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ENTROPIC MULTIPLIERS METHOD FOR LANGEVIN DIFFUSION
AND WEIGHTED LOG SOBOLEV INEQUALITIES.

PATRICK CATTIAUX * |, ARNAUD GUILLIN ¢ , PIERRE MONMARCHE * |
AND CHAOEN ZHANG ¢

® UNIVERSITE DE TOULOUSE
¢ UNIVERSITE BLAISE PASCAL
% UNIVERSITE PARIS-EsT, INRIA PARIS

ABSTRACT. In his work about hypocercivity, Villani [18] considers in particular convergence
to equilibrium for the kinetic Langevin process. While his convergence results in L? are given
in a quite general setting, convergence in entropy requires some boundedness condition on
the Hessian of the Hamiltonian. We will show here how to get rid of this assumption in
the study of the hypocoercive entropic relaxation to equilibrium for the Langevin diffusion.
Our method relies on a generalization to entropy of the multipliers method and an adequate
functional inequality. As a byproduct, we also give tractable conditions for this functional
inequality, which is a particular instance of a weighted logarithmic Sobolev inequality, to
hold.

Key words : Langevin diffusion, entropic convergence, hypocercivity, weighted logarithmic
Sobolev inequality, Lyapunov conditions.

1. SETTINGS AND MAIN RESULTS.

Let U : R* — R be a smooth function such that U > 1 and fe_U(“”)dx is finite. U will
represent the confinement potential for the Hamiltonian H(z,y) = U(z) + 4|y[?> defined on
R24, The associated Boltzmann-Gibbs (probability) measure is given by

1
dp = 7 e @) dpdy

where Z is the normalizing constant | e~ @v)dzdy.
The Langevin dynamics associated to this measure is a flow of probability measures du; =
frdp for t > 0, where f; solves (at least in a weak sense) the Langevin equation

O fe=Lft,
L being given by
L = —yV,+(VU(x)—-y).Vy+A,. (1)

We are thus interested in solutions belonging to I.!(z). Of course, the hypoelliptic regularity
theorem ensures that (¢,z,y) — fi(z,y) is smooth on R ®@R% whatever the regularity of fo.
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It is then easy to see that mass and positivity are preserved so that if fydu is a probability
measure so is fydu for any t > 0.
The corresponding stochastic process is given by the S.D.E.

dxt = ytdt
dy; = —yedt — VU (z;)dt + /2dW;

where (W,) is an usual d—dimensional Wiener process. The infinitesimal generator of the
process is thus L* = y.V, — (VU(z) +y) .Vy + A,. The law p is the unique invariant (but
not reversible) probability measure for the process, and dpu; = f;du is the distribution of the
process at time ¢. One can also write down the P.D.E. satisfied by p; (or its density w.r.t.
Lebesgue measure) which is usually called the kinetic Fokker-Planck equation. We denote
by P; = e'l the semi-group on L'(u) with generator (L, D(L)), i.e. fi = P;fo.

We are interested in the long time behavior of the Langevin diffusion. The usual ergodic
theorem tells us that % fg s ds weakly converges to p as t grows to infinity. One can thus
ask for the convergence of f; towards 1 as t goes to infinity.

This question has been investigated by many authors in recent years both in the PDE com-
munity and the probability community. One of the main difference is of course the way to
look at this convergence: total variation distance, L.?(x) norm, H!(x) semi-norm, relative
entropy, Wasserstein distance. Another associated problem is to get some bounds on the
rate of convergence, once convergence holds true. Let’s review some results in this direction.

More or less at the same time, both probabilists and PDE specialists have considered the
problem of the speed of convergence to equilibrium. Talay [17] and Wu [20] have built Lya-
punov functions and using Meyn-Tweedie’s approach have established (non quantitative)
exponential convergence to equilibrium (see also [2] for this approach for kinetic models) un-
der quite general assumptions. Desvillettes and Villani [10] used an heavy Fourier machinery
to established sub-exponential entropic convergence. Then Hérau and Nier [15] have carried
out the spectral analysis of this equation and thus obtained a IL? exponential decay with quite
sharp constants under general conditions. It has settled the bases for the theory of hypocer-
civity of Villani [18] for the L? and the entropic convergence to equilibrium, when Hess(U)
is bounded in the entropic case, see also [11] for a version without regularity issues. Finally,
and quite recently, coupling approaches, using synchronous coupling or coupling by reflection
(see [6] or [12, 13]) have established exponential convergence to equilibrium in Wasserstein
distance with sharp constants, once again when Hess(U) is bounded.

