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PERIODIC p-ADIC GIBBS MEASURES OF ¢-STATES POTTS MODEL ON
CAYLEY TREE: THE CHAOS IMPLIES THE VASTNESS OF p-ADIC GIBBS
MEASURES

MOHD ALI KHAMEINI AHMAD, LINGMIN LIAO, AND MANSOOR SABUROV

ABSTRACT. We study the set of p-adic Gibbs measures of the g-states Potts model on the
Cayley tree of order three. We prove the vastness of the periodic p-adic Gibbs measures for
such model by showing the chaotic behavior of the correspondence Potts—Bethe mapping
over Qp for p = 1 (mod 3). In fact, for 0 < |0 — 1|, < |q|2 < 1, there exists a
subsystem that isometrically conjugate to the full shift on three symbols. Meanwhile, for
0 < |ql2 <0 —1]p < lqlp < 1, there exists a subsystem that isometrically conjugate
to a subshift of finite type on r symbols where » > 4. However, these subshifts on 7
symbols are all topologically conjugate to the full shift on three symbols. The p-adic
Gibbs measures of the same model for the cases p = 2,3 and the corresponding Potts—
Bethe mapping are also discussed.

Furthermore, for 0 < |6 — 1|, < |g|p < 1, we remark that the Potts—Bethe mapping
is not chaotic when p = 2, p = 3 and p = 2 (mod 3) and we could not conclude the
vastness of the periodic p-adic Gibbs measures. In a forthcoming paper with the same title,
we will treat the case 0 < |q|p < |0 — 1|, < 1 forall p.

1. INTRODUCTION

A p-adic valued theory of probability (a non—Kolmogorov model in which probabilities
take values in the field Q, of p-adic numbers) was proposed in a series of papers [17-22,
24-26] in order to resolve the problem of the statistical interpretation of p-adic valued wave
functions in non-Archimedean quantum physics [7,57,58]. On the other hand, in order
to formalize the measure-theoretic approach for p-adic probability theory, in the papers
[11-14] the authors developed several p-adic probability logics which are sound, complete
and decidable extensions of the classical propositional logic. This general theory of p-
adic probability was applicable to the problem of the probability interpretation of quantum
theories with non-Archimedean valued wave functions [5, 23, 28]. The applications of
p-adic functional and harmonic analysis have also shown up in theoretical physics and
quantum mechanics [1-6].

Gibbs measure which plays the central role in statistical mechanics is a branch of prob-
ability theory that takes its origin from Boltzmann and Gibbs who introduced a statistical
approach to thermodynamics to deduce collective macroscopic behaviors from individual
microscopic information. Gibbs measure associated with the Hamiltonian of a physical
system (a model) generalizes the notion of a canonical ensemble (see [46]). In the classical
case (where the mathematical model was prescribed over the real numbers), the physical
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phenomenon of phase transition should be reflected in a mathematical model by the non-
uniqueness of the Gibbs measures or the size of the set of Gibbs measures for a prescribed
model. Due to the convex structure of the set of Gibbs measures over the real numbers
field, in order to describe the size of the set of Gibbs measures, it was sufficient to study
the number of its extreme elements. Hence, in the classical case, to predict a phase transi-
tion, the main attention was paid to finding all possible extreme Gibbs measures. We refer
to the book [10] for more details.

The rigorous mathematical foundation of the theory of Gibbs measures on Cayley trees
was presented in the books [46,47]. The p-adic counterpart of the theory of Gibbs measures
on Cayley trees has also been initiated [9,42,43]. The existence of p-adic Gibbs measures
as well as the phase transition for some lattice models were established in [34,35,41,45].
Recently, in [44,51,52], all translation-invariant p-adic Gibbs measures of the p-adic Potts
model on the Cayley tree of order two and three were described by studying allocation of
roots of quadratic and cubic equations over some domains of the Q,,.

In the p-adic case, due to lack of convex structure of the set of p-adic (quasi) Gibbs
measures, it is quite difficult to constitute a phase transition with some features of the
set of p-adic (quasi) Gibbs measures. Moreover, unlike the real case [30], the set of p-
adic Gibbs measures of lattice models on the Cayley tree has a complex structure in a
sense that it is strongly tied up with a Diophantine problem (i.e. to find all solutions of
a system of polynomial equations or to give a bound for the number of solutions) over
the Q,. In general, the same Diophantine problem may have different solutions from the
field of p-adic numbers to the field of real numbers because of the different topological
structures. On the other hand, the rise of the order of the Cayley tree makes difficult to
study the corresponding Diophantine problem over the Q,. In this aspect, the question
arises as to whether a root of a polynomial equation belongs to the domains Z,, Z, \
Ly, Ly, Qp\ Zy, Qp\ (Zp \ Z;) , Qp \ Z,, Q, or not. Recently, this problem was
fully studied for monomial equations [40], quadratic equations [51, 53], depressed cubic
equations for primes p > 3 in [38, 39, 54]. Meanwhile, in [48-50], the depressed cubic
equations for primes p = 2, 3 are discussed.

This paper can be considered as a continuation of the papers [44,51,52]. We are going
to study the set of p-adic Gibbs measures of the g-states Potts model on the Cayley tree
of order three. For such study, the conditions [§ — 1|, < 1 and |¢|, < 1 are natural
(see Subsections 2.1 and 2.5). We remark that the case 0 < |6 — 1|, < |¢|, = 1 has
recently been considered in [37] and the regularity of the the dynamics of the Potts—Bethe
mapping for primes p > 5, p = 2 (mod 3) with the condition 0 < |# — 1|, < |g|, < 1
has been studied in [55]. In this paper, we prove the vastness of (periodic) p-adic Gibbs
measures by showing the chaotic behavior of the Potts—Bethe mapping over Q,, for primes
p = 1 (mod 3) with the condition 0 < |§ — 1|, < |g|, < 1. To complete our work, in a
forthcoming paper with the same title, we will study the Potts—Bethe mapping over Q,, for
the case 0 < [¢|, < |0 — 1], < 1.

We organize our paper as follows. In Section 2, we provide the preliminaries of the
paper. In Section 3, we discuss the p-adic Gibbs measure of the Potts model associated
with an m-boundary function. Such a measure is associated to the cycle of length m of the
corresponding Potts—Bethe mapping. In Section 4, the dynamical behavior of the Potts—
Bethe mapping is studied for p = 1 (mod 3). We find a subsystem that isometrically
conjugate to a shift dynamics i.e., the full shift on three symbols or a subshift of finite type
on r > 4 symbols. All these subsystems are proven to be topologically conjugate to the
full shift over three symbols. Finally, in Section 5, we discuss the dynamics of Potts—Bethe
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mapping over Q2 and Q3. We prove that except for a fixed point and the inverse images of
the singular point, all points converge to an attracting fixed point.

2. PRELIMINARIES

2.1. p-adic numbers. For a fixed prime p, the field Q, of p-adic numbers is a completion
of the set Q of rational numbers with respect to the non-Archimedean norm | - [, : Q — R

given by
—k
_Jp 7 a#0,
|$|P_{ 0, z=0,

where x = pk% with k,m € Z,n € N, p / m and p f n. The number k is called the
p-order of x and is denoted by ord,, (). Note that ord,(z) = —log,, |z|, = k. Moreover,
this norm is non-Archimedean because it satisfies the strong triangle inequality: |z +y|, <
max (|z|p, |y|,) - The metric on Q, induced by this norm, d(x,y) = |z — y|,,, satisfies the
ultrametric property: for all z,y, z € Q,, d(z,y) < max (d(z, z),d(z,y)) .

We respectively denote the set of all p-adic integers and p-adic units of Q, by Z, =
{r€Qp: |z, <1} and Zy = {z € Qp : |z|, = 1}. Any p-adic number z € Q,, can be
uniquely written in the canonlcal form z = p°"dr(@) (:CO +xoptaze-piH... ) where
x0 € {1,2,...,p—1}and z; € {0,1,2,...,p— 1} fori € N:= {1,2,...}. Therefore,
T = ﬁ, for some z* € Z;.

We denote by B,-(a) ={zx € Q, : |t —a|, <r}andS,(a) ={z €Q, : |z —al|, =71}
the open ball and the sphere with center a € QQ,, and radius » > 0 respectively. Note that,
by non-Archimedean property, an open ball is also closed. The p-adic logarithm function
In,(-) : B1(1) — B41(0) is defined by

> n+1 1)77,
Iny(z) =Iny(1+ (x — 1)) Z —
n=1

The p-adic exponential function exp,,(-) : B,~1/-1)(0) — By (1) is defined by

o0 n

exp,(z) = Z %

n=0
Lemma 2.1 (see [15,57]). Letx € B,-1/4-1)(0). Then we have

|epr($)|p =1, |epr($) - 1‘1} = |5L’|p <1, |1np(1 + x)|p = |z|p < pil/(pilx
Iny(exp,(z)) = =, exp,(lny(l +x)) =1+ .

Let &, = {2z € Q, : |z — 1], < p~/®=1}. Obviously, if p > 3 then £, = {z € Z, :
|z — 1|, < 1} = B;(1). Due to Lemma 2.1, we have the following result.

Lemma 2.2 (see [15,57]). The set £, has the following properties:
(i) &, is a group under multiplication;
(ii) one has|a — b, < 1foralla,b € &,;
L ifp#2
(iv) ifa € &, then there exists h € B),—1/-1) (0) such that a = exp,,(h).

(iil) ifa,b € &y, then one has |a + b|, =

Note that a compact-open set in Q,, is a finite union of balls. The following is the
definition of local scaling on a compact-open set X C Q,,.
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n
Definition 2.3 (Definition 4.1 of [29]). Let X = |J B, (a;) C Q, be a compact-open set.
i=1
We say that a mapping f : X — X is locally scaling for r; € {p™, n € Z} if there exists a

function S : X — R>1 such that for any z,y € B, (a;), S(z) = S(y) = S(a;) and
[f(2) = F()lp = S(ai)lz = ylp-

The function S is called a scaling function. The following lemma will be useful.

Lemma 2.4 (Theorem 5.1 of [29]). Let X = |J B,,(a;) C Q, be a compact-open and
=1

i=
f: X — X be ascaling forr; € {p",n € Z}. Let S : X — R>1 be the correspondence
scaling function. Then for all v’ < r;, the restricted map

f : BT"(a’i) — BT’S(ai)(f(a’i))

is a bijection.
The following result is a direct consequence of Lemma 2.4.

Corollary 2.5. Keep the same assumption as in Lemma 2.4, we have for all ' < r;, the
restricted map

[ :Sp(ai) = Spsa)(f(ai))
is a bijection.
Proof. Recall S,/ (a;) = {x € Qp : |x — a;|, ='}. Then S, (a;) = By (ai) \ By (a;) is
a difference of consecutive balls. By Lemma 2.4, f are bijections from balls to balls. Thus
when restricted to the spheres f is also bijective. (]

2.2. p-adic subshift. In this paper, we will apply a theorem in [32]. We take the same
notation as in [32]. Let f : X — Q,, be a mapping from a compact open set X C Q, into
Q,. We assume that (i) f~' (X) C X and (ii)) X = Ujer By~ (a;) can be written as a
finite disjoint union of balls of centers a; and of the same radius p~7, 7 € Z such that for
each j € I there is an integer 7; € Z such that for any =,y € B, (a,)

|f(@) = fW)l, =p7 |z —ylp. 2.1)

For such a map f, we define its Julia set by
Jr={r"x). 2.2)
n=0

It is clear that f~* (Jy) = Jy and f (Jf) C Jy.

