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ON SUBFINITENESS OF GRADED LINEAR SERIES

Huayi Chen & Hideaki Tkoma

Abstract. — Hilbert’s 14th problem studies the finite generation property of
the intersection of an integral algebra of finite type with a subfield of the field
of fractions of the algebra. It has a negative answer due to the counterexample
of Nagata. We show that a subfinite version of Hilbert’s 14th problem has a
confirmative answer. We then establish a graded analogue of this result, which
permits to show that the subfiniteness of graded linear series does not depend
on the function field in which we consider it. Finally, we apply the subfiniteness
result to the study of geometric and arithmetic graded linear series.

Contents

1. Introduction

Let k£ be a field and X be an integral projective scheme over Speck. If D is
a Cartier divisor on X, as a graded linear series of D, one refers to a graded

Huayi Chen is partially supported by ANR-14-CE25-0015, Hideaki Ikoma is supported
by JSPS Grant-in-Aid for Young Scientists (B) No. 16K17559 and partially by JSPS Grant-
in-Aid (S) No. 16H06335.
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sub-k-algebra of @, .y H O(X,nD). The graded linear series are closely re-
lated to the positivity of the divisor and are objects of central interest in
the study of the geometry of the underlying polarised scheme (X, D). Clas-
sically the asymptotic behaviour of graded linear series of finite type is well
understood through the theory of Hilbert polynomials. Several results in bi-
rational algebraic geometry, such as Fujita’s approximation theorem [7, [26],
show that certain graded linear series, even though not of finite type, still have
a similar asymptotic behaviour as in the finite generation case. More recently,
Lazarsfeld-Mustatd [13] and Kaveh-Khovanskii [17], [10] have proposed, after
ideas of Okounkov [22], 23], a method to encode the asymptotic behaviour of
dimensions of the homogeneous components of a given graded linear series into
a convex body (called the Newton-Okounkov body) in an Euclidean space.

Note that a graded linear series of a Cartier divisor is always a graded
subalgebra of a graded algebra of finite type. It is then quite natural to ask
if there is a nice birational geometry for algebras of subfinite type (namely
subalgebras of an algebra of finite type) over a field.

From the point of view of birational geometry, it is more convenient to
consider graded linear series of a finitely generated field extension K/k without
specifying a polarised model of K. In this framework, as a graded linear series
of K/k, we refer to a graded sub-k-algebra V, of the polynomial algebra KT
such that Vy = k and that V,, is a finite dimensional vector space over k for
any n € N. In [3], a new construction of Newton-Okounkov bodies has been
proposed by using ideas from Arakelov geometry, which only depends on a
choice of a tower of successive field extensions k= Ko C K1 C --- C K4 =K
such that each extension K;;1/K; is transcendental and of transcendence
degree 1. The construction is valid for graded linear series of subfinite type
(namely contained in a graded linear series of finite type of K/k) whose field
of rational functions k(V,) coincides with K (see Definition BI)). One may
expect that the same method applies to general graded linear series of subfinite
type V, by considering V, as a graded linear series of k(V,)/k. However, the
main obstruction to this strategy is that a priori the condition of subfiniteness
depends on the extension K/k with respect to which we consider the graded
linear series. This leads to the following subfiniteness problem: given a graded
linear series V, of K/k of subfinite type, does there exist a graded linear series
W, of finite type of the extension k(V,)/k which contains V,?

Note that the above problem is closely related to Hilbert’s fourteenth prob-
lem[@]. In fact, given a graded linear series V, of K/k which is contained in
a graded linear series of finite type V/. The intersection of V] with k(V,)[T]

1. Let k be a field and k(z1,...,x,) be the field of rational functions of n variables.
Hilbert’s fourteenth problem asked whether the intersection of a subfield of k(z1,...,xn)
and the polynomial algebra k[z1,...,z,] is finitely generated over k (as a k-algebra).
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gives a graded linear series of k(V,)/k containing V,, where k(V,) is the field
of rational functions of V,. Unfortunately the intersection is not necessarily a
k-algebra of finite type, as is shown by Nagata’s counterexamples |21, 20] to
Hilbert’s fourteenth problem.

Note that the above subfiniteness problem actually asks for a weaker con-
dition than the finite generation of the intersection of V] with k(V,)[T]. It
suffices that the intersection is contained in a graded linear series of finite type
of k(V,). Similarly, we can consider the following subfinite version of Hilbert’s
fourteenth problem, which actually has a positive answer (see Theorem 2.6l and
Corollary 271 infra).

Theorem 1.1. — Let k be a field, R be an integral k-algebra of finite type and
K be the field of fractions of R. Let K' be an extension of k which is contained
in K. Then there exists a finitely generated sub-k-algebra R' of K' containing
RN K', such that Frac(R') = Frac(RN K').

The method of proof consists of an induction argument with respect to the
field extension K/k which permits to reduce the problem to the case where the
extension K /k is monogenerated. Similar method can be applied to the graded
case (but with more subtleties because of the grading structure), which leads
to the following result and gives a confirmative answer to the subfiniteness
problem of graded linear series. It shows that the subfiniteness of graded
linear series is an absolute condition, which does not depend on the choice of

field extension with respect to which the graded linear series is considered (see
Theorem B7 and Corollary infra).

Theorem 1.2. — Let k be a field and K/k be a finitely generated field exten-
sion. Let V, be a graded linear series of K/k which is of subfinite type. Then
there exists a graded linear series of finite type W, of K/k such that V, C W,
and k(V,) = k(W,).

Recall that Hilbert’s fourteenth problem is reformulated in a geometric
setting by Zariski [27], see also [19] and the survey article [18]. Note that
Theorem [[LT] can be compared with the following result in [27].

Theorem 1.3 (Zariski). — Let k be a field, A an integrally closed k-algebra
of finite type, K := Frac(A), and K'/k a subextension of K/k. There then
exist an integrally closed k-algebra B of finite type and an ideal I of B such
that the fraction field of B is k-isomorphic to the fraction field of AN K’ and
that
ANK' = J(B:1M),
neN
where (B : I™) := {x € Frac(B) : «I™ C B} denotes the ideal quotient.
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Inspired by this result, we establish the following projective version of
Zariski’s theorem and deduce an alternative proof for Theorem (see Corol-
lary infra).

Theorem 1.4. — Let K/K'/k be field extensions of finite type and W, a
graded linear series of K/k that is generated over k by the homogeneous el-
ements of degree 1. We assume that W1 contains 1 € K and that the projective
spectrum P := Proj(W,) is a normal scheme. Let X be any integral nor-

mal projective k-scheme whose field of rational functions is k-isomorphic to
k(W,N K'[T]). There then exists a Q-Weil divisor D on X such that

W, NK' c H'(X,nD) C k(W, N K'[T])
for every sufficiently positive n.

As an application of the above subfiniteness results, we establish a Fujita
approximation theorem for general graded linear series of subfinite type (see
Theorem infra) and an upper bound for the Hilbert-Samuel function of
such graded linear series (see Theorem [5.4] infra). More precisely, we obtain
the following results.

Theorem 1.5. — Let K/k be a finitely generated field extension. For any
graded linear series V, of K/k of subfinite type, whose Kodaira-Iitaka dimen-
sion d is nonnegative, the limit

vol(V,) = lim 7d1rr;k(Vn)
neN, Vi, #A{0},n—+0c0 N /d'
exists in (0,400). Moreover, vol(V,) is equal to the supremum of vol(W,),
where W, runs over the set of all graded linear series of finite type contained
iV, having d as the Kodaira-Iitaka dimension. Finally, there exists a function
f N —= Ry such that

d

fn) = vol(Va) 7 + O’ ™)

and that dimg(V,,) < f(n) for any n € N.

We also apply the above results to the study of graded linear series in the
arithmetic setting (see Theorem 5.1 infra).

The article is organised as follows. In the second section, we prove a
weaker form of Hilbert’s 14th problem as the subfiniteness result stated in
Theorem [Tl In the third section, we prove a graded analogue of Theorem
[LT in the setting of graded linear series. In the fourth section we consider
the subfiniteness problem in the geometric setting as a projective analogue
of Zariski’s result and establish Theorem [[4l Finally in the fifth section, we
develop various applications.
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Notation and conventions. —

1.
2.

3.

The field of fractions of an integral domain A is denoted by Frac(A).

Let K/k be an extension of fields. We denote by tr.deg,(K) the transcen-
dence degree of K over k.