As we will adopt the terminology and adapt the methodology of hypocoercivity as in Villani
[18], let us describe a little bit further the formalism of this setting. Recall that the variance
of a squared integrable function g with respect to u is defined by

o= (o) = o~ )

while the entropy is defined for positive functions by

Ent,(f) ::/flnfd,u—/fd,uln/fd,u.
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The law p is said to satisfy a Poincaré inequality if there exists a positive constant Cp such
that for all smooth functions g

Var, () < Cp [ V9P,

Similarly, p satisfies a logarithmic Sobolev (or log-Sobolev in short) inequality if there exists
a constant C'rg such that for all smooth functions g,

Ent,,(g%) < CLs/\VgPdu-

The natural Hj, semi-norm is defined as ||g]| my = [|Vyl ’]Lﬁ . Exponential convergence of P, f
to 1in H}L and variance was proved by Villani [18] under two conditions:

(1-var)  |V2U| <c (14 |VU|);

(2-var) e Y@ dg satisfies a Poincaré inequality.

Remark that (2-var) is equivalent to the fact that u satisfies a Poincaré inequality, thanks

to the tensorization property of the latter, since the gaussian measure satisfies a Poincaré
inequality.

For convergence in entropy, the assumptions made by Villani are much stronger:

(l-ent)  V2U is bounded;
(2-ent) e~ U(®) dz satisfies a log -Sobolev inequality.

Again, (2-ent) is equivalent to the fact that p satisfies a log-Sobolev inequality, thanks to a
similar argument of tensorization.
When both these assumptions are satisfied, Villani showed that, for any initial probability
density fo with finite moments of order 2, the entropy of P;fy converges to 0 exponentially
fast (see Villani [18] Theorem 39).

Our main goal in this paper is to get rid of the boundedness assumption (1-ent) for V2U,
replacing it by

Assumption 1. there exists n > 0 such that U~2"V2U is bounded.

A typical situation where Assumption 1 is satisfied is when both U and V2U have polynomial
growth at infinity, i.e. U(z) > 1 (1 + |z|)! and |V2U| < ¢ (1 + |z|)7 so that we may choose
n > 4. In particular if j =1 —2 > 0 as it is the case for true polynomials of degree at least
1
T.

[N

2, we may choose 1 =
The counterpart is that we have to reinforce (2-ent) replacing it by the stronger

Assumption 2. u satisfies the following weighted log-Sobolev inequality: there exists p > 0
s.t. for all smooth enough g with fg2 dp = 1:

But,(6?) < p [ (29,92 + [9,9P) @

Once both Assumptions 1 and 2 are satisfied, we can prove exponential decay in entropy for
the Langevin diffusion. Our approach is based on the multiplier method. More precisely we
will prove the following:

eqlspoids
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hmHypocoPoids| Theorem 1. Under Assumptions 1 and 2, let

unovCondition

A= (IH Ve +2)°
1
1300 (n + d)*

Then for all initial probability density f,

K t e\
Ent, (P, f) < exp <—m/o (1—e7%) ds> Ent,(f).

Section 2 is devoted to the proof of this theorem which contains Villani’s result in the case
n = 0. The key idea is to use a twisted gradient depending on time, see lemma 4. An
important aspect of our result is that the bounded Hessian condition in Villani’s approach
is relaxed as Assumption 1. In fact it was a major issue raised by Villani [18] concerning
the entropic convergence. Indeed, his L? multiplier method, at the basis of the entropic
hypocercivity, does not rely on a Poincaré inequality but on Brascamp-Lieb inequality. It
was thus thought that for the multiplier method to hold for entropy, an entropic Brascamp-
Lieb inequality was needed. However Bobkov-Ledoux [5] proved that this inequality is false
in general, and true in very particular setting. Our strategy is then to show that it is not
an entropic Brascamp-Lieb inequality that we need but a particular weighted logarithmic
Sobolev inequality. Note also that a first attempt to skip the boundedness assumption for
the Hessian is contained in [2] Theorem 6.10, but the statement therein is much weaker than
the one of the present theorem and most importantly not at all quantitative .

Next we shall show that, similarly to the non weighted case studied in [7] (see also [1, §]),
the weighted log Sobolev inequality in Assumption 2 is equivalent to some Lyapunov type
condition.

To this end we introduce the natural second order operator

V.H
Ly=H A, +A,— H (277% + V;,;H) Ve =V, ,HV,,
which is symmetric in Lﬁ and satisfies

/angd,u:— /(H_vawf.va;g—i—Vyf.Vyg)du. (3)

Theorem 2. Assume that U goes to infinity at infinity, that |VH| > h > 0 outside some
large ball. Denote A, :={(z,y) : H(x,y) <7}, and

0*H
O(r) = su max
(r) zeagﬂvjil,--ﬂd%ziazj|

Assume that 0(r) < ce®o" with some positive constants Cy and c for r sufficiently large.
Assume that there ezists a Lyapunov function W with W(x) > w > 0 for all (xz,y) and some
A, b > 0 satisfying

Then p verifies a weighted logarithmic Sobolev inequality (2).
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Remark that the condition 6(r) < ce®" is trivially verified when both U and Hess(U) have
a polynomial growth. Also, a Lyapunov function exists if U satisfies the conditions in the
following corollary:

Corollary 3. Assume that the following conditions hold outside a compact domain

(1) AU < k|IVU? for some k € (0,1);
(2) a growth condition: |V,U[? > cU?™L for some positive constant c.

