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Abstract

It is known that an adaptation of Newton’s method allows for the computation of functional
inverses of formal power series. We show that it is possible to successfully use a similar
algorithm in a fairly general analytical framework. This is well suited for functions that
are highly tangent to identity and that can be expanded with respect to asymptotic scales
of “exp-log functions”. We next apply our algorithm to various well-known functions coming
from the world of quantitative finance. In particular, we deduce asymptotic expansions for
the inverses of the Gaussian and the Black—Scholes functions.

1 Introduction

One notoriously complex problem in finance is the pricing of derivative products that are frequently
traded on financial markets. Practitioners have proposed various sophisticated models for the
dynamics of financial assets. In particular, it has been necessary to account for the existence of
U-shaped “volatility smiles” which play a central role in the pricing of so-called vanilla options.
Some models seem more reasonable than others because they explain not only the volatility smile,
but also have properties that are directly exploitable in practice, notably the existence of easily
implementable pricing formulas involving mathematical parameters that are easy to calibrate.

Subsequently, the volatility smile has been studied in a fairly general way, with a minimum of
hypotheses on the probabilistic distribution of the assets [2, 1, 21, 6, 12]. This has made it possible
to isolate intrinsic behaviours that are shared by a large number of models in the study of volatility
smiles.

The next step has been to study the volatility smile in a model-free setting. This ultimately leads to
focusing not on the Black—Scholes formula itself but on its inverse [26, 10, 8, 32]. A notable advan-
tage of this approach is that it simplifies pricing problems. Indeed, in the case of vanilla options,
such problems usually do not admit closed form solutions (except in the Black—Scholes model),
so we need to resort to approximate solutions. Different techniques have been proposed to this
purpose: perturbation methods with partial or stochastic differential equations, Lie symmmetry
theory, Watanabe theory, heat kernel expansion theory and Minakshisundaran—Pleijel’s formula,
large deviation theory, etc. [23, 22, 16, 9, 13, 5]. Most of these techniques give the asymptotics of
price for large or small values of certain parameters involved in the computation of option prices.
The study of the inverse function of the Black—Scholes formula then transforms vanilla option price
asymptotics into implicit volatility asymptotics, which is the quantity of interest.

The problem of inverting Black—Scholes formula is challenging because of its non-analytic boundary
behaviour. In fact, since the Black—Scholes model (as any other stochastic model) uses Brownian
motion, it is not surprising that the asymptotics of the Black-Scholes formula involves logarithms.
More precisely, after a suitable change of variables, the relation between vanilla option price and
volatility can be expressed via an asymptotic expansion
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where ¢, ¢1, ... are polynomials in log x [8, 10]. In particular, this means that

Yy = x+¢0+%+...+%+ﬁ(x—n—l/Q), (2)
for every n € N. We are interested in computing a similar expansion for x in terms of y.

In computer algebra, various techniques have been developed for asymptotic expansions in general
asymptotic scales. For instance, several algorithms exist for the asymptotic expansion of “exp-
log” functions [30, 11, 25, 18, 31]. Such functions are built up from the rationals and an infinitely
large variable x — co using the field operations, exponentiation and logarithm. An example of an
exp-log function is exp(z? — x log x) /loglog (x* + 3). The theory of transseries |7, 17, 19] makes it
possible to cover asymptotic expansions of an even wider class of functions comprising many formal
solutions to non-linear differential equations.

Several algorithms also exist for the functional inversion of exp-log functions [28, 29|. However,
the right-hand side ¢(x) :=x + ¢o+ @121 + ¢pa 272 of (1) is usually not an exp-log function, so
these algorithms cannot be applied directly. When considering ¢(x) as a formal transseries, there
are also methods for computing the formal inverse ¢ =1y + o+ Y1y~ + by 2+ of ¢ [17, 19].
However, a priori, the analytic meaning (2) is lost during such formal computations. In this paper,
we will show how to invert asymptotic expansions of the form (1) from the analytic point of view.

For each n €N, let ™ be the ring of n-fold continuously differentiable functions at infinity (x— o00).
Then ¥°°:=, . ¥" is a differential ring. We recall that a Hardy field is a differential subfield
K of 7°°. Tt is well-known that Hardy fields [14, 15, 3] provide a suitable setting for asymptotic
analysis. In section 2, we will introduce the abstract notion of an “effective Hardy field”, which
formalizes what we need in order to make this asymptotic calculus fully effective. Typical examples
of effective Hardy fields are generated by exp-log functions. For instance, in Sections 2.3 and 2.4,
we will show that Q(log z, z, €%, emZ) is effective Hardy field. Using the aforementioned work on
expansions of exp-log functions, it is possible to construct various other effective Hardy fields.

