, (2.7)
k=1



(note that the terms in the sum are T-dependent through ADRIS). It appears in the total entropy balance
equation

T
ASsp+ 0t = BAQy, (2.8)
k=1

obtained by summing (2.5) over k = 1,...,T, where ASsr = S(p') — S(p') and p' = pr is the state
of S after the final step of the RIS process (see (2.2)). In | |, the present authors used a suitable
adiabatic theorem to characterize the large T behaviour of the total entropy production term (2.7),
which monitors the saturation of the Landauer bound in the adiabatic limit. Briefly, under suitable
assumptions, convergence of o' is characterized by the fact that the term X(s) defined in (3.6) below
vanishes identically.

2.3 Full statistics of two-time measurement protocols

We now describe a two-time measurement protocol for repeated interaction systems with T probes.
The outcome of this protocol is random, and we will relate its expectation to the quantities involved in the
balance equation (2.8). Note that a similar protocol was considered in | ] (see also | ) D-

For the purpose of defining the full statistics measure for an RIS, we will consider observables to be
measured on both the system S and the probes &, k € N.

First, we assume we are given two observables A' and Af with spectral decomposition

A = g a' s, Al = E a' s
al af

in B(Hs) where a', af run over the distinct eigenvalues of A', Af respectively, and 71';;, ﬂif denote the
corresponding spectral projectors. When we consider increasing the number of probes T, we assume the
observable A' is independent of T' (as we measure it on S before the system interacts with any number
of probes), but allow Af to depend on T, as long as the family (A")3_, is uniformly bounded in 7.

On the chain, we consider probe observables Y;, € B(Hg) to be measured on the probe &. We require

that each observable commutes with the corresponding probe Hamiltonian:
[V, he,] = 0.

We write the spectral decomposition of each Y} as

If the kth probe is initially in the state £, a measurement of Y}, before the time evolution will yield y;,
with probability Tr(ﬁHl(.f)).
When assuming ADRIS and discussing measured observables Y, we will always assume

Comm There is a twice continuously differentiable B(H¢)-valued function s — Y(s) on [0,1] such
that [Y'(s),he(s)] =0 at all s € [0,1] for which, when the adiabatic parameter has value T,

Ve=Y(%), k=1,...,T.

Nl

The family of probe Hamiltonians themselves Y (s) = hg(s) are suitable, but in our applications to
Landauer’s principle, we will be particularly interested in Y (s) = 8(s)he(s).

Associated to the observables A', Af and (Yk)gzl and the state p', we define two processes: the forward
process, and the backward process.



The forward process The system S starts in some initial state p' € D(Hs) and the probe & starts in

initial Gibbs state & € D(Heg, ); we write the state of the chain of T probes = = ®Z=1 £,. We measure Al
on S and measure Y, on & for each k =1,...,T. We obtain results a' and 7= (i))7_, with probability

Tr (0 @ B)(nly © 1),

where II; := ®f:1 Hgf). Then the system interacts with each probe, one at a time, starting at £ = 1 until
k =T, via the time evolution
Uy := exp ( —ir(hs + he, + vk))

Next, we measure Af on the system and measure Y, on & for each k = 1,...,T, yielding outcomes a
and 7= ( jk)gzl. Using the rules of measurement in quantum mechanics and conditional probabilities, the
quantum mechanical probability of measuring the sequence (a',a,7,7) of outcomes is given by

f

Tr (Ur -~ U (my @ ) (p' @ E) (s @ M) U7 - - - U (e @ 1))

We emphasize that the outcomes are labelled by (al,af,7,7) which refers to the eigenprojectors of the
operators involved, but not to the corresponding eigenvalues which only need to be distinct. Also, we may
write the second measurement projector Wif ® 117 only once by cyclicity of the trace.

The backward process The system starts in state
plp = Tre (U -+ Ui(p @ E)UT -+ U;),

and the probe &, starts in the state &,. We measure observable Af on S and Y}, on &, for each k =1,...,T,
yielding outcomes af and (jx)7_,. Then the system interacts with each probe, one at a time, starting
with k =T until £ = 1, via the time evolution

Uy =exp (iT(hS + he, + Uk)).

Then we measure A! on S and Y, on &, for each k = 1,...,T, yielding outcomes a' and (ik)le. The
probability of these outcomes is given by

Te (U - Up (e ® 1) (o @ 2) (e @ YU - - Uy (2 @ T13)).

The full statistics associated to the two-step measurement process For notational simplicity,
we assume that the cardinality of spY'(s) does not depend on k. We can therefore use the same index
set J for all eigenvalue sets: sp Yy = (yi, )i, ez for all k=1,...,T. We define the space

Qr =sp A x sp Af x 37 x 37

and equip it with the maximal o-algebra P (7). We will refer to elements (a', af,7,7) of Qr as trajectories,
and denote them by the letter w.

Definition 2.1. On Qp, we call the law of the outcomes for the forward process,
P (d',a',7,7) :=Tr (Up - - Ur(m,; @ T) (p' @ E) (my @ TR)UY - - - U (e @ T1y)), (2.9)

the forward full statistics measure. We denote by E7 the expectation with respect to PL. We also consider
the backward full statistics measure

PZ(d',a",%,7) == Tx (U -+ Up(rle @ ILy) (py ® E) (s @ T Ur - - - Uy (7l @ 117)) (2.10)

which is the law of the outcomes for the backward process. Let us emphasize here that PL and PZ
depend on the spectral projectors (ml,), of Al, (nf.),c of Af, and (II;) of the (Y%), and not on the
spectral values these operators. In particular, the probabilities IP’ILT7 and IP’? associated with two families
of observables (Y(s))sef0,1], (Y'(5))sejo,1) that have the same spectral projectors (as e.g. Y'(s) = B(s)he(s)
and Y'(s) = hg(s)) will be the same.



To (Yi)i_,, Al, and Af, we associate two generic classical random variables on (Q7, P(Qr)):

Aar(dl,d!,7,7) == d' —d', (2.11)
T

Ayst(a,af, 7 7) =Y (i — ). (2.12)
k=1

Note that the choice of defining Aar as al —af, i.e. as the decrease of the quantity a, is consistent with

the standard formulation of Landauer’s principle as given in Section 2.2. Additionally, the assumption
that (A)%%_, has uniformly bounded norm yields that the random variable Aar has L° norm uniformly
bounded in 7.

Remark 2.2. When we work with an ADRIS, the dependence in T of the Uy (remember that in this
case Uy is of the form U(k/T)) prevents the family (P4)7 from being consistent. The PL are therefore
a priori not the restrictions of a probability P¥ on the space Q, as is the case in [ | where the
environments & and the parameters hg,, Br and v do not depend on k.

3 Properties of the full statistics

In the present section we obtain a relation between classical random variables arising from the protocol
defined in Subsection 2.3, and the quantity (2.8). We study the relevant properties of the distributions PL
and PZ, their relative information variable, and its moment generating function.

3.1 Entropy production and entropy balance on the level of trajectories

We turn to obtaining an analogue of (2.8) for random variables on (Qr,P(Q7),PL). Remark first that
PE(a!,af,7,7) and PE(a!,af,7,7) are of the form

PE(,d', 7)) = Tr (0 2)$*S)  PR(d,a",5,7) = Tr (o © 2) 57)
Under the assumption that p' and pf. are faithful we therefore have
PX(a',af,7,7) = 0 if and only if PE(d',af,7,7) = 0.

Since the image of a faithful state by an irreducible CPTP map is faithful (see the discussion following
Definition A.1 below), p' and pf. will be faithful as soon as p' is faithful and assumption Irr holds.
This allows us to give the following definition:

Definition 3.1. If p' and p. are faithful, we define the classical random variable

. PL(a,af,7,7)
al,af,77) = log =L —— 2
CT( .T) gp?(al’af’z"]—)

on (Qr,P(Qr),PE), which we call the entropy production of the repeated interaction system associated
to the trajectory w = (a',al,7,7).

Note that the random variable ¢r is the logarithm of the ratio of likelihoods, also known as the
relative information random variable between PX and PZ. It is well-known that the distribution of such
a random variable is related to the distinguishability of the two distributions (here PL and PZ): see

e.g. | ]. Distinguishing between PL and P amounts to testing the arrow of time; we refer the reader
to | , ] for a further discussion of this idea.
We have the following result, essentially present in | ], whose proof is given in Appendix C.

Lemma 3.2. Assume p' and p. are faithful. If

Tr(PiWiai )

dim 7!,
ol

S S S S i i
TP = m.; for each a',



Tr(phr’s) ¢ £
Tﬁf“f ¢ for each a',

o f f _f
W TP =

iti. for each k=1,...,T, the state & (or equivalently hg, ) is a function of Yy,

then i
- Tr(ni ph) dimnt,
i f > a a (k) (k)
ST, :bg( - i>+ Br(E;” — E;"”), 3.1
(0, 50) =108 Gyt 5 G, ) + 2 P B~ Bu) (3.1)
(k) _ Trlhe, T1,0)
where E; =~ = g™ are the energy levels of the kth probe.

Remark 3.3. The first two hypotheses are automatically satisfied if, for example, A' and A are non-
degenerate (all their spectral projectors are rank-one). All three hypotheses are automatically satisfied
if, for example, p!, pL. and & can be written as functions of A, Af and Y, (for each k = 1,...,T)
respectively.

Again, ¢r depends on the spectral projectors of the observables A', Af and (Yy)i_,, but not on their
eigenvalues. However, with the choices A" = —logp', A = —logpl. (for which we check the uniform
boundedness assumption in Remark 3.14) and Y'(s) = B(s)hg(s), and writing the spectral decompositions
pt =Y rial, ph = > rial, the relation (3.1) takes the simpler form of a sum of differences of the obtained
eigenvalues (measurement results):

T
ar(w) = (~logrt) — (~logri) + Y Bu(EY — EX),
k=1

which is the random variable introduced earlier as —Aar + Ay'*(w) (again, in the case Y = Bhg). In this
case, Aar = (—logrl) — (—logrf) is a classical random variable that is the difference of measurements of

entropy observables on the system S, which we call Ass r(w). On the other hand, Zfil Bk(EJ(-}I:) —El-(f)) is
a classical random variable that encapsulates Clausius’ notion of the entropy increase of the chain (Sk)gzl
on the level of trajectories, which we call Asg r(w). Then,

Ass r(w) 4+ or(w) = Asg r(w), (3.2)

and ¢r(w) measures the difference between these two entropy variations, on the trajectory w.
Moreover, Proposition 3.4 below, whose proof is also left for the Appendix, links expression (3.1) to
the entropy balance equation (2.8). Indeed, by showing that under suitable hypotheses the two terms on

the right hand side of (3.1) average to the corresponding terms in (2.8), we show that Ep(¢r) = o'°t. In

other words, 0" coincides with the relative entropy or Kullback—Leibler divergence D(PL||PZ) between
the classical distributions P¥ and PE. Recall that D(PE||PE) = 0 if and only if PZ = PE. Hence, we will

refer to (3.1) as the entropy balance equation on the level of trajectories.

Proposition 3.4. Assume that p' is faithful and a function of A', that pk. is faithful and a function of
At and the state & (or equivalently he,) is a function of Yy for each k=1,...,T, then

Tr(nl,p') dim ﬂ'(flf - B ; i
ET(log (5 ) s )) = —Er(Ass.z) = S(pf) — S(p) (3.3)
and
T T
Er (Y BB — BY)) =Er(Aser) = Y BiAQk. (3.4)
k=1 k=1
Therefore,
Er(sr) = of", (3.5)

and relation (3.1) reduces to the entropy balance equation (2.8) upon taking expectation with respect to P



We are interested in the full statistics of the random variables ¢r(w) that we will address through its
cumulant generating functions in the limit 7' — co. We will consider two cases: limr_,o, 04" < 00, and
limr_, oo 0% = co. The behaviour of this averaged quantity was investigated in | ]. For a RIS

satisfying the assumptions ADRIS and Prim, the condition

lim sup of** < oo

T—o0

can be shown to be equivalent to the identity X (s) =0, where

X(s) = U(s)(p™(s) @€ () U ()" = p™(s) ® €\ (s), (3.6)
and p"V(s) is the unique invariant state of L(s). If the assumption X(s) = 0 does not hold, then
limy o0 04°° = 00. We will consider the case X(s) =0 in Section 4, and the case sup,e( 1 [[X(s)[l1 > 0

in Section 5. In either case, our main object of interest will be the moment generating function of the
variables Ay® and Aar, which we can relate to deformations £(%)(s) of L(s).