Then dp = e 2@V dady satisfies a weighted logarithmic Sobolev inequality.
Z

Moreover, if we assume that U~2"V2U is bounded, then we may apply Theorem 1.

The next section will present the proof of Theorem 1, where the entropic multipliers method
is presented. In Section 3, the treatment via Lyapunov condition of weigthed log-Sobolev
inequality, i.e. Theorem 2 and Corollary 3, is done. The final section discusses some addi-
tional points on weighted inequalities. Indeed, the proof of weighted Poincaré inequality used
by Villani relies solely on some Poincaré inequality for each measure and adapt the usual
argument of tensorization using heavily the orthogonality inherited from the Li structure.
However, in the entropic case, from a log-Sobolev for each marginal, we are only able to
recover a weaker inequality for the product measure.

2. PROOF OF THEOREM 1.

This section is devoted to the proof of Theorem 1. Actually we will prove a more general
statement. Consider an admissible function ¥, that is ¥ € C* and % is positive concave, as
in [16].

Theorem 1 corresponds to

U:R" >R u—ulnu+1—u,

while the .2 case corresponds to W(u) = (u — 1)%. We also define ¢ = 0.

We only consider the case where fj is bounded away from zero. Indeed, if it is not the case,
writing gg = (1 —0) fo + ¢ for some § > 0, then we may prove Theorem 1 for g, = (1—9)f+9
and let § go to zero to recover the result for f;.

In this general framework we replace the weighted log-Sobolev inequality in Assumption 2
by the following, satisfied for any bounded density of probability f,

/ W(f)dp < p / B(F) (H200 P + V) 712) dp. (4)

We shall obtain the analogue of Theorem 1, replacing the entropy by [ W(f)dpu, i.e. if (4)
and assumption 1 are satisfied, then for all initial probability density f,

v <on (5 [ - s ) W), 5)

The key point of the proof is to introduce a time and space-dependent twisted gradient.
Consider r € N and for 0 < i < r,  + b;j(z) € R? a smooth vector field, C; = b;.V,

convpsi
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Cf = (Cof,...,Crf), t,z — M;(z) a smooth function from R, x R? to MY (R) the set
of positive semi-definite symmetric real matrices of size r, and

F(t) = / B(Pf) (CPLF)T MiCP, fdp

where AT stands for the transpose of the matrix A and vectors are seen as 1-column matrices.
The following results holds for any diffusion operator:
Lemma 4. Let L = L + Lo, where Ly = (L + L*) and L, = (L — L*) stand for the

symmetric and antisymmetric part of L in Lﬁ. Then

F(t) < [6(B)(CPT (204,11 + (2L, - LM, + M) C) Pifdn.

where [C;, L] = C;L — LC; is the (generalized) Lie bracket of C; and L and [C,L] =
([Co, L], ...,[Cr, L]).

Proof. In the following we write f for P, f and M;(x) = (m; ;(t,x))o<i j<r. First it holds

Oy </¢(f)mi,jcifcjfdﬂ> = /¢(f)3t(m¢,j)0zf01f+mz,j<9t (W(NCifCsf) dp.

This derivation is justified by the fact that fy is uniformly strictly positive and so is f; by
hypoellipticity and the control of the growth of the derivative of f;, using Villani [18, Sect.
A.21] or [14]. Denote as usual the Carré-du-Champ operator 2I'(g, h) = L(gh) — gLh — hLg.
Next, p being invariant for L, and using the diffusion property, i.e. that the chain rule

property LU(f1, ..., fa) = S0, U(f)Lfi + X ; 0, (f)T(fis f;) holds for all nice ¥ and f,
0 = [ Limisu(HCisCis) du
= [ L) eOCC [ misL@(ICIC )
+2 [T lmig. (GG ) ap
= [ (L =200 (mig) 9NCSCs 1+ [ misL@WCIC,E)

The case where M is constant (and symmetric semi-definite positive) is already treated in
[16, Lemma 8] where it is shown that

> mig (L @NCSCs) = 0 NCSCN) ) = 20(0) Y miy (Cif) LGyl f -
ij 2
The proof follows by taking the integral of both sides. O

Proof of Theorem 1. Now consider the case of the Langevin diffusion, namely L is given by
(1). Note that

