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Abstract

Convergence of domain decomposition methods rely heavily on the ef-
ficiency of the coarse space used in the second level. The GenEO coarse
space has been shown to lead to a fully robust two-level Schwarz precon-
ditioner which scales well over multiple cores [27, 19] as has been proved
rigorously in [27]. The robustness is due to its good approximation prop-
erties for problems with highly heterogeneous material parameters. It
is available in the finite element packages FreeFem++ [B], Feel++ [11]
and recently in Dune [I] and is implemented as a standalone library in
HPDDM [6]. But the coarse component of the preconditioner can ulti-
mately become a bottleneck if the number of subdomains is very large and
exact solves are used. It is therefore interesting to consider the effect of
approximate coarse solves. In this paper, robustness of GenEO methods
is analyzed with respect to approximate coarse solves. Interestingly, the
GenEO-2 method introduced in [3] has to be modified in order to be able
to prove its robustness in this context.



1 Introduction

Convergence of domain decomposition methods rely heavily on the efficiency of
the coarse space used in the second level, see [9] [14] and references therein. The
GenEO coarse space has been shown to lead to a fully robust two-level Schwarz
preconditioner which scales well over multiple cores [27, 19] as has been proved
rigorously in [27]. The robustness is due to its good approximation properties
for problems with highly heterogeneous material parameters. It is available in
the finite element packages FreeFem++ [5], Feel4++ [11] and recently in Dune [I]
and is implemented as a standalone library in HPDDM [6]. But the coarse com-
ponent of the preconditioner can ultimately become a bottleneck if the number
of subdomains is very large and exact solves are used. It is therefore interesting
to consider the effect of approximate coarse solves. In this paper, robustness
of GenEO methods is analyzed with respect to approximate coarse solves. In-
terestingly, the GenEO-2 method introduced in [3] has to be modified in order
to be able to prove its robustness in this context. In the context of domain
decomposition methods, the robustness of the BDDC w.r.t. approximate coarse
solves has been studied in [15, [16] and in [8]. We focus here on GenEO methods.

The general framework of our work is the following. Let M ! be a precon-
ditioner enhanced by a second level correction based on a rectangular matrix Z
whose columns are a basis of a coarse space V. The coarse space correction is

AVAN. VARV A (1)
and the coarse operator is defined by
E:=7ZTAZ. (2)
Let M~ denote a one-level preconditioner, the two-level method is defined by:
My . =ZE ' ZV + (Iy - ZE ' ZT A\ M1, - AZE~' ZT),

see the balancing domain decomposition method by J. Mandel [7] and also the
BFGS algorithm as described in e.g. [10].

We consider Geneo methods, where the coarse space V) spanned by the
columns of Z is built from solving generalized eigenvalue problems. Since it is
a purely parallel task with no communication involved, this part of the com-
putation is not penalizing parallelism. Actually, in strong scaling experiments
where the number of degrees of freedom of subdomains is smaller and smaller
the scaling of this task is perfect. On the other hand, as the size of matrix
ZT A Z typically increases linearly with the number of subdomains, the solving
of the corresponding linear systems for instance with a LU factorization be-
comes a bottleneck in two-level domain decomposition methods. It is therefore
interesting to estimate the robustness of the modified two-level method when in
the operator F is approximated by some operator E:

E~F,

since it paves the way to approximate coarse solves and three or more level
methods. More precisely, formula is modified and the preconditioner we
study is defined by:

Myt =ZE 2T + (I - ZE ZTA)M Y1, — AZE-1 Z7).



2 Basic definitions

The problem to be solved is defined via a variational formulation on a domain
Q c R for d e N:

Find u € V such that : aq(u,v) =1(v), YveV,

where V' is a Hilbert space of functions from (2 with real values. The problem
we consider is given through a symmetric positive definite bilinear form aq that
is defined in terms of an integral over any open set w < Q. Typical examples
are the Darcy equation (K is a diffusion tensor)

ay(u,v) 1= J KVu-Vvdz,

or the elasticity system (C' is the fourth-order stiffness tensor and e(u) is the
strain tensor of a displacement field u):

ay,(u, v) := J C:e(u):e(v)dr.

