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MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS AND SHARP [P
ESTIMATES FOR SOME ELLIPTIC OPERATORS
THEOREMES DE PALEY-ZYGMUND MULTIDIMENSIONNELS ET
ESTIMEES L? OPTIMALES POUR QUELQUES OPERATEURS ELLIPTIQUES

by
Rafik Imekraz

Abstract. — The goal of the paper is twofold. Firstly we study sufficient conditions of convergence for random
series of eigenfunctions in L°°. The eigenfunctions are considered with respect to a reference elliptic operator
like the Laplace-Beltrami operator or a Schrédinger operator with growing potential on the Euclidean space.
That is a generalization of an old result due to Paley and Zygmund. Secondly, we obtain a few optimal LP
bounds of eigenfunctions including a generalization of the Bernstein inequality. We show that the previous two
themes are intimately linked.

Résumé. — Le but de cet article est double. Premiérement, nous étudions des conditions suffisantes de conver-
gence pour des séries aléatoires de fonctions propres dans L°°. Les fonctions propres sont considérées par rapport
a un opérateur elliptique de référence tel que 'opérateur de Laplace-Beltrami ou un opérateur de Schrédinger
avec un potentiel confinant de ’espace euclidien. Cela constitue une généralisation d’un vieux résultat de Paley
et Zygmund. Dans un deuxiéme temps, nous obtenons quelques estimées LP optimales de fonctions propres
incluant une généralisation de 'inégalité de Bernstein. Nous montrons que ces deux thémes sont intimement

liés.
Contents

1 Introduction .. ... 2
2. Paley-Zygmund theorems on Riemannian compact manifolds .......................... 6
3. An application to the cubic wave equation with random initial data .................. 10
4. Paley-Zygmund theorems for the superquadratic oscillator ................ .. ... .... 11
5. Three optimal L? — LP bounds and a Bernstein inequality ............................ 14
6. An abstract and multidimensional Paley-Zygmund theorem ....................... ... 17
7. Proof of Theorem 6.1 .. ... . e e e e 19
8. Proof of Theorem 2.1 .. ... e e 23
9. Littlewood-Paley theory for BMO(X) .. .ooiiuiii e 24
10. Proof of Theorem 2.2, part 1 ... ... ... e 31
11. Proof of Theorem 2.2, part 2 ... ... ...t e e 33
12. Proof of Theorem 2.3 .. ... .. e e 34
13. Proof of Theorem 4.1 ... ... e e e 34
14. Proof of Proposition 4.2 . ... ... . 35
15. Proof of Proposition 3.1 ... ... 37
16. Proof of Theorem 3.2 ... ... e e 38
17. Exponential decay of the spectral function .......... ... .. ... ... .. 40
18. Proof of (18) ..ttt e 45
19. Proof of Theorem 4.3 .. ... . e 45
20. Proof of Theorem 4.5 . . ... . 46
21. Proof of Theorem 4.6 . . ... ..o e 46

This project is supported by the ANR UNIRANDOM.



2 RAFIK IMEKRAZ

22. Proof of Proposition 5.1 .. ... ... 47
23. Proof of Proposition 5.2 .. ... .. . 48
A. Parametrix for the Weyl-Hérmander pseudo-differential calculus ...................... 49
B. An asymptotic development via the Helffer-Sjéstrand formula ............ ... ... .. .. 55
C. About L™ — L" estimates of pseudo-differential operators ............... ... . ... .... 58
D. Proof of Theorem 5.3 .. ... 61
E. About unitarily invariant random vectors . ............ ... 63
Reeferences . ... . 64

1. Introduction

This paper studies the closed relation between the following two themes

i) obtaining sufficient conditions for the almost sure convergence in L*° of random series of eigenfunctions
of some elliptic operators (the Laplace-Beltrami operator on a boundaryless compact Riemannian man-
ifold and similarly the quantum superquadratic oscillator —A + |z|?* on R?, with (a,d) € N* x N*).
Such results extend the classical Paley-Zygmund theorem (see below Theorem 1.1). Moreover, our
results are universal with respect to the randomization.

ii) obtaining sharp L? estimates, with p € [1,+00) U {+0o0}, of eigenfunctions of the above mentioned
elliptic operators (or more precisely functions that are spectrally localized). In particular, we will be
interesting in Bernstein inequalities involving gradients of eigenfunctions.

It will appear that several elements of the proof of one of those themes are used to study the other one.
As a by-product, we complete and simplify some results proven in [Tzv09, IRT16, dS14, BT14, BL13|
in a unified framework. Although our new results are essentially concerned with random series in L, we
also make a comparison with the LP theory (with finite p) and, maybe more striking, with the almost sure
convergence in one point (see Theorem 2.3, Theorem 4.1 and Theorem 4.5). Almost all proofs of our results
are technically possible thanks to our previous paper [Imel7].

About the LP estimates, we shall get new and optimal estimates dealing with —A + |2[?®. We thus
complete some results proved in [RT15, IRT16, KT05]. Those results are shortly resumed at the end of
this introduction but the interested reader may directly go to Section 5.

Let us begin by recalling the known literature. For any set I, we denote by (£,)ncr a sequence of
iid. Rademacher random variables, in other words P(e, = 1) = P(s, = —1) = 1. Denoting by T
the unidimensional torus, the classical Paley-Zygmund theorem for random Fourier series in L*°(T) is the
following (see [PZ, page 347] or [Zyg02, page 219)).

Theorem 1.1. — For any complex sequence (an)nez satisfying

1) 3> Y a0 (]) < oo,
neE”Z
[n|>2

the random Fourier series Y, epane™®
neZ

almost surely converges in the Banach space L°(T).

The assumption (1) is fulfilled if the function >~ a,e"® belongs to H:(T) for some small s > 0. Hence, the
nez
Paley-Zygmund theorem ensures that a function belongs, in probability, in L°°(T) with a weaker condition

than the one given by the Sobolev embedding H*(T) C L>°(T) (that needs the inequality s > ).

In modern probability theory, a natural question is the universality of such a phenomenon. Let us
recall that an asymptotic probability result involving a sequence of independent random variables is called
universal if its conclusion remains unchanged whenever each of the random variables is replaced with another
one (with some necessary but quite general normalizations). See for instance [Taol2, TV10, APP17] for
several modern examples. In our context, one may reformulate this problem as follows : “is it possible to
replace the Rademacher law of the random variables ¢, in > €,,a,,€"® with other laws ?”. This question was
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completely solved by Marcus and Pisier (see [MP81] or [LQO04, page 527, théoremes I11.5 et II1.6]). Their
result claims that for any sequence of independent centered real random variables (X, )nez satisfying

(2) 0 < inf E[|X,|] and supE[X,[|*] < +oc.
nez neZ

the following equivalence holds true
(3) z:gnaneimc a.s. converges in L°(T) & ZXnaneim a.s. converges in L°(T).

We stress that the previous equivalence holds true even if the random variables X,, have not the same law !
The implication < is quite classical in the theory of Banach spaces (see [JMT75, Corollary 5.2] or [IRT16,
Theorem 5.2]). Let us now give a deep reason that convinces the reader that the weak conditions (2) and
the converse implication = in (3) are remarkable. Let us denote by g, a sequence of i.i.d. N¢(0,1) Gaus-
sian random variables. The Maurey-Pisier theorem [MP76, corollaire 1.3] states that there is a geometric
property, called the finite cotype, that characterizes the Banach spaces B for which the following equivalence
holds true for any sequence (fy,)nen of B

(4) Z Enfn a.s. convergesin B & Zgnfn a.s. converges in B.

It is not necessary to give a precise definition of the cotype since we will not need it. For our purpose, we only
need to know that L9(T%) has finite cotype if and only if ¢ is finite. Hence, L>(T4) is not expected to satisfy
(4). The equivalence (3) however implies, if X,, are Gaussian, that (4) remains true for the trigonometric
functions in B = L>(T). Such a fact is astonished because L>(T¢) is the typical Banach space that has not
finite cotype. The key of this observation is that the last sentence merely means that there is a sequence
(fa)nen in B = L*(T) for which (4) is false. In other words, the trigonometric functions e* have somehow
a special behavior in the Banach space L°(T). The following implications summarize the previous results

ananeim € LY(T) as. (3) ZX ane™ € LE(T) as.
neZ nez
(PZ) (UPZ)
dy>1 |an|2ln ) < 400
nEZ
In|>2

Our main sequence of results extend the wuniversal Paley-Zygmund implication (UPZ), with a moment
condition sup E[|X,,|?] < 400, if the trigonometric functions on T? are replaced with eigenfunctions in the
following two multidimensional settings :

e for the Laplace-Beltrami operator A on a compact Riemannian manifold X without boundary,
e for superquadratic oscillators —A + |2|2® on R, with (o, d) € N* x N*.

We briefly recall that, for the first setting, the Laplace-Beltrami operator A acts from the space C*(X) to
itself (see [BGMT71] or the introduction of [Tzv09]) and there is a natural measure on X (the Riemannian
volume) that is invariant under isometries of X and allows to consider the Banach spaces LP(X) for any
p € [1,+00) U {oc}. Moreover, there is a Hilbert basis (¢, )nen of L?(X) that diagonalizes A :

Ag, = -\, M=0<) A <A< = Fo0.

Although the sequence (¢, )neny may not be unique (if there are multiple eigenvalues), the sequence of
eigenvalues (A, )nen of V—A is completely determined by the Riemannian structure of X. In the specific
case X = T, one recovers \, = k associated to the eigenfunctions z — e*?®. It is thus natural to try to
extend Theorem 1.1 for random linear combinations of eigenfunctions and thus to improve the usual Sobolev
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embeddings. Such results appear in [Tzv09]. More precisely, [Tzv09, Corollary 6] states the following : for
any complex sequence (¢, )nen satisfying

(5) Iy>1 D e AT I (A,) < +oo,
n>1

the random series > &,,¢, ¢, converges almost surely in the Banach space L*°(X). Moreover, if one looks at
the universality given by the proof of [Tzv09, Theorem 5], one sees that one may replace the Rademacher
random variables €,, with any nonzero sequence of i.i.d. subgaussian random variables (we recall that a
centered random variable Y is subgaussian if it satisfies the large deviations estimate P([Y| > t) < e~ C% as
t — 400, another equivalent definition is the bound E[|Y|P]'/? < \/p as p — +oc). Furthermore, the way
of randomization in [Tzv09] highly depends on the sequence of the chosen Hilbert basis (¢, ), (that is not

unique). Intrinsic ways of randomization have been studied in the following two settings :

i) the paper [BL13] makes use of a randomization around the unit balls of a sequence of subspaces of
L?(X) (with increasing dimensions) if X is a sphere or more generally a Riemannian compact manifold.
The proofs however involve subgaussian random variables (or more generally random variables that
satisfy Gaussian deviation estimates, see [BL13, Appendice C.1]).

ii) in [IRT16, PRT15, PRT14], another intrinsic randomization is used by selecting again a sequence
of subspaces of L?(R?) (with increasing dimensions). The models studied were the quantum harmonic
oscillator —A + |z|? on R¢ or more generally —A + |z|?* on R? in [RT15]. Unfortunately, the proofs
needed a technical condition called a squeezing condition and specific distributional spaces (denoted
by Z;(Rd)). We refer to [IRT16, lines (1.5) and (1.9) and part 1.1.2] or [RT15, lines (1.8) and
(1.9)]). It is not necessary to recall the precise above definitions but the reason why such technicalities
were useful is the following : they forced unidimensional random series of eigenfunctions to behave
as if they were multidimensional. Hence, estimates of eigenfunctions are replaced with estimates of
spectral functions. Again, as in [BL13], the L>(R?) results involve probability measures that satisfy
the Gaussian concentration of measure property (see [RT15]).

In the both previous frameworks, the independent random variables have finite moments of all order and
it is not clear if one can reach a universal moment condition of order two as explained above. The paper
[Imel7] introduced other random series (involving random matrices without any squeezing conditions) we
think are the most fitting for multidimensional settings (see below (7)). The idea was to take advantage of
the multidimensional Kahane-Khintchine inequalities (proven by Marcus and Pisier in [MP81], see (27)).
Such inequalities allow to overcome the use of large deviations estimates or the famous phenomenon of
concentration of the measure (that both need subgaussian random variables). All results in [Imel7] were
concerned by the Banach space LP with finite p. The present work aims to study the L°° case with those
new random series. It is now worthwhile to recall why the L° case is much difficult than LP with finite
p. The Maurey theorem states that for any p € [1,+00), any N € N* and any (fi,..., fn) € LP(R)V, the
following holds true

E

N N
Zgnfn Z | fnl?
n=1 n=1

The previous equivalence obviously transfers the study of unidimensional random series (at least with
Rademacher laws) to a deterministic question. The multidimensional case is done in [Imel7] and is sum-
marized in Theorem 12.1. To our knowledge, such a result does not exist for p = +oo.

The plan of the paper is the following :

e In Section 2, we define more precisely the way of randomization we use and we state three multidi-
mensional Paley-Zygmund results on Riemannian compact manifolds without boundary. In particular, we
will see the role of the BMO space on compact manifolds (thus extending known results on the torus, see
[Sle81]) and a somehow strange property of spatial universality (see (11)). Those results are proved in
sections 8, 9,10, 11 and 12.

e In Section 3, we motivate our new random series (seen as random initial data) by giving a modest
application to the cubic wave equation 92w — Aw + w® = 0 on a three-dimensional compact manifold.
The proof was initially discovered by Burq and Tzvetkov for the torus T3 in [BT14] and modified by de
Suzzonni for the three-dimensional sphere S? in [dS14]). We explain in Section 15 and 16 how our version

Lr(R) Lp(R)
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of the Paley-Zygmund theorem allows to modify this proof to reach any boundaryless compact manifold
(without any geometric restriction). Our approach avoids to search specific eigenbasis (by comparison with
[BT14, dS14]) but has to be connected with the study of the critical semi-linear wave equation in [BL13].

e In Section 4, we state Paley-Zygmund theorems for —A + |2|2* on R¢ and explain the differences with
Section 2. Those results are proved in sections 13, 14, 18, 19, 20 and 21.

e In Section 5, we state several sharp LP bounds for the superquadratic oscillators —A + |2[?®. Those
bounds complete those of [RT15, KT05, IRT16]. At first sight, such bounds have a marginal relevance
with our study of random linear combinations. But the connection is the following : the optimality of
such bounds will be a consequence of a specific use of the multidimensional Kahane-Khintchine inequalities.
In the other side, our Paley-Zygmund theorems need L? — L bounds and a weak Bernstein inequality
L> — VL>. We shall also prove a Bernstein inequality, see below (24), in a stronger form that has it own
interest. For instance, the strong Bernstein inequality will allow for an enlightenment of the same turning
point d%dl appearing in several models peaking at a point (without any computation involving orthogonal
polynomials). The proofs are developed in sections 22, 23. Among those inequalities, the strong Bernstein
inequality is the most intricate but follows a more or less classical way. For that reason, we have decided to
postpone the proof in Appendix D. The main steps of the proof are :

— a parametrix for the Weyl-Hormander pseudo-differential calculus (see Appendix A),
— an asymptotic development via the Helffer-Sjostrand formula (see Appendix B),
— several L™ — L" homogeneous estimates of pseudo-differential operators (see Appendix C).

e In sections 6 and 7, we state and prove an abstract, universal and multidimensional Paley-Zygmund
theorem, that is Theorem 6.1, that will be used for compact manifolds and for —A + |z|>*.

e In Section 17, we show an exponential decaying property of the spectral function of —A + |x|?*. Such a
proprety plays a role in the proof of the Paley-Zygmund theorems and for every L2 — LP bounds of Section
5.

e Finally, Appendix E contains a simple lemma about unitarily invariant random vectors.

From now, (X,,)nen will everywhere denote a sequence of independent random variables on a probability
space {2 endowed with a probability measure P. For a given sequence of positive integers (d,)nen, we denote
by (En)nen a sequence of random matrices such that the law of &, : Q — Uy, (C) is the normalized Haar
measure of the unitary group Uy, (C). Finally, all the variables and random matrices that appear in a same
statement will be assumed to be mutually independent and defined on the same probability space 2 (it will
be however useful to replace 2 with Q2 in some proofs).

2. Paley-Zygmund theorems on Riemannian compact manifolds

In this section X is a boundaryless Riemannian compact manifold of dimension d, and we denote by A
its negative Laplace-Beltrami operator. Without any precision, the Hilbert space L?(X) is considered with
respect to the Riemannian measure of X. For any function g € L?(X) we define its spectrum sp(g) by

sp(g) == {\ €[0,+00), T L*(X) / gpdr #0 and A¢ = —\¢}.
b'e
For any x > 0 and n € N we also define the subspace

(6) E, :={ge€ L*(X), splg) C [kn,rn+k)}.

The subspaces E,, are orthogonal. It is well known that if x is large enough then d,, := dim(F,,) is positive
and behaves like =1 as n — 400 (this is a consequence of the Weyl law with remainder, see below Lemma
8.1). We thus may consider a Hilbert basis (¢n1,. .., ¢n,q,) of E, where d,, ~ nd-1.

Now consider a sequence (fy,)nen with f,, € E,, and assume that f = > f, is a distribution on X (which
neN
practically means that the sequence (|| fy|[12(x))n>0 has a polynomial growth). We choose to randomize the

distribution f by considering the random series
dn dn

(7) Yo Xal@)fy o owith S =30 Enig (@) (fas Gng) b

neN i=1 j=1



6 RAFIK IMEKRAZ

In [Imel7, Théoréme 1.8], more general random matrices than X,,&, are studied in LP(X), with finite p.

But we believe that the notation > X, (w)f¥ is much explicit and simple. We stress that the random part
neN
f¢ is much relevant than X, (w) (and we may even choose X,, = 1 in our paper). Also note that the law of

w > fi merely depends on || fu|l2(x)-

Before stating any result, let us point out that Gaussian measures on E, are often studied, in other
contexts, because explicit computations are possible (see for instance [Anal6, Zel09]). It turns out that
Gaussian measures are indeed particular cases of (7). To see this point, consider a sequence (gn, k)1<k<d, Of
i.id. Ng(0,1) Gaussian random variables that are mutually independent with the random matrix &,. The
main property of the random vector (g 1,...,0n,q,) is its unitary invariance. Standard computations or
more generally Lemma E.1 allow to check the following law equivalence :

dy
S 00k @nk ~ 191 @2 + -+ g a, (@) 2(601)
k=1

Let us now state our generalization of Theorem 1.1 on L>(X).

