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Heat asymptotics for nonminimal Laplace type operators
and application to noncommutative tori

B. Tochum?®, T. Masson®

@Centre de Physique Théorique
Aix Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France

Abstract

Let P be a Laplace type operator acting on a smooth hermitean vector bundle V of fiber CV over a
compact Riemannian manifold given locally by P = —[¢""u(x)d,0, +v" ()0, +w(x)] where u, v, w
are My (C)-valued functions with u(x) positive and invertible. For any a € I'(End(V)), we consider

the asymptotics Tr(ae™tF) # >, a,(a, P)t"=9/2 where the coefficients a,(a, P) can be written
an

as an integral of the functions a,(a, P)(x) = tr[a(z)R,.(z)].
The computation of R, is performed opening the opportunity to calculate the modular scalar cur-
vature for noncommutative tori.

Keywords: Heat kernel, nonminimal operator, asymptotic heat trace, Laplace type operator, scalar
curvature, noncommutative torus
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2000 MSC: 58J35, 35J47, 81T13, 46L.87

1. Introduction

As in [1], we consider a d-dimensional compact Riemannian manifold (M, ¢g) without boundary,
together with a nonminimal Laplace type operator P on a smooth hermitean vector bundle V' over
M of fiber CV written locally as

P = —[¢"u(x)0,0, +v"(x)0, + w(z)]. (1.1)

Here u(z) € My(C) is a positive and invertible matrix valued function and v¥, w are My (C) matrices
valued functions. The operator is expressed in a local trivialization of V' over an open subset of M
which is also a chart on M with coordinates (z*). This trivialization is such that the adjoint for
the hermitean metric corresponds to the adjoint of matrices and the trace on endomorphisms on V
becomes the usual trace tr on matrices.

For any a € I'(End(V')), we consider the asymptotics of the heat-trace

o0

Tr(ae™'P) it S a,(a, P) =2, (1.2)
r=0
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where Tr is the operator trace. Each coefficient a,(a, P) can be written as
a,(a, P) = / a,(a, P)(z) dvol,(z) (1.3)
M

where dvol,(z) := |g|'/2dz with |g| := det(g,,). The functions a,(a, P)(z) can be evaluated (various
techniques exist for that) and give expressions of the form

ar(a, P)(x) = trla(z)R,(z)],

where tr is the trace on matrices and R, is a (local) section of End(V). The local section R, of
End(V) is uniquely defined by
ar(a, P) = p(aR,), (1.4)

where

ola) = /M trja(x)] dvol,(z) (1.5)

is the natural combined trace on the algebra of sections of End(V') associated to (M, g) (the integral)
and V' (the matrix trace). The choice of this trace is not unique, and changing ¢ changes R,. For
instance, since M is compact, one can normalize the integral so that the total volume of M is 1,
and also the matrix trace such that the trace of the identity matrix is 1. In that case, denoted by 1
the identity operator in I'(End(V')), the new combined trace ¢, satisfies ¢o(1) = 1. In Section 5 ¢
plays an important role since it corresponds to the unique normalized trace on the noncommutative
torus algebra. Another possibility for the choice of ¢ is to use a Riemannian metric on M which is
not the tensor g in P, see Remark 2.6.

The aim of this paper is to present a way to compute R, by adapting the techniques developed
in [1]. These techniques were strongly motivated by a need in physics for explicit computations of
a,(1, P), see for instance [2, 3] and the reference in [1] for the existing results on the mathematical
side. The idea behind the computation of R, is to extract the real matrix content of the coefficient
as which is related to the scalar curvature of the manifold M.

In Section 2, two formulas are provided for Rs(z), both in local coordinates (Theorem 2.3) and in
a covariant way (Theorem 2.4) in arbitrary dimension and detailed in low dimensions. In Section 3,
some direct applications are also provided, for instance to a conformal like transformed Laplacian.
Section 4 is devoted to the details of the computations (see also the ancillary Mathematica [4]
notebook file [5]).

In Section 5, another applications is given in noncommutative geometry. Namely, we compute the
conformally perturbed scalar curvature of rational noncommutative tori (NCT). Since at rational val-
ues 0 = p/q of the deformation parameter, the algebras of the NCT are isomorphic to the continuous
sections of a bundle over the ordinary tori with fiber in M,(C), they fit perfectly with our previous
framework. The irrational case has been widely studied in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
The results presented in these papers can be written without explicit reference to the parameter 6.
In the rational case, our results confirm this property. Moreover, our method gives an alternative
which avoids the theory of pseudodifferential calculus on the noncommutative tori introduced by
Connes [19] and detailed in [6, 20]. In Appendix B, in order to compare to the results in [8, Theo-
rem 5.2] and [11, Theorem 5.4], we perform the change of variables from u to In(u) and the change
of operators from the left multiplication by u to the conjugation by u, formalized as a substitution
lemma (Lemma B.1).



2. The method and the results

In [1], the computation was done for the special case a = 1, for which a lot of simplifications
can be used under the trace. We now show that the method described there can be adapted almost
without any change to compute the quantities R,.. Moreover, we present the method in a way that
reduces the number of steps in the computations, using from the beginning covariant derivatives on
the vector bundle V.

2.1. Notations and preliminary results

In order to start with the covariant form of P (see [1, Section A.4]), let us introduce the following
notations. We consider a covariant derivative V,, := 0, +n(A,,), where 7 is the representation of the
Lie algebra of the gauge group of V' on any associated vector bundles (mainly V' and End(V') in the
following). Let

Qy, = gpa(augpa)a al = g/an = glwgpa(augpa)? 6/1 = g;w(aogpg)7 BM = gMVﬂu = augw/~
The covariant form of P associated to V (see [1, eq. (A.11)]) is given by

P = —(lg|""*V,ulg|"g" uV, + p*V i + q)
= —g"uV,V, — (1" + g™ (V) = [3a” = 8"u)V, — ¢, (2.1)

where the last equality is obtained using g’“’%ay In|g|+0,9" = — [%

p*, q are as v*, w from (1.1), except that they transform homogeneously in a change of trivialization
of V. All these (local) functions are My (C)-valued (as local sections of End(V)), so that 7 is the

adjoint representation:

aV —6”}. Here, u is as before, and

V,u = 0,u+ [A, ul, V" =0,u+ A, pYl, V,.q = 0,u—+[A, ql.

Let us introduce the total covariant derivative ?u, which combines V, with the Levi-Civita
covariant derivative induced by the metric g. It satisfies

/V\Ma” = V,a" + T} a” = 0,a” + [A,,a"] + T, a”, /V\Mgo‘ﬁ =0,

o~

Vb, = Vb, —T%,b, = 0ub, + [A,,b,] — T%,b,, V. 9as = 0,

for any End(V)-valued tensors a” and b,, where I}, are the Christoffel symbols of g. Let us store
the following relations:

V= V,u, (2.2)
gﬂ”ﬁﬁuu = ¢"(V,Vyu—T7,V,u) = ¢V, Vyu— 50" = ']V,u, (2.3)

V" =Vt — %gaﬁ(augaﬁ)pu = Vup' — %O‘up#'

Using %o/’ — pP = g"1",,, one then has

P = _(guV§MU$V + py/v\u + Q) - _gHVU$u$V - [py + g’“’(?#t)]?v — (. (24)

Notice that in these expressions the total covariant derivative V,, (which is the first to act) will never
apply to a tensor valued section of V| so that it could be reduced to the covariant derivative V,,.
The writing of P in terms of a covariant derivative V is of course not unique:

3



Proposition 2.1 Let V|, =V, +1(¢,) be another covariant derivative on V. Then
P=—(g""VuV,+p"V,+q), (2.5)
with
p=p =g g+ ), d = q—g"(Vaud,) + ¢ udud, — 'y (2.6)
In this proposition, ¢, is as p*: it transforms homogeneously in a change of trivializations of V.

PrOOF This is a direct computation using relations like /V\Lu = /V\#u + (¢, u] and /V\L@, = /V\H@ +
[, 0] in (2.5) and comparing with (2.4). ]

Corollary 2.2 There is a unique covariant derivative V such that p* = 0. This implies that we can
always write P in the reduced form

P=—(g"V,uV, +q). (2.7)

PROOF The first part of (2.6) can be solved in ¢, for the condition p” = 0. Indeed, using results in
[21], the positivity and invertibility of u implies that for any v, the equation u(g"”¢,)+ (9" ¢, )u = p”
has a unique solution given by

o0 qit=1/2 p 4y=it=1/2

e, =3 dt.
9" n 2/_00 cosh(mrt)

So, given any covariant derivative to which p” is associated as in (2.1), we can shift this covariant
derivative with the above solution ¢, to impose p™ = 0. [ |

This result extends the one in [22, Section 1.2.1], which is a key ingredient of the method used
there. In the following, we could have started with P written as in (2.7). But, on one hand, we will
see that this is not necessary to get R, in terms on u, p*, g (at least for r = 2). On the other hand, we
will see in Section 5 that the covariant derivative which is naturally given by the geometric framework
of the rational noncommutative torus does not imply p* = 0, and we will then apply directly the most
general result. Obviously, it could be possible to first establish our result for the reduced expression
(2.7) and then to go to the general result using Prop. 2.1. But this would complicate unnecessarily
the presentation of the method and our results.

2.2. The method
The method described in [1] starts with P written as P = —¢""u0,0, — v"0, — w and leads to
—P(e f) = —ei*¢ [H + K + P|f where H = g"u&,&, and K = —i§, (v“ + 2g“”u8y).
This can be generalized for a covariant writing of P. Using (2.1), one gets
“P(eE L) = €] — gug g, + i, (" + 9 (Vo) — [Sa¥ — Bu+ 207 uV,)
+¢"uV,u Vi, + (0 + 9" (V) — [30” = 8u)V, +q| f
= —™[H + K + P]f, (2.8)
with
H = g"ug,&,, K = —ig, (p“ + ¢"(V,yu) — [%oﬂ — pHu + ZQ“VUVZ,). (2.9)
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These relations look like the expressions of H and K given above (see [1, eq. (1.6), (1.7)]) with the
replacements

0y — V,, ottt g" (Vo) — (30 — B, w > q. (2.10)
As in [1], we have Tr[ae~F] = [dz tr[a(z) K (t, z, x)] with

—H—tK— tP]].

K(t,0) = gy [dgemioé (et eive) = oLy [agentmvican g =

Here 1 is the constant 1-valued function. Notice that K (¢, z, z) is a density, and that |g|~"/2K (¢, z, z)

is a true function on M. Using the Lebesgue measure dx instead of dvol,(z) is convenient to establish

the previous relation which uses Fourier transforms (this point has not been emphasized in [1]).
The asymptotics expansion is obtained by the Volterra series

= 6 + Z dS 6(1 s1) B 6(51_52)A .. e(sk—l_sk)A B 6S’“A ‘

where
Ap={s=(s1,...,8,) ERE|0< s, <51 <++- <89 <5y <1} and Ag := @ by convention.