Let S be a scheme. For any i € N, we denote by S®) the set of points
of S such that the local ring Og, has 7 as its Krull dimension. If S is an
integral scheme, we denote by Rat(S) the field of rational functions on S.

. Let k be a field and X be a projective normal scheme over Speck. As a

Weil divisor (resp. Q-Weil divisor) on X, one refers to an element

D = Z nyV

Vex@®

in z&X" (resp. Q%X (1)). The coefficient ny is referred to as the multiplicity
of D along V, and is denoted by multy (D). If all coefficients ny are
nonnegative, we say that D is effective, denoted by D > 0. If ¢ is a
nonzero rational function on X, we denote by (¢) the principal Weil divisor
associated with ¢, namely

(@)=Y ordy(d)V.
Vex@®

The map (-) : Rat(X)* — %X Yisa group homomorphism and induces a

Q-linear map from Rat(X)* ®z Q to Q%X which we denote by (‘). If
D is a Q-Weil divisor on S, we define

(1.1) H°(X,D):={¢€Rat(S)" : D+ (¢®1)g >0} U{0}

and

(1.2) R(D), := P H(X,nD)T".

n=0

Note that R(D), is a graded sub-k-algebra of the polynomial algebra
Rat(X)[T].

. Let K be a field. As discrete valuation of K we refer to a valuation

v: K — QU {+oc0} such that v(K*) is a monogenerated subgroup of
(Q,+). Given such a valuation v, we denote by O, :={f € K : v(f) > 0}
its valuation ring, m, the maximal ideal of O, and k(v) := O,/m, the
residue field. If O, is equal to K, we say that the valuation v is trivial
(note that in this case v(a) = 0 for any a € K*).

If K/k is a field extension, we call discrete valuation of K over k any
discrete valuation v of K such that v(a) = 0 for any a € £*. In this case
k(v) is an extension of k and O, is a k-algebra. Two discrete valuations
1 and vy of K over k are said to be equivalent if there exists an order-
preserving isomorphism ¢ : v; (K*) — vo(K*) such that vy = tovy.
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Let K'/k be a subextension of K/k and let v be a discrete valuation of
K over k which is nontrivial. Then the restriction of v to K’ is a discrete
valuation of K" over k. We define the ramification index of v with respect
to K’ as the unique integer e(K’,v) € N satisfying

(1.3) v(K™) = e(K', v)v(K*).

Note that e(K’,v) = 0 if and only if v|g/ is trivial.

6. Let k be a field and S be an integral separated k-scheme. Given a discrete
valuation v of Rat(S) over k, we say that a point x of S is the centre of v
in S if

(1.4) Os, CO, and m, =m, N0Ogy,

where m, denotes the maximal ideal of Og,. By the valuative criterion
of separation, if the centre of v in S exists, then it is unique. In the case
where the centre of v in S exists, we denote it by cg(v). If S is proper over
k, then by the valuative criterion of properness every discrete valuation of
Rat(S) over k has a centre in S.

A discrete valuation v is trivial if and only if the centre of v in S is the
generic point. Moreover, each regular point &€ € S US© defines a discrete
valuation orde : Rat(S) — Z U {+o0} whose centre is &.

7. Let R, = @,,cy Rn be a graded ring. We denote by Proj(R,) the projective

spectrum of R,. If M, is a graded R,-module, we denote by M, the quasi-
coherent Opyj(r,)-module associated with M, (see [8, §I1.2.5]). For any
m € N, we let M(m), be the N-graded R,-module such that M(m), =
My+m for any n € N, and let M-, be the N-graded sub-R,-module of
M, such that (Msy,), = {0} if n < m and (Msy,), = My, if n > m. In

e~

particular, one has M (m), = Ms,,(m),. The quasi-coherent sheaf R(m),
is denoted by Opyoj(g,)(m). Note that if R, is generated as an Ry-algebra
by Ry, then Op,jg,)(m) are invertible Op,j(g,)-modules for all m € N,
and one has canonical isomorphisms

OProj(R.) (m) ®Opmj(R.) OProj(R.) (ml) = OProj(R.) (m + ml)

for all (m,m’) € N2.

8. Let R, = @,y Rn be a graded ring. We say that R, is essentially integral
if the ideal R>; of R, does not vanish and if the product of two nonzero
homogeneous elements of positive degree of R, is nonzero. Note that
if R, is essentially integral then the scheme Proj(R,) is integral (see [8]
Proposition 11.2.4.4])

Acknowledgement. — Huayi Chen would like to thank Beijing Interna-
tional Center for Mathematical Research for the support of visiting position



ON SUBFINITENESS OF GRADED LINEAR SERIES 7

and for the hospitality. We are grateful to Kiumars Kaveh for communications
and comments.

2. A weak form of Hilbert’s fourteenth problem

Let k be a field, R be a finitely generated integral k-algebra and K be the
field of fractions of R. Clearly K is a finitely generated extension of k. Let
K’ be a subextension of K /k, which is also a finitely generated extension (see
[2] Chapitre V, §14, n°7, Corollaire 3]). We consider the intersection RN K’
and ask the following question which could be considered as a weaker form of
Hilbert’s fourteenth problem: does there exist a finitely generated sub-k-algebra
R’ of K" containing RN K’ such that Frac(R') = Frac(RN K’). In this section,
we give a confirmative answer to this question.

Definition 2.1. — Let k be a field and A be a k-algebra. We say that A is
of subfinite type if it is a sub-k-algebra of a k-algebra of finite type.

Lemma 2.2. — An injective homomorphism of rings A — B yields a domi-
nant morphism Spec(B) — Spec(A).

Proof. — Let p be a minimal prime ideal of A and S := A\ p. Since the
homomorphism of rings A — B is injective, also is the localised homomorphism
Ay — S ~1B. Hence S™!'B is nonzero. In particular, there exists a prime ideal
B of B such that NS = (), or equivalently, BN A C p. Since PN A is a
prime ideal of A and p is a minimal prime ideal of A, one has* PN A=p. O

Proposition 2.3. — Let k be a field and A be a k-algebra of subfinite type.
We assume that A is an integral domain. Then there exists a k-algebra of finite
type containing A, which is also an integral domain.

Proof. — Let B be a k-algebra of finite type such that A € B. By Lemma
22 one can find a prime ideal p of B such that pN A = {0}. Therefore we can
consider A as a sub-k-algebra of B/p. Since B is a k-algebra of finite type,
also is B/p. The proposition is thus proved. O

Lemma 2.4. — Let A be a k-algebra which is an integral domain, and K the
field of fractions of A. Let K'/K be a finite extension of K generated by one
element o and B’ a sub-k-algebra of finite type of K' which contains A. Then
there exists a sub-k-algebra of finite type B of K which contains A.

Proof. — Let f € KIT] be the minimal polynomial of « over K, which
is assume to be monic. Let Fy,...,F, be polynomials in K[T] such that
B'" = k[Fi(«a),...,F,(a)]. Let S C K be the (finite) set of the coef-
ficients of the polynomials f, Fi,...,F,. We claim that A is contained
in k[S]. In fact, suppose that an element u of A is written in the form



8 HUAYI CHEN & HIDEAKI IKOMA

o(Fi(a), ..., F(a)), where ¢ € k[X1,...,X,], then by Euclidean division
the polynomial ¢(Fy,...,F,) € k[S][T] can be written as fg + h, where g
and h are polynomials in k[S][T] with deg(h) < deg(f). The decomposition
o(Fy,...,F,) = fg+ his also the Euclidean division of ¢(Fy,...,F,) by f in
the polynomial ring K[T]. By definition, ¢(F1,..., F,) — u is divisible by f
in K[T]. Therefore, the polynomial & is actually constant and equals u, which
shows that u € k[S]. O

Lemma 2.5. — Let A be a k-algebra which is an integral domain, and K
the field of fractions of A. Let K'/K be a purely transcendental extension
of transcendence degree 1 and B’ a sub-k-algebra of finite type of K' which
contains A. Then there exists a sub-k-algebra of finite type B of K which
contains A.