The triple (X, J¢, f) is called a p-adic weak repeller if all 7; in (2.1) are nonnegative,
but at least one is positive. It is called a p-adic repeller if all 7; in (2.1) are positive. For
any ¢ € I, we let

Ii:={j € I:Br(a;) N f(Br(ai)) # 0} ={j €I :Br(a;) C f(Br(ai))}
(the second equality holds because of the expansiveness and the ultrametric property). We
then define a so-called incidence matrix A = (a;;)rx 1 as follows

1 it jel,
Qi =
“ 0 if j&I,.
If A is irreducible, we say that (X, J, f) is transitive. Recall that A is irreducible if for

(m) > 0, where aE}TL) is the

any pair (i,7) € I x I there is a positive integer m such that a;;
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entry of the matrix A”. For an index set / and an irreducible incidence matrix A given
above, we denote by

Sa={(@p)rz0: a0k €1, Apy o, =1, k >0}

the subshift space. We equip ¥4 with a metric dy depending on the dynamics which is
defined as follows. For i,j € I, i # j let k(,7) be the integer such that |a; — aj|, =
p~*(9) Tt is clear that k(4, j) < 7. By the ultrametric inequality, we have

|z —ylp = la; — ajlp, @ # j, Vo € B,(a;), Yy € B,(a;).
Forz = (zg, 21, y&n, ) €EXaand y = (Yo, Y1, " s Yn, -+ ) € 24, we define

—Teg—Tay— " —Ta, 1 —K(Tn Yn) 1
p 0 1 n—1 if n 75 O7
de(x,y) = =
f( y) {pn(zo,yo) ifn=0

where n = n(z,y) = min{k > 0 : z # yi}. Itis clear that d; defines the same
topology as the classical metric defined by d(z,y) = p~ (@Y Let o be the (left) shift
transformation on X 4. Then (X 4, 0, ds) becomes a dynamical system.

Theorem 2.6 ( [32]). Let (X, J¢, f) be a transitive p-adic weak repeller with incidence
matrix A. Then the dynamics (Jy, f,| - |p) is isometrically conjugate to the shift dynamics
(Xa,0,dy).

The shift dynamics (X 4, o) is called a subshift of finite type determined by matrix A.
When A is a n x n matrix whose coefficients are all equal to 1, (X 4, o) is called a full shift
over an alphabet of n symbols, and is usually denoted by (3,,, o).

2.3. p-adic measure. Let (X, ) be a measurable space, where B is an algebra of subsets
X. A function 1 : B — Q,, is said to be a p-adic measure if for any Ay, ..., A, € Bsuch
that A; N A; = ) (¢ # j) the following equality holds

M( QAj) = éu(Aj)-

A p-adic measure is called a probability measure if ;1(X) = 1. A p-adic probability
measure p is called bounded if sup{|u(A)|, : A € B} < co. We are interested in this
important class of p-adic measures in which the boundedness condition itself provides a
fruitful integration theory. The reader may refer to [25,26,28] for more detailed informa-
tion about p-adic measures.

2.4. Cayley tree. Let I'’* = (V, L) be a semi-infinite Cayley tree of order k& > 1 with the
root 20 (each vertex has exactly k + 1 edges except for the root " which has k edges).
Let V be a set of vertices and L be a set of edges. The vertices x and y are called nearest
neighbors if there exists an edge [ € L connecting them. This edge is also denoted by
I = (x,y). A collection of the pairs (x, x1), - - - , (xq—1,y) is called a path between vertices
x and y. The distance d(z,y) between 2,y € V on the Cayley tree is the length of the
shortest path between = and y. Let

Wy ={zeV:da2’)=n}, Vo= | JWn Ln={<zy>cLl:z,ycV,}.
m=1

The set of direct successors of x is defined by

VaoeW,, S)={yecWns:d(xz,y) =1}.
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We now introduce a coordinate structure in V. Every vertex x # z° has the coordinate
(i1, ,in) wherei,, € {1,...,k}, 1 < m < n and the vertex z° has the coordinate (()).
More precisely, the symbol (0) constitutes level 0 and the coordinates (iq,- - ,i,) form
level n of V (from the root 2°). In this case, for any € V, & = (i1, ,i,) we have

S(@) = {(z,i) : 1 <i <k,

where (z,4) means (i1, ,i,,%). Let us define a binary operation o : V. x V — V as
follows: for any two elements x = (i1, -+ ,4,) and y = (j1,- - , jm) We define

woy= (i1, - in) 0 (1, 1 dm) = (i1, yin, J1, o, Jm)
and
Yoz =01, dm) o (it sin) = (1, s mr i1, »in)-
Then (V, 0) is a noncommutative semigroup with the unit z° = ()). Now, we can define a
translation 7, : V' — V for g € V as follows 7,(z) = g o «. Consequently, by means of
T4, we define a translation 7, : L — L as 7,((x,y)) = (14(x), 74(y))-
Let G C V be a sub-semigroup of V and h : L — @, be a function. We say that h is

G-periodic if h(74(1)) = h(l) forall g € G and ! € L. Any V-periodic function is called
translation-invariant.

2.5. p-adic g-states Potts model. Let & = {1,2,--- , ¢} be a finite set. A configuration
(resp. a finite volume configuration, a boundary configuration) is a functiono : V. — &
(resp. oy = V, — ®, o™ : W, — ®). We denote by Q (resp. Qv , Qw,,) the set of
all configurations (resp. all finite volume configurations, all boundary configurations). For
given configurations o, _; € Qy,,_, and 0™ € Q. , we define their concatenation to be
a finite volume configuration o,,_1 V o e Qy,, such that

_ if veV, 1
n— V (n) = Tn 1(,0) ! " .
(0' 1 VO ) (U) {o,(n) (v) if ve Wn

The Hamiltonian of ¢-states Potts model with the spin value set ® = {1,2,--- ¢} on the
finite volume configuration is defined as follows

Hn(o'n) =J Z 5U,L(w)an(y)7
(z,y)ELn
for all o, € Qy, andn € N where J € B,,—1/-1)(0) is a coupling constant, (z,y) stands
for nearest neighbor vertices, and ¢ is Kronecker’s symbol.

2.6. p-adic Gibbs measure. Let us present a construction of a p-adic Gibbs measure of
i.l") : Qy, — Q, associated
with a boundary functionh : V — Qf, fl(a:) = (i}g), R ﬁ&‘”) ,x € V as follows

the p-adic g-states Potts model. We define a p-adic measure

n 1 7 (o
e (o) = Z(rwexpp{Hn(on)Jr >k n(””} (2.3)

h zeW,

forall o), € Qy,,, n € Nwhereexp,(-) : B,-1/4-1)(0) — By(1) is the p-adic exponential
function and Zlg") is the partition function defined by

Zlgn) = Z exp,, {Hn(an)—i— Z iz;”"(m))}

on €y, zeW,
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for all n € N. Throughout this paper, we consider h(z) € (Bp-1/0-1) (O))q forany x € V.
The p-adic measures (2.3) are called compatible if one has that

Z :U/E'ln) (O-nfl \4 U(n)) = ,uli‘inil)(onnfl) (24)
0’(”) GQWn
forall o,,—1 € Qy,_, andn € N.
Due to Kolmogorov’s extension theorem of the p-adic measures (2.3) (see [9,27,31]),
there exists a unique p-adic measure pf, : 2 — Q,, such that
n({o v, = on}) = u(0n), Vou €Qy,, YneN.

This uniquely extended measure pf, : 8 — Q, is called a p-adic Gibbs measure. The
following theorem describes the condition on the boundary function h:V — Qj in which
the compatibility condition (2.4) is satisfied.
Theorem 2.7 ([42,43]). Leth: V — QY, h(x) = (i};”, . ,B;q)) be a given boundary
functionandh : V. — Qi L h(z) = (h(l) ,h&‘*”) be a function defined as hY =
hx - h&‘” foralli = 1,q — 1. Then the p-adic probability distributions {,ug")} . are
ne
compatible if and only if
h(z) = )  F(h(y), VzeV\{z"}, 2.5)
yeS(z)
where S(x) is the set of direct successors of x and the function F : Qg_l — Qg_l,
F(h) = (Fy, -+ ,Fy_1) forh = (h1,--- , hy_1) is defined as follows
0—1)ex ex +1
_— (( Jexy () + TI expy (1)
0 + Z] 1 expp( )

2.7. Translation-invariant p-adic Gibbs measures. A p-adic Gibbs measure is translation-
invariant (in short TIpGM) if and only if the boundary function h : V' — Q{ is constant,

i.e., h(z) = hfor # € V. In this case, the condition (2.5) takes the form h = kF(h) or
equivalently

k

01 T 1

e =, [ LDl )jz =1 exy(h) , 1<i<q-1.
9+Z lexpp( )

Letz = (21, - ,2q—1) € EL " such that z; = exp,(h;) forany 1 < i < ¢ — 1. In what
follows, we write z = exp,,(h). Then we have the following result.

) , O =exp,(J).

Theorem 2.8 ( [42,43]). Let h : V. — QU be a boundary function, h(z) = h =

(izl, e ,ﬁq). There exists a translation-invariant p-adic Gibbs measure pi : 1 — Q,
associated with a boundary function ﬁfor any x € Vand h = (hy,--- ,hg_1) such
that h; = h; — quforl <i<qg—1lifandonlyif (21, -+ ,24-1) = z = exp,(h) =
(expp(h1), - ,expp(hy—1)) € 53_1 is a solution of the following system of equations
q-1 k
zi:<(9 1)Zz+2jllzj+1> . 1<i<qg-—1. (2.6)
0+3511 2
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Letl,—y = {1, e, q — 1} Forj € I,_q,lete; = (51]‘,52]‘, e '5q_1j) S Q271 and

fora C Ip_q,leteq = Y e;. Foranyz = (z1,---,21) € Q4% let {a;(2)}9_,
JEa
d
be a disjoint partition of the index set I,_1,ie., |J o;(z) = I;-1, a;,(z2) Naj,(z) =0
j=1

for j; # jo such that z;, = z;, for all i1,is € «;(z) and z;, # 2z, for all i1 € ay, (2),
iz € aj,(z). Then

d
2= z7eq (s (2.7)
j=1

where z; = 2 forany i € a;(z) and 1 < j < d.
Theorem 2.9 (See [52]). Ifz € 55_1 is a solution of the system (2.6) then 1 < d < k.
The descriptions of all TIpGMs for the cases & = 2, 3 were given in [44, 52].

Theorem 2.10 (Descriptions of TIpGMs for k = 2, [44]). There exists a TIpGM py, = © —
Q, associated with a boundary function h = (hy,--- , hy) if and only if h; = In,(hz;)
Jorall1 < j < q—1andhy = In,(h) where h € £, and z = (z1,---z41) € EF 7 is
defined as either one of the following form

(A) Z:(la a1)7

B) z=(z,---,z) where z € &, \ {1} is a root of the following quadratic equation

(@=1%2+ (2 -1)—~(0-1)?)2+1=0;
(C) z = eq, + 2z€q, With |o;i| = m;, mi +mg = q— Lsuchthat z € £,\ {1} isa
root of the following quadratic equation
m32° + [2ma(my +1) — (0 — 1)*] 2+ (mq + 1)> = 0.