3.2 Moment generating functions and deformed CP maps

We recall that the quantities Aar and Ayf* are defined in (2.11) and (2.12). We also recall that the
moment generating function (MGF) of a real-valued random variable V' (with respect to the probability
distribution PL, which will always be implicit in the present paper) is defined as the map My : a —
IET(eO‘V), and the MGF of a pair (V1,V2) as the map My, v,) : (a1, a2) — ET(ea1V1+a2V2). When V

r (V1,V2) are given by the random variables Ay$®, Aar, the above functions My (resp. My, v,)) are
defined for all o € C (resp. for all (a1, as) € C?). For relevant properties of moment generating functions
we refer the reader to sections 21 and 30 of | ]

Our main tool to study these moment generating functions is the following proposition:

Proposition 3.5. For o € C, define an analytic deformation of L(s) by the complex parameter «
corresponding to the observable Y (s):

L) Ti(Hs) — Ti(Hs)

n —  Tre (an(S)U(s)(n ® 5(8))670[}/(5)[](8)*). (3.7)

tot

Under assumption Comm, the moment generating function of Ayt is given by

MAy’fjgt(Oé) =Trg (ﬁg,o‘)(% L(a) % ZW i 7r

If in addition [Al, p'] = 0, then the moment generating function of the pair (Ayl®t, Aar) is given by

ICRE)]

is given by

—as Al p(a a
Mayiet, Aar) (@1, 2) = Tr (e 24 ﬁg/ 1)(%) : ~-£§, O

S

so that in particular the moment generating function of —Aar + Ayke*

f (a o _aAl
M_paptaye(@) = Trs (4L (L) L (1) (e ).

See Appendix C for the proof. In Section 5 we will analyze the above moment generating functions,
with the help of an adiabatic theorem for the non-unitary discrete time operators L’g,a ). The case Y(s) =
B(s)he(s) plays a particular role for the analysis of Landauer’s principle. The complex deformation of the
map L(s) we consider is similar to the deformations introduced in | ] for hypothesis testing on spin
chains, and to the complex deformation of Lindblad operators introduced in [ ] suited to the study
of entropy fluctuations for continuous time evolution.

Dropping the s-dependence from the notation, below, we first provide the expression for the adjoint
of the deformation of L(s) with respect to the duality bracket on B(Hs), (Cy,Cs) = Trs(Cy C’g) We

(=) .

temporarily make explicit the dependency of nga T by denoting it ng‘ ;T); in particular, Ly is
obtained by replacing the unitary U(s) with its adjoint U*(s).
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Lemma 3.6. The adjoint of the operator Eg/a) s given by
ng)* c s Trg (e @V HBRIU* (5 @ €)@V +8hE) ). (3.8)

In particular, L’g,O;T)* = ,Cg;l;fﬂ, and for Y = She we have LB‘ZT) = Léhz L),

Proof. First note the identity Tre((Id ® C)D) = Trg(D(Id ® C) for any operators C and D on Hg and
Hs @ He, respectively. Let Cp,Cy € B(Hs). The straightforward computation

(L7 (C), Ca) = Trs ((Tre (e U (Cr @ €)oY U)) " C)
= Trs (Tre(UMe ™ (CF @ ¢PUT ™) 0y)
= Z5 ' Tr ((e™UT(Cf @ e )™ UT))(C, © 1d))
= Z; T ((Cf @ Id)e™ (Y +0h)y(7)(Cy @ e Fhe )o@ 6k (7))
=Trs (C} Tre (e~ @ +he)y(=7)(Cy ® g(ﬁ))e(EY+Bhs)U(T)))
directly yields the result. O
We now consider the Kraus form of this deformation.

Lemma 3.7. Assume that Comm holds. For all a € R, ng) is a completely positive map. In addition,
there exists a Kraus decomposition
n) =Y Kink;,
(2%}

of Ly such that ng‘) admits the Kraus decomposition

E(a) Zea(yj yl)Kl]nK

i
Proof. Let {1, }™ "¢ be an orthonormal basis of eigenvectors of Y. We introduce

Id® |¢m) : Hs = Hs @ He defined by ¢ — ¢ ® ¢y,
[d® (| : Hs @ He — Hs defined by ¢ @) = (¢, 1) @,

so that (Id ® |1),))* = Id @ (¢,,|. We observe that using [Y,&] = 0 and Tre((Id @ C)D) = Trg(D(Id ® C)
for any operators C' and D on Hg and Hs ® He, respectively, we can write

£ () = Tre (1d @ Y/ U (1d @ e=Y261/2) (n @ 1d) (1d ® £/%e~Y/2)U* (1d @ e*¥7?)). (3.9)

This shows that Egﬁl )is a completely positive map. Then we express the partial trace on Hge using the
orthonormal basis {1, }™ "¢ by means of the set of operators on Hs

K = 1do @) 1d@ e Ud @ e *Y/?)1d @ £/2 |v;)) (3.10)
(again Kfz) depends on the choice of Y). Thus for any n € Z;(Hs), and all « € R,

£ Z K% . (3.11)

This yields the Kraus decomposition of ,Cgf‘ ). Moreover, we note that

K@ _ golyj—yi)/2 ¢(0)
2,7 ’

]

and letting K ; := Ki(f? gives our final statement. O
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Lemma 3.7 proves in particular that Eg/a ) is a deformation of £ in the sense of Appendix A. Let us
now address the regularity of Lgﬁl )(s) in (s, ).

Lemma 3.8. Assume ADRIS and suppose s +— Y (s) € C*([0,1], B(Hs)). Then, the map

0,1] x C 3 (s,0) — L (s) € B(Hs)
is of class C?.

Proof. First observe that since the dimensions of Hs and Hg are finite, it is enough to check regularity
of the matrix elements of ng‘)(s). From the Kraus decomposition above, if {p;}3 s and {1} M are

fixed orthonormal bases of Hs and Hg, it is enough to check regularity of the C valued functions

(k| K jor) = (o1 @ ;1€ U (s)e Y g (5) 20y @ 1)) .
By ADRIS and the explicit dependence in « of the matrices involved, one gets immediately the result. [

Remark 3.9. In case the regularity assumption in s in ADRIS and that of Y are understood in norm
sense, and hg(s) is such that £(s) is C? in the trace norm sense on Hg, the map (s,a) — £§f‘)(s) €
B(Z1(Hs)) is C? in norm sense, irrespectively of the dimensions of Hs and Hg; see Appendix C.

We conclude this section with a discussion of the effect of time-reversal on the operator K;;, and

therefore on the operator Eg/a ). A relevant assumption will be the following:

TRI We say that an ADRIS satisfies time-reversal invariance if for every s € [0,1] there exist two
antiunitary involutions Cs(s) : Hs — Hs and Cg(s) : He — He such that if C(s) = Cs(s) ® Cg(s) one
has for all s € [0,1]

lhs; Cs(s)] =0, [he(s),Ce(s)] =0, [v(s),C(s)] = 0.

This holds for example if each hgs,he and v are real valued matrices in the same basis, and Cs, Cg are
complex conjugation in the corresponding basis.
()

In the following result we denote by K; f

defined in (2.6). The operator KZ(;T)(S) is therefore associated in the same way with the unitary U*(s).
Lemma 3.10. Assume that an ADRIS satisfies Comm and TRI. Then for all i,j and all s € [0,1] one

(s) the operator Kj; ;(s) associated with the unitary U(s) as

has
Cs(5)K(7 (5)Cs(s) = K7 (s). (3.12)
This implies in particular that for Y = Bhg and all s € [0,1],
MA@ (5) = X179 (), (3.13)
or equivalently that the function a — N (s) is symmetric about o = —1/2 for all s € [0,1].

Proof. Once again we drop the s variable. Using (3.10), Ki(;) we have

(p1, CsE) Cspa) = (Csio1, K\ Csp)
= (Csp1 @Y, UEYV2Csp3 ® ;)
and by Comm we can choose the basis (¢;); such that Cge); = ¢, Cep; = 1;, so that

= (C(p1 @1;), UEYV2C (02 @ 1))
= (p1 ® ¥j, CUCEY %0y @ 1)
= (01 ® 95, U*EY 203 @ ;)

and this proves relation (3.12). If we now denote Kg = Cs - Cs the map on B(Hs), then for o € R this
implies Kgo £(*™) o Kg = £(*~7) for any Y satisfying Comm. By Lemma 3.6, for Y = Shg this implies
Kso Lo o Kg = £{-2=17)* which in turn implies A(®) = A(-a—1), O

12



3.3 A general adiabatic result

The moment generating functions of Ayf®* and Aar have been related in Proposition 3.5 to products

of T operators Lg}l )(s) that differ little from each other, locally, by an amount of order 1/T. The general
result stated below will allow us to discuss the asymptotic behaviour of Ayt as T — oo.

Let s — L(s) be a family of CPTP maps satisfying Irr, and define £§,a)(s) by (3.7). For each s € [0, 1],
the map Eg/a )(8) satisfies (3.11), and is therefore a deformation of £(s) in the sense of Appendix A. From
Proposition A.3, there exist maps /\g/a)(s), Ig,a)(s) and pgf‘) (s) from [0,1] x R > (s, ) to, respectively, R ,
the set of positive-definite operators, and the set of faithful states of Hs; and maps z(s),u(s) from [0, 1]
to, respectively, N and the set of unitary operators, with the following properties:

o the identities [u(s),Ig,O‘) (s)] = [u(s),pg/o‘)(s)] =0, and u(s)*®) =1d hold;
e the peripheral spectrum of ng‘)(s) is Agf‘)(s)Sz(s), where S, = {0™,0 = e*™/* m =0,...,2 —1};

e the spectral decomposition u(s) = ZZ(:S)I eimm/=(s)y (s) holds;

e the map n — Tr(I%f‘)(s)u(s)_mn)pg,o‘)(s)u(s)m is the spectral projector of Cgf‘)(s) associated with

/\g;l) (S) e2i7rm/z(s);

e the unitary u(s) and cardinal z(s) of the peripheral spectrum of Eg/a)(s) do not depend on « or Y.

Note that we have /\gf)(s) =1, I§9)(s) =1Id and pgﬁ))(s) = p"¥(s) for all Y and s. As mentioned above, the
case Y = Bhg will be particularly relevant to the discussion of the Landauer principle. We therefore drop
the indices Y, and simply denote by A(®)(s), I(®)(s) and p(®)(s) the above quantities, in the case where
Y = Bhe. We define

-1

L5 (s) = (AW ()7 L8 (s).

The following result will be our main technical tool.

Proposition 3.11. Consider an ADRIS with the family (L(s))sefo,1] satisfying Irr with z(s) = z. Then,
there exist continuous functions R 5 a — ¢'(a) € (0,1) and R > o — C(a) € Ry, and a function
a— To(a) € N that is bounded on any compact set of R, such that for all « € R, T > To(a), and k < T,

|26 ¢5) 22t — e 30 T (1 ) (0)0) 48 (i ()|

n=0
Cla)

<Ta-r@y C(a)l (a)k.

where the index of the spectral projector pn_k(%) is interpreted modulo z, and

k/T 9
ﬂgf) = / Tr (I§/ )(s) %pg, )(3)) ds.
0

Proof. By expression (3.11), the map R x [0,1] > («, s) — ng‘)(s) is real analytic in o and C? in s. We

know from Proposition A.3 that the spectral radius )\gf)(s) of Eg,a)(s) is a simple eigenvalue for ng)(s) with

eigenvector pg/a)(s)7 and for ng)(s)* with eigenvector 1(®)(s). By standard perturbation theory, the maps
(o, 8) — /\gf)(s),Igf‘)(s),pgf)(s) are C? functions of s € [0,1] and real analytic functions of o € R. The
unitary u(s) is an eigenvector for the isolated eigenvalue 6 = e?7/% of L£*(s), and is therefore a C? function
of s. The peripheral spectrum of [:g,a)(s) is the set S, = {0™,m =0,...,z— 1}, each peripheral eigenvalue
0™ is simple, and the associated peripheral projector n — ana)(s) = Tr(Igf)(s)u(s)_mn)u(s)mpg/a)(s)
is therefore a C? function of s and a real analytic function of a. In addition, denoting Q(®(s) =
d->7_, P (s) the quantity (a) = SUDc[0,1] SPT L% (5)Qa(s) < 1 is a continuous function of a.
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From the above discussion, the family s +— fg,a )(s) satisfies HypO-Hyp4 and is therefore admissible,
in the sense of Appendix B, with simple peripheral eigenvalues. We can therefore apply Corollary B.9.