Proof. — Let a € K’ be a transcendental element over K such that K’ =
K(«). Assume that B’ = kf[p1(a),...,pn(a)], where each ¢; is a rational
function of the form F;/G;, where F; and G; are polynomials of one variable
with coefficients in K and G; # 0. Let 8 be an element in the algebraic
closure of the field K such that G;(8) # 0 in K'(8) for any i € {1,...,n}.
Then one has A C B := kl1(8),...,0n(8)] € K(B). In fact, if an element
u of A can be written as P(p1(«),...,pn()), where P is a polynomial with
coefficients in k, then, since « is transcendental over K (), by considering «
as the variable of rational functions and by specifying its value by 3, we obtain
that u = P(p1(B),...,¢n(B)). Finally, by applying Lemma 24lto A C B and
the finite extension K (3)/K, we obtain that there exists a k-algebra of finite
type B C K such that A C B. O

Theorem 2.6. — Let k be a field and A be a k-algebra of subfinite type. We
assume in addition that A is an integral domain and we denote by K the field
of fractions of A. Then there exists a sub-k-algebra of finite type B of K such
that A C B.

Proof. — By Proposition 23] there exists a k-algebra of finite type B’ which
is an integral domain containing A. Let K’ be the field of fractions of B’, it
is a finitely generated extension of K. Therefore there exists a sequence of
extensions

K=KyCK|C...CK,=K'

such that each extension K;/K;_1 is generated by one element, i € {1,...,n}.
The extension K;/K;_; is either generated by an algebraic element over K;_;
or is purely transcendental of transcendence degree 1. By induction we obtain
that, for any ¢ € {0,...,n — 1}, there exists a sub-k-algebra of finite type B;
of K; such that B; D A. The theorem is thus proved. O
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Corollary 2.7. — Let k be a field, R be an integral k-algebra of finite type
and K be the field of fractions of R. Let K' be an extension of k which is
contained in K. Then there exists a finitely generated sub-k-algebra R' of K’
containing RN K', such that Frac(R') = Frac(RN K').

Proof. — By definition, RN K’ is an integral k-algebra of subfinite type. By
Theorem 26 there exists a sub-k-algebra of finite type R’ of Frac(R N K')
such that RN K’ C R'. Clearly one has Frac(R') = Frac(R N K’) since
RNK' C R C Frac(RN K'). The assertion is thus proved. O

3. Graded linear series and subfiniteness

Let k be a field and K/k be a finitely generated field extension. Let

KT = KT"
neN

be the graded ring of polynomials of one variable with coefficients in K.

Definition 3.1. — As a graded linear series of K/k we refer to a graded
sub-k-algebra
V.= @Dt

of K[T] such that Vy = k and that V,, is a finite dimensional k-vector subspace
of K for any n € N>i.

Let V, and V/ be two graded linear series of K/k. If V;, C V,! for any n € N,
we say that V, is contained in V!, or V, contains V/, and denote it by V, C V.

Let V, be a graded linear series of K/k. If V, is finitely generated as a
k-algebra, we say that V, is of finite type. If V, is contained in a graded linear
series of finite type, we say that it is of subfinite type.

Let V, be a graded linear series of K/k. We denote by k(V},) the subextension
of K/k generated by elements of the form f/g, where f and g are nonzero
elements of K such that there exists n € N>; with {f,g} C V,. The field
k(V,) is called the field of rational functions of V,.

Lemma 3.2. — Given any graded linear series V, of K/k, one has
k(Va) = k(V2)

for every sufficiently positive integer n with V,, # {0}, where k(V,,) denotes the
subextension of K/k generated by the elements of the form f/g with {f,g} C

Vo, g # 0.
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Proof. — First, we note that if £ € N3 is an index such that V} contains a
nonzero element h, then k(V;,) C k(Vi1e,) for any m,n € N>y. In fact, if
{f,9} C Vp and g # 0, then

hn
L_ IR ond {(fh", gh"} € Vinin

g gh"
for any n € N>j.
By changing the grading of V,, we may assume without loss of generality
that {n € N : V,, # {0}} generates Z as a Z-module. There exist integers

{n1,...,n,} € N3; and nonzero elements {fi,..., fr,91,...,9-} C K such
that {fi,g;} C V,, for any i € {1,...,r} and that k(V,) = k(f1/91,- -, fr/9r)
Set p :=lem(ny,...,n,). By the above observation, we can assume {f;,g;} C

V), for any i, and one has

k(vo) = k(fl/gh- .. 7fr/gr) = k(V}))

Moreover, by the hypothesis that {n € N : V,, # {0}} generates Z as a Z-
module, we can find a positive integer ¢ such that p and ¢ are coprime and
that k(V,) = k(V,) = k(V.).

To conclude the proof, it suffices to show that {pm + gn : m,n € N}
contains every sufficiently positive integer. Since p and q are coprime, we can
fix x,y € Z such that px — qy = 1. Moreover, we can assume that both x and
y are positive. For any r with 0 < r < ¢ and any n with n > (¢ — 1)y,

qn+r =pra+q(n—ry) € {pm+qn : m,n € N}.

Hence {pm+qgn : m,n € N} contains every integer not less than ¢(¢—1)y. O

Remark 3.3. — Let V, be a graded linear series of K/k and f be a nonzero
element of K. We denote by V,(f) the graded linear series @@, o f"Vo 1",
where "V, := {f"g : g € V,,}, called the twist of V, by f. Note that the twist
does not change the field of rational functions: one has k(V,(f)) = k(V,) for

any f € K\ {0}.

Proposition 3.4. — Let W, be a graded linear series of finite type of K/k.
Let ng be an integer such that ng > 1. There exist an integer v > 1 and a family
(fiT™)i_, of homogeneous elements in W, such that the following conditions

are fulfilled:

(1) for anyi € {1,...,r}, one has n; = ng;
(2) for any integer n = ng, the vector space W, is generated by elements
of the form f{"*--- fi, where ai,...,a, are natural numbers such that

ayny + -+ apng =n.
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Proof. — Suppose that W, is generated by W1 T & - - - @ WyT¢. We claim that
the graded linear series
ko @ w1
nz=no
is generated by W, , 7" @ --- @ WgnO+d_2T2"°+d_2. Let m be an integer such
that n > 2ng +d — 2. Since W, is generated by W1T & - - - @ W4T?, we obtain
that

W, = > W W

(a17...7ad)€Nd
a1 +2az+-+dag=n

Let (ai,...,aq) be an element in N? such that a; + 2as + - - - + dag = n. Since
n = 2ng + d — 2, there exist an integer m > 1 and a family

{(agl)’,,.,ag)) cie{l,...,m}}
of elements in N¢ such that

vie{l,...,d}, al’+ - +a™ =g

Vie{l,....om—1}, no<al+2a 4+ +dal) <ng+d-1,

and
ng < agm) +2a§m) +---+da£lm) < 2ng+d— 2.
Therefore
bn, bong+d—
Wy, = Z Wnoo e W2202:;217227
(bno7~~~7b2n0+d72)€Nn0+d71
nobng+-++(2n0+d—2)bany +d—2=n
which concludes the claim (b; corresponds to the number of i € {1,...,m}

such that agi) + 2a§i) 4+ dag) = j). Finally it suffices to choose a fam-
ily of homogeneous elements in W, which forms a basis of W,,, 7 & --- &
WQno +d_2T2no +d—2 ) O

Lemma 3.5. — Let K/K' |k be extensions of fields. We assume that the e-
tension K/k is finitely generated and the extension k'/k is finite. Let W/ be a
graded linear series of finite type of K/k' and let

W.=ke @ w

nEN21

Then W, is a graded linear series of finite type of K/k.
Proof. — Let (f;T™);_; be a system of generators of W[. Let (6;)7"; be a
basis of k¥’ over k. We claim that W, is generated by

(3.1) (05 iT™) iy e{ 1L,y x {1y}
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In fact, if ¢ is an element of W), then it can be written as

ai a
E )\a i rTv

a=(ai,...,ar)EN"

ainit-+arnr=n
where the coefficients A\, belong to k’. By writing A\, as a linear combination
of (Hj);»”zl, we obtain that ¢ lies in the graded linear series of K/k generated
by (BI). The lemma is thus proved. O

Definition 3.6. — Let V, be a graded linear series of K/k. We assume that
there exists n € N>; such that V,, # {0}. We define the Kodaira-Iitaka
dimension of V, as the transcendence degree of k(V,) over k. We refer the
readers to [10] §3] and [5], §2| for the definition of Kodaira-litaka dimension
in the setting of graded linear series of Cartier divisors or line bundles. If

V., = {0} for any n € N3, then by convention the Kodaira-Iitaka dimension
of V, is defined to be —o0.