[L,Vy| =V2+V,y [L,Va] = _VQU(QU)-VZ/-
The operator L is decomposed as L = Ly + L, where

Li=-yVy+4y L, =—-y.V,+VU(2).V,.
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Recalling H(z,y) = U(z) + 3|y|%, then L,H = 0 and more generally L,(go H) = 0 for any
smooth ¢ : R — R. In particular for n > 0,
(2Ls—L)(H™™) = L,(H")
= 0y + ) H" 4 n(n+ 1)lyPH "2
< n2n+d+4)H™".
a b

Let a,b, ¢ depend on t and H(x,y), and let M = <b c) and C' = V, so that Lemma 4 reads

F(o) < =2 [ W) (VRO NP fap

with

b—2(Ls+d)a  —aV2U +b— 3(Ls+ )b

N =

c—32(Ls+0)b  —bVPU +c— 3(Ls+ 0p)c
In the top left corner b is good news since it gives some coercivity in the x variable. Nev-
ertheless as soon as b # 0, bV2U in the bottom right corner is an annoying term that can
only be controlled by the entropy production if it is bounded (which is where, in the previous
studies, the assumption that V2U is bounded barged in).

Writing a(t) = (1 —e™t), set
c=2eaH™" b=c?a?H 2" a=e3adH3
for some € € (0,1). In other words,
(VHTMVf = eaH "V, f]>+ecaH "V, f +ecaH "V, f|?

so that, in particular, M is positive definite. In that case we bound

1 3 3
b— §(LS +d)a > e*®H 2 — 577(677 +d+ 4P H 3 — 58304267151'[7377

v

3 3
e2a?H <1 - <§n(6n +d+4)a+ §e_t> 5)

> 2a®H %" (1—9(n + d)’)

1
—bV2U + ¢ — §(LS +9)c > —2?|H 2"V?U||oo + 26aH ™" — (20 + d + 4)eaH T —ce TH™"
> —2a?|H ?"V?U || —eH " (=20 + (20 +d + 4)a + e ")
> —&%||H VU | — 3¢ (0 + d)?

b4 c—aVU = (Ly + 0)b| < |e2a?H 2"+ 2eaH " — 2~ 'e®aH 21|
+e3P H3V2U | 4 2n(4n 4 d + 4)e2a>H 1
< eaH " (2|H VU | + 2+ 8(n + d)?)
which implies for € = § x $(n + d)~? that

1
~2Q?H 2|V, f)? — AV, f)?

(VHINVS > 1



8 P. CATTIAUX, A. GUILLIN, P. MONMARCHE, AND C. ZHANG

with
L[ o0 —one2 2)° 20 17 —21n2 1
A = Z(|H VUl +2+ = | +YH VU0 + —
2 9 12
< (|H VU |w +2)° = A
Writing
1
Gt = 3FO+ [vPnap,
we have obtained
! " 04252 —2 2 A 2
G'(t) < — | 9(RS) 4/\H "N\ P f|*+ 2-~ IVy P f|" ) du
o’e? 1" 2 2 2
< o [ V'R (H VGRS + [V P dp

On the one hand,
F(t) < 3ea / V(P f) (H Vo Pf P+ [V Pf?) du,
and on the other hand, using the inequality (4),
[ewinan < p [WEn (E2IRIE+IV,P0P) di

which implies

o2e?
G'(t) < —mG(t).
Hence,
2 t
Ent, (P f) < G(t) < G(0)exp <—1 +4)\p/0 o) (s)ds>,
and G(0) = Ent,(f). The proof is complete. O

3. WEIGHTED FUNCTIONAL INEQUALITIES WITH 1) > 0.

We turn to the study of the functional inequality (4). For simplicity we shall only consider
the cases ¥(u) = (u—1)? (Variance) and ¥(u) = ulnu — u + 1 (Entropy).
Recall the definition of L,,

H
Ln = H—QnAx + Ay _ H_277 (27’]% + va) v$ - VyH.Vy,

which satisfies

= [ rratan = [EPIVLIP 4 9 du = (1), (6)

Let us state our first main results
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Theorem 5. The weighted Poincaré inequality

Vara(g) < p [ (H-2I¥.9 + 19,9 du
is satisfied if and only if there exists a Lyapunov function, i.e. a smooth function W such
that W(x,y) > w > 0 for all (z,y), a constant X > 0 and a bounded open set A such that
LW < —-AW + 14.

We provide then the equivalent result for the logarithmic Sobolev inequality.

Theorem 6. Assume that H goes to infinity at infinity and that there exists a > 0 such that
e c Ll (p).

