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Abstract

Continuing advances in computational power and methods have enabled image-based biomechanical modeling to become
a crucial tool in basic science, diagnostic and therapeutic medicine, and medical device design. One of the many challenges
of this approach, however, is the identification of a stress-free reference configuration based on in vivo images of loaded
and often prestressed or residually stressed soft tissues and organs. Fortunately, iterative methods have been proposed
to solve this inverse problem, among them Sellier’s method. This method is particularly appealing for it is easy to
implement, convergences reasonably fast, and can be coupled to nearly any finite element package. However, by means
of several practical examples, we demonstrate that in its original formulation Sellier’s method is not optimally fast
and may not converge for problems with large deformations. Fortunately, we can also show that a simple, inexpensive
augmentation of Sellier’s method based on Aitken’s delta-squared process can not only ensure convergence but also
significantly accelerate the method.

Keywords: Inverse Methods, Fixed-Point Methods, Aitken’s Delta-Squared Process, Stress-free Reference
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1. Introduction

Image-based biomechanical modeling has become a
crucial tool in basic science, diagnostic and therapeutic
medicine, and medical device design [1, 2, 3]. Ever improv-
ing image resolution and computational power increasingly5

enable models with greater detail. One key challenge re-
mains, however. Tissues and organs, in vivo, are often pre-
stressed and residually stressed in addition to experiencing
time-varying in vivo loads [4, 5, 6]. Thus, the stress-free
reference configuration is, in general, not readily accessible10

from in vivo images.
Fortunately, when the deformed configuration and its

corresponding boundary conditions are known, the stress-
free reference configuration can be estimated using inverse
methods. These methods can be broadly classified either15

as direct methods, in which the inverse motion from the
deformed configuration to the stress-free reference config-
uration is solved [7], or as iterative methods, which iden-
tify the stress-free reference configuration by employing
multiple forward calculations (see [8, 9, 10] for a more20

comprehensive review). One such iterative method is a
fixed-point method first introduced by Sellier [8] for gen-
eral elasto-static problems and reintroduced by Bols et al
[9] for problems in cardiovascular biomechanics. Sellier’s
method has since been applied successfully to a number25
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of image-based biomechanical modeling problems, owing
its success largely to algorithmic simplicity and the rela-
tive ease with which it can be coupled to established finite
element software packages [11, 12].

In the first iteration Sellier applies the measured in vivo30

tractions (such as blood pressure, intraocular pressure,
etc.) to a guessed initial reference configuration B10 with
coordinates X1 to compute the first updated deformed
configuration B1t with coordinates x1, see Figure 1. For
lack of better alternatives, the initial reference configura-35

tion is usually chosen to be the measured in vivo configu-
ration B∗t with coordinates x∗. Subsequently, the reference
configuration is updated by subtracting the per node dis-
placement vector between the updated deformed configu-
ration and the target in vivo configuration, Rk = xk−x∗,40

viz. Xk+1 = Xk − αRk (see Alogrithm 1, where Sell-
ier chose α = 1). This iterative procedure is then repeated
until a required error tolerance ε is reached between the up-
dated deformed configuration and the target in vivo con-
figuration.45

One of the advantages of Sellier’s method is that any
finite element package can be used to solve the forward
problem, the only requirement being that the package can
output nodal locations of the updated deformed config-
uration. A simple wrapper can then read the nodal lo-50

cations, calculate the nodal displacement vector, update
the reference configuration, and initiate the next forward
calculation.

In their original manuscripts both Sellier and Bols as-
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Figure 1: Illustration of Sellier’s iterative method for identifying a stress-free reference configuration in biomechanical boundary value problems.
See also Algorithm 1.