The problem is discretized by a finite element method. Let N denote the set
of degrees of freedom and (¢g)ken be a finite element basis on a mesh 7j.
Let A € R¥N*#N he the associated finite element matrix, Ay := aq (o1, dr),
k,1 € N. For some given right hand side F € R#V we have to solve a linear

system in U of the form
AU =F.

Domain €2 is decomposed into N (overlapping or non overlapping) subdomains
(Qi)1<i<n so that all subdomains are a union of cells of the mesh 7. This
decomposition induces a natural decomposition of the set of indices N into N
subsets of indices (N;)1<i<n:

N, :=={k e N | meas(supp(¢y) n ;) >0}, 1 <i < N. (3)

For all 1 <i < N, let R; be the restriction matrix from R#V to the subset R#Vi
and D; be a diagonal matrix of size #N; x #N;, so that we have a partition of
unity at the algebraic level,

N
S RID:R; = 14, (4)
=1

where I; € RFN*#N g the identity matrix.

We also define for all subdomains 1 < j < N, A7, the #N; x #N; matrix
defined by

VIAU; == ag, | Y Uuer, ) Vi |, Uj, V;eRM (5)
lENj lENj

When the bilinear form a results from the variational solve of a Laplace prob-
lem, the previous matrix corresponds to the discretization of local Neumann



boundary value problems. For this reason we will call it “Neumann” matrix
even in a more general setting.

We also make use of two numbers kg and k; related to the domain decom-
position. Let

o S pogpT
ko 1= lrélizgv#{] | R;AR] # 0} (6)

be the maximum multiplicity of the interaction between subdomains plus one.
Let k1 be the maximal multiplicity of subdomains intersection, i.e. the largest
integer m such that there exists m different subdomains whose intersection has
a non zero measure.

Let P, be defined as:

Py:= RIE7'RyA, (7)

the operator Py is thus an approximation to the A-orthogonal projection on Vj

Py:= RIE7'RyA

which corresponds to an exact coarse solve.
Note that although P, is not a projection it has the same kernel and range
as Ppy:

Lemma 2.1 We have
ker Py = ker Py = VOAJ‘ and ImPy=ImPy = Vp,

where VE)AL 1s the vector space A-orthogonal to Vy, that is when R#*N s endowed
with the scalar product induced by A: (z, y)a := (z, Ay).

Proof First note that the kernel of Py contains ker RgA. On the other hand,
we have:

Pz = RgE_lRoAx =0= (RgE_lRoAx, Az) = (E_lRoAx, RyAzx) =0.

Since E is SPD, it means that RgAx = 0, that is z € ker RyA. We have thus
ker Py = ker Ry A. Note that

RoAz =0<Vy (Az, RTy) =0 ze VL.

As for the image of P,, since the last operation in its definition is the multipli-
cation by the matrix Z we have Im Py < Vj. Conversely, let y € Vj, there exists
8 such that y = ZB. It is easy to check that y = Py(Z7(ZAZ)"'Ep). Thus,
Im Py = Vp.

The same arguments hold if Eis replaced by F. Thus, Py and Py have the same
kernel and image. |

3 Approximate Coarse Solves for GenEO

The GenEO coarse space was introduced in [12] and is defined as follows:



Definition 3.1 (Generalized Eigenvalue Problem for GenEO) For each
subdomain 1 < 3 < N, we introduce the generalized eigenvalue problem

Find (Vji, 1) € RFNi\{0} x R such that (8)
DjRj ARJTD]\/J}C = ,ujkAjij .
Let 1 > 0 be a user-defined threshold, we define Z},,,., < R#N as the vector
space spanned by the family of vectors (RJTDJ‘VJ']C)HJ.,C>M,1<]‘<N corresponding
to eigenvalues larger than p.