Theorem 2.1. — Assume that the random variables (X,,) satisfy sup E[|X,,|?] < +o00. Consider a sequence
neN
(fn)nen satisfying fn € E,, for anyn € N and
(8) P> Dl () < +oo.
n>2

Then, for almost every w € Q, the random series >, Xp(w)fY converges in L™= (X)

The previous result improves [Tzv09, Corollary 6] in two ways : firstly, one has a probabilistic universality,
in particular we do not need to force any assumption of large deviation estimates on each random variable
Xp. Secondly, the assumption (8) is much less demanding (see (5)). Let us add that our proof is spectral
whereas the proof of Tzvetkov is spatial.

Just after stating [Tzv09, Corollary 6], Tzvetkov asked if the condition v > 1, that appears in (8), is
sharp in a Paley-Zygmund theorem on a Riemannian compact manifold of dimension d > 2 (e.g. a sphere).
For X =T, the answer is positive and comes from the existence of Sidon sets [PZ, page 350]. Unfortunately,
the author is not aware of such a notion on a general compact Riemannian manifold. For v < 1, we shall
overcome this difficulty by using the fact that the dimensions d,, = dim(E,,) tend to +o0o (a property that is
specific to the case d > 2). Our result needs to introduce the space of functions of bounded mean oscillation
on the boundaryless compact manifold X. The original BM O space had been introduced for the Euclidean
space in [JN61] and, though slightly larger than L°°, is usually considered as a good substitute. A function
f € LY(X) belongs to BMO(X) if and only if the following semi-norm (vanishing for constants) is finite

1
9 f = w15 - fpoldy
(9) | ”BMO(X) O<e<ro(X) Vol(B(z, ) B(z,s)‘ (y) B(x,s)|
zeX

where 79(X) is a positive number called the injectivity radius of X and fp(, . is the average of f on
the geodesic ball B(xz,e) (that definition is studied in [BN95]). It turns out that BMO(X) allows for a
satisfactory enlightenment of the almost sharpness of Theorem 2.1.

Theorem 2.2. — Assume that the random variables (X, )nen satisfy sup E[|X,|?] < +oo and consider a
neN
sequence (fn)nen, with f, € By for any n € N, satisfying
2
(10) D I allzz(xy () < +oo.
n>2

Then, for almost every w € Q, the random series > X, (w)f¥ converges in BMO(X).
Conversely, in the case dim(X) > 2, there is a sequence (f,) satisfying

Vyel01) D Ifalzacn 07 (n) < +oo
n>2

and such that the random series Y f* almost surely diverges in BMO(X) (and also in L*°(X) because of
the trivial inequality ||| garox) < 2 Il g (x))-
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The first sentence of Theorem 2.2 is known on the torus X = T for analytic versions of BMO(T) (see
[Sle81]). Roughly speaking, Theorem 2.2 shows that v = 1 is the limit logarithmic exponent for the almost
sure convergence in BMO(X) or L*®(X). Our proof needs to understand the Littlewood-Paley theory of
BMO(X). This is done by adapting a strategy used by Burg-Gérard-Tzvetkov in [BGT04] that transfers
a Littlewood-Paley theory on the Euclidean space to a boundaryless compact manifold.

As explained in the introduction, the L>° case and the LP case, with finite p, have a completely different
approach. It is therefore interesting to compare Theorem 2.1 and the following optimal result.

Theorem 2.3. — Let us consider

e a sequence (fn)nen, with f, € B, for each n € N,
e a sequence of random variables (X, )nen satisfying for some p € [1,400) the following conditions

0 < inf E[|X,]] and sup E[| X, ["#(2P)] < 400,
neN neN

e a Borel probability measure v on X.
Then the following assertions are equivalent :

i) the series Y. ||fn||iz(x) is convergent, namely Y. f, belongs to L*(X),
neN
ii) the random series >, X, (w)fY almost surely converges in LP(X,v),

iii) there is x € X such that, the random series Y X, (w)f¥(x) almost surely converges in C.
One may also add the following (apparently stronger) statement

iv) for every x € X, for almost every w € Q, the random series Y X, (w) f¥(x) converges in C.

Let us make a few remarks about Theorem 2.3 :

e Assuming p belonging to [2,400), v being the normalized Riemannian volume of X and the random
variables X, satisfying uniform large deviations estimates, the author considers that the implication i) =
ii) essentially appears in [BL13] in a different form.

e Whereas we were primarily interested in the universality with respect to the random variables X,,, we see
that Point 4i) of Theorem 2.3 also shows a spatial universality : for any two Borel probability measures
v, and vy with disjoint supports on X, the following equivalence holds true :

(11) ZXn(w)f;f a.s. converges in L*(X,v,) & ZXn(w)ffj a.s. converges in L*(X,1s).

That fact is not surprising if v, is an isometric pushforward of v; but seems to be new if v; and vy are
singular and if X is a general Riemannian compact manifold.

e We stress that the condition #44) is very weak because the (almost sure) convergence holds true on one
point x € X (one can see it as Point ) with a Dirac measure v = ¢,). Note now that a simple use of the
Fubini-Tonelli theorem on the product space X x Q shows that iv) and iii) are equivalent to

“for almost every w € Q, for almost every x € X, the random series Y X, (w)f¥(x) converges in C”.

Hence, Theorem 2.3 seems to be a satisfactory generalization of the setting of random Fourier series
[Kah68, page 46] to the Riemannian setting. Similarly to Theorem 2.2, Theorem 2.3 also motivates the
study of the random series looking like Y X, (w)f¥.

e The proof of Theorem 2.3 will be a short consequence of a sharp bound of Hormander of the spectral
function (see Section 12) and a result previously obtained in [Imel7] (namely Theorem 12.1 whose proof
relies on the Kahane-Khintchine-Marcus-Pisier inequalities).

As explained in the beginning of the introduction, a Paley-Zygmund theorem should be considered as a
probabilistic improvement of a Sobolev embedding. Remember that a spectral definition of H*(X), for any
s € R, is given by

s 2 s
(12) (fn) € I] Bn DS HN(X) & Y alliann® < +oo.
neN neN n>1
Note that (8) and (10) are satisfied if »_ f, merely belongs to H?(X) for some s > 0. Hence, Theorem
neN

2.1 and Theorem 2.2 allows a probabilistic gain of almost % derivatives by comparison with the Sobolev
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embeddings
H*(X) C L*>(X), Vs > 4,
HY¥?(X) c BMO(X) (see [BN95, page 210]).

3. An application to the cubic wave equation with random initial data

In the series of papers [BT08, BT08, BT14], Burq and Tzvetkov introduced new ideas to solve nonlinear
wave equations with rough initial data (namely that belong to H*(X), see (12), for small values of s). They
cleverly use the probabilistic gain of integrability to solve equations that are deterministically ill-posed. We
go on as in the last section. The cubic wave equation

(02 —Aw+v3=0, (t,z)ERxX.

is 1-critical in dimension 3 so it is interesting to construct solutions in H*(X) x H*~1(X) for s € (0, 3) (see
the introductions of [BT14, dB14]). The previous equation was studied for the three-dimensional torus
X =T?3 in [BT14] and for the three-dimensional sphere X = S? in [dS14]. The previous two cases use that
the Laplace-Beltrami opertators on T? and on S* admit a Hilbert basis of eigenfunctions that are uniformly
bounded on any LP(X) space (for 2 < p < 4o0). That fact is true on T¢ thanks to the trigonometric
functions but is not obvious at all on S? (see a probabilistic proof in [BL13, dS14]). To the knowledge of
the author, such a property is not known to be true on any compact manifold X. We shall overcome this
issue thanks to a quantitative version of our Paley-Zygmund result (Theorem 6.1) that holds true without
any geometric assumption on X. Although our approach is different from [BL13], we use a “spectral trick”
(Lemma 8.1) that we learn from the latter paper. The first thing to do is to define the random initial data.
For any n € N, we consider &, : @ — Uy, (C) and &, : @ — Uy, (C) two random matrices whose laws are the
normalized Haar measures. We also consider two sequences of complex random variables (X,,) and (X],).
As above, all the considered random variables and matrices are assumed to be mutually independent. For

any s € R, any (vo,v1) € H*(X) x H*7}(X) we first decompose vg = Y. vg,, and v1 = > vy, following
neN neN
the Hilbert sum L?(X) = @F,, and we then define the following two initial data

(13) Yw € Q ’USJ : Z Xn Zzgnz] 'UO7¢n,_] ¢n i ZX ’UO,na

neN 1=1j5=1 neN
w _ 1 /
U1 - ZXn(w) ZZ nz,j 'U17¢n,] ¢nz ZX
neN i=1 j=1 neN

We claim that v and v{ almost surely admit the same regularity than vy and v;.

Proposition 3.1. — We keep the above notations and assume
(14) 0 < inf E[|X,|] and supE[X,|?] < +oc.
neN neN

then the following two assertions are equivalent :
i) v belongs to H*(X),
1) for almost every w € 2, the random series defining vg converges in H*(X).

We now can use the analysis of [BT14] (more precisely Theorem 16.1) to get the following result.

Theorem 3.2. — Assume dim(X) = 3. Consider consider a real number s € (0,3) and two sequences of
independent random variables X,, and X|, such that

(15) 0< inf B[[X,]], 0< infE[X.], supE [|Xn\3 + \X,’f] < too.
neN neN neN

For any (vg,v1) € H*(X) x H*"Y(X), for almost every w € Q, the random function (v§,vy) belongs to
H*(X) x H*"Y(X) and the cubic wave equation

(8,52 —Aw+v3 =0, v(0,-) = vy, 0(0,-) = vy,
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admits a unique global solution v that satisfies

u(t) — cos(tv/—A )l — Smftﬁ V;A)v‘f € CO(R, H (X)) NCL(R, L2(X)).

Proposition 3.1 has to be compared with [BT08, Lemma B.1] that uses the apparently weaker assumption
(16) 3C >0 in&P(|Xn\ >C)>0.
ne

But we believe that (14) is more natural in the framework of random series (see [MP81] or [LQO04, Théoréme

II1.4, page 125]). Let us explain why there is essentially no mathematical loss to assume (14) or (16) for

our purpose. Note indeed that the assumption sup E[|X,|?] < +oco is always satisfied (for instance implied
eN

by (15) in our paper or by [BT08, line (1.4)]). Then the Paley-Zygmund inequality (see [Kah68, Page 8])
easily shows the following equivalence :
0 < inf E[|X,|] and supE[X,|?]< 400 <« (16) and supE[X,|?] < +oo.
neN neN neN
Our proof of Proposition 3.1 is however different of that of [BT08] since we do not use the same random
series for initial data.

4. Paley-Zygmund theorems for the superquadratic oscillator

Before entering into details, we present two results that give a real contrast with the setting of compact
manifolds. In the latter setting, the almost sure convergence in one point is equivalent to the probabilistic
LP convergence for any finite p (see Theorem 2.3), and also to the deterministic L? convergence. The next
two results show that the lack of compactness of R? forbids a similar property for the harmonic oscillator
—A + |z|2. We moreover emphasize the need to avoid # = 0 in the next statement.

Theorem 4.1. — Assume d > 2 and denote by E,, the eigenspace of —A + |z|? in L%(R?) associated to the
eigenvalue d + 2n. Now consider

® a sequence (fn)neN; with fn S En;
e a real number p € [1,400) and a sequence of random variables (X, )nen satisfying

0 < inf E[|X,]] and sup E[| X,,[m#2P)] < 400,
neN neN

e a Borel probability measure v on R¥\{0}.

Then the following assertions are equivalent

i) the series ) ||fn||iz(R4) n=% converges (which means that Y f, belongs to H;%(Rd), see below (20))
neN

ii) for almost every w € Q, the random series > X, (w)f% (as in (7)) converges in LP(R%, v),

iii) there is x € RI\{0} such that, for almost every w € Q, the random series > X, (w)f*(z) is convergent
in C.
As above, we may add the (apparently stronger) assertion :

iv) for every x € R, for almost every w € Q, the random series Y, X, (w)f(x) converges in C.

Proposition 4.2. — There exists a sequence of functions (fn)nen, with f, € E, for any n € N, and that
satisfies i),ii),iii),iv) but the random series Y f¥ almost surely diverges in LP(R?) for any p € [1,+00).

Let us give a few comments about Theorem 4.1 :

e The complete solution of the almost sure convergence in LP(R?), for finite p, is given in [Ime17, Théoréme
1.4]. But the latter result is useless to prove Proposition 4.2 because we need to deal with an uncountable
set of p. We shall overcome this issue in Section 14 by introducing a simple Banach space that embeds in
any LP(R?) for any p € [1,+00).

e Remembering that any function in Es,; is odd, we obviously have f5 ,;(0) = 0. That fact explains why
we cannot choose x = 0 in %)
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We now present similar results for the operators —A + |2|>* on L?(RY) where d > 2 and a > 1 are
two integers (such operators are sometimes referred as quantum superquadratic oscillators [YZ01, YZ04,
RZ08]). Due to the fact that the spectral analysis of such operators is not explicit, our results are slightly
weaker than those of the case & = 1 and we merely concentrate our efforts in obtaining sufficient conditions
of almost sure convergence. From now, we denote by V5, a positive 2a-homogeneous polynomial, where
“positive” means that Va, is positive on R¥\{0}. We recall that L?(R%) admits a Hilbert basis (¢;);>0
made of eigenfunctions of —A + V5, and let (););>0 be the associated sequence of eigenvalues which is non-
decreasing, positive and tends to +oo. Thanks to the paper [HR82], it is well understood that —A + V3,
should not be considered as a differential operator of order 2 but as a pseudo-differential operator of order
(f—fl. For o = 1, this consideration means that the quantum harmonic oscillator —A + |z|? should be seen as
an operator of order 1 ! Such unintuitive sentences will be clarified thanks to the Weyl-Hérmander symbolic
calculus (see the computation (86) of the A-function associated to a natural metric for —A+V5,). Therefore,
a good choice of clusters for —A + V5, is given by the sequence of intervals

(17) I, = (mnﬁiﬁl,m(n + 1)%]

and Iy := [0, k] for some fixed constant x > 0. This is perfectly coherent with the harmonic oscillator
—A + |z|*> whose spectrum is d + 2N. We then introduce

VneN  E,=SfeL’RY), f= Y (f.e)¢
X el

We clearly have the Hilbert decomposition L?(R?) = @ E,,. As above, it will be more convenient to denote
neN
by (¢n1,--.,Pn,q,) a Hilbert basis of E,, with d,, := dim(E,). By comparison with the two settings of

Riemannian compact manifolds and the harmonic oscillator, the following gives another reason to consider
the clusters I,, :

1
(18) Ve>1 3C>1 VYn>1 6nd—l < dim(E,) < Cnd 1.

The proof of (18) is detailed in Section 18 as a consequence of a Weyl formula with remainder obtained by
Helffer-Robert [HR82, Théoréme 6-4, page 840].

As for the setting of compact manifolds, we aim to study random series of functions of E,. The case « = 1,
namely random linear combinations of Hermite functions, has been already studied in [IRT16, Theorem 2.6]
but the proofs involve squeezing conditions, specific distributional spaces and subgaussian random variables.
The case o > 2 does not appear in the known literature. We can now state a Paley-Zygmund theorem for
—A + V5, without any squeezing condition or specific distributional spaces (and we thus improve [IRT16,
Theorem 2.6] for o = 1). Moreover, the following statement merely needs a moment condition of order 2.

Theorem 4.3. — Assume d > 2 and consider a sequence (fn)nen, with fn, € E, for each n € N. We

moreover assume that the supremum sup E[| X, |?] is finite and that the following holds true
neN

(19) H>1 Y alfae n” T (1) < oo

n>2
Then, for almost every w € Q, the random series Y. X, (w)f% converges in L>(RY) (where f* is defined as

As a direct consequence, we obtain the following “Paley-Zygmund” phenomenon that does not occur for
compact manifolds (see the second assertion of Theorem 2.2).

Corollary 4.4. — Assume d > 2 and consider a function Y. f. belonging to L*(RY) with f, € E, for
neN

each n € N. Then the random series > f* almost surely converges in LP(RY) for any p € [2, +00) U {+00}.

PrOOF. With probability 1, the series >~ f* converges in L?(R?) because the functions f* are orthogonal and
falfill | £l 2 (gay = | fnllp2(gay- The convergence in L> (R9) comes from (19). We conclude by interpolation.
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Although Theorem 2.1 looks like Theorem 4.3, the proof of the latter is much difficult because R? is not
compact. We shall overcome this issue by proving a precise decaying property (see Proposition 17.1) of the
associated spectral function. As for compact manifolds, it is worth comparing with the LP theory, for finite
p. By using estimates proven in the papers [Imel7, RT15] (see details in sections 20 and 21), one may
prove the next two results. Remark that one almost recovers (19) as p tends to +oo in Theorem 4.6.

Theorem 4.5. — Assume d > 2 and consider a sequence (fn)nen, with fn, € E, for each n € N. We
MOTEOVET ASSUME

dp € [2,4+00) supE[|X,[P] < oo and Z ||fn||2Lz(Rd) n~a < 400,
neN n>1
then

i) for every Borel probability measure v on R, the random series > X,,(w)f¥ almost surely converges in
LP(R?, v),
ii) the random series Y X, (w)f¥ almost surely converges in L} (R%),
iii) for every x € R, the random series > X, (w)f%(x) almost surely converges in C,

i) the random series Y X, (w)f¥(x) almost surely converges in C for almost every v € R%.

Theorem 4.6. — Assume d > 2 and consider a sequence (fn)nen, with fn, € E, for each n € N. We
MOTEOVET assume

Ip € [2,+00) supE[X, ) <400 and Y || fall e n 7T < foo.
n€N n>1

Then the random series Y X, (w)f¢ almost surely converges in LP(R?).

Let us now make a comparison with deterministic results. We need to recall the Sobolev spaces associated
to —A + Vo, : for any s € N one defines the subspace H3(R?) of the functions f € L2?(R?) satisfying
(—A + Vao)¥? f € L?(R?). From [YZO04, Lemma 2.4 with p = 2]), we have

pocmay = Wiy + \/ [ lales )

The definition of the clusters (17) leads to the equivalent spectral definition
FEHIRY) & Y ne

n>1

(20) =2+ vau)/2]

f"||i2(Rd) < +OO

Forgetting the logarithmic term in (19), Theorem 4.3 roughly means that if f belongs to Ho’i'i‘f (R9) then
the randomized series > X, (w)f¥ associated to f almost surely belongs to L>(R?%). This “probabilistic
Sobolev embedding” should be compared to the inclusion H3 (R%) c H*(R?) C L>(R?) that holds true for
any s > %. In other words, the probability theory allows a gain of almost % (1 + i) derivatives. A similar
discussion is possible for Theorem 4.5 and Theorem 4.6.

