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1 Introduction

The reader should see [K] for the standard descriptive set theoretic notation and material used in
this paper. All our relations will be binary. The motivation for this work goes back to the following
so called Gg-dichotomy, essentially proved in [K-S-T].

Theorem 1.1 (Kechris, Solecki, Todorcevi¢) There is a Borel relation Gy on 2 such that, for any
Polish space X and any analytic relation A on X, exactly one of the following holds:
(a) there is ¢: X — w Borel such that c(x)#c(y) if (x,y) € A (a countable Borel coloring of A),
(b) there is f:2* — X continuous such that Go C (f x f)~1(A).

This result had a lot of developments since. For instance, Miller developed some techniques to
recover many dichotomy results of descriptive set theory, without using effective descriptive set theory
(see [M]). He replaces it with some versions of Theorem 1.1. In particular, he can prove Theorem 1.1
without effective descriptive set theory. In [L1], the author derives from Theorem 1.1 a dichotomy
result characterizing when two disjoint analytic sets can be separated by a countable union of Borel
rectangles. In order to state it, we give some notation that will also be useful to state our main results.

Notation. Let, for e € 2:={0, 1}, X, Y be Polish spaces, and A., B. be disjoint analytic subsets of
X xY,. We set
(XO, }/05 AOa BO) S (le Yla Ala Bl) <~

3f: Xo— X1 Jg:Yy— Y] continuous with AgC (f xg)~(Ay) and By C (f xg)~ 1 (By).
If X is a set, then the diagonal of X is A(X):={(z,z) | z€ X}.

Theorem 1.2 Let X, Y be Polish spaces, and A, B be disjoint analytic subsets of X XY . Exactly one
of the following holds:
(a) the set A can be separated from B by a countable union of Borel rectangles,

(b) (2w,2w,A(2w),G0) < (X, YaA,B)

It is easy to check that Theorem 1.1 is also an easy consequence of Theorem 1.2. This means that
the study of the countable Borel colorings is highly related to the study of countable unions of Borel
rectangles. It is natural to ask for level by level versions of these two results, with respect to the Borel
hierarchy. This work was initiated in [L-Z], where the authors prove the following.

Theorem 1.3 (Lecomte, Zeleny) Let £ € {1,2,3}. Then we can find a zero-dimensional Polish space
X, and an analytic relation A on X such that for any (zero-dimensional if ¢ =1) Polish space X, and
for any relation A on X, exactly one of the following holds:

(a) there is a countable Ag-measurable coloring of A,
(b) there is f:X— X continuous such that AC (f x f)71(A).

In [L-Z], the authors note that the study of countable Ag-measurable colorings is highly related
to the study of countable unions of Zg rectangles, since the existence of a countable Ag—measurable
coloring of a relation A on a (zero-dimensional if £ = 1) Polish space X is equivalent to the fact that
A(X) can be separated from A by a countable union of Zg rectangles, by the generalized reduction

property for the class 22 (see 22.16 in [K]). In this direction, they prove the following.



Theorem 1.4 (Lecomte, Zeleny) Let & € {1,2}. Then we can find zero-dimensional Polish spaces
X, Y, and disjoint analytic subsets A, B of X XY such that for any Polish spaces X,Y, and for any
pair A, B of disjoint analytic subsets of X XY, exactly one of the following holds:

(a) the set A can be separated from B by a (22 X 22)0 sef,
(b) (X,Y, 4,B) < (X,Y, A, B).

In fact, we can think of a number of related problems of this kind. We can study

- the finite or bounded finite Borel colorings,
- the separation of disjoint analytic sets by a finite or bounded finite union of Borel rectangles,
- the finite, bounded finite, or infinite Borel colorings of bounded complexity,

- the separation of disjoint analytic sets by a finite, bounded finite or infinite union of Borel rectangles
of bounded complexity...

This last question has been studied in [Za] in the case of one rectangle. In [Za], the author
characterizes when two disjoint analytic sets can be separated by a X (or Hg when ¢ < 2) rectangle.
Louveau suggested that it could be very interesting to study the non-symmetric version of the problem
to understand it better (we can also make this remark for countable unions of rectangles, which is
another motivation for Theorem 1.5 to come). Zamora noticed that the problems of the separation of
analytic sets by a ITY xITY set and by a (£{ xXY),, set are very much related (he derives a dichotomy
for the rectangles from a dichotomy for the countable unions of rectangles). His technique cannot
be extended to higher levels since it uses countability. However, the relation just mentioned is much
stronger than in [Za], as we will see. The main results in this paper generalize these two Zamora
results, and are, hopefully, steps towards the generalization of Theorem 1.4, and then Theorem 1.3.
The first one is about countable unions of rectangles of the form 2 x 22.