For A= —H and B = —/tK — tP, one gets
e H-VIK—tPy — o=H 4 Z Y Fl(VIK +tP) @ -+ @ (VIK + tP)] (2.11)

with

o[BI ® - ® By := dser=DHE) B els2=s)HE) B, ... B o5k H(E) (2.12)
AVA

fol)[z] = ze H®),
where B; are matrix-valued differential operators in V, depending on x and (linearly in) &, and

z € C. Collecting the powers of t'/2, one gets

Tr(ae™ )tzat d/QZar (a, P)t"/?
r=0

Each a,(a, P) contains an integration along ¢, which kills all the terms in odd power in v/ since K
is linear in £ while H is quadratic in &: asg,i1(a, P) = 0 for any n € N. For instance, the first two
non-zero local coefficients are!

aola, P)(w) = 5 wrlaa) [ dge 9

as(a, P)(x) = |?|27:); ra(x /df ds e~V [ glsa=sOH [ o=s2l)
Ao

)dtr /df Aldses1 VH p g=sifl]

T (2n

!Notice the change with convention in [1] : ag, here corresponds to a, in [1].

>



(remark the coefficient |g|~/2 added here to be compatible with (1.3)).

The strategy to compute these coefficient is twofold. First, we get rid of the V,’s in the arguments
B;. This is done using [1, Lemma 2.1], which can be applied here since V, is a derivation: by iteration
of the relation

k
@Bi1®- @BV, ®- @B = Y fil)[Bi® - ®(V,Bj)® - ® By
j=it1
k
> fi1(@B1®---®B;®(V,H)® Bj11 ®--- @ By, (2.13)
j=i
we transform each original term into a sum of operators acting on arguments of the form B; ® --- ®
By = B¢, -+ &, (for different values of k) where now all the B; are matrix-valued functions
(of  and £), or, equivalently, the B *¢ are My (C)®"-valued functions (of 2 only).

The second step of the strategy is to compute the operators applied to the arguments By .
They all look like

b [ 466 OB € My (C),

where the fi(£) are defined by (2.12) and depend only on u through H. As shown in [1], these
operators are related to operators Ty, (z) : My (C)®"™ — My(C)®""" defined by

Tipl(7) = b /A ds / €y, €,y e 16 Crlout@), (2.14)
k

Too(w) = Gy /df e 1@ € My (C),

where ||€]|? := g€, and the Cy(s, A) : My(C)®"™" — My(C)®"™" are the operators

Cil(s, A)[Boy@B1 @+ @By| =(1—51) Bl A® B1 ® -+ @ B + (s1 — 82) By @ BIA® - - - ® By

Denote by m : My (C)®""" — My(C),By® By ® - -- ® By, — ByBj - - - By, the matrix multiplication,
then

G Bo €6 € OB @+ @ B = mo Ty (2)[By @ By 0+ @ By,
so that each function a,(a, P)(z) is expressed formally as a sum
ar(a, P)(x) = |g| />3 tr [m o Ty (2)[a(x) ® Bi(x) ® - - ® By(x)]]. (2.15)

This sum comes form the collection of the original terms in K and P producing the power ¢"/? and
the application of [1, Lemma 2.1] i.e. (2.13). This sum relates the r on the LHS to the possible
couples (k, p) on the RHS. The B; are matrix-valued functions (of x) expressed in terms of the original
constituents of H, K, and P and their covariant derivatives.

Let us mention here how the procedure introduced in [1] is adapted to the situation where we
have the left factor a(z): in [1], the relation between the T} ,(z) and the fi(£) used a trick which



consist to add a By = 1 argument in front of B; ® --- ® By, (the purpose of the x map defined in
[1]). Here, 1 is simply replaced by a(z). But, since

m o Ty p(z)[Bo ® Bi(z) ® -+ - @ By(z)] = Bom o Ty p(2)[1 ® By(z) ® - - - @ By(x)],
it is now easy to propose an expression for the factor R, as a sum
R, = |g|~V/? > moT,(z)[1® Bi(z)® - ® By(x)]. (2.16)

One of the main results of [1] is to express the operators T}, in terms of universal functions
through a functional calculus relation involving the spectrum of u (these relations take place at any
fixed value of x € M, that we omit from now on). For r; > 0, « € R, and k € N, let

Ia’k(ro,ﬁ? . ,’I“k) = /A ds [(1 — 81)7”0 + (Sl — 52)7”1 + 4 skrk]*a
k

= /A ds[ro+ si(r1 —ro) + -+ - + sp(ry — rr—1)] "%,
k
so that

I i(ro, ... ,10) = %7’0*0‘.

In these functions, the arguments r; > 0 are in the spectrum of the positive matrix u.
Denote by R;(A) : My(C)®*™" — My(C)®""" the right multiplication on the i-th factor

R(A)By®@B I ®-- @By =By®@B1® - Q@ BA® -+ ® By,

then
Thp = 90 G(9r sy Taj2ipi (Ro(w), Ra(u), ..., Ri(u)),
with
9= iy [ dge Mo = i (2.17)
G(9) .oy = m / A€ €&, o~ 9P Eaks
- 22%1)! (2 Tnwioe " Inpansyproem) = 2(§Tp)pll Ypapz * " Guzp—1p2p)>

p€S2p

where S, is the symmetric group of permutations on 2p elements and the parenthesis in the index of
g is the complete symmetrization over all indices. Notice that the factor |g|'/? in g4 simplifies with
the factor |g|~*/2 in (2.16).

The universal functions I, ;. have been studied in [1, Section 3]. They satisfy a recursive formula
valid for 1 # o € R and k € N*:

Ia,k(TOa Ce ,Tk) = ﬁ(rk—l — Tk)_l[fa—m—l(?“o, ey Ti—9, Tk) — ]a—l,k—l(TOa e ,T’k_l)]. (218)
It is possible to give some expressions for the I, for any (a, k). They depend on the parity of d.
For d even, the main results are that I, are Laurent polynomials for N> n=(d—r)/2+k > k+1
(d > r+2) and k € N*, while they exhibit a more complicated expression in terms of In functions
for Nosn=(d—r)/2+k <k (d<r). For d odd, the I, can be expressed in terms of square roots
of the r;, but without an a priori general expression.
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The recursive formula (2.18) can be used to write any I, appearing in the computation of the
operators T}, in terms of I, _r111. The case @ = 1 appears in dimension d = 2: the fundamental
spectral function is I; 1, and a direct computation shows that

Inrg —Inrg

11,1(7“0,7“1) =
To—T"
Using =55 = >0, %x", where B,, are the Bernoulli numbers, one gets, with z =Inrg — Inry,
o0
B n
el ]171(7“0,7”1) = Z # UHTO — hl?”l] .
n=0

A relation between the Bernoulli numbers and ay(a, P) has already been noticed in the computation
of the modular curvature for the noncommutative two torus in [7] (see Section 5).

2.3. The results for as(a, P)

In the following, we restrict ourselves to the computation of as(a, P). This section gives the main
results of the paper. The computations are detailed in Section 4.

Let us introduce the following notation. For any = € M, denote by r; = r;(z) > 0 an element in
the (discrete) spectrum sp(u) of u = u(x) and by E,, = E, (x) the associated projection of u. This
implies that

u = Z rolir, = 1oLy,

ro€sp(u)

where in the last expression we omit the summation over ry, as will be the case in many expressions
given in the following. Notice that 1 = 3", o) Er, and B, B, = Orgr1 Erg-

Theorem 2.3 For P given by (1.1), as(a, P)(z) = tr[a(z)Ra(x)] with

Ro = grnar [crad/2+1 Ery + Fjy(ro,m1) Eng (Ouu) E;, (2.19)
+ 6" Faou(r0,71) Erg (0,0,0) Ery + 6" Fouou(70,71,72) Ery (9) Er, (9yu) Ey,
+ Fy(ro,m1) ErpwEy, + Fy (1o, 1) Engv" By
+ Fyou(ro,71,72) Erg v B (O0) Ery + Foy o (10,71, 72) Ep (Opu) Ep 0" B,
+ G Fow (70,71, 72) Erg0" By, 0" By, + Fou (10, 71) Ery (0,07 By ]

where the sums over the ro, 11,79 in the spectrum of u are omitted, the spectral functions F are given
below, and

¢ = 5(0.0,9") = 59" 905 (0u009") + 359" 995 (0" ) (0,.9°°)
+ 319" 900905049 (0,9°7) = 15950 (349" ) (D0g”")
+ 15950(0u9"")(009"7) — 1900(0ug"")(Drg™).
The coefficient ¢ is given here in an arbitrary coordinate system. Since (2.19) is not given in
terms of (Riemannian) covariant quantities, ¢ is not expected to have a good behavior under change

of coordinates. In normal coordinates, ¢ reduces to the first two terms and is equal to —R/6 where
R is the scalar curvature. A covariant approach will be given in Theorem 2.4.



The spectral functions in (2.19) are given in terms of the universal function Ig/2, by

Fw(ro,ﬁ) = fd/2,1(7“0,7“1)7

I -1,
Fauo(ro,71) = 27 d/2,1(r0;70) d/2.1(ro,71)

d(?"o — 7”1) ’
Foou ) 4rolq/2.1(r0,70) + ((d —4)ro — dﬁ)—’d/m(?“o, 1)
wl\T0,71) = —T )
00ulT0,T'1 0 d(ro — 11)?
4rolasa,1(ro,m0) + ((d —4)rg — d7“1>fd/2 1(ro,71)
FY (ro,r1) = [t — BH]r i ’ ’
Bu( 0 1) [2 6 ] 0 d(T’O _ 7"1)2
1, r0,70) — Las2.1(ro, 7
Eyu(ro,m1) = —ayro 2l d(or)o — 7"1/)2 e - %[%% — Bullajaa(ro, 1),
[d/2 1(7’0,7°1) - Id/2 1(7“0>7’2)
Fvv ro,T1,72) = : : )
’ ( 0 2> d(Tl —7”2)
21 [d/2,1(r07ro) Id/2,1(7“0,7“1) [d/2,1(7‘077“2)

Fauw<7ﬂ0,r1, 7”2) - 7 (7"0 — 7”1)(7”0 — 7’2) (7’1 - TO)(Tl - TZ) (T2 - TO)(TQ - Tl) ,

Laj2,1(ro,m0) Laj21(ro,71)
d(?"o — 7“2)(7"1 — 7“2) d(T1 — 7"2)2
((d — 4)7"07’1 — (d — 2)’/’07“2 — (d — 2)7“1’/“2 + dr%)[d/Q,l(TOa 7“2)

d('f’o — 7’2)(7’1 — 7”2)2 ’

Fyou(ro,m1,7m2) = — 210 — 2

47”0
d(?”o — 7"1)(7’0 — 7"2)2(7’1 — 7"2)2
X [7”0(7’1 —ra)(ro — 211 4+ 12)Laj2.1 (10, 70) + r1(ro — 12)*Las2.1(ro, 1)

+ %(7’0 — T1>((d — 4)7“07“1 — (d — 2)7“07’2 — d’f’ﬂ"g + (d + 2)7“%)1(1/271(7“0,7’2)]

Fau,8u<T07T1;T2) =

Theorem 2.4 For P given by (2.1), as(a, P)(x) = tr[a(z)Rq(z)] with

R = grtis [ER1 > By + Gy(ro,11) Brga By, + 9" G, (10,71) Ery (V. V,0) By, (2.20)
+ o, (10,71) Bry(Vup") Ery, + 9" G, 5 (ro, 11,72) Br (V) By, (Vo) By,
+ G5, (r0,71,72) Enp Ery (V) Bry + G, (r0,71,72) Epg (V) By p By
+ Gp,p(r()a T, 7"2) Erop”EnpuEm ]

where the sums over the ro,r1,rs in the spectrum of u are omitted, the spectral functions G are given
below, and R is the scalar curvature of g.