Theorem 2.11 (Descriptions of TIpGMs for k = 3, [52]). There exists a TIpGM py, : £ —
Q, associated with a boundary function h = (Eh Sy qu) if and only ifﬁj = In,(hz;)
foralll < j < qg—1and hy = Iny(h) where h € &, is any p-adic number and z =
(21, 2g—1) € 5;}71 is defined either one of the following form

(A) Z:(la al)a
B) z=(z,---,2) where z € &, \ {1} is a root of the following cubic equation
(=12 + (3= 1)* = (0 = 1)*(0 + 3(¢ — 1) - 1)) 2*
+(Bg—1)—(0-1)20+2)z+1=0;
(C) z = eq, + zeq, with |a;| = m;, m1 +mg = q— Lsuchthat z € E,\ {1} isa
root of the following cubic equation
m3z° + [3m3(my 4+ 1) — (0 — 1)*(0 + 3my — 1)] 2°
+ [Bma(my +1)* = (0 = 1)*(0 +3(m1 +1) — 1)] 2+ (my + 1)° = 0;
(D) z = z1€4, + 22€4, With |a;| = m;, m1 + ma = q — 1 such that

() Ifmy # 52 then 21 = 7% €& \{1}and 2o € E,\ {1} is

a root of the following cubic equation

[(ml — mg)Z + (m1 — 1)]3

+ (0 — 1+ 3m1)? [(0 — 1+ 3ma)2z* + (0 + 2)z] = 0;
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(i) Ifmg # 152 then 2y = % €& \{1}and z; € E,\ {1} is

a root of the following cubic equation
[(ma —m1)z + (my — 1)
+ (0 — 14 3m2)? [(6 — 14 3m1)z* + (0 + 2)z] = 0;
(E) z = z1€0, + deaz + eq; with |a;| = my, my + ma +mgz = q — 1 such that
G) If my # 50 then 2y = —U=1d8me)zatsmatfi2 Ep \ {1} and 2z, €

(971+3m1)
Ex\{1}isa root of the following cubic equation

[(m1 —ma)z + (m1 —ms — 1)]° + (0 — 1+ 3m1)%(0 — 1 + 3my)2>
+ (0 — 14 3m1)*(3mz + 0 +2)z = 0;

(i) if mo # 152 then zp = — =R tinatd2 ¢ £\ {1} and » ¢

Ep \ {1} is a root of the following cubic equation
[(mg —my)z + (my —ms — 1)]° + (0 — 1+ 3my)%(0 — 1+ 3my)2>
+ (0 =14+ 3m2)*(3msz + 0 +2)z =0;
(iii) If0 = 1—qgand mq = mg = mg+1then either z1 € E,\{1} or zo € E,\{1}

is any p-adic number so that the second one is a root of the cubic equation
(21 + 20 +1)% = 2721 2.

3. H,,-PERIODIC p-ADIC GIBBS MEASURES

Let m be some fixed natural number. A boundary function h:V > Qf is called m-
periodic if h(z) = h) whenever d(z,2(®) = j (mod m) with 0 < j < m. A p-adic
Gibbs measure associated with an m-periodic boundary function is called H,,-periodic.
In this case, the condition (2.5) takes the form hU) = kF(hU+1) for all 0 < j < m with
h(™) .= h(©) or equivalently

. k

) (0 — 1) exp, (hY ™) + S0 exp, (B T) + 1 ,

h;’ =1n, G , 1<i<qg-—1.
¢ + Zl 1 epr(h )

LetzU) = (zgj),--- , é] ) e&t suchthatz(J) = exp, (h(j))foranyl <i<g—1.In

what follows, we write z(/) = expp(h(J )). Hence, we have the following result.

Proposition 3.1. There exists an H,,-periodic p-adic Gibbs measure if and only if the
following system of equations

1) 1
L) <(9 Dz gy "‘Zz (1 Zl§]+ )
v 9+Z Jj+1

has a solution {z7) j;() - ngl in which z(™) := z(0).

1
ki ) L 1<i<q-1,0<j<m—1 3.1

We are looking for solutions of the form z(/) = 2()e, +ez with |a|+|3] = ¢—1 of the
system of equations (3.1). In this case, the system of equations (3.1) takes the following
form

) = <(9 +lal = 1)z 4 g o]

k
|a|z(j+1)_|_9+q_|a|_1) ;, 0<yj<m—1 (3.2)
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with z("™) := 2(9) This means that {2/ )}?:_01 is an m-cycle of the Potts—Bethe mapping
so-called

k
(0+|a|—l)z+q—|a|) . (33)

Ge,a,q,k(’z)_ ( |0z\z—|—9—|—q—|a|—1

If ) = 1or 6 = 1 — q then the Potts—Bethe mapping becomes a constant function.
Throughout this paper, we suppose that 0 < |6 — 1|, < |¢|, < 1. This is one of the
assumptions to ensure the non-unique translation-invariant p-adic Gibbs measures. We
may assume that 1 < |a| < g — 1 otherwise if || = 0 then we obtain a trivial solution
z(0) = (1,1,--- ,1) forall 0 < j < m — 1 of the system of equations (3.1). Thus, we have

k
6—1 q
(—+1>z+—|a‘ -1

]

Go,0,q.k(2) = L4 O=lka

lex]

Ifweset® ==L + 1and Q = ﬁ, then we obtain

lex]

1 \*
fo.qr(2) = <Z?FZ®++QQ_2) :
It is obvious that the conditions # # 1 and 6 # 1 — ¢ are equivalent to the conditions
© # 1land © # 1 — Q. Moreover, the condition |6 — 1|, < |q|, (resp. |0 — 1|, = |q|,
or |6 — 1|, > |q|p) is equivalent to the condition |© — 1|, < |Q|, (resp. |© — 1|, = |Q|,
or |© — 1|, > |Q|p). Therefore, without loss of generality, we assume that |a| = 1 and
q € Q@,. We are now ready to formulate the main results of this paper.

Let fo.q.1 : Q, — Q, be the Potts—Bethe mapping defined as

k
0x+q—1 ) 3.4)

fo,q(@) = (M-H]—?
where 6 € £, ¢ € Q, such that 0 < |0 — 1], < |q|, < 1.

Denote by Dom{ f } the domain of a mapping f : Q, — Q, and by Fix{f} the set of its
fixed points. Then Dom{ f5 , 1.} = Q,\{x(>)} where x(**) = 2—0—q = x(O) —¢g—(6—1)
and x(©) = 1 € Fix{fy ,x} is always a fixed point for any k € N.

The dynamics of the Potts—Bethe mapping (3.4) for the cases £ = 1 with 0, ¢ € Q,, and
k=2 with 0 < [§ — 1], < |g|2 < 1 were studied in [33] and [36], respectively. Here, we
study its dynamics in the case k = 3 with p = 1 (mod 3) and p = 2,3. The case k = 3
with p > 5, p = 2 (mod 3) has been studied in [55].

Let us consider the following cubic equation

P - (1+0+60H)y* —(20+1)(1—-0—q)y—(1—-0—q)*=0. (3.5)

This cubic equation always has three roots yD y®@ yB) ¢ Z,, (see Proposition 4.1).
Let x = 1, x® = x(O — ¢4+ (0 —1)(y® — 1) for 1 < i < 3. We introduce the
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following sets,

Ay = {xe(@p:x—x(o) <|Q|p}’
P

G o= {xe(@p: z—xW| < |z — x> :|9_1|p}’
P p

C = {ﬂfer: z—x®@| <]z x> =|qp|9—1|P}’
P p

Cs = {IGQp: z—xO| < |z —x() |QP|91|”}
P p

The attracting basin of the fixed point x(%) is defined as

B(x0) = {x €Qp: lim fg s(x) = X(O)}

n—-+o0o

where fg', 5(z) forn € Nis the n-th iteration of fy 4 5. The following theorem is our main
theorem.

Theorem 3.2. Letk = 3, p = 1 (mod 3), and 0 < |6 — 1|, < |q|p, < 1. Then the
following statements hold.
(i) One has Fix{fg .3} = {x©, xM x® xOY in which x*) is attracting and

x(M, x?) and x®) are repelling;
(i) One has

+oo
Dom{fo.q3} \ (CLUCUCs) € B (x) = | Sy (Ao)s
n=0

(iii) There exists J C C1 U Cq U Cs such that the dynamical system fo 43 : J — J is
topologically conjugate to the full shift dynamics (33, c) on three symbols;
(iv) One has

+oo
Q, =% (X(O)) ugu | £ (x)
n=0

The proof of Theorem 3.2 will be given in Section 4. As an application of Theorem
3.2, we have the following theorem which shows the vastness of periodic p-adic Gibbs
measures.

Theorem 3.3. Let k = 3, p = 1 (mod 3). Suppose 0 < |6 — 1|, < |q|, < 1. Write
q= ﬁ with ¢* | p. Then there exist H,,-periodic p-adic Gibbs measures associated with

the m-periodic boundary functions {h(7) };-”:_01 where
B = (ny (hay”)), - Iny(hzy), log, ()

withh € &,, z10) = (z%j)7~-~z§jjl) € &7  suchthat z9) = zWeq+ep, |o|+| B8] = ¢—1,

lo| & {ﬁ, ﬁ, I q‘;—lj} and {z(j)};-":_ol is an m-cycle of the Potts—Bethe mapping

(3.6)

(9+|a|—1)z+q—|a|)3
lalz4+0+qg—|af—-1 ) °

Cpma(z) = (
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Proof. As we have already mentioned (see Proposition 3.1) that there exists an H,,-periodic
p-adic Gibbs measure associated with an m-periodic boundary function {h()}7- 1 h(7) =
(1n,,(hz_§j)), - I, (A1), Iny () with h € €, 20) = (zif), 2y € E37 of the
form z) = zU)e, + eg, |a| +|B| = ¢ — 1 if and only if {z(])}gnz_o1 C &, is an m-cycle
of the Potts—Bethe mapping (3.6) or equivalently an m-cycle of the following mapping

0:+Q-1\°
feqs(z) = (z—l—ZG—SQ—Q)

where © := % +land Q := ﬁ. Due to Theorem 3.2 (4i7), if 0 < [© — 1], < |Q|, < 1
then the Potts—Bethe mapping (3.7) has an m-cycle {z(7) };”:_01 CCLUCUC3 CE&,p.
We now describe all possible sets & C I,_; for which one has that 0 < |© — 1], <

IQl, < 1.Letqg = p - ¢* = ‘Z—‘p such that ¢* / p, | € N. One h*as 1Ql, = |ﬁ|p <1

if and only if |a| & {p',2p',---, (¢ — 1)p'} = {ﬁ,ﬁ,~-- ,%}. Moreover, since
|0 — 1], < |gqlp and |a| € N, we get |© — 1], < |Q|,- O

3.7)

Remark 3.4. Let HGM(m, q : 3) be the set of H,,-periodic p-adic Gibbs measures of the
g-states Potts model on the Cayley tree of order three. It follows from Theorem 3.3 that

—1 q*_l q_l m
|HGM(m,q:3)] > [ 2¢ —Z -3

1.
P lqlp "

where g = ﬁ with ¢* f p.
p
4. DYNAMICS OF THE POTTS—-BETHE MAPPING FOR k = 3 AND p = 1 (mod 3)

We investigate the dynamics of the Potts—Bethe mapping fy ;3 : Dom{fp ,3} — Q,

B Oxr+q—1 3
Toqs(x) = (x+9+q2>

where Dom{ fy ,3} = @, \ {x(®)} and x(*) =2 — 9 — ¢.
Throughout this section, we assume that 0 < |§ — 1|, < |¢|, < 1 and p = 1 (mod 3).

4.1

4.1. Fixed points. It is clear that x(*) = 1 € Fix{fy ,3}. Moreover, it follows from
fo,q3(x) —1 =2 —1that

(Ox4+q—1°+Ox+q—1)(x+0+q—2)+(x+0+q—2)°
(x+0+q—2)3

(x—1)0-1)
=(zx—1).
Therefore, any other fixed point 2 # x(%) is a root of the following cubic equation

O—-1)O0zx+q—1)(O@+1)2+0+2¢—-3)=(x+qg—1)(z+0+q—2)° 42

We introduce a new variable y := w;i’fq + 1. Then the cubic equation (4.2) can be
written with respect to y as follows
v - (1+0+60H)y* - (20+1)(1—-0—q)y—(1—-0—q)*=0. (4.3)

Let us find all possible roots of the cubic equation (4.3).
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Proposition 4.1. Write ¢ = p"q” for some r € N with ¢* = qo + q1p + --- € Z;. Then
the cubic equation (4.3) always has three roots y(1), y(2), y(3) such that
O [y =1>[1-0-gl, =y®|, = [y®],;
(i) y™™ =34 (p—qo)p" +- - orequivalently [y(") —3+g|, < [y =3[, = |ql,;
(2) (3)

2 3 2
(iii) y(2) = ﬁ(y((])+y1 p+...), y(3) = ﬁ(yé)erl p+...) Wherey((])

and yé3) are roots of the following congruent equation

32 +3(1—0—q)"t+ (1 -6 —¢)*)*> =0 (mod p). (4.4)

Remark 4.2. The congruent equation (4.4) has discriminant D = —3 ((1 — 6 — ¢)*)*. It
is solvable if and only D (or equivalently —3) is a quadratic residue modulo p. —3 is a
quadratic residue modulo p if and only if p = 1 (mod 3).