Let K be a Hardy field. We say that £ € K~ \ R with £ = #(1) is steep if for any f € K, there
exists a c€ R with f = £(£°). An element f € K is said to be highly tangent to identity if there
exists a ¢ >0 with (f —x) /2= £(£°). For instance, if K =Q(logz,z), then £ =27! is steep and
x+logx+3log?x / x is highly tangent to identity, contrary to x +x /logx. Now assume that K is an
effective Hardy field. We say that a germ f € ¥°° admits an effective asymptotic expansion over K
if for every n € N we can compute an element ¢, € K with f — ¢, =(£"). If ¢y is highly tangent
to identity and f’= ¢#(1), then we will prove in Section 3 that f admits a functional inverse that
also admits an effective asymptotic expansion over K. Applied to the case when K = Q(logx, x),
this gives an algorithm for inverting asymptotic expansions of the form (1). Our algorithm relies on
two main ingredients: Taylor’s formula for right composition with functions that are highly tangent
to identity, and Newton’s method for reducing functional inversion to functional composition.

For our application to mathematical finance, it would have sufficed to work with the particular
effective Hardy field K = Q(log x,x). There are several reasons why we have chosen to prove our
main result for general effective Hardy fields. First of all, the more general result may be useful in
other areas such as combinatorics [27]. Indeed, functional inverses frequently occur when analyzing
asymptotic behavior using the saddle point method. Secondly, our general setup only requires
a moderate “investment” in the terminology from Section 2. Finally, it is natural to prove the results
from Section 3 in this setup; the proofs would not become substantially shorter in the special case
when K =Q(logz,x).

This paper contains three main contributions. As far as we are aware, the application of modern
asymptotic expansion algorithms to mathematical finance is new. Secondly, we introduce the
framework of effective Hardy fields which we believe to be of general interest for effective asymptotic
analysis. One major advantage of this framework is that it separates the potentially difficult
question of constructing a suitable effective Hardy field from its actual use. The existing literature
on exp-log functions and transseries can be put to use for such constructions. But for various
other problems, it suffices to assume the effective Hardy field to be given as a blackbox. The third
contribution of this paper is to show that this is particularly the case for the inversion of asymptotic
expansions that are “highly tangent to identity”.
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2 Effective Hardy fields

2.1 Hardy fields

Consider the differential ring 4> :=,
differentiable functions at infinity (z — 00) for each n. We recall that a Hardy field is a differential
subfield K of #°°. Since any non zero element f of Hardy fields is invertible, the sign of f(x) is
ultimately constant for © — co. We define f >0 if f(x) is ultimately positive. It can be shown that
this gives K the structure of an ordered field.

g, where 4™ denotes the ring of n-fold continuously

The well-known asymptotic relations <, <, < and ~ can be defined in terms of the ordering on K:
given f, g€ K, we write

f=0(9)

= f < IBeQ”,|f|<B|g|
f=0olg) = f

;<
<g <= VeeQ”,|fl<elyg|

g
g
and

fxg9g <= [f<x9</f
frg &= f-9g=yg.

The quasi-ordering < is total on K#: given f, g€ K7, we have f<ge g4 f.

Example 1. The set & of exp-log germs at infinity is the smallest subset of ¥° that contains Q
and the identity function, and which is closed under +, —, x, /, exp and log. For instance,
exp(z® —x log x) /(x — 3) + nloglog x € &. In his founding work [14, 15|, Hardy showed that &
forms a Hardy field.

Example 2. More generally, given a Hardy field K, its Liouville closure K™ is the smallest subset
of ¥°° that contains K and that is stable under +, —, X, /, exp, log and integration. It is well
known that K is again a Hardy field [3].

2.2 Basic properties
Let K be a Hardy field. Given f, g€ K, let us show that

[<gng*1 = [f'sg’ (3)
f=ghg*l = f'<g' (4)

Let us first assume that f’ 4 ¢/, whence ¢’ < f/, and let zg € R and A > 0 be such that
lg'(z)| < A|f'(z)| for all x> xp. Modulo a further increase of zg, we may assume without loss of
generality that the signs of ¢'(x) and f’(z) are constant for x > x¢. Then, for all o >z, we have

/:gl(t)dt’/:|9'(t)|dt<A/:|f’(t)|dtA

/U "F) dt'. (5)

Consequently, g + a < f + b for suitable integration constants a,b € R. If g > 1, then this yields
g=f. If f<1and g=<1, then we may take 0 =00 in (5), so that a =b=0, and we again obtain
g=<f. If f=1and g<1, then we clearly have g <1< f. This proves that f'A¢'= f AgVgx1,
which implies (4). One proves f'# g'= f £ gV g=<1 and (3) in a similar way.



2.3 Effective Hardy fields

Let K be a Hardy field. We say that K is effective if its elements can be represented by instances
of a concrete data structure and if we have algorithms for carrying out the basic operations +, —,
x, /,0, as well as effective tests for the relations <, <, < and <.