The spectral functions in (2.20) are given in terms of the spectral functions F' by

Gq(ro,ﬁ) = Fy(ro,m1)
= Gq(””1,7“0)7
Goo,(ro, 1) == Faou(ro, 1) + Fou(ro,71)

= Gge,(r1,70),



G§p(r07rl) = Fav(rmrl)a

G@%eu(?“o, 71,72) = Fowou(r0,71,72) + Foou(r0, 71, 72) + Fouw(T0,71,72) + Fy (10,71, 72)

- G%u,%u(r2’ 1, T0)7

Gpﬁu(ro, 71,72) 1= Fyou(r0, 71, 72) + Fy (10,71, 72),
G

€u,p(T0’ 71,72) = Fou(r0,71,72) + Fy 010,71, 72)

- _Gp7§u(r2a T, TO)?

Gpp(ro,71,72) 1= Fyu(10,71,72)

= Gp,p(7"27 T, 7“0)-

As shown in [1], the universal spectral functions I, are continuous, so that all the spectral
functions F' and G are also continuous, as can be deduced from their original expressions in terms
of functions I, given in the list (4.1) and the above relations between the F' and the G.

Remark 2.5 (Homogeneity by dilation) Using (1.2) and (1.4), we get R,.(AP) = A\U=9/2R (P)
for any A € R%. The dilation of P by A is equivalent to the dilations of u,v*, w,p",q by A. Using
Inx(Aro, ... Arg) = A%y k(r0,..., ) and the explicit expressions of the spectral functions, all
terms in (2.19) and (2.20) are A\-homogeneous of degree (2 — d)/2. O

Remark 2.6 The metric g plays a double role here: it is the metric of the Riemannian manifold
(M, g) and it is the non-degenerate tensor which multiply « in P. If one has to consider two operators
P, and P, with tensors g; and g, on the same manifold M, it may be not natural to take g; or gs
as the Riemannian metric on M. It is possible to consider a metric h on M different to the tensor
g associated to P. In that case, we have to replace dvol, in (1.3) by dvol, and K(t,z,,) is then
a density for h, so that the true function is now |h|""/2K(t,x,z), and |h|~'/? appears in (2.15) and
(2.16) in place of |g|~"/2. Now, the computation of 7 1p Makes apparent the coefficient g, given by
(2.17) where the metric g comes from P. Finally, in (2.19) and (2.20), the two determinants do not
simplify anymore, and one gets an extra factor |g|'/?|h|~"/? in front of R,, which is now relative to

on(a) = [y, tra(x)] dvoly(z). O

A change of connection as in Prop. 2.1 does not change the value of Rs. This induces the following
relations between the spectral functions G.

Proposition 2.7 The spectral functions G satisfy the relations:

_TOGq(TmTl) + (ro — r1)Gog, (10, 71)
ro + 171
r2Gq(ro,72) + (ro + 3r2)Gog, (1o, 72) + (ro + 72)(r1 — 12)Gg, 5, (ro, 11, 72)
(1o +72) (11 + 72)
roGq(ro,72) + (3r0 + 12) G, (ro, 12) + (ro + 72)(r1 — 10) G5, 5, (r0, 71, 72)
(1o +72) (11 + 70)
11Gy(ro,m2) — (r0 — 2r1 +12)Ggg, (1o, 72) + (ro — 11)(r1 — 12)Gg, &, (10,71, 72)
(1o +11) (11 + 72) '

G@p(To, 7’1) =

Y

G§u’p(7”0,7“1,7"2) = - )

Gp7§u(7'0a r1, TQ) = 5

Gp7p(7“0,7’177“2) = —
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PROOF Inserting the relations (2.6) into (2.20), all the terms involving ¢, must vanish. This induces
the following relations between the G functions:

10G4(r0,71) + (10 — 7“1)G§§u(7”0, 1) + (ro + Tl)G%(To,ﬁ)

Gg,(ro,m2) = (ro —r1)Gg, (10, 71,72) — (ro + 71) Gpp( T9) =
(;q(roar2)'+’(;§p(T07T2)‘F(71 —12)G 5, (r0,11,72) + (r1 4+ 72)Gpp(ro, 11, 72) =
2Ggg,(r0,12) — Gg (1o, 72) — (1o — 1) G, 5, (10, 71, 72) — Sl ) =

(
Gy(ro,12) + 2Gog, (10, 72) + Gg (7“ 2)
(r1 4+ 12)Gg

7"0+7’1)

+(T1—7‘2)GVU§U(T077‘1,T2) wp 70,71,72) = 0,

(

Tqu(T’o, 7“2) + (7"0 — 27"1 + Tz)G@%u(To,TQ) + (7“0 — 7"2> S (7“0,7'2)

+ (ro — 1) (r1 — Tz)Ggu Su(T0,71,72) + (1o +11) (11 — 7‘2) qu(T T1,72)
(

+ (ro —71)(m +T2)G§u,p(7“o,7”1,7’2) + (ro + r1) (11 + 12)Gpp(ro, 71, 72) = 0.

One can check directly that these relations hold true. From them, one can solve Gg GvUp Gp S
and Gy, in terms of Gy, Ggg,,, and Gg, 5, This gives the relations of the proposition

These relations show that the four spectral functions GG involved in terms with p# are deduced from
the three spectral functions involving only u and q. This result is not a surprise: from Corollary 2.2
we know that we can start with p* = 0, so that Ry is written in terms of the three functions
Gy, va Gg, o, only, and then we can change the connection in order to produce the most general
expression for Ry. In other words, among the seven spectral functions GG, only three are fundamental.

The spectral functions G can be computed explicitly, and their expressions depends on the value
of m. For d =2 and d = 3, these spectral functions are written in terms of the following functions:

—3a® + a?b — 6a’c + 6abc + ac?® + bc?

Qula,b.c) = 2(a — b)2(a — c)® ’
1 2 a+b a+c
Qs(a,b,c) =1 [(a ST S In(b/a) + oD In(c/a) |,

Qs(a,b,¢) == 6v/abe + a2 + 26" + ¥ + Jac (Va+ Vo)
2(a(\/g—|— Ve) + 2b(va + e) + c(va + \/5))’

a+b+c+2vab+2y/ac+ Vbe
Vbe(Va+ VP (va+ veP (Vo+ Vo)

Corollary 2.8 (Case d = 2) In dimension two the spectral functions G can be written in terms of

Q4(CL, b7 C) =

11



log functions:

1
R2:417F[IR_|_H(TO/H)

1 In(rg/r =
5 E,.qE, + 7(1 - ro(o/l))ETO (V.p")E,,

fo—n o =T o —T1
1 In(ro/ry) w —~
_ m (7”0 + 11— 2rg1y ﬁ)g E..(V,V,u)E,,

(TO + 7“2)(7”() — 27”1 + 7’2)
+ ((7’0 —711)(ro — 1r2)?(r1 — 19)

— Qu(ro.r1,72) In(ro/11) — Qi(ra, 11, 70) In(ra /r1) )9 Evy (V) By, (V) B,

+ QZ(T(]? 1, TZ) Ero (/V\MU)EmPMErQ - QZ (T27 r1, TO) EropuErl (%\MU)ETQ
(r1 —r2) In(ro/r1) + (ro — r1) In(ra/r1)

E.puEnp" B, }
2(7’0-7"1)(7“0-7’2)(7‘1—7’2) 0T ! ?
When d = 2m > 4 is even, all the involved functions are Laurent polynomials as a direct
consequence of [1, Prop. 3.5]:
Gy(ro,r) = Y, gt
0<<m—2
N _ (m—L=1)({+1) f+1—m, —£—1
GVVu(TO’ Tl) - 0<£<Z ) m(m—1) To &1 )
SEsm—
N _ m——(—1  l+1-m —f—1
va(ro, m)= 0<Z<Z 2 mm=1) 10 .
SEsm—
L o (2041)(2k—2m+3) | k+1—m, l—k—1, —(—1
GVu,Vu<T0’ rLre)=— > o "o ] ry
0<l<k<m—2
. _ U1 kt1-m, f—k—1_—0—1
G;D,Vu (TO’ 1 TZ) - O<Z<%<: ) 2m(m—1) "o " T2 !
—_— _mi
R _ 2k—2m+3  k+1-m, L—k—1 —0—1
GVu,p(TO’TI’T2> - 0<£<; , 2m(m=1) 0 T To ™ s
SESRSM—
_ 1 k+1—m, f—k—1,_—t—1
Gpp(ro,m1,72) = 0<K%<: Bl o Ly
—_ = _mi

This implies the following expressions for R:

Corollary 2.9 (Case d = 2m even and d > 4) Using the expressions of the spectral functions

12



G as Laurent polynomials, one has

_ 1 1 —m+1 1 l+1-m  ——1 m—A_0—1  +1-m T , pu\,,—f—1
Re = spmgm [GRU + > aou qu > u (Vup")u

m(m—1)
0<A<m—2 0<0<m—2

_ Z w gullué-i-l m(vu/v\yu)u_é_l

m(m—1)
0<l<m—2

(20+1)(2k—2m+3) v, k+1—m /o b—k—1/" —0—1
- ¥ e e (V,u)u (V,u)u
0<<k<m—2

o Z 2k— 2m+§> uk+1 m(v U) kaflp,uufﬁfl

2m(m—1
0<l<k<m—2

. 20+1 k+1-—m, p, b—k—1/ —0—1
Z 2m(m—1) u pu (v#u)u
0<l<k<m—2

_ 1 ktl—m, . b—k—1_pu —(—1
Z 2m(m—1)u buu pu ]
0<l<k<m—2

_ 2271117rm [*R —m+l Z ﬁuéﬁ—l—mqu—e—l
0<b<m—2
— Z %guuuf-&-l m{v ((£+ 1)/v5Vu +py) }u—é—l
0<<m—2
- > L gt 2k = 2m+ 3)Vu+ pu| w20+ DV u | u .