Let ; be the projection from R#Ni on Span{V | ujx > p} parallel to Span{V ;x| pjx <

1}
In this section, Ry denotes a rectangular matrix whose columns are a basis
of the coarse space Z*, defined in Definition (3.1]). The dimension of RY is

geneo

#N x #Noy. The GenEO preconditioner with approximage coarse solve reads:
N
Mginpoacs = B6 ' Ro+ (Ia=Fo) (), RT (R ART) ™ Ry) (Ia— ). (9)
i=1
The study the spectrum of Mc_:elnEOACSA is based on the Fictitious Space
lemma, see [2] for more details. For this purpose, we introduce

Hp := R#*No x IV R#Ni
be endowed with the following bilinear form

Z; : HD X HD — R
((Uo, (Uihicisn)s (Vo, (Vi)i<isn)) = (EUqg, Vo) + (R; AR} U;, Vy)
(10)
and R : Hp — H is defined by
N N
RU) := R§ Up + (Is — By) Y. RIU;. (11)
i=1
Recall that had we had used an exact coarse space solve, we would have intro-
duced:

N
RU) := R§ Up + (Is — Ry) Y. R U;. (12)
i=1
Note that we have

N
RU) = RWU) + (P, — Ry) Y, RI'U;.

i=1
It can_be chekced that the resulting preconditioner with approximate coarse
solve R B~! R* is actually equal to M(;elnE'OACSW see @ In order to apply the
fictitious space Lemma, three assumptions have to be checked.

e R is onto.
Let U e H, we have U = PyU + (I; — P,) U. By Lemmal2.1, PyU € V4 so that
there exists Uy € R#No such that PyU = ROTUO. Thus we have

N
U = RjUg + (Is— Py) Y. RI'D;R;U = R(Uy, (D; R;U)1<i<n))

i=1



e Continuity of R
We have to estimate a constant cg such that for all i = (Uy, (U;)1<i<n) € H,
we have:

a(RU), R(U)) < crbU, U).

Let & be some positive number and Using that the image of Py — Py is a-
orthogonal to the image of I; — Py, Cauchy-Schwarz inequality and the a-
orthogonality of the projection I; — Py, we have:

a(RWU),RWU)) = |RU)+ (P~ Po) it RTUJ%

IRWU)IZ +2a(RE Ug + (Ia — Po) 31, RTU;, (P — Po) XY, RTU,)
+|(Py — Bo) 2, RTU|%

— R +2a(RT Uy, (P — Py) YN, RTU)

+(Po— Po) XN, RTU,

5 N
< R@)IA +0IRG Uol% + 5 1(Po — Po) X2y RIU %
r N
+(Po = Po) X2y RIUG %
N
< RGOl + | X2, BTG + 01 RE Uol%
I N
+(1+5) (P — Bo) X2, BT UG5
D N
< (L+0)|RUold + (1 + [P0 — PolZ(1 + ) X2, BT Uil

< (14 ) Anar(EETEUol” + (1+ | Py = Rl 4(1+ 1) ko XL, [RI UG
< max (14 6) Amaa (BEY), [+ [Py = Pol3(1+ D] ko ) B, U).

It is possible to minimize over ¢ the factor in front of b(U , U) using the

Lemma 3.1 Let ¢,d,« and 8 be positive constant, we have

_d+c+/(d—c)? +4aB
- 5 .

min max(c + a6, d + 6 )
6>0

Proof The optimal value for § corresponds to the equality ¢ + ad = d + 85~ 1.
|

Let R R
€a:=|Py—Polla = |Ro((Ry ARG)™' = E"1)RoA| a, (13)

the formula of Lemma [3.1] yields

Fo(1+ )+ Amas (BE™) + 4/ (ho(1+ 4) = Amaa(BE1))? + AXaa(BE-1ko (e + 1)
> .

CR =
o (19)
Actually, e4 can be expressed in term of the minimal eigenvalue of EE~!.

Lemma 3.2 Other formula for e4:

E(E-'—E-Y)E 2 3
(E( 200, 90) _ (1= Amin (BE )], 1=Amaa(EE D))

€4 = Sup
UgeR#No (EUOv UO)



Proof Since Py — P, is A-symmetric, its norm is also given by

[(Po — Po)U, U) 4
U5

€4 = sup
U

We can go further by using the fact that Py is a A-orthogonal and that Py and
P, have the same kernels and images:

e = syl P P)BU+ - R)U), BU+ (Ia— F)U)al
Y RO+ (- RO
_ ((Po —P) P U, R Ul [(Po—FPy)R U, A U)a4|
= sup 5 5~ = sup 5
1PU% + (e = P)UIL [P U%

_ (P =) U, U)al| _ (BE(E~! — E~1)EU,, Uy)|
= sup 5 = sup

UeV HI{”A UoeR#No (EUyg, Uy)

(EilEU(),EUo)