In particular, the effective inequality test for < yields an equality test. Inversely, if we have an
algorithm to compute signs of elements in K, then this yields effective inequality tests for both <
and <. Similarly, if, given f € K, we have a way to test whether f<1 and f <1, then this yields
effective tests for the relations < and <. Indeed, given f € K and g€ K%, we have f<g< f/g=<1
and f<ge f/g=<1.

Example 3. Let us show that K = Q(x) is an effective Hardy field. The basic operations +, —,
x, / and O can clearly be carried out by algorithm, and it is also clear how to do the equality
test. Now consider f=(P,zP+--+ Py)/(Qqzl+ -+ Qo) € K# with Py, ..., Py, Qo, ..., Qs Q and
P,#0, Q;#0. Then f~(P,/Q,) zP~ % Consequently, sign(f)=sign(P,/Q,) and fx1l<p<q
(resp. f<1ep<q).

Example 4. We claim that K = Q(log z, x) is an effective Hardy field. As above, the basic
operations +, —, X, /, O and the equality test are straightforward. Now any non zero element
f € K7 can be written as a fraction f = (P, 2P 4+ - + Py) /(Q, #¢ + - + Qo) € K7 with
Py, ..., Py, Qo, ..., Qq € Qlog z) and P, # 0, Q4 # 0. Similarly, we may write P,/ Q, =
(A, (logz)*+ -4 Ag) / (By (log )’ + -4 By) € K7 with Aq, ..., A, Bo, ..., By€ Q@ and A, #0, B, #0.
Then f~ (A, /Bp) 2P~ (logx)®~* Consequently, sign(f)=sign(A4,/By) and f <1< (p,a)<(q,b)
(resp. f <1< (p,a)<(q,b)). Here we used the lexicographical ordering on pairs: (p,a) < (g,b) if
and only if p<qor p=q and a<b.

Example 5. Let K be an effective Hardy field and let ¢ € K be such that ¢ >0 and ¢ > 1. Then
¢’ > 0, whence ¢ is ultimately strictly increasing and invertible for composition. Let 1 = v
be the inverse of ¢ and assume that ¢’ o ¢p € K. Then K o ¢ = {f o ¢: f € K} is again
an effective Hardy field. Indeed, since right composition preserves the field operations and the
ordering, K o  is effectively isomorphic to K as an ordered field. The derivation on K o ¢ is given

by (fop)' =((¢ o) f)oe.

2.4 Adjunction of steep exponentials

Let f,g€ K7 and let §,e==+1 be such that f°3= 1, ¢g¢= 1. We define the flatness relations <, <
and = by

fXg <= e |f’<]|g|c
f=<g <= YeeQ>,|f|°<]|g|
fRg &= [XgX/[

Let ft= f’/ f denote the logarithmic derivative of a function f. Taking logarithms, and using (3)
and (4), we observe that

f=g < log|f|xloglg| <= fixg!
f=<g <= log|f|<loglg| <= fT<gT
=g < log|f|xloglg| <= fI=gT,

for all f€ K7 and g€ K*={h€ K:h#1}.



An element £ € K> is said to be steep if f < & (whence fT < &) for all f e K7. If € <1, then
this allows us to define a valuation with respect to & we set ve(f) = lim (fT/¢%) for f € K7
and ve¢(0) = co. Notice that the corresponding valuation group I'c =im vg is a subgroup of R. In
particular, It is archimedean. For f€ K and g€ K #. we notice that

f=g9 = ve(f) Zvelg).

Indeed, since f < g< /g =<1 and ve(f/g) =ve(f) — ve(g), it suffices to show this for g = 1.
Now assume that c:=ve¢(f) <0. Then fT> % ¢, whence log | f| > log /2 + C > log £/3 for some
constant C' € R. Tt follows that f > &¢/3 > 1. If £ z, then we also notice that ve(¢1) =0. Indeed,
Ewrelogé-logr= T =(log&)' = (logz) <z tand 1/&T<x=(1/£7)/ < ¢ /¢7 <1, whence
ve(€7) =lim £/ €7=0.

Two examples of steep elements are z in Q(logz,z) and e=*” in Q(logx, z,e®,e*’). The aim of the

remainder of this section is to generalize Example 4 and prove in particular that Q(logz,z,e”, e‘”2)
is indeed an effective Hardy field.

Let K be an effective Hardy field and let ¢ € K~ ={h € K:h > 1} be such that fT <’ for all f€ K.
By what precedes, this implies that 1) :=e¥» f for all f € K. We claim that L:= K(¢) is again
an effective Hardy field. Modulo the replacement of by [~1| (and ¢ by —¢), we may assume
without loss of generality that 1) >0 and > 1. We clearly have algorithms for the field operations
of L. Using the rule 1)/ = @), it is also straightforward to compute derivatives of elements of L.