Denote by 19 ., the integral appearing in the exponential factor:
@ _ [T (e 9 ()
9, = /0 T (1) (tu(t) ™ o (u™ (064 () ) . (3.14)
We can prove that 19 . does not depend on m:

Lemma 3.12. We hcwe form=0,...,2—1

@ _ g [T @ D (@
o), =0k [ T (0 3k )

Proof. The proof follows from a simple expansion of %(um(t)pg/a )(t)) and commutation properties:

k/T m—
9@ = 9l 4 / Tr (1 (6)u™"( Z u™ R ()8 (1)) dt
0 k=0

(a) @) 1 O ()
=0y +m ; Tr (I (¢) w (t)a(t)py (t)) dt.

However, as u(t)* = Id, plugging m = 0 or m = z in the right-hand side of expression (3.14) gives the
same expression 19 ), so that necessarily

)y 1 DU ()
/ T (1) (0 () 5 ()4 (1)) it = 0
0

and the conclusion follows. O

Lemma 3.12 and Corollary B.9 therefore imply that for any ¢'(«) € (¢(a),1), there exist To(a) € N,
and C(«) > 0 which is a (fixed) continuous function of

cp(a)= sup max max (||l6\), (s), 16350 (), 108, ()1, 13 ()]])

5€[0,1] =12

with (o) (a) (a) (a)
v (5) = py" (s)u(s)™ yom (8) =17 (s)u(s)™,
such that for any T > Ty(a),

Ao Ao i —9l 3 m 3 m @ -m i
|20k 200 ()t = e 3 0 ol () T (10 (0)u = (0))

O(a)
=T ()

In addition, To(a) can be chosen depending on cp(a) and ¢'(a) alone.
Recall that we have the spectral decomposition w =Y. _, 6™p,,. Then, with all sums from 0 to z—1
understood modulo z, we have by a discrete Fourier-type computation

>0 T (1) (0)0) o5 (F)u™ ()
_ZemeO nm . I(a( 0)py (0) i)Zglm (a)(%)pl(%)

_ZTr 0)pn O)p) % )pe % Zem(k n-+0)

+C(a)l'(a)*.  (3.15)
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=T (100)p, (0)01) o5 (5 )pe( %) 2L

n,f

= 23T (1) 0)pn(0)0) ) (F)pn ()

n
This expression along with (3.15) yields the result. O

By taking o = 0, this result allows adiabatic approximation of the state of & under the physical
evolution Ly ---Lq after k steps of an irreducible RIS. This corresponds to a generalization of the results
of | |, which could only treat the case

Corollary 3.13. Consider an ADRIS with the family (L(s))sejo,1 satisfying Trr with 2(s) = z. Then,
there exists £ <1, C >0, and Ty > 0 such that for all T > Ty, and k < T,

. C
. 1_ . < - 1k
HEk Llp padlab(k7T)H = T(1 — e,) + Cﬂ
where )
Padiab(k, T) := z Z Tr (pn(O)pi)pmv(%)pn k(%) (3.16)
n=0

is state, and the index of the spectral projector pn_k(%) is interpreted modulo z. Moreover, if p' is faithful,
we have the uniform bound

> : . i inv
%r;f k}nf inf sp padiab(k, T') z(lrgnjlgz Tr (p; (0)p )) el{lf;l] infsp p"™(s) > 0.

Proof. We apply Proposition 3.11 for @ = 0, and use that I(®)(s) = Id, pgf) = p"v, and ﬁgﬁl) = 0 which
follows from ’Iirpgﬁ))(s) = 1. Next, we check the formula Tr(p'™ (%)p,(%)) = L for each £ =0,...,2—1. We

drop the argument % in what follows, and write L, /T(-) = >, Vi-V;* the Kraus decomposition. Recalling

that p,V; = V;pe41 for all 4 and ¢ as discussed in Appendix A,

Tr(p™ pe) = Te(L(p™)pe) = Y Te(Vip™ Vipe) = > Te(Vip™ pesa Vi) = Te(L(p™ pesa)),

so Tr(p™pe) = Tr(p™ pes1) using that £ is trace-preserving. As Y, Tr(p™'p,) = Trp™ = 1, we must
have Tr(p™'pg) = 1. Therefore,
Tr(padian(k, T)) = 2 Y Tr (pa(0)p") Te(p™ (£)pn—k(£)) ZTr pn(0)p)) =Trp' = 1.

Moreover, given a normalized vector ¢ € H, we have

(), padian (k, T)0 —zZTr (P (0)p") (0, P™ (%) Pk (5)0)

_ZZTI‘ pn pn k(%)wapmv(%)pnfk(%)dO

using [p™(£), pp_k(£)] = 0. Since p™ (L) > 0 and Tr (p,,(0)p') > 0, each term in the sum is non-negative,
and we have

(t, Padian (k, T)¥) > 2[ min Tr (p;(0)p")] > (¥, p™ (£)pn—k (£))

1<j<z -
_ : i inv/k
= = min Tr (p;(0)p")] (¥, o™ (7)9)
> : . i inv
> z[lgljlgz Tr (p;(0)p")] seu[%)fl] inf sp p"™(s). O
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Remarks 3.14.

e Given an ADRIS the family (L£(s))seo] satisfying Irr, for faithful p' the state pf. = Lo Lyp' is
faithful for each T' > 1 (see the remark after Definition A.1). Corollary 3.13 and Weyl’s inequalities
(see Section IIL.2 in [ ) give the stronger result infrs;infsp pr > 0. In particular, we may
make the choice Af = —log pr which is bounded uniformly in T

e If we assume, in the notation of | ], that p' = (P} + Qo)p' (i.e. p' has no components corre-
sponding to the peripheral eigenvalues of £(0) other than 1), then one can check that paqian(k,T) =

P (3)-

4 Special case: bounded adiabatic entropy production

In this section we consider (E( )) €p, 1] satisfying ADRIS and the primitivity assumption Prim, with
X(s) = 0. We specialize to the case Y (s) = f(s)hg(s) for all s € [0,1], and thus drop the subscript Y
in the notation. We recall from | ] that the condition X (s) = 0 is equivalent to the existence of
a family (ks(s))sefo,1] of observables on Hs such that [ks(s) + he(s),U(s)] = 0. We claim that for any

a € C,
e~ BE)(1+a)ks(s) (4.1)

is an invariant for £(®)(s), the deformation of £L(s) corresponding to Y (s) = B(s)he(s). This follows from
the straightforward computation

o B(s)he(s)

£ (5) (e=BEO1+0ks ()} _ Ty (B he )7 (g) (o=Bls)1+a)ks(s)
(s) (e ) = Tre (e (s)(e & 70

)efams)hg(s)U(S)*)

— o Bs)(1+a)ks(s)

Since L£(®)(s) is completely positive and irreducible for a € R (see Appendix A for details), and
e B)(A+e)ks(s) i positive-definite, 1 is necessarily the spectral radius of L£(*)(s). We therefore have
)\(a)(s) =1, for all s and a € R, and in addition,

o— (1) B(s)ks (s)

(a) _
p (5) Tr (67(1+04)ﬁ(5)ks(s)) ) (4.2)

with p(0(s) = p™V(s), the invariant state of £(s). Similarly, using Lemma 3.6, e®#(*)ks(s) is an invariant
for £(®)(s)*, so that for o € R

Ty (o (1H+e)8()hs (5))

(@) () =
1 (S) - Tr (e*ﬁ(s)ks(s))

e@B(s)ks(s) (4.3)

satisfies the normalization condition Tr (1™ (s)p(®)(s)) = 1.

Lemma 4.1. Under the assumptions ADRIS and Prim, and with X (s) =0, and ¢'(a) € (0,1), C(«a) € R4,
To(a) € N as in Proposition 3.11, for all « € R and T > Ty(«), all n € T (H),

1 inv - inv 1+« Cla /
£ -+ L) () = T (0 ) p™ (1) £ 7 D) + ClalE ()

Proof. First note that in the primitive case, z =1 so that =1 and only the term with m = 0 is present.
In addition, as we have proved above, for X (s) = 0 one has A(®)(s) = 1 and therefore £(®)(s) = L£(¥)(s).
Proposition 3.11 together with expressions (4.2) and (4.3) then yield
gt T (e~ (1F@BORs ) Ty (B ()
Tr (e*(lJra)B(l)kS(l)) Tr (e*ﬂ(o)ks(o))
. O
T T(A-0 ()

Hga (L) L) (L) o—(1+a)B(Dks (1) H

)+ Ca)(¢'(a))T.
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with

9@ — ! Tr (Tr (e P)1+a)ks(s)) LAB)ks(3) d o—B(s)(1+a)ks (s) )ds
0 Tr (e=FPle)ks (=) ds Tr(e— B Ita)ks(s))

1 —B(s)(1+a)ks(s —B(s)(1+a)ks(s
:/ Tr(e Ble)(1taks( ))Tr<ea[3(s)ks(s)£ o POF ks () ) s
0 T
1

r(e*ﬁ(s)ks(s)) ds Tr(e*ﬁ(s)(lJra)kS(S))

— —B(s)ks(s)y) 71 aB)ks(s) L ~Bs)(1+ahs(s)
/0 (Tr(e ) Tr <e ° )ds

d

1
_/O (Tr(e_ﬁ(s)(l+a)ks(s)))—1&Tr (e_ﬁ(s)(1+a)ks(s))ds.

Thanks to the general formula d—‘ie“‘(s) = fol e’“’A(S)d—‘iA(s) e1=2)A() dz and to the cyclicity of the trace,
we have

d d
Tr (0B (ks (3) &Cfﬁ(S)(HQ)ks(S)) = —(1+a)Tr (g (B(s)ks(s))c—ﬁ<s>ks<s>)
d
=(1+a)1 Tr(eP)ks(9)),
so that
'd 'd
9 = (1+ a)/ 1 log Tr(e Aks () g5 —/ I log Tr(e~(F+)B()ks () g
o ds o 4ds
and
@ (me—ﬁ(ows(m))Ha Tr(e~(1+0)B(Dks (1))
e = )
(Tr(e=BMks (1)) Ty(e—(1+a)5(0)ks (0))
The rest of the proof is obtained by direct computation. O
Recall that for p', pf two faithful states, A" = —logp!, A" = —logpf and Y (s) = B(s)he(s), we have

the decomposition ¢p = —Ass 1 + Asg 1 (see (3.2)).
Theorem 4.2. Under the assumptions ADRIS and Prim, and with X (s) =0, the distribution of the pair
(Assr,Asg ) converges weakly to a probability measure characterized by its moment generating function

M(ASg,Ass)(al, a2) =Tr (piHV(O)—a1 (pi)l—az) Ty (pinv(l)l""al"raz).

This probability measure has finite support, contained in the set

(logsp p™ (1) —logsp p™(0)) x (logsp p™ (1) — logsp p') =

: . . . i 44
{(logr1 —logro,logr] —logr') | 71,7} € spp™ (1),79 € spp™ (0),r" Espp'}. (44

In particular, the limiting moment generating function Mc(a) = limy_,oo M, (a) satisfies
log M(ar) = S_a(p"™(0)]p"),
where S, denotes the (unnormalized) Rényi relative entropy S, (n|¢) := log Tr(n®¢1=2).

Remark 4.3. Relation (3.5), and the fact that the derivative of S_,(n|() is the relative entropy S(n|¢) =
Tr (n(logn—log ¢ )) imply in particular (again see Section 30 of | ]) that under the assumptions ADRIS
and Prim, and with X(s) =0,

lim " = S(p™(0)|p').

T—o0
Theorem 4.2 therefore gives us a refinement of the results of | ], where an explicit expression of
the limit was missing. Remark also that the quantity S_,(p™(0)|p') can be expressed as the cumulant
generating function of an explicit distribution related to the relative modular operator for p™¥(0) and p'
(see e.g. Chapter 2 in | D-
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Proof. By a direct application of Proposition 3.5, for all aj,as € R we have
M(ASg’T,Ass’T)(OKI,OJQ) —Tr (e—agAfc(al)(%) . .L(a1)(%)(e+o¢2Aipi))’
so that by Lemma 4.1

lim [Mase rass.r) (@1, 02) = Te(p™(0) 7 (p1)1772) Tr (p™ (1)1 (p)2) ] = 0,

T—o0

and again from Lemma 4.1 with a = 0, lim7_,, pf = p'™(1) and the latter state is faithful. This shows
that the moment generating function converges as T — oo for all (a1, as), to the desired identity. By the
results in section 30 of | ], this shows the convergence in distribution of the pair (Asg r,Asg ). O

Corollary 4.4. Under the assumptions of the Theorem /.2, if in addition p' = p™(0) then the limiting
distribution for (Asgr,Ass ) has support on the diagonal and equivalently the limiting distribution for
¢ is a Dirac measure at zero. If we write the spectral decomposition of p™ (0), p"™ (1) as

PM0) = (0)m(0) P =D (1) my(1)
J J
then the limiting distribution for Asg 1 gives the following weight to s € R

> T (P (0)m;(0) Tr (p™ (1) (1)) 14 (log k(1) — log 75(0)),
k.j

where 14(t) =1 if s =1t and 0 otherwise.