Theorem 1.5 Let £ > 1 be a countable ordinal. Then there are zero-dimensional Polish spaces X, Y,
and disjoint analytic subsets A, B of X XY such that for any Polish spaces X,Y, and for any pair
A, B of disjoint analytic subsets of X XY, exactly one of the following holds:

(a) the set A can be separated from B by a (X x 22)0 set,
(b) (X,Y,A,B) < (X,Y, A, B).

The second one is about rectangles of the form TT9 x Hg.

Theorem 1.6 Let £ > 1 be a countable ordinal. Then there are zero-dimensional Polish spaces X, Y,
and disjoint analytic subsets A, B of X XY such that for any Polish spaces X,Y, and for any pair
A, B of disjoint analytic subsets of X XY, exactly one of the following holds:

(a) the set A can be separated from B by a TI{ x Hg set,
(b) (X,Y,A,B) < (X,Y,A,B).

One of our key tools to prove these two results is the representation theorem for Borel sets by
Debs and Saint Raymond. A classical result of Lusin-Souslin asserts that any Borel subset B of a
Polish space is the bijective continuous image of a closed subset of the Baire space (see 13.7 in [K]).
There is a level by level version of this result due to Kuratowski: the Baire class of the inverse map
of the bijection is essentially equal to the Borel rank of B (see Theorem 1 in [Ku]).



The representation theorem for Borel sets by Debs and Saint Raymond refines this Kuratowski
result (see Theorem I-6.6 in [D-SR]). We will state it and recall the material needed to state it in the
next section. Initially, the representation theorem had three applications in [D-SR]: a theorem about
continuous liftings, another one about compact covering maps, and a new proof (involving games
as in the original paper) of the Louveau-Saint Raymond dichotomy characterizing when two disjoint
analytic sets can be separated by a 22 (or Hg) set (see page 433 in [Lo-SR]). In [L3] and [L4], the
representation theorem is used to prove a dichotomy about potential Wadge classes. Its proof provides
another new proof of the Louveau-Saint Raymond theorem which does not involve games.

A very remarkable phenomenon happens in the present paper. In the applications just mentioned,
the representation theorem was used only inside the proofs. Here, the representation theorem is used
not only in the proofs of Theorems 1.5 and 1.6, but also to define the minimal objects X, Y, A B.
We believe that the minimal objects cannot be that simple for higher levels. Moreover, Theorem 1.4
provides an extension of Theorem 1.5 to countable unions of XY rectangles. It is possible to prove
such an extension using the representation theorem. However, we could not prove further extensions,
leaving the general case of countable unions of rectangles of the form 297 X Zg, or just 22 X 22, open
for future work.

The organization of the paper is as follows. In Section 2, we recall the material about represen-
tation needed here, as well as some lemmas from [L3], and we give some effective facts needed to
prove our main results. We prove Theorem 1.5 in Section 3, and Theorem 1.6 in Section 4.

2 Preliminaries

2.1 Representation of Borel sets

The following definition can be found in [D-SR].

Definition 2.1.1 (Debs-Saint Raymond) A partial order relation R on 2<% is a tree relation if, for
5€2<Y,

(a) D R s,

(b) the set Pr(s):={t€2<% | t R s} is finite and linearly ordered by R (hg(s) will denote the
number of strict R-predecessors of s, so that hr(s)= Card (PR(S)) —1).

e Let R be a tree relation. An R-branch is a C-maximal subset of 2<% linearly ordered by R. We
denote by [R] the set of all infinite R-branches.

We equip (2<“)“ with the product of the discrete topology on 2<%. If R is a tree relation, then the
space [R] C (2<¥)¥ is equipped with the topology induced by that of (2<“)%, and is a Polish space.
A basic clopen set is of the form NI:={~v € [R] | v(hr(s))=s}, where s €2<%.

e Let R, S be tree relations with RC S. The canonical map I1: [R]| — [S] is defined by
I1(y):= the unique S-branch containing ~.