Now consider a polynomial P(¢) = P, P + --- + Py € K[¢]. If P, # 0, then for each i < p, we
have P;/ P, < v, so that P;¢y" < P,¢". Hence P,+ 0 implies P(¢) ~ P,4?. This also shows that
P(¢)=0« Py=---=P,=0, which provides us with an effective zero test for K[¢], as well as for L.
Given a rational function P(¢)/Q(¢) = (Pptp? + -+ Po) /(Qq¥?+ -+ Qo) € L with P,+#0 and

Qq#0, we also have P(v¢) / Q(¢) ~ (Pp/ Qq) P~ 7. Consequently, sign( f)=sign(P,/ Q) and f<1
if and only if p<q or p=gq and P, < Q. Similarly, f <1if and only if p< g or p=¢g and P, < Q,.

Example 6. Starting with K = Q(logz, z) as in Example 4, applying the above argument twice
shows that both K (e”) and K (e®, e*") = Q(log x, x, e*, e*°) are effective Hardy fields. Applying
Example 5 for ¢ =logz, we also obtain that Q(loglogx,logz,z,z'°8%) is an effective Hardy field.

Remark 7. In order to compute with more general exp-log germs in &, one also needs to show
that fields such as Q(x,e*, e\/im) form effective Hardy fields. One even more difficult problem is to
provide an effective zero test for exp-log constants, i.e. constants formed from the rationals, using
+, —, X, /, exp and log. Provided that Schanuel’s conjecture holds, such an algorithm was given
by Richardson [24]. His algorithm always returns correct results, but might not terminate if one
explicitly hits a counterexample to the conjecture. Given a zero-test for exp-log constants, it can
be shown that & forms an effective Hardy field [18].

2.5 Limits and asymptotic scales

Let K be a Hardy field. Given fe€ K~ ={pe K:p=<1}, there exists a unique £ € R with f —¢ <1,
which is called the limit of f, and denoted by ¢ = lim f. We say that K is closed under limits
if lim f € K for all f€ K. If K is effective and lim: K= — K is computable, then we say that K
admits an effective limit map.

An asymptotic scale for K is a multiplicative subgroup 9t C K~ such that 9 is totally ordered
for < and such that there exists a mapping 9: K7 — 9 with 9(f) < f for all f € K7. We call 9(f)
the dominant monomial of f and notice that 0 is necessarily a group homomorphism. If K is
effective and 0 is computable, then we call 91 an effective asymptotic scale.

Assume that K is closed under limits and that K also admits an asymptotic scale 9. Given f e K7,
we call 7(f) = (lim f/9(f)) 9(f) the dominant term of f, and notice that f~ 7(f). If 0 and lim
are both computable, then the same clearly holds for 7.



Example 8. In Example 3, we have given a method for the explicit computation of an equivalent
in Q7 2% ={ca*: ce Q7, k€ Z} for any f e Q(z)7. This both shows that Q(z) admits an effective
limit map and that it admits 2% as an effective asymptotic scale. Similarly, Example 4 shows that
the same holds for Q(log z,z), in which case the asymptotic scale becomes (log z)% x%.

More generally, let K be an effective Hardy field and let ¢, % be as in Section 2.4. Assume that K
admits an effective limit map and that 9 is an effective asymptotic scale. For each f e K (1/1)#, we
have shown how to compute an equivalent f~ gy*~7(g) 1* with g€ K# and k€ Z. Since g < ¥
for any g € M and k # 0, the group M 1% is totally ordered for <. This shows that K (v) admits
both an effective limit map and an effective asymptotic scale 9t 1%.

Example 9. Let K be an effective Hardy field and let ¢ be as in Example 5. If K admits an
effective limit map, then so does K o ¢, since lim f o ¢ =lim f for all f € K7. If K admits an
effective asymptotic scale 9, then K o ¢ admits 9N o ¢ as an effective asymptotic scale, with
W fop)=0(f)oyp forall fe K7

3 Composition and functional inversion

Let K be a Hardy field which contains the identity function x, as well as a steep element { € K>~ =
{pe K”:¢p<1}. If £z, then also assume that ¢ =z~ 1.

An element f € K is said to be highly tangent to identity if there exists a ¢ >0 with (f —z)/x =
7(£°). Equivalently, this means that f is of the form f=x+ ¢ with ve(d) > ve(x). If =271, then
this is the case when § < £ for some a> —1. If £ » x, then we rather should have § < £* for some
a > 0. In particular, in both cases we have ¢’ < 1 and even v¢(6’) > 0. We will denote by T' the
subset of K of all elements that are highly tangent to identity.

Since Hardy fields are not necessarily closed under composition and functional inversion, the
set T does not necessarily form a group. The main aim of this section is to show that a suitable
completion of T does form a group (Theorem 20 below). Moreover, under suitable hypothesis,
there are algorithms for computing asymptotic expansions of compositions and functional inverses.