5. Three optimal L2 — L? bounds and a Bernstein inequality

We keep the notations of the last part. Our first result proves the sharpness of L?> — L* bounds of
Robert-Thomann [RT15, Proposition 2.4, 6 = 1, § = 0, r = oo] and Koch-Tataru [KT05, Corollary 3.2,
p = oo] for the harmonic oscillator.

Proposition 5.1. — Let us assume d > 2 and fix k > 1 large enough (in the sense of (18)), then the
following estimate holds true

(21) Vn s> 1 Il ey 3

fEE, Hf”L?(]Rd) 7
J#0

where E,, is the subspace of functions of L*(R?) that are spectrally localized in (mn%,/ﬁ(n + 1)&27&] with
respect to —A + Vo,
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It is interesting to note that Proposition 5.1 interpolates the optimal results for the harmonic oscillator
a = 1 and for Riemannian compact manifolds o = 4+o00. Although Proposition 5.1 has its own interest, its
optimality and the equivalence d,, ~ n%~! show that our abstract Paley-Zygmund result (see below Corollary
6.2) cannot provide a better assumption in (19).

Our contribution in Proposition 5.1 is the lower bound in (21). The upper bound is proved in [RT15].
It turns out that Robert and Thomann also proved lower bounds but for larger spectral windows. Let us

explain this point. Let h be the usual semiclassical parameter that tends to 0% and set [, %} a spectral

window associated to (—A + Vaa) s and we assume for some 4 € (0, 1]

lim a; < lim by, and by, —an 2 h.
h—0+ h—0t+

Lemma 3.7 of [RT15] proves an optimal two-side estimate of the L” norm of the spectral function of

(—A + Vga)% on [&, %] but the lower bound needs the assumption § < % For our purpose, one has

(g, b = (k% n, k% (n+ 1)] with h = Loay = ke and by, = k% (1 + h). Therefore, we are in the case
d = 1 which is not covered by [RT15]. We overcome this pseudo-differential issue by proving a decaying
property of the so-called spectral function of —A + V5, (see Proposition 17.1 for a precise statement).

Let us present another application of this decaying property combined with a probabilistic argument. It is
known that large deviations estimates or the concentration measure phenomenon both allow to obtain sharp
LP estimates (see [BL13, PRT15]) but the case p € [1,2] is not studied and we give here an alternative

point of view based on the multidimensional Kahane-Khintchine inequalities.

Proposition 5.2. — Assume d > 2 and also fit & > 1 large enough (in the sense of (18)), then the
following estimates hold true

i

- )

(22) Vp € [2,+00) Vno>>1 inf
I€E 1l 2 mey

171l Lo (ray o (51)

(23) Vpell,2]  Vn>1
fEER Hf”L?(Rd)
f#0

where E,, is the subspace of functions of L?(R?) that are spectrally localized in (mn%,li(n + 1)&275:1] with
respect to —A + Vo, .

Our final result is a Bernstein inequality that we will use (at least in a weaker form) to prove our L™
Paley-Zygmund theorem for —A + V5, (Theorem 4.3).

Theorem 5.3. — For any dimension d > 1, there is C > 0 (that depends on d and Vs, ) such that for any
real number p > 1 and any function f € L?(R?) that is spectrally localized in [0, p] with respect to —A + Vaq
(in particular f is smooth), the following Bernstein inequality holds true

(24) vre[l,+oo)U{+oo} [IVSfllLr ey < CVpllf]

L7 (R4) *

To the knowledge of the author, the paper [FM10] gives a general strategy, via gradient estimates of heat
kernels, to prove Bernstein inequalities like (24). Although there is a wide literature on heat kernels and
their gradient estimates, we have not find suitable bounds for —A + |z|>**. Our proof of Theorem 5.3 is of
pseudo-differential nature and is explained in several appendices.

We stress that the proofs of Proposition 5.1 and Proposition 5.2 do not give any explicit example of f € E,
that optimizes the considered bounds. Let us now recall that a concentration phenomenon of eigenfunctions
is usually expected to have an impact on the L? estimates. For instance, the lower bound (22) will come from
the exponential decay outside a ball B(0, —7&55y) (see Section 22). Let us explain another concentration
phenomenon that is known for explicit examples but is enlightened by the Bernstein inequality. Consider a
sequence of functions f,, € E, that optimize the L? — L bounds (21). For any sequence (z,,),>0 of R?,
one may use (24) with r = 400 to get

Ve € R [ fu(@)| + |2 - xn|n%+1 ||fn||Loo(Rd) 2 [fn(@n)l.
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Now choose z,, € R? satisfying | fn(z,)| > 3 [l oo (ay- Hence, the function f, must concentrate in a small
ball centered in xz,, :

o 1( ad _
o =2 ST = 2@ 2 fall gy 202 Dl o ey -

Such a concentration around a point implies the following bound from below
22 [ fall gy 2 0t G055 ) foll gy = 05T G078 | ]y
By comparison with (22), the last bound is of interest only if
do (1_1>_1>_d (1_1)
a+1\2 »p 2 a+1\2 »p)’
2d

that is p > 2% . In other words, the exponent p := 24 is the smallest exponent above which the peaking
d—1 d—1

concentration is relevant for the LP bounds. This interpretation is well-known in the following settings :

e The sphere S% can be seen as a limit model corresponding to the case o = +00. Let (Zn)n>1 be a sequence
of zonal harmonics with [|Z,[[;2(ge) = 1 and write AZ,, = —p,Z,, with p, = n(n+d — 1). The following
estimates are known (see for instance [Imel?7, line (6)]) :

1<p<Zh = NZullreey = 17(171 )

dQle <psoco = HZnHLp(gd) ~ on?ob.
It is moreover known that each Z,, concentrates on a ball B(gp, \/%) for some ¢ > 0 and where g is a pole
of S¢. It also optimizes the L? — L* bound (21), the L? — LP bounds (22) and (23) for p € [1, 24).

Note that a more reasonable limit model would be the unit ball of R¢ with Dirichlet boundary conditions
but similar observations are true (see [AT08, Lemma 2.5]).

e For the harmonic oscillator —A + |z|? on L?(R%), it has been recently remarked in [IRT16, Proposition
2.4] that the optimal L? — L° bounds (21) are reached for the radial eigenfunctions we denote by 1,,. We
still write (—A + |2|2)n = ppibn With p, = 4n + d. Similarly, it turns out that 1, concentrates on a ball

B(0, =) C R¢. Combined with [IRT16, Proposition 2.4, Point iii)], it also appears that the functions

b, have optimal L? — LP bounds (22) for p € [2, %).

An intriguing remark is that the same turning point d%dl appears in those limit models whereas it is usually
computed with intricate properties of Jacobi polynomials, Bessel functions or Laguerre polynomials. Al-
though the boundary case needs further investigations, the Bernstein inequality shows that this is not an
accident for the boundaryless case.

6. An abstract and multidimensional Paley-Zygmund theorem

Here we want to state an abstract Paley-Zygmund theorem that will encompass the last settings. So
we choose to denote by X a Riemannian manifold (not necessarily compact). We also consider a sequence
(En)nen of nonzero finite dimensional subspaces of L?(X) N L*(X) NC%(X). We write d,, := dim(E,). A
fundamental object in our study is the so-called spectral function of F,, :

(25) Ve e X 6n(l‘) = |¢n,1(x)|2 ot |¢n,dn (‘T)|27

where ¢p1,...,¢n.q, is a Hilbert basis of E,. An easy but crucial property of the function the function
x — ey (x) is that it does not depend on the specific choice of the latter Hilbert basis. In other words, the
function e,, merely depends on the subspace E,. We now consider the following assumptions that will be
satisfied in our examples :

(A1) there is a constant S € R such that

||€n||Loo(x) < nS

aC >0 Vn > 1 m_
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We now recall that [[€, |« x) admits the following expression

lard1(x) + -+ - + aa, da, (z)]?

llenll 7o = sup sup
Lo (X) ©€X (ar,..,aq, )€CIn\{0} lai]? + - -+ + |aq, |?
(26) [N
nllLe=(X)

5 .
un€ENO} [|tnl72(x)
Hence, (A1) is equivalent to
(A1’) there is a constant S € R such that

2
U|| 700
IC>0 VYn>1 Vue E,\{0} el )

- < On® dim(E,).
||U||L2(X)
We also need a finite subset concentration assumption :
(A2) for any N € N*, there are a constant C > 1 and a finite set Xy C X of cardinal Card(Xy) < CN€
such that

Vue Bo+ o+ Ex  fullpe(x) <2 max fu(e)].

The assumption (A2) roughly means that a function belonging to Ey+- - -+ E is essentially concentrated
in a finite subset of X (independent of the function). The following theorem is a multidimensional and
quantitative Paley-Zygmund theorem for L°.

Theorem 6.1. — We assume that (A2) holds true and that the sequence of random variables (X, )nen
satisfies

dp € [2,+0) sup E[| X,,|P] < +o0.
neN

Consider now a sequence of matrices (bp)nen, with b, € Mg, (Ey), satisfying

Fy>1 D () sup [[ba(@)fs < +oo,
n>2 reX

dn dn

where ||| ;g stands for the Hilbert-Schmidt norm : an(a?)HiIS = 35 |bu,i,(x)|%. Then the following
i=1j=1

statements hold true

i) For any integer N > 2, one has
P
E.

N
Z Xn(w)Vdptr(Ey(w)by)
n=2

Leo(X)
P/2
> 7 (n) sup [|ba ()7 ;
reX

n>2

<C(X,p7) (iggE [IXn”]>

where all random variables are assumed to be mutually independent.
ii) The random series > X, (w)Vdptr(E,(w)bn(x)) converges in LP,(2, L (X)), and almost surely con-

neN
verges in L°(X).

At a first glance, only Point ii) seems to be of interest. But we will see that Point ¢) will be used in the
proof of Theorem 3.2 dealing with the cubic wave equation 02w — Aw + w? = 0.
Before proving Theorem 6.1, we state its main corollary.

Corollary 6.2. — Assume (A1) (with a real number S) and (A2). Consider a sequence (fn)nen of L*(X),
with f, € E, for each n € N, and we also assume the following condition

Iy >1 D | fallzxyn® 7 (n) < +oc.
n>2

We define f¥ as in (7) and we moreover consider a sequence of independent random variables (Xp)nen

satisfying sup E[| X,,|?] < +o00. Then the random series > X,(w)f% almost surely converges in L>°(X).
neN neN
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PrROOF. We choose b,(x) = \/27<fn,¢n7j)¢n7i(x). Hence, we have ||bn(x)||ils = e:‘i—f)ﬂfnﬂiz(x) and

Xn(Ww)fe = Xp(w)Vdntr(E,(w)by,). Theorem 6.1, with p = 2, directly gives the conclusion. O

7. Proof of Theorem 6.1

We first recall the multidimensional Kahane-Khintchine inequality proven by Marcus and Pisier (see
[MP81, Page 81, line (2.1) and Page 91, Corollary 2.12]).

Proposition 7.1. — For any real numbers p > q > 1, there is a constant K, , > 1 such that, for any
complex Banach space B, for any integer N € N and for any sequence of matrices b, € Mgy, (B), one has

Q‘|<11
B

q N Py
(27) E <E ||| tr(&nbn) ] < K,,E
n=0 B

N
> tr(Enbn)
n=0

q
B

N
> tr(Enby)
n=0

Moreover, there is an absolute constant K > 1 such that K, ; < K,1 < K,/p.

We stress that the inequalities are stated in [MP81] with the random series > d,tr(&,by,) but one can
consider each integer d,, as a part of the matrix b, (so we are reduced to (27)). In the specific case B = C
(or more generally if B is a Hilbert space), one can compute the moment of order two thanks to the Hilbert-
Schmidt norms.

Proposition 7.2. — For any integer N € N and for any sequence of matrices b, € Mg, (C), the following
equality holds true :

2
E

N
Z \/atr(é’nbn)

N
2
= llballfs -
n=0
PROOF. See [Imel7, Lemme 2.9]. O

We now write a simple “vIn lemma” that allows to estimate the expectation of a supremum of random
variables.

Lemma 7.8. — Let us consider two integers o > 2 and N > 0. For any integers 5 € [1,a] and n € [0, N]
one also considers a matriz by, gy € Mg, (C). Then the following estimate holds true

N
. <./ in(@) s (z ||b<n,ﬁ)!|§{s>-
n=0

1<B<a

N
sup Z \/lTntr(gn(w)b(mB))
0

1<B<a |
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PROOF. For any real number p € [1,400), one makes use of the Holder inequality, the multidimensional
Kahane-Khintchine inequalities (27) and Proposition 7.2 :

- 1
N o | N P\ #
E sup Z\/(Etr(gnb(nﬁ))] S E Z Z\/@tr(é’nb(nﬁ))
1<p<a [£50 B=1 |n=0
i @ N P] %
< E Z mtr(gnb(n,ﬁ))
[3:1 TL:O
L - 1
« N p P
< DB Vntr(Enb ) ]
B=1 n=0
N Py
1
< » E dptr(E,b¢,
< b sup Z:O\ﬁ r(Enbin,p)) ]
N 213
< Ka%\/[) sup E Z\/ﬁtr(ﬁnbm,g))
1<g<a | |55
1 N 2
< Ka?r b .
< Karyp sup > oo lls

n=0

In the case a > 3, one may choose p = In(«) > 1. For the remaining case o = 2, the choice p = 1 is
convenient. O

We shall need a generalization of the Salem-Zygmund inequality that holds true on a quite general frame-
work. This type of inequality is usually presented as an estimate of a probability ([Kah68, Chapter 6],
[IRT16, Theorem 2.5] or [BL13, Théoréme 2]). But it will be much more efficient to estimate expectations
because we want to reach a sharp moment condition.

Proposition 7.4. — Assume (A2) and let us consider N + 1 matrices (by)o<n<n with b, € Mgy, (Ey).
Then the following Salem-Zygmund inequality holds true :

N N
(28) E || Vintr(Enba () < CVI(N) (|| D 10n(@)ll7rs
n=0 L (X) n=0

Lge(X)

PRrOOF. This is a straightforward consequence of the finite subset concentration property (A2) and the
previous lemma, :

N N
E Z\/dntr(é’nbn(m)) < 2E | sup Z\/dntr(é'nbn(x))
n=0 oo TEXN |0
()
N
< CyIn(Card(Xy)) sup | > [[ba(@)|s-
reEXN n=0

O

We now have all the ingredients to prove Theorem 6.1.

Proof of Point i) = Point i3). By considering Cauchy sequences, it is clear that Point ) implies that the
random series Y X, (w)v/d,tr(E,(w)b,) converges in the Banach space LP(Q, L>°(X)) to a random variable
U:Q — L*®(X). The Markov inequality thus implies that the random series Y X, (w)v/d,tr(E,(w)by)
converges in probability to U. The following classical result of Paul Lévy ([LQO04, Théoréme II.3, page 119]
or [LT91, Theorem 2.4]) ensures that the random series is almost surely convergent in L>(X).

Theorem 7.5. — [Paul Lévy] Consider a sequence (U,) of independent random variables that take value
in a Banach space B. Then the following statements are equivalent :
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i) there is a random variable U : Q — B such that the series Y U, converges in probability to U :
Ve >0 nll)rfooP(||U1+---+Un—UHB>5):0.

i) for almost every w € Q, the series Y Uy, (w) converges in B.
Proof of Point ). We now make use of a well-known trick in the theory of random series. One can
change the probability space 2 by Q2 without any effect on our expectations. Using that all the involved
random variables and random matrices are mutually independent, we see the following formula

N
> X (@) Vdntr(En(w)b W) dptr(E, (w)b

p p

(29) —E,E,

Lo (X) Lo (X)

By invoking the multidimensional Kahane-Khintchine inequalities (27) in the Banach space L™ (X), we get

w)\/atr(gn(w)bn(x))
L2 (X)
N p
(30) < CEy |Ey [||D Xn(@)V/dntr(£,(w)bn()) 7
n=2 L (X)

where C may depend on p. We now freeze the variable w’ and work on the last expectation E,,. Choose N
of the form 22" with k € N and apply the Salem-Zygmund inequality (28) :

E. Y Xu(W)Vdntr(En(w)ba (@)

k k+1
227 <n<22 Lo (X)

< 0/ S IXn(@)ba (@)

22k <y 2R 1

<c2t [ X @) sup [ba()ll7s
xeX

22F <pco2htl

C 2 2
Ssmorm, 2o XK@ (m) sup @),

22k <p o2kt

Lge(X)

where the constant C' is independent of w’. Using the assumption v > 1 and the Cauchy-Schwarz inequality,
we obtain

Z E, Z Xn(w/)\/@tr(gn(w)bn(a?))

keN o2k Sn<22k+1 L (X)

< O 2 IXn(@) () sup [lba ()]s

n>2

Let us now explain why the following inequality holds true for any integer N > 2 and any w’ € 2 :

W)\ dntr (€

(31) < C [0 1Xa (@) 07 () sup [on (7).

Loo(X) n>2

From the previous analysis, if N is of the form 22" _ 1, then (31) is just a consequence of the triangular
inequality. To see that (31) still holds true for any N > 2, we just have to check the monotonicity in N :

ftr

N+1

D X (W) dptr (En(w)by)

Lee(X) Le=(X)
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The last inequality is a consequence of the independence of the random matrices &g, ...,En+1 and of the
Jensen inequality (by integration with respect to the last d3, %41 variables of the random matrlces Eny1 that
are all centered : E[€n41;;] = 0). Hence, (31) is proved.

We are closed to conclude. We recall that the constant C' in (31) is independent of the variable w'.
Combining (30) and (31) gives us

w)\/dntr(E

v
p 2

< CE. (ZX I )sugbn(@lqu)
(S

As we assumed the inequality p > 2 in the assumption of Theorem 6.1, one may apply the triangular
inequality in LZ{Z(Q) :

L (X)

(W) V/dntr(E,(w)by)

p +oo L
<C (Z E. | X, (w)[?]? InY(n) sgg ||bn(as)||?qs> .
) T

L>(X n=2

The last inequality clearly shows Point i) of Theorem 6.1.

8. Proof of Theorem 2.1

It suffices to prove (A1), (A2) and to apply Corollary 6.2. Here E,, is defined by (6) and e, is its spectral
function (see (25)). We shall need the following result that proves (A1) with S = 0.

Lemma 8.1. — There is a constant £(X) > 0 such that for any k > k(X) and (n,z) € N x X, one has
1
C(X, H)(l—kn)d—l < eplr) < C(X,R)(14n)d,
1
C(X.r) (1+n)*t < dim(E,) < CX,k)(1+n)¢!

PROOF. We use the same idea of that of [BL13, page 923] with b, = r(n + 1)h, a;, = knh and h ~ L.