The canonical map is continuous.



e Let S be a tree relation. We say that RC S is distinguished in S if

sStSu
Vs, t,uc2<¥ = sRt.
sRu

o Let n<wi. A family (R"),<y, of tree relations is a resolution family if
(a) RP*Y is a distinguished subtree of RP, for each p <.
(b) R = ﬂp<)\ RP, for each limit ordinal A <.

The representation theorem of Borel sets is as follows in the successor case (see Theorems 1-6.6
and I-3.8 in [D-SR]).

Theorem 2.1.2 (Debs-Saint Raymond) Let 1) be a countable ordinal, and P € Hg +1([€]). Then there
is a resolution family (R’),<, such that

(a) RO=C,
(b) the canonical map 11:[R")— [R°] is a continuous bijection with Eg 1-measurable inverse,
(c) the set TI71(P) is a closed subset of [R").

For the limit case, we need some more definition that can be found in [D-SR].

Definition 2.1.3 (Debs-Saint Raymond) Let & be an infinite limit countable ordinal. We say that a
resolution family (RP) ,<¢ with R®=C is uniform if

Vkew J& <& Vs, te2<¥ (min(hRg(s), hpe(t)) <k As RSk t) = s Rt
We may (and will) assume that £, > 1.

The representation theorem of Borel sets is as follows in the limit case (see Theorems 1-6.6 and
I-4.1 in [D-SRY]).

Theorem 2.1.4 (Debs-Saint Raymond) Let £ be an infinite limit countable ordinal, and P € Hg([g]).
Then there is a uniform resolution family (RP),<¢ such that

(a) R°=C,
(b) the canonical map T1:[R¢] — [RY] is a continuous bijection with Eg—measumble inverse,

(c) the set I (P) is a closed subset of [RE].
We will use the following extension of the property of distinction (see Lemma 2.3.2 in [L3]).

Lemma 2.1.5 Let n < wi, (RP),<y be a resolution family, and p < 1. Assume that s,t,u € 2<%,
s ROt R? wand s RF wu. Then s RPT1 ¢.

Notation. Let  <w;, (R”),<, be a resolution family with RY=C, 5€2<¥, and p <7. We define

_[0if s=0,
T simax {1 < |s| | s|l RP s} if s£0.

We enumerate {s” | p<n} by {s% | 1<i<n}, where n>1 is a natural number and &; <... <&, =1.
We can write s&» S gén—1 G..G 552 S 581 Cs. By Lemma 2.1.5, s¢+1 R&TL & if 1<i<n.



We will also use the following lemma (see Lemma 2.3.3 in [L3]).

Lemma 2.1.6 Let n < wy, (R),<, be a resolution family with R® =C, s € 2<%\ {0} and 1 <i<n.
Then we may assume that s&+" ; s,

Notation. The map & : 2 — [C], for which h(«) is the strictly C-increasing sequence of all initial
segments of o, is a homeomorphism.

2.2 Topologies

The reader should see [Mo] for the basic notions of effective descriptive set theory.
Notation. Let .S be a recursively presented Polish space.
(1) The Gandy-Harrington topology on .S is generated by E%(S) and denoted Y'g. Recall the
following facts about X'g (see [L2]).
- Yg is finer than the initial topology of S.
- We set Qg := {s€S | wfzw?K}. Then Qg is X (S) and dense in (S, ).
- W N Qg is a clopen subset of (g, Xg) for each W € X1(9).
- (25, Xs) is a zero-dimensional Polish space. So we fix a complete compatible metric on (g, Xg).
(2) We call T the usual topology on S, and T;, is the topology generated by the 2in Hgn subsets of
S if 2<n<wCK (see Definition 1.5 in [Lo]).

The next result is essentially Lemma 2.2.2 and the claim in the proof of Theorem 2.4.1 in [L3].

Lemma 2.2.1 Let S be a recursively presented Polish space, and 1 <n< wlc .

(a) (Louveau) Fix A€ X} (S). Then A s Hg, 2L and 29(Tyy41).

(b) Let p>1 be a natural number, 1 <my <no <...<mp,<n, S1, ..., Sp€ YL(S), and O € XV(S).
Assume that S; QTHT’““ if1<i<p. Then S, N ﬂngp ETW N O is Ty-dense in S_lTl Nno.