2m(m—1)
0<l<k<m—2

Corollary 2.10 (Case d = 4) In dimension four these expressions simplify further to:
Ru'+utqu™ — %1JL’1(/V\MD“)1F1 — %g““u’l(/v\ufv\,,u)u’l
+ 3 g“”u_l(ﬁuu)u_l(/v\yu)u_l + iu_l(ﬁuu)u_lp“u_l — %u‘lp"u_l(/v\uu)u_l

RQI

167r2 [
-

=L [lRu +utqu =1 g U UV, (Vou +py)u 41 g"u V= puu Vo +py]u_1].

Corollary 2.11 (Case d = 3) In dimension three the spectral functions G can be written in terms
of square roots of the r; (see [1, Prop. 3.4]) and this leads to:

VR ) T (e

2 Vol + (\/%_{' \/71_1)2 pv v v
—2Y E,(V,V,u)E
VTR AR

+2 Q3(7‘0,7’1,7”2) v — —
T e T vy + v b v ¢ BV En (Vo Er,

+ §Q4(T0a T, TQ) ETO(VMU)ETlpME’/’Q - %Q4(r27 T, TO) E’r’op,uErlpuErg

L VI VL VT
ST - )W+ )+

13

] mpuEnp“Erz} :



To conclude this list of results given at various dimensions, we see that we have explicit expressions
of Ry for d even, and moreover simple generic expressions for d = 2m, d > 4, while for d odd it is
difficult to propose a generic expression.

3. Some direct applications

3.1. The case a =1
When a = 1, for any k£ > 1, a cyclic operation can be performed under the trace:
f(To, T1y... ,Tk) tr(ETOBlEmBQ s BkErk) = f(?“o, T1y... ,T’k) tr(ErkE,,OBlEﬁBg s Bk)
= 5T0,’r‘kf(r()7 T1y. e 7rk) tr(ETkE’I‘()BlETjBQ e Bk)
= f(?"o, T1y... ,7’0) tr(ErOBlErlBQ s Erk,lBk)'
This implies that in all the spectral functions f(rg,r,...,rs) one can put r, = ry (remember that
all the spectral functions are continuous, so that r, — ry is well-defined).

In [1, Theorem 4.3], as(1, P) has been computed for d = 2m even, m > 1. Let us first rewrite
this result in terms of spectral functions:

cry ™ By + 1™ Egw + 22 [1ak — BH] g E0(8 u) — "2g" g™ Eo(0,0,u)
+ 28,1 ™ Egv* — 315" Eo(8,0") — 1= 9y Z ro ™ Egut Ejv”
=0
m— m— 1
+ o= Z —20)r = Bov' By (0,u) + g — dm é 1)] o ™ By (0,u) By (O,u).
5:0

Notice that:

m—1 m—1 m—1
v Z T()_e_lrf_m tr(Egv" Env”) = g Z T()_e_lrf_m tr(E1v” Egv") = g Z Tl_g_lrg_m tr( £y ot Egv")
=0 =0 =0
if we change ¢ to m — ¢ — 1 in the summation and we use the symmetry of g,,. Then, to show that
the spectral functions F' reduce to the ones above, one has to use the symmetry ro <> r; for some
terms. A direct computation gives

Fy(ro,m0) =15™,
F4,(ro,m0) = 52 50k — B rg™,
Foou(ro, o) = =22 1g™,
Fyu(ro,m0) = 58,10 ™,
Fay(ro,m0) = —% 0
m—1
%[FU,U(T05T17TO> + Foo(ri,m0,71)] = —ﬁ Z ro e,
m—1 =
[ Fou0u(ro, m1,10) + Fouou(r1,m0,m1)] = (=2 Z(m;,f;_l)] ro e,
£:0m71
Fyou(ro,71,70) + Fouo(r1,m0,71) = ﬁ (m —20)rg et
=0

In the last expression, under the trace we have tr(Ey(d,u)Ejv*) = tr(E v Ey(0,u)), and we need to
sum the two functions F), g, and Fjy, , with their correct arguments.
These relations show that (2.19) reproduces [1, eq. 4.15] when a = 1.

14



3.2. Minimal Laplace type operators: u =1
Starting from (2.1) when u = 1 one gets

P=—g"V,V,— (/- [za" = ")V

2

and two simplifications occur in (2.20): all derivatives of u vanish, and the spectrum of u reduces to
sp(u) = {1}, so that all spectral functions are taken at r; = 1 and E,, = 1. The result is then

Ry = 2d d/2[ R+ G (1 1)Q‘|’GA ( )Vup“—l—Gp,p(l,l,l)p“pu].

A direct computation gives G4(1,1) =1, Gg (1,1) = —3,and G,,(1,1,1) = —1, so that

Ro = Y d/Q[ R+q— lv - ipupu} (3.1)

As in Prop. 2.1, we can change /V\u to /V\:L = /V\u + ¢, and solve ¢, in order to get p’* = 0. From
(2.4) with u = 1, one has

VN, 4 d =g (Vu+ ) (Vo + ) +d = ¢V V0 + ¢ (Vudy) + 20" 6,V + 9" St + ¢
= ¢V, V, + 1"V, +q

with p* = 2¢"¢, and ¢ = ¢ + g"(V uqﬁ,,) + 9" ¢u¢y. This is solved for ¢, = 1g,,p” and implies
qd=q- 5?,4)“ — Zp“pu. Injected into (3.1), this gives Ry = 57— d/g[ R+¢'] as in [23, Theorem 3.3.1].

3.3. Conformal like transformed Laplacian

Let us consider a positive invertible element k € I'(End(V)), a covariant derivative V,, on V' and
A = —g"V,V, be its associated Laplacian. Motivated by the conformal deformations worked out
in [6, 7, 8], we consider the operator

P = kAk = —g"k*V,V, — 20" k(V k) V,, + k(Ak).

Actually, it is worthwhile to quote that the conformal change of metrics on the noncommutative
tori is not as straightforward as copying the notation of the commutative tori since deep theories in
operator algebras are involved. However, the result obtained in this section for the operator P will
be used to compute R, for the noncommutative tori in Section 5.

The operator P can be written as in (2.4) with

u="Fk,  p’=g"k(V,k) - g"(Vk)k  q=—k(Ak).

Application of Theorem 2.4 gives

RgAk 2d 1d/2 {1Rr()_d/2+l Ero (3'2)
+ FRR(ro,11) Eny(AR) By, + FERE, (ro, 71, 72) g™ Ero (V k) Ery (V. k) Ey,|

with

Fr3 (ro,m) = =/ro Go(ro,m1) = (Vo + /1) Gog, (ro, 1) — (Vo — /1) G (ro, 1), (3.3)
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FE&(ro,m1,m2) = 2Gog, (ro, 72) (3.4)

+ (Vo + /1)
+ (Vo= V1)
+ (VI + V)
+ (Vo= V1)
Using Proposition 2.7, one has

VTor1 (y/To + /T1)[Gy(ro, 1) + 2Ggg, (10, 7”1)]'

P ) = -

4. Details of the computations

In this section we give some details on the computations to establish Theorems 2.3 and 2.4. These
computations can be done by hand but the reader can also follow [5].

The equation of (2.19) requires to compute the terms in the sum (2.16), which itself requires to
compute the arguments B; ® - -- ® By and the operators T, .

For r = 2, the list of arguments has been evaluated in [1, Section 4.1] (starting with the expression
(1.1) of P) as well as their contractions with the tensor G(g)u,..u,,- We make use of these results
below. Then the computation of the operators T}, reduces to the computation of the universal
spectral functions /454, . As noticed in [1], only the values k = 1,2,3, 4 have to be considered.

Below is the list of the evaluation of these arguments in the corresponding operators 7, ,,, where
the following functional calculus rule (and its obvious generalizations) is used

f(?"o, T1y... ,7”]{) ErounOErlunlErQ R T 1E n0+n1+ k- 1]”(']"07 70y .- - ,To) ET‘07

where summations over r; in the spectrum of u are omitted. In the following, the symbol ~~ is used
to symbolize this evaluation.
For k = 1, there is only one argument:

w ~ 1g21(r0, 1) ErqwkE,,
For k = 2, one has:
—39" 990 (0,0,9" ) u @ u ~> 39" 405 (000 g"") 5 1aj241,2(r0, 70, 70) By,
—9" Gpo (009" ) u @ Oyt ~> —g" G0 (019”7 ) ToLas211,2(T05 70, 1) Erg (Ouu) By
—4g" u ® 0,0,u ~> —2g" 1ol4s2412(r0, 70, 71) By (0,0,0) B,

~39p0(0,9"7) V" @ U~ —5005(0u9”) T11a2412(r0, 71, 11) B0 By

— 20" @ Oyu ~> =L 1yp0415(r0, 11, 72) Epgv" By (Ou) By

— 39w V" @V~ =3 g Lajai12(ro, 11, 72) Engv" Ep 0" By

—u ® OVt~ —1olgso1,2(r0, 70, 71) Erg (0,04 By,
For k£ = 3, one has:
[gwgpv(auavgpa) + 2(8M81,g’“’) + gpg(aug“”)(ayg"”) + 29p0(8ugup) (0,g"7)
+ %gwgpagaﬂ(augm)(augaﬁ) + gﬂygpogaﬁ(aﬂgpa)(auggﬂﬂ Uduu
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(9990 (0,0,977) + 200,009 + 9o (049" )(D9”7) + 205 (09") (D7)
+ %gwgpagaﬂ(augm)(augaﬁ) + gwgpagozﬁ(augpa)(az/ggﬂ)] Tgfd/2+2,3(7”07 To, 70, 7‘0) E,,,

(d+6)[59" 950 (0,9"7) + (0g") u® u® Dyu

~ (d+ 6)[%9””9;10(3:/9‘70) + (0,9"")] T(2J]d/2+2,3(TOa T0,70,71) Ero(auU)En )
[4529" 950 (0,9"7) + 2(009"")] u @ u @ u

~ [%gwgm(aygm) +2(0,9")] 7”07"1]d/2+2,3(7“07 T0,71,71) Ero(auU)Em )
%QW U@ Ou @ dyu ~ @QW rolas2123(70,70,71,72) Erg (Opu) By, (O,u) By
(d+2)g""u®u® 0,0,u~ (d+2)g" Tgl'd/ﬂzg(ro, 0,70, 71) Ery (0,0,0) Eyy
(3900 (019") + 9 (Dpg™ (V' ®uB Ut u@ V' @ utu@udvh)

> (3950 (9,9°) + 909 )] [P Tajav2(ro, 71,71, 71)

2
+ 7”07“1]d/2+2,3(7”0, To,T1, 7’1) + ’f’ofd/2+2,3(7”0, T0,T0, 7’1)} E,E,

d

+

2(0* @ u @ Guu) ~ B2 r1Iya405(ro, r1,r1,r2) B0 By (Ou) By

IS
+ o

2(u @ Opu @ vH) ~ B2 o100 53(r0, 70,71, 72) By (O0) Ep 0" By,

IS
+ o

2(u @ v ® Opu) ~ B2 roly0003(r0, 10,71, 72) Ergv" By (O0) By, -

w ‘

For k = 4, one has:

3| = 59" 900905009 ) (D09™) = 9" G 905 0u9") (0097") = 2050 (Dug"™ ) (D97
= 2000(0,9")(909"") = 2000(0u9") (D" u @ U D U B u
3] = 20" 900905049 )(000™") = 8" 9090501 9"*)(Dr9™") = 2050(0ug" ) (Dug")
= 2000(99") (0,9"7) = 2000(9u9"")(D0g"")| 7 Laj243.4(r0, 70, 70, 70, 70) By .
—(d+4)[39" 950 (3,9") + (0,9")]Bu@u®u® Jyu
+2uRu®Iu@u+u® d,u®u ul

Vo (d + 4)[%9”'/%0(@9’”) + (auguy)][37"3[d/2+3,4(7“07 70,70, 70, 7’1)
+ 2T(2)T1]d/2+3,4(T07 To,To, 71, 7”1) + ToT%]d/2+374(7’0, o, 71,71, 7’1)]Er0 (8ﬂu)ET1 y

—2d+4)(d+2)¢" 2uRuR Iu® dyu+u® yu®u® dyu)
v = 2(d+4)(d + 2)g™ [2r§Laj2+3,4(T0, To, T0, 1, T2) + Tor1Lajas3a(ro, To, 71,71, 72)]
Ery (0u) By (Ou) By, -

The coefficient ¢ and the spectral functions F' are evaluated by collecting these terms:

¢ = 2(0,0,9") — 50" 9po (0,0,9") + 59" Gpo9as (0,9 ) (9,9
+ iguugmgaﬁ(aﬂgﬁax&/gaﬁ) - Tlggpa(augﬂy)(avgpg>
+ %gpa<augyp) (Dvg"7) — igpa(augup)(augw)v
Foy(ro,m) = 1g2.1(ro,71),
Fyy(ro,m1) == —Tofd/zﬂ,z(?“oﬂ’o,?“l),

Faau(TO, 7"1) = —% Tofd/2+1,2(7”077’0, 7”1) + (d + 2) Tgfd/2+2,3(7’0, 7"077‘077“1)7
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Fb (ro,m) == — o rolyjay12(ro,ro,m1) + (d+ 6)[a* + B8] 1§ Laja123(r0, 70,70, 71)
+ [%0‘“ + 23] 7”07“11—cl/2+2,3(7”0, To,71,71)
— (d+ 4)[%(%” + B*] [37"3]d/2+3,4(7"07 T0,70,70,71)

2 2
+ 2rgrilajosa(ro, ro, 7o, 71, 11) + Tor1Lajats.4(To, 05 71, 71, 71)]

F,u(ro,r) = — %Oéu 7“1Id/2+1,2(7’0,7“1, r) + [%au + 5] [T%Id/2+2,3(r0;T17T17 1)
+ ror1dajato,3(To, 70,71, 71) + Tgfd/2+2,3(?"0, T0,70,71)],
Fu,v(roﬂ“l,?“z) = —% [d/2+1,2(7“0>7“1,7”2)>

Fau,y(ro,hﬂb) = %Tofd/2+2,3(7”0,7"077’1,7"2)7

Fv,au(ro,ﬁ, 7”2) = = g]d/2+1,2(7“0, 7”177“2) + % Tlfd/2+2,3(7’077“1, 71, T2)
+ L2 r0Ly0403(ro, 70, 71, 72),

Fouou(ro,m1,72) 1= (d+22)2 Tolaj242,3(r0, 70, 71, 72) (4.1)

- 7(“4)2(‘”2) 28 Lajo43.4(70, 70, 70, 71, 72) + Tor1La213.4(T0, T, 71,71, 72)].

As in [1, Section 4.3], the strategy to compute (2.20) could be to make the change of variables
(u, v* w) +— (u,pH,q). Here we use another strategy which simplifies the computation since it is
based on (2.8), (2.9), and (2.10).

Indeed, as already noticed, one can apply verbatim the computation of the arguments and their
contractions with 8, replaced by V,, and at the same time, using p* + g"(V,u) — [ — f*]u in
place of v#, and ¢ in place of w. So, (2.19) can be replaced by

crg_d/2+1 E., + Fb.(ro,r1) Ery (V) Ery + ¢" Foou(ro, 1) Erg (V,,Vou) B

+ 9" Fouou(r0,71,72) Erg (V) B (Vou) By, + Fy(ro, 1) ErywEr, + F, (1o, 11) Ergv"Ey,
+ Fyou(ro,r1,72) B0 B (Vu) Ery 4+ Foy (10,11, 72) aly (Vu) B 0P E,,

+ g Fow(ro, 1, 72) EngV* E 0" By, + Fay(10,71) By (V01 B

The next step is to replace V,, by /V\M. We use (2.2), (2.3) and

Vot = Vup" + (09" ) (Vou) + 6" (Vi Vou) = [50,0" = 0,8"u =[50 = B*](V )
= V! + guy($u$vu> + B#(§uu) - [%3M04” — 0B u
= $Hp” + %ozup“ + g“”(?u§yu) + 6“(/V\Mu) — [%@a“ — 0,0"]u.
This leads to a new expression containing the terms in (2.20), with the functions given in the list after
Theorem 2.4, to which we have to add the two terms G%u(ro, r) By (Vu) By + Gy u(ro,m1) Erg PP Er
with
Gg (ro,m1) = Fy,(ro,m1) + ¢" Fyu(ro,m1) + B Fou(ro,71)
+ [%04# - 6“] [Faau(T07 7“1) - Ton,au(To,To, 7“1) - 7”1Fau,u(7"0,7”1, 7"1)
- 7”on,u(To, To, 7”1) - TlFu,v(To, 1, 7“1)],
Gpu(ro, 1) = Fy (ro,m) + %auFav(m, r1)
— [%a# — Bul [roFyv(ro, 0, 71) + r1Fy0(r0, 71, 71)].
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A direct computation performed using the expressions of the spectral functions F' in terms of I;/;
shows that
G%u(’f’o, Tl) = Gp”u(’f’o, 7"1) = 07

and the following symmetries
Gq(r(h Tl) - Gq(rla T0)7 G§€u(7ﬂ07 Tl) - G§§U(T17 T0)7 G§UV§U(T07 T, TQ) == G%u,%u(/rQ’ T, TO)J
so that, using Prop. 2.7, one gets
G%uVP(T(), T, 7”2) = _Gp,§u(r2’ T, 7”0), Gp,p(ﬁb T, TQ) = Gp,p(r% T, 7”0).
The coefficient in front of 7, d/2+1 E,, is
iR =c—tarB,+ Lp"3, + 10,0 — 10,5 — La,0t + 1,57 — 15,8"
6 1 mT g T g% 2% 161 1%u 1PuP

where R is the scalar curvature of the metric g.

The spectral functions G can be written in terms of log functions for d = 2 (see [1, Cor. 3.3]), as
Laurent polynomials for d > 4 even (see [1, Prop. 3.5]), and in terms of square roots of r; for d odd
(see [1, Prop. 3.4]). This completes the proof of Corollaries 2.8, 2.9, and 2.11.

5. Applications to the noncommutative torus

In this section, we first apply Theorem 2.4 to the noncommutative 2-torus at rational values of
the deformation parameter 6, for which it is known that we get a geometrical description in terms
of sections of a fiber bundle. Some computations of as(a, P) for specific operators P have been
performed at irrational values of 6 to determine the so-called scalar curvature (our Rs) [6, 7, 8, 9,
10, 11, 13, 14, 15, 16, 17, 18].

We now show that we can apply our general result at rational values of 6§ and get the same
expressions for the scalar curvature Ro which appears to be written in terms of #-independent
spectral functions. In particular, its expression is the same for rational and irrational 6.

Let © € My(R) be a skew-symmetric real matrix. The noncommutative d-dimensional torus
C(Tg) is defined as the universal unital C*-algebra generated by unitaries Uy, k = 1,. .., d, satisfying
the relations

U U, = e*™Ore, U, (5.1)

This C*-algebra contains, as a dense sub-algebra, the space of smooth elements for the natural action
of the d-dimensional torus T¢ on C(Tg). This sub-algebra is described as elements in C(T%) with
an expansion
a = Z akl,,,,,kde”l T U;d
(ki)ezd

where the sequence (a,. x,) belongs to the Schwartz space S(Z?). We denote by C*°(T%) this
algebra. The C*-algebra C(T%) has a unique normalized faithful positive trace t whose restriction
on smooth elements is given by

t( Y an,. kU U == ag,..0 (5.2)

(ki)GZd
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This trace satisfies t (1) = 1 where 1 in the unit element of C'(T). The smooth algebra C*(T%)
has d canonical derivations d,, 4 =1,...,d, defined on the generators by

For any a € C(T%), one has 6,(a*) = (0,a)* (real derivations).

Denote by H the Hilbert space of the GNS representation of C'(Tg) defined by t. Each derivation
0, defines a unbounded operator on H, denoted also by ¢,,, which satisfies 5L = —6, (here T denotes
the adjoint of the operator).

5.1. The geometry of the rational noncommutative tori

In the following, we consider the special case of even dimensional noncommutative tori, d = 2m,
with

Ox -+ 0
©=1o09 . o |, wherey:= <_01 é) , (5.4)
0 - Onx
for a family of deformation parameters 64, ...,6,,. Then

C(Tg") =~ C(T,) ® -+ @ C(Tg,)

When d = 2 and 6 = p/q, where p, g are relatively prime integers and ¢ > 0, it is known that
C(T%) ~ T'(Ay) is isomorphic to the algebra of continuous sections of a fiber bundle Ay in M,(C)
algebras over a 2-torus T%, as recalled in Section A. Similarly, for d = 4, with 6, = p;/q; and
0y = p2/qa, C(Tg) is the space of sections of a fiber bundle in M,,,,(C) algebras over a 4-torus
Th x T,

Moreover, in the identification C*(Tg) ~ I'™(4y), the two derivations d, are the two components
of the unique flat connection V, on Aj.

This geometrical description allows to use the results of Section 2 to compute as(a, P) for a
differential operator on H of the form P = —g"*ud,d, — [p* + g" (0,u) — (30 — B*)u)d, — ¢

5.2. The noncommutative two torus

In this section, we compute the coefficient as(a, P) on the rational noncommutative two torus for
a differential operator P considered in [6, 8, 9, 7] for the irrational noncommutative two torus. Let
us introduce the following notations.