Remark that the L?(X)-normalized function #(X) belongs to Ey. Consequently, one has eq(x) > ﬁ(x)

and dim(Fp) > 1. The continuity of ey and the compactness of X make obvious the case n = 0.
We deal the case n > 1 with an accurate estimate with remainder of the spectral function (see [Hor68])
and with the Weyl formula (obtained by integration on X) :

eo(x) + - +en(x) = (2m)"Vol(B4(0,1))(kn + k) + (kn + k)10 (1),
dim(Ep) +--- +dim(E,) = (2m)"Vol(B4(0,1))Vol(X)(kn + k)% + (kn + k)41O (1).
where the bound of the remainder O (1) is uniform with respect to z and x > 0. We thus get
en(z) = (2m)7WVol(B4(0,1))s? [(n 4+ 1)* — nd] + x4 nd"10O (1),
dim(E,) = (27)"Vol(B4(0,1))Vol(X)r? [(n+ 1)? — n?] + 4" 1nd710 (1).
Choosing x = H’;—il large enough, we get the conclusion. O

It remains to check (A2). Let us consider v € Ey + - - - + En and write

UZ:ZEE:ZE: u ¢n1 ¢n1

Hence, the following inequality holds true

[(u, @ni)| < Nlull oo (x) [|0ni x) SV VoI(X) [[ull oo () ||¢n,i||L2(X) < V/Vol(X) [ul| e x) -

which implies

N dy

V) € X2 Ju(e) — u(y)] < VNI flull e ) 323 0,i(2) — i (9)]-

n=0 i=1
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Remember now the Sobolev embedding H™(X) C W% (X) that holds true for any 7 > 1 + g. We conse-
quently control the Lipschitz constant of each ¢, ; by a polynomial bound in N. The asymptotics d,, ~ n?~!
(see Lemma 8.1) gives a weak Bernstein inequality

(32) Je1(X) >0 Fea(X) >0 Y(x,y) € X2 |u(z) —u(y)] < e (X)N=(O [ull oo x) dist(z, y).

The compactness of X ensures that there is a maximal finite subset Xy := {x1,...,2,} C X for the following
property : the open balls centered in x1,...,x, and of radius r = W are disjoint. Each of those
balls has a volume greater or equal to Crd™(X) Remarking that the volume of the disjoint union of those

balls is bounded by Vol(X), we infer
a< C(X)N('Q(X) dim(X)-
The weak Bernstein inequality (32) and the maximal property of {z1,...,zs} ensure that, for any z € X,

one may find zg such that d(z,zg) < levcﬂx) holds and hence

C: : 1
Ju(a) = u(@p)| < er(X)NZ [Ju] oo ) dist(z, 25) < 5 lull gy -
By choosing z € X satisfying |u(z)| = [[ull = (x), we get [lullpex) < z [ull oo (x) + |u(zg)|. The assertion
(A2) is then proved.

9. Littlewood-Paley theory for BMO(X)

Once and for all, we consider a dyadic partition of the unity 6 € CX(RT,R) and 6 € C*(RT\{0},R), in
the sense of Littlewood-Paley :

(33) YAZ0 0N+ 027N =1

In view to make a functional calculus with two-order elliptic operators, we prefer writing #(272/\) in (33)
instead of the usual scaling (277)\). The goal of this part is to prove the following result that roughly says
that BMO(X) is between the two Besov spaces By, , (X) and BY, ,(X).

Theorem 9.1. — Consider a smooth function o € C(RT\{0},R). Then for any distribution f of the
Riemannian boundaryless compact manifold X, the following holds true

(1) swp oAV < 1 Bnoc < [FCA)] 4 o2 A
02het L(X) ~ 1 IBMOW0) ~ Le(x) A L=’
- J=Z

where A stands for the negative Laplace-Beltrami operator of X .

An essential ingredient of the proof of Theorem 9.1 is the Littlewood-Paley theory of the space bmo(R9)
(see [Tri83, page 93, Theorem 2]).

Proposition 9.2. — Let bmo(R™) be the space of the locally integrable functions f : R — C for which the
following norm is finite :

1 1
35 = su 7/ — folde+ su 7/ x)|dx,
(33) o= 0, s |1 = Salde+ sup, e | 17(0)
Vol(@)<1 Vol(@)>1

where we denote by Q a cube of R% and by fo the average of f on Q. Then bmo(R™) is exactly the subspace
of the tempered distributions f € S'(R?) that can be written

(36) F=0(=0)fo+Y 0(-27YA)f;,  VieN fje L®(RY),

i>1

with sup [ |fj(x)]? < +o0. Finally, || f|lym. i equivalent to inf sup /> |f;(x)|? where (f;) runs over
zeRd \[ jEN (f5) zerd \/ jeN

all admissible representations (36).

We now need the following flat but pseudo-differential version of Theorem 9.1.
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Theorem 9.3. — For any smooth symbol o : R x R* — C with compact support included in a ring a <
€| < B for some B > a > 0, then the following holds true for any distribution f on R :

2 ; 2
WD) f|% He H B(—2-2 A :
502 Nl AD) iz ey W limogaey < [|0=2)1 LW(RN;H ( e

where we set o(x,hD)f(x) = / "8 g (2, he) A(g) (;f)d'
Rd

PROOF. Let W; S’l(Rd) be the usual Sobolev space for some integer s > g. It is easy to check an inequality
of the form

(37) sup ||O'(Z‘,hD)fHLoo(Rd) ~ ”‘THLoo(]Rd W2t (RY)) ||fHLoo(]Rd)
0<h<1

More precisely, it is sufficient to get an adequate bound of the kernel K, (z,y) of o(x, hD) :

oD@ = [ Kl fds, Koy = [ @ 9atehe)

Rd

d
(2m)d

a change of variable and an integration by part gives
ei<m7y1§> s
[ o (1 - Ao (e, €)de| dy
re (

1
K dy =
/Rd\ n(z,y)|dy X /]Rd 1+ h=2z — y|2)s

Cld, s) 1ol oo (ma,w2e 1 may) »

IN

which proves (37).
To prove the first inequality, we assume that f belongs to bmo(R?) and we consider a decomposition of f
as in (36). We then write

dg
(2m)®

(38) Vji>1 o(x,hD)0(-2"2A)f;(x ):/Rd e (2, he)O(27 2 (€12 F;(€)

For convenience, we assume that the support of 6 is included in [a?,b?] with b > a > 0. Let Z(h) be the
set of j € N* satisfying ¢ < h27 < g We note that passing to the logarithm shows that the cardinal of
E(h) is bounded with respect to h € (0,1] (this is the crucial property that comes from the assumption
on the support of o). For any j ¢ Z(h) the two intervals [&, 2] and [a27,527] are disjoint and the symbol

(z,€) = oz, h€)0(2727[£|?) identically vanishes. Coming back to (36) and (38), we get

(39) o(z,hD)f = o(x, hD)B(=A) fo + D ol@hD)(=27VA) ;.
j€Z(h)

Note that the inequality (37) shows that that the operators 8(—A) and #(—h2A) are also uniformly bounded
from L>®(R?) to L>°(RY) with respect to h € (0,1]. Hence we get

lo(@,AD) fllpoo@ay S Mfollpoegay + D Ifill poo may

_ JEE(R)
S (1+Card(E (h)))sup\lfyllm (RY)

| [Eer

Since this last estimate is independent of the sequence (f;), Proposition 9.2 finally proves the inequality

A

Lo (Re)

sup ||o(z, hD)f||L°°(Rd) ~ ||f||bmo(]11<d)
0<h<1

It remains to prove the second inequality

- 2 e 2
I mogsy S [0=8)1 . oy + W22 e
J=Z
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Let © € C°(R T, R) (respectively © € C2°(R*\{0},R)) be a function that identically coincides with 1 on the
support of 0 (respectively #). Hence, we have §0 = 6 and 60 = 0. So the Littlewood-Paley decomposition
of f allows to set a natural sequence of (f;) in (36) :

(40) fo= 0-A)f+D0(-2MA)
= 0(=D0)O(=A)(f)+>_0(-27YA)O(—27HA)f.

Thanks to Proposition 9.2, we obtain
2 = 2 Yy 2
7oy < [ OC2F]|, o + D102 A0
j>1

By a standard argument (indeed almost the same than that of (39)), if one plugs (40) in each f of the right-
hand side and if we invoke that the operators ©(—A) and ©(—h2?A) are uniformly bounded from L>(R?)
to L>=(R%), we easily get the conclusion. O

Similarly to (35), we recall the definition of the BMO semi-norm on R? :

1
() lmaoms = s = [ 1f = fold.
qcra |Ql Jg
And we have the simple inequalities

(42) 1 oy < 21 lpmoray < 211f | Baroway + 2 1f [y ray -

As we will work on compact manifolds, we need a few tools to transfer local estimates. The first one is the
following result proved by Brezis and Niremberg.

Proposition 9.4. — For any p € [1,+0) and any x € CY(X), one may find C > 0 such that for any
g € BMO(X) the following inequality holds true

PRroOF. This inequality may be deduced from Lemma A.1, Lemma B.3 and Lemma B.8 of [BN95]. g

(43) 19lle0) + 6l sy < C (ngnBMO(X) n \ [ st

With a small modification of Lemma A.10 of [BN95], we also have the following intuitive result.

Proposition 9.5. — Let U be a bounded open subset of R® and V be a open subset of the boundaryless
compact manifold X. Now consider a diffeomorphism o : U — V' that extends as a diffeomorphism from
a neighborhood of U to a neighborhood of V.. Then there is a constant C' > 1 such that, for any function
g € LY(X) with support in V, the following holds true

1
(44) C ||9||BMO(X) <llgo QHBMO(Rd) <cC ||9||BMO(X) :
where g o o is extended by 0 outside U.

PrOOF. We shall explain the strategy for the second bound in (44) but the first one is similar. All the ideas
are in [BN95] but we have to carefully increase U and choose small balls. In view to bound [|g o o[l gpr0(ra),
we recall that we obtain an equivalent definition of ||g © 0| 5 50 (ray Py replacing cubes in (41) with Euclidean
balls. So we have to prove the following inequality

dy
45 Ve eR?Y Vr>0 - o) —m—— < .
(45) z T /BW) lg00(y) = (9°0)B(a, )IVOle(B(x’r)) S lgllsarox)

Let us choose R > 0 small enough such that o extends as a diffeomorphism from the following bounded open
subset

Up:={z e R? dist(z,U) < R}
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to an open subset of X. Since the definition (9) of the BMO semi-norm on X involves the injectivity radius
ro(X), it will be convenient to assume that R is also small enough so that £E < ro(X) holds true. We also
notice that there is a constant K > 0 such that the following holds true

Ve € Uy Vre(0,R/4) o(B(x,r)) C Bo(z),Kr) C X.

Case 1: r < % and z € Ugr/p. We then use the second argument given in [BN95, page 243]. More
precisely, by writing (g o 0) p(z,) as an integral, we see that the left-hand side of (45) is bounded by

dydy’
/ZT)/B(mr goo(y) —gooly )‘Vole( B(z,r))?’

Although we have agreed to extend g o ¢ by 0 outside U in our statement, it is clear the formula o(U) =V
shows that the equalities g o p(z) = 0 = g(o(z)) still hold true for any x € Ug\U. So we can make a change
of variables to change the last double integral as

— J(2)J (2")dzdz'
(46) /Q(B(z,r)) /Q(B(z,r)) l9(e) ~ 5 )| Volga(B(, r))2 7

where J is a Jacobian function. Since we have B(z,r) C U an and Usg/4 is a relatively compact subset of
Ugr on which g is a diffeomorphism, the function J appears to be bounded on o(Usg/4). We finally notice
the obvious bounds
Volga(B(z,7)) = ¢ > Volx (B(o(z), KT)),
The combination of the last facts allows us to control (46) by
, dzdz'
/B(g(a;),m) ~/B(g(w),KT) l9(2) ~ 9(z )|V01X(B(Q($)7KT))2'

Since K is less that the injectivity radius ro(X), it turns out that the last term is bounded by ||g[| grr0x)
(see [BN95, page 202]).

Case 2 : r < % and x € Ug/s. The function g o ¢ has support in U so vanishes over the ball B(z,r).

Consequently, the left-hand side of (45) vanishes.
Case 3: r> %. We merely bound the left-hand side of (45) by

2 C
VOl(B(xT))/B(T ., g0 o(y)ldy < W/X|g(z)|dz

which s controlled by [lg] 0100+ | / 2)dz

thanks to (43). Remembering that BM O semi-norms vanish

on constant functions, we could have added from the beginning the assumption / g(z)dz = 0 so that we
X
get the wanted conclusion. O

We now have all the tools to prove Theorem 9.1. Let us adapt the technique of the semi-classical functional
calculus developed in [BGTO04, part 2.1]. Due to the compactness of the manifold X, we may assume that
X admits coordinate patches similar of those of Proposition 9.5. Let o: U € R? — V C X be one of them
and consider 1, x2 € C§°(V) such that x2 = 1 near the support of x;. From [BGTO04, Proposition 2.1], if
one fixes a symbol o € C°(R*\{0},R) and an integer N € N* large enough such that HY(R¢) embeds in
L>(R4) then one can find several smooth symbols oy, ...,on with compact support in R? x R? such that
the following holds true for any h € (0,1] and any f € L?(X) :

(47) 0" (xao(— Zh oj(@,hD)o*(x2f) + Ry n(f),

where the remainder satisfies || Ry (f )HHN(Rd) S P fll2(x) uniformly in k€ (0,1]. Our assumption on N
even gives

(48) IBN A () oo gy S PNl 2x) -

Coming back to the symbols o, we have og(x, &) = x1(0(z))o(p(x, §)) where p is an elliptic symbol behaving
like |€]2. We then note the important following fact that comes from the construction of the symbols : og(z, £)



MULTIDIMENSIONAL PALEY-ZYGMUND THEOREMS AND SHARP L? ESTIMATES 23

is supported in a ring with respect to £ and the same property is shared by o1,...,0n thanks to more
sophisticated expressions involving the Cauchy formula and the Helffer-Sjostrand formula (see [BGT04,
page 577]).

Proof of the first inequality in (34). Noting the equality o(—h?A)1 = 0, we see that the first
inequality in (34) is consistent with the fact that the semi-norm ||-[| 55;0(x) vanishes for constant functions.

So we can assume that [ f(z)dz equals 0. It is now sufficient to prove the inequality

(49) lo* Cro(~n2A) | ey S 1 L maros) -

n (47), the contribution of Ry 5 (f) is directly controlled with (43) and (48). We now turn to the pseudo-
differential operators o;(x, hD). Since N is fixed, on can use Theorem 9.3 and the three inequalities (42),
(43) and (44) to get

N
> Waj(x,hD)o* (x2f) S e OeHllvmoray = [(x2f) © €llpmoga)
Jj=0 Lo (RY)

S Ief) e el prrome + 1(x2f) o ell i ray

S Ixefllsroxy + Ixeflly

S W lsmo) -

The inequality (49) is achieved.

Proof of the second inequality in (34). All the ideas are in [BGT04, Corollary 2.3] but we must play
here with BMO(X), L>®(X), BMO(R?) and bmo(R?) instead of the mere two spaces LP(X) and LP(R%).
Writing f as a sum of functions y;f (with a partition of unity localized in charts of X), we see that it is
sufficient to prove the inequality

2
(50) o flsaroco <[P, + 302 A0

Following (33), we write a Littlewood-Paley decomposition of the distribution f of X :
0" (xif) = 0 (al(=A) )+ 0" (xab(—272* A) f).
k>1

Thanks to the semi-classical functional calculus of #(—h2A) (as in (47) but replacing o with @), we infer

(51) o (xaf) = 0" (a0~ +Z(22 496; (2,27 D)o" (x2.) + Ry (/).

k>1  §=0

We finish in several steps.
Step 1. The inequality ||-[4,,,a) < 3 |||l o (gay is obvious thanks to (35). So we have

|o*Cad-a) <30 (ab(-a)) =3 |nl-a)|

Step 2. Using (48), one easily get rid of the remainders :
SN har D] ey =3[y S Wi
1 2k <

Step 3. In this step, we fix j once for all and we remark each 0;(x,27%¢) has support in a ring rol
€] < C2F. As a consequence, 0;(z,27%¢) is bounded by 27* for any semi-norm in the Hérmander pseudo-
differential class S :

(52) V(a,B) e NT x N Vk e N* sup  (L+ [¢) " 0207 {6, (x, 27 R} S 27
(z,6)eRE xRd

<[

Hbmo(]Rd) ’Lw(Rd) L=(x) "~ HLOO(X) '

Similarly, the symbol 6(272¢|¢|?) has support in a ring £2° < [£| < C'2¢ and we can write

(53) V(a, B) € N x N¢ sup (L4 [¢) " HPa2ag {a2 2 [¢M)} < 27
(z,£)ERE X RE
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Now we choose v large enough such that if [¢ — k| > v holds true then §(272¢|¢|?) and 6;(z,27%¢) have
disjoint supports. Consequently, their symbolic calculus ensures that the operator 8(—272¢A)f;(z,27%D) is
smoothing (see [Ler10, Theorem 1.1.20]). In particular, if we stop that symbolic calculus at the order N +2,
it appears that the symbol of (—272¢A)¢;(x,27%D) belongs to Sié\'. From the proof of Theorem 1.1.20
of [Ler10] and from the Calderon-Vaillancourt Theorem, we may bound, up to a multiplicative constant
independent of ¢ and k, the norm

“9(_2_2£A)9j($> 2_kD> HLQ(]RL‘)—>HN(R‘1)

by a product of two semi-norms of §(—272[¢|?) and 6;(z,27%¢) in S} ;. Then (52) and (53) give us

(54) o272y D0 27027 D)ot (e
k>1
|k—€|>v

—L || % —4
Lo (RY) S270 e (X?f)||L2(Rd) S2 Hf||L2(X)'

Similarly, up to increase v € N, we have

(55) 6(=0) Y 27590;(x,27*D)g" (x2/) SIF e -
k>v L (R4)
We may also assume that the same v is chosen for each j € {0,...,N}.

Step 4. Thanks to (42) and (44), we first connect the three BMO spaces :

* 2 * 2
Ix1fllprrox) S le"CafliBromey < 212" xaf)llomoey -

Looking at (51) and using Step 1 and Step 2 allow us to write
2
2 2 7 2 - kj k
b flsaroco £ 1 Iacn + 0207 o+ 32 (302796527 D)o ()
k21 j=0 bmo(R%)
We now use Theorem 9.3 and the two inequalities (54) and (55) to get the bound from above

2

17y + i [iea) 3 izkﬂ'eﬂx,z@)w(m)u

Le=(X) 0<k<v j—0 Lee (R)
N - 2
o(—22A 9-ki9. (2,275 D) p* H .
+ZH ( ) 2 D202 D)o (v f) L
>1 k>1 =0
k—t|<v

As seen in the proof of Theorem 9.3, the Fourier multipliers 5(—A) and 6(—272¢A) are uniformly bounded
from L°°(R%) to L>°(R?). And if we plug the remainders of (47), we get

~ 2 2
I o0 < 150 + 020+ 2|
E>1

002 8) ]~ Rbpn (D), _

We again make use of (48) in order to write
2

2
2 < 12 +H§—A H n ’9—2*% H .
I faro00 S 150 + P20 kgl]( 11 .