= sup |1 |

UoeR#No ~ (EU,, Uy)

|
This means that formula (14)) for cg can be expressed explicitely in terms of ko
and of the minimal and maxnnal eigenvalue of E~1E.

e Stable decomposition
Let U € H be decomposed as follows:

U = RU+(I4—P)U=RU+ ;- P)YY, RTD,RU
N

= RU+(Ig— P) Y RTD;(Iy — 7)R;U + (I — Po) 2 D;7; R;U

-

~

=0
N
= PU+ (P —PR) 2 — #))R;U+(Ig — Po) Y0 RTD;(Iy — #;)R;U .
=FU€eV)

Let Uy € R#No be such that RIUy = FU, we choose the following decomposi-
tion: N
U = R(Uo, (D;(lqg — 7;)R;U)1<j<n) -

The stable decomposition consists in estimating a constant ¢y > 0 such that:

N
er [(EUo, Uo) + Y (R;AR] D;(Ia — 7;)R;U, Dy(Ia — 7;) R;U)] < a(U, V).
j=1
(15)
Since the second term in the left hand side is the same as in the exact coarse
solve method, we have (see [2], page 177, Lemma 7.15):

N
R AR D ﬁ'j)RjU, Dj(]d - ﬁ'J)RJU) < ks Ta(U, U). (16)

j=1



We now focus on the first term of the left hand side of . Let § be some
positive number, using again 7 the following auxiliary result holds:

|IFUA < (1+0)|RU,RU%
+(1+ $)|(Po = Po) X3, RTD;(Ia — 7)R;U[3
< (1+6)(AU,U)
+(1+ (P = o)A | X52, BT D;(La — 7,)R; U
< (1+40)(AU,U)
+(1+ 3 (Po = Po)|% ko X2 [RTD;(1a — 7;)R; U4
< (1484 1+ HIR = Po)Pikoki 7) a(U, V)

The best possible value for § is

§:=eakoki 7.
Hence, we have:
(Ry ARTUy, Up) = |[FU|4 < (1 + ean/ko k1 7)%a(U, U) . (17)
Thus, we have:

(EUp, Up) 5 ETV2EY?U,, ETV2EY?U,) = (ETY2E ETY2EY?U,, EY2U,)

(

Amaz(E7V2E E712) (EY?U, , EV/?U,)
)\maI(Eil.?)(Ro A RgUU s U())
Amaz(E7'E)(1 + eav/ko k1 7)%a(U, U) .

This last estimate along with prove that in , it is possible to take

NN

max

Amin(EE™Y)
Cr = .
T U reavkokin)? + kit

Overall, with ¢y given by and cgr by , we have proved the following
spectral estimate:

(18)

cr S MMl poacs A) < cr. (19)

Constants ¢y and cg are stable with respect to €4 and the spectrum of EE~!so
that proves the stability of preconditioner M, eln roacs W.r.t. approximate
solves.

4 Approximate Coarse Solves for GenEO2

The GenEO-2 coarse space construction was introduced in [4, 3] , see [2] also
§ 7.7, page 186. It is motivated by domain decomposition methods for which
the local solves are not necessarily Dirichlet solves e.g. discretization of Robin
boundary value problems, see [13]. We were not able to prove the robustness of
the GenEO-2 coarse space with respect to approximate coarse solves when used
in the original GenEO-2 preconditioner , see remark For this reason,



we study here a slight modification of the preconditioner, eq. , for which we
prove robustness.

For all subdomains 1 < i < N, let B; be a matrix of size #N; x #N;, which
comes typically from the discretization of boundary value local problems using
optimized transmission conditions or Neumann boundary conditions. Recall
that by construction matrix D; R;ARI D; is symmetric positive-semi definite
and we make the extra following assumption:

Assumption 4.1 For all subdomains 1 < i < N, matrix B; is symmetric
positive semi-definite and either of the two conditions holds

e B; is definite,
e B, = A" and D; R;ART' D; is definite.

In order to ease the redaction, we first consider the case where B; is definite. The
other case will be treated in Remark We recall the coarse space defined
in [4 B 2]. Let v and 7 be two user defined thresholds. We introduce two
generalized eigenvalue problems which by Assumption are regular.