Theorem 3.7. — Let V, be a graded linear series of K/k. Assume that there
exists a graded linear series of finite type V! of K/k which contains V,. Then
there exists a graded linear series of finite type W, of K/k such that V, C W,
and k(V,) = k(W,).

Proof. — Step 1: reduction to the case where 1 € Vi and k(V]) = k(V!). Let
© :={n € Ny; : V, # {0}}. The assertion of the theorem is trivial when
© = @. In the following, we assume that © is not empty, and hence it is
a subsemigroup of N>;. Let a € N3 be a generator of the subgroup of Z
generated by ©. As @, .V, T%" is a k-algebra of finite type (see for example
[8, Lemme I1.2.1.6.(iv)]), by changing the grading we can reduce the problem
to the case where a = 1. In particular, there exists an m € Ns; such that
the vector spaces V,,, and V41 are both nonzero. We pick z € V,, \ {0} and
y € Vg1 \ {0}. By replacing V, by the graded linear series generated by
V, and (y/x)T and replacing V! by the graded linear series generated by V/
and (y/z)T (this procedure does not change the fields of rational functions),
we reduce the problem to the case where Vj # {0}. Finally, by replacing V,
by Vo(f~1) and V! by V/(f~!) (see Remark B3l for the notation), where f is
a nonzero element of V; (again this procedure does not change the fields of
fractions, see Remark B.3)), we reduce the problem to the case where 1 € V.
Moreover, by replacing V! by the graded linear series generated by V! and
arT,...,anT, where {aq,...,q;} is a system of generators of k(V/) over k,
we may assume that k(V]) = k(V)).

Step 2: reduction to the simple extension case by induction. As explained in
the previous step, we can assume 1 € V; and k(V{) = k(V/). Since k(V])/k(V,)
is a finitely generated extension of fields (where V; is assumed to contain 1),
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there exist successive extensions of fields
k(V)) =Ko C K1 C...C Ky =k(V))

such that each extension K;/K;_; is generated by one element of V.

Assume that the theorem has been proved for the case where k(V)/k(V,)
is generated by one element in V/. Then by induction we can show that, for
any ¢ € {0,...,b}, there exists a graded linear series of finite type W.(i), which
contains V, and such that k(W) = K;. In fact, we can choose W) = V.
Assume that we have chosen a graded linear series of finite type W.(”l) such
that W0tD 5V, and k(W0tD) = K1, where i € {0,...,b— 1}. Let V,)
be the graded linear series generated by V, and a finite system of generators
of K;/k in V. The graded linear series V) contains V, and K; = k(Vl(Z)).
Without loss of generality we may assume that V_(i) C W_(”l) and that the
extension K;;1/K; is generated by one element « in Wl(Hl), otherwise we just
replace W.(”l) by the graded linear series generated by W.(”l), Vl(l) and a
generator of the extension K;11/K; in V]. It is a graded linear series of finite
type which contains V, and has Ky as its field of rational functions. If the
theorem has been proved for the simple extension case, then we obtain the
existence of a graded linear series of finite type W.(? such that V, c W, and
k(WD) = K.

Note that the graded linear series W, = W.(O) satisfies the conditions V, C
W, and k(V,) = k(W,). Therefore, to prove the theorem it suffices to prove the
particular case where the extension k(V/)/k(V,) is generated by one element
in V. Similarly, to prove the theorem under the supplementary condition that
the extension k(V])/k(V,) is algebraic, it suffices to prove the particular case
where the extension k(V/)/k(V,) is generated by one element in V| which is
algebraic over k(V,).

Step 3: algebraic extension case. In this step, we prove the theorem under
the assumption that the extension k(V/)/k(V,) is algebraic. As explained in
the previous two steps, we may suppose without loss of generality that 1 € V7,
k(V]) = k(V!) and the extension k(V)/k(V,) is generated by one element «
in V{ which is algebraic over k(V).

Let

GX) =X+ 44X+ + & € k(VL)[X]
be the minimal polynomial of o over k(V,). By Proposition B4] there exist

an integer 7 € N>; and homogeneous elements (f;7")7_; with n; > ¢ for any
i €{1,...,r}, which generates the graded linear series

ke @PviT.

n=o0
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Since 1 € V;, C V! for any n € N5y, for any i € {1,...,r}, one has f; € k(V]).
Moreover, since the extension k(V)/k(V,) is generated by a (which is of degree
0 over k(V},)), there exist polynomials

Fy(X) =i X s € R(V)[X), ie{l,...,r}

such that f; = Fj(a) for any i € {1,...,r}. We introduce the following
polynomials in k(V,)[T,Y]

G(T,Y) =Y+ (6T)Y° L 4 - 4+ &T°,
F(T.Y) = (mip T YO o 5T

Note that one has G(T,TX) = G(X)T® and F(T,TX) = F;(X)T".

We let W, be the graded linear series generated by ViT & --- @ Vs_1 791
and the elements &7, ..., &T7, m,lT"F‘sH, o misTM (e {l,...,r}). Itisa
graded linear series of finite type of K/k such that k(W,) C k(V,). It remains
to prove that W, contains V,. Clearly V,, C W), for n € {1,...,6 — 1}. Let
n € Ny;5 and ¢ be an element in V;, C V. By definition ¢ can be written in
the form

S e Y MR E

a=(a1,...,ar)EN" a=(a1,...,ar)EN"
aini+-+arn,=n aini+--+arnr=n

where A\, € k. We consider the element

F(T,Y) = > AaFL(T, V) - F(T, Y € k(V,)[T,Y].
a=(at,...,a,)EN"
aini+--+arne=n
Viewed as a polynomial on Y with coefficients in k(V,)[T], the coeffi-
cients of F (T,Y) can be written as the values of certain polynomials on
771~71T”i*5+1, oo misT™ (i€ {1,...,r}). Note that one has

F(T, TX) = > Ao FL(X)™ - Fp (X))o T,
a=(a,...,ar)EN"
aini+-+arny=n
Therefore F(T, Ta)—pT™ = 0 in k(V/)[T]. Since G is the minimal polynomial
of a, an Euclidean division argument shows that 7" can be written as
a polynomial of &T,...,&T°, m,lT"i"”l, o misT™ (e {1,...,r}) with
coefficients in k. The theorem is thus proved in the particular case where
k(V])/k(V,) is an algebraic extension.

Step 4: general case. In this step, we prove the theorem in the general case.
As explained in steps 1 and 2, we may assume that 1 € V4, k(V{) = k(V/) and
that the extension k(V/)/k(V,) is generated by one element « in V] which is
transcendental over k(V,) (the algebraic case has already been treated in Step
3).
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Since V! is of finite type, there exist an integer r > 1 and homogeneous
elements (f;7")7_, which generate V] as a k-algebra. As k(V])/k(V.) is
generated by a, there exists rational functions P;/Q; (i € {1,...,7}), where
{7, Qi} C k(V.)[X], Qi # 0, such that f; = P;(@)/Qi(a).

Let 6 be an element in the algebraic closure k of k, such that Q;(0) # 0
for any i € {1,...,r}. Let k= k(f) and K = K(0). Then K/K is a finite
extension of field, and K //k\: is a purely transcendental extension generated by
a. Let V, and ‘7.’ be the graded sub—?c\—algeb}:a of K [T] generated by V, and

V! respectively. Then 17_’ is generated as a k-algebra by (f;7")_,. We let
W, be the graded linear series of K /E generated by T and elements of the
form (P;(6)/Qqi(0))T", where ¢ € {1,...,r}. This is a graded linear series of
finite type. Note that F;(6)/Qs(0) € k(V,) for any i € {1,...,r}. Therefore

k(W,) C k(V.).
Let n € N3 and ¢ be an element of V;, C V. By definition ¢ can be written

in the form
SO = Z )\a {Ll . e 7?7"

a=(ay,...,ar)EN"
aini+-+arny=n

~

where the coefficients A\, belong to k. As a is transcendental over k(‘A/.), we
obtain that

Pi(0) \
2m)

b= > Aalﬁl<

a=(a,...,ar)EN"
aini+-+arny=n

which shows that ¢ € W,,. Therefore one has ‘/}. C /W., which implies that
kE(V,) = k(W,) since we have already seen that k(W,) C k(V,).
Let

Wi=ke W1

n€N>1

Since W, is a graded linear series of finite type of K //k\:, by Lemma we
obtain that W/ is a graded linear series of K /k of finite type. Moreover,
one has V, C W! and k(W!) C k(W,) = k(V.) is a finite extension of k(V,).
Therefore, by the algebraic extension case of the theorem proved in Step 3 we
obtain the existence of a graded linear series of finite type W, of K /k such that
V, € W, and that k(V,) = k(W,). Moreover, the equality k(V,) = k(W,) and
the assumption 1 € V3 € Wy imply that W, is a graded linear series of k(V,)/k
(and hence a graded linear series of K/k). The theorem is thus proved. O



16 HUAYI CHEN & HIDEAKI IKOMA

4. A subfinite version of Zariski’s theorem

4.1. Preliminaries. — In this section, we collect several basic facts on the
valuations and on the graded rings, which we use to show Theorem [[4

4.1.1. — Basic notions of valuations and their centres are in Notation and
conventions [Bl and [6

Lemma 4.1. — Let m : X — X' be a dominant morphism of integral sepa-
rated k-schemes, K := Rat(X), K' := Rat(X"), and v a discrete valuation of
K over k. If the centre cx (v) of v in X exists, then w(cx(v)) is the center of
vigr in X', namely w(cx (v)) = ex (v|k).