Since L?(X) is a Hilbert space, the following Littlewood-Paley inequality holds true

i+ 3 oo

12

9 2
1172 x) LX)

A

[t 801] . 0, + o201

Finally, (50) is proved.
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10. Proof of Theorem 2.2, part 1

We need the following consequence of Theorem 9.1.

Proposition 10.1. — Consider a sequence (fn)n>1 of L*(X), such that f, € E, for anyn > 1 (see (6)).
Then there is a constant C > 1 such that the following inequality holds true :

(56) H nglfn 2BMO(X) <0 H 2. o

keEN  2k<n<2k+1

2

Lee(X)

PROOF. Let us assume that the right-hand side of (56) is finite. The inclusion L>°(X) C L?(X) ensures that

the series Y. f, is well-defined as an element of L?(X). Now we want to apply Theorem 9.1 to f = Y. f,.
n>1 n>1

Let b > a > 0 be two real numbers such that Supp(#) C (a?,b?). By using that each f,, is spectrally localized
in [kn, k(n + 1)] with respect to vV—A, we see that there is v € N such that the following holds true for any
positive integers j and k :

li — k| >v = [K2% k(261 + 1)) N [a27,527] = 0,
= 0(-27%A) > fu=0.
2k <n<2k+1

We now invoke the fact that the operators §(—h?A) are uniformly bounded from L*°(X) to L*°(X) with
respect to h € (0, 1] (see [BGTO04, Corollary 2.2]). Hence, we can write

He(_Q_QjA)fHLOO(X) = He(_Q_QjA) Z Z anLOC(X)

kEN  2k<p<oktl
li—Fk|<v

< C H an
| ’%2 2k§n§<:2’“+1 F e
J— SV
‘ 2
HH(—Q_QJA)inw(x) < CHw+1) Z H Z anLM(X).
pohe TE
J— sSv

By using that 0 has support in [0,52] for some b > 0, we can choose 7 € N satisfying k27 > b and we similarly
find

A

Ha(iA)fHLoo(X) - Hg(—A)HLOOHLm Z H Z Fn

1<k<v 2k<p<2k+1
2 2

P ;Ha(_A)HLx_,Lw ) H Y. fa

1<k<D 2k<n<2k+l

Le=(X)

o207

2
L>(X)

Straightforward computations lead to

Hg(_A)fHQwa)+Z’|e(_2_2jA)in°°(X)SZH .
i>1 keN

2k <n<2k+1

2
L=(X)
O

We can begin the proof of the first sentence of Theorem 2.2. Remembering that BMO(X) is a Banach
space (once we identify functions differing by a constant), we have to prove that the random series > X, f~
satisfies the Cauchy convergence test for almost every w € ). Thanks to Proposition 10.1, it is enough to
prove that the following finiteness almost surely holds :

(57) SIS X

kEN 2k§n<2k+1

2
< +00o

Le=(X)

We follow the same strategy than that of Theorem 6.1. We introduce a new variable w’ that we momentarily
freeze, then we invoke the Salem-Zygmund inequality (28) and the same computations we made in the proof
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of Corollary 6.2 :

S

2k <p<2k+1

SVE| | 5 R Il 2

2k <p<2k+1

LOO(X):|

L (X)
T (E)
(see Lemma 8.1). The Kahane-Khintchine-Marcus-Pisier inequalities then give

But we have already seen that, in the compact manifold setting, the function

is essentially constant

w 2
EJ| Y x| ] s [ X meX) il
2k§n<2k+1 ( ) ngn<2k’+1
2
w 2
EJ| Y X ] s X meIxa@)P il
2k <n<2k+1 (X 2k <n<2k+1
To get rid off &, we invoke (29)
2 2
B | X ] = B[R] X fi ]
2k<zk . n(@) L (X) i Zk ) w5 L (X)
<n<2k+ 2k <p<2k+
2
< (SwEIGE) S win Il
nz2 2k <n<2k+1
The assumptions of Theorem 2.2 finally give
2
| Xl ] <+
Sef ¥ xnen],] <
keN 2k <p<2k+l

which in turn gives (57) for almost every w € €.

11. Proof of Theorem 2.2, part 2

We need the following result giving a necessary condition of almost sure convergence.

Lemma 11.1. — Assume d > 2 and consider a sequence (fn)nen of L*(X) such that f, belongs to E,, for
each n € N. If the random series > f¥ almost surely converges in BMO(X), then the following limit holds

true
lim _\/In(n) || fall 12 () = 0-

n—-+4o00o
PROOF. Thanks to the formula (7) and [MP81, Page 92, Theorem 2.14, i) = iv)] (see also [Imel7, Théoreme

2.8]), we know that the almost sure convergence of the random series Y f% in BMO(X) is equivalent to that
in L1(Q, BMO(X)). As a consequence, we get liT E[|l /7l parox)] = 0. Remember that each random
n—-+00

function f¥ is spectrally localized in [kn, x(n+1)] C [+, %] with & = -L- provided that n >> 1. Now choose

o € C*(R*T\{0},R) that identically coincides with 1 over [1,2], so we have o(—h?A)fY = f«. The first
inequality of (34) then gives 111;1_1 E[[| £yl x)] = 0. But [BL13, Théoréme 5, page 930] ensures that the
n—-+0o0

previous sequence is almost equivalent to /[In(h)| || full p2(x) = vIn(n) [ fall p2 (- 0

We can finish the proof of Theorem 2.2. Let (ny)ren be an increasing sequence of positive integers such
that the series > m is convergent. Consider now a sequence of functions (f,,), with f,, € E,,, such that

||fn||L2(X) = \/ﬁ holds true if n = ny for some k, and O either. Lemma 11.1 ensures that the random

series Y f“ does not almost surely converge in BMO(X) (and in fact almost surely diverges due to the

Kolmogorov’s zero-one law). But the series > ||an%2(X) In"(n) =Y m is convergent for any v < 1.
neN keN '
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12. Proof of Theorem 2.3
We need a result proved in [Imel7] (that may be compared to Theorem 6.1).

Theorem 12.1. — Let (X, v) be a o-finite measure space, (dn)nen be a sequence of positive integers, (bn)nen
be a sequence of matrices with b, € Mg, (LP(X,v)) for some p € [1,+00), and a sequence (X,)n>0 of
independent random variables satisfying

0 < inf E[|X,|]  and  supE[|X,|[">*®P)] < 4oo.
neN neN

Then the following assertions are equivalent :

a) the function x — Z Z Z |bpi j(2)|? belongs to L (X, v),

n>01i=1 j=1
b) for almost every w € Q, the random series Y X, (w)vVdnptr (E,(w)by) converges in the Banach space
LP(X, ).

Finally, if one merely assumes sup E[|X,,|™**2P)] < 400, then the implication a) = b) holds true.
neN

PrOOF. Apply [Imel7, Théoreme 2.1] with M,, = X,,&,. Finally, the last sentence comes from [Imel?7,
Corollaire 2.14]. O

With the above notations and those of Theorem 2.3, set b, ; ;(x) = ﬁ(fn, On,j)On,i(x) for any x € X
(as in the proof of Corollary 6.2). Let us now begin the proof of Theorem 2.3.

i) < ii). This equivalence is indeed already contained in [Imel7, Théoréme 2.2]. We write it because it
involves a computation that we will use in the sequel of the proof. Note that ii) is nothing else than the
condition b) of Theorem 12.1. It remains to check that i) is the condition a) of Theorem 12.1 :

d d 9
- - fn fn En\T
(58) ZXNWAMQ'”WEN%Z2:Mﬁ“(X
i=1 j=1 n

which is equivalent to || fn||2L2( x)» uniformly in z, thanks to the accurate estimate of the spectral function
on a boundaryless Riemannian compact manifold (see Lemma 8.1). Since v is assumed to be a probability
measure in Theorem 2.3, the condition a) means that the series > || fn||iQ (x) converges.

ili) = i) and i) = iv). Look at Theorem 12.1 in the very particular case X = {z} and p = 2. Hence,
L?(X) is just the unidimensional space of functions that send x to a constant. We thus can identify L!(X)
and L?(X) with C. Again, (58) gives the conclusion.

iv) = iii). Obvious.

13. Proof of Theorem 4.1

For pedagogical reasons, we prove here Theorem 4.1. We follow the same strategy of that of Theorem 2.3.
We merely explain the slight modifications with the needed inequalities of the spectral function (proved in
[Imel7, Proposition 4.1]). We first recall that it is well known that d,, := dim(F,,) is a polynomial of degree
d — 1 with respect to n.

i) = iv). We need to know the following bound ||en | 1o (ra) < n&=1. Therefore, one may use

|folZo@nyen(®) _ 0

vreR? D
n

iv) = iii). Obvious.
ili) = i). We need to use that there is a universal constant o € (0,1) and a constant C'(d) > 0 such that
for any n > 1 and any = € R?\{0} one has

O(d) 4_1q

(59) —— <|z|<oVv2n+1 = eu(x)=n>
n
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We finish as in the proof of Theorem 2.3 by taking account the following

[F en(z)
Vz e RN\{0} n, €N Vn>n, Lz‘+ o || folF ey 0 2.

i) < ii). From Theorem 12.1 and (58), we know that ii) is equivalent to the condition

S 1l 2 € Lpe ),

n>1

By using the inequality e, (z) < n2~! and the fact that v is a Borel probability measure on R?\{0}, one
immediately gets the implication i) = ii). For the other side, we remark that ii) implies that the series

> ||fn||iZ(Rd) efif) converges at least at one point x € R¥\{0}. Then (59) gives i).

Remark 18.1. — The proof of (59) relies on very specific properties of Hermite functions. It is maybe
possible to get a more interesting proof of (59) by looking at the details of [HZZ15, Lemma 10]. Note
however that the Bernstein inequality (24) and the equality ea,+1(0) = 0 forbids to replace % in (59) with

C(d)

a better bound like and 6 > %

14. Proof of Proposition 4.2

Let us explain a little probabilistic issue in the statement of Proposition 4.2 by considering the following
two assertions :
a) for any fixed p € [1,+0c), the random series > f% almost surely diverges in LP(R9),
b) the random series " f¢ almost surely diverges in LP(R?) for any p € [1, +o0).
The assertion a) means that for any p € [1, +00), one may find an event €2, C  of probability 1 such that
for any w € €, the concerned random series diverges in LP(RY). Tt is not clear at all that one may deduce
b) from a) since the uncountable intersection of the events €2, has no reason to be of probability 1 and,
even worse, to be an event. We shall overcome this difficulty be considering a weighted Lebesgue space that
continuously embeds in any LP(R?) for p € [1,+00). Before introducing this Banach space, we begin by the
following result that will also play a fundamental role in the proof of Proposition 5.2.

Proposition 14.1. — Let X be a o-finite measure space. For any p € [1,+00) and any positive measurable
function W : X — (0,00), we denote by LP(X, W (z)dx) the weighted Lebesgue space defined by the norm

1/p
Ve DWW |l = (/ ()P )dx) |

Consider now a nonzero finite-dimensional subspace E C L*(X) N LP(X, W (z)dz) and let (¢1,...,¢s) be a
Hilbert basis of E. For any f € E satisfying || f||p2(x) =1, the following holds true

Aot es(@)?
Ve

§ 0
E ZZ nid (W)(f: 05)0i(2)

where ~,, means that the quotient belongs to [%, C(p)] for some C(p) > 1.

LE(X,W (z)dz) LE (X, W (z)dz)

PROOF. Thanks to (27), it is sufficient to compute the following expectation

5 & P

B | SN s @), 63)61(a)
i=1j=1 LP2(X,W (¢)dz)

Applying the Fubini theorem, the previous estimate is nothing else than
P

6 6
/XE 22 Enij (W), 05)0i(x)| | W(x)da.
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Again, (27) shows that the previous is equivalent, up to a multiplicative loss merely depending on p, to the
following

5 6 272
[ B|S S t@rons| | W
X i=1 j=1
Using Proposition 7.2 and the equality || f|| r2(x) = 1, we easily conclude. O

We now need the following variant of Lemma 11.1.

Lemma 14.2. — With the same notations than those of Theorem 4.1. If the random series Y f% almost

surely converges in the weighted Lebesgue space L} (Rd, %) , then

. _4a
im0 () fall o oy = 0.

PROOF. Remembering the proof of Lemma 11.1, we know that E {Hf;ﬂ,:l(Rd da )} tends to 0. Thanks to

1+]z|9

Proposition 14.1 and (59), we may write for n > 1

V101 (@24 +$n.an (@)
Vidn

ven(x 4

- 1
o e=r

ov2n+1 Td_ld’l"

E ”f;fHLl(le, = ”fn”L?(]Rd)

)
1+|x|d L1 (R4,

dx
o)

d
> nd”z =
2 Wlan 2t [ T
2 ||fn||L2(]Rd)n_

O

The end of the proof of Proposition 4.2 is now easy. Consider an increasing sequence of integers (nx)x>0,
with ny > 2, such that the series ) m converges. Choose now a sequence (fy,)nen, with f, € E,, such
that

né&{ng,n,...} = fo=0,

1
FkeN n=nx = |fullp2gayn”

In(n)’

is convergent. Due to the previous lemma, there is an event o C 2,

a
4

Hence, the sequence ) ”f"Hi?(]Rd) nt

of positive probability, such that for any w € Qg the series Y f diverges in L*(R9, ﬁ) By independence

of the random functions f¥, the Kolmogorov’s zero-one law ensures that P(2y) indeed equals 1. But the
Holder inequality gives :

Wpe[l,+o0) V€ LP(RY / @) g, < / @) .
’ re 1+ [2z|4 "~ \Jpa

As a consequence, for any w € Qg and for any p € [1, +00) the series > f* diverges in LP(R?).

15. Proof of Proposition 3.1

We need the following corollary of Theorem 12.1.
Proposition 15.1. — Let H be a Hilbert space, (d,)nen be a sequence of positive integers, (bp)nen be
a sequence of matrices with b, € Mgy, (H). For any sequence (X,)nen of independent random variables
satisfying
0 < inf E[|X,|] and supE[X,|?] < +o0,
neN neN

the following assertions are equivalent :
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a) the series Y Z Z [1bn, m”H converges,

n>014i=1j=1
b) for almost every w € Q, the random series >, X, (w)vVdntr(E,(w)by,) converges in H.
n>0

If one merely assumes sup E[|X,,|?] < +o0 then a) implies b).
neN

PRrOOF. By considering a closed subspace that contains the elements b, ; ;, one may assume that H is
separable and hence equals L?(v) for a o-finite measure v. Theorem 12.1 therefore ensures that b) is
equivalent to

e L' (v).

d, dy
22D lbaisl

neN i=1 j=1

By integrating over v, one recovers a). |

The proof of Proposition 3.1 is now straightforward. Thanks to Proposition 15.1, the series (13) defining
the random initial data v§ almost surely converges in the Hilbert space H*(X) if and only if the following
holds

ZZZ (@0, 6} 2 [6nsllfre ) < +00

neN i=1 j=1
||U0,n||i2(x) & 2
(60) o D nsll gy < oo
neN " j=1

Remember now that ¢, ; is spectrally localized, with respect to v/—A, in [kn, kn+n| (see (6)). So ||¢x.; HHS(X)
behaves like n® as n tend to +o0o and it turns out that (60) means that vy belongs to H*(X). Thus, the
proof of Proposition 3.1 is achieved.

16. Proof of Theorem 3.2
We essentially combine our Paley-Zygmund theorem with the analysis of [BT14].

Theorem 16.1. — [Burg-Tzvetkov] Consider s > 0 a real number and X a boundaryless Riemannian com-
pact manifold of dimension 3. Also consider a function

Q — H(X)x H'(X),
(61) w = (vg,07),
that satisfies the following property for almost every w €  :

sin(tv'—A) )
VA

Then, for almost every w € ), the cubic wave equation on X with initial data (v§,vy)

(62) cos(tvV—A)vg (z) + V(@) € L 10c (R, LE(X)) N Ly 1 (R, L (X)).
(0 — Ay +v3=0, v(0,") =25, 0(0,)=01%,

admits a unique global solution satisfying

oft) — cos(tv/ =&y ~ TSt € R (X)) NCHR, LA CY))

PROOF. This is the meaning of the proofs of Proposition 2.1 and Proposition 2.2 of [BT14]. |
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Let us write some comments about the previous result. The fact that X is of dimension 3 is used for the
local existence [BT14, Proposition 2.1] thanks to the Sobolev embedding H*(X) C L°(X). The proof of
Theorem 16.1 is deterministic and the main interest of the probability theory is that it provides a random
process (61) that almost surely fulfills (62). This property is proved for X = T? in [BT14, Appendix A]
and for the sphere X = S? in [dS14]. In both cases, the crucial fact is that the torus and the sphere admit
a Hilbert basis of eigenfunctions that are uniformly bounded in all L?(X) spaces, for any p € [1, +00).

Let us comment the part Ly ;,.(R, L3°(X)) of (62). It is usually proved thanks to the Sobolev embedding
WeP(X) C L>®(X) (that holds true for any p > 2). From a probability point of view, this embedding forces
to consider random variables that have a p-th moment (so p > % > 1 if s is near 07). Our quantitative
Paley-Zygmund theorem (see Theorem 6.1) allows to consider random variables that merely have a third
moment (this is probably sharp since this moment is directly linked to the cubic nonlinearity).

Proposition 16.2. — Consider a real number s > 0, a couple of function (vo,v1) € H*(X)x H*"Y(X) and
a sequence of independent random variables X, :  — R satisfying sup E [|Xn\3} < 4o00. Then for almost
neN

every w € () one has

dn  dp
cos(tV=A) D" Xn (@) | D i (@) (v0, bnj)bni(x) | € LY 0 (R, L (X)).
neN =1 j=1
d, dy
(63) S“”ﬁv S Xaw) [ 303 s @) (01, iy bmi (@) | € L2 (R, LE (X)),
neN i=1 j=1

Consequently, the latter two random series almost surely belong to the space Lt 1oc(R, LS (X))NL; 1o (R, L3 (X)).