Proof. We study the solvability of the cubic equation (4.3) over Q,,. We first show that if
the cubic equation (4.3) has any root in the p-adic field QQ,, then it must lie in the set Z,,.
Suppose the contrary, i.e. the cubic equation (4.3) has a root y such that |y|, > 1. Since
p=1(mod3)andy® = (1+60+6*)y*+ (20 +1)(1 — 6 — q)y + (1 — 0 — ¢)?, then

lyly =11+ 0 +6%)y* + (20 + 1)(1 = 0 — q)y + (1 — 0 — q)*|, = |y[>.

It is a contradiction. Therefore, any root of the cubic equation (4.3) must lie in the set Z,,.
We refer to [52] for the detailed study of the general cubic equation over Z,,.

Leta = —(1+6+6%), b= —(20+1)(1—0—¢q) and ¢ = —(1—60—q)*. One can verify
that [b]2 = |c[, = [1— 60 —q|2 <1 = |a|, and [b], < |a|2, |c|, < |a|}. Thus, by Theorem
5.1 of [52], the cubic equation (4.3) always has a root y*) for which [y("|, = |a|, = 1.
Moreover, it follows from |0 — 1|, < |q|, < 1 and y(!) = y(()l) + pr + ... that

3 2
(yél)) -3 (yél)) = 0 (mod p). Thus, y(()l) =3andy) =3+ ygl)p +.o..

Let 6, = b — 4ac. Itis clear that 6, = —3(1 — 6 — ¢)? and |2 = |alylc|, =
[1—60—q|2 = |61],. Since p = 1 (mod 3), there always exists /01 € Q,, (or equivalently
there exists v/—3 € Q). Therefore, by Theorem 5.1 of [52], the cubic equation (4.3) has

b yLA—
=B =l1-0-ql,<1

We know that |1 — 6 — ¢|, = |g|, = p~" for some r € N. Then, y*) = p"(y()* for
i=23and1—60—q=p"(1—6—q)* By plugging y¥ into the cubic equation (4.3),
we have
Py D)) = (14+0+6%)((y))) = 20+ 1)(1-0-q)"(y) = (1 -0 —9)")* = 0.
Then fori = 2,3

3(9(()i))2 +3(1—60— Q)*yéi) +((1=6—¢)*)% =0 (mod p).

Hence, y(()2) and y(()B) are roots of the congruent equation

two more roots y?) and y(®) such that [y(?|, = [y®)],

32 4+3(1—0—¢)"t+ ((1 — 0 —¢)*)* = 0 (mod p).

Now, to prove |y} — 3|p =|ql, > |[y™") —3+4|,, we introduce a new variable » := y—3.
Then the cubic equation (4.3) takes the following form with respect to z

P4 [8-0-0]22+[21-60(0+1)— (20+1)(1— 0 —q)] 2
+ [q(40 +5) — (0 — 1)(40 + 14) — ¢*] = 0. (4.5)
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Let A= (8—0—0%), B=21—60(0+1)—(20+1)(1—0—q)and C = q(40 +5) —
(6 —1)(460 + 14) — ¢. One can check that |A|, = 1, |B|, = 1 and |C|, = |q|, < 1. Thus
|Bl, = |A|2 and |C|, < |A[? which imply that the cubic equation (4.5) always has a root

zW) for which [z, = }gt = |g|, (see the proof of Theorem 5.1, [52]). Therefore, we
have |z(V[, = [y — 3|, = |g|, which means that y(») = 3 + y{")p" + -- . and we write
the cubic equation (4.3) as follows

Yy —=3)—(0+2)(0 -1y -0+ 1)1 -0 -qy—(1-0-9)°=0. (46

Since |6 — 1], < |g|, < 1, we have

(y(”) = 946y (modp ),
0 = 1(modp™t).
It follows from (4.6)
9y p" + 9p"qo = 0 (mod p™ 1), equivalently ') + go = 0 (mod p).

Therefore, yﬁl) = p—qo = —qo (mod p), which implies [y™") —3+¢|, < [y —3|,. O

Proposition 4.3. Fix{fs 3} = {x@, xM x® xO} where x(© =1, x() =1 —
g+ @ —1)(y®» —1)for1 <i<3andy™®, y® y®) are the roots of the cubic equation
(4.3).

Proof. The proof follows from Proposition 4.1. g

4.2. Local behavior of the fixed points. Recall that a fixed point x of the Potts—Bethe
mapping is called attracting if 0 < |\, < 1, indifferent if |A|, = 1 and repelling if
|Al, > 1 where A = f‘;7q73(x).

Proposition 4.4. The following statements hold:

(i) x(@ is an attracting;
(i) xM, x® and x®) are repelling.

Proof. We have to show

Tpan )| < Land £, 5(x@)] > 1for1 < i< 3. Itis
p p
easy to check that for 0 < ¢ < 3,
3(0 —1)(0 =1+ q)(0x") + ¢ —1)?
(x® +0+q—2)*
3(0 —1)(0 — 1 + q)x

(0x) +q—1)(xD) +60+q—2) @D

fé,q,S(X(i)) =

Hence, |fj , 3(X(O))‘ = % < 1. Recalling x) =1 — ¢+ (0 — 1)(y™» — 1) for
o P
1 <7 < 3, we deduce from (4.7) that

3(0 — 1+ q)x®
(0 =Dy (Oy® +1-60-q)
Due to Proposition 4.1, we have |y(2)‘p = ’y(3)|p =[1-0-¢q, <1= ‘y(1)|p and
‘X(i)|p = 1for 1 < ¢ < 3. Therefore,

(4.8)

fé,q,S(X(i)) =

féqg(x(l))‘ = e > 1. For the fixed points
a )

o
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x(2) and x(3), it follows from (4.8) that for i = 2,3
3(60 =14 q)|1— 60— ¢2x®
-1 ) () +1-6-9))

By means of (4.4), we can check 0 (y())" # —(1—0—¢q)* (mod p) fori = 2,3.
Consequently, for 7 = 2,3

f6.08(x) = (4.9)

; 0 —1+4qlp 1
Thaax®)| = - > 1.
8.0:3 P |1_9_(Z|;2>|9_1|p lalp0 — 1],

4.3. Attracting basin of the attracting fixed point. We describe the attracting basin

B(x0) = {:17 €Qp: lim fg s(x) = X(U)}

n—-+oo

of the attracting fixed point x(©) = 1.
We introduce the following sets

Ay = {IEQp5 I*X(O)‘ <Q|p}»
P
A = {xEQp: x—x(o)‘ >q|p},
P
Ag oo = {xEQp: z—x(®)| = ‘x—x(o)‘ :q|p}7
P P
Ay = {fe(@p:|9_1|p< x_X(OO)‘p<|Q|p}7
Al = {x €Qy: ‘:cfx(l)‘ = ’a:fx(oo)‘ =0 - 1|p},
P P
Ci = {xEQp:‘x—x(l)‘ <’a:—x(°°)‘ :9—1|p},
P P
Az = {xEQp talp |0 =11, < ‘x—x(oo) ) < |9—1|p},
Az 300 = {mEQp: z—x?| =z -x®| = ‘x—x(“) :|qp|9—1|p},
P P P
Cy = {zEEQp: r—x?| < |z —x q|p|91p},
P P
¢a = {oey:fo-x®) <[o-x| ~jio-1,}.
P P
Ax = {erp: 0< ‘x—x(m)‘p < q|p|9—1p}.
We have

Dom{f97q,3} =AjUA; UA; U A3 U .Aopo U Al,oo U ./42’3’00 UAs UCL UCy UCs.
The following properties of the fixed points x(0), x(1), x(?) x®) will be often used.
i) xO =1andx(*®) =2 —¢g—-0=xO —g—(0-1);
(i) xD =1—qg+ (0 —1)(yD —1) =x() 4+ (0 —1)y® fori =1,2,3;
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(i) x|, = x|, = 1and x(>) x) € &, fori = 0,1,2,3;
(iv) |y(2)|p = |y(3)|p =lqlp <1= |y(1)|p and ‘y(l) —3+4qlp < |y(1) —3lp = lalp:
) |y(2) - y(?’)‘p = ‘Q|p§
(vi) |X(0) - X(Oo)|p = |q|, and |X(1) - X(OO)|p =160 — 1p;
(vii) [x — x|, = [x3) — x|, = [q], |6 — 1],:
(viii) |x® — x|, = |g|, fori = 1,2,3 and |x) — x|, =10 — 1|, fori = 2, 3;
(ix) |X(2) - X(3)|p = lqlpl60 — 1[p.
x) x@ e Ay, xV ey, x? ey, xO®) eCs.
Proposition 4.5. The following inclusions hold:
i) Agu AU AU .Aoyoo C fG_,;,?, (./40) ;
(ii) Ao UA3 U A23 00 C fei,ig (A1) C f;,(?,s (Ao);
(iii) Aj,00 C fefql,g (Ao,e0) C fefj,g (Ao) -
Proof. (i) We have

_ _ <)
_ 0 _ (0 —1)(z —x'V)
(x — x(00))3
where g(z) == (fz +q— 1)+ (fz + ¢ — 1)(z — x(®)) 4 (2 — x(>))2,
Let us first show for any « € Ay U A1, fyq,3(x) € Ap. Infact

fo.q,3(x) g(x) (4.10)

— x| = ‘ — %) _ ‘ _ gl x € Ag,
X xV+q+(0-1
|z b= q+( )p {|$—X(O)p7 ze A,

x e Ay
|02 +q — 1], (x—x") +q+( )p o —xO],, zeA.
Thus,
|q|1217 MRS .Ao,

l9(z)|p < {

Therefore, we deduce from (4.10) that
‘x_x(o)‘p

0,q,3\T X = P < qlp-

oasla) = x, { o e (<10 1h<ldh

This means fy 43(z) € Ag forany x € Ay U A;.
Now, we show for any x € Ag o, fo,4.3(x) € Ag. We have

|z — x(o)\g, x € A

|z — X(O)|p =|z— X(Oo)‘p = |Q|P’

62+ = 1], = 6z —x) + (0 - )1 = 0= 0)| = ldl

P

which imply |g(z)|, < |g|2. Then by (4.10), | fg,q,3(z) — x(0], <10 — 1], < |q|, for any
T € -AO,oo-
Furthermore, we also have

3
foqs(@) = (9 G 7;)_(;03 — q>> @.11)
and
1\ — <)
Fo.as(@) —x© = (0 - Dz —x )gl(x) (4.12)

x — x(0)
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z—x(°) z—x(°)

where g1 (x) = (0—|— w)2 + (9+ M) +1.
Let us show for any = € A, fg 4.3(x) € Ao. Indeed, for any = € A,,
’(9— 1)(1—9—61)’ ~lalplf =1,

x — x(0) oz —x(=

<1
My

which implies |g1 («)|, = 1 and

‘f&,q,?)(x)_x(o)‘ :| |971|p
p

S U () _ <o>’ _
:z:x<°°>|p‘x X ‘p<’x X . |q|p

Therefore, we have shown Ay U A; U Ay U Ag.oo C ]“’6,_7(]173 (Aop).
(ii) We want to show that fy 4 3(z) € A forany 2 € A U A3 U A2 3 00-
Let z € A,. We have

(0-1)(1-0-q) ‘ _ alpl® =11,

= >1
x — x(0) » |z — x(>)|,

which implies
3

> 1> |qlp.
P

0-1)(1-0-q)

x — x(0)

naatal, = |0+

Then by (4.11), |fo.q3(x) = x| = |fo,¢3(2)],, > lalp- Thus, fo,q.3 (As) C Ar.
Let x € A3z. We have

<1

0-11-6-0)| _ 10— 1},
x — x(0) v |z — x(>)|,

which implies [g1(x)[, = 1. Then by (4.12),

_ |60 — l\p ‘x —x(o)‘p o1
p ‘.’E—X(‘X’)’p

lglp < ‘fe,q,s(x) —x(©

Hence, fp .3 (As) C A;.