(1) If p satisfies the weighted log-Sobolev inequality (2), then, there exists a Lyapunov
function, i.e. a smooth function W such that W (x,y) > w > 0 for all (z,y), two
positive constants A and b such that

LW < —XHW +b. (7)
(2) Conversely, assume that there exists a Lyapunov function satisfying (7) and that

IVH|(z,y) > ¢ >0 for |(z,y)| large enough. Define

O0?H
9 =
()= sup  max I onas

and assume that 0(r) < ceo™ with some positive constants Cy and ¢ for r sufficiently
large. Then u satisfies the weighted log-Sobolev inequality (2).

These theorems are the analogues, in the weighted situation we are looking at, of (part of)
Theorem 1.1 and Theorem 1.2 in [7]. Their proofs are very similar concerning the part 1) of
the previous theorem and we shall only give some details in the entropic case. Let us begin
by a simple and crucial Lemma, at the basis of the use of Lyapunov type condition. Note
that it can also be proved via large deviations argument.

Lemma 7. For every continuous function W > 1 in the domain of L, such that —L,W /W
is pi-a.e. lower bounded, for all g in the domain of L,,

L,W -
[-Hra s [ (VLGP +19,9P) du ®)

Proof. This follows from integration by parts and Cauchy-Schwartz inequality. Indeed,
LnW ) 2 2

d — H 2 - xg_ 9 d
w9 an / (V. W,V W>+<VyW,VyW> H
2 92 2 g
— H 2|2 v W 2L W
/ ( I SIVaW P +22(V, ,V$g>>

2
+ (—%\%W\Q + 2%(VyT/V, vy9>> dp

IN

/(H_Z”\ngVHVyg\Q) du
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Let us now prove Theorem 6.

Proof. For a given nice function ¢, introduce the operator G, via G,h = — L,h + ¢h. For
any h in the domain of L,, [ hG,hdu = &,(h) + [h?pdu. Choosing ¢ = —c + 14 for
some set A to be defined, in the variance case and ¢ = p(b — H) in the entropic case, one
deduces that G, is continuous for the norms whose square are respectively &,(h) + [ A h?du
and &, (h)+ [ h* du. If a weighted Poincaré inequality (resp. weighted log-Sobolev inequality)
is satisfied, following the proof of Theorem 2.1 (resp. Proposition 3.1) in [7], we get that the
form [ hG,hdp is also coercive so that applying Lax-Milgram theorem we get a solution to
Gph =1, which furnishes the desired Lyapunov function (see [7] for the details).

For the converse, we revisit the proof of [7] Proposition 3.5 in order to adapt it to our case. As
usual, we will rather prove the (weighted) log-Sobolev inequality in its equivalent (weighted)
Super Poincaré inequality form, i.e. there exist ¢, 8 > 0 such that for all smooth f and s > 0,

2
[ s [ 9P ee ([ i)

Indeed, the latter implies a defective (weighted) log-Sobolev inequality and a weighted
Poincaré inequality (choosing s such that cePls = 1) and we obtain a tight (weighted) log-
Sobolev inequality by using Rothaus lemma (see [3] p.239), which states that

Ent,(f?) < Ent,(f?) + 2Var,(f), (9)
where f = f — J fdu. For all this we refer to [8, 9, 19].
Recall A, = {H < r}. For ry large enough and some X' < \ we have
LW < -NHW +blga,,,
so that we may assume that

L,W
W

b
(.’L’,y) < —)\H(l',y) + ElATO’

We have for r > rg,

ANH
/f2du < /Aﬁdm/A M ay

ANH
< /de,U+/)\—f2dM
Ay r
1 —L, W b1,
< 2d - n 0 2d
< /. “Ar/( ot e )f /
<

Arw

b
<1+—> /A Frdp + % / (H>Vof> + |V f?) du

It remains to control the integral in A,.. It is in fact a simple consequence of Nash inequalities
for the Lebesgue measure rewritten in its Super Poincaré form (c.f. [8, Prop 3.8]): there exists
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cq such that for all r large enough, all smooth f and s > 0

2
| Pasdy < s [ VePdsdy +ed’) s ( / Ifldwdy>
Ay Ar

2
s / IV f?dady + cqce?@0T (1 4 s724) (/ |f|dxdy> .
Ay
Recall that H > 1. We thus have

1
/ P < = / dady
A, eZ Ja.