(c) Let (RP) <y be a resolution family with R® =C, s € 2<“\ {0}, Ss» € X1 (S) (for 1 < p<n),
EecXL(S), and O € £)(S). We assume that Sn CE"™" and S,C S, " fuRPtSsand 1<p<n.
Then Sgn N m1§p<n S_spr NOand EN ﬂlﬁpﬁn S_Spr N O are T}-dense in S_S1T1 Nno.

Proof. (a) See Lemma 1.7 in [Lo].

(b) Let D be a X subset of S meeting S_lTl N O. Then S; N D N O # (), which proves the desired
property for p=1. Then we argue inductively on p. So assume that the property is proved for p. Note

that S, C SPHTW“, and S, N MN1<i<p 5.7 A D N O£, by induction assumption. Thus

St N SN DN O#0.
1<i<p

As ﬂlgigp ET’H NDNOisTy, 1-open, Spi1 N ﬂlgigp ET’H NDNO#0.



(c) We use the notation before Lemma 2.1.6. We enumerate {; | £ > 1} in an increasing way by
{n; | 1 <i < p}, which means that we forget &; if it is 0. Asn > 1, p > 1. Note that we may
assume that st C s7 if 1 < i < p, by Lemma 2.1.6. We set S; := Sgn;, for 1 <4 < p. Note

—T . . . , , , — T,
that S; C S;q "' if 1 < i < p since s"+1 R%HL g% Thus Sgn N Mice,<n Ssti % N O and

S

En ﬂ1§§i§n ﬂTéi N O are T7-dense in S—S1T1 N O, by (b) and since s7 = s'. But if 1 < p<1, then

there is 1 < i <n with s = s%. And p <&, since g&itl ; s% if 1 <4 < n. Thus we are done since

T, T T, T,
SSW mﬂ1§p<n SSP p:SS’O mﬂl§£z<n SSE,L and nlgpﬁn SSP p—nlgglgn SSE,L . |:|

2.3 Some general effective facts

Lemma 2.3.1 Let 1 <n,{< w1CK, X, Y be recursively presented Polish spaces, A€ X1 (X) N 22,
BeXly)n Eg, and C € X} (XXY') disjoint from AxB. Then there are A'e ANXY), B'e AN Eg
such that A’ x B’ separates Ax B from C. This also holds for the multiplicative classes.

Proof. We argue as in the proof of Lemma 2.2 in [L-Z]. U

Theorem 2.3.2 Let 1 < n,& < w1CK, X, Y be recursively presented Polish spaces, and A, B be
disjoint Ell subsets of X xY. We assume that A is separable from B by a (22 X 22)0 set. Then A is

separable from B by a A{ N ((Af N 22) x (Al n 22))0 set.

Proof. We argue as in the proof of Theorem 2.3 in [L-Z]. U

The next result is similar to Theorem 2.5 in [L-Z].

Theorem 2.3.3 Let 1 < 1n,& < wlc , X, Y be recursively presented Polish spaces, and A, B be
disjoint X subsets of X xY. The following are equivalent:

(a) the set A cannot be separated from B by a (Eg X Zg)o set.

(b) the set A cannot be separated from B by a Al N (22 X 22)0 set.

(c) the set A cannot be separated from B by a £9(T,, x T¢) set.

(d) AnB T £,
Proof. Theorem 2.3.2 implies that (a) is indeed equivalent to (b), and actually to the fact that A cannot
be separated from B by a A; N ((A] N X)) x (A} N X)) set. By Theorem 1.A in [Lo], a A N3}

set is a countable union of A% N Hgg sets, and thus T¢-open, if £ > 2. Therefore (c) implies (a), and
the converse is clear. It is also clear that (c) and (d) are equivalent. ]

The following result is Lemma 3.3 in [Za], and is a consequence of Theorem 2.3.3.

Theorem 2.3.4 Let 1 < &, < wlc , X, Y be recursively presented Polish spaces, and A, B be
disjoint X subsets of X xY. The following are equivalent:

(a) The set A cannot be separated from B by a H?Z X Hg set.

(b) B (projx[A] " x projy [4] ©) #0.