Proof. — Since the morphism 7 is dominant, it induces an injective homomor-
phism of fields Rat(X’) — Rat(X), which allows to consider K’ as a subfield
of K. Recall that the centre cx(v) is the unique point x € X satisfying
Ox . C O, and m; =m, N Ox, (see Notation and conventions [6]). Note that

O ={feK :v(f) 20} =0,NnK', and m, , =m,NK"
Hence Ox/ r(ex(v)) C Oul,r and Mr(ey () C My, (which implies my ey ) =
My, N Ox/ r(ex (v) SINCE My(ey(y)) IS & maximal ideal). O

Lemma 4.2. — Let K/K' be a field extension of finite type. Then any dis-
crete valuation V' of K' extends to at least one discrete valuation v of K such
that the following diagram is commutative

/

K% v Q

| A

KX
(see Notation and conventions[3).

Proof. — By induction it suffices to treat the case where the extension K/K’
is generated by one element «. If «v is transcendental over K’, then K = K'(«)
is canonically isomorphic to the field of rational function in one variable.
Therefore the valuation v : K — QU {+o0} such that

v(ag +ara+ -+ + apa™) = min(v/ (ap), . ..,/ (ay))

for any ag + a1 X + -+ + a, X" € K'[X] is a valuation extending v/. The
valuations v/ and v have the same image and hence v is discrete.

Assume that « is algebraic over K’'. Let K’ be the completion of K’ with
respect to v/, on which the valuation v/ extends in a unique way. We choose
an embedding of K in the algebraic closure K’ of K’ and let L be the subfield
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of K'® generated by K’ and K. Then L is a finite extension of K’ , on which
there is a unique valuation w extending v/ such that
1
Ve e L, w(z):=——vNorm, (z)).
(K : K] L/
Let v be the restriction of w on K. It is a valuation extending v/. Moreover,

it is discrete since v(K*) C —L=v/(K'). O
(K:K]

Lemma 4.3. — Let K/k be a field extension and let v be any discrete valu-
ation of K over k. Let W, be a graded linear series of K/k of finite type and
let (f;T%)7_, be a system of generators of W, over k. Set

(4.1) a:= min{y(d{l),..., V(dir)} .
Then W, C {¢ € K : v(¢) = na} for every n € N.

Proof. — Any element in W,, can be written in the form

S e I S

dini+-+drny=n
(@(ny,....n,) € k). Then

r
v Z X(ny,...,n.) e 711% > min {Z nlu(fz)} > an.
i=1

dini+---+drny=n
O

4.1.2. — Let R, be a graded ring which is generated as Rg-algebra by a finite
family of elements in R; and let P := Proj(R,). For each homogeneous element
a € R>q, let

(4.2) (Ro)@) = {% :peN, degf :pdega}

be the degree 0 component of the localisation R,[1/a], and let Dp,oj(g,)+(a) :=
Spec((R,)(q)) denote the affine open subscheme of Proj(R,) defined by the non-
vanishing of a.

e~

Set Op(n) := R(n), (see Notation and conventions[7]). Given an s € R,,, the
local sections s/1 € H°(Dpy (a), Op(n)) = (R(n).)(q) for a € Ry glue up to a
global section ay,(s) € H(P,Op(n)). The following lemmas are well-known.

Lemma 4.4 ([8, Proposition 11.2.7.3]). — Let M, be a finitely generated
graded R,-module. If M, = 0, then M, = {0} for any sufficiently positive
integer n.
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Lemma 4.5. — Let R, be a graded ring and P = Proj(R,). If R, is essen-
tially integral and is generated as an Rg-algebra by finitely many homogeneous
elements in Ry, then the canonical homomorphism «, : R, — R(Op(1)), :=
@D,,cn HY(P,Op(n)) is injective and any element of R(Op(1)), is integral over
R,.

Proof. — Suppose that R, is generated as an Ry-algebra by {ai,...,a,} C
R\ {0}, where ay,...,a, are all non zerodivisors in R>; since R, is essentially
integral (see Notation and conventions [8]). Given any p € P, one can find an
a; such that a; ¢ p; hence (Dpy(a;))ieqi,.. ry covers P. Thus, a section in
R(Op(1)), can naturally be identified with an element in

T

(4.3) N R.[1/a,

i=1

where the intersection is taken in R,[1/(aj ...a,)]. In particular, o, is injective.

Given any homogeneous element u € R(Op(1)),, one can find an e > 1 such
that afu € R, for every i by ([A3]). Since ay, ..., a, generates R>1, one obtains
R>yeu C R>pe. Moreover, by induction,

1

R;reu” C R;reuni c.--C R>reu C R}re

for every n > 1. It implies that R,[u] C (1/a1)"R,; hence u is integral over
R, (see for example [14], Theorem 9.1|). O

Lemma 4.6. — We keep the notation of Lemma [{.5 Suppose that R, is a
Noetherian integral domain and is generated as an Rg-algebra by finitely many
homogeneous elements in Ry.

(1) If R, is an N-1 ring, then there exists anng > 0 such that o, is isomorphic
for every n = ng.
(2) If R, is an integrally closed domain, then oy, is isomorphic for every n = 0.

Proof. — (1) Recall that an integral domain is called an N-1 ring if its integral
closure in its fraction field is a finite generated module over itself. Note
that the graded rings R, and R, := R(Op(1)), have the same homogeneous
fraction field, which is the field of rational functions of the scheme Proj(R,).
In particular, any homogeneous element of R, belongs to the homogeneous
fraction field of R,, which is contained in the fraction field of R,. By Lemma
we obtain that R/ is contained in the integral closure of R, and hence is a
module of finite type over R, by the Noetherian and N-1 hypotheses.
We consider the exact sequence of Opygj(g,)-modules:

P P —_—

0 — Ker(a,) R, R! Coker(a,) — 0.
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P

Since «, is isomorphic by [8, Proposition II.2.7.11], we have Ker(a,) =

P

Coker(a,) = 0. Hence, by Lemma [£4] we conclude.
(2) If R, is integrally closed, the above argument actually leads to R, = R,
since R. is contained in the integral closure of R,. O

4.2. Proof of Theorem [T.4l — Let X and X’ be integral normal k-schemes
with a fixed inclusion Rat(X’) € Rat(X). Each point £ € XM U X©) (respec-
tively, ¢ € X’Vyux’ (0)) defines the discrete valuation orde (respectively, orde/)
of Rat(X) (respectively, of Rat(X’)) over k. We define two sets of points on
X and on X', respectively, as

(4.4) A i {5 c xM . ordg [Rat(x7) 18 N0t equivalent to any }

of ordg for ¢ € x'Wyx'©

and
(4.5) % . {5, c x/ ordgs is not equivalent to any }
. X/X! = :

of ordg [Rat(xv) for & € x®

Lemma 4.7. — Let X and X' be integral normal k-schemes of finite type with
a fized inclusion Rat(X') C Rat(X).
1. The sets Ax;xr and Bx,x: are both finite.
2. If the inclusion Rat(X') C Rat(X) is induced from a surjective and flat
morphism m: X — X', then both Ax/x and Bx, x: are empty.
3. If X" is proper over k and the inclusion Rat(X') C Rat(X) is induced
from a proper birational morphism © : X — X', then Bx/x = 0 and
x/x: 1s the set of the exceptional divisors of .