3.1 First order functional inversion
Lemma 10. Let 6 €T —x. Then for any germ n€ ¥ with <6 and n’ <1, we have

(w+m™—z = O0).

Proof. Without loss of generality, we may assume that 6 > 0. For any ¢ € R, we claim that
do(x+cd)~6. Indeed, given e >0, let o be such that §’(x) has constant sign and |6’(z)| <e for
x > xo. Assume also that §(z + cd(x)) is defined for = > 5. Then

z+cdé(z)
16(z + ¢6(x)) — 8(2)| < / 5’(t)dt' < e le|8(x),

for all « > xg. We conclude that do (x4 c¢d) —§ < d, by letting ¢ tend to zero.

The assumption that n’ <1 implies that (x4 n)’~ 1, whence ¢(x):=2x+ n(z) is strictly increasing
for sufficiently large x. This shows that ¢ indeed admits an inverse function 1 at infinity. Let
A > 0 be such that |n(z)| < A §(z) for sufficiently large x. Setting I(z) =« — 2 A 6(z) and
r(z)=x+2A0d(z), our claim implies

(I(x)) < lW(x)+2A6(x) = «
(r(z)) > r(x)—2A46(x) = =z,

SN
S
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for sufficiently large x. Since ¢ is strictly increasing, it follows that I(z) < ¢(z) < r(z). In other
words, |¢(z) — x| <2 Ad(z) for sufficiently large . O

3.2 First order right composition

Lemma 11. Let f€ K and g=x+¢ec€T. Then for any germsn,0 € > withn< f and § L&, we have
ne(x+d) = o(f).

Proof. Since ¢ is a steep element, there exists a constant A > 0 with |fT| < A [¢T|. We also
notice that ¢fe <1. Indeed, this is immediate if £¢=1/xz. If €% 2, then € < £° for some ¢ >0 and
ete<eteex (€9 <1, since €° <.

Let us first show that f o g ~ f, whenever f < x and g > z. Since f < x implies f/ < 1, the

function | f’| is ultimately decreasing. For sufficiently large z, it follows that |f'(¢)| < |f'(x)| for
t €[z, g(z)], whence

g(x)
|f(g(2)) = fz)] < / |f@)]dt < |f'(x)|e(z) < Al ()] e(a) | f(2)].

Since ¢fe <1, this shows that fo g~ f.

Let us next show that we also have fo g~ f in the case when f <z and g < x (so that £ <0).
Then Lemma 10 implies g™ =2 + &(¢), whence z < ¢""V < x — Be for some B € R”. Let A > 0.
By what precedes, there exists an zg with |f(x — Be(x)) — f(z)| <A | f(z)| for all x> xo. Modulo
a further increase of xp, we may also arrange that f(z) is monotonic for x > x¢. It follows that
| (g™ (z))— f(x)| <A |f(x)|, whence fo g™~ f. Post-composing with g, we again obtain fog~ f.

Let us finally assume that f %= x. Then the above arguments prove that (1/ f) o g ~ (1/ f).
Consequently, fog=((1/f)og) "t~ (1/f)"t=Ff.

The above argments conclude the proof in the case when n= f and § =¢. Let us next consider the
case when we still have n= f, but § < ¢ is general. Let B >0 be such that |§| < B |¢|. For sufficiently
large x, it follows that f(x+ d(x)) is comprised between f(z — B |e(x)|) and f(x+ B |e(x)|), which
are both equivalent to f(z). This shows that fo(z+39)~ f.

As to the general case, let C' >0 be such that || < C | f|. By what precedes, we have |n(x+d(x))| <
C|f(x+6(x))|<2C|f(x)| for all sufficiently large . This shows that no (z+4) =< f. O

3.3 General composition

Lemma 12. Let f € K and g € T. Let ¢, v € K and n € N be such that x + ¢ € T and
f (g —x)"< @. Then for any 6, € ¥ with 6 < ¢ and € < 1), we have

(F+8)olgte) = [+ (g2) gy S0 (g~ )"+ S(max (gL, £ ¥)).
Proof. Let us first consider the case when 6§ =¢ =0 and consider

n = f+f'(9—$)+'“+ﬁf(n_l)(g—iﬂ)n_l
R = fog—n

For sufficiently large x, Taylor’s formula with integral remainder yields

g(x)
Ra) = [ o 100 (o) -



For sufficiently large x, the function f (") is also monotonic, whence

[R(z)| < %maX(lf(”)(l‘)l, [F (g lg(@) — [

By Lemma 11, we have f(™og=< f™ whence R< f™ (g —x)" < ¢. This completes the proof in
the case when § =e=0.