Letz € As300. Sety := I;’j(fc) . Then, |y|, = |qlp, ¥y = ﬁ and
o) = (Orta—12+ Bz +q— 1 —x) + (@ - x)?
(O =D[(0* +0+ 1)y + (20 + 1)1 = 0 — )y + (1 -0 — q)°]
(0 —1)°

= S (@D @000 0 W) + (-0 - ).
p
Since x(?,x® ¢ Ay 3, then [g(z)|, = [q/2|0 — 1|2 for any © € Ap 3. It fol-
lows from (4.10) that | fp ; 3(x) — x(©|, = 1 > |g|, for any z € Ay 3 . This means
fo,4.3 (A23.00) C A1 By (i), A1 C fgfqlﬁ (Ap), then the assertion follows.
(iii) Finally, let us show that fy , 3(z) € Ag,co forany z € Ay .
We first show that | fp , 3(x) — x(©)|,, = |¢|, forany 2 € A; .. Indeed, we have

(0 - D)1 -0-q)| _ 101l

x — x(0) » ‘aj—x(oo)|p

<1
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and [g1(z) — 3|, < |g1(z)|, = 1. By (4.12),

60— 1], |z — x|
foqa(@) = xO0| == 2 = lgly-

Pl

We now show that |fp,q,3(x) — x(*)|, = |q|,, for any € Ay, Since | fo,q.3(x) —
x|, = | fo.g5(x) = xO + g+ (0 = 1), = | fo,.3(x) — x© + g, it suffices to show
| fo.q.3(x) — x(©) + qlp = |¢lp- In fact

(0 —1)(z —x()

foqa(@) —x© +q= (g1(x) — 3)

x — x(0)
(-1  q0-DE® -3  z-x0
+3<(9_1)_x—x(°°) T xS

Since ‘y(l) - 3‘17 = |z — X(O)|p = |Q|pa |z — X(oo)‘p = |z — X(1)|p =10 - 1|p> lg1(w) —
3|, < 1, we have |fp q.3(x) — x(0) 4 qlp = |¢lp. This means |fg 4 3(z) — x(°°)|p = |qp.
Consequently, fg 4.3 (A1.00) C Ap oo OF Ay o0 C fg_,;’?) (Ap o) C f;;s (Ap) . O

We now describe the attracting basin %8 (x(©)).

Theorem 4.6. We have
+o0
Dom{fs .3} \ (C1UC,UCs) C B (x<0>) = fos (Ao).
n=0

Proof. Let x € Ajy. It follows from Proposition 4.5 (i) that
0 —1|p
lalp

This implies that fg 45 (S, (x(?)) C Brio_1, (x(¥) where S, (x(?) is the sphere of
Talp

|fo,4.3(z) = x|, < lz —x©1,.

o1
lalp
Let z € B (x(?)) . Then there exist some ng € N and sufficiently small 7 > 0 such that

£3° 5(x) € S,(x() C Ay. This means that € fo.a% (Ao) or equivalently

q,3
“+oo
B (x0) = U fis (4o).
n=0
Moreover, due to Proposition 4.5 (i)-(iii), we have

Dom{ fs 43} \ (C1 UC2UC3) C f{;ﬁg (Ap) U fei(?,s (Ap) C B (x(o)) )

lo < 1, we have in particular, fo.q4.3 (Ag) C Ap.

radius 7 centered at x(?). Observing

O

4.4. Chaotic behavior near the repelling fixed points. Let us consider the sets C;,Cs, C3.

Proposition 4.7. The following equality holds.

lg|p -

Al |z -3, i ziel
f0.0.3(%) = fo.q3(D)|, = = 1T — 2 if 2.7€0 (4.13)
mw—:ﬂp if 7,7 € Cs.
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Proof. We have

foas(@) — foqa(@) = Lo DL—0 - 0C —7)

where

_ -1 -1
Fp,3(7,7) = 36% 4+ 30(1 —9—q)< f + 0 )

(6 —1)° (6 —1) (6 —1)
(i‘—Xoo)2 (Z — x) (T — x) + (x_xoo)2> .

+(1—9—q)2<

Letz,z € Cy. Then

-0 (g )| <l
—0—¢q)? (0—1) (0—1)° (6 —1)2 2
(1-0-4q) ((ac—XOO)2 + (7 —x%) (z — x) + (i—xoo)2> ) < lal;

which imply that |Fy 4,3(2, )|, = 1. Thus, | fo,q3(%) = fo.4,3()|, = 54 |@ — Zp- Let
Z,x € C; fori =2, 3. Then

x() — x> _ yi _ y(()l) + yil)p +...
-1 laly ’

where y(()z) and yég) are roots of the following congruent equation

i=2,3,

32 +31—0—q)t+ ((1—60—¢q)*)* =0 (mod p).
Since Z, T € C; for i = 2, 3, we obtain

T — x>

0—1
T — x> *7
-1 B
Then
_ -1 \" -1 \"
Fy3(2,7) = 367 1—60—gq)" =
9.4.3(Z,T)=30°+30(1L—0—q) <(jx°°) +<3‘sx°°)>

o (((F5R) )+ (F50) (F52) +(G59) ) ).
and hence
(yéi))2 Fyq3(z,2) = 3 (y((f))2 +6(1—0—q)" (yff)) +3((1—0—-¢q)")

3 ((yé)) +(1-0- q)*)2 # 0 (mod p).

= ‘q|p7

y" (mod p).

7 N
Kl
el
|
"
]
N———
*
I

This implies |Fy 4 5(Z, Z)|, = 1. Therefore,
z,z €C;y 1 =2,3.

fo.4.3(%) — f9,q,3(i')|p = m for any
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To continue the study, we distinguish two cases, 0 < [0 — 1|, < |¢|2 < 1 and 0 <
g2 < |6 — 1], < |gl, < 1. Throughout this part, we always suppose
r=lqlpl0 — 1],

4.4.1. Case 0 < |0 — 1], < |q|2 < 1. Fori = 1,2,3, we consider disjoint open balls
B, (x(¥). Itis clear that B, (x(!)) C C; and B, (x()) = C; for i = 2,3. We define the

set
X = B, (x<1>) UB, (x(2>) UB, <x<3>) .
Then (Cl U CQ U Cg) \X = Cl \BT (X(l))
Proposition 4.8. Let 0 < |0 — 1|, < |¢|2 < 1. Then following inclusions hold:
(i) foralli=1,2,3, XCCrUC2UC3 C foq3 (B, (x));
(i) fo,q3 (C1\ B, (x1)) cQp\ (C1UC2UCs);

(i) f,5(X) CX.

Proof. (i) It is clear that B, (x() C C; fori = 1,2,3. So, X C C; U C2 U C3. We need
only show C; UC2 UCs C fo,q.3 (B, (xV)) fori =1,2,3.

By (4.13), for any = € B, (x(l)) we have | fg 4.3(z) — x(1)|p = ﬁ\x—x(l)\p. Thus
fo.q.3 (IB%T (X(l))) =By (X(l)). Since |x(!) —x(2)|p = |x™M —x(3)|p =10-1|, < |q|12,7
we have x(1), x(®), x®) € B> (x(V) . Since [ — xM|, < |0 — 1|, < |g|} for any
xz € CyLUCyUC3, weobtainC;y UCy UC3 C f07q73 (BT (X(1)>> .

; ) oex(®

By (4.13), fori = 2,3 and any = € B, (x(’)) we have ]f97q73(x) —x® |p = w.
Then fy 5 (B, (x(V)) = By (x¥), i =2,3. Since |[xV) —x@|, =[x — x|, =
0 — 1], < 1, and |x® — xO®)|, = |g|,|0 — 1|, < 1, we deduce that x(1) x?) x(3) ¢
B, (x(i)) for i = 2,3. Since |z — x(i)\p <10 —1|, < 1lforany z € C; UCy UCs, we
conclude C C; UC2, UC3 C fp,q3 (IB%T (x(i))) fori =2, 3.

(ii) Let 2 € C; \ B, (x1)). Note

Ci1\ B, (x(l)) = {x €Qp:lglpld -1, < ’x - x(l)’

By (4.13) and the fact [x(") — x|, = |x() —x®)|, = |6 — 1|,,, we have

< ‘xfx(oo)’ = |91|p}.
p p

lalplz — x|
lqlpl0 — 1], < |0 — 1], < ‘Q|;2>§ ‘fa,q,S(x)*X(l)‘p: p|9_1| E< lqlp
P

and
lql? < | fo.q,3(x) —x1

for ¢ = 2, 3. This means that fy , 3(z) & C1 UCa U Cs.
(iii) The inclusion fj_ ql 3 (X) C X follows from Proposition 4.5 and (ii) which

fo.q.3 Dom{fy 3} \X) CQp\X.

b ‘fe,q,s(x) — x4 xM - xO b ‘fe,q,s(x) - x . <lalp

We define the Julia set of the Potts—Bethe mapping as follows

Jo= ﬂ fo.g8(X).

n=0



PERIODIC p-ADIC GIBBS MEASURES OF ¢-STATES POTTS MODEL ON CAYLEY TREE 21

Theorem 4.9. Ler 0 < |0 — 1|, < |g|? < 1. Then,

(i) the dynamical system fg 43 : Jo — Jo is isometrically conjugate to the full shift
(¥3,0,dg, , ) over an alphabet of three symbols;
(i1) one has

+oo
Q=B (xO) Uy U | frgsx™}.
n=0

Proof. (i) By (4.13), Proposition 4.8 and Theorem 2.6, the dynamical system fg 43 : Jo —
Jo is isometrically conjugate to the full shift dynamics (33, o, dy, _ ,).
(i1) Due to Theorem 4.6, the following inclusion holds

Dom{fqu,g} \ (Cl U CQ @] C3) cB (X(O)) .

Letz € (C1 UC2 UC3) \ Jo. There exists ng such that z ¢ f, '3 (X) or equivalently
o y.3(2) & X. Due to Proposition 4.8 (iii), we get f;ﬁ‘;jgl (z) € B (x(@) U {x>}. Conse-
quently, we obtain the following decomposition

+oo
Q, =B (x<°>) U U | foma (xC0)
n=0

4.42. Case0 < |g|2 <10 — 1], < |gl, <1. Letm > 1 be the integer such that

m+1 m+2

p 0= 1]y <lal;

lq

We consider for [ = 0,1, ..., m, the sphere

Glim ‘x_xu)’:w .
lqlt,

Recall r = |¢|,|0 — 1|,. Then G, can be written as a union of disjoint balls of radius 7, i.e.,

my
G = U B,(a;;) where a;; € G; and B,.(a;;) N B,(a;;) = 0 for 1 <i# j < my. Since
i=1
41
the sphere G; is a union of p — 1 open balls with radius 011,

, by the following Remark

]
l lql%,
oL
lalp '

410,m;=(p—1)

Remark 4.10. Let v < & be two integers. Any open ball B,s(a) is decomposed into

P’

p°~7 disjoint open balls B, (a;), i.e., Bys(a) = B, (a;) where a; € B,s(a), and
i=1

1=

la; — ajlp, = p7 if a; # a;.

Proposition 4.11. The map fp 4 3 is a one-to-one between C; and B, (x(l)). In particu-
lar, it is a one-to-one between G; and G;_; for 1 <[ < m.