Let 7 = 7 +im € C with non zero imaginary part. We consider the constant metric g defined by

gll — 17 912 — g21 — 3%(7_) =1, 922 — ’7_|27

with inverse matrix

S s A — — _R() _ _n -1 _ L
911 = 3z = T2 912 = 921 = gz = 2 922 = gz = 2

We will use the constant tensors
b= 1, €= T, e =1, e = T, ht" = et'e”,

which imply At = 1, h'? = 7, h?' = 7, h??> = |7|>. Then the symmetric part of h** is the metric,
g = %(h’“’ + h¥*), and g, €"€’ = 0.
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On the (GNS) Hilbert space H, consider the following operators d, 67 and the Laplacian:
§ = ¢, = 61 + Ty, 6l = —e's, = =) — 70,
A =510 = —€'€/0,0, = —h"8,6, = —g" 0,0,
For k € C=(T%), k > 0, the operator P is defined as

PO
P::(O P2> (5.5)

P = kAk = —g" kS ,0,k = —g"'k?5,6, — 29" k(6,k)d, — ¢" k(3,0,k)
=: —u1g"6,0, — v{'6, — w,
Py = 0'K%0 = —e"e"5,k%0, = —e"€"(0,k%)5,, — é€'k*5,0, = —g" k>S50, — W (3,k%)3,

. v o
= —Ug"0,,0, — V50, — wa,

with

so that
up = k2, vl =2¢g"k(0,k), wy; = —k(Ak),
uy = k2, vy = " (6,k%) = W™ [k(5,k) + (0,k)K], wy = 0.
For the forthcoming computations, since the metric g is constant, we have ¢ = R = ot = ' = 0,
V, =V, =6, (the last equality being a property of the geometrical presentation of C*(T%), as
recalled above), F, = F,, = 0. Here |g|"/? = det(g,,,)"/?> = 73 '. We can write P, and P, in the
covariant form (2.1) with
w = k2, = g™ [k(d,k) — (5,k)k |, ¢ = —k(Ak),
up = k2, ph = (W — g")[k(3,k) + (0, k)k |, g = 0.
Let
f“” — %(h“” _ hvu)7
so that h*" = g 4+ f* and h"* = g — f* and define
Valavb + 3av/c — \Jac — /abc — 2b\/c)
(a—b)(Va—vb)(va—/e) ’
a(vbh + /¢)
(a=b)(va-vb)a—c)
with the following (spectral) functions

To — 11 — +/Tor1 In(re/71)
(Vio—vmP (56)

_ 9" V) (o — 2+ /) + [P — V) (5.7)
(V7o — VI (/o — VPV — \/72)
+ 9" Qy(ro, m1,m2) = f*Q(ro, m1,m2)] In(ro/11)
+ 19" Qy(r2,11,70) — £ Q(ra, 10, 70)] In(ra/11).
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As in Section B, we use in the following result the simplified notation ¢(a) instead of o Lo S(a),
where ¢ is defined in (1.5), while L and S are defined in Section A. Moreover, ¢ and the trace t
defined in (5.2) are related by the normalization (A.3).

Proposition 5.1 For the 2-dimensional noncommutative torus at rational values of the deformation
parameter 0, one has as(a, P) = ¢(aRs) for any a € C(T%) with

R2 = ﬁ [FAk(To, 7’1) ET’() (Ak)Em + Fg:ak(’l”o, T, 7’2) Ero ((5,uk)E7'1 <6uk>Er2 ] (58)

Since we are in dimension d = 2, the appearance of the log function in this result is expected.
It is shown in Appendix B that this result coincides with a previous one in [8, Theorem 5.2] for the
irrational noncommutative two torus.

While R, does depend on the deformation parameter 6, and in particular if it is irrational or not,
the spectral functions Fay and FJ5, do not. This universality was obtained in [7]. Nevertheless, the
fact that Ry can be written in terms of #-independent spectral functions needs a more conceptual
interpretation.

The spectrum of the differential operator P depends on the differential operators J, and some
multiplication operators by elements of the algebra (written here in terms of £ and its derivatives
9k, 0,0,k). On the one hand, the spectrum of the closed extension of the operator §,, in the Hilbert
space of the GNS representation consists only of eigenvalues ik, k, € Z, associated to eigenvectors
Ufl e U;d, so that it does not depend explicitly of #. On the other hand, the computations of R,
performed here or in [6, 8, 9, 7], are based on formal manipulations of the product in the algebra, in
particular they do not use the defining relations (5.1). This explains why these methods bypass the
0 dependency and give rise to some expressions in terms of #-independent spectral functions. Notice
that for specific values of 6, for instance § = 0 (the commutative case), these expressions can be
simplified. So, one has to look at (5.8) as a “f universal” expression for Rs.

PROOF One has as(a, P) = as(a, Py) + as(a, Py). Denote by Ro (resp. R, 7252)) the expressions
associated to P (resp. P;, P»). Then one has Ry = Rgl) + Réz).

The operator P, is a conformal like transformed Laplacian, so the computation of Rél) is a direct
consequence of (3.2) in Section 3.3. Here the metric is constant, so that R = 0, and it remains

Rgl) = ﬁ |:F(1)Ak (’r’o, 7“1) Ero (Ak)Erl ‘|‘ F(lf)/akak(r[)y T, TZ) ET’() (5uk)ET1 (5Vk)E7"2:| )
where, using (3.3) and (3.4),

Fayak(ro, m1) = —/To Gq(ro,71) — (Vo + v/11) Gog, (10, 71) — (Vro — /1) G, (ro, 1),

Fioror (10, 71,72) = 29" G, (10, 72)

+ ¢ (Vo + V) (Vi + V1) Gg,, 5, (ro, 11, 72)
+ 9" (Vro =) (Vi + ) G g, (ro, 11, 72)
+ 9" (Vo +Vr) (Vi = r2) G, (10,71, 72)
+ 9" (Vro = ) (V1 = Vr2) Gpp(ro, 11, 12).
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For the operator P,, one applies Theorem 2.4:

REY = L (Vo + 1) Gog, (1o, 11) 9 Ery (0,0,k) Er, + 2Gs, (70, 72) 9" Ery (0,k) En, (0,k) Ey,
+ (Vro+ V) (Vs + Vr2) G, 5, (ro, 11, 12) 9 B (0,K) B3 (,K) B,
+ (Vo + V) (Vi + V) G g, (ro,r1,12) (B — ")y (0,k) By, (0,F) Er,
+ (Vo + V) (Vi + V) G, (ro, 11, 12) (WY — ") B (0,k) By, (0,F) Er,
— (V7o + VI (VI + v/72) Gyp(10,71,72) 6" Ery (0,K) Er, (3,5) |
=: 1= [Fo)ak(ro, 1) Ero (AK)E,, + Flyyonon(Tos 71 72) Erg (0,K) By (6,5) By |,

with

Foyar(ro,m1) = —(V/ro + /1) Geg, (ro. 1),
Fgyoron(ro,11,72) = 29" Gog, (10, 72)
+ 9" (Vro + V) (Vi + Vr2) G, 5, (ro, 11, 12)
+ (W™ = g")(Vro + V) (Vi + Vr2) G g, (1o, 71, 72)
+ (W = g")(Vro + V) (Vi + Vr2) G, (10,71, 72)
= g" (V1o + V1) (V1 + V/12) Gpp(ro, m1,72).

Then Fap := Fiar + Foar and Fypn = Fi'gpo + F5 g0, simplifies as in (5.6) and (5.7). The
expression obtained for R, shows that it belongs to C(T%) and acts by left multiplication on H. ®

5.3. The noncommutative four torus

Our result applies to the computation of the conformally perturbed scalar curvature on the
noncommutative four torus, computed in [11, 14]. In order to do that, as in dimension 2, we perform
the computation at rational value of 6 as described at the end of Appendix A.

The operator we consider is the one in [11], written as

Ay =01k 00k + KO k™2 01k + K20,k 7200k + k> 00k ™20,k

with (in our notations) k% := e”, 9; := —01+103, Oy i= —0, — 103, Oy := —8y+idy, and Oy 1= —Jy —idy.
Indeed, in [11, 14], the derivations are 0, = —id,. This leads to
Ay = =2 [k2g"6,0, + g™ (5,k%)3, + g" (3,0,k%) — g™ (8,k*)k~*(3,k?)]
=: 2P.
The metric g" is the diagonal one in [11], but in the following computation, we only require g"” to
be constant.
Let us mention that in [11, 14], the computation of the scalar curvature is done using P defined

above (and not A,), since the symbol in [11, Lemma 3.6] is the one of P. So we will use P in the
following. We get P =: —ug"”),0, — v*d, — w with

u =k vt = g (0,k?), w = g””(éuéka) — g“”(éﬂkZ)k_z(éka).
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Since ¢ is constant, we have as before ¢ = R = o# = * = 0 and /V\u =V, = J, and this implies
p* =0and ¢ = ¢"(8,0,k*) — g" (6,k*)k~%(6,k*) in the covariant form (2.1). We then use the result
of Corollary 2.10 to get the conformally perturbed scalar curvature:

Ry = 5z (0" k2 (6,6,k) k2 — 29" k2 (6,k) k> (8,K%) k7). (5.9)
In Appendix B it is shown that we recover the result previously obtained in [11, 14] for the
irrational noncommutative four torus.

6. Conclusion

In this paper, we have computed in all dimensions the local section Ry of End(V) defined by
as(a, P) = [y, trla(z)Ra(x)] dvol,(z) for any section a of End(V') for any nonminimal Laplace type
operator P = —[¢"u(x)0,0, +v"(x)0, +w(x)] (Theorems 2.3 and 2.4). Expressions have been given
for Ry in small dimensions, d = 2,3,4 (Corollaries 2.8, 2.10, and 2.11) and for any even dimension
d > 2 (Corollary 2.9), where, as expected from the results in [1], polynomials expressions can be
proposed.

Despite the difficulties, a4(a, P) has been exhibited for d = 2 in [18] for the 2-dimensional non-
commutative torus, leaving open the computation of R4. We hope that our method could be used
to reach R4 in any dimension, using a computer algebra system in the more general framework of an
arbitrary P, like (1.1).

Our method still applies to more general setting than the NCT at rational values of the defor-
mation parameter, namely to n-homogeneous C*-algebras, which can be characterized in terms of
sections of fiber bundles with fiber space M,,(C) [24, 25].
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A. Geometrical identification of the noncommutative torus at rational values

For d = 2 and 6 := p/q rational, with p, ¢ relatively prime integers with ¢ > 0, it is known (see
26, Prop. 12.2], [27, Sect. 3]) that the algebra C/(T%) of the NCT identifies with the algebra I'(Ay)
of continuous sections of a fiber bundle Ay in M, (C) algebras over a 2-torus T%. Let us describe this
identification.

Denote by T% the 2-torus given by identification of opposite sides of the square [0,27]%. An

element in T% is written as (e'",e%) for (z,y) € [0,27]%. There is a natural action of the (abelian
discrete) group G :=Z2 on T%: (m,n) - (e, W) 1= ('@ T2mm/0) cilyt2mn/a))
The quotient T% := T%/G is the 2-torus constructed by identification of opposite sides of the square
[0,27/g]?. Indeed, there are unique m € Z, and n € Z, such that e!(@+2mm/0) = ciz+27/9) and
elt2men/a) — ¢iy+21/9) 5o that (m,0) (resp. (0,n)) identifies (€', e™) with (e'@+27/9) W) (resp.
(e, eW) with (e, e!W+27/9)) in T%/G. The quotient map T% — T% is a G-covering.