As to the general case, we have

g(x)+e(x)

[ f(g(2) +e(@)) = fl9(2))] < /g(x) [/ dt < max(| f'(g(x))]; [ f'(g(x) +e())]) [e(2)];

for all sufficiently large x. Now Lemmas 10 and 11 imply po(g+¢)=po(x+cog™)og=<pog=<yp
and similarly f’o (g+¢) < f’. Consequently,

[(f+0)o(g+e)—nl < |[do(g+e)|+[fol(g+e)—fogl+]|fog—nl
#

max (Jpo(g+e)l, |f el [¢])
< max (| f'¢el, |¢l).
This concludes the proof in the general case. O

Lemma 13. For any f €K, geT and o € K7, there exists an n € N with f™ - (g —z)" < .

Proof. Let us first consider the case when £ =27, so that ve(g —x) > —1. For any f € K%, we
have f'= f1 f <&V f< f/x, whence ve(f') > ve(f) + 1. Consequently,

ve(f™ (g —2)") = velf)+n+nuve(g—a).
It thus suffices to take n > (v¢(p) —ve(f)) / (ve(g— )+ 1) in order to ensure that ve( f™ (g —z)") >

ve(p) and therefore f (g—2)"< .

Assume next that & % z, so that ve(g —x) > 0. We again have f'< &7 f for all f € K7, but this
time, we rather obtain ve(f’) > ve(f), since ve(£T) =0. Therefore,

ve(f™ (g—2)") = ve(f) +nve(g— ).

Taking n > (ve(p) —ve(f)) /ve(g — x), we again obtain the desired result. O

If K is an effective Hardy field, then the above lemmas lead to the following algorithm for approx-
imate composition:

Algorithm compose(f, g, @)

INPUT: fEK, g€T and p € K7 with ve(p) > ve(x f7)

OUuTPUT: he€ K with fog=h+ (p)

Moreover, for all §,e € ¥°° with 5 ¢, ¢ f' < p and ve(e /) >0, we have (f+0)o(g+e)=h+ ()

Let n €N be rninirnal with f0V. (g —2)"< ¢
Return f+ - g ey f=b. (g —z)nt

Theorem 14. The algorithm compose is correct.



Proof. The existence of n is ensured by Lemma 13. Since K is effective, we have an algorithm for
doing the test f(" (g — )™ < ¢, which enables us to compute n. Setting ¢ =/ f’, our assumption
that ve(p) > ve(x f') ensures that © + 1 € T. The result now follows from Lemma 12. O

Remark 15. In addition, by considering both cases ¢ = x~! and & % x, it can be verified that
ve(h) =wve(f), that feT implies h €T, and that ve(f —1) > 0 implies vg(h —1) > 0.

3.4 General functional inversion

A well-known way to solve functional equations of the form fo g=ux is Newton’s method [4]. We
will now show that this method indeed yields a quadratic convergence in our setting.

Lemma 16. Let f,g€T and e € K be such that fog—x=0(xe) and ve(e) >0. Let g€ T be such
that

~ og—=
g = g—ch,g—og-i-ﬁ(:cEQ).

Then fog—x=0(xe?).

Proof. Since f~x, we notice that f'~1and ffog~1. Let =g—g= Jco,‘(]7z +O0(xe?)=0(xe).
. flog
For all sufficiently large x, we have
B ) 9(@)=oz)
f(g(x) = flg(x)) = f'(g(x))d(x) +/ f7(#) (g(x) —o(x) —t) dt,

g(z)

whence, using the ultimate monotonicity of f” on [g(z), ()],
fog = fog—(f'og)d+(max(|f"ogl,|f"ogl)d?).
Using Lemma 11, we also have f"og=< f"” and f"o =< f", whence
fog = fog—(f'og)d+a(f"0?).

Consequently,

fog—a = (fog—a)—(flog)d+(f"d?
(flog)d+(xe®) = (fog)d+(f"6?)
= O(xe?) + o(f" ).

Now f —x <z implies (f —2)'<1<logx and f”"=(f—x)”"<x~!. Consequently,
fog—a=0(xe®)+ O(f"6%) =0(xe?) + (6% )2) = O(xe?).

This completes the proof. O

If K is an effective Hardy field, then this lemma leads to the following algorithm for the compu-
tation of approximate functional inverses:

Algorithm invert(f,e)
INPUT: f €T and € € K7 with ve(e) >0
OuTPUT: g €T with fi™V=g+ J(z¢)



Moreover, for any § € ¢°° with § <z e and 6’ < 1, we have (f +6)"V =g+ J(x¢)

Let g:=x

repeat
Let h:=compose(f, g,xc?)
If h —x < xe then return g
Let d:=compose(f’, g,r&?)
Let g:=g—(h—x)/d

Theorem 17. Let n=(f —x)/x. The algorithm invert is correct and terminates after at most
[log(ve(e) /ve(n)) /log2] + 1 iterations of the main loop.

Proof. Let us first show that g € T throughout the algorithm. This is clear at the start. At each
iteration g := g — (h — z)/d, Remark 15 implies ve(h — ) > ve(z) and ve(d — 1) > ve(1), whence
ve((h—x)/d) > ve(x), so that g — (h—z)/deT.