PROOF. We merely consider (63) but the first random series is easier. Let us fix T € N* and N > 2 and
then use the Fubini-Tonelli theorem:

3

. \/I) N d’n d’rl
(64) E, % Xn(w) Enyi, (V1, Pn,j) Pni()
—A Z L J 1 2J

<.
<.

LY([-T\T], L (X))
3

T N dn  dpn
_ o ()01, ) SREVA)
—[TE ;Xn( ) i:1;gn,z,j( )< 13¢n,]> \/7 d)nz( ) dt.

Lge(X)

As in (13), we denote by vy ,, the orthogonal projection of v; on E,. By invoking Point ) of Theorem 6.1
for any choice of v (for instance v = 1) and

1 (o0, 6 >sm(t\/7)
Vi, T EA

we see that the last expectation (inside the integral) is controlled by

bn;i7j(x) = d)n z( )

3/2
H'Ul WHLQ(X) dn sin(t\/ —A) 2
65 sup E[| X, ) In(n) ———=— sup ———0ni(T
(65) <n>2 I | 7;2 z€X ; vV-A @)
Using a similar argument as that of (26), we get
d 2 ) 2
- tvV—A tvV—A
ap 3 sin(tv—A) %,i(@‘ _ e |EROVEA) ,
zeX vV—A un€E, vV—-A L (X)

llun HLQ(X):l
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We now use the Sogge L? — L bound :

. 2
sin(tv—4A) V7A)¢m.(z) -1 qup

V4 —-A un€E,

H“nHL2(X):1

nd—l

sin(tv/—A)
V-A

N
3

Un,

L2(X)

< .
n2

Note that the last bound is uniform with respect to . Remembering the asymptotic d,, ~ n?"!, we can

bound (65) by

3/2

In(n)
(supB) [ 2 fonnlacny | % (sup I ) ol

n2 n>2

Hence, (64) is controlled by T (sup E[|XT,|3]) |y ||§{s_1(x). By considering Cauchy sequences, such a bound
n>2

easily shows that the random series in (63) converges in the Banach space L3 (Q, L} ([-T,T], L(X))), so
converges in probability in the Banach space Lj([~T,T],L3°(X)). Then Theorem 7.5 ensures that (63)
almost surely converges in L3 ([—T,T], L:°(X)). Since T runs over the countable set N*, one can conclude
that (63) almost surely converges in L?, (R, L°(X)). O

t,loc

17. Exponential decay of the spectral function

The goal of this part is to prove Proposition 17.1 that will play a role in the proofs of Theorem 4.3,
Proposition 5.1 and Proposition 5.2. It is well-known that if V' : R? — [0, +o0o[ is a smooth potential
satisfying lim V(z) = +oco then any eigenfunction ¢ € L?(R?) of —A + V tends to 0 at infinity (see

—+o00

||
[BS91, Corollary 3.1, page 169]). In the specific case V(z) = |z|** with a € N*, note that the latter
property can be seen as a consequence of the description (20) of the Sobolev spaces of —A + |z|?* and of
a classical Sobolev embedding. We explain here how to modify the proofs of [BS91] to obtain a precise
asymptotic behavior for spectral functions.

Proposition 17.1. — Consider a real number p > 1 and a smooth potential V : R — R satisfying V() >
m|z|?® for any x € R? and for some m > 0. There is a constant C > 1 that merely depends on (d, a, p,m)
such that the following holds true. For any T' € N* and any eigenfunctions 1, ..., Y of —A+V(x), whose
largest eigenvalue is u, then the following holds true
1 a+1
exp ( - |z] .

Loo(Rd)

We stress that the eigenfunctions v1,...,%r in (66) are neither assumed to be L?(R¢)-normalized or
associated to successive eigenvalues. The previous result gives a precise statement of the following well-
known fact in mathematical physics : an eigenfunction ¢ of —A + V associated to an eigenvalue p is
essentially concentrated in the allowed region {x € R% V(z) < u}. Note that the particular case a = 1
explains the Gaussian tail of the Hermite functions (see [Muc70, line (2.3)]). More generally, we refer to
[PRT15, Lemma 3.2], [RT15] and [Kar95, Theorem 4]. The proofs of [PRT15, Kar95] seem to be quite
specific to the harmonic oscillator since they use for instance a Mehler formula. The proof of [RT15] is based
on the work [KTZO07] and involves estimates of the Schwartz kernel of the spectral function. By comparison
with the previous works, our assumption on the potential is merely V(x) 2> |2|?* and our sub-exponential
remainder in (66) has not exactly the same form (it is independent of the largest frequency). Our proof is
quite elementary and is inspired from the maximum principle technique used in [BS91, Theorem 3.3, page
173]. The main idea is that [BS91] contains estimates on eigenfunctions ¢) whose proofs are convex with
respect to 12, For this reason, we succeed to consider in (66) several eigenfunctions. Our proof needs two
preliminary results.

T

DIl

T
(66) 2| > pmTEpzs = > (@) < C
k=1 k=1
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Lemma 17.2. — Consider a smooth function © : (0,4+00) — R satisfying tETm@(t) = 1. Then there is a
solution h € C*((0,+00),R) of the differential equation

(67) —h"+0h=0

such that for any o > 1 one may find C' > 1 such that

vt > 1 %e—”t < h(t) < Ce=.

ProoFr. From [BS91, Theorem 3.2 and Theorem 3.3, pages 59-61], we know that (67) admits a unique
solution h which is positive in a behavior of ¢ = 400 and that satisfies . liT h(t) = 0. To get the end of the
— 00

statement, we slightly shorten the proof of [BS91, Theorem 3.4, page 62]. Consider ¢, > 0 such that, for
any t > tg, the inequalities 0 < O(¢) < o2 hold true. So we have the following differential inequality

&? —0o —0o
Vit >t —@(e H+ee 7t <o.
Fix now C > 1 large enough such that Le=7% — h(ty) < 0. From (67), we get

i (G -n0) +ow (e - nw) <o

Remembering that the second derivative of a smooth function on a maximum is non-positive, one sees that
the function ¢ — Ze~7" — h(t) cannot have a positive local maximum on [to, +00). Combining that fact with
the limit lim %e*"t — h(t) = 0, one necessarily gets

t—4o0

Vt > to %e*” —h(t) <0.

We similarly prove the inequality h(t) < Ce™ = by assuming L <O(t) for t > 1. O

The previous lemma allows us to prove the following result (in which “radial” means “even” for d = 1).

Proposition 17.3. — For any o € N* and any b > 0, there exists a radial solution Eq 5, € C(R4\{0})
of the equation
(68) (A +b[z|**) Egap =0

such that for any o > 1 there are R = R(d,a,b,0) > 0 and C = C(d,a,b,0) > 1 such that the following
implication holds true

a—+1

1 —Vb atd— Vb |glett
x| >R = CeXp< fg|x|a+1> < || lEd,a,b(z)goexp<(a\+f1) \rla )

PrOOF. We shall make several changes of variables and functions f,g and h summarized by the following
equalities
Egap(z) = f(r) = g(t) = t772h(1),
po1 _a+d-1
a+1 a+1
Reducing the radial equation (68) of Eg4 5, we get the following equation on f :

=

r=la,  t=

d—1
w0 ) - L) e =0
We now compute the derivatives, with respect to r, of f(r) = g(t) :

oy = g vore,
1) = g O+ g (Havbret,
Hence, the equation in g is
VE>0  —g'(t) - %g’(t) +g(t) =0.
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Let us compute the derivatives, with respect to t, of g(t) = t=7/2h(t) for any t > 0. We get

Jt) = —JEFRG ),
g"(t) = L(Z+1)t732h(t) -yt 2T (t) + 2R (D).
and so h satisfies an equation without the first order term :
Ly (v
o I S _
Vt >0 h(t)+h(t)[1+t22(2 1)} 0.

We then apply Lemma 17.2 and may conclude by coming back to Eg o :

\/B - —v(a+1) \/5 -
Ed’a”’(x):<a+1 el = )

J
2

Proof of Proposition 17.1. For simplicity, we assume m = 1. The reader will easily check that there
is no loss in the proof. Consider a real-valued eigenfunction 1 of —A + V associated to the eigenvalue p.
Then one easily writes
AW?) = 2040 +2VyP,
—A@W?) = =2V = p)p? = 2|VY2
b

For any p > 1, we consider the real number b € (0,2) such that p=* =1 — 5 holds true. We can write
b
(=A+bla) (*)(2) = =2 | V(@) = Sl — p| (@)* = 2| Vapp]”.
As we assumed the inequality V(z) > |z|?¥, we get
b « — «
V() = Sl = > p=a** — p.
So the choice of b ensures the following implication
o = Vouz = (A ba)(¢)(@) 0.

Note that the previous implication is still true if one fixes the eigenfunction ¢ but changes the eigenvalue
1 by any greater number. Consider now 1, ...,%7 as in the statement of Proposition 17.1. Using the
fact the real and imaginary parts of each 1 are real-valued eigenfunctions of —A 4+ V' and the relation
[Yr]? = (Re(r))? + (Im(0y))?, we see that is is sufficient to prove (66) if each 1)y, is real-valued. Assume now

that p is the largest eigenvalue among those of w1, ...,%r. By summing several eigenfunctions and going
beyond the largest eigenvalue u, one clearly has
(69) ol = Vouz = (A (UF 4 ) (2) <O,

We now fix a real number o satisfying the condition
(70) l<o<p'i.

The relevance of this condition will appear at the end of the proof. Given b and o as above, we can introduce
the function Eq 4, the constants R and C of Proposition 17.3. In the sequel, we shall need the following

number
T

> R

k=1

1

M = 0
Ea,a5(max(y/pp2s, R))

Lo (R4)
Note that (69) is equivalent to

(71) o] > ppzs = (A4 bz2) (V2 4+ 3 — MEgay) () <0.
Moreover, the definition of M and the fact that Ey 5 is radial give us

2] = max(ypu?E, R) = 1(@)’ +-- -+ r (@)’ — MEga(a) < 0.
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Remember now that the function Ey 4 and each eigenfunction ¢y tend to 0 if |x| tends to +o00 (see Propo-
sition 17.3 and the discussion above the statement of Proposition 17.1), so we get the following limit

lli)rri 77/11(.’1,')2 + -+ ’l/JT(CL')Q - MEd’a’b(CL') =0.

|z

We shall make the same reasoning of that of the end of Lemma 17.2. We claim that the continuous function
P2 + -+ 12 — M Eg p cannot have a positive maximum on the domain {|z| > max(\/ﬁuﬁ,R)}. Assume
the contrary and call 2y such a point on which the maximum is attained. One necessarily has |zo| >
max(\/ﬁui , R) and hence we can show the following inequality by a local analysis around x¢ in all directions

AT + -+ 97 — MEgap)(20) <0
and we thus get
0 < (A +bz[**)(f + - + 9T — MEg.a)(@o).

This contradicts (71). In other words, we have just proved the implication

|x| > max(\/ﬁuﬁ,R) = ¢1($)2 + -+ 'l/)T(x)2 —MFEg04(x) <0

Provided that |z| > max(ﬁuﬁ , R) holds, the definition of M, the inequality & +d—1 > 0 and Proposition
17.3 ensure that Zle ¥r(2)? is bounded from above by

atd—1
T 1 2
max 2a,R atl
< DI (“)) exp |~ (5 — st )|
k=1 Loo (Rd) o
T
Vb x|+t 1 a
<c? Z%% e et <| |a — omax(y/pu>~, R) +1> :
k=1 L>(R4)

We indeed can simplify the previous bound thanks to our choice of o. The condition (70) indeed implies the
existence of a constant K (a,p,o) € (0,1) such that the following implication holds true for any y € RY :

0.2

> at+l _ ;2 5 a+1 =1- —.
zve = W™ —o? 2 K(@polll™,  Klapo)=1-

||

We now choose Yy = W

(d, a, p, o) such that

and we see that there is a constant ¢ > 0 that merely depends on

T

> Uk

k=1

exp (—lz[**1).
Lo (R4)

T
(72) |z| > \/pmax (ﬁ,ui,R) = Zwk(m)z <c?
k=1

To get the conclusion, we consider three cases :

Case R < ,/pu!'/?*. The condition |z| > ,/pmax (\/ﬁ,uﬁ,R) is reduced to |z| > puze. So we get the
wanted conclusion (66).

Case ,/pp!'/?* < R and /pR < |z|. Again, (72) gives the conclusion.

Case /pp'/?* < R and pp!/?* < |z| < \/pR. This is the only case which is not covered by (72). We can

however easily conclude since everything takes place in a fixed compact. Let us consider a constant C’ > 1
such that

1< inf C'exp <—|x°‘+1> .

~ |2l<VBR
1
exp (—Cl|x|a+1) .

Lo (R9)

Hence, we have

T
> dn(z)? <
k=1

T
D> U
k=1

Hence, (66) is proved in all the cases and the proof of Proposition 17.1 is finished.
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18. Proof of (18)

a+1

From [HR82, Théoréme 6-4, page 840] we know that the spectral counting function of (—A + Vay) 2=
behaves as that of the operator +/—A on a compact Riemannian manifold. Namely, for a suitable constant
C > 0, one has

at1

Yu>1 Card{f €N, N2 <pu}=Cu’+0Op*).
For any K > 0 (to be chosen below) and any n > 1, we have

a1
2a

Card{f €N, )2 € (Kn,Kn+ K]} = K9 [CK[(n+ 1) —nd] + O(nd—l)] _

Using the inequalities dn?=! < (n 4 1)¢ — n? < (2¢ — 1)n?~!, one sees that K may be chosen large enough
such that

a+1

Card{¢ €N, )\>* € (Kn,Kn+ K]} ~n%L.

19. Proof of Theorem 4.3

We have to fulfill the assumptions of Corollary 6.2. Thanks to (18) and Proposition 5.1, we see that (A1)

holds true with J p
o _
S = —1-(d—1)=——.
a+1 ( ) a+1
Note that we merely need the bound from above of Proposition 5.1 that has been proved by Robert-Thomann.
We now use the exponential decay of the spectral function to prove (A2) in two steps.

Step 1. We will show that if IV is large enough then, for a suitable constant K > 0, we have

(73) Vue Ey®--- & En ull oo ey = 1l oo (B0, N1/ @41 ) -

Consider 11, . .., %7 a Hilbert basis of Eq@® - - - @ Ey made of real-valued eigenfunctions of —A + |2]?® and we
still denote by ey, ...,en the respective spectral functions of Ey, ..., Ex. The Cauchy-Schwartz inequality
allows us to write for any u € Eg @ --- @ En :

T T
@) = 3 ( / wk(wu(y)dy) o) = | (Z zbk(y)wk(x)) u(y)dy
k=1 \/R? RY \ k=1
W@l < V@@ [ RwP T Py
<

\/60(1’) —+ -+ GN(I) |’\/M||L1(Rd) HUHL“’(RCL) :

Applying (66), we get for a suitable constant K > 0 and for any 2 € R? :
Veo(@) + -+ +en()

1
<lleo+ -+ enlwgay } + VO exp (— g |z[*) 1{\1\2;@;#1 }>

1 1
{|z\<KNO‘+1

From this inequality, we get for any N > 1
H\/eo(:r) + eN(x)‘

Combining the last three inequalities, we obtain for N > 1 uniformly in x :

_d_ 1
< Na+1 ||60 4+ .4 6N||zw(Rd) .

L' (R?)

1 _d_ Ko+t
o 2 KNS Ju(o)] Sl N5 oo + -+ exlmusy o0 (~ S5 )

Using the triangular inequality [leo + -+ + enlpoc(ra) < ll€ollpoegay ++ + €Nl f(ra) and a polynomial
bound of |lex [ ;e (ra) (this is nothing else than (A1)), one may exploit the decaying exponential to get the
following implication provided that N > 1

1 1
lz| > KN=+1 = Ju(z)] < 5 ||u||L<>o(Rd)~

In other words, (73) is proved.
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Step 2. Thanks to (73) and a Bernstein inequality for —A + V5, (see Theorem 5.3 that we can admit
for the moment), we can prove (A2) by the same “mesh strategy” on the closed ball B(0, K N'/(®*+1) as in
the setting of Riemannian compact manifolds (see the end of Section 8).

20. Proof of Theorem 4.5

We follow exactly the same ideas than those of the proofs of Theorem 2.3 and Theorem 4.1 (see sections
12 and 13). More precisely, Theorem 12.1 and the inequality [l || po gy S ndfT =1 (see below (75)) easily
imply the conclusion. The sentence iv) needs using the Fubini-Tonelli theorem on © x R<.

21. Proof of Theorem 4.6

Thanks to the last sentence of Theorem 12.1, we know that the almost sure convergence in LP(R%) of the

random series Y X, (w)f¥ is a consequence of the deterministic condition
n>0

(74) > Ry € 22RO

n>0

The conclusion of Theorem 4.6 will come from the implication

ST O | fullf ey < +o0 = (T4).

n>1
At this point, we need the following accurate estimate of the LP/2 norm of the spectral function of —A + Va,
(75) p € [2,+00) U{+00}  lenllpoauay S nT(*F)71,

Such inequalities are proved in [RT15, Proposition 2.4, § = 1,0 = 0] by interpolating the trivial case p = 2
and the much difficult case p = +o0. The triangular inequality in L2 (R%) finally gives :

en(z) 2 lenll Lo/2(ray 2
|70 Wi |y 5 T WMl
n>1 ° n>1

__d _2 2
S Y on D fal e gy

n>1

22. Proof of Proposition 5.1

Thanks to (26) and (75), it is sufficient to prove the inequality |[€n| o ra) Z n=f1=1 As explained below
the statement of Proposition 5.1, the proof of the lower bounds in [RT15] does not cover the cases we are
concerned with. The exponential decay of the spectral function and an elementary interpolation argument
allow to reverse (75) and complete it below 2.

Proposition 22.1. — With the above notations, for any p € [1,+00) U {400}, we have

(76) Vn > 1 ”’/enHLP(Rd) 2n2(ad~+1)(04+%)7%.
PROOF. Let us introduce the exponent O(p) := Q(%H) (a + %) - % and we assume for a moment that there
is M > 1 such that for any n > 1 the following three inequalities hold
O(c0) n°® o(1)
(77) ||v€nHLoc(Rd) < Mn ) H\/en||L2(Rd) > M ||\/enHL1(Rd) < Mn=.