Let us now consider the C*-algebra C'(T%, M,(C)) ~ C(T%) ® M,(C) of matrix-valued continuous
functions on T%, in which the space of smooth functions C*°(T%, M,(C)) is a dense subalgebra. In
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order to describe this algebra, let us consider the two matrices

010 0 1 0 0 .- 0
0 1 -0 0 & 0 -+ 0
Up = | : R I Voi=|: : with &, 1= e?™?,
000 1 0 - 0 &2 O
1 00 0 0O 0 - 0 &

which satisfy UpVy = €™V, Uf = V' = 1. For (r,s) € Z2, the UjVy'’s define a basis of M,(C)
such that tr[UJ V5] = qd(.5),0,0) (here tr is the trace on M,(C)). Then a € C*=(T%, My(C)) can be
decomposed as

a(eiz,eiy) = Z ar,s( y € UO‘/O - Z Z akérsu (m)g Ug%s (Al)

(r,5)€Z2 (k,£)€Z? (r,s)€L2

where, with u(x) := €™ and v(z) := €%, the last decomposition is the Fourier series of the smooth

functions a, s on T%. In particular, ay s are rapidly decreasing coefficients in terms of (k,¢) € Z2.
The group G acts on M,(C) by

(m,n) - A:=U,"Vy"AVy; Uy .

Let us consider the subalgebra Cq(T%, M,(C)) C C(T%, M,(C)) of G-equivariant functions, which
by definition satisfy, for any (m,n) € G,

a(ei(x+2ﬂ'pm/q), ei(y+27rpn/q)) — Uél‘/ofma<eix’ ezy)‘/OmU(;n

In the form of (A.1), the G-equivariant elements in C*(T%, M,(C)) are such that their coefficients
satisfy aggr,s €270 = €T for any (m,n) € G, (k,{) € Z* and (r,s) € Z2, so that
agers 7 0 only when mk +nl = mr +ns mod ¢g. With (m,n) = (1,0) and (0, 1) this implies k = r
mod ¢ and ¢ = s mod ¢. In (A.1), for a couple (k,f) € Z?, there is a unique (r,s) € Z? for which
arers 7 0 (r and s are the remainders of the Euclidean divisions of k£ and ¢ by ¢). Then, the only
non zero coefficients a4, s depends only on (k,¢) € Z%. We denote them by ar¢, and a smooth
G-equivariant function a € CF(T%, M,(C)) is then given by the expansion

a= Y ap WUp)"(wVp) = > ap UV
(k,0)ez? (k,6)ez?

with U := uly, V = vV} satisfying UV = e2™VU. Then, the C*-algebra C(T3) for 0 = p/q
identifies with Cq(T%, M,(C)), the C*-completion of C&F(T%, M,(C)) in C(T%, M,(C)).

The space C(T%, M,(C)) identifies in a canonical way with the space I'(Ay) of continuous sections
of the associated fiber bundle Ay := T% X M,(C) to the G-covering T% — T%. By definition, Ay is
the quotient of T% x M,(C) by the equivalence relation ((m,n) - (e, e%), A) ~ ((e™*,e"), (m,n) - A)
for any (m,n) € G. We denote by [(¢®*,e®), A] € Ay the class of ((e'®,e%), A). We denote by
S: Cg(T%, M,(C)) — T'(Ap) the 1dent1ﬁcat10n, defined by S(a)(x,y) := [(", "), a(e™, eW)].

In the GNS construction, C(T%, M,(C)) is dense in H and is contained in the domains of the
8,’s. The fiber of the vector bundle V' on which the differential operator P acts is then CY ~ M_(C),
i.e. N =¢* In the present situation, all used elements in I'(End(V)) are in fact left multiplications
by elements in Cg(T%, M,(C)) ~ I'(4y). For instance, the element a in (1.4) will be understood as
the left multiplication by an element a € C(T%, M,(C)).
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For A € M,(C), let L(A) be the left multiplication by A on M,(C). Then L(A) has the same
spectrum as A, each eigenvalues having ¢ times its original multiplicity. In particular, we have that

tr[L(A)] = g tr[A]

where in the LHS tr is the trace of operators on M,(C) and in the RHS tr is the trace on M,(C).
The computation of Ro uses local trivializations of sections of Ay. Given a section S(a) € I'(Ay)
associated to a € C¥(T%, M,(C)), we define the local section S(a)ee : (0,27/q)* — M,(C) by
S(a)e(z,y) = a(e®, e¥). Notice that the open subset (0,27/q)?> C T% is sufficient to describe the
continuous section S(a) via its trivialization S(a).. The (local) section R, relative to ¢ in (1.4) is

defined by

PLAS (@) = [, 0TDS @y dvolye,) = 97 [ @z [ ay qtol(@hocte, )

2
TB

1/2 is constant (this is the case for the situations considered in the

S(@oc(z,y) = D are (u(@)Uo)* (v(z)V)",

(k,0)ez?

where we suppose here that |g|
paper). Then, one has

hence
1/2 2n/ ! d i 20y ky 70
P(L(S(a)oe) = 9" q D akz/ / dy ™ tr[Uy Vy .

(k,)ez?

The trace tr[UFV/] is non-zero only when k, ¢ are multiple of ¢, and its value is then g, so that

P(L(S(@)oe)) = lg'* 4> > ake/ dxe“””/ dy 9 = |2 ¢ (2) g, = (27)21g]"2 t(a).

(k,)ez?
(A.2)

1/2

Finally we get (when |g|'/? is constant)

poLoS = (2m)%g|?t (A.3)
when applied to any elements in C(T%).

Consider now a 4-dimensional noncommutative torus for © = (9})’( QSX ), asin (5.4), and 0; = p;/q;,
pi, q; relatively prime integers, and ¢; > 0.
Then C(Tg) = C(Tg,) ® C(T3,) = T'(Ap,) @ T'(Ag,) = T'(Ap, X Ag,) where Ay, X Ay, is the external
tensor product of the two vector bundles Ay, over the base 2-torus T% ; defined as above. Recall that,
with pr; : T, x T}, — T%, the natural projections, Ag, X Ag, := (prjAy,) @ (prjAs,) where pr; Ay,
is the pull-back of Ag, on T% | x T%,. The fiber of Ag, K Ay, is then M,, (C)® My, (C) ~ My,4,(C) and
the isomorphism I'(A4p,) ® I'(Ag,) = I'(Ag, K Ay,) is induced by (51 ® s5) (21, 22) 1= 51(21) ® s9(2)
for any s; € T'(Ap,) and x; € T%,;. Using the same line of arguments as for the 2-dimensional case,
and denoting by ¢; a constant metric on ’]I‘ZB’Z-, one gets, for any a; € C(Tg ),

po L(S(a1) ® S(az)) = |91’1/2|92‘1/2 (1¢2 ) (%)2 (21)2 t(a; ® as), (A4)

q2

so that
poLo(S®S)=(2m)"g|"|ga|"?t. (A.5)

This procedure can be extended straightforwardly to any even dimension.
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B. Comparison with previous results for noncommutative tori

We would like to compare the result (5.8) with [8, Theorem 5.2]. Some transformations are in
order, since some conventions are different and the results are presented using different operators.
In [8, Theorem 5.2], it is presented relative to the normalized trace t on C(T%), while our result is
presented relative to po Lo S = (27)? |g|*/?t with here |g|'/? = 75 *. If Rrx denotes the operator
of [8, Theorem 5.2], then

as(a, P) = t(aRrg) = 0(aRy) = (27)*15 ' t(aR,), Va € C(Ty),

so we need to show that Ry = 723 Rrx (strictly speaking, aRs should be replaced by L(S(a)R2) in
©(aRy), see Section A).

Present results are given using functional calculus on the left and right multiplication operators
L, and R, where u = k*. The corresponding spectral decompositions give L,(a) = > r To Erpa and
R,(a) = Y, miak, , where E,, is the projection associated to u for the spectral value r;. In [8],
another convention is used, namely via functional calculus on the modular operator A(a) := k~2ak?.
If EyA denotes the projection of A associated to the spectral value y, then

A(a) = L1 o Ry(a) = 3. 1511 EnyaBy, = Y.y EpaEyy = 3y E2(a)
Yy

70,71 T0,Y

where y := ry 'r; belongs to the spectrum of A.
Thus E2(a) = ¥, EraBy,, and is easy to check that EAES =46, ES.

The next three lemmas are technical results which permit to transform our relation (5.8) into a
relation that will be compared to [8, Theorem 5.2].

For any by ® --- @b, € My(C)®"™" | we denote by A; the operator A which acts on b, by L the
left multiplication by k acting on b;, and by R! the right multiplication by u on b;. Notice that all
these operators commute.

The first lemma transforms the functional calculus in the R!’s into a functional calculus in the A;’s.

Lemma B.1 (Substitution Lemma) For any function F(rg,r1,...,7,) of the eigenvalues r; of
the R.’s and any by ® - -+ ® by, one has

Z F(To,Tl,...,Tp> bOE'roblE'rl "'prrp = Z f(’/’o,yl,...,yp> bOE'roEﬁ(bl)"'Eﬁ(bp)

T05T15--Tp T0,Y15---Yp

where f(ro,y1, ..., Yp) = F(ro, Toy1, ToY1Ya, - - -, ToY1 -+ - Yp) 1S a spectral function of RO and the A;’s.
Using functional calculus notation, this lemma implies
mo F(RY R....., Ry =mo f(R),A,...,A))

as operators acting on elements by ® - - - ® b,. This result is very analog to the rearrangement lemma
[28, Corollary 3.9] without the integral [;° du in [28, eq. (3.9)].

Proor It is sufficient to show how the combinatorial aspect of the proof works for p = 2. One has

Yo froyr, v2) boEn Bt (01) By (be) = >~ F(ro,moy1, roy1yz) bo v, By (b1) B, (b2)

T0,Y1,Y2 T0,Y1,Y2

- Z F(Toaroyhroylyz) bOET0E21blEylzlEZQbQEyQZQ

T0,Y1,Y2
21,22
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= > F(ro,7oy1,ro1y2) boErob1 Eyyro Bz bo By,

T0,Y1,Y2
z2

= Z F(T07r17rly2) bOEroblErlEZQbQEyQZQ

70,71,Y2
Z2

— Z F(To, 1, leQ) bOETOblET1b2Ey2T1

T0,71,Y2

= Z F(To,Tl,Tg)bOETOblEleQETQ. |

T0,71,72

Let k = €"/2. While the arguments b; mentioned above are o,k or Ak, they are 6,(Ink) = %5Mh
and A(Ink) = 3Ah in [7]. The second lemma gives the relations between these arguments, compare
with [8, Lemma 5.1].