On termination, we have h= fo g+ &(z £2) and h=x + &(z ¢), whence fog—x= &(x €). Applying
Lemma 10 with z ¢ and fo g —z in the roles of § and 71, we obtain g™ o fi"V—x=(fog)"V —z=
O(z €). Consequently, fi™ = go (g™ o fiV) = g + O(g"- (g™ o fiv—2)) = g + I(x ¢).
Furthermore, (f + 6)™ = [(x + § o fI%) o f] = fiVo (x4 Jo fiV)V = five (g4 £(§))V =
Fvo (@4 o2 )™ = [0 2+ £(ae)) = F25+ O(( ™) 26) =g + Oz o).

As to the termination, consider the quantity

x

vi= ﬁg(M) :=sup {aeR:%: ﬁ’(é‘“)}.

At the very start, we have v = 0¢(n) = ve(n) > 0. At every iteration §:=g — (h —x)/d, we have

jg=g¢g — f;,g(:gI + O(x £2). Lemma 16 therefore ensures that v doubles at least, whereas the

algorithm terminates as soon as v >v¢(e). This happens after at most [log(ve(e) /ve(n)) /log2| +1
iterations. 0O

3.5 Effective asymptotic expansions

We now extend the definition of high tangency to identity to all germs. We say that a germ f € >
is highly tangent to identity if there exists a ¢ >0 with f —z= (2 £°) and f'=1+ ¢(1). We denote
by 7°° the set of such germs. We say that f admits an asymptotic expansion over K if for every
n €N, there exists an element ¢, € K with f — ¢, = (™). If we have an algorithm for computing
©n, as a function of n, then we say that f admits an effective asymptotic expansion over K.

Proposition 18. Assume that f € ¥°° and g € .7 admit effective asymptotic expansions over K.
Then so does fog. If f€.7°°, then foge T,

Proof. Given n > 1, we may compute ¢, € K and ¢, € T with § := f — ¢, < " and
g:=g— 1, <X " Assume that there exists an ng € N with f £ £"0. Then for all n > ng, we must
have ¢, = £™ and ve(x ¢,) <ng<n. Consequently, we may compute x, = compose(¢,, P, &™),
and fog=(pn+0)o(Yn+e)=xn+ (). If f<x&" for all n €N, then we also have fog=<&"
for all n € N.

If f e .7, then we also get @n, ¥n, xn € T, whence ve(f o g — x) = ve(xn — ¢ + (")) =
min (ve(Xn — z), n) > ve(x). Moreover, (fog) =g"- flog=(1+ (1)) (1+¢(1)og)=1+ (1),
whence foge .. O

Proposition 19. Assume that f € .7 admits an effective asymptotic expansion over K. Then
so does iV and ™€ .7,

10



Proof. Given n >1, we may compute ¢, € T with 6 := f — ¢, < ™. Let ¢,, = invert(p,, £"/x).
Then i = (¢, + )Y = ¢, + F(£"). Moreover, (f™) = (f'o fiV)=L = ((1 + #(1)) o finv) =
14 (1), whence finve .7, O

Combining these two propositions, we have shown the following:

Theorem 20. The set of germs in 7 °° that admit effective asymptotic expansions over K forms
a group for functional composition. O

4 Examples and applications to finance

Example 21. (Lambert function) The Lambert function W is defined to be the inverse function
of z—— x €®. Using our algorithm, we can compute the asymptotic expansion of the inverse function
W(e®) of x+—— x+logz. This also yields the asymptotic expansion of W (x) for large x.

Example 22. (Gaussian law) Let (®,,),~0 be defined formally by

10g<1+z anX"> = Z D, (a1, ...,a,) X" (6)

n>0 n>0

and let @ be the Gaussian law:

Then, the well-known relation

-2

oo T "t (—1)i1-3-- (20— 1) 1
Q) F(H; ol w()) (8)

2nx

valid for any n € N, shows that

n
q(z) = x+logx+gao+z %‘Fﬁ(i), 9)

xn
i=1
with z >0, ¢(z) := —2log Q(\/7), ¢o:=2log (V27) and ¢;:=—®;(—1,...,(=1)"1-3- (2i — 1))
for i+ > 0. Our algorithm now allows us to compute the asymptotic expansion of the inverse
function of Gaussian law at +o0o. This is potentially of great interest in finance when it comes to

calculate “values-at-risk”. Such computations are imposed by regulators to manage market risks,
among others.

Example 23. (Incomplete Gamma function) Let (ux)r>0 be defined by uy =1 and, for k > 0,
up=(a—1)(a—2)...(a — k). A well-known relation for I'(a, 2z) tells that for « € R and z >0,

T(a,z) = z“_le_z<i %—i—ﬁ(%)).