Proof. If p' = p™(0) then with the notation of Theorem 4.2, one has log M () = 0, so that the limiting
distribution for ¢y is a Dirac measure at zero. In addition, the limiting moment generating function for
Asgr is

Ty (pinv(o)l—a) Ty (pirlv(1)1+a)

and the expression of the corresponding distribution follows by inspection. O

Example 4.5. Let us recall the simplest non-trivial RIS, which is considered in [ , Example 6.1],
for which the system and probes are 2-level systems, with Hs = He = C2?, along with Hamiltonians
hs = Ea*a and hg, = hg := Eob*b where a/a* (resp. b/b*) are the Fermionic annihilation/creation
operators for S (resp. &), with E,Ey > 0 constants with units of energy. As matrices in the (ground
state, excited state) bases {|0),|1)} for S and &, we write

0 1 « o+ _ (00 « 24 (0 0
a—b—(o 0), a"*=b —(1 O)’ aa-bb-(o 1).

We consider a constant potential vgw € B(Hs @ He),

URW:%(G*@)Z)-‘F(I@I?*)

where 7 = 1 with units of energy. Given s +— B(s) € [0,1] a C? curve of inverse probe temperatures, an
interaction time 7 > 0 and coupling constant A > 0, we let

U =exp ( —ir(hs + he + )\URW)).
Then sp L(s) is independent of s, with 1 as a simple eigenvalue with eigenvector
p™(s) = exp(—f7(s)hs)/ Te(exp(—B*(s)hs))

for 3 (s) = £ (s).

With v := /(FE — Ep)? 4+ A2, the assumption v7 & 27Z yields that £(s) is primitive, and moreover,
the fact that [vgw,a*a + b*b] = 0 yields X(s) = 0. Here, we may take ks = %hs independently of s,
which satisfies [ks + he, U] = 0.
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We choose an initial system state p' > 0, and set Y(s) := B(s)hg, A' := logp!, A := logpt., for
Pl = E(%) . -~£(%)pi. By considering the forward and backward processes of Section 2.3, we define the
F

forward (resp. backward) probability distribution PL (resp. PZ), and the entropy production ¢r = log ]If,f—g
. T

on Q = spp' x sppf x {0,1}7 x {0,1}7. Then Theorem 4.2 yields the asymptotic moment generating
function of ¢p: let p' = 7g|vg)(vo| + 71|v1)(v1| > 0 be the spectral decomposition of the initial state, then

lim M, (o) = (1+ 6—5(0>E0)a(ré+“(|<0|v0>|2 + [(Llvo) [P (O F0)

T—o00

O (0fon) 2+ (1) PP OF)). (45)

5 General case: large deviations and the central limit theorem

In this section we come back to a general observable Y (s) with [Y'(s), he(s)] = 0. We will prove a large
deviation principle, and essentially deduce from it a law of large numbers and a central limit theorem.
Our main technical tool will be Proposition 3.11, together with the following result:

Lemma 5.1. Under the assumptions ADRIS and Irr with 2(s) = z, for any faithful initial state p' > 0,
for any « in R we have

0 < lim inf Tr (LEN(E) - L5 (%)p') < limsup Tr (L57(Z) - £ (%)p') < oo

T—o0

Proof. By Proposition 3.11,
Tr (£ (LY. .. @)1y
( v (7) Y (T)P)

— e i Tr (1 (0)pn (0)p') Tr (A% (1)py_7(1)) + O (T(lc_g)> +oce™y.  (51)

n=0

Because Ig/a) (0), p', are strictly positive matrices we have Tr (Ig}l)(O)pn(O)pi) > 0 for all n, and because

pgf‘)(l) is a trace one non-negative matrix, Tr (pgf‘)(l)pn_;p(l)) > 0 for some n. By strict positivity

of e*ﬁ(Yw, the leading term in (5.1) is therefore strictly positive. This proves the first inequality, whereas

the second follows from continuity of the operator-valued maps («, s) — Igf )(s), pgf‘ )(s). O

Lemma 5.2. Under the assumptions ADRIS and Irr with 2(s) = z, for any faithful initial state p' > 0,

for any a € R, the moment generating function of the random variable Ayt with respect to PE satisfies

1 1
lim T log Myt (a) = / log )\gf‘) (s)ds =: Ay («). (5.2)
0

T—o0

Proof. By Lemma 5.1,



1
= / log A% (s) ds.
0

Remark 5.3. Lemma 5.2 also holds for e.g. the random variable Aar + Ayt" in place of Ayl®* because
—aAl

O

Lemma 5.1 holds with additional factors of e and e®4" inside the trace. Alternatively, one may remark
that —Aar + Ayt (w) and Aylet(w) only differ by a uniformly bounded term Aar(w).

The regularity of A, and the value of its first and second derivatives at zero, are relevant to the
asymptotic behaviour of Ayi*. We therefore give the following simple lemma.

Lemma 5.4. Assume ADRIS and Irr. Then the function Ay is twice continuously differentiable on R,

with
1 gy () 1,92y (c (@)
) = [ oo ds 850 = [ (Gl - (G @lao)’) ds 63)

and

N S

o Bla=0 = Z(yj = i) Tr (K3 ()™ ()7 5(5)),

e | (5.4)

o (amo = 20— w0)? Tr (Ko (5)0™ (VK () +2 3 (a — 1) Te (Koy(9)n(s) K, (5)

where n(s) is the unique solution with zero trace of

(Id = L(s)) () = D (g5 = 9a) Kig(£)P™ ($)K] j(8) = D (yj — i) Tr (Kij ()™ ()K7 ()™ (s).

In particular, for Y (s) = B(s)he(s), one has
(@)
%(snazo = B(s) Tr (X(s) (1 @ he(5)) ). (5.5)

Proof. That A is twice continuously differentiable is clear from the expression (5.2) and the fact that
(o, 5) = A (s) is C? in s and analytic in o, bounded and bounded away from zero. The expressions
(5.3) follow from the dominated convergence theorem. The expressions (5.4) are obtained by an explicit
expansion to second order in « of the relation £§9)(p§9)) = )\(a) (a) , together with the fact that Tr(p (a)) =
1. Last, remark that n(s) is uniquely determined as 1 is a Slmple eigenvalue of L£(s), and the associated
eigenvectors have nonzero trace. O

The above technical results allow us to give a large deviation principle for Asg r or, equivalently, for
¢r. In the statement below we denote, for E a subset of R, by int £ and cl E its interior and closure
respecively.

Theorem 5.5. Assume ADRIS and Irr, and that the initial state p' is faithful. Let Ay be defined by
relation (5.2) and denote by A} the Fenchel-Legendre transform of Ay, i.e. for x € R let

AV (z) = sup (az — Ay (a)).
a€eR
Then for any subset E of R one has

tot tot

1 A A
— inf Ay(2) < liminf - log Pf ( YT ¢ int E) <11;nj;pTlogPF( ?T €clE) < — inf Ay(a).

The same statement holds with —Aar + Ayt in place of AyLet. In particular, for Y = Bhe, one has
_meii?l{EA (z) < hmlnf —logPT(? €intF) < h;n_)bolip TlOgPT(T €clE) < —xérclleA*(Jf)

and the same statement holds with Asg 1 in place of ¢r.
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Proof. This follows immediately from the Gértner—Ellis theorem (Theorem 2.3.6 in | ]) and the fact

from Lemma 5.4 that A is continuously differentiable on R so that, in the notation of | I, A is
essentially smooth. That the same statement holds with —Aar + Ayf* in place of Ayt follows from
Remark 5.3. 0
Remarks 5.6.
e In the case of Y (s) = B(s)he(s), and under the assumption (TRI), the symmetry 3.13 in Lemma
3.10 implies that A is symmetric about the & = —1/2 axis. A direct computation shows that
A (z) =+ A" (—x). (5.6)

A consequence of Theorem 5.5 together with this equality is that if e.g. A”(0) # 0,

lim lim l o P(+Asgr € [s—d,s +)) o
§—0T—o00 T 1) P(_ASS,T c [8 b5+ 5]) =

This is obtained by observing that in the present case, A is analytic in a neighbourhood of the real
axis, and so is A* if A is strictly convex. See e.g. | | for more information on the role of
symmetries such as (5.6).

e In the case of Y(s) = B(s)he(s), and under the assumption that X(s) = 0, we have observed in
Section 4 that A(®)(s) =1 for all @ € R and s € [0,1]. In that case A(a) =0 and

o [ 0 ifz=o0,
A () _{ 400  otherwise.

The above large deviation statement therefore gives a faster-than-exponential concentration of %gT
or %AS&T at zero.

A first consequence is a result similar to a law of large numbers for Aytot:

Corollary 5.7. Under the same assumptions as in Theorem 5.5, for all € > 0 there exists r. > 0 such
that for T' large enough
1
Pr (I Ayr" = Ay (0)] > €) < exp—rcT. (5.7)

Proof. See e.g. Theorem I1.6.3 in [ ] O

Remark 5.8. Such a result is sometimes called exponential convergence. If one could replace PZ by a T-
independent probability measure P¥" in (5.7) (see Remark 2.2) then the Borel-Cantelli lemma would imply
that +Ayi® converges PF-almost-surely to A4 (0). It implies, however, that lim7_,. +E(Ayit) = A4 (0).
In the case Y = fBhg, the positivity of of°* implies A’(0) > 0. Formula (5.5) shows that A’(0) = 0 if
X(s)=0.

-

We also obtain a central limit-type result by a slight improvement of the results in Theorem 5.5.

Theorem 5.9. Under the same assumptions as in Theorem 5.5 we have
1 o
(A TN 0)) = N(0.AL0)

i distribution.

Proof. From Corollary A.8, for fixed s € [0, 1], there exists a complex neighbourhood N(s) of the origin
such that for @ € N(s) the peripheral spectrum of £§f‘)(s) is of the form {)\gf‘)(s)ﬁm, m=0,...,z—1}, and
each )\g,a)(s)ﬁm is a simple eigenvalue. Denote by ¢£§“)(s) 7(,?)*(3) the corresponding spectral projector,

parameterized so that («,s) — ¢£§)(s), 7(,?)(5) are C? functions. By compactness of [0, 1], we can find a

21



complex neighbourhood N of the origin containing msG[O,l] N(s) such that the following holds: for « € N,

the family (£~("‘)(s))s6 satisfies HypO-Hyp4. Moreover,

[0,1]

sup sup |1—)\§f‘)(s)|<1/2,

a€N s€(0,1]
sup sup max (|65 ()], 165 (511, 95 (s)I1, 195" (s)1l) < oo,

a€eN s€(0,1]

1
sup | [ 04" (6627(0)) dt] < .
0

aEN

We therefore have

T
1 (@) k
sup sup |— log A — ‘ < o0
a€EN TEN T; Y (T)

and by Corollary B.9,
1 . . )
SUp SUD | log Tr (ﬁg,a)(%) e ng)(%)(pl))‘ < 00.
a€N TEN
This implies
1
Sup SUp |7 log Mot (oc)‘ < 0.
aeN TeN

In addition, from Lemma 5.2, %log M ysor (o) converges as T — oo for @« € NNR. By Bryc’s theo-
tot

rem | ] (see also Appendix A4 in | ]) as T — oo, ﬁ(AyT —T Ay (0)) converges in distribu-
tion to A(0,A%(0)). O
Remark 5.10. In the case Y = Shg, Remark 5.8 and Theorem 5.9 show that, if A”(0) # 0 (which is

generically expected) then o' — co as T — oo.