IN

2

2n ,r

rle

< —s / (H 2NV f [P+ [Vy fI?) di + Zegee™ (14 572%™ ( / Ifldﬂ>
Ar

Letting v = se" 1727 and C' = Zccy, and considering integral on the whole space in the

right hand side, we have thus obtained (for r large enough)
2
Pdu < u [(H2ITIP 4 07) dp o+ € (1 2)eacosar (/ \f\du) '
Ay
Denoting ¢ =1+ ﬁ, and 8y = 2+ d+ 2dCy, we thus have, for all v > 0 and r large enough

1 2
/ A < (u + ;) / (HZ2\Vo f[2 + [V f2) dpt O (1u=0) r20 cePrr ( / ] dp

1o

Choosing 7\ = (uc)~! and s = 2uc, we have thus proved the existence of some ), such that

2
/ fPdp < s / (H™MVof|” + [Vy fI?) du + C" Pils (/ V\du) ,

and the proof is complete. O
Remark 8. For a general weighted logarithmic Sobolev inequality with the weighted energy

/ (w1 |V f[2 + sV, f12) dp,

we can introduce the symmetric generator

Vmwl Vng

Loy ws = w1 Ay +w2Ay — wy ( + VxH> Vg —wo <— + VyH> Vy.

w1 w2
If a Lyapunov function (as in Theorem 2 but for Ly, ..,) exists, then following the same
line, we can obtain (with the retired additional assumptions on the weights) a weighted

logarithmic Sobolev inequality. O
We now proceed to the

aU(z)+5 lyl?

Proof of Corollary 3. Consider a smooth function W(zx,y) =e with two constants

a,f € (0,1) to be determined. Then for |(z,y)| > R,
L,w 2
i = a2 |80 (am F 1) IVUP] a0 - Al

w
Bd—a(l—a—r)|VUPH™ - 5(1 - )|y

IN
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where we used the first condition in the assumption of the corollary.
To bound the last term by some C'— AH, we consider « € (0,1 — k), 5 € (0, 1), and divide it
into two cases. If @ > %, then

—a(l—a—&) |V,UPH™ = B(1 = B)ly* < —B(1 - B)H
Otherwise,we have U > % Combined with the second condition, it follows

V.U ? - cUntt c
g2 = 9pu2n = 92+l

which completes the proof of the Lyapunov condition. Since the second condition implies

that U goes to infinity at infinity and |V,U| > u > 0, we get a weighted logarithmic Sobolev
inequality for p by the previous theorem. O

H

The next example, which is the simple polynomial case will show the adequacy of our condi-
tions on weighted log-Sobolev inequality with the Assumption 1.

Example 1. Let us consider the example where U(z) = |x|' with [ > 2 for |z| large enough,
that is, H(z,y) = |z|' + % Then AU = (dIl + 1% — 20))|z["=2 and |V, U? = i?|z|*~2. The
first condition is satisfied since [ > 2, while for the second condition we need

_11
=577

Note that ||U21V2U||s ~ |2|'7272" to ensure that U~2"V2U is bounded, we have to choose
n= % — % With the case [ = 2 we recover Villani’s result.

Let us give another example which will show that our limit growth for the potential U is
below the exponential growth

Example 2. Choose now U(z) = edlel® for a,b > 0 for |z| large enough. Then AU ~
a2b?|z|20-Dealrl” and |V,U? ~ a2b2e?l7”. The first condition is thus satisfied , while the
second one imposes once again that 2n + 1 < 2. Now, Assumption 1 imposes that 2n > 1 if
b > 1 leading to an impossible adequacy of the two sets of conditions and to 2n > 1if b < 1
and thus the choice of n = 1/2 is admissible.

Let us end this section by a remark

Remark 9. For the multipliers method in the variance case, Villani does not use H 2"
in the energy to get his inequality, as will be seen in the next section but prove a rather
stronger inequality with weight in the derivative in x in the energy U(z)~2"(1 4+ |y|?)~2".
The fact that he deals with the variance helps him enough to prove such a weighted Poincaré
inequality. We may also consider a weighted logarithmic Sobolev inequality with such a
weight. However, via the Lyapunov condition approach, the condition on 7 is then too
strong to match with Assumption 1. It is thus crucial to have a weighted inequality with
weight H 2" for Theorem 1.

The next section presents an alternative approach trying to provide an answer to the problem
alluded in the previous remark. Is it possible to provide a ”tensorization-like” approach
to provide a weighted logarithmic Sobolev inequality as in Villani’s paper, thus giving an
alternative to Lyapunov conditions?
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4. SOME FURTHER REMARKS ON WEIGHTED INEQUALITIES.

In this final section we shall try to understand whether it is possible to impose conditions
on U solely in order to get weighted inequalities. We shall use several times the following
elementary inequalities, true for all n > 0, all x and y (recall that U > 1)

0o (143 10P)

We shall use in the sequel the notations U~?"(z) = ¢1(z) and (1+ % |y|2)7277 = ¢2(y).