Since O(p) is affine in %7 one may prove by interpolation that the last inequalities would imply the stronger
ones :
O(p)

Wpe [l Uftoo} o

< IWVenll o ray < Mn®®).
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As recalled in (75), Robert and Thomann have already obtained the upper bound of H,/enH Lo (RY)" The

middle bound in (77) is obvious because || /enHB(Rd) equals v/d,, ~ n“T". The last bound in (77) now needs
2a

the exponential decay of the spectral function. From (66) with p ~ n>+1 there is ¢ > 0 and C' > 1 such that

o 1
(78) Vo € R enle) < 0P (L anienn) (@) + Cexp (g lal* ) ).
By integration, we get

/ Ven(z)dr < n?afi~ipart = oW,
Rd

23. Proof of Proposition 5.2

For any f € E,\{0}, one may decompose f on a Hilbert basis ¢y 1, ..., ¥n,q4, of E,, made of eigenfunctions,
and thus use the Cauchy-Schwartz inequality to get

dn
Ve e R (@) < 1 12e gy S [0na@)? = £ g en(a)-
k=1

We again use the exponential decay (78) with K = Oj“—_ﬂ —
1 -1
(79) Vn>1 Ve eR? |z|>enat = |f(x)]? <Cnf ||f‘|§/2(]Rd) exp (C|x|°‘+1) .

Case p € [2,4+00). Use now the Holder inequality :

fsera= [ @ [ i@

r|<cnotl z|>cnatl

1 2 ! o
< Vol(B(0,en 1)) o || fI[7 gy + CnX ||f||iz<Rd>/ o P <C|x| H) -

o] >cn e T

The remainder can be controlled as follows for n > 1 :
1 1
CnK/ exp (— T O"H) dr < —.
|z|>cnl/(a+1) C’| | 2

1 2 _1 _2 2
5 [ L2gay < VOUB(0, en=1)) ™% || £ 10 s

So we have

which implies

(80) n~at(3-3) < inf 17z eey
Iebn 11l 2(ra)

Case p € [1,2]. We write similarly thanks to the Holder inequality and (79) :

[r@pas = [ gwpas [ e

z|<cn o+l |z|>cn at1

IN

Vol(B(0,cn 1))~ 8 || f]|7aga) + Cn ||f||§2(Rd)/ el gy

jo|>cnatT

And by the same idea, the last term is much smaller than the first one for n > 1. So we get

(51) Il o ote(3-4)

~

reBn Ifll L2 ay
f#0

The probabilistic argument for any p € [1,+00). We now have to reverse (80) and (81). We make
use of a standard idea of randomization [BL13, PRT15, PRT14, RT15] but our approach is slightly

different. Instead of large deviations estimates or the principle of the concentration of the measure, we
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will use Proposition 14.1 with W = 1 (whose proof relies on the multidimensional Kahane-Khintchine
inequalities). Fix any element f € E, with || f||;2gas) = 1. As the random matrix &, is unitary, one has

dy dpn

Yw € Q DY Enii W)y bns)bni =1

1=1 j=1 L2(R4)

As a consequence of the two-side bound given by Proposition 14.1, one sees that there are a constant C'(p) > 1
and two functions f; € E,, and f; € Ep, with || fi[|p2ga) = [ f2llp2(ra) = 1, such that

iy _ || /ot PE—  Toma, P
) Vi

The middle bound can easily be controlled thanks to the asymptotic d,, ~ n¢~! and (76) :

VI0ma P+ + [Gna, _
Vd, Vi,
2(a+1) )’% L(%,

=~ 7:77‘(14»1
n 2

C(p) ||f2||Lp(Rd) .

Lpr(R%)

Lp(RY) Lp (R9)

[N

).

Finally, the function f; allows to reverse (80) whereas fo reverses (81). The proof of Proposition 5.2 is
finished.

A

Parametrix for the Weyl-Hormander pseudo-differential calculus

The goal of this part is to extend the classical construction of an arbitrary precise parametrix to the
Weyl-Hérmander pseudo-differential calculus (see for instance the strategy in [HR81, Proposition 2.5] or
[DS99, Part §]).

Let us begin by setting the notations of the Weyl-Hormander pseudo-differential calculus (see [HOr85,
Parts 18.4,18.5,18.6] or [Ler10]). For any Schwartz function o € S(R? x R?), one can give a sense to the
following Weyl quantization

(82) Vue S(RY) vz eR! OpY( /Rd/Rd i(o-9.6) <$+y7£> ()(dyd)é

On can still give a sense to the previous expression for any tempered distribution o € S’(R? x R?) as an
operator Op(a)* : S(RY) — S'(RY). If oy and o9 are two symbols, for instance belonging to S(R? x R9),
then there is a unique symbol o1#05 such that Op®(o1#02) = Op*“(01) o Op“(o2). The Weyl-Hérmander
pseudo-differential calculus now needs

e a Riemannian metric g on the phase space R? x R? (more precisely, a measurable map from R% x R into
the cone of positive-definite quadratic forms on R? x R?),
e a function M : R? x RY — (0, +00) called a weight.

The class of symbols S(M, g) is then defined as the vectorial subspace of symbols o € C°(R? x R%, C) such
that for any k£ € N there is Cj, > 0 for which the following estimates holds true :

k
(83) V(Qj?g) e R* v(Th,...,Ty) € (RQd)k |6T1 . Opo(z,8)| < CkM(LL’,g) H \/ ga:,ﬁ(Tj)v
j=1

where 7, ...0r, 0 equals is the differential expression (d*a)(T},...,T}). Note that the symmetry of the
multilinear map d*o allows to replace (83) with

(84) (@, R VT eR* |0fo(w,€)| < CuM(x,€)gs¢(T)"/*.
If C}, is the best constant in (83), then one defines

k
o150,y = max(Co, ..., Ci).



40 RAFIK IMEKRAZ

There is a special function, denoted A : R x R? — (0, +00), that is associated to the metric g (see [LerlO0,
Part 2.2.3]). To define A, we recall that the classical symplectic classification of metrics (see also [HZ11,
Part 1.7]) states that there is a symplectic basis B, ¢ of RY x R? in which the metric g can be written

d 2 2
da? + dE;

(85) Aj(,6)

0<Ai(z,8) <--- < Aa(x,8),

Jj=1

where the numbers A\ (z,§), ..., Aq(z, §) are uniquely determined by g, ¢ and the canonic symplectic structure
of R? x R?. We then define
Az, &) = Ai(z,§).
To get a symbolic calculus, the theory needs to assume that g is an admissible metric, namely that is
slowly varying, is temperate and satisfies the uncertainty principle. We also assume that M is admissible
with respect to g. It is not necessary for us to recall the precise above definitions. It is however important

to give the main example we will use in Appendix B. For any a € N*, we introduce the following admissible
metric and admissible weight

. da? de?
94 = 2 516+ (e €

j=1

M(x,€) =1+ [€]* + |=*.

Then the smooth symbol |£[? + |2]2* belongs to S(M, g) and is associated, in the Weyl-Hérmander pseudo-
differential calculus, to the superquadratic oscillator —A+|z|?®. The symplectic map (x, &) (M’%(lfé)x, M%(l’i)f)
of R?? puts the latter metric to the form (85) so that the corresponding function A = A\; = --- = )\ reads
oy QL

(86) Na,€) = (1+ [€]% + [a]>*) =
Consequently, the Weyl-Hormander symbolic calculus (see below (87)) give an enlightenment of the reason
why (—=A + |2|2*) %+ is usually considered as an operator of order 1 (see [HR82]).

We can now state the fundamental symbolic calculus [H6r85, Theorem 18.5.4] or [Ler10, Theorem 2.3.7]
: for any admissible weights M and M’ with respect to an admissible metric g, for any symbols a € S(M, g)
and b € S(M', g), for any integer N € N, one has

N
(87) a#tb — > Ta(a,b) € S(IMM'AN"1 g),
n=0
where T),(a,b) is the bilinear differential operator defined by

Z'n

(88) Ty(a,b)(z,§) = o ((De,, Day) = (Days Dey))" a1, 0)b(22, €2) (21 61)=(22,60) =(2.€)

1 —1)lsl

o L @0t )/ )
(87|t)6I\rXNd o

s+t|l=n

d 52

§=1 e, 0ay

where (D¢, , Dy, ) — (D, , Dg,) is the differential operator of (R?xR%)? that can be written as
2

65678 in any symplectic coordinates (z,¢) of RY x R?. For instance, the first two terms are Ty(a, b) = ab
1,5 7%2,5

and Ti(a,b) = 3-{a,b} where {-,-} is the Poisson bracket. Moreover, for any N € N and ¢ € N, there is
m € N such that

N @)
a#tb — > Tn(a,b)

n=0

(89)

S lall$r g 10050 o) -

S(MM'X\—N-1 q)

One can check that A is an admissible weight for g. The previous symbolic calculus gives a motivation to
state the following heuristic rule :

“the class S(X,g) can be considered as the class of symbols of order 1.”
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It will be convenient to set the following convention : for any a € S(1,g) and any sequence (a;);>0 of
symbols satisfying a; € S(A\77, g), we write a symbolic expansion as follows
k
(90) aNZaj = Vk e N a—ZajeS(/\fk,g).
j=0 j=0
From this point, I" will denote the open subset {z € C, 0 < |[Im(z)| < 1}. The following result, whose
scheme of proof is classical, gives the parametrix of the resolvent of an “elliptic” symbol.

Proposition A.1. — Consider an admissible weight M 2 1 for an admissible metric g. Consider also an
integer N > 2 and a real symbol p € S(M, g) satisfying 1 +p = M. Then there are

o a symbol rn(-,-,2) € S(\™N, g) that depends of z € T,
e an integer N' > 2 and symbols qa, . .., qn+ where q;, belongs to S(M*X=2,g) for each k,
such that the following equality holds
1 (P qn’
Vzel — —_———tt ————] =1
z (z p)#(zp+(zp)3+ +(zp)N’+1> +7ry
where the remainder ry moreover satisfies the following estimates :

(91) WEN ImeN Vael |rn(nn2)|Gyon ) < Clo N, EDT
s T Im(z)m
For N =2, one may choose N' =2 and g2 = 0.

In the next lemma, we define for any integer N € N a subfamily T_y of (meromorphic) symbols of
S(A™N, g) that appear in the construction of a parametrix.

Lemma A.2. — Consider an admissible weight M 2 1 for an admissible metric g and a real symbol p €
S(M, g) satisfying 1 +p = M. For any integer N € N, we define T_n the vectorial space of symbols
0:RIxR?x T = C of the form
il o x§
(92) o(z,€,2) Z kLA Nk N'>2  g;€S(MIANN g).
p(x
2
Then for any integer n > N, one has
VoeT_n Th_nN (zp, U) eY_,,
=P

where Ty,_ N is defined in (88).
Proof. — 1t is sufficient to check the following for any integer j > 2 :

g

Vo € S(MIAN, g) Th-nN (Z - D, (z—p)7+1> €T _,.

The case n = N is obvious so we may assume that n > N + 1 holds. Using (88), one sees that the following

formula
0j _ _ 0j
foy (son i) = T (o)

Yo i (9:0kp) (5‘5‘93 {(z—o;;)ﬁl}) ’

(s,t)EN? xN¢
|s+t|=n—N

(93)

for suitable complex constants Cs ;. Applying the Leibniz rule rises to a formula like
o N o
. y
Th-nN (z—p j) = E —
Y )i+l —
(z —p)/ S =)

where N is an integer and each symbol o; ; is a product of p, o; and their derivatives. We now have to
explain why o, ; indeed belongs to S(M7A™",g). To see this point, it is much interesting to fix (z,£) and
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to compute the differential expression (Dg,, D,,) — (Dg,, De,) in the symplectic basis B, ¢ (see (85)) that
diagonalizes the metric g, ¢. One still has a formula like (93) but the main advantage is that each derivative
at (z,&) with respect to any direction of an element of B, ¢ gives 1 as a multiplicative gain. Hence

A(z,€)
(93) gives W as a global multiplicative gain. Moreover, each symbol (z?};l) + comes from the Leibniz
rule in in (93), so belongs to S(A™", g). By fixing z, one sees that o ; belongs to S(M7A™", g) as announced
above. O

We can now prove Proposition A.1.

For any N > 2, we denote by H(N) the following induction hypothesis : there are 0 € T_5 (see Lemma
A.2) and a sequence (A_j;);>n of symbols satisfying A_; € T_; for any integer j > N such that the following
symbolic expansion, in the sense of (90), holds true

(94) C-nt (54 ) M1+ A

S i>N

We moreover assume that for any integers K > N and ¢ > 0, one may find an integer m > 0 such that the
following estimates hold true for any z € T’

K—-1 m
(95) (zp)#( ! + -2 >1ZA_j gc(va’K,g)M_

z—p z—p [Tm(2)|™
S(A-K.g)

Note that the conclusion of Proposition A.1 is merely the case K = N (for which Zf;]\} A_; vanishes) but
our proof needs to consider any integer K > N in the induction hypothesis.

Proof of H(2). We choose o = 0. Remember that for any functions u € C*(R?¢,C*) and F € C*(C*,C),
the Poisson bracket {u, F'(u)} = 0 vanishes. Notice now that the elliptic assumption on 1+ p 2> M ensures
that (2 — p)~! belongs to S(M~1, g). Hence, the beginning of the symbolic calculus of z —p € S(M, g) and
(z—p)~te S g) gives

1 1 1 1
- ~ 1t dzop 4 Y Tu(z-p——
(2 p)#z_p +2¢{Z p,z_p}+n>2 (2 pz_p)
€ 14+0+SA\2y9). -

By using (93), one gets a formula like

for a suitable integer N > 2 and symbols o; € S(MJA~", g). In other words, T;,(z — p, ﬁ) belongs to T _,,.
The adequate estimates on the semi-norms of the remainders will be a consequence of the following two

observations :

1

z—

e the obvious relation T, (z — p, =) = T (—p, Z—ip) kills the constant symbol z,

e one has z#ﬁ == - (this is a consequence of the definition of the operation #).

Hence, for any integer K > 2, one has

-0t () —1—§Tn<z—p,zi> o () S e

z—p P ~ z—p
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Using (89), for any ¢ € N there is m € N such that
@)

K—1 1
G- ( )—1—§:ﬂ@—n)
Z—D =P
= S(A—K g)
1 K-—1
= | —p# < — ) Z Tn )
P n=2 P s
(m)
1
<C(p, K, 1) .
Z~Plls(-1,9)

We now adapt the argument of [Ler10, Lemma 2.2.22, page 80 with f(¢) = 1/t] by using the Faa di Bruno
formula. For any k € N and T' € R?¢, we get

1 dr(1/t)
h(L) = » X
z— ] r
P bt e dt
1<r<k,k;>1

= wens Y S k) k)

(z —p)" L k! k!

1
kil ok

,a’ﬁ(z— p)... 0% (2 —p)

t=z—p

kite+ko=k
1<r<k,k;>1
k k/2
k 1 < _ —(r+1) r+1 gzé(jv
‘8T (z_p)’ ~ <;|Z p(m,§)| M(x,{) ) M(J),f) .
Thanks to (84), we obtain
(m) k
1 M
<y MEO
27 Plls(M-1,9)  (x,6)cRIxR? |z — p(z,§)|
1<k<m+1
Then we clearly have
M@,§) 1+ p(e,6)
|z =p(z, &)~ [Im(2)| + [Re(z) — p(z, )|
o LR p(nOl [Re(:)
™~ Mm(z)| + [Re(z) — p(z,§)|  [Im(2)| + [Re(z) — p(z, §)|
We finally get
M(z,¢) ( 1 ) [Re(z)|
———— < max| 1, +
|z = p(,8)] [Im(z2)[ )~ [Im(2)]
< 1+ |z] ,
Im(2)]
(m) m+1
1 141z
(96) - S (I‘iDm—o—l
2~ Plls(m-1,9) Tm(z)|

Proof of H(N) = H(N +1). We consider A_x that appears in (94). The classical idea to recursively

construct the parametrix is to consider the symbolic expansion given by the symbolic calculus of z — p and
—A_nN

z—p

> ~ *A—N + Z B—na B_, = n—N(pr, 2

n>N+1

“A N
Z=p

QM#( =) e S g).

Lemma A.2 ensures that B_,, indeed belongs to T_,,. By summing (94) and the previous symbolic expansion,
we infer the following one

(Zp)#( ! +UA‘N>~1+ > A, +B.,.

z — z —
p p n>N+1

Remember that one haso € T_sand A_ny € T_n. So 0 — A_ belongs to T _5. The general form predicted
by the induction is checked.
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To get the good estimates on the semi-norms, one may use the trick, used in the proof of H(2), to eliminate

the constant z in the first factor 2 — p. We indeed remark the equality T,,_n(z — p, ’2:;) =Tu_n(-p, é:g)

and the obvious exact symbolic calculus
A_ N zA_ N

Z# = .
Z=p Z=p

Then we write as above for any integer K > N

A_ K A A K
(Zp)#< N)A_N+ > B_np#< N)+pz_g+ > B,

Z=p n=N+1 Z=p n=N+1

This relation and the remainder estimate (89) give us for any any ¢ € N and some integer T € N an inequality

of the form
) 4 ()
-N

Z=p

<

on(220) - Aw Y n.

z
n=N+1

—1)\—N
S(K.g) SMTIAT9)

To bound the last term, we write A_ y like the right-hand side of (92). For suitable symbols o; € S(MIA~N),
we have
A_y||™ (m)

Z=p

N’ o

J
< Z (z — p)itt :
S(M=IAx=Ng) = b S(M-1A-N g)

Using the Leibniz rule with (96), we get

(2 — p)#t (A_];) A+ S B,

z
n=N+1

G
(97)

w1y VL
¢ (Emy™

[T (z)[m+

S(A~K.g)

Note that 1 + |z is larger than [Im(z)|. Hence, the bounds from above still remain true if one increases m
and 7 in both (95) and (97) such that m = (M + 1)(N' + 1). A trivial triangular inequality with (95) and
(97) finally gives the expected estimates of the remainders. The assumption H(N + 1) is proven.

B
An asymptotic development via the Helffer-Sjostrand formula

We shall use the classical idea of functional calculus of a pseudo-differential operator based on the Helffer-
Sjostrand formula (see [BGT04, Proposition 2.1], [DS99, Theorem 8.7], [Boull, Theorem 1.5] or [Bon13,
Theorem 4]). Let us fix an integer o > 1 and a positive 2a-homogeneous polynomial V5, on R%. We want
to apply Proposition A.1 with

d
dm? dﬁf-

(98) pos€) = 6P+ Viala), M(s.&) = 1416 + P 9 =3 gt + -
p

a+
2a

We have checked in (86) that the A-function associated to the metric g is given by A = M * . We now recall

the following easy lemma.

Lemma B.1. — For any s > % and any r € [1,+00) U {+0o0}, one has the continuous embeddings
He(RY) € L"(RY) € H°(RY)  and HETH(RY) ¢ W (RY),

where WL (R®) stands for the usual Sobolev space.