Proof. — 2: Let € € X, Then by [9], Proposition IV.6.1.1] we have
dim OX’Jr(&) = dim OX7§ — dim Oﬂ.—l(ﬂ(g))’g =0or 1.

Hence 7(¢) € X'Vux'® and ordg |Rat(x7) is equivalent to ord, ) by Lemma
znil

Let ¢ € X' M), Given any irreducible component Z of W_l(@), the generic
point £ of Z is mapped to &’ via 7 (see [9, Proposition IV.2.3.4]). Hence ordg
is equivalent to orde |g-.

1: The inclusion Rat(X’) C Rat(X) yields a k-morphism 7 : U — X', where
U denotes a nonempty open subscheme of X. By the theorem of generic flatness
[9) Théoréme IV.6.9.1], there exists a nonempty open subscheme U’ C X’ such
that

T =Tl gyt U= (A =

is flat. Moreover, since 7 is an open morphism (see [9, Théoréme IV.2.4.6]), we
may assume that 7 is surjective. By the assertion 1 above, 2y, x (respectively,
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B x/x) is contained in the set consisting of the generic points of the irreducible
components of X \ 7~ 1(U’) (respectively, X'\ U’).

3: By the valuative criterion of properness, there exists an open subscheme
U’ C X' such that codim(X’\ U’, X’) > 2 and the identification Rat(X’) =
Rat(X) induces an open immersion U’ — X. Hence Bx,x: = () and Ay, x is
contained in the exceptional locus of 7. If £ is a generic point of an irreducible
component of the exceptional locus of m, then m(§) = cx/(orde [rag(x7)) by
Lemma BT and dim Ox: (¢ is > 2. Hence § € Ax/x:.

We restate Theorem [I.4] as follows.

Theorem 4.8. — Let K/K'/k be field extensions of finite type and W, a
graded linear series of K/k that is generated over k by the homogeneous el-
ements of degree 1. We assume that W1 contains 1 € K and that the projective
spectrum P := Proj(W,) is a normal scheme. Let X be any integral nor-
mal projective k-scheme whose field of rational functions is k-isomorphic to
kE(W, N K'[T)).

1. There then exists a Q-Weil divisor D on X such that

W,NK' c H'(X,nD) C k(W, N K'[T))

for every sufficiently positive n.
2. IfAp)x = (), then there exists a Q-Weil divisor D on X such that

W,NK' = H(X,nD) C k(W, N K'[T])
for every sufficiently positive n.

Proof. — Without loss of generality, we may assume that K = k(WW,) and
K’ = Rat(X). In particular, K naturally identifies with the field of rational
functions on P. First, we give a valuation-theoretic interpretation of the
required statement. Let H be the effective Cartier divisor on P defined by
the image of 1 via Wy — H°(P,Op(1)). By Lemma EE6|(1), one has

(4.6) W, ={¢pe K : nH+ (¢) >0}
- {¢ € K : orde(¢) > —nmulte(H), V € € P<1>}
for every n > 0. Therefore,
47) WnnK' = {¢ € K’ orde |i/(¢) > —nmulte(H), V¥ € € P<1>}

for n > 0.
Next, for each ¢ € X1 we define a nonnegative rational number ag as

follows. If ¢ ¢ B p/x, then we fix an arbitrary point £ € P® such that
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ordg |Rat(x) is equivalent to orde,. Let eg denote the ramification index of ord
with respect to K/K' (see Notation and conventions [B). We then set
agr = egl multe (H).

Otherwise, we fix an arbitrary discrete valuation vg of K extending ord,
whose existence is assured by Lemma 2] and set

agr 1= — min{O, I/g/(fl), ce 7V£’(f7")}7
where {f1T, ..., f,T} denotes a system of generators of W, as a k-algebra. We
define D := Z£’€X(1) agr{€'}. By the finiteness of B p,x proved in Lemma ET]
D is well-defined as a Q-Weil divisor on X. Moreover, D is effective and we
have W,, N K’ € H°(X,nD) for every n >> 0 by (1) and Lemma 3]
Lastly, we consider the case where 2p/x = 0. Given a & € X1, we define
a nonnegative rational number be: as follows. If & ¢ B p/x, then we set

(1) .
ber = min{eglmultg(H) . &€ PV e #0, and ordg |Rag(x) is }

equivalent to ordes

Otherwise, we fix a discrete valuation vg extending ordes, and set
be := —min{0,ve (f1), ..., ve(fr)}

in the same way as above. If we set D' := 3 . xq) ber{€'}, then, since
QLP/X = ®7
W, NK' = {gb € Rat(X) : orde(¢) = —nbe, V ¢ € XW \93P/X}
> H(X,nD)

for every n > 0. The reverse inclusion follows from the same argument as
above.

O

In the following, we give an alternative proof for Theorem by using the
projective version of Zariski’s result (Theorem [[4)).

Corollary 4.9. — Let K/k be a finitely generated field extension and K'/k
a subextension of K/k. Let V, be a graded linear series of K'/k. If V, is
contained in a graded linear series W, of K/k and of finite type over k, then
V, is contained a graded linear series W! of K'/k and of finite type over k.

Proof. — We divide the proof into three steps.
Step 1: In this step, we make several reductions of the theorem. By the same
arguments as in the step 1 of Theorem B.7] we can assume that V; contains 1.

Claim 4.10. — By enlarging K if necessary, we can assume that W, is gen-
erated by W1 over k.
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Proof of Claim[J10, — Let fiT%,..., f.T% € W>; be homogeneous genera-
tors of W, over k. Let T1,...,T, be variables with degT; = 1 for every 7. One
can find a homogeneous prime ideal p of W,[T71,...,T,] such that p contains

= (T - AT, T — f,1%)
and such that p NV, = {0}. In fact, let W/ := W,[T1,...,T,]/I and let a be
a homogeneous element of degree > 1. Since the morphism Spec ((W.’)(a)) —
Spec ((Va)(q)) is dominant (Lemma 22), there exists a homogeneous prime
ideal p € Proj(W/) such that pNV, = {0}. We set U, := W//p. Then U, is a
graded linear series of k(U,)/k, W, — U, is injective, and U, is generated by
Uy =W+ WoTy + - + Wi ]

In particular, we can assume that P := Proj(W,) is a projective scheme over

e~

k and that Op(1) := W (1), is an invertible sheaf on P.

Step 2: Let u : P — P be a normalisation and H the Cartier divisor defined
by the image of 1 via Vi — HO(P,u*Op(1)). We choose a very ample divisor
H such that H — H is effective and such that R(H)., is generated by R(H);T
over R(ﬁ' )o-

Note that the graded k-algebra

W.:=ko @ H(P,nH)T"
n>1
is a graded linear series of K / k and of finite type over k (Lemma [3.3]) and that
PrOJ(W.) is isomorphic to P over k.

Applying Theorem [4] to W, and K'/k, we can find an integral normal
projective k-scheme X, an effective Q-divisor D on X, and an integer ng > 1
such that Rat(X) C K’ and such that V,, ¢ R(H), N K’ ¢ H°(X,nD) for
every n with n > ng.

Step 3: Let D be a very ample divisor on X such that D — D is effective

and such that R(D ). is finitely generated over k. Let W/ be the graded linear
series generated by a basis of
B v

n<ngo

over k and by finite number of generators of R(ﬁ). over k. Then W), contains
V,, for every n > 0 and W/ is finitely generated over k. O

As a consequence of Theorem [[L4] we can give an estimate of the following
type for graded linear series of subfinite type (see also [12, Corollary 2.1.38]
and Theorem infra).

Corollary 4.11. — Let K/k be a finitely generated field extension and V, a
graded linear series of K/k and of subfinite type. Let d be the Kodaira-Iitaka
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dimension of V,. If d is nonnegative, then there exist an integral normal pro-
jective k-scheme X and Q-Cartier divisors D, D" on X such that the rational
function field of X is k-isomorphic to k(V,), that both D and D’ have Kodaira-
Litaka dimension d, and that

HYX,nD") c V,, c H*(X,nD) c k(V,)
for every sufficiently positive n with V,, # {0}.