Definition 4.1 (Generalized Eigenvalue Problem for the lower bound)
For each subdomain 1 < j < N, we introduce the generalized eigenvalue problem

Find (Vjg, \ji.) € R#FNi\{0} x R such that (20)
Ajij = )\jkBjij .

Let 7 > 0 be a user-defined threshold, we define Z7 c R*¥N as the vec-

,geneo
tor space spanned by the family of vectors (RjTDjij))\jk<T corresponding to
eigenvalues smaller than 7. Let T; be the projection from R#Ni on Vire =
Span{V x| \jr. < T} parallel to Span{Vx|\jr. = T}. Let Z7,,., be the vector

space spanned by the collection over all subdomains of vector spaces (Z}:geneo)lgjsj\[.

Definition 4.2 (Generalized Eigenvalue Problem for the upper bound)
For each subdomain 1 <1 < N, we introduce the generalized eigenvalue problem

Find (Ugy, pir) € RFNN\{0} x R such that
(21)
D;R;ARTD, Ui, = pix B Uy .

Let v > 0 be a user-defined threshold, we define c R#*¥N as the vector
space spanned by the family of vectors (RZTDiUik)uik>'y corresponding to eigen-
values larger than ~y. Let Z],,., be the vector space spanned by the collection

. ’Y )
over all subdomains of vector spaces (Zj’geneo)lgjgj\].

v
Zi,geneo

Now, let & denote the B;-orthogonal projection from R#*Vi on
Viqy = Span {Uji | v < pir}

parallel to
Wi~ i=Span{U |y = pr} -

By Lemma 7.6, page 167 in [2] , we have:



Lemma 4.1 (Intermediate Lemma for GenEO-2) For all subdomains 1 <
i < N and U; € RNi | we have:
7 ((Ig — 7)U;) " Bj(La — 7;)U; < UTAU;, (22)
and
(RTD(1a— &)U:) " ART Dila=&)U.) < 7 (Bi(la—€)Us, (Ii—=€)UL) - (23)

Note that &; is actually a B;-orthogonal projection so that for all subdomains
1 <4< N, B; induces an isomorphism from W;., into itself whose inverse will
be denoted by BJ.

The coarse space V{ built from the above generalized eigenvalues:

geneo @ geneo *

is spanned by the columns of a full rank rectangular matrix Z = R{ with
#MN columns. Projection Py and its approximation Py are defined by the same
formula as above, see .

In addition to Lemma @ we have the following

Lemma 4.2 For 1 < j < N, let us introduce the Bj-orthogonal projection p;
from R#¥Ni on
Vigy = Vir @ V.
and let Uj € R#Ni .
Then, we have:

7(Bj(la — pj)U;, (e — p;)U;) < (4;U;,U;) .
Moreover, for all U € R#*N | we have:

Z Iy — pj)R,; U, (I; — p;)R;U) < k1 a(U, U).

Proof Let Uj; e R#Ni | we have:

(Bj(Ia — 7;)U;, (la — 7;)U;) = (Bj(la —pj + (pj — 7;))Uy, la —pj + (pj — 7

|(Ia = ) U113, + [ (p; — 7)U; |3,
+2(B;(la — p;)Uj, (pj — 7;)U;)

=0 since 7,;U; € V; -V

\%

Since we have :
7(Bj(la — 7)U;, (Ia — 7;)U;) < (4,U;,Uy),

the conclusion follows by summation over all subdomains. |

We,study here the following preconditioner:

i=1

N
Mg osacs = R E7' Ro+(1a—Fy) <Z R D; BZ (Ig — &) D; Ri) (I,—Pl).

(24)

10

|(Za = p))U,l1%, = (Bj(1a — p))Uj, (Ia — p;)Uy).



We can now define the abstract framework for the preconditioner. Let Hp
be defined by
Hp = R*No 5 TIN W,

endowed with the following bilinear form arising from local SPD matrices (B;)1<i<n

b:Hp x Hp —> R

- 25
U, v) — bU,V):=(EUy, Vo) +(B; U;, V;) 25)
and R : Hp —> H is defined using operator Py (see eq. ):
N N
RU) := R Uo + (I — Py) Y| R D;U;. (26)

i=1

Recall that had we had used an exact coarse space solve, we would have intro-
duced:

N
R(U) := R Uo + (Ia— Ry) Y. R/ D;U;. (27)
i=1
Note that we have

N
RU) = RWU) + (Py — Py) Y, RIDiU; .
i=1
It can be checked that the resulting preconditioner with approximate coarse
solve MG nosacs = RBTYR* is actually Mg, posacs defined in (24).
Auxiliary results on GEVP Beware, in this paragraph, A and B have
nothing to do with the global problem to be solved:

Lemma 4.3 Let A be a symmetric positive semi definite matriz and B be a
symmetric positive definite matriz. We consider the generalized eigenvalue prob-
lem:

AU = ABU.