Lemma B.2 If gi(y) = Y and go(yy, yp) = 2320 Dhu=(Vin-Ding: -y,

Iny Iny; Iny2 (lny1+lny2)
Ok =k g1(A)[d,h] = 2k g1 (A)[6, In k],
Ak =k gi(A)[AR] — "k m o gy(Ay, As)[(3,h) @ (6,h)]
=2kgi1(A)[Alnk] —4¢"™kmo go(Aq, As)[(6,Ink) ® (0, Ink)].

Proor With ¢i(y) := %fol ds, y*/? = (Vv —1) In~'y, we get

1 1
S,k = 0,eh/? = /O dsy 17002 (§,1/2) e3/2 = Lig( /0 dsy A*/2)[6,1]

A2 1 A2 _q
=k 10uh] = 2k —— [0, In k] = k 91(A)[0.h] = 2k 91(A) (9, In k).

Similarly for the Laplacian,
Ak = g (5,0,8) = 3" 0,1 [ dsie =DM (5, R )
= —lgm] /0 Cds, o256, h)e™ ]
— ig’“’ [/01 ds; /01_81 dssy 6(1_51_52)h/2(5uh)es2h/2(6,,h)eslh/2]
— ig’“’ [/01 ds, /081 dsq e(l_sl)h/2(5yh)e(sl_$2)h/z(5uh)652h/2]
=~ 3K dsi A(6,0h)
~ 4" kmol | s, / T sy AL AT [(8,h) @ (5,h)

— lgwkmo / ds, / dsy AP AZ][(8,h) @ (5,h)]
— kg1(A)[AR] — g™k m o go(A, Ao)[(6,h) © (6,1))

with

1—sq
yl,yg : / dsl/ dS y(51+52)/2 s1/2+ / dSl/ d82y51/2 $2/2

:gw‘(xf—mnyl (v~ 1)Iny,

Iny; Inys(Iny; + Inys)
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The third lemma gives (technical) functional relations which allow a change of arguments inside
our operators. Denote by mys[by ® by ® by] := by ® byby the partial multiplication.

Lemma B.3 For any operators like f1(RY, A1), fo(R2, Ay, As), g1(Ay), and go(Ay, Asy), one has

mo fi(R,, A1) o L,ogi(A) =moR)o fi(R),Ay) o gi(Ay),
m o fl(Rﬁ,Al) omyjs 0 Li 0 ga(Aq,As) =mo RO o fi(R, RY L A1AG) 0 ga( A, Ay),
mo fo(RY, Ay, Ay) o L} o L2 0 gy(Ay, Ay) =mo R% o A o fo(RY, Ay, Ay) 0 go( Ay, Ay).

Thus the operators on the LHS are respectively associated, modulo the multiplication operator m, to
operators defined by the spectral functions

Vrofi(ro, y1)gi(v1), V7o f1(T0, Y192) 92 (Y1, ¥2), Tov/Y1f2(r0, Y1, Y2)92 (Y1, Y2 ),

where yy,ys belong to the spectrum of A and rq to the spectrum of u.

PROOF For the first relation, we compute the LHS on by ® b; using spectral decomposition:

mOfl(Rg,Al) OLzlg Ogl(Al)[bo ®b1] = Z f1 To, Y \/_Ql(yl)boEmEyA[E EA(bl)]

0,71,
Yy1

= Z f1 To, Y \/_91(1/1) boETOE ErlEzlblEylzlE p

T0o,71,

Y,y1,
2,21

the projections products imply ro = z = r; = 2; and y;2; = yz, so this is equal to

> filro, ¥)VTog1(y) bo By Bbi By = 3 /70 f1(r0.9)91(y) bo By By (b1)

Toy 70,Y,
z

=mo R} o fi(Ry, A1) 0 gi(Aq1)[bo ® bi.
For the second relation, we compute the LHS on by ® b; ® bs:

m o fl(Rga Al) O 11l © Ll (@] 92(A17 Ag)[bo ® bl & bz]
= Z fi(ro,y \/_92(y17y2)b0E7“0EyA[E EA(bl)Egg(bﬁ]

70,71,
Y,Y1,Y2

Z fl To, Y \/_92(y17y2) bOE'rOE ET'lEZlblEylzlEZQb2Ey222E'yZ

T0,71,

Y,Y1,Y2,
221,22

which implies 1o = 2 = r| = 21, Y121 = 22, and Y229 = yz, and

Z f(’l"o, yly?)\/T_OQQ(yla y2) bOEToEzlblEy121E22b2Ey222

T0,21,22,

Y1,Y2

Z vV Tof(T’m y1y2)92(y17 y2) bOET‘oEyl (bl)Eﬁ(@)
T0,Y1,Y2

=mo RYo f(R%, A1A;) 0 go( Ay, Ay)[by @ by @ byl.
For the third relation, we compute the LHS on by ® by ® bs:

mo f(R), A1, Ag) o Lo Lj o ga(Ay, As)[by @ by ® by]
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= > folroyn ) VIV v) b EG (B Ey (b)) Ep By, By (b))

T0,71,72,

y17y2,y/17y'2
J— / /
= Z fo(r0, Y1, Y2) v/ T1V/T292 (Y1 ¥3) bo By B2y By EnglE 12 By oy B2y B, EngZEyézg By,
T0,71,72,
Y1,Y2,91 Y5,
21,22,21,25

which implies ro = 21 =1 = 2], ¥12] = 1121 = 22 = 19 = 2}, and yhzh = Y29, so that:

= Z f2 (T(Jv Y1, y?)\/%\/ Y1Trog2 (y17 y2) bOETo Ez1 blEy1z1 EZQ bQEyQZQ

T0,21,22,
Y1,Yy2

= Z TO\/y1f2<T07y1>y2)92(ylay2)bOETOEyl(b1>EyA2(b2)
T0,Y1,Y2

=moR, o Ao fo(Ry, Ay, As) 0 ga( A1, Ag)[by ® by @ by).
We can now change (5.8) in order to compare with [8, Theorem 5.2]. As in Lemma B.1, let

fae(ro,v1) == Fakr(ro, oy1), Throe(Tos Y1, y2) == Fhpar(ro, Toy1, Toy1y2)-
Using Lemmas B.2 and B.3, one gets
m o FAk(Rg, Ri) [a® Akl =mo fAk(Rg, Ay)[a® AK]
=mo fap(Ry, Ar) o Ly 0 g1(Ay) [a ® Ah)
— g’“’m o fAk(Rﬁ, Al) (@) LIIC O Il O QQ(Al, AQ) [Cl ® ((5“h) ® (51}]]/)]
=mo Rg o fAk(Rg, Aj)ogi(Aq)[a® Ah]
— g™ mo R) o far(RY, A1) o go( A1, Ag) [a® (5,h) @ (0,h)]
=2mo Rg @) fAk(Rga Al) ¢} gl(Al) [(l X Aln k]
— 4g""'m o Rg o fAk(R(u), A1Az) 0 go(Ay,As) [a® (0,Ink) ® (6, Ink)]
and
m o Fjo (Ry, Ry, Ra) [a ® (6,k) ® (6,k)] = mo fhr (R, Ay, As) [a ® (6,k) @ (6,k)]
=mo fh (R, A1, Ay)o Lo Li o gi(Ar) 0 g1(As) [a® (6,h) @ (6,h)]
=moR)o A1/2 oo (Ro, A1, As) 0 g1(Ay) 0 g1(As) [a® (3,h) @ (6,h)]
=4mo RO o A1/2 8k8kz(R0 A, As)ogi1(Ar)ogi(Ar)[a® (6, Ink) ® (6, Ink)].

So, the sum gives

m o Far(Ry, Ry) [a ® Ak] +mo Fyl (R), Ry, R2) [a® (6,k) @ (6,k)]
=mo G (Ry, A1) [a®@ Akl +mo GF L omn(Re, Ar, Ag) [a @ (6, Ink) ® (8, In k)]

with

Gamn (Ry, A1) == 2R} o far(Ry, A1) o g1(Ay),
Gl mry@mp) (Bus A1, Ag) == 4R, 0 Ao fh (RO, Ar, Ag) 0 g1(Ar) 0 g1 (Ay)
- 49‘“’R2 © fAk(Ruy A1A2) © 92(A1, Az)-
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The associated spectral functions are

Gamr)(ro, y1) = 2v/ro far(ro, y1)91(y1),
Gﬁglnk)(alnk)w'(]? Y1, Y2) = 47’0\/sz51:<91€(7’0, Y1, Y2)91 (Y1) 91 (y2) — 49“'/\/EfAk(7’o, Y1Y2)92(y1, ¥2)-

Another change of convention concerns the derivations of C*(T%): in [8], 8, := —id,, is used. This
implies that their expressions like (gu In k) (6, Ink) correspond to our —(0,Ink) ® (6, Ink). Notice
also their combination 62 Ink + |7[202Ink + 2775010, Ink = g"*8,6, Ink = —g3,6,Ink = Alnk.
Thus for a comparison of the two results, a — sign has to be taken into account for the Gf‘g In k)@ 1n k)
term. Finally, 8, Theorem 5.2] is written in terms of functions of In A, thus it remains to make the
final change of variables y; = €” in G(amg), and y; = € and y, = € in G‘(‘gln k) (@10 k)-

In [8, Theorem 5.2], Rpx = —Z X [expression in Ry, Ry, W] while in (5.8), one has written
Ro = ﬁ X [expression in Fag, Fjs:]. The proof that Ry = RFK is then equivalent to check
that [expression in Ry, Ry, W] = —[expression in Fag, Flr,]. The previous technical results imply

that this is equivalent to show that

Ry(z) = —G(Alnk)(ro, e’),

t
= (8lnl~c )(@1In k) (ro, €%, e

Ry(s,t) = )

|T| Ry(s,t) = G(Blnk dlnk) (ro, € €t)a
(s,1) )

)-

Y

71R2(87t) inW(s,t) = G(alnk dlnk) (TO’ et

TRy (s,t) + 1 W (s,t) = Glamuyamn (70, € €

)
t

All these relations can be checked directly. In particular, the relations on the RHS are independent
of the variable rg.

In order to compare (5.9) for the noncommutative four torus with [11, Theorem 5.4, we can use
the results in [14]. As before, we need the correspondence (A.5) between our trace ¢ and their trace
po = t. Here g = 6 on the base tori T%;, so that |g;|'/? = 1. Denote by Rpx the curvature
obtained in [11, Theorem 5.4], which is 72 times [11, eq. (5.1)]. A comparison between eq. (1) and
(3) in [14] and [11, eq. (5.1)] gives

oo(aR i) = %900 <a / | bg(f)dQ> = = g (a6 k25,0, K2k + 360k (3,k7)k > (5,4%)k )
— e (alF™ 26,0, K02 — 30 K2R (B,h2)K2]) = o (aRa),

and the two results coincide.?
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