Algorithm 1 Sellier’s Inverse Method (with α = 1)

1: initialize X1 ← x∗

2: set k = 0
3: while max

(
||Rk||

)
≥ ε do

4: update counter, k ← k + 1
5: solve forward problem, xk = φ(Xk)
6: calculate nodal error vector, Rk = xk − x∗

7: update reference vector, Xk+1 = Xk − αRk

8: end while
9: stress-free reference configuration, X∗ = Xk

sumed α = 1 (see Algorithm 1). Here, we show that α = 155

is not necessarily a good choice. Furthermore, we have
previously combined Sellier’s method with Aitken’s delta-
squared process and show here that by doing so Sellier’s
method can be considerably accelerate at virtually no cost
[12].60

2. Methods

In all subsequent examples we assume that the mechan-
ical behavior of soft tissue can be well approximated us-
ing a hyperelastic framework. Furthermore, we specifically
describe the material behavior using an anisotropic Fung-
type strain energy function with an isotropic neo-Hookean
component and n embedded fiber families [13, 14, 15].
The isochoric component of the strain energy function,
W(C) = W̄(C̄) + U(J) , thus reads [16]

W̄ =
µ

2
[Ī1 − 3] +

n∑
i=1

ki1
4ki2

[
exp

(
ki2
[
Īi4 − 1

]2)− 1
]
, (1)

where Ī1 is the first invariant of the isochoric right Cauchy-
Green tensor, Ī1 = C̄ : I, and Īi4 are the squares of the

fiber stretches of each fiber family, Īi4 = C̄ : M i ⊗M i,
with M i the unit fiber orientation vectors. In addition,65

we constrain all materials to behave quasi-incompressibly
by penalizing the volumetric material response with a bulk
modulus κ >> µ in the volumetric term U(J) = 1

2κ [lnJ ]
2
,

where J = detF .
Also, we solve all forward problems employ-70

ing the open-source finite element packages FEBio
(www.febio.org) and use Matlab for all auxiliary tasks [17].

We begin our analysis with a canonical problem in-
spired by our recent histomechanical study of occlusive ve-
nous thrombi in mice. Given the in vivo measured length75

of a nearly cylindrical thrombus sample and venous blood
pressure p (length: 4mm, diameter: 1.2mm, load: 10-
30mmHg), we aim to determine the thrombus’ stress-free
reference configuration. To simplify the problem, we re-
duce the geometry to a quarter cylinder with traction free80

radial surface and tractions due to venous blood pressure
on the proximal and distal surfaces. We further discretize
this simplified geometry with 384 trilinear hexahedral el-
ements and employ the hyperelastic framework to model
the thrombus as a quasi-incompressible, neo-Hookean ma-85

terial with a shear modulus based on recent measurements
in our laboratory [18] (see Equation (1) with ki1 = 0 for
the strain energy function of a quasi-incompressible neo-
Hookean material).

To explore the influence of ε, α, and the magnitude90

of deformation on the convergence of Sellier’s method, we
apply Algorithm 1 to above problem for varying α, ε =
0.01, 0.001, 0.0001, and p = 10, 20, 30mmHg.

Next, we augment Sellier’s method by dynamically
adapting α according to Aitken’s delta-squared process,95

which has previously been proven an efficient acceleration
method for fluid-structure interaction problems and prob-
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lems in nonlinear solid mechanics [19, 20]. Thus, in Al-
gorithm 1, we add a step after calculating the nodal dis-
placement vector, in which we update α according to100

α← −α
Rk−1 ·

[
Rk −Rk−1

]
[Rk −Rk−1] · [Rk −Rk−1]

, (2)

see Algorithm 2. For the augmented method, we repeat
the same sensitivity analysis as above.