3 Countable unions of X x 3 sets

Let Q€ I12(2¥)\X2. Then P:=h[Q] € IT2([C])\X{ since h is a homeomorphism.
(A) The successor case
Assume that { =741 is a countable ordinal. Theorem 2.1.2 gives a resolution family (R”),<,.
We set X:=[R"], Y:=[C], A:={(8,a) eXxY | II(f)=a€ P} and
Bi={(8,0) €XxY | ()= ¢ P}.

Note that X and Y are zero-dimensional Polish spaces, A is a closed subset of X x Y, and B is a
difference of two closed subsets of X x Y, and disjoint from A.

Lemma 3.1 The set A is not separable from B by a (29 x 22)0 subset of X x Y.

Proof. We argue by contradiction, which gives a sequence (Oy)ne., of XY subsets of [R"] and a
sequence (Sy,)ne, Of 22 subsets of [C] such that A C |J,c,, On xS, € —B. This implies that
P=U,e, M0, NS, AsTI" is B-measurable, T1[0,,] € B([C]) and P € B([C]), which is
absurd. U

Proof of Theorem 1.5. The exactly part comes from Lemma 3.1. Assume that (a) does not hold. In

order to simplify the notation, we will asume that £ < w1CK, X and Y are recursively presented and

A, B are X, sothat N := AN B is a nonempty (by Theorem 2.3.3) X! (as in the proof of
Lemma 2.2.1.(a)) subset of X xY.

We set T:={s€2<¢ | NE" n1I-}(P)#0}. As B is not empty, we may assume that P # (). In
particular, () € Z. We construct, for s € 2<%,

-2s€X and X, € XV(X),
-ys€Y and Yy € XV(Y),
- S € XX xY).

We want these objects to satisfy the following conditions:

X CX,ifs Rt As#t
(1) { Y, CYsif s ROt A s#t

SiCSsif s RTt N (s,teLV s, t¢T)
(2) xseXs /\ySGY; A ($57ys)€Ss§(Xs><Ys) mQX><Y
(3) diam(X,), diam(Y;), diamgpy(Ss) <27l

NifseZ
@ Ssg{BifsgéI

(5) projy[St] Qpron[Ss]Tp ifsRPEN1I<p<np



Assume that this is done. Let 5 € X. Note that 5(k) R" 5(k+1) for each k €w. By (1),
Xak+1) S Xpk)-

Thus (Xg(x))kew is a decreasing sequence of nonempty closed subsets of X with vanishing diameters.
We define {f(8)}:=;co Xﬁ(k =Nkew XB(k)» s0 that f(B) =limg_,o ;) and f is continuous.

Now let € Y. By (1), Ya(kJrl) C Yo (k)- Thus ( a(k))k@u isa decreasing sequence of nonempty
closed subsets of Y with vanishing diameters. We define {g(@)}:=MNicw Yatk) =Niew Ya(k):
that g(a) =limg . Yo (k) and g: Y — Y is continuous.

Let (8,a) € A. Note that 3(k) € T for each k € w. By (1)-(4), (Sp(k))rew is a decreas-
ing sequence of nonempty clopen subsets of N N Qx«y with vanishing GH-diameters. We set
{F(B)}=Nkew Saw)- Note that (x5, ya)) converge to F(j3) for Ly2, and thus 3. So their
limit is (f(8), g()), which is therefore in N C A, showing that A C (f x g)~!(A).

Let (3, ) €B. As II-1(P) is a closed subset of [R"], there is ko € w such that 3(k) & T if k> k.
By (D)-(4), (S3(k))k>ko is a decreasing sequence of nonempty clopen subsets of B My xy with
vanishing GH- dlarneters and we define {G(B)} := g5k, Spk)- Note that (zg), y(x)) converge

to G(B). So their limit is (f(3), g(c)), which is therefore in B, showing that BC (f x g)~!(B).

Let us prove that the construction is possible. Let (zg,g) € N N Qxxy, and Xy, Yy € X with
diameter at most 1 such that (xg,yg) € X x Yy, as well as Sy € X} (X xY) with GH-diameter at
most 1 and (xg,yp) € Sy C N N (XpxYy) N Qxxy. Assume that our objects satisfying (1)-(5) are
constructed up to the length I, which is the case for [=0. So let s € 2!+,

Claim The set projy [Ssn] V(1< <, PTOJy [Ssp]Tp N Yyo is Th-dense in projy [Sg] N Yo if n>1.
Indeed, we apply Lemma 2.2.1.(c) to F:=Y and O:=Y 0. o
Note that s! C s° G s and st R 0, so that projy [S0] C projy-[Ss1]. Thus y40 € projy-[Ss1] N Yio.