Taking logarithms, we get

—logT'(a,z) = z—(afl)longrZ %Jrﬁ( L ), (10)

xn
k=1

11



with Pk = 7@]6 (ul, ceey uk).

Example 24. (Black—Scholes formula). By definition, a call option is a contract which gives to the
owner the value Max (St — K,0) at a future T-date (known today) called maturity of the contract,
where St denotes the value at T-date (unknown today) of an asset (like a stock) whose initial
value is S today, and K is a constant called strike (known today). The initial price of this contract
is denoted by C(S, K, T). In general, by no-arbitrage arguments, the option price C(S, K, T) is
always greater than the “intrinsic value” (S — K)4 and lower than the spot value S:

(S—K)y<C(S,K,T)<S (11)
In the Black—Scholes model, the dynamics of (S;) is assumed to be log-normal:
dSt == O'Stdm (12)

where (W), is a Brownian motion and o is a constant parameter called volatility. In this framework,
the well known Black—Scholes formula gives the price of any call option. It can be shown that
C(S,K,T)=BS(S,K,T,oc) with

BS(S,K,T,0) = SQ(dy)—KQ(d_) (13)

and

S 2T
dy = % (14)

To simplify, we have assumed that the interest rate is 0. If .S, K, T are fixed, then it is easy to see
that the function

o — BS(S,K,T,0) (15)

is non-decreasing and one to one from R% to (Max (S — K, 0),.S). Therefore, in an a priori non
Black—Scholes world and for a given call option price C' € (Max (S — K, 0), S) observed on the
market, there is a unique solution ops(K,T) (or simply ops) of the equation

BS(S,K,T,0) = C (16)

We call opg the Black—Scholes implied volatility associated to K and T'. For different reasons, it is
interesting to invert the Black—Scholes function BS in (15) [8]. For instance, very often, and using
techniques like perturbation theory, sophisticated stochastic models (in a non Black—Scholes world)
give only asymptotic expansions of an option price C' in terms of the maturity 7', whereas we really
need a formula for the implied volatility [2, 16]. Indeed, call option prices are generally quoted in
term of implied volatilities (and not as prices). This can be achieved in the following manner. In
the Black—Scholes model and under the conditions that 7T'< 1 and K # S, it can be proved that
the asymptotic expansion of the “time value” TV of the call price BS(S, K, T, 0), defined by

TV(S,K,T,0) := BS(S,K,T,0)—(S—K)4,

is given by

12



with n € N arbitrarily large,

u = log %) (18)
a’T

v o= 27
ar(z) = 2k+ D! fi(z)

k
Z\j
) = 2 e
and for j€Z, (25+1)!:= sz:1 (21+1) [10]. Therefore, if we set

| log? (%)

TT LT T 22T

= —lo v
y T g S 9

and

then, for any integer n,

o 3 - (pi 1
y = x+510gx+<po+zl ?+ﬁ<ﬁ>, (19)

with ¢g:= —log ( ZL;;) and @;:=—P; (f%al(%), ...,(;—i)iai(u;)) for i > 0. Hence we get an

asymptotic expansion for o2 T in terms of log(%)

At the limit when 7> 1, the first author previously obtained a similar result [10]. Setting this time

CC = S—BS(S,K,T,0)

02T
r = —,

we have

_=CC I (—1)* 2\ 1 —n-2 _
Jre 2 g = € Z (2k) Ck(% ﬁJrﬁ(fE Ze z),
where ¢ defined by

ck(z) = (2k—1D!gr(2)
k .

) = e —on

§=0
Therefore, we get
y = x—l—llogx—i-ap +iﬂ+ﬁ L (20)
2 0 —~ ' an )’

with y:flog(%), and ;1= —®; (f%al(%z), e (;)i cz(%z)) for i > 0.
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Example 25. We did an experimental implementation of our algorithm in the MATHEMAGIX
system [20]. Each of the above examples comes down to the computation of the functional inverse
of a function y(x) with an asymptotic expansion of the form

= z+alogx+ oo+ 3 ﬁ+é’ L
Yy = g 2 2 i FA

For n =3, our algorithm yields:

+ (50 log(y)? + (o a® — (1 + a?) &) log(y) +
3P0 a—(poa—¢)a— o= p2) o+ (5 0t log(y)* + (5 (~2 poa — ¥ a —
poa?) a — 1 a? — £ at)log(y)? + (F (—(¥§ — o @ + 1) @ — (2 9o a — a?) o) & —
3(2poa—2p1)a+2¢ga?) a+(p1+0?) a? =201 poa— oo’ +p1a2—2pra) log(y) —
(—(poa —@1) a — @1 00— 2) o+ 5 (9§ — oo+ ¢1) o o — 5 (2 po & — 2 1) o & —

1 1 1
(p1=poa) p1— 5950 — 1 803*2%02<P0*803);+6’(y—3)~

z = y—alog(y) — wo+ (a?log(y) + woa — 1)+
1
U2
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