Example 5.11. Let us consider the setup of Example 4.5 using the full-dipole interaction potential
vrp € B(Hs ®@ He),

VFD = %(a—i—a*) ® (b+b%),

instead of vgw. This example was considered in | , 7.1], where it was shown that Prim is satisfied,
and that o — oo with a finite and nonzero rate limz_, o %O’T for generic choices of parameters {E, Eg, 7}.
We take Y(s) = B(s)he as in Example 4.5. Introducing n := y/(Eo + E)? + A2, we compute a matrix

a

expression for £ by identifing 71 (Hs) & Matgy(C) = C* via (24) — <2> Working in the (ground
d

state, excited state) basis for S, we obtain

eP08(3) (2(Bg+E)2+22 422 cos(n)) 4 2B =B 4N 422 costwr) o 2 [ 2e7B02B() (cos(nr)—1) _ 2eB0(eH1)B(S) (cos(vr)—1)
B0 2(1re 0P 2 4(1+eP08()) 2 4(14+eF0B(9)), 2
0 o o
’ 0
SGFost) (2_2COS(W) - QEEO(%H)B(S)(“Os(nﬂ—l)) 0o o0 e~ P08 (2(Bo+E)2 422422 cos(n7)) 2(BEqg—E)2422422 cos(vr)
4(1+eF0P ()Y V2 02 2(1re=PoB) )2 2(1+e~ BOP()),2
with
(in cos (L) +(Bo+B) sin( B)) (B — B) sin(4F ) —iv cos(4F)) .
C := \/Eé+2()\2—E2)Eg+(E2+)\2)2 .
e 2T (=T B+ g — B+v+elVT (B+1)) (1 cos (4T ) +i(Bo+ B) sin (47 )
o 2nv
for

A cosh (BoB(5)(3 +)) sech (252 ) sin () s ()

ay =

VES 4200 - B2) B + (B2 + X2)°
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which depends on s through 3(s). The computation was performed with Mathematica, using | ]
We make a particular choice of parameters, A = 2, 7 = 0.5, Eg = 0.8, F = 0.9, and two choices of
[0,1] 3 s — B(s):

~ 2(3 +4tanh(2s))
Brls) = 3 + 2log(cosh(2)) (5:8)
and s
B2(s) = ay tanh(2s) — ay tanh (5) — a38® + ays® — ass + ag (5.9)

for a; = 35.483, ag = 141.929, a3 = 42.945, a4 = 93.5, a5 = 17.808, ag = 1.061. We have (1(0) = $2(0) =
1.06, and B1(1) = B2(1) = 2.43, as well as fol B1(s)ds = fol B2(s) ds = 2. These are plotted in Figure 1.

We compute numerically the function A(«) for each choice of s — 5(s), as shown in Figure 2. Figures 3
and 4 shows the convergence described by Theorem 5.9 by simulating 2,000 instances of this repeated
interaction system at four values of T

B(s) AN

Figure 1: Right: Two choices of curves
s+ B(s). In the solid blue line, 8(s) =
B1(s), given by (5.8), and in dashed red
line, B(s) = B2(s), given by (5.9).

1.6 |

1.2 +

0.8 1

04 .

Figure 2: Left: The function A(a) for Y = Shg in the system of Example 5.11, with A = 2, 7 = 0.5,
Ey = 0.8, E = 0.9, plotted for each choice of 8(s). Right: The rate function A*(«), for the same setup.
In each plot, the solid blue line corresponds to the choice 5(s) = Bi(s), defined in (5.8), and the dashed
red line corresponds to f(s) = Ba(s), defined in (5.9).
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Value of # (Aylet — T A'(0)) Value of ﬁ (Ayket — T A'(0))

Figure 3: Convergence of %(Ayé?t —T A’(0)) to a normal distribution, where A’(0) ~ 0.240, with S(s) =
B1(s) given by (5.8). Each plot was generated by simulating the two-time measurement protocol in 2,000
instances of the repeated interaction system described in Example 5.11. The value of ﬁ(Ay%t -TN (0))
was calculated for each instance and plotted in a histogram in blue, with bar heights normalized to yield
total mass 1. In red, the probability density function of N'(0,A”(0)) is plotted, where A”(0) ~ 0.530. As
T increases, one sees qualitatively the convergence of ﬁ(Ay%?t — TA’(O)) to the normal distribution, as

guaranteed by Theorem 5.9.
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Figure 4: The same setup as Figure 3, with S(s) = fa(s) given by (5.9).

A”(0) ~ 0.716.
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A Peripheral spectrum of CPTP maps and their deformations

In this section we discuss a full study of the peripheral spectrum, and associated spectral projectors,
of CPTP maps and their deformations. This will in particular apply to the deformed reduced dynamical
operators ng).

We start by collecting various results from the seminal paper | ]. Let us therefore consider a
finite-dimensional Hilbert space H, and ® a completely positive, not necessarily trace-preserving map ®
on Z;(H). Since H is finite-dimensional, we can identify Z;(#) and B(#), so that all definitions below
apply to either ® or ®*. Any completely positive map on B(H) (with finite-dimensional H) admits a
Kraus decomposition, i.e. there exist maps V; € B(H) for i in a finite set I, such that ®(p) = >, ., VipV;*
for all p.

Definition A.1. If the completely positive map ® satisfies either of the following equivalent properties
e the only self-adjoint projectors P on H satisfying ®(PZ,(H)P) C PZ;(H)P are Id and 0,
e the only subspaces E of H such that V;E C F for all i € I are {0} and H,

we say that ® is irreducible. If for any nonzero self-adjoint projector P on H, there exists n such that
the map ®"(P) is positive-definite, we say that ® is primitive.

Clearly, if ® is primitive then it is irreducible. In addition, it is immediate to see from the above
equivalences that ® is irreducible (resp. primitive) if and only if ®* is irreducible (resp. primitive).
Remark also that an irreducible completely positive map ® will map a faithful state p to a positive-
definite operator, as otherwise the support projector P of ®(p) will satisfy P < ¢p, and therefore ®(P) <
c®(p) < P, for some ¢, ¢’ > 0, and therefore contradict the definition of irreducibility above.

It is shown in | ] that, if @ is irreducible, then its spectral radius A is a simple eigenvalue and
the associated spectral subspace is generated by a positive-definite operator. An immediate consequence
is that any positive-definite eigenvector of ® must be an eigenvector for A.

If ® is CPTP then necessarily A = 1. It is also shown in | ] that, if ® is completely positive,
irreducible, and trace-preserving, then

e the peripheral spectrum of ® is a subgroup S, = {6™,m = 0,...,z — 1} of the unit circle, where
0 = e?7/% and each 6™ is a simple eigenvalue,

e there exists a unitary operator u (called a Perron-Frobenius unitary of ®) such that u* # Id for
kE=0,...,2—1 and v* =1d, satisfying [p™,u] = 0 and

®(pu) :79 Q(p)u  Vp € ILi(H) (A1)

O*(uX)=0ud*(X) VX € B(H), ’

e there exists a faithful state p™¥ such that the (unique up to a multiplicative constant) eigenvector
of ® (resp. ®*) associated with the eigenvalue 0™ is p™vu™ (resp. u~™), and the spectral projector
of @ associated with 0™ is n +— Tr(u=™n)p"™u™.

Remark that relations (A.1) are equivalent to V;u = 6uV; (see | ). Last, a CPTP map is primitive if
and only if it is irreducible with z = 1, or equivalently if and only if ®" is irreducible for any n € N.

Conversely, a CPTP map that admits a faithful state as a unique (up to a multiplicative constant)
invariant is irreducible. If in addition, 1 is the only eigenvalue of modulus one, then & is primitive. In
particular, our description of assumptions Irr and Prim are consistent with the above definitions.

In addition, the spectral decomposition of u is of the form u = an_zlo 0" p,,, where the projectors p,,
satisfy pVi = Vippmyr for all ¢ and m (here and below, m + 1 means m + 1 mod z whenever it appears
as the index of a projector p. We adopt the same convention for m — 1), each subspace B(Ranp,,) of
B(H) is invariant by ®*# and the restriction of ®*# to that subspace is primitive.

We now define deformations of CPTP maps, or, rather, of their Kraus decompositions. For this, fix a
finite set I. We call a family V = (V;);cr of operators on B(H) an irreducible Kraus family (indexed by
I)if Y ,c; ViVi =1d, and the only subspaces E of H such that V;E C E for all i € I are {0} and H. We
fix a set I and denote by £; the set of irreducible Kraus maps indexed by I. From the above discussions,
any irreducible Kraus family (V;);es defines an irreducible CPTP map ® by ®(p) = > VipV;*.
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Remark A.2. Conversely, any irreducible CPTP admits an irreducible Kraus decomposition indexed by
I={1,...,(dim#)?} (possibly with V; =0 for some i). However, in applications of the present results in
Section 3.3, where H = Hs, our model yields a Kraus family indexed by pairs (i,5) € spY X spY where
Y is an operator acting on a Hilbert space Hg unrelated to Hs. We therefore need to consider Kraus
families indexed by an arbitrary set I.

Now fix v = (v;);er a family of strictly positive real numbers. For (V;);c; an irreducible Kraus family
and o € R we define a map & on Z;(H) by

o (p) = > v VipVi".
7

This map ®(® is a completely positive map, and since (@ = &, it can be viewed as a deformation of .
We will prove the following result about the peripheral spectrum of ®().

Proposition A.3. Let u be a Perron—Frobenius unitary for ®, and denote by pp,m = 0,...,2 — 1 its
spectral projectors, as above. There exist three smooth maps a — X 1) p(@) from R to, respectively,
R% , the set of positive-definite operators, and the set of faithful states, such that for all o in R,

e the peripheral spectrum of ®@) is (0§, = {)\(Q)Gk ck=0,...,2—1},
e one has the commutation relations [I(®) u] = 0, and [p'®),u] =0,
e one has Tr(p® 1) =1 for all a € R,

e the (unique up to a multiplicative constant) eigenvector of o) (resp. ®(@)*) associated with the
eigenvalue X O™ is p(u™ (resp. 1 Du=™) and the spectral projector of ®*) associated with
M@gm s s Tr(I(@y=mn)p(@y™,

Remark A.4. For a = 0 we have A(*) = 1, I(®) = Id and p(®) = p™. Note also that A(®), 1(@)  p@)
depend on the choice of v = (v;);ey.

Proof. By the criterion on irreducibility cited above, the map ®(®* is completely positive and irreducible.
Therefore, its spectral radius A(®) > 0 is a simple eigenvalue, which is locally isolated, with positive-definite
eigenvector 1(®). Moreover, recall that I(®) is the unique positive-definite eigenvector (up to a positive
constant) associated to a positive eigenvalue. By standard perturbation theory we can parameterize the
map o — I(% to be analytic in a neighbourhood of the origin. This 1@ s defined up to a multiplicative
constant, which we will specify later on. We define a map ®(® and its adjoint ®(®* by

3@ () = (A@))~1 (1)) 1/2g() ((Im))—l/zn (1<a>>—1/2)(1(a))1/2

_ (A2)
BO*(X) = (A@)~1 (1(@)=1/2g(e)* ((1<a>)1/2X(1<a>)1/2)(I<a>)—1/2.
Note that ®(®) writes ®(®)(p) = Dier Vi(a)pVi()*, with
Vi(a) = (o /A@) 2 (1) 712y (1000)~1/2, (A3)

The application Pl g completely positive, irreducible since (@) entering in the definition of its Kraus
operators is invertible, and satisfies <I>(a)*(Id) =1Id. Hence the map ®(®) is irreducible, completely positive

and trace-preserving, so that V= (‘Z(Oé))iel € Rr. We can therefore define a map qua) on R; by
TV V(). Note that V;(0) = V;, so that V is a deformation of V. We have the following easy
result:

Lemma A.5. With the above notation (and fized (v;);er), for any o € R the map TS is invertible with
inverse Tig_a),
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Proof of Lemma A.5. For p € I;(H) consider

pr Y v Vi) pVi(a)” = AT A RV (I(0) 712 p (1000) TRy Il T2,

The dual of this map is X + A@=13" (1(@)) =12y (1(@))+1/2 x (1(0))+1/2y (1(0))=1/2 " which admits
(1@))~1 as an eigenvector for (A(®))~1. Since (I(®))~! is positive-definite, (A(*))~1 is the spectral radius

of this map, with associated eigenvector (I(*))~1. Applying the above definition of Tﬁfa) therefore shows

that qufa)(f}) consists of maps (v; */A(@)~1)1/2 1) =1/2V (@) (1) +1/2 = v/, O

As mentioned above, ®(@ is an irreducible CPTP map. From the results recalled above, its peripheral
spectrum is of the form S,.), all peripheral eigenvalues are simple, and an eigenvector associated with
(@) = e2iim/='” i of the form P (ul@)™ with p(®) € D(H) positive-definite and u(®) unitary. Remark
already that since p(® is associated with the simple, isolated eigenvalue 1, we can parameterize o — p(®)
to be analytic in a neighbourhood of the origin. In addition, an operator n € Z;(#) is an eigenvector of
®(@) for the eigenvalue g if and only if (I1(®))+1/2 (I(@))+1/2 i an eigenvector of ®(®) for the eigenvalue
(M@ =1y. Therefore, p(®) = (I(@)=1/25(0) (1(0))=1/2 i5 an eigenvector of ®(®) associated with A(®) the
peripheral spectrum of ®(®) is )\(O‘)Sz(a), and the peripheral eigenvalues are simple. Because the definition
of ®© does not depend on the free multiplicative constant in I1(*), this p{(® is uniquely defined; we can
therefore fix the constant in I®) 5o that p(®) has trace one. What’s more, the same considerations for
(@@ and (&))" show that the spectral radius of (®(*))™ is (A(*))", for all n € N. We now prove that
2(®) is independent of «, and that u(® can be chosen to be constant equal to wu.