The generalized eigenvectors and eigenvalues are denoted by (Ug, A )k=1. Let T
be a positive number. We define

Vi i= Span{Uy [\, < T}.

Let W be any linear subspace. We denote by p the B-orthogonal projection on
V.+W.
Then, for all U we have the following estimate:

T(B(Ia—p)U, (Ia —p)U) < (A(ls—p)U, (s —p)U). (28)
Similarly, let v be a positive number. We define
Vy = Span{Uy | A\ > ~v}.

Let W be any linear subspace. We denote by q the B-orthogonal projection on
V,+W.
Then, for all U we have the following estimate:

(Al —q)U,(Ia — q)U) < v (B (s —q)U, (Ig — q)U). (29)

11



Proof We have using V, < V, + W:

(AU, U) - . (AU, U)
min min e
vevE: (BU,U)  uev, +w)s: (BU,U)

T<

For all U, the vector (I — p)U is B-orthogonal to V; 4+ W and this ends the
proof of . The proof of follows similarily from

(AU, U)

>
77 yevie (BU,U)

In order to apply the fictitious space Lemma to the study of the precondi-
tioner , three assumptions have to be checked.

e R is onto.
Let U € H, we have

U = RU+(I;—P)U
= P0U+(Id—P0)Z | RTD;R,U
= P0U+(Id—P0)ZZ 1RTD§ZRU+(Id—PO)Zl RID;(1, - &)R,U
= BU+ (P, —P) ZR Di&RU + (I; — Py) ZR D;&R; U

1=1 1=1

::;U =0
+(Ig— Bo) Y RTDy(I4 — &)R;U .

Let us consider the last equality. Since F'U is the sum two terms that belong
to Vg there exists Uy such that RgUo = FU. The third term is zero since
Zfil RI'D;&R;U € Vi Note also that (I —&)R;U € W; . Therefore, we have

U = R(Uy, ((Is — &) RiU)1<i<n)) -
e Continuity of R

We have to estimate a constant cg such that for all i/ = (U, (U;)1<i<n) €
Hp we have:

a(RWU),RU) < crblU,U)
— ¢r[(EU,, Up) + XN (BU, Uy
Note that using (14 — &;)U; = U; (recall that u;, € W), we have:
RU) = RIU G+ (Is— B) YN, R D, U,
= RIUo+ (Py—B) XN, RT D;U; + (I — P) Y, RT D; U,

N
= RIUq+ (Py— Po) Y. RT D; (Ig — &)U, +(Ig — Po) X, RT D; (Ig — &)U

i=1

eVo

12



We have thus the following estimate using the A-orthogonality of I; — Py:
a(R@U), RU)) = |R§Uo+ (P = Fo) XL, B Di (1o = &)U
+(Ia — Po) 32y RY D (1o = &)Ui[4
= |RGUo + (P J_\/pO) Sy R Di (I — &) Ui
+H(La = Po) X5y BY Di (I — &)Ui[%

(1+ QHR%UoHi +(1+ )Py — Po) XLy BY Di (1 — &) Uil4
"‘” Zi:l RzT D; (Id - &)Uz”i

N

(1+6)(EUo, Uo) + ko 2%1 |R] D; (Ia = &)Uil%
+(1+ )P0 — Po)%ko X3y |1 B Di (I — &)U [%

(14 )\ as (EE)(E Uy , Uy)
+hoy(1+ (L+ (P — Po)|2) Xy (Bi (Ia — &)Us, (Ia — &)Uy)

< max((1+6) Amae(EE™Y), koy (1+ (1 + 1) €d) b, U) .