Proof. Recall Ci = Bjg_q), (x(l)) . By (4.13), we have scaling on C; such that for any
z,y € Cy

q
aa(@) = foaall, = 25l
p
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Thus, by Lemma 2.4, fy , 3 is a one-to-one between C; and IB%MP (x(l)). We have for
1<1<m, G CCyand fgq43(G) C Gi_1. Since G; are spheres, by Corollary 2.5, fy 4.3
is one-to-one between G; and G;_1. O

It is clear that for all I = 1,2,...,m, G C C;. Foralll = 1,2,...,m, we let H; =
7y
U B, (a;;) C G witha;; € Gy suchthat for 1 < i # j < ny, B,(a;;) NB,(a;j;) = 0 and

i=1

(C2UCs) C fi 45 (Br(aia).
Proposition 4.12. Foralll =1,2,...,m, we have n; = 1.

Proof. We need only to show n; = 1 and the rest follows from Proposition 4.11. By the
fact |x(2) - X(3)| = |q|p|0 — 1|p, we have |z — y| = |g|p|0 — 1|, for any = € Cq, y € Cs.
Since |q,|0 — 1|, < |g|?, C2 and C5 are in the same image of some ball B,.(a; 1) C G; with
1<i<myie.,CaUCs C fo,43(Br(a;1)). By Proposition 4.11, this ball is unique. [J

Without loss of generality, we assume H; = B,.(a1,;) with a1, € G;.
Let D; = B, (xM) and X,,, = Dy UH,, U--- UH; UCy UCs form > 1.
m41 m42
Proposition 4.13. Suppose 0 < |g|,™ < |0 — 1|, < |¢|;""" < 1 for some m > 1. Then
Fogqs Xm) C X,

Proof. Tt suffices to show fp 4.3 (Dom{ fp 43} \ X,,,)NX,;, = (0. Suppose C = C;UC2UCs.
By Proposition 4.5, we have fy 3 (Dom{fp,3}\C)NC = 0. Since X,,, C C, we
are left to show fp ,3(C \ X,;,) N X, = 0. One cansee C \ X,,, = C1 \ X,,, = C1 \
(DyUH U UHyp).

By the one-to-one of fy 43 in Proposition 4.11, uniqueness in 4.12 and definition of
My, 1 <1 <m,wehave fp3(Ci\ (D1 UH1U - UHy,))NX, =0. O

m+1 m+2
m+1

Proposition 4.14. Suppose 0 < |g[,™ < |0 — 1|, < |¢|p"*" for some m > 1. Then

(D fo,4,3(C2) D (C1UC2UC3) and fg 43(C3) D (C1UC2UCs);
D) fo,4,3(D1) N(C2UC3) =
(IH) f97q,3 (Hl) D (CQ @] 03) ;
(IV) form =1, we have fg ,3(D1) D Hy and fy 4.3 (H1) N Dy = 0.
(V) form > 2, we have
(1) f&,q,?,(Dl) D) Hm and f9,q,3(D1) M (Hm—l J---u Hl) — @,
(ii) forany H;, 2 <1 <m,

fo.q,3(Hi) D Hi—yand fp g3 (Hi) N (Dl uCuCs U Hi) = ()

i=1,i#l—1

i) foaa () (D10 ) =0

=2

1+1
1o—1],
lalt,

Proof. Recall for 1 <[ <m, H; =B, (a1,), |a1,; — x(1)|p = and (Co UC3) C

fé,q,;’) (BT‘(al,l)) .

(I) By (4.13), we have for i = 2,3, f43(C;) = By (xV) . Since |x™) —x®)|, =
Ix(D—xB)|, =[-1], < 1and [x? —x®)|, = |q|,|0—1|, < 1, we have x()) x?) xO) ¢
B, (x(i)) for i = 2, 3. Moreover, since |z —x("|, < [§—1|, < 1 forany 2 € C; UC2UCs,
we have C1 UCa UCs C fp,q.3(Cs) .
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(I) By (4.13), we have fg 43 (D1) = Bjg2 (xW). Letz € C;, i = 2,3. Then |z —
X(1)|p = |z — x® 4 x@ — X(1)|p = |X(i) - X(1)|p =101, > ‘Q|z2> Thus, fg,q,3(D1) N
(Co UC3) = 0.

(IIT) By definition of 4, it is clear (C2 U C3) C fo.4,3 (H1) -

(IV) Let now m = 1. Continue from the argument in (II). From |¢|2 < [0 — 1|, < |¢

2
o1l < lg|? <10 — 1|, Letx € Hy. Then |z—xM|, = |[z—a; 1+a;1—xD|, =

|(Z‘p
6—1|?
jar s —xM[, = 22 < |2 Thus £y 5(Dy) D Ha.

By (4.13), we have f97q73 (7‘[1) = B\q\g(fé,q,3(a1,1)) and |f9,q73(a171) — X(1)|p =
|@ — 1|,. Let x € Dy. Then |z — foq3(a11)lp, = |z — x4 x(M) — fo.q3(a11)lp =
|fo.q.3(a1,1) — x(l)\p =10-1], > |q|12). Hence fp 4.3(H1) N D1 = 0.

m+l
(V) Next, let m > 2. Continue from the argument in (I). From 0 < [g|,™ < |0 —
m+2 6—1 m+1
1, < |glp'™", we get 1611,

3
2
2

we get

9—1|™
< g2 < lq;jlf’l. Let 2 € Hp,. Then |z — x|, =

‘q‘nl
W - ) — -1 >
|z — a1m + a1m — x|, = lagm — x|, = T < lgl5- Thus fg 4.3(D1) D Hn.
By Proposition 4.11, we have fpq3 : C1 — By, (xV) and fyq3 : G — Gy for
1 <1 < m are one-to-one. By the definition of H;, we have H;—1 C fp43(H1) =

B7(fo.q.3(a1,1)), 2 <1< m where 7 = |q|12,. Therefore, the rests, (i)—(iii), are true. O

We define the Julia set of the Potts—Bethe mapping as follows

T =) Foars (Xim) -
n=0

m+1 m—+2

Theorem 4.15. Let 0 < |g|,™ < |0 — 1|, <|qlp*™" < 1 for some m > 1. Then

1) KXo, T, fo,q,3) is transitive and the dynamical system fo 43 @ Tm — Tm is
isometrically conjugate to the subshift dynamics (X4,,,04,,,d5, , ;) on (m + 3)
symbols with

el 1,, o7 of

0 1 1
Am = 1 1 1 1
1 1 1 1
where 1,,, is an m X m identity matrix, e, = (1,0,--- ,0), 1 = (1,1,--- ,1) and
0=(0,0,---,0). Here vT is the transpose of vector v. Moreover, this subshift is
topologically conjugate to the full shift on three symbols.
(i1)
+oo
Q, =B (x<0>) UTm U | ol x>0
n=0
Proof. Let us consider the coding, D; — 0, H; — [ wherel =1,--- ,m, Co - m + 1

and C3 — m + 2. Due to Theorem 2.6 and Propositions 4.12—4.14, the dynamical system
fo,q,3 1 Tm — Jm is isometrically conjugate to the subshift dynamics (X4,,,04,,,ds, , 5)
associated with the (m + 3) x (m + 3) matrix A,, form > 1. '
Next, we show that the subshift X4, C 3,43 is topologically conjugate to the full
shift 23 on three symbols. For details, one can refer to Sections 1.4—1.5 of [16]. We want
to construct a bijection, 7 : X3 — X4, . First, we let m, : Bpy1 (24) — B1(Za,,),
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where By (X) is set of all N-block on any shift space X over {1,2,...,s} i.e., the N-
block (z;xj4i--xjyn), J <n<j+ N, z, €{1,2,...,s} and j > 1. We define for
z; €{0,1,2}and l,i=1,...,m, mp, :
0mtl -0

0"y - Ty — 1

0221 - Tyyy — 1

lzy -2y > m+1

201 Ty, —> M+ 2.

Now, we are ready to construct the map w. We have for any z € X3,

(@) =7 (20 -+ T T (X1« T 1 )T (T2 -+ Tp2) oo T (T4 o i) -
Then o o = 04,, om. Moreover, 7 is bijective. Therefore, we have shown a conjugacy
between ¥ 4 and X 4.

(i1) Due to Theorem 4.6, the following inclusion holds

Dom{f97q73} \ (Cl U CQ U Cg) c’% (X(O)) .

Let z € (C1UC2UC3) \ Jm. There exists ng such that x & f, ;’% (X,,) or equiva-
lently fo" 3(x) & Xn. Due to Proposition 4.13, we get fen’?;gl () € B (X(O)) U {x*>}.
Consequently, we get the following decomposition

+oo
Q=B (xO) U U [ S
n=0
|

5. DYNAMICS OF THE POTTS—-BETHE MAPPING FOR k£ = 3 WITH SMALL PRIMES

In this section, we investigate the dynamics of the Potts—Bethe mapping for £ = 3 in
the cases p = 3 and p = 2. The following techniques of Newton polygon and Hensel’s
lemma are very useful for finding the roots of polynomials in Q.

Definition 5.1 (Newton polygon). Let f(z) = > ., a;z* be a polynomial whose coef-
ficients are p-adic complex numbers. The Newton polygon of f is the convex hull of the
set of points { (i, —log,, |a;|,) : 0 <i < n}.By convention, we set —log, |0], = oc. To
construct Newton polygon, we take a vertical ray starting at the point (0, —log,, |aol)
and aiming down the y-axis. Then rotate the ray counterclockwise, keeping the point
(0, —log,, |aol,) fixed, until it bends around all of the points (i, —log,, |a;|;).

The following lemma is one of the results on Newton polygon.

Lemma 5.2 (see Theorem 5.11 [56]). Let f(z) = Y., a;x" be a polynomial whose
coefficients are p-adic complex numbers. Suppose that the Newton polygon of f includes a
line segment of slope m whose horizontal length is L, i.e., the Newton polygon has a line
segment from
(i, —log, lai|p) to (i + L, — log,, laivrlp)

whose slope is

 —log, [aisz], + log, Jal,

= 7 )
Then f has exactly L roots x (counting multiplicity), satisfying |zo|, = p™.

Next is the statement of Hensel’s lemma.
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Lemma 5.3 (Hensel’s lemma, see Theorem 3 of [8]). Let f be a polynomial whose coeffi-
cients are p-adic integers. Let 0 be a p-adic integer such that for some © > 0

£(0) =0 (mod p**1),  f(6) =0 (mod p'), f(0) Z 0 (mod p'*).
Then f has a unique p-adic integer root xo which satisfies o = 0 (mod p*+1).

Now, we begin our investigation by distinguishing two cases: p = 3 and p = 2.
5.1. Casep = 3.

5.1.1. Fixed points. Let us find all possible roots of the cubic equation (4.3). We always
suppose 0 < |0 — 1|5 < |q|5 < 1.

Proposition 5.4. If |¢|5 = % then the cubic equation (4.3) has no roots over Q3. If |g|3 < %
then the cubic equation (4.3) has one root y(l) over Q3 such that

i) lyW]s =1
(i) [y™ —3[3 < 3.

Proof. Let |g|ls = 37", |§# — 1|3 = 375. Then s > ¢t > 0. By assumptions, ¢ = 3'¢*

and 0 = 1+ 3%9* with |¢*[3 = [6*]3 = 1. In (4.3), letag = —(1 — 0 — q)%, a1 =
—(29 + 1)(1 -0 — q), g = —(1 + 0 + 92) and as = 1. Then |a0\3 = |q|§7 |a1|3 =
%, lag|s = %, |as|s = 1 and —logg |ag|s = 2t, —logs |ai|s =t + 1, —logg |az|s =
1, —logslag|ls = 0. We consider the following points on the plane, (0,2t), (1,t +
1), (2,1), (3,0) and construct the Newton polygon. We distinguish two cases: |¢|3 = %
and |q|3 < 3.

CASE 1: |g|s = 3. Then t = 1. The Newton polygon is the line from (0,2) to (3,0)
with slope m; = f% and length [; = 3. So we have three roots y, y@ y@) e C4

(the space of 3-adic complex numbers) with |y(i)|3 =33 fori = 1,2, 3 (including
multiplicity). Since f% ¢ 7, the roots are not in Q3. Thus, the cubic equation (4.3) has no
roots in Q3.