Lemma A.6. With the above notations we have 2\ = z for all a € R.

Proof of Lemma A.6. We have ®(®)*(p; Xp;) = pj 110 *(X)p;,; for all X in B(H) from the commutation
relations for p; and V;, so that the subspace B(Ranp;) of B(H) is invariant by (®(®*)* and the restriction
(@)
J

simple eigenvalue. Since (A(*))? is the spectral radius of (®(®)*)?  there exists a positive-definite operator
7@ such that (®(®*)*(n(@)) = (X)) 7(®) The commutation relations above imply immediately that
(<I>(°‘)*)Z(pjn(o‘)pj) = ()\("))ijn(o‘)pj, and pjn("‘)pj is positive-definite as an operator on Ranp;, so that

of (®(*)*)* to that subspace is irreducible. Therefore its spectral radius, which we denote by (1:*)?, is a

uga) =A@ for all j. In addition, the relation q)(a)*(pjn(o‘)pj) = pj+1’r](a)pj+1 allows us to construct z
idependent eigenvectors of ®(®)* so that z < z().

Lemma A.5 shows that this same inequality applied to (@ in place of ® and —« in place of a gives
2(®) < 2. We therefore have z = 2(®). O

This implies in turn that u(®) is an eigenvector of @+ for the simple isolated eigenvalue , so that
we can parameterize o — u(® to be analytic in a neighbourhood of the origin.

Lemma A.7. With the above notation, we have u'® = u and [I® u] =0, [p(®),u] =0 for all a € R.

Proof of Lemma A.7. Consider the simple eigenvalue 6 of ®(@)* The associated eigenspace is one-
dimensional and contains u(®. We show that (1(*))+1/2y (1(*))=1/2 is another eigenvector of § for ®(®)*:

Hl)= ((I(a))+1/2u (I(a))—1/2) = Z(via/)\(a))(l(a))—lﬂm* 1@V (1(2))=1/2

= 5Z(vf//\(a))(I(O‘))*l/ZVi*I(“)Viu (1(@))=1/2

—gr(@-1 (I(a))_l/Q(ZU?‘/i*I(O‘)‘/i)u (1())=1/2

-0 (I(a))+1/2u (I(a))flz/?
We therefore have (I(®))*1/24 (1(®))=1/2 = 44(®) for some v € C, and the relation u* = (u(®)* = Id
requires that 7 is a zth root of unity. Now, (u(a))*u(a) = Id implies that «*I®y = I(®  so that
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1), u] = 0. This finally gives us u = 0% u(@ for some k(@) € {0,...,2 —1}. Since we chose u(® to be
analytic in «, the phase o s necessarily 1. Last, [p(®),u(®] = 0 and this implies [p(®),u] = 0. O

We can now conclude the proof of Proposition A.3. The validity of our parameterizations rely only on
the fact that the peripheral eigenvalues for ®(®), ®(®) and ®(®)* are isolated. Since the peripheral spectra
for these maps are, respectively, A(®S,, S, and S., all peripheral eigenvalues are isolated uniformly for
a in any compact set containing the origin. This allows us to extend all parameterizations to be analytic
on R. Last, the eigenvector of ®(® (resp. ®(®)*) associated with the eigenvalue A(®8™ is p(®)u™ (resp.
I(a)u*m), and this gives the form of the corresponding spectral projectors. O

The following result gives some information about the peripheral spectrum of ®(®) for complex a

Corollary A.8. Let ®, and u be as above. For any ag in R, there exists a neighbourhood N, of ag in
C, such that for o in N,, the peripheral spectrum of ®@) s of the form {A(“)Qm,m =0,...,2—1} for
some A(@) in C.

Proof. By Proposition A.3, the peripheral spectrum of ®(@0) is {\(®0)g™ m =0,... 2z — 1}. By standard
perturbation theory, for m =0, ..., z—1 there exist analytic functions a > )\7(7(1l ) defined on a neighbourhood
of aq, such that Aﬁ,?“ = M@)gm and the )\g,f) are eigenvalues of ®®. In particular, there exists a
(complex) neighbourhood N, of ag such that for o in N,,, the eigenvalue of ®(@ of maximum modulus
is one of the )\gff ). Denote (consistently with the above notation) by I(*) an eigenvector of ®(®)* for X(()a).
Since u~'V; = OV;u~! we have ®(@)*(1(®)) = /\(()()‘)49"”1(0‘)7 so that /\(()a) 0™ is an eigenvalue of ®(®* for

m =0,...,z— 1. Since all such )\(()O‘) 0™ have the same modulus, one has necessarily /\fﬁ‘) = )\éa) 0™ for
m=0,...,z— 1. The conclusion follows by letting A(®) := )\((Ja). O

B Adiabatic theorem for discrete non-unitary evolutions

We devote this section to elements of adiabatic theory that are suitable for discrete non-unitary time
evolution. To be precise, the theory is applicable a discrete dynamics arrising from a family (F'(s))se[o,1]
of maps from a Banach space X to itself satisfying

HypO The mapping s — F(s) is a continuous B(X)-valued function of s € [0,1];
Hyp1 For all s € [0,1], spr F(s) = 1;

Hyp2 The peripheral spectrum of F(s) consists of finitely many isolated semi-simple eigenvalues for all
s €[0,1];

Hyp3 With P(s) be the spectral projector of F(s) onto the peripheral eigenvalues, the map s+ F'¥(s) :=
F(s)P(s) is a C? B(X)-valued function of s € [0, 1];

Hyp4 With Q(s) :=1d — P(s),
¢:= sup sprF(s)Q(s) < 1.
s€[0,1]
We call such a family admissible for our adiabatic theorems. We emphasize that hypotheses are stated in
terms of spectral radii, and not of norms as was the case for the hypotheses | ], which we recall
here (adapting slightly the notation for coherence) for comparison:
H1. For all s € [0,1], ||F(s)|| <1, i.e. F(s) is a contraction;
H2. There is a uniform gap € > 0 such that, for s € [0, 1], each peripheral eigenvalue €?(s) € sp F(s) NSt is
simple, and |e/(s) — €?(s)| > 2¢ for any e’ (s) # e*(s) in sp F(s) N S*;
H3. Let P™(s) be the spectral projector associated with e™(s) € spL(s) N S, and P(s) = )., P™(s) the
peripheral spectral projector. The map s +— FF(s) := F(s)P(s) is C? on [0,1];
H4. With Q(s) := Id — P(s),
£:= sup [[F(s)Q(s)|l <1.
s€[0,1]

In applications, the Banach space X is again Z;(Hs) equipped with the trace norm, and the role
of F(s) is played by appropriate deformations of the reduced dynamics L(s) arising from a repeated
interaction system satisfying ADRIS.
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B.1 Adiabatic theorem for products of projectors
We start with a result about products of projectors.
Definition B.1. Let (Pm(s))se[o M

space X, satisfying >°> _, P™(s) =1d for all s € [0,1]. Let W : [0,1] — B(X) be the family of intertwining
operators given by

=1,...,z be C* families of projector-valued operators in a Banach

W(s)=">_ P™(s)P™(s) W(s), W(0) =1d. (B.1)
m=1
Standard results (see e.g. section IL5 in | ]) imply that
W(s)P™(0) = P™(s)W(s) for all s € [0,1) and m=1,...,2z, (B.2)

and that W (s) is invertible, with inverse W ~!(s) solution to V’(s) = —>.7 _, V(s)P™(s)P™(s). Note

m=1
that, if we are given a single C! family (P(s )scjo,1] of operators then we can apply the above to

Pl(s) = P(s), P?(s) =1d — P(s).
Remark that we have the immediate relations (where P"/(s) is the derivative of s — P™(s))

P™(s)P™ (s)P™(s)=0 for all s€[0,1] and m=1,...,z. (B.3)

For any family (P™(s)) as above we will denote by Cp the quantity

s€[0,1]

Cp= sup sup max (|P"(s)], [P (s)]). (B.4)
s€[0,1] m=1,...,2

Proposition B.2. Let (Pm(s))se[o 1 and W be as in Definition B.1. Then there exists C >0 and Ty € N
such that for T > Ty and {sk}reqo,1,2,....,7y C [0,1] with |sx —sx_1| =1/T with k <T one has

| P™ (sk)P™ (sk—1) - - P™(50) = W (sx) P™(0) W~ (s0)|| < C/T (B.5)
where C' and Ty depend on Cp defined by (B.4) only, and C is a continuous function of Cp.
Remark B.3. Before we prove this, let us mention
i. For simplicity, differentiability is understood in the norm sense in case dim(X) = oo.
ii. It is enough that the maps s — P™(s) be C! for this proposition to hold.
iii. The si’s need not be distinct, except those with consecutive indices.
iv. The norms ||[P™(s)|| are in general larger than one.
Proof. For any s, s’ € [0,1], we have
P (s)P™(s') = W (s)P™ (0)W = (s)W (s") P ()W ' (s),
where, using the shorthand K(s) = >_;_, P*(s)P*(s),
W)W (s') =1d+ W (s)(W(s') — W (s))
=Id+W~(s) ) Kt)W(t) dt (B.6)
I+ / LW W)W K OW (D) dt
s

’
S

_1d+ / T WK ®W() dt + / / W () K ()W () du WL (0K ()W (2) dt.
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In addition, by relation (B.3), P™(t)P™ (¢)P™(t) =0, so that
P™O)W L) K ()W (t)P™(0) = 0 (B.7)

and
P (s)P™(s') = W(s)P™(0) (Id+/s/ W) K (w)W ()WL (t) K (t)W (t) dudt)Pm(O)W’l(s’).
Denote by J(s,s’) the integral term:

I(s,5) :// W (s) K ()W ()W~ () K (OW(t) du dt

and ~
J(s,8") = J(s,8) + [P™(0), J(s,5")].
We have R
P™(0)J(s,s")P™(0) = J(s,s)P™(0),
with

max (|7 (s, "), || (s, 8)[) < e(s = ¢')?,

for some ¢ > 0 which is a continuous function of Cp, (B.4). Using these considerations iteratively on the
product (B.5), we get

W (s)P™(0)YW (51) W (s5_1) P"™(0)W " (sp_1) - - - W (50) P™(0)W 1 (s0)
= W (sx)P™(0)(Id + J(sk, sk—1)) P (0) (Id + J (sg—1, s—2)) P"™(0)
- P™(0)(Id + J(s1,80)) P™(0)W ™~ (s0)
= W (sp) (Id + J (85, s3-1)) (Id + J (831, $6—2)) - - - (Id + J (51, 50) ) P™ (0) W~ (s0).
We denote by Id + R; the product
Id + Ry = (Id + J(sp, sp-1)) (Id + J (81, 85—2)) - - - (Id + J (51, 80)).

With ¢ as above, by a standard combinatorics argument, we get
k
HR1|| < Z(C/Tg)k (Z) _ (1 + C/T2)k 1< (1 + C/TQ)T 1= eTln(1+c/T2) -1,
k=1

so that ||Ry|| < C'/T, for T larger than some T; (which depends only on ¢), where C’ has the required
properties. This yields the result with a C' as stated, since sup¢o [W*L(s)| and ||[P™(0)| satisfy the
requirements as well. O

If the projectors P(s) are rank one, they write P(s) = ¢(s)¥*(s) with ¢(s) € X and 9(s)* € X*
such that ¢*(s)(¢(s)) = 1. In applications, we will consider linear forms associated to the inner product
(M,N)+— Tr(M*N) for M and N in B(Hs). We then have the following result.