-n

< H(z,y) <min (U‘"(:n), <1+%|y|2> _n> Coan

4.1. The case of weighted Poincaré inequalities.

Assume that p satisfies a weighted Poincaré inequality. If we choose an f that only de-
pends on z and use that H~?7(z,y) < U~21(z) for all y, we immediately see that the first

marginal of p, i.e. dui(x) = Z%e_U(gﬁ)dx also satisfies the weighted Poincaré inequality

Var, (1) < € [ U7V 1P (12)
Conversely we have,
Theorem 10. Write pu(dx,dy) = pi(de) @ pa(dy). If pi(dx) = Z%e_U(x)dx satisfies the
weighted Poincaré inequality (12) with constant Cy, then p satisfies the following weighted
Poincaré inequality

Var(1) < €' [ (29,0 + 9,1P)da

4\ 4 1o\
(j/glnax:<<24—jzg>,'£%§> Wheﬂfﬂﬂgzt/‘<1—F§wyF> f@(dy)

Proof. A proof is given in Villani [18] Theorem A.3. It uses extensively the spectral theory
of the sum of operators. We shall give a more pedestrian (similar) proof.

with

The first point is that, since we assumed that U > 1,

- - 1o\
H21(0,0) 2 0a) o) = U0 (143 102) (13)
Thus, if we decompose pu(dz,dy) = pi(dr) ® pe(dy) we have

/ H 2V, 1 pu(d, dy) > / 61(2) 62() [V oh? i (d) © pr(dy)

Y

& [ e (e - [ h(u,y)ul(dU)>2 (i, dy).

Eq-weighted
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Now write,

hz,y) - / B,y () —

<h(m
n ( / B, v)pia (dv) — / / hdmdu2>
gi(z,y

z,y) + g2(x)
and use

(a+b)?> b — a*.
This yields, since ¢2(y) <1,

/H 21\ h)? p(dz, dy) > (/@dm)

Notice that for all y,

/ g1 (z,y) pa(dz) = Vary, )uz(dv)>

so that
/ G (@, y) pr (da) < / <h<x,y> - / Bz, v) M2(dv)>2 11 (dz)

We can thus integrate this inequality w.r.t. po, use Fubini’s theorem, then for each fixed z
use the usual Poincaré inequality for the standard gaussian measure po and finally integrate

with respect to ;. This yields
[ [#enmanman < [ [ (sen- [ h(w,v)uz(dv)>2u(dw,dy)
[ [ 19 . dy).

Gathering all this we have obtained

2C _ 2
/92( Y (dx) < V; /H 21|V . h|? d,u—i-ﬁ2 /\VthQd,u. (14)

IN

IN

Finally

Var, (h) = / <h(m,y) —/h(m,v),ug(dv) +/h 2, v) o (dv) //hdp) (dz, dy)

< 2 // (h(:v,y)—/h(w,v)ﬂz(dv)>2 p(d, dy) + 2 /gg(w)ﬂl(dl’)
< 2 [ [19hP @) udn.dy) + 2 [ Gamdo),
and the result follows from (14). O

As a conclusion the weighted Poincaré inequality on R?? reduces to a weighted Poincaré
inequality on R? (up to some constant). One should think that the previous result is a kind
of weighted tensorization property. This is not the case due to the fact that the weight in
front of V., depends on both variables x and y.

W)= [ g - [ bz + [ hdmdu2> ;

g5 () (dz) 91 (x,y) pr (de) o (dy) -
) &/

egpwinter
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There are many ways to obtain such an inequality. Of course since it is stronger than the
usual Poincaré inequality, our result is weaker than the one of Villani (but with a simpler
proof and explicit bounds for the constants), and we will only describe a typical situation
where this equality can be obtained.

As we have seen in the previous section, this weighted Poincaré inequality is equivalent to
the existence of some Lyapunov function for L;, which is built similarly to L, replacing H
by U. We can also obtain a slightly different condition. Introduce the probability measure
,u‘f(dy) = dnT(y) p1(dy) and the /ff symmetric operator

1
2
G) = A, — <1+—”> VU.V.
U
Assume that we can find a Lyapunov function W > 1 such that

GOW () .
W < —aU(x)

for |z| larger than some R > 0. If h is compactly supported in |z| > R, we may write
M ¢ M M

[rdm <20 [ERizau < S [wnpaug =22 [jvneo-a
a a a

according to the computations in [1] p.64. Following the method introduced in [1] we then
obtain that p; satisfies the desired weighted Poincaré inequality. According to [7] Theorem
4.4, the existence of such a Lyapunov function is linked to the fact that p; satisfies some
F-Sobolev inequality, with F' = lni". This is for instance the case when U(z) = 1+ |z|* and
n=1-a"1

4.2. The case of weighted log-Sobolev inequalities.
We look now at the similar weighted logarithmic Sobolev inequality, namely,
But, () < p [(H V1P + (9, P)dp
As in the L? setting, it implies a weighted log Sobolev inequality for z; on RY i.e.
Ent,, (f2) < C / U0V, f2dps (15)