Proof. — The existence of D results from the same arguments as in Corollary
Thus, it suffices to show the existence of D’ having the prescribed proper-
ties. By changing the grading of V,, we may assume that {n € N : V,, # {0}}
generates Z as a Z-module. Choose any sufficiently positive integer pg such
that k(V,,) = k(V.) (see Lemma B.2). Let W, be the sub-k-algebra of V,

generated by Vj,;, and set
W= @ Woon-

neN

Let P := Proj(W!) and Op(1) := W/(1). By Lemma [L6 W, =
HO(P,0p(n)) C Vpyn for every n > 1. Let v : P — P be a normalisa-
tion. Let p be any sufﬁcientAly positive integer divisible by pg. Then one can

find an ample divisor A on P such that
HO(P,nA) = H'(P,v.(0O5(nA))) € H'(P,0p(pn/po)) C Vin

for every positive integer n (see [4, Démonstration de Proposition 3.6]).

Repeating the same arguments, one can choose an integral normal projective
k-scheme X, two big Cartier divisors A, A’ on X, and two coprime positive
integers p, p’ such that

H°(X,nA) C Vp, and H*(X,nA") C Vyy,
for any positive integer n. Moreover, one can choose an ample Q-Cartier divisor
D’ on X and two coprime positive integers ¢, ¢’ such that g’ D’ is integral, that
q (resp. ¢) is divisible by p (resp. p’), and that

H(X,qnD') € H(X, (qn/p)A) C Vyn

and

H°(X,¢'nD") ¢ HY(X,(¢'n/p)A) C Vyn
hold for every integer n € N> .

Since

H°(X,qnD') @ H(X,q'n'D") — H°(X, (qn + ¢'n)D")

is surjective for any sufficiently positive integers n,n’ (see for example [12]
Example 1.2.22], which is valid over fields of arbitrary characteristics), we
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have H°(X,nD') C V,, for every sufficiently positive n (recall the arguments
in Lemma [B.2]). O

Corollary 4.12 (Fujita [6, Appendix|). — Let X be an integral normal pro-
jective k-scheme and D an effective Cartier divisor on X . If the Kodaira-Iitaka
dimension of D is 1, then the section ring R(D), is finitely generated.

Proof. — Let K := Rat(X) and let C' be the smooth projective k-curve with
rational function field k-isomorphic to K’ := k(R(D),). The inclusion K’ C K

defines a rational map X --+ C and, by taking a suitable blow-up p : X - X,
one obtains a flat morphism 7 : X — C. If we set

E = Z mim{eg1 multe (D) : € € )?(1), E & ee # 0} ¢,

gec)
then H(C,nE) = HY(X,nu*D) = H(X,nD) for every n > 0. Hence the
result is reduced to the classic case of curves. U
Remark 4.13. — 1. If X is a surface, Zariski [28] completely classified the

cases where R(D), is finitely generated [28] Theorem 10.6 and Proposi-
tion 11.5]. Later, Fujita [6] generalised the case where the Kodaira-Iitaka
dimension is one to the form of Theorem by using the litaka fibra-
tions.

2. For a nef and big Cartier divisor D on X, R(D), is finitely generated if
and only if D is semiample (see [12, Theorem 2.3.15]).

4.3. Nagata’s counterexamples. — Let N and r be positive integers such
that N > r and let X1,..., Xy and Y7,..., Yy denotes variables. Firstly, we

consider the affine case as in [20], 5], 16, 17]. Set

W, :=C[X1,Y1,..., Xn, Yo = P CIX1, Y1, ..., XN, Y],
neN

where C[X1, Y, ..., XN, Yn|, denotes the C-vector space of the homogeneous
polynomials of degree n, and let

K = Frac(W,) = (C(Xl, Yl, .o ,XN, YN)
We take linearly independent linear forms

Ll(Tla"' 7TN) = G/LlTl + - +a1,NTN7

Lr(Tl, - ,TN) = ar,lTl + -0+ ar,NTN.
For simplicity, we set a1 1 = --- = a; v = 1 and assume

(4.8) det(am) 1<i<r 7é 0.
N—r+1<j<N
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We set
Zy =Xy XN,
Y YN
71 = ZoL —
1 0 1<X7 7XN>7
Y YN
Zyi=2oL, | —,..., —
r 0 T<X1a ’XN>,
and set

KI = (C(Zo, Zl, ceey Zr)
Note that one can find linear forms My, ..., M, such that
2
X1 Xn_1

YN rp1 = XN 1My <

(4.9) Xy =

L -
Xl’...’XN_T,7ZO7...7ZO’

Y — ZO <Y1 YNfr Zl Zr)
N — T\ yv. ’

X1 XN X1 XN 2y Zo

and that K = K'(X3,..., Xy_1,Y7,...,Yy_,). Nagata [20] has proved that,
if N =13, r =3, and Ly,..., L, are sufficiently general, then W, N K is not of
finite type over C. Later, Mukai obtained similar results for N =9 and r = 3
(see [16], section 2.5]). Each W,, N K’ is nonzero if and only if N divides n,
and each ' € Wy, N K’ can be written in the form

F= Zénf(ZI,ZQ,ZZS)a
where m is an integer and f € HY(P?, Op2(n — m)). In view of the following

lemma, we know that the fraction field of W, N K’ coincides with K’ and that
W, N K’ is contained in C[Zy, Z1/Zy, Za2/Zo, Z3/ Z).

Lemma 4.14 ([16], Lemma 2.45]). — Let d > 1 be any integer. For f €
HO(P?, Op2(d)) and for eachi € {1,2,...,N}, we have
ordx,—oy |k (20" f(Z1, Za, Z3)) = m + orda,(f(Z1, Z2, Z3)),
where a; ;== (a1;:...:ap;) fori e {1,2,...,N}.
Next, we are going to consider a projective variant of Nagata’s counterex-

ample. Let T denote another invariant. We define a graded linear series of
K/C as

W, = PCIX1, Vi, ..., XN, Yn]enT™,
neN



26 HUAYI CHEN & HIDEAKI IKOMA

where C[X1, Y1, ..., XN, Yn]|<n denotes the C-vector space of the polynomials
of degree < n. Note that, for each n, F(X1,Y7,...,Xn,Yn) € W, N K" if and

I~

only if F(X1,Y7,...,XN,YNn) € We,, N K'. Let P := Proj(W,) and
(4.10) X :=Proj (C[TN, ZyTN, 2, TN, 2,7, ZsTN]) .
Let H := {T" =0} and Dy := {Zy = 0}. Then we have

Wxn N K" € H(X,nH +nNDy)

and H(X,nH+nN D) is the C-vector space generated by {Z, ™ f(Z1, Z2, Z3) :
f e H'(P?, Op2(m +n)), —n <m < nN}.

Claim 4.15. — We have
N
Ap/x C [ J{Xi =0} and Bp;x C Dy.
i=1
Proof. — Note that ordgpn_gy = (1/N)ordgr—gy [k Since
(C[Xla"',XNaYi7"'aYN][l/ZO]
= C[Z(]a Zla Z2a Z3][1/ZO][X1, s aXN)YIa s )YN73]/(X1 o XN/ZO - 1)?

Spec(C[X1, ..., XN, Y1,...,YN][1/Zy]) is a relative global complete intersec-
tion and, hence, is flat over Spec(C[Zy, Z1, Z2, Z3)[1/Zy]). Thus we con-
clude. [

Example 4.16. — If r =2, N > 2, and aa1,...,a2 y are mutually distinct,
then W, N K'[T] is finitely generated by T, ZoT™, Z, TN, ZyT™, and

(a2121 — Z3) -+ - (ag,nZ1 — Z2)TN(N—1)
Zy '

Remark 4.17. — In [15], 17], Mukai considered the subfield
K” = C(Xl, ,XN,Zl,... ,Zr)

and studied the finite generation of W, N K"[T]. In this case, we consider the
weighted projective space

Proj(C[T, X\T,..., XNT, Z, TV, ..., 2, TN)).

Let D; (respectively, H) be the hypersurface defined by X;T for
i€{1,2,...,N} (respectively, T'). One then has

W.NK"[T] C R(Dy+ -+ Dy + H)..
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5. Applications

In this section, we apply the subfinite criterion (Theorem [[2]) to the study
of Fujita approximation for general subfinite graded linear series. Throughout
the section, we let k be a field and K/k be a finitely generated field extension.