Corollary B.4. Let (Pm(s))se[0 pm= 1,...,2 be C' families of rank one projectors, i.e. P™(s) =

dm(s)Vr,(s), s € [0,1], where the maps s — ém(s) and s + P (s) are C' and non-vanishing for
m=1,...,2. Then there exist C > 0 and Ty € N such that for T > Ty one has for any k <T

k/T

)P (0) — ¢~ Jo %“)(4’5”“))dt¢m(1)¢;(0)\| <o/T

where C and Ty depend on
cp= sup max max (||¢m(s), 16 (), 07 ()]s 17, (s)]]) (B.8)

sef0,1] m=1os

only, and C is a continuous function of cp.
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Proof. We apply Proposition B.2 with s, = k/T. Since so = 0, and w;‘(O) is a linear form, it is enough
to compute ¢, (s) := W(s)¢m(0). By the intertwining property, ¢m,(s) € RanP™(s), i.e. ¢p(s) =

U (8)Pm(s), where vy, (s) € C. Because of the differential equation (B.1) and the identity (B.3), ¢n(s)
satisfies

0= P™(5)9 () = Sm(5)05,(8) (U0 (8)0m (8) + v (8)81(5)) = (01 (8) + v ()17, (8) (61 (5)) ) D (5),

s0 that vy, (s) = e~ Jo ¥m (@m0t Thig concludes the proof. O

B.2 Main result

We now turn to our final adiabatic theorem. We recall that an admissible family (F (s))g €0,1] is one

that satisfies HypO-Hyp4. We denote by A™(s) and P™(s), m =1,...,z the peripheral eigenvalues and
associated spectral projectors of F'(s); assumptions (Hyp2), (Hyp3) and standard pertubation theory
ensure that one can parametrize eigenvalues such that s — A\™(s) and s — P™(s) are C? functions. We
denote by Cp and W(s) the constant (B.4) and the family of intertwining operators in Definition B.1.

Theorem B.5. If the family (F(s))sepo,1] is admissible, then for any ¢ € (¢,1) there exist C > 0 and
Ty € N such that for T > Ty one has

z k .
sup [F(E) - F(3) = > (J] M) WE)Pm(0) = Fe(£) - FO(£)Q(0)]| < Ta—7)

k=1,..., = o

for all T > Ty, where F?(s) denotes Q(s)F(s). Moreover,
IF(3)- FA)Q)| < o™,

and C depends on Cp only, is a continuous function of Cp, and Ty depends on Cp and £’ only.

Proof. The proof consists of revisiting the proof of Theorem 4.4 in | ], relaxing the hypotheses
made there to HypO—-Hyp4. We first focus on the combinatorial part of the proof stated as Proposition
4.5 in | ], borrowing freely the notation used there. We denote in particular F'¥(s) = P(s)F(s) and
F,f = F( %)#, where # € {P,Q}. Under our hypotheses on the spectral radii instead of the assumptions
on the norm used in | ], we will see below that the starting estimates
| T Fen<arl I Bl <t (A9 of [HIPR17)
a€A, beB,
used in Proposition 4.5 in | ] are replaced by the following bounds. For some constants D, D’ > 1,
and ¢/ < 1,
| TT F@l < peya, ) I 521 < . (NewBounds)
acA, beB,

where D, D’ are independent of the number of terms in the products, and satisfy the required dependence.

Following Proposition 4.5 in [ ], we need to bound the norms of terms of the following forms:
([T FOCIT &) (I ED T B R, (B.9)
ac€Ay beBy ac€Aq beB
( IT #)CII #2)CIT &) - CIT £ CTT #7) Po. (B.10)
bEBg+1 a€Ay beBy ac€A, beB1
(IT #3CIT &) (IT E2CIT B CIT £2) Ao, (B.11)
a€Ag41 bEBg+1 a€A, be By a€A,
( II &OCIT E2C I &) (1T D CIT (I £2) Ao (B.12)
bGBd+1 a€Ay beEBg_1 a€As beEBsy a€A;
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In | ], we obtain the bounds

1B < (e/T)** = g2 1nl - [[(BA0)]| < (¢/T)% 42 1401,

Bounds from HJPR15
[(BAL)[| < (¢/T)>HH g2 el |(B.12)|] < (¢/T)> £2n 140, ( :

via (A9 of | ]). Instead, if we use (NewBounds), we obtain the bounds

I(B9)]| < (¢/T)** " DU n 1AnI D, I(B.10)[| < (¢/T)** D¥H1¢' 2 14n D,
||(B11)H < (C/T)2d+1 DdJrlglzn \A,,L\D/dJrl, ||(B12)|| < (C/T)2dDd+1 ZIE" |A"‘D’d.

For the bound on form (B.9), for example, since we assumed D,D’ > 1, then we may simply change

¢ = ¢DD' and obtain essentially the same bound as in [ ]. Thus, the rest of the combinatorial

argument consisting in counting the number of such terms for each d, multiplying by this bound, and

summing over d, yields the same final bounds as in Proposition 4.5 in [ ], up to modified constants.
We now turn to find D, D', ¢’ such that we have (NewBounds).

Lemma B.6. Under the assumptions HypO-Hyp4, there exist Ty € N and D’ > 0, both depending on
Cp only, and D' being a continuous function of Cp, such that for all T > Ty and ng <n < T, we have

IEy - Foll < D"

Proof. For each k € {ny,...,n}, write F' =37 _| Al"P/" using semisimplicity of peripheral eigenvalues.
Recall that for each m, A\™(s) and P™(s) are C? in [0, 1]. Then,

n n N

I 7= 11 > »emr
k=ng k=ng m=1

S (Tw)meree X (M) nerie
m=1 \k=ng Ingsesin=1,...,2 \k=ng
not all equal
For each m and all ¥’ < k, Proposition B.2 gives for T' > Tj
[P P <C/T+ sup [P (s)W(s)W(s')~'|| < C(1+1/T), (B.13)

1>s>s'>0

for some constant C' which depends continuously on Cp. Again we can bound this C(1+ 1/T) by a new
constant C' with the properties as the original C. Taking k =n and k¥’ = ng in (B.13) bounds the first sum
by z C, since the eigenvalues are on the unit circle. For the second sum, we know that P,iP,g”_ 1< Cp/T
if i # m, as a consequence of the relation P%(s)P™(s) = 0. Bounding the terms in the second sum is
again done by a simple combinatorial argument: let d be the number of transitions Pj" P} | where m # i.
In each term in the second sum, there is at least one such transition by design. If we have n — ny stars
representing projectors, and d bars representing transitions, then there are n — ng — 1 gaps between the
stars, from which we need to choose d to put a bar. So (”_Z"_l) is the number of ways to divide the
projectors into groupings. For each grouping, we have at most z choices of which projector it should be.

So in total, there are at most
n—ng—1
0 s
d

terms with d transitions. Each such term has norm bounded by C4*1C%/T? via (B.13), and using that
each transition yields a factor Cp/T, and that all the eigenvalues have modulus one. Lastly, there cannot
be more than n —ng — 1 transitions (in fact, fewer than (n —ng)/z). So, in total, we may bound the
second sum by

n—mo—1 n—mno—1
n—mng— 1\ (20Cp)? 2CCp °
-~ 7 <
dgﬂ zC( d ) 7 <z2C |1+
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T
< 2C <1 + ZCTCP) < 2C exp(2CCp).

In total then, we have
|EP... F,ﬁ)” < 20(1 + exp(zCCp)) =: D'. O

Let us turn now to compositions of £9s.

Lemma B.7. Under the assumptions HypO0-Hyp4, for all ¢! € (¢,1), there exists D > 0, Ty € N
depending on Cp only, and D a continuous function of Cp, such that for any T > Ty and ng <n < T,

we have
|FS - F2| < Demmo.

Proof. Let ¢ € (¢,1). As shown in Lemma 4.3 of | ], the spectral hypothesis Hyp4 and the
regularity assumptions HypO, Hyp3 imply that given € > 0, we may choose m € N uniformly in s so
that

[FC(s)™| < (£ +€)™ (B.14)
Choose € so that £+e < /.
We now deduce by induction that for all N > m < T, HF,grkaQ — (F2ym+1| < §,,(T) for some

map O, : RY — R}, independent of k, such that limg_, e 8, (T) = 0. This is trivially true for m = 0 and
for m > 1, we have

e

k+m'”FI§2_(FI@Q)m+1:(FQ

o = FO(FS F2) + F2((FE S FE) — (B2,

+m—1 ' +m—1 :

With FJ-Q =F9(s= %), the first term is bounded above by

[FO(Em) — FE(R)||( sup [[FO(s)])™

s€0,1]
< sup ||FQ(S—|—%) —FQ(%)H( sup [|[F9(s)[)™. (B.15)
s€[0,1] s€[0,1]
s+ €[0,1]

This expression goes to zero as T — oo by uniform continuity of F'? on [0, 1], and depends parametrically
on m only. The second term is bounded above by sup,¢q 1 | FR(5)||6m_1(T), by induction hypothesis,
hence the claim is proved with 6,, (1) = (B.15) + sup,¢(o 1 | EQ(8)|6m—1(T).

Thus, given e and m chosen so that (B.14) above holds, for ¢ = (£ + €)™ + §,,(T), we have
||F,?_~_m . F,?H < {, where { < 1 if T > T(m,e¢), for some T(m, €) large enough.

Any integer p > m can be partitioned as

p=m+m+---+m+(p—mp/m]),
—_——

[p/m] times e
h
so that for ¢ =sup,_; 5 1 (supse[m] ||FQ(8)||> , the previous bound yields,

[FQ, -+ F) < cllo/m < o/t = & (@/m))”.

Note that here, in fact, we do not need p > m. If p < m, then ||F,grpF,f2|| <eg, %Zp/m > 1, and the
bound still holds. Finally, set ¢/ = (£)1/™. Since (£ 4 €)™ + 6,(T) < ((£ + €) + 6,n(T)/™)™, we have
0" <0+ €+ 8,(T)/™. For T > T'(m,e) for some T’ (m,€) large enough, we have d,,(T)"/™ < £' — (£ +¢),

and therefore ¢/ < ¢'. Thus, for D = ¢/{, we have
|FQ@ .- FQ| < D=0 < Dem=ro, 0

Our next ingredient is to approximate the composition Ff --- Ff' P(0), i.e. to show the equivalent of
Proposition 4.6 in | ]

34



Lemma B.8. Under the assumptions and notation of Proposition B.5, there exist Ty and C > 0 with the
same properties as in that Proposition, such that

z

k
FP(EY...FP(L)P(0) — AW (EYP™(0)|| < C/T. B.16
S [FE () FR()PO) mZ(H WP o) < ¢/ (B.16)

Proof. We define for all £ <T

Ky = W(k) P(0), Kf=PO)W (%), (B.17)
k k

o =3 (J[A0Pm ), ol =3 (I[x)Pm o), (B.18)

Ay =K@, Al =0lK]. (B.19)

The above expression for Ay gives in particular that

Ay, = Z (TT )y w)Pm(0). (B.20)

We have the following identities which are consequences of the properties of the intertwining operators
W

KKl = P,  KLKp = P(0), KipP™(0) = P"Ky, KiPr" = P™0)K], (B.21)
®,P™(0) = P™(0)®;, @ P™(0) = P™(0)®], &,®] = P(0) = &}, (B.22)
and
Ki =WiKi—1, Kl =K Wi, (B.23)
where
Wi = W(EW T E PR, Wi = WE W (5)P(§). (B.24)

Hence Ay is uniformly bounded in T" and k < T, since Ky and &y are, and satisfies relevant intertwining
properties. The notation is chosen to be close to that used in the proof of Proposition 4.6 in | 1,
and one gets that all steps of that of Proposition 4.6 in | ] go through, which ends the proof. O

This concludes the proof of Theorem B.5. O
Combining Theorem B.5 with the proof of Corollary B.4 immediately implies the following:

Corollary B.9. If the family (F'(s))scjo,1) is admissible, and its peripheral eigenvalues are simple, with
associated projectors P™(s) = ¢m(s)k,(s) then for any E’ € (¢,1) there exist C >0 and Ty € N, such that
for T >Ty and k< T,

? k k/T ¢

PRy Ph) = 30 (T Ay #7000 )05 0) = RO - FO RO < 755
m=1 n=1

Moreover,

IFQ(%) - FO(2)Q)] < ¢

and C depends on cp defined in (B.8) only, is a continuous function of cp, and Ty depends on cp and ¢’
only.
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C Proofs for Section 3
Proof of Lemma 3.2. By definition