Since the standard gaussian measure po satisfies a log-Sobolev inequality too (with optimal
constant 2), one should expect to obtain the analogue of theorem 10. This is not so easy
(actually we did not succeed in proving such a result) and certainly explains the limitation
of Villani’s approach, since this property reduces to the well known tensorization property
of the logarithmic Sobolev inequality only in the case n = 0. The best we are able to do is
to prove that, in this situation

Theorem 11. Write pu(dz,dy) = pi(dr) @ pe(dy). If pi(dx) = Z%e*U(x)dx satisfies the
weighted log-Sobolev inequality (15), then p satisfies (4) with an admissible function u — W(u)
behaving like u In2 (u) at infinity.
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Combined with the results of Section 2 which deals with a decay for more general functionals
than the variance or entropy, we are thus able to prove under such conditions an exponential

decay for ¥ behaving like u ln%(u) at infinity.

Proof. The first step of the proof is the following

Lemma 12. Define the probability measure MQ(dy) @(y) pa(dy). Then ,ug satisfies a log-
Sobolev inequality.

An immediate consequence is the following inequality for p®(dz, dy) = ui(dz) ® ,ug(dy),

But,o (1) < [ (01 hl? + 9,hP). (16)

which follows from the tensorization property of the log-Sobolev inequality.

Proof of Lemma 12. Write

— (12 2 In(141y)2/2

A simple calculation shows that

B 2n - 2n
HessValy) = (1 Ty |y|2/2> 1d = apypap MW

where M; ;(y) = y;y;. Hence,

% 2nd |y|® >
H V- > |1+ - Id
essVa(y) > < L+ [y2/2 (1 +]y[2/2)2

in the sense of quadratic forms. Hence for |y| large enough (of order ¢y/n), the potential
Va(y) is uniformly convex, uniformly in y. This proves (combining Bakry-Emery criterion
and Holley-Stroock perturbation argument) the Lemma. O

As we recalled, the weighted log-Sobolev inequality is equivalent to a (weighted) super
Poincaré inequality, for all smooth h and all s > 0,

2
/hzd,u¢ < S/(gbl |V.h|? + |Vyh| Hdu? + ce’ </|h| du > . (17) |eqgsuperdefl

Since ¢o < 1, it follows

/th;ﬂ’ < M%/( TIVhP + [V R+ 5 </|h|du> . (18) [eqsuperdef2

For R > 1, introduce the 1-Lipschitz function

@(r) = (r = R) 1p<r<pr+1 + Lry1<r -
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One can write

[ < /|<R+1 W du+ [ 2l du
yl=
My

< h2dﬂ¢+/h2%02 yl) du
P2(R+1) /yISRH ()

& 274, 2 2
< ¢2(R+1)/h auw’ + [ By dn.

The first term in the sum will be controlled thanks to (18). In order to control the second
term, we introduce,once again, some Lyapunov function.

Denote by G the Ornstein-Uhlenbeck operator G = A, — 4.V, and consider W (y) = elvl?/4,
A simple calculation shows that

GW
w
for |y| > v/2d. Hence if R > v/2d, we get for |y| > R,

il L, (=ew 1
= W) yPP—2d W ) R2—2d

[remhans o [ (Z55) 1 P uban. (19)

< —(2d —|yf*)

o |

and finally

R2 —2d

Integrating by parts, and after some easy manipulations (see [1] for the details), we will thus
obtain for well chosen constants C,C” all s > 0 and large enough R,

2
/thu < O (sR? +R2)/(¢1 IV.h|? +|Vyh[})dp® + ¢ R? e/ </|h|d,u> . (20

1/4

Choosing u = s2 and R = s~ , we obtain a super Poincaré inequality

2
[ s cu et vt o (fan) e

1
which furnishes a F' = In?-Sobolev inequality, i.e. if J h?du =1,
1
/h2 In2 A?du < C /(¢1 |Vih|? + |V h|?)du? .
Notice that, since ¢o < 1, the previous inequality is stronger than
1
/h2 In? A?dp < C /(H_Q” |V2h|? + [Vyh|?)dpu. (22)

It remains to link (22) to (4). Actually, as explained in [4] section 7, one can replace Inj
by smooth functions F' with a similar behaviour at infinity (and satisfying F'(1) = 0. So we

1
choose (u) = W and U” = ¢ with ¥(1) = 0. ¥(u) behaves like F(u) = uln%(e + u)

eqlsbeta2

eqlsbeta3
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1
at infinity. Applying (22) with ¥ instead of uIn? (u) (modifying the constant) and h? = f
we have (the value of C varies from one line to the other)

[unan < ¢ [ SEPR 9,0
< o [BEED @9, 2419, 0Pa
< O [ @ TaIP 419, )0,
completing the proof. O
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