Definition 5.1. — Let V, be a graded linear series of K/k and d be its
Kodaira-litaka dimension (see Definition B.0]). If d # —oo, we define the volume
of V, as

L dimg(V;,)
(5.1) vol(V,) : lirgili})) il
A priori this invariant takes value in [0, +oc]. We will see below that, if in
addition the graded linear series V, is of subfinite type, then its volume is
always a positive real number.
We say that a graded linear series V, satisfies the Fujita approzimation
property if

sup vol(W,) = vol(V,),
W. CV.
W of finite type

dim(Wae)=dim(Va)
where W, runs over the set of all graded linear series of finite type which are
contained in V, and such that W, has the same Kodaira-Iitaka dimension as

V..
The purpose of the section is to establish the following approximation result.

Theorem 5.2. — Any graded linear series V, of K/k which is of subfinite
type and has nonnegative Kodaira-Ilitaka dimension d satisfies the Fujita ap-
proximation property. Moreover, one has

dimg (V)

1(V,) = li 0
vol(V2) nEN(V.l)I,];l%%Jroo nd/d! € (0, +00),
where N(V,) = {n e N : V,, # {0}}.
Proof. — By changing the grading we may assume without loss of generality

that V,, # {0} for sufficiently positive integer n. Let K’ be the homogeneous
fraction field k(V,). Note that K'/k is a subextension of K/k and hence is
finitely generated. Moreover, by Theorem [[L2] we obtain that V, viewed as
a graded linear series of K'/k is of subfinite type. Therefore, the assertions
follow from [3, Theorem 1.1] (by definition V, is birational if we consider it as
a graded linear series of K’). O

Remark 5.3. — In the case where the field K admits a valuation of one-
dimensional leaves in a totally ordered abelian group of finite type (this is
the case notably when k is an algebraically closed field), we recover a result
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of Kaveh and Khovanskii [10, Corollary 3.11 (2)]. Note that the existence of
a valuation of one-dimensional leaves on V, implies that V, is geometrically
integral since such a valuation induces by extension of scalars a valuation of
one-dimensional leaves on V, @k’ for any extension of fields &’ /k. In particular,
for any pair of homogeneous elements = and y of V, ®j, k’, the valuation of zy
is equal to the sum of the valuations of  and y, which implies that V, ®j, k' is
an integral domain.

By combining the results of [4] and the subfiniteness result (Theorem [L2]),
we obtain the following upper bound for the Hilbert-Samuel function of general
graded linear series of subfinite type.

Theorem 5.4. — Let V, be a graded linear series of K/k and d its Kodaira-
litaka dimension. There then ezists a function f: N — R4 such that

d

fln)= VOI(‘/:)% +0n4 ), n— +oo

and
VneN, dimg(V,) < f(n).

Remark 5.5. — The result [3, Theorem 1.1] actually provides more geomet-
ric information about the graded linear series of subfinite type. Let K/k be a
finitely generated transcendental field extension and let d be the transcendence
degree of K/k. We fix a flag

k=KoCcKiC..CKy=K

of subfields of K containing k such that each extension K;/K; 1 is transcen-
dental and has transcendence degree 1. Let A(K/k) be the set of all graded
linear series of subfinite type V, of K/k such that k(V,) = k. Then there has
been constructed in [3] a map A from A(K/k) to the set of convex bodies in
R? which satisfies the following conditions.

(a) If V, and V are two graded linear series in A(K/k) such that V, C V/,
then one has A(V,) C A(V).
(b) If V, and W, are two graded linear series in A(K/k), then

AV, - W) DAV +AW,) ={z+y :ze AV,),ye AW,)},

where V, - W, denotes the graded linear series whose n-th homogeneous
component is the k-vector space generated by {fg : f € V,, g € W,,}.

(c) For any graded linear series V, in A(K/k), the volume of V, identifies with
the Lebesgue measure of A(V,) multiplied by d!.

This allows us to construct the arithmetic analogue of Newton-Okounkov
bodies for general arithmetic graded linear series of subfinite type, using the
ideas of [1].
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In what follows, we assume that k is a number field. We denote by M
the set of all places of k. For each v € My, let |-|, be an absolute value on k
which extends either the usual absolute value or certain p-adic absolute value
(so that |p|, = p~!) on Q.

As adelic vector bundle on Speck, we refer to the data V = (V, (|||[v)ven,)
of a finite dimensional vector space V over k and a family of norms ||-||, over
V ® ky such that there exists a basis (e;)I_; of V over k and a finite subset S
of M, satisfying the following condition:

Voe Mp\S, VY(A1,.. ., ) €kyy JA1er + -+ e[y = _ max }|>\i|v-
1€ T

IEREE]

Given an adelic vector bundle V on Spec k, for any nonzero element s € V, we
define the Arakelov degree of s as

deg(s) =~ Y [ky : Q]I ||s]|,.
ve M,
By the product formula
Vaek*, Y [k :Q)lnlal, =0
vE My,
we obtain that - -
Vaek”, deg(as)= deg(s).
Moreover, the Arakelov degree of V is defined as
- Z In ||77Hv,det,
ve My,
where 7 is a nonzero element of det(V'), and
”77Hv,det = inf{||z1|ly - [|zrllo : n=20 A A2}

Again by the product formula we obtain that the definition does not depend
on the choice of n € det(V) \ {0}.
Let V be an adelic vector bundle of rank r on Speck. For any t € R, let

FLV) = Vecty({s € V'\ {0} : deg(s) > t}).

This is a decreasing R-filtration on V, called the R-filtration by minima. Note
that for any ¢ € {1,...,r}, the number

(V) =sup{t € R : rkp(FY(V)) > i}

coincides with the minus logarithmic version of the i-th minima in the sense

of Roy and Thunder |24}, 25]. For any s € V', we let
A(s) :=sup{t €R : s € FY(V)}.

In the following, we let K/k be a finitely generated field extension of
the number field k. Let V, be a graded linear series of subfinite type of
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K/k. For each n € N, we equip V,, with a structure of adelic vector bun-
dle (Va, (||'ln,0)vens,,) on Speck such that, for any v € My,

(5.2)  V(n,m)e€ N?, YV (SnySm) € Vi X Viny 10 Smllo < |[snllo - |Sm o

We assume in addition that

Amax (V) := lim sup 7)\1(‘/”)

n—-+o0o n

< 4-00.

This condition implies that V, has a nonnegative Kodaira-litaka dimension.
For any t € R, let
Vi=EF (Vo)
neN

It is a graded linear series of K/k. By definition one has Vi = {0} if n € N3,
and t > A\pax(V,).

Proposition 5.6. — For any t < Amax(V.), one has k(V,) = k(V1).

Proof. — Clearly one has k(V,) D k(V!). It suffices to prove the converse
inclusion. Let n > 1 be an integer and f, g be nonzero elements in V,,. Since
t < Amax(Ve) there exist m € N>y and s € V,,, such that A(s) > mt. Thus for
sufficiently positive integer £ one has A(s’f) > (ém+n)t and \(s'g) > (bm+n)t.
Therefore {s‘f,s'g} C V{, .., which implies f/g € k(V}). O

The above proposition allows us to consider V' as a birational graded linear
series of k(V,)/k and to construct its Newton-Okounkov body as reminded in
Remark .51 We define the concave transform of V, as the function Gy, on
A(V,) sending = € A(V,) to

sup{t < Amax(V.) : 2 € A(VH}.

By the condition (b) in Remark [5.5] the function Gy, is concave.
The following result generalises [I, Theorem 2.8] to the case of subfinite
adelically normed graded linear series.

Theorem 5.7. — Let K/k be a finitely generated extension of a number field
k, and V, = @nGNV” a graded linear series of subfinite type of K/k of
Kodaira-Iitaka dimension d > 0, equipped with structures of adelic vector
bundles on Speck, which satisfy the submultiplicativity condition ([B.2]) and

the condition Amax(V,) < +00. Then the sequence of measures
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converges weakly to a Boreal probability measure on R, which is the image of

the uniform measure
1

lAL) Iave) () do

by the concave transform Gy, .

Proof. — For any t < Amax(V.), the graded linear series V! has the same
homogeneous fraction field as V, (see Proposition [5.6]). Hence we can construct
a decreasing family (A(V))),_, (v.) of convex bodies contained in A(V,), as
described in Remark (5.5l Moreover, if ¢ and t9 are two real numbers which are

< Amax(V,). Then by the same method as in [1Il §1.3], we obtain the desired
result. O
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