In our second example, we explore Sellier’s method as
well as our augmented method by virtue of a practical, yet,
simple example from our laboratory. Specifically, we apply105

Sellier’s method to the quasi-static boundary value prob-
lem of a pressurized, axially prestretched healthy mouse
arterial segment that we recently tested in our labora-
tory. Albeit, technically not an inverse problem since the
stress-free reference configuration is known, we imagine,110

for argument sake, that in addition to the material pa-
rameters only the in vivo target configuration as well as
the luminal pressure and the axial prestretch are known.
We model the arterial segment as a perfect quarter cylin-
der (length: 3.80mm, inner diameter: 0.57mm, wall thick-115

ness: 45.2µm, load: 80mmHg, axial prestretch: 1.77), dis-
cretized with 3072 trilinear hexahedral elements, and as-
sume that the material is well approximated using the hy-
perelastic framework (see Equation (1) with n = 4). Here,
we limit our analysis to the effect of α only (ε = 0.01mm).120

In our third example, we apply Sellier’s method as well
as the augmented method to a problem in heart valve me-
chanics taken from Rausch et al [21]. In this example,
the anterior ovine mitral valve, reconstructed from in vivo
marker data, is exposed to systolic left ventricular pressure125

(100mmHg, also measured in vivo) and isotropic prestrain
(30%) [22, 23]. The leaflet is modeled as a transversely
isotropic, thin, collagenous membrane and discretized with
1920 quadratic triangular elements. The material behavior
is, again, approximated using the strain energy function130

in Equation (1). Note, only one fiber family is modeled
in this example (n = 1). In addition to traction bound-
ary condition on the ventricularis (the ventricular side of
the leaflet), Dirichlet boundary conditions are applied to
the external boundary of the leaflet as derived from the135

marker data. Neo-Hookean, 1D elements approximate the
behavior of the chordae tendinae that emanate from the
papillary muscles and insert in the belly regions of the
leaflet. For more details see [22].

Last, we apply Sellier’s method and the augmented140

method to an actual inverse problem from our laboratory.
We derive the geometry of a murine aortic dissection from
a combined in vivo (ultrasound) and ex vivo (optical co-
herence tomography) imaging approach. Note, at the time
of imaging the dissected aorta segmented was axially pre-145

stretched and subjected to intraluminal pressure (length:
7.82mm, load: 80mmHg, axial prestretch: 1.50). For the
present analysis we, again, assume that we can describe the
aortic material behavior using the strain energy function
in Equation (1) with n = 4. In contrast to the dissected150

aortic wall, we model the intramural thrombus as neo-
Hookean. We assume the thrombus, like the aortic wall,
is quasi-incompressible. Further, we spatially discretize
the dissected aortic wall segment and thrombus complex
with 141,661 10-node, quadratic, tetrahedral elements [24]155

and solve the forward problem using FEBio, as above. As
opposed to the previous problem, however, we do not per-
form a sensitivity analysis. Instead, based on the findings
in Figure 2, we chose α = 0.5 and α = 1.0 for both, Sell-
ier’s method and the augmented method (ε = 0.1mm).160

Algorithm 2 Augmented Sellier’s Inverse Method

1: initialize X1 ← x∗

2: set k = 0
3: while max

(
||Rk||

)
≥ ε do

4: update counter, k ← k + 1
5: solve forward problem, xk = φ(Xk)
6: calculate nodal error vector, Rk = xk − x∗

7: if k > 1 then

8: update alpha, α← −α Rk−1·[Rk−Rk−1]
[Rk−Rk−1]·[Rk−Rk−1]

9: end if
10: update reference vector, Xk+1 = Xk − αRk

11: end while
12: stress-free reference configuration, X∗ = Xk

3. Results

Figure 2A illustrates the convergence behavior of both
Sellier’s method and our augmented method as a function
of α (ε = 0.01mm and p = 30mmHg). First, we find that
in Sellier’s original formulation, the number of iterations165

necessary to reach convergence varies significantly with α,
with a minimum at α = 1.1. Second, we find that the aug-
mented method convergences almost independently of the
initial value of α and converges faster than Sellier’s method
for all values of α except for α = 1.1, where both method170

converge equally fast. Last, we find that the convergence
radius for Sellier’s method is ρα ≤ 1.7, whereas the conver-
gence radius for the augmented method is ρα > 1.7 (data
not shown).