PROOF. Looking at (20), we have already remarked that the Sobolev embedding H*(R%) C L>(R%) implies
the inclusion H$(RY) C L>(R?). Now remark for any s’ > - that the inclusion He (RY) ¢ L'(R?) holds
true :

Yu € L' (RY) / lu(z)|dz < \// (1+ |x|)20‘5'dx\// (1 + |z|)%2e% |u(x)|?dx < [l (may -
Rd R4 R4
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As a consequence, we obtain

(99) He(RY) ¢ LY (RY) N L=(RY) c L"(RY).

The other side is obtained by duality. To prove the inclusion involving W™ (R?), we first remark that for
any j € {1,...,d}, the pseudo-differential operator % o (1—A + |z|?>*)~'/2 admits a symbol belonging to
S(VMM~1/2, g) = S(1, g). Hence, % o(1—A + |z|?*)~1/2 is bounded on any Sobolev space and we infer
the following

ZHITRY) = o (1- At [a*) 720 (1— A+ [al*)/2H5H (RY)
C  HS(RY).
Using twice (99), we get the inclusion H5H(R?) ¢ Whr(R9). O

We are ready for the Helffer-Sjostrand formula.

Proposition B.2. — Let us consider a smooth function ¥ : R — R, with compact support. There are
an integer N' > 2 and symbols qa, . ..,qn', where q; belongs to S(M*X=2,g) for any k, such that for any
7 € [1,400) U {+00) and any u € L"(R?) the following estimate holds true uniformly in h € (0,1] :
N/
U(=h2A + B2 Vaa)u — Op"” (W(h%p)) u— > W 0p (¥ (h2p)ay ) u < lul
k=2

Lr(Rd) -
W1 (Rd)
Before proving Proposition B.2, we point out two things :

e Proposition B.2 is not semi-classical because the parameter h? is also in front of Vao. This is the reason
why the symbols appearing are not of the form g (x, h€),

e it is not necessary to show that W(—h2A + h2Va,) is a pseudo-differential operator. However, the proof
needs that some powers of —A + V5, are pseudo-differential operators (as in the proof of Corollary B.1).
The proof of Proposition B.2 is divided in the following steps.

Step 1. We need the notion of “almost analytic extension” for which we refer for instance to [DS99,

Chapter 8]. We recall that the function ¥ : R — R of the statement of Proposition B.2 admits an almost

analytic extension ¥ : C — C in the following sense :

(100) VmeN 3C,>0 VzeC

ov
— < m.
5% ' < Cp[Im(2)]

Moreover, such an extension ¥ : C — C can be constructed such that its support is as closed as wanted to
the one of ¥ : R — R. As a consequence, we can assume that the support of ¥ : C — C is included in the
strip I' = {z € C,|Im(z)| < 1}. The Helffer-Sjostrand formula then reads

-1 0
(101) T(—h2A + B2Viy) = — / 99122} (2 + A — Vou)UdL(2),

™ Jc2 0z
where dL(z) stands for the Lebesgue measure on C. We now need a parametrix of the resolvent of —A + V5,
as in Proposition A.1. For any integer N > 2 (to be chosen below at the end of Step 2), we get the following

formula for a suitable integer N’ > 2 and suitable symbols qa, ..., qn’ :

1 N q
102 VzeT (2= A+ Vo) ' =0p¥ + b — Rn(2),
(102) ( 20) PR M e (=)
with

Ry(z) = (2 — A4 Vag) ' 0 Op¥(rn(2))
where the symbol rx(2) belongs to S(A™", g) for any z € T' and satisfies (91).

Step 2. We now explain how to bound the norm [[Rn ()| ra)— o ®a) With respect to z. We recall

that (1— A+ vaa)%;n is a pseudo-differential operator (see for instance [HR82] or [Bon13, Theorem 4])

and N(a+1) N(at1)
(1-A+TV2) = € OpYS(M =z ,g)
N(a+1)

(1—=A+4Va) 2a € Op“S(AY,g).
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As a consequence, we get
N(a+1) w w
(1-A+4+ Vo) 22 0O0pY“(ry(z)) € Op¥S(1,9).
And thus, the last operator is bounded on any Sobolev space based on —A + V5. Let us fix a real number
s’ > % and use the classical estimates of the norm operator of a pseudo-differential operator with (91), we
get for a suitable integer mg the following estimate

N(a+1)

(=84 vaa) "5 o 0p"(ra(2)| o (Al

Ha (R MY (RD) ™ [Tm(z)[mo

The behavior of the last bound with respect to s’ (both in the multiplicative loss and the exponent my) is
not relevant and we are merely interested in its dependence with respect to z. Writing

w N(a+1) N(a+1) w
Op®(rn(2)) = (1 = A+ Vaa)™ o(1=A+Va) 2 0Op®(ru(2)),
we also obtain
(L+ J2l)™
Op“(rn(z o , S
10p™ (rnv ( ))”H;S’(Rd)ﬁyj(uﬂ)fs (R) [Tm ()|
. ] N(at1) _ o N(u+1) —s'42
If one considers —A+ Vs, as an operator of the Hilbert space Ho =~ (R?) with domain H, © (RY),

then one clearly gets a self-adjoint operator. One consequently obtains

1

Vz € C\R z—A+V, -1 N(at1l) N(at1l) < —.
\ H( Oé) HH(lia —s (Rd)ﬁﬂaia —s (Rd) |Im(z)‘
Combining the previous inequalities, we have proved
(1+ )™
RN z (x ) ’ 5 T N a1
RN, o e S ot
N(a+1)

Thanks to Lemma B.1, one may choose N large enough so that the inclusion H, - (RY) ¢ Whr(RY)
holds true. As we have chosen s’ > %, we finally get

(1 |z)me
BN () L gy s wrray S T (z)[o 1

Step 3. We come back to the almost analytic extension ¥ : C — C and we assume that ¥ has support
in {z € C, |z| < p}. We now choose m = mg+1 in (100) to get, uniformly in h € (0, 1], the following bounds

i {U(n*2)} Ry (2)dL(z)

h2z ‘ dL(z
/ hzz|<p (2| T () ot L(2)
P 2 2 _N|mo+1 (1 + |Z|)mO
— sup Ah°[Im(h°z)|"" ——————
A e

2 sup  hPMO(1 4 |z[™0)
|z|<h=2p

L7 (RE) =W (RY)

0{‘1’} (14 [z))m

N

N
=

I ZANIRAN
=

A classical computation, as used for instance in [DS99, Page 103] or [BGTO04, page 577], based on the
Cauchy formula and the fact that —Z is a fundamental solution of the Cauchy-Riemann operator =, shows
the following equality

th

~1 1
vk eN —/C — {xp (h*2)}dL(z) = — — 0™ (n2p).

T Joo (2 —p)tl oz

Combining the Helffer-Sjostrand formula (101) and (102), we can finish the proof of Proposition B.2.
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C
About L — L" estimates of pseudo-differential operators

A pseudo-differential of order 0 on R?, in a suitable setting, is expected to be bounded on L?(R%). The
case LP(R?), with finite p, has also been studied in the literature. We have not find known estimates of the
case L°>°(R9) that can be appropriate for our needs. For this reason, we prove elementary results that covers
this extremal case. Before stating our results, we make a remark that will motivate the sequel. Consider
r € [1,400) U {400} and a symbol o € C°(R? x R¢,C). We expect to bound 10" (o)l 1 (may—s .- (ray bY @
suitable norm on o (and certainly its derivatives). For any A > 0, consider now the following linear isometry
of L"(R?) :

U, : L"(RY) — L"(RY)
f o= (z= AT (D).
Due to the definition (82) of the Weyl quantization, one easily checks the formula

oo o (o (15

This remark implies that any reasonable bound from above of ||[Op®(o)]

L7 (R4)— L (RY) should be scale-
invariant by replacing o with o ()\x, %) This is the purpose of the following result relying on the Schur
test.

Proposition C.1. — For any integer s > %, there is C(d,s) > 0 such that for any symbol o € C(R? x
R?, C) with compact support, for any r € [1,4+00) U {+oo}, the following bound holds true

-k %
1097 (@) sty ey < CCe) (s [ ot 0ld) (s [ -aerotmetie)

PROOF. By interpolating, one merely has to prove the cases r = 1 and r = +00. From (82), the Schwartz
kernel of Op” (o) is clearly given by

— i(z—y,£) T4y d§
K= [ s (250)

Hence, the bounds L>® — L and L' — L' will respectively come from the bounds of

(103) sup/ |K(z,y)|dy and sup/ |K (2z,y)|dx.
z€RE JR yeR? JR4

Since ¢ has a compact support, we may integrate by parts with the differential operator I + (—A¢)° to get

et{z—y,8) . T4y d¢
LTy 800 <2’5> @n)?
1 d¢

T o, O A e

o (Sup [ e olic+ s /Rd|(—A)SU(X7§)|d§>.

L+ ]z —y[* \xepa X eRd

K (2, y)]

As a result, the two suprema in (103) are bounded by
ca.s) (sw [ oexoes sw [ -aracxole).

XeR4 JR XeRd JRA

From the remark made in the beginning of this part, we may improve the last bound by
caspt (sw [ losxies sw [ -a)0x.ol)
A>0 \ xeRrd JRrd XeRd JRA
where we denote by oy the symbol o(Az,£/)). This reduces to
Cla.o) pt [ sup [ 100 9lde + 37 sup [ [(-aeratx.olae].
Rd R4

A>0 X eRd X€eRd
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The conclusion comes from the easy fact
VA, B>0  inf MA4+ A" -DB~ A-E B,
A>0
(Il

The previous result allows to prove two corollaries needed to deal with the pseudo-differential operators
appearing in Proposition B.2.

Corollary C.2. — Consider an integer o > 1 and a positive 2ci-homogeneous polynomial Vas on R%. Set
now p(x,&) = |€|> + Vau(x). For any smooth function ¥ : R — R, with compact support, and any smooth
function q : R — C, the following estimate holds true

Vr e [1,+00)U{+oo} sup |Op"“(T(h?p)q(hf))|

0<h<1

Lr(RY)—Lr(Rd) < TO0-

PROOF. Let us assume that ¥ has a support in [~R, R] for some real number R > 0. For any x € R? and
h € (0,1], we can write

[0 Va0 )+ 1R a(he g

=t [ B0 @) + ePa(e) e
< h™"Volga(B(0,VR)) I oo (may gl oo (B0, vRR)) = O(h~?).

Fix now an integer s > % and let us write
|80 1002 Van (o) + 121 ath ) e
=t [ AN aa ) + 16Nl

which is uniformly bounded with respect to x, with a similar argument, by O(h2*~4). Proposition C.1 gives
us the expected bound for any r € [1,400) U {400} :

(104) |Op™ (¥(h*p)q(hE))|

<0 ((h—d)l—%(h%—d)%) = 0(1).

LT (R)—Lr(RE) =

O

For the next result, we stress that we consider cut-off functions whose support is far from 0. This is a
little trick that will allow to deal with the terms A2*Op™(¥*) (h2p)qy), k > 1, of Proposition B.2 under the
reasonable additional assumption that ¥ is identically constant near 0.

Corollary C.3. — As above, we consider an integer o > 1, a positive 2a-homogeneous polynomial Vo, on
R?. Consider as above the symbol p, the weight M and the admissible metric g associated to —A + Vaq
defined in (98). Let ® : R — R be a smooth function whose support is compact and included in (0, 4+00). Fiz
17 € R and let q be a symbol belonging to the class S(M™,g). Then the following holds

Vr € [1,+00) U{+o0} Vh€]0,1] || opW(cp(h?p)q)}|LT(RdHLT(Rd) < hm,

PROOF. As for Corollary C.2, we aim to use Proposition C.1. For any € R? and h € (0, 1], we begin by
writing

[ 1902Van (o) + 121ER)a(o ME S [ [0 Vaa ) + B2+ P+ J7)

Since the support of @ is far from 0, one has Vo, () + [£]|? =~ h™2 in the last integral. As h belongs to (0, 1]
and Vs, is 2a-homogeneous, we also have the equivalence 1 + |z|** + |£]2 ~ h=2. Whatever the sign of 7 is,
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a similar argument than that of the proof of Corollary C.2 gives us

| ®(h*Vaa(x) + h°[E[*)g(x,€)|de < h™2" | |@(h*Vaa(x) + h2[E[*)]dE
R4 Rd

S b [ (00 Vaala) + J6)ds
d

)

Choose now an integer s > % and make use of the Leibniz rule :

| a0 @uiape + a3 de
<0ts) X [ g emlel + RIEMNIDE falr, ) e

(sl,SQ)ENdXNd
[s1]+]s2|=2s

We now use the gain of derivatives in £ of the symbol ¢ € S(M™7, g) (see (98)). We then get

J.

(—A) @ (hVaa(2) + H2IE[*)q(. )} de

S X IDEH{D (Vo (@) + B2} + a2 + (€[~ e

Rd
(s1,52)EN? x N4
[s1]+|s2|=2s

< Y s /Rd|Dgl{<1>(h2vza(x)+h2|£|2)}|d5

(s1,52)EN? x N4
[s1]+|s2|=2s

<Y el / |DE R (1 Vaa () + [€)} e,
Rd

(s1,52)EN? x N4
[s1|+]s2|=2s

which is O(h=27+25=d) " Again, Proposition C.1 gives the conclusion with the same computation made in
(104). |

D
Proof of Theorem 5.3

We shall first prove the following result.

Theorem D.1. — Consider an integer o > 1 and a positive 2a-homogeneous polynomial Vas on R%. For
any smooth function ¥ : R — R, with compact support, and that is identically constant near 0, there is C > 0
such that for any r € [1,+00) U {+oc} and any f € L"(R?) the following holds true

1 sup [ W(=h*A + h*Voo) | 1 gy < CIF 1l L gy -

o) 0<h21 e 2 )fHL (RY) 11l ra)

(106) sup [[VED(—H2A + h2Vau) 1Y o oy < o I -
0<h<1 R =

It is easy to check that Theorem D.1 implies Theorem 5.3. We firstly remark that any f € L?(R?) that is
spectrally localized in [0, p] (with respect to —A + V5, ) automatically belongs to any Sobolev space Hs,(R?),
with s > 1, so belongs to L"(R?) (see Lemma B.1). Choose now a function ¥ € C§°(R,R) such that ¥ =1
on [0,1] and set h = %, we immediately obtain the equality ¥ (—h2A + h?Va,)f = f. Hence, (106) implies
the conclusion of Theorem 5.3. The inequality (105) is useless for us but its proof is easier than that of (106)
and may be useful for further developments.

Let us now explain the proof of Theorem D.1. We use the same notations of those of Appendix B (in
particular (98)) and we apply Proposition B.2. We shall merely invoke that each symbol ¢; belongs to
S(MP*, g) instead of S(M*A~2,g).
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Proof of (105). Corollary C.2 (with ¢ = 1) and Corollary C.3 (with ® = ¥*) and ¢, € S(M*,g))
respectively give us

< 400,

w 2
2 105 0 e

Vke{2,...,N'} sup HthOpw(\IJ(k)(hgp)qk| Lr(Rdy s Lr(ra) < TOO-
he(0,1]
Proof of (106). It is sufficient to prove for any j € {1,...,d} :
0 C;
(107 | op"wn) <<
Oz L7 (R4)— L (R<) h
/ 9 okyw (k) (1,2 ij
(108) Vke{2,...,N'} |- h*0op (\II (h p)qk) < Tk
dx; L7 (R4)— L (R4) h

For any u € S(R?), the definition (82) ensures that a%jOpw(\Il(h2p))u(ac) equals

o ile—y.) 2 (THY dyd§
Jo W(’”’( 2 ’5)>“(y)<2w>d

o h? T+y T+y dyd¢
iy M g (12
5 (’”’( 2 ’5))@1‘1’( 2 ”f)“(y)@w)d'

In other words, we have

h2
%Opw(‘ll(th)) = Op" (i&; ¥ (h?p)) + Op" (2\11’(h2p)8x_7p> :
J

Notice that the last formula is predicted by the exact symbolic calculus (87) and (88). For the metric

d
g = > ]jf/?a + %, the symbol d,;p belongs to S(Ml_ﬁ,g). Corollary C.2 (with ¢(h€) = ih&) and

=
Corollary C.3 allow us to get (107) :

S
L7 (R%)— L™ (R%)

+h2p20-2%) <

S
S

Hj%owwh%»

Proving the inequality (108) is essentially similar because %thOpw(\I/(k)(th)qk) equals
2y w (e (k) (12 ok (P k1) 02 2hyow [ (k) (12, L
hOp™ (ig; ™ (hp)qr) + W™ Op™ { - (h°p)qrdz,p | +h™Op™ | U2 (h7p) 50z, ak | -

Note that &g, = %qk clearly belongs to S(M’”%,g), that g,0.,p belongs to S(M’”l’ﬁMq) and 0y, qx
belongs to S(Mk*ﬁ,g). Thanks to Corollary C.3, we obtain

Hah%opw(qf(k)(th)qk) < L pep20-d0 fp2eak o L
Ox; L7 (R4)— L7 (Rd) h
E
About unitarily invariant random vectors
In the sequel, we denote by ||-|| the Euclidean norm of C.
Lemma E.1. — Let Y : Q — C% be a random vector that almost surely never vanishes and whose law is

unitarily invariant, then
a) ||T] and ﬁ (which is almost surely well defined) are independent,
b) the law of ﬁ is the normalized volume measure of the sphere S?3—1 c C?.
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PROOF. The law of the random vector HTTH is a unitarily invariant Borel probability measure on the sphere

SQd—l

, hence b) is proved. It remains to prove a). Considering two measurable subsets A C [0, +oc0) and

B C S?*~1 we want to show the equality

T T
Pl|Y]|eA and eB>:P TEAP<EB>,
(n || o (ele 4 (o

which indeed means

(109)

P(T € AB) = P(||Y| € A)P (% e l’>’> .

Considering v, the normalized Haar measure of the unitary group Uy(C), we clearly have

(110)

Vp € Uy(C) P(YT € AB) =P(pY € AB),

P(T € AB) = / P(pY € AB)dvq(p) = E,
Uaq(C)

/ 1A5<pr<w>>dud<p>] .
Uq(C)

Let us now explain that we indeed have

(111)

T
wea [ o Ll )da) = LT )P (”T' e B) |

If || (w)|| does not belong to A then pY(w) does not belong to AB and hence the two sides of (111) vanish.

1(

If |T(w)| belongs to A then we have 145(pY(w)) = 1p (pii)) Whatever is a fixed point z € S24-1,

[RYCOI]

it is known that the pushforward measure of v4 via the map p € Uy(C) — pzr € S?*¢~! is the normalized

volume measure of S?*~1 and so also equals the law of ”—%‘ Choosing = = %, it appears that (111) is

completely proved. Finally, (110) and (111) imply (109). O
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