N

N

Based on Lemma we can optimize the value of 6 and take

Fov (1 €) + A (BE™) 4+ 4/ (ko (14 ) — Aas (FE1))? + Adas (BE~L ko (¢4 + 1)
CR = 9 .
(30)
e Stable decomposition
The stable decomposition estimate is based on using projections p; defined

in Lemma [£.2] Let U € H be decomposed as follows:

N
U = PRU+I4—P) Y, RTD;(Is—pj)RjU + (Ia— Po) Y. R} D;p;R;U
j=1
=0
N
= RU+ (P —PR) Z —p))RjU+(Ia— Po) 3,3 RTD;(Ia — p)R;U.
=FU€eV,

We define Uy be such that RTUy = FU. We have that (I; — p;)R;U is Bj-
orthogonal to V5 ; + V; ; and thus to V, ;. This means that (I—p;)R;U € W, ;
and that we can choose the following decomposition:

U = R(Uo, (({a — pj)R;U)1<j<n) -
The stability of the decomposition consists in estimating a constant ¢z > 0 such

that :

cr [(E'Uo, Up) + —pi)R;U, (la = pj) R;U)] < (U, U).  (31)

||'M2

Using Lemma[4.2] we have

Z (Ia —p;)R;U, (Ig — pj)R;U) < k1 a(U, U). (32)
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We now focus on the first term of the left hand side of . Let § be some
positive number, the following auxiliary result will be useful:

IFUIR < (1+)|RU, RU[%
+(1+ PP = Po) 232, RTD;(1a — pj) R; U4
< (1+6)(AU,U)
+(1+ 3Py — P3| Zj2, BT D;(Ia — pj)R; U4
< (1+46)a(U,U)
+(1 %)”(PO_PO)”A kon y |RT Dj(1a = pj)R; U5
< (1+6)a(U,U)
+(1+ )||(P0—Po)||,4k072j 1(Bj(la —p;) R; U, (Ig — pj) R; U)

< ((1+5)+(1+ S)H(PO_PO)H2AI€()’Y7—71]€1)CL(U7U)

where we have used Lemma . (applied with A replaced by D; R; A R D;
and B by Bj;) for the one be ore last estimate and Lemma“ 4.2| for the last estl—
mate.

The optimal value for § yields:

IFUI4 < (1 + ean/ko kiy71)%a(U, U). (33)
We have

(EU0,Ug) < Amaz(E7'E)(EUq, Up) = Apaa(E~'E)(A R{Uo, RE Uy)
= )\mam(EilE)”FUH?A

so that with , this yields:

(EUq, Up) < Amae(ET'E) (1 + €av/ko k1 y71)? a(U, U) .
Finally, in we can take :

cr = = L . (34)

Amaz (B7IYE) (L + ean/kokiym )2 + kg 771

Overall, with ¢p given by and cg by , we have proved the following
spectral estimate:

er < )\(MaenEO2ACS A) <cr. (35)

Constants ¢y and cg are stable with respect to €4 and the spectrum of EE-1
so that proves the stability of preconditioner MG_:nEO2ACS w.r.t. ap-
proximate solves.

Remark 4.1 Had we taken the GenEO-2 algorithm introduced in [3] and mod-
ified only the coarse space solves:

N
Mgt poos =Ry E™ R+ (Is— Po) () R Di B' D; R;) (Ia— P), (36)

i=1
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the estimate for the upper bound of the preconditioned system would be for ar-
bitray 6 > 0

1
Amaz < max(1 46, koy + (1 + g>€,24/€0 max |B;* D; R; ARI D;|3)

and would depend on the product of €ea with the largest eigenvalue of the local
operators B;l D; R; ART D;. This last term can be very large and we were not
able to guarantee robustness with respect to approximte coarse solves.

Remark 4.2 If for some 1 < i < N, B; = A; and A; is symmetric positive
semi-definite and D;R; ART D; is SPD, the coarse space we define will not de-
pend on the eigenvalue problem . More precisely, the contribution of the
subdomain to the coarse space will be RT D; ker(A;) @ Z] yencor BZT the inverse
of the restriction of B; from Wi, into itself where W, is the orthogonal to

ker(A;) and &, is the orthogonal projection on ker(A;) parallel to Wiy.

5 Conclusion

We have proved the robustness of GenEO methods with respect to approximate
coarse solves. It paves the way to three or more level methods in a multigrid
fashion.
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