Maybe not surprisingly, we also find that the number175

of iterations increases as we tighten the convergence crite-
rion. Similarly, the number of iterations increases with in-
creasing load and thus deformation. Interestingly, for both
methods, the optimal α as well as the convergence radius
ρα are invariant to ε and p, at least for the tested values.180

Also, the augmented method always convergences faster
than Sellier’s method except for the optimal α, where Sel-
lier’s method and the augmented method convergence al-
most equally fast (with the augmented method having a
slight edge for ε = 0.001mm and ε = 0.0001mm).185
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Figure 2: For Sellier’s method the number of iterations to conver-
gence strongly depends on α and is always larger or equal the number
of iterations necessary for our augmented method. Furthermore, the
augmented method is virtually independent of α and shows a larger
convergence radius.

The findings from our second example are summarized
in Figure 2B. Confirming the results of the previous ex-
ample, we find that in Sellier’s original formulation the

number of iterations necessary to reach convergence varied
significantly with α, with the smallest number of iterations190

at α = 0.6, 0.7. Also, for α = 1 the method failed to con-
verge, again, demonstrating a limited convergence radius.
In accordance with the previous example, we further find
that our augmented method is virtually insensitive to the
choice of α and converges always faster than Sellier’s orig-195

inal formulation, albeit, not significantly for α = 0.6, 0.7.
Additionally, our method converged for α = 1, demon-
strating, again, a larger convergence radius.

Our third example confirms most findings of the
previous two examples, see Figure 2C. Our augmented200

method results in faster convergence than Sellier’s method,
whose convergence strongly depends on α. While Sellier’s
method converges only for values of α ≤ 1, our augmented
method convergences for values α > 1. Noteworthily,
the qualitative behavior of the α-dependence of Sellier’s205

method is different from the previous two examples in that
the number of iterations appear to converge asymptotically
toward the minimum.

Last, applied to the real-world inverse analysis prob-
lem of the prestretched and pressurized aortic dissection210

(Figure 3A), for α = 0.5 Sellier’s method converges in five
iterations, while our augmented method converges in four
iterations; for α = 1.0 Sellier’s method fails to converge,
while our augmented method converges in five iterations.
Thus, here again, our method converges faster than Sell-215

ier’s method and shows a larger convergence radius. Figure
3B shows the updated deformed configurations (k = 1..4)
for our augmented method with α = 0.5 and demonstrates
convergence of the updated deformed configuration toward
the target in vivo configuration.220

4. Discussion

Sellier’s method is a simple, yet efficient method for
the inverse identification of a stress-free reference configu-
ration as usually required for image-based biomechanical
analyses. However, both Sellier, in the original work, as225

well as Bols et al, who reintroduced Sellier’s method specif-
ically for biomechanical problems, assumed α = 1.

In four practical examples we demonstrate that Sell-
ier’s method with α = 1 may result in suboptimal con-
vergence rates and in some examples may fail to converge230

altogether. Thus, α = 1 may not be the optimal choice for
Sellier’s method. We also find that the optimal α is prob-
lem dependent without means of a priori determination.
Our augmented method may mitigate these shortcomings.
We were able to demonstrate that dynamically adapting235

α via Aitken’s delta-squared process increases the conver-
gence rate of Sellier’s method almost independently of α
as well as increases the convergence radius [25].

Augmenting Sellier’s method may guarantee conver-
gence and significantly accelerates convergence and thus240

provides significant time savings for large problems.
Hence, given that our augmentation comes at virtually
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Figure 3: A) Loaded in vivo geometry of a murine aortic dissec-
tion derived from in vivo ultrasound and ex vivo optical coherence
tomography with (1) aortic wall, (2) aortic lumen, (3) intramural
thrombus, and (4) false lumen. B) Convergence of the updated de-
formed configuration (k = 1..4) for our augmented method (α = 0.5),
where convergence occurred at iteration k = 4.

no cost and requires almost no additional effort for imple-
mentation, biomechanicians considering Sellier’s method
should apply the augmentation proposed in this work.245
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