CASE 2: |q|3 < 4. Then t > 2. The Newton polygon is the line from (0, 2t) to (2,1)
and from (2,1) to (3, 0) with the slopes m; = —1 and length /1 = 1 and m, = 152 and
length I, = 2 respectively. For this case, we have three roots y(1), y) | y®) e C; with
ly®]3 = Land |y |3 = 3% fori = 2,3 (including multiplicity). Since 152 ¢ Z, the
roots y(?), y®) are not in Q3. Therefore, the equation (4.3) has at most one root in Qs.

Now, we show y() € Q3. We consider the following cubic polynomial and its deriva-
tive,

h(y) = y*—(0*+0+1)y* —(20+1)(1—60—qy— (1 -6 —q)°,
R(y) = 32 —20*+0+1)y—(20+1)(1—0—q).
‘We have

02 +0+1=3+3"0" +3%(0%)% 20+ 1=3+2-3°0"
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CASE 1: If |q|3 < §, we take y = 3. Since s >t > 2, we get

hy) = 37 =32(3+3"70" +3%(0)) - 3(3+2-3°0")(=3'¢" — 3°0")
_(_3tq* _ 339*)2
= 0 (mod 243)
W(y) = 3°—2-3(3+370" +3%(0")%) — (3+2-3°0")(=3'¢" — 3°0")

= 2-3%#0 (mod 27).

Due to Hensel’s lemma there is y(!) € Zj3 such that 2(y(")) = 0 and y*) = y (mod 27).
CASE 2: If |¢|3 = &, we take y = 3 + 3?7 with 25 = (¢*)* — ¢* (mod 3). Since
s>t =2, we get

hy) = 3°—=3°(3+3"710° +3%(6")°) = 3(3+2-3°0")(=3%¢" — 3°0")
,(732q* 7359*)2

= ¥- 2~3<3+3S“0* 82:(0%)?) — (3 +2- 3°0°) (—3%" — 3°0")
= 2320 (mod 27).

>
<
|

Again, by Hensel’s lemma there is y!) € Zs such that h(y(")) = 0 and y*) =y (mod 27).
In both cases, we have shown the existence of the root. Moreover, we have also shown
y) =y =3 (mod9). D_33<i<i O

Proposition 5.5. If g|3 < £ then Fix{fy , 3} = {x(©, xM} where x(® := 1, x1) :

= |

1—q+ (6 —1)(y® — 1) where y(!) is the root of the cubic equation (4.3). If |¢|3 =
then Fix{fy .3} = {x(}.
Proof. The proof follows directly from Proposition 5.4. (]
Proposition 5.6. We have

(i) x(© is an attracting fixed point,

(i) For|q|s < %, x(1) is a repelling fixed point.
Proof. By (4.7), | f; (X(O))’ = |9‘ Tls < 1. Due to Proposition 5.4, we have |y()|, =

’ 3

1 and |x(V[3 = 1. Hence, by (4.8), (x! >)‘ = Sl >, 0

5.1.2. Attracting basin of the attracting fixed point. We describe

B(x0)) = {x € Qs : nEIJIrloo fo43(x) = x(o)} .
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We introduce the following sets

Ao = foeuifo-x0] <idaf,
p
= | — x(0)
A {IEQg.‘JE x ‘3>|q|3}7
Ao = {xe(@gz‘x—xW)’ Z‘m—x(o)’ =|q|3},
; , ,
0—1
Ay = {m€Q3:|?)|3<’x_X(OO)‘3<|q3}’
0—1
Alo 1= {xe@si’m—x(‘”)‘ :||3}7
3 3
6—1
< fecanefean] 58]

We have Dom{fy ,3} = Ao U A1 U Ay U Ay oo U Ap oo U As. Moreover, Ay oo =
Aglio U Af) where

0—1
‘Aglgo = {xe(@g:‘x—x(l)‘ :‘LE—X(OO)} :||3},
, s \ .
-1
.~ freaoo, 50}

Denote x(*) = 2 — ¢ — 6. The following properties of the fixed points x(*) and x(*)
(when exists, i.e., |g|3 < %) will be used:

(i) xM =x>) 4 (6 - 1)y
(i) [x |3 = [xD]3 =1, x(*) x(D) € & fori = 0,1 [y |3 = 1, [y = 3|5 < 3;
(i) |x© — x()|5 = |q|5, [xD —x(®)|; = @ and [x(1) — x5 = |g|s;
(iv) x@ € Ay, xM € A; .
Proposition 5.7. Let 0 < |6 — 1|3 < |g|s < 1. Then the following hold:
(i) AyUA UAUAp o C f;;,g (Ao);
(i) Ao C fog5(A1);
(iii) for g3 = § we have A1 oo C fy 5 (A1)

Proof. (i) Let us first show that fp , 3(x) € Ag for any « € Ay U A;. In fact, we have

— x|, = ‘ () _ ‘ _ g3, x € Ag,
x xV+q+(0-1
| |3 = |x q+( ) 5 {x x5, ze A,

|CI|37 HARS A07
Or+qg—1 :’9:cfx(0)+ +971’ =
which imply
|Q|§a HARS A07
<
lg(z)s < {|;1: —xO2, e A

Therefore, by (4.10)

|o—x(D|g _
fo.0s(2) — x5 < { S 01, we Ao

<0 —1]3 <|gls.
10— 1], xeAl} 6= 1]z <ldl
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Now, let us show fy 4.3(z) € A for any x € Ap . In fact
e P e S U
br+g—1s = [0@—x)+@-D1-0-0¢)| =l

Then |g(z)|3 < |g|2. Thus, by (4.10), forany = € Ap o0, |fo.q.3(x) —xO|3 < |0 — 1|5 <

lq]s-
Next, we show fj 43(x) € A for any « € As. Indeed, for any = € Ay, we have

O-1DA-0-—q)| _ lglsl0 —1]
x — x(2°) 5 |z — x|

< 3|q|3

which implies |g1 (#)|3 < 3. Therefore, by (4.11)

0 — 1|3 lq]3

_ (0)‘ P -
‘fe’q’?’(x) x 37 3|z —x(=)|,

< |q|3
This means fg 4 3(z) € Ap for any z € Ay U A; U Ay U Ag . Hence, the assertion
follows.

(i) We show fg 43(z) € Ay for any v € A.,. We distinguish three cases: |g|3 =
. lgls = § and |q|s < 3.

CASE 1: Let|q|3 = 3. Forany z € A

’(9—1)(1—9—Q) Cglsl0 =1z [0 —1]3

= = >1
x — x(0) 5 Jz =%z Blz—x(=)|;

z—x(°)

3
which implies |fp 4,3(x)|; = ’9 4 =D -6-q) , > 1. Then, by (4.11)

foqs@) =xO| = faqa@)ly > 1> ldl.

Hence, f 4.3 (Aso) C Ai.

CASE 2: Let |q|3 = §. Then for any © € A, such that |z — x(®)|3 < ‘931‘3 we have
O-1D0-6-a)| lalo—1s 161 _,
x — x(o0) 5 Jz—x(®)3 9z —x(=)|;
3
which implies |fo o 3(x)], = ‘9 + %’3 > 1. Thus, by (4.11)
foas@) =xO| = |faqa(@)ly > 1> Il
Next, we consider for any = € A, such that |z — x(>)|3 = %. Lety := “”‘G’i(fo)

Then, |y|3 = |q|3 = & and y = lg—lp In (4.10),

glz) = (z+q—12+ 0z +q—1)(x —x)) 4+ (2 — x(>))?
O—1)2[(0*+0+1)y" +(20+1)(1—0—qy+ (1 —60—q)?]
(6 —1)?

T [(92 FO+ D))+ 20+ 1)1 —0—q) (y) + (1—0— q)*)z} :

Hence, |g(x)|3 = |q|2]|0 — 1|2 for any = € Aw.. By (4.10), | fo.43(x) — xO]3 =1 > |g|3
for any € A which means fg 43 (Ax) C Aj.
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CASE 3: Let |q|3 < 5. Note A, = AL U A where

0—-1
AD = {x€Q3:3|q|g|913§‘xx(°°)’3<3|3},
A2 = {xEng‘x—x(‘x’)’3<3|q|3|0—1\3}.

We need to show that for any = € AL (A(o%)) , fo.q.3(x) € Ay. Suppose x € ALY
We recall g; in (4.12) and write it as

nle) = <9+<9—1><1—9—q>>2+(9+<e—1><1—e—q>>+1

x — x(o0) 2z — x(o0)

(0-1)(1-0-—4q)
= (92+9+1)+(29+1)< =
0—1)(1—0-¢q)\>
+(( )( _ q)) . )
r—X
‘We need the fact
0-1)(1-0-4q) 0 —1[3lqls _ 1 5 1 1
= - 0 0+1|, == 20+ 1|3 = =
x — x(o0) 3 |1~7X(oo)‘3*3’ ‘ +0+ |;D 3’ | + |3 3

which imply, by (5.1), [g1(z)|; = . Note |z — x(9|3 = |g5. Then, by 3|q[3]0 — 1|, <
|z — x|, < 2l and 4.12),

0 — 13|z — x|
_ <o>’ _ | 3 3

< -
l4ls ’fqu,a(fﬁ) X, lz — x5

1
lg1(z)|3 < 9

Therefore, fp 43(z) € A;.
Suppose = € A2 We consider |z —x(>)|3 < |q|3]0 — 1|3. Then we have

(O-1)A—-0—q)| _ lals|0 —1]s
= >1
m—x(oo) 3 |x—x(°°)|3
himoli _ (0-1)(1-6-g) | -
which implies by (4.11), [fo.4.3(2)]5 = |0 + s > 1 > |ql|5. Therefore, since

x5 = 1 we have | fg,q.3(x) — x|, = [foq3(x)]; > 1> gls.

Now, consider for |z — x(°)|3 = |q|3|0 — 1|5. Let y = ”_a’i(;o). Then, |yls = |q|s-
Write y = ffT and in (4.10) we have
glz) = (z+q—12+ 0z +q—1)(x —x)) 4+ (2 — x(>))?
= (-1’ [(0°+0+ 1)+ 20+ 1)1 -0 —q)y+ (1 -0 —q)?]
(60— 1)

= S @ oD @0+ D1 -6- 0w + (-0 - ).
3
Then, |g(z)|s = |q[3|0 — 1]2 for any = € AL, Hence, by (4.10), | f.q3(z) — x5 =

1> |q|s forany x € A which implies fg 4,3 (Aoo) C A
(iil) Suppose |g|3 = % Let x € Aj . We have

1 1 6—1
02+ 0+1ls =5, [20+1s= g, 16— 1slgls _

‘I — x(oo)|3 o
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[0—1],4 z—x®
Then, by (5.1), |g1(x)|; = 1 and by (4.12) | fo,q3(z) —xO], = “ET%R&ST‘L

lg|3. Therefore, fg ,3(z) € A; and the assertion holds. O

=1>

Proposition 5.8. If [¢|; < 3, then A [l 4.3 (Ao,00). Moreover, forany z,y € Al fa

© naste) - foas(0)s = \3@173 = yls,
(i) there exist ng € N such that fy? 5(z) ¢ AQO

Proof. We prove fg 43() € Ay o forany € Aﬂo
Suppose x € ,4512)0 We have
‘(9—1)(1—9—61)

x — x(0)

|0 —1[sfqls _ 1 1

which imply by (5.1), [g1(z)|; = £. Hence, by (4.12)

0
_ |9—1|3’30_X )’3lgl( )z = lqls.