Tr (Up -+ Ur(nl, @ 1) (0! @ B) (7, @ Up)Uy - - Up(nle @ 115))
Tr (U -+ Up(at, @ 1) (p T@E)(waf@aH])UT ~Ur(7l, @ IIy))

gT(ai, afa i: ]—) = IOg

using assumptions i., ii. and iii.,

Tr(p'nt;) Tr(¢ H““)) . i} i}
dirfnr? IT-s Tim - <k> Tr (U -+ Ui (nl, @ ) UT -+ Ui (! @ 117))
- Tr(pfnl,) Tr(sknm)

dimr! Hk 1 dim H;l;) r(Uik"'U;"(ﬂ(fzf(gnj)UT"'Ul(W;i®H7))

Tr(p'rl,) dim !, L Tr(e Prhes Hgf)) T Tr(e=Prhes Hg-];))
=10gT £ di 1+10gH—(k)—lOg —(k)
r(p'my) dim ), ko1 ZrpdimIL k=1 ZrdimIL
log Tr (Up-- Ur(nl, @ I;)UT - Up(r!, @ 107))

Tr (Ul* s U%(?T(flf & H]-')UT R U1(7T;i & H;))

Tr(e” Pk e ) Tr(e "*"Ex i ) N .
and because —— 8- = exp( B 7) by assumption iii. again,

dim 1) dim 1™
i i

~log Tr(piﬂ';i) dim W;f N i TT(—BkhskHEf)) _ ET: Tr(—ﬂkhskﬂg":))
Tr(p'mee) dimme, = dim (") =  dimn

Tt (Ur - Ur(mly ® ) Uy - - - U (mrhe @ 117)

T (Uf - Up(nt, @ Up)Up - - - Ur (nf, @ 1))

+ log

and the last term vanishes by cyclicity of the trace. O
Proof of Proposition 3.4. We start with the relation (3.3). On one hand,

10 T8) - 510 L1 5 o,

£ oo

a’,%,]

Tr(n, o
B Zl Te(mip') Z Tr (Ur - U (i pinly @ IGEM)UT - - Uj(nhe @ T05))

d1m7T g
a‘p i_i * *
—Zlo G ZTr Ui (i p'rhy @ IET)UT - Uz (Id @ 1d)).

Using that each & is a function of Y}, we have ) _II;EIl; = Z, and

i TI' i = * *
IET<log ap) 21 Ty ') Te (U - Uy (nhy 'y @ 2)UT - U3).

dim 7} dim 7}

As p' is a function of A', and using the cyclicity of the trace, we have

Tr(n, ; Tr(rl, p!
B (o ) = Slos oA (7 02) o,
a‘ a'

—ZTT mp') log Tr(ryp')

d1m7T

Using the commutation relation [r;, p'] = 0, the right-hand side is precisely —S(p'). The term involving
pf is treated similarly.
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We turn to (3.4):

ET(Zﬁk EY — BY)) = ZZB By - El) Y Pi(d,a',7,7)

using [p', Al =0
T
=33 BB — BT (Ur - U (pf @ ILEI)U; - Up (1d @ 11))
k=1
T
7
T
SN BER T (Ur - Ur(p' @ ILEIL)UY - Up(1d @ 1d))
T .
=33 BT (Ur - Ui(p @ E)U; - U (ld @ I1Y ESY))

—ZZBkTr poEmMEM).

k=1 i

Using that each & is a function of Y, we have Z H(k)E(k) = hg, and thus

T T T
Er (D BB — L)) = 3 B Te(hhe,) = Y Be Tr(ghhe,).
k=1 k=1 k=1
Proof of Proposition 3.5.
Assume that [Y(s),£(s)] = 0 for all s. Then by definition and from expression (2.9)
Y
aAyter k k i f o
E(e Ayr )= Z Z exp (az yj(k) yl(k) ) PE(dl, d!,7,7)
77 alaf k=1
(k)
- m (UT Ul(ZWa.plw ® He W T, H)Ul UT(Zwaf © [T e Hﬂ))
2%
T
= v (Uy- Ul(Zwa,plw ®He VeE)Uy - Up (1w [T e)
k=1

:TI‘ (L(Ya)(%) O[.:(a) % Zﬂ-a;p 7Ta1
Assume in addition that [Al, p'] = 0. Then similarly, for a1, as in R,
IE( ozlAygnotJragAaT)

Y o
k k i_a i -
-3 e o 300 ) e B
7.7 al,af k=1
()
= ZTr (UT Uy Ze+a2a o ® H ooy I, 2)U; U}(Z e e ® H e™¥ir T1, ))
Ty b k=1
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T T
=Tr (UT U (et e [T e 2)Ur - Ui o [ ] ealYk))
k=1 k=1
—ap Af (e 5} @ as Al i
= Tr (e~ 24 £§, )(%) o... O£§/1)(%)(e+ 24 p).

O

Proof of Remark 3.9. The dependence in s will be treated last, since it fixes the overall regularity, as we
will see. We consider the applications between the different Banach spaces involved in the definition of

ﬁg,a) = Tre(eY UM (-@&)e Y U(7)). We will denote the trace norm by |- ||; when the underlying Hilbert
space is determined by the context, and we use the shorthand Hy := Hs ® He for the total Hilbert space.

1. The map P such that £ — Py = - ® £ mapping Z;(He) to B(Z1(Hs),Z1(Hr)) is a linear isometry,
hence a C> map. Indeed, linearity is immediate. For all n € Zy(Hs), |[Pe(n)|lz, (1) = In ® &ll1 =
[nlll1€]lx, which shows || Pells(z, (3s). 2 (s@me)) = Il

2. For any Hilbert spaces H, the maps («, A) = ad : C x B(H) — B(H) and (A, B) — AB : B(H) x
B(H) — B(H) are bilinear, thus C°°, and the map A — e? : B(H) — B(H) is C™ as well.

3. The map from B(Hr) x B(L(Hg),B(L(Hs),zs(HT))) x B(Hr) — B(Il(Hg),B(Il(HS),B(?—LT)))
such that (A, P,B) — APB is well defined and trilinear, which makes it C°°. Indeed, for any
(n,€) € T1(Hs) x T (He), we have APB(§) = AP:B : n — AP:(n)B. The trace norm of the latter
in Hy is

[AP(n)Bllx < Al 1Pz ) 1 BllBrer) = 1Al 1P ()| Bz: (115). 20 ey | Bl B3 1011

This yields |APBI| 5z, (#e),8(7y (1s). 1 (1)) < NAlBar) |1 PO Bz, (1) Bz (8)) 70 (30 | Bl B3y @and
boundedness of the trilinear map.

4. We saw that the map Tre : Z; (Hs @ He) — Z1(Hs) is a linear contraction, hence it is C°.

Consequently, we get that (a,Y,U &) = Tre(e®¥ UM (- @ e Y UT) is a C* map from C x
B(H7) x B(H7) x T1 (He) to B(Z(Hs)). The hypotheses made on the s-dependence of Y, U(™) and ¢ yield
the result. O

References

[ABL64] Yakir Aharonov, Peter G. Bergmann, and Joel L. Lebowitz, Time symmetry in the quantum process of
measurement, Phys. Rev. (2) 134 (1964), B1410-B1416.

[BCJT17] Tristan Benoist, Noé Cuneo, Vojkan Jaksi¢, Yan Pautrat, and Claude-Alain Pillet, On entropy production
of repeated quantum measurements II. examples, in preparation (2017).

[BD15]  Peter J. Bickel and Kjell A. Doksum, Mathematical statistics—basic ideas and selected topics. Vol. 1,
second ed., Texts in Statistical Science Series, CRC Press, Boca Raton, FL, 2015.

[BFJP17] Tristan Benoist, Martin Fraas, Vojkan Jaksi¢, and Claude-Alain Pillet, Full statistics of erasure processes:
Isothermal adiabatic theory and a statistical Landauer principle, Rev. Roumaine Math. Pures Appl
(2017), no. 62, 259-286.

[Bha97] Rajendra Bhatia, Matriz analysis, Graduate Texts in Mathematics, vol. 169, Springer-Verlag, New York,
1997.

[Bil95] Patrick Billingsley, Probability and measure, third ed., Wiley Series in Probability and Mathematical
Statistics, John Wiley & Sons, Inc., New York, 1995, A Wiley-Interscience Publication.

[BJM14] Laurent Bruneau, Alain Joye, and Marco Merkli, Repeated interactions in open quantum systems, J.
Math. Phys. 55 (2014), no. 7, 075204.

[BJPP16] Tristan Benoist, Vojkan Jaksi¢, Yan Pautrat, and Claude-Alain Pillet, On entropy production of repeated
quantum measurements I. General theory, to appear in Commun. Math. Phys., arXiv preprint (2016),
arXiv:1607.00162.

38



[Bry93]
[Cub09]

[DZ10]

[EHKT8]
[E1185]
[FPOY]
[HIPR17]
[HMOO7]
[HP13]

[JOPP12]

[JOPS12]
[JP14]
[JPW14]

[Kat76]
[Kur00]
[Lan61]

[RW14]

[Tas00]

Wilodzimierz Bryc, A remark on the connection between the large deviation principle and the central
limit theorem, Statist. Probab. Lett. 18 (1993), no. 4, 253-256.

Toby Cubitt, Bi/tripartite partial trace, http://www.dr-qubit.org/Matlab_code.html, 2009, Mathemat-
ica package.

Amir Dembo and Ofer Zeitouni, Large deviations techniques and applications, Stochastic Modelling
and Applied Probability, vol. 38, Springer-Verlag, Berlin, 2010, Corrected reprint of the second (1998)
edition.

David E. Evans and Raphael Hgegh-Krohn, Spectral properties of positive maps on C™-algebras, J.
London Math. Soc. (2) 17 (1978), no. 2, 345-355.

Richard S. Ellis, Entropy, large deviations, and statistical mechanics, Grundlehren der mathematischen
Wissenschaften 271, Springer New York, 1985.

Franco Fagnola and Rely Pellicer, Irreducible and periodic positive maps, Commun. Stoch. Anal. 3
(2009), no. 3, 407-418.

Eric P. Hanson, Alain Joye, Yan Pautrat, and Renaud Raquépas, Landauer’s principle in repeated
interaction systems, Comm. Math. Phys. 349 (2017), no. 1, 285-327.

Fumio Hiai, Milan Mosonyi, and Tomohiro Ogawa, Large deviations and Chernoff bound for certain
correlated states on a spin chain, Journal of Mathematical Physics 48 (2007), no. 12, 123301.

Jordan M. Horowitz and Juan M. R. Parrondo, Entropy production along nonequilibrium quantum jump
trajectories, New Journal of Physics 15 (2013), no. 8, 085028.

Vojkan Jaksi¢, Yoshiko Ogata, Yan Pautrat, and Claude-Alain Pillet, Entropic fluctuations in quantum
statistical mechanics. an introduction, Quantum Theory from Small to Large Scales, Lecture Notes of
the Les Houches Summer School 95 (2012), no. 978-0-19-965249-5, pp.213-410.

Vojkan Jaksi¢, Yoshiko Ogata, Claude-Alain Pillet, and Robert Seiringer, Quantum hypothesis testing
and non-equilibrium statistical mechanics, Rev. Math. Phys. 24 (2012), no. 6, 1230002, 67.

Vojkan Jaksi¢ and Claude-Alain Pillet, A note on the Landauer principle in quantum statistical mechan-
ics, J. Math. Phys. 55 (2014), no. 7, 075210-75210:21.

Vojkan Jaksié, Claude-Alain Pillet, and Matthias Westrich, Entropic fluctuations of quantum dynamical
semigroups, Journal of Statistical Physics 154 (2014), no. 1, 153-187.

Tosio Kato, Perturbation theory for linear operators, Classics in mathematics, Springer, 1976.
Jorge Kurchan, A quantum fluctuation theorem, arXiv preprint (2000), cond—mat/0007360.

Rolf Landauer, Irreversibility and heat generation in the computing process, IBM Journal of Research
and Development 5 (1961), 183-191.

David Reeb and Michael M. Wolf, An improved Landauer principle with finite-size corrections, New
Journal of Physics 16 (2014), no. 10, 103011.

Hal Tasaki, Jarzynski relations for quantum systems and some applications, arXiv preprint (2000),
cond—mat/0009244.

39


http://www.dr-qubit.org/Matlab_code.html

	Introduction
	General framework
	Properties of the full statistics
	Special case: bounded adiabatic entropy production
	General case: large deviations and the central limit theorem
	Peripheral spectrum of CPTP maps and their deformations
	Adiabatic theorem for discrete non-unitary evolutions
	Proofs for Section 3