‘fe,q,3(33) - X(O)‘g

|z — x( ’3

Since |9 - 1|3 < |q|3 and |f97q73(33) - X(oo)|3 = |f9,q,3(.13) - X(O) +q+ (0 - 1)‘3, it
suffices to show |fg 4.3(z) — x(© + q|3 = |g|3. We have

0 —1)(x — x©)

fe,q,3($) - x(O) +q= (o0) (g1($) - 3)
T —x
6—1)2 6—1)(y™M -3 —x(®
U | AU N e
x — x(0) x — x(0) x — x(0)

Since |Y(1) =33 < &, [o—xO3 = |gls, [ — x5 = |z —xD|3 = L gy () —

3|3 < 3, we have ‘fg’q’g( x) — x(0) 4 gls = |g|3. This means |fp q3(x) — x(°°)|3 = |qls.
1 _

Therefore, Ag ())o C fy ;3 (Ao,00) -

Now, we show the other two assertions. (i) Suppose T, T € .A ~- We have

0—1 0—1 1
w-0-0) (o + )| <l
3

T—x*  I—x®
0— 1) (0 —1)° (0 —1)°
1-0— g2 (L -
( g ((x—xm)2 TEox)GEox) (z —x>)?
which imply |Fy 4.3(Z,Z)|s = 5. Thus, by (4.14)

Wl

< (3lqls)*
3

- 3lals |- -
Fo05(2) — foq (@, = w[fbx s

The assertion (ii) follows from the fact x(!) € A oo and (i). [l
We conclude the results in this subsection by the following theorem.

Theorem 5.9. We describe the attracting basin of x(°) as follows.
() If|q|s = 3, then

o ().

n=0
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(i) If|qls < 3, then

+oo
B(x@) = Qs (x(l) U fogs {X(OC)}> '
n=0

Proof. 1t follows from Propositions 5.7 and 5.8. d
5.2. Casep = 2.

5.2.1. Fixed points. Let us find all possible roots of the cubic equation (4.3). We always
assume 0 < |0 — 1|2 < |gl2 < 1.

Proposition 5.10. The cubic equation (4.3) always has one root y(!) over Q, such that
‘y(l)‘2 =1.
Proof. Let|gla = 27% |0 — 1] = 27°. Then s > r > 0. Write ¢ = 2'¢* and 0 =
1 + 2%°0* for which |¢*|o = 1, |#*]s = 1. In the cubic equation (4.3), we let ag =
—-1-0-¢?% a1 = —-20+1)(1 -0 —q), aa = —(1+ 60+ 6?) and a3 = 1. Then
laol2 = 1413, lailz = lgl2; lazle = 1, |azla = 1 and —log, |agle = 2t, —log, |a1|s =
t, —logy |azla = 0, —log, |asla = 0. We consider the following points on the plane,
(0,2t), (1,t), (2,0), (3,0) and construct the corresponding Newton polygon. We have
the line from (0, 2t) to (2,0) and from (2,0) to (3,0). Thus we have the slope m; = 0
with length [; = 1 and the slope mo = —t with length s = 2. Thus, we have three
roots y(1), y) | y(®) € C, (the field of 2-adic complex numbers) with |y(1)|2 = 1 and
ly(]y = 277 for i = 2, 3 (including multiplicity).

Next, we show y() € @, and y®,y(®) & Q,. Let us consider the following cubic
polynomial and its derivative,

h(y) = o> = (1+0+6%)y° = (20+1)(1-0-q)y—(1-0—¢q)°

Wy) = 3y —2(1+0+6%)y—(20+1)(1—0—q).
Lety = 1. Then we get h(y) = 0 (mod 2) and A/ (y) # 0 (mod 2). According to Hensel’s
lemma, there is y(") € Zy C Qy such that h(y()) = 0 where y() =y =1 (mod 2).

Now, suppose ¥ = 2"y* with |y*| = 1. We have

hy) = 2 (y")° =2 (1+046%) (y')* =27 (20+ 1)(1 - 0 — )" (v°)
—((1—60—-¢q))
—22 (146 +6%) (y°)* =227 (20 + 1)(1 - 0 — ¢)" (y")
—2%" ((1— 0 —¢)*)* (mod 22 *)
~(1+0+6%) ()" = 20+ 1)1~ 0-9)" (") ~ (1 -0 -9)")° (mod 2)
0 (mod 2).
Then h(y) # Oforany y € Qy, [¥]2 = |gla = 27" Since [y®|s = [y®)|s = |g]» = 277,
we have y(?), y(3) & Q,. Therefore, the cubic equation (4.3) always has one root y(1) over
Q2 (I
Proposition 5.11. We have Fix{fy ,3} = {x(@, xV} where x(© = 1, xV) =1 — ¢ +
(6 —1)(y™) — 1) and yV is a root of the cubic equation (4.3).

W

Proof. The proof follows directly from Proposition 5.10. (]

Proposition 5.12. We have
(i) x(© is an attracting fixed point;
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(i) x(M is a repelling fixed points.

Proof. By (4.7),

fé’q,g(x(o))‘2 = % < 1. Due to Proposition 5.10, we have [y (") |, =

2
Fpaa(e®)| = gl > 1. 0

1 and |x(") |, = 1. Therefore, by (4.8) we get

5.2.2. Attracting basin of the attracting fixed point. We describe

B(x) = {x €Qq: ngrfoo foq3(x) = x(O)} .

We introduce the following sets,

o )
Ao {LL’EQQ.Z‘ x ‘2<|q|2},
A = {erg: xfx(o)‘ > |q|2},
2
Ap oo = {x €Qs: x—x(‘x’)‘ = ‘x—x(o) = |q|2}’
2 2
Ay = {x€Q2:|9—1\2<‘x—x(m)’2<|q|2},
Aﬁlgo = {JJEQQ: x—x(l)L:‘x—x(m)2:|9—1|2},
Aﬁ))o = {LL’EQQZ m—x(l)‘ < ‘x—x("o) = |9—1|2}7
: 2 2
A = {erg: 0<‘x7x(°°)‘2<|971|2}.

The following properties of the fixed points x(?), x(1) will be used.
(i) xO =1landx(®) =2 —¢g—-0=x —g—(0-1);
(i) xM =1—¢g+ @ —-1)(y® —1) =x) + (6 - 1)y
(i) [x()]y = [xD]y =1, x(*) xD) € & fori = 0,1 [yM] =1, [y® - 32 < 1;
() [x(© = x5 = g3, [x) = x| =6 — 1|z and [x) — x5 = |g],.
v) x9 e 4,, xV e Agzio

Proposition 5.13. The following inclusions hold:
(i) Ao U AL UAU Ao oo C fyy5(Ao);
(i) Ao C foa5(A1);
i) AL fols (A1)

Proof. (i) Let us first show that fy , 5(x) € A for any z € Ay U A;. In fact, we have

— x|, = ‘ —x© _ ‘ _ )l z € Ao,
r=x r—x"+q+(0-1
\ |2 q+( ) 9 {x _X(0)|2’ ze A,

Q|27 J]EAO,
9+—1:’9—<0)++9—1’:|

which imply

2
|g(x)|2 < {|Q|p7 S A07

Tz —-x93, zeA.
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Then, by (4.10)

lz—x()|,
), < Tl ‘9—1|2, x € Ay <16-1
,0.3\T) —X q|2 — < 1q|2-
|f9q3( ) |2 { |9 1‘2’ " 1 | |2 | |2

Thus, fp q.3(x) € Ag forany x € Ay U A;.
We then show [y 4.3(z) € A for any z € Aj . We get
|z — X(O)|2 = |z — X(Oo)|2 = |ql2,
02 +q =1 = |0z = x ) + (0 = 1)(1 =0 = q)|_=ldl>
which imply |g()|2 < |g|3. Then, by (4.10), | fo.4.3(z) —x@ |5 < |0 — 1] < |g|o for any

x € Ap,0. Hence, for any « € Ag oo, fo,q,3(2) € Ao.
Finally, we show fy 43(x) € Ag for any = € A;. Indeed, for any x € Az, we have

‘(9—1)(1—9—Q)

x — x(0)

a2 — 1]

= <1
2 |z — ()],

which implies | g1 (z)]2 = 1. Then

10— 1],

_ O — "l
’ff)?q_’g(fﬂ) X ‘2 ‘x—x<°°>|2

‘x - x(O)‘ < ‘x - x(O)‘ = |g|a-
2 2
Therefore, for any « € Az, fg,43(x) € Ao and the assertion (i) holds.
(i) We want to show that fy , 3(z) € A; forany x € A.,. Note Ay, = Aé? U Ag) U
Aéi) where

AD = {:CGQQ: \q|2|9—1|2<}x—x<°°>‘2<|9—1|2}7
AP = {xe(@gz ’x—x(o")‘2:|q\2\0—1|2},
AD = {CE €Qy: 0< ‘x—x(oo)‘Q <|ql210 — 1|2}.

Letz € AY. By (4.11)
‘(9—1)(1—9—Q)

x — x(0)

~ lgl2l0 — 12

= >1
2 |z — ()],

3
which implies |fg.q3(z)], = ‘9+w

z—x(0)

> 1. Then |fpqs(z) —xO], =

fo.q5(@)], > 1> |qlz. So we have f 4.5 (Ag?) C A

Letz € AY). We have ’ (9_;1()1;5)_‘1) = l'g:il(ilfjlé < 1 which implies |g; (z)|, = 1.
Therefore, by (4.12)

0 — 1], |13 - X(O)}z

’x_x(oo)‘z

lgla < ’fe,q,:i(ff) - X(O)L = <1

and fg 43 (Ag)) C A;.
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Suppose x € A and y= " such that lyla = |gl|2- Write y = | | . Then

g(x) = (x-l-q—l) +0zx+q—1)(z— (OO))+(x_X(oo))2
= O-12[0*+0+1)y* + 20+ 1)1 -0 —q)y+ (1 —0—q)°]
(6 —1)°

= T (@O D) 0+ 10— () + (-0 -0’

Thus, |g(x)|2 = |¢|3]6 — 1|3 forany 2 € Aw. By (4.10), | fo.4.3(2) —xD |y = 1 > |g|, for
any x € A Hence, fo.4.3 (AE,%)) C Aj;. Therefore, we have shown A, C f(;;ﬁ (A1) .

(iii) We prove fg 4 3(x) € Ag oo forany x € Aglio

We have ‘ (97113(;(;97@ , ||z iLoLq‘f < 1 whichimplies |g1 (z) — 3|, < |g1(z)|, = 1.
Then, by (4.12)
10— 1|, |z — x©
[foqs@) —x0| = d 2 g

|m— ’2

We now show | fp , 3(x) —x(°) |5 = |g|2 forany = € A . Since | fp,4.3(7) —x(®) |y =

|fo,0.3(2) =x© +q+ (0= 1)|2 = | fo,q3(2) — X(O)+Q|2>ltSUfﬁceSt0 show | fo.q.3(x) —
x(9) 4 g|y = |g|2. We have

— _ x(0)
foqs(@) —x@ 4 ¢ = (6 — 1)(z — x©)

(g1(x) =3)

x — x(0)
12 v e
(o O 006D 8 | ax0)
x — x(0) x — x(0) x — x(0)

We have [y(V —=3| < 1, [z—xO |3 = |g|2, |[z—x)|; = |[z—xD |5 = [0—1]2, [g1(z)—
3la < 1. Then, |fs 43(x) — x© + glo = |g|o. Then |fg 43(x) — x(>)|3 = |g|2. Thus,
fos (AR € Ao 0

Proposition 5.14. For any z,y € Al o

(@) |fo.03(2) = fo.a3(W)ly = giislz — yla,
(ii) there is ng € N such that £ ;(z) ¢ Aﬁlo

Proof. (i) Suppose Z, T € Aﬁ{o Then

‘30(1 —0-a) (xa—_xloc * xe_—);)) < lal2,
—0—q)? (612 (0—-1)? (6 —1)* 2
(1-6-9q) ((x—xw)2 + (T —x>) (T — x>) + (i‘—xoo)2> ) < (|q|2)

which imply |Fy.3(7.7)[2 = L. Thus, by (4.14), |fo.q.5(7) — foqa(@)l, = gl2- |7 -
$|2

By (i) and the fact x e .A1 oo We get the assertion (ii). O

We conclude the results in this subsection by the following theorem.
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Theorem 5.15. We have

+oo
B®) =\ (xV U fi7s (x>}
n=0

Proof. 1t follows from Propositions 5.13 and 5.14. (]
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