This shows that I :=projy [Ssn] N (<, pron[Ssp]Tp N Yo is not empty, even if n=0.

Casels¢Z

1.1 If s”7 ¢ Z, then we choose y, € I, x4 € Xgn with (7s,ys) € Sen, Xs,Ys € X0 with diameter at

most 2771 such that (z,,7s) € X, x Yy € X, xY, C X x Yy, and also S, € YHX xY) with

GH-diameter at most 27/~ such that (z,ys) € S5 C Sen N (X x (Mi<p<n pron[Ssp]Tp NYs)). If

s R"tand s#t, then s R t7 R" t, so that s R" ", by Lemma 2.1.5. This implies that X; C X, and

projy [Se] Qpron[Ss]T". Thus projy [S;] gpron[Ss]Tn. If moreover s ¢ Z, then t7 ¢ Z since s R" t".

Thus Sy C S, and Sy C S,. Similarly, Y; C Y, if s RO t and s#£t (this is simpler). If 1 <p<n, s R’ t

—T —T,
and s#t, then s RP P, projy [Se] C projy [Ss] ” and projy-[S¢] C projy [Ss] ”

1.2 If s" € Z, then we choose y € I, and x € X4» with (z,y) € Sgn. Note that

(2,9)€B 0 (X x () projylSer] " N Y50)).
1<p<n



This gives (5,Ys) € BN (Xsn X (M1<pn pron[Ssp]Tp NYy0)) NQx xy. We choose X, Y, € 2
with diameter at most 27/~ ! such that (z, ) € XxYs C X xY; C XnxYy0,and S, € YH(XxY) with

-
GH-diameter at most 2/~ such that (x, ys) € S5 C BN (sz(ﬂlﬁpsn projy [Sse] ” OYS)) NQxxy.
As above, we check that these objects are as required.

Case2scl
Note that s7 € Z. We argue as in 1.1. O
(B) The limit case

Assume that £ is an infinite limit ordinal. We indicate the differences with the successor case.
Theorem 2.1.4 gives a uniform resolution family (R”),<¢. We set X:= [RE], Y:=[C],

A={(,8) €XxY | II()=BE P},

and B:={(y,8) eXxY [ II(y) =5 ¢ P}.

Proof of Theorem 1.5. This time, Z:= {s € 2<% | NE* N TI"1(P) £ 0}. If s € 2<, then we set, as
in the proof of Theorem 2.4.4 in [L3], {(s) :=max{&, .(1)+1 | ¢ € s}. Note that {(¢) <{(s) if ¢ Cs.
Conditions (1) and (5) become '

X, CX,ifs REt A s#t
(1) {Y;CY,if s ROt A s#t
S, CSsifs RELA (s, t€TV s,t¢T)

(5') projy [ St gpron[SS]TP ifs RREAT1<Sp<E(s)
The next claim and the remark after it were already present in the proof of Theorem 2.4.4 in [L3].
Claim 1 Assume that s” # s¢. Then p+1<&(sPH1).
We argue by contradiction. We get p+1> p > £(sPH1) > thE (s6)+1 :ths(S)‘ AssP RP s, sP RS s
and s” = s, which is absurd. o
Note that &, 1 <&, 1+1<E(s5171) <£(s). Thus s5(5) =58,
Claim 2 The set projy [See] N (N <,¢(s) mTp N Yo is T} -dense in mﬁ N Y.

We conclude as in the successor case, using the facts that ;> 1 and &(.) is increasing. O

4 TT} X IT sets

‘We consider P as in Section 3.
(A) The successor case

Assume that { =741 is a countable ordinal. Theorem 2.1.2 gives a resolution family (R”),<,.
We set X:= R @I~ (-P), Y:=[C]eIl 1 (-P),

A::{((OHB)?(L’Y)) eXxY ‘ ﬂ:’}’} U {((1,"}/),(0,04)) eXxY ’ H(fy):a}

and B:={((0,8),(0,0)) eXxY | II(8) =€ P}. Note that X and Y are zero-dimensional Polish
spaces, A is a closed subset of X x Y, and B is a closed subset of X x Y disjoint from A.
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Lemma 4.1 The set A is not separable from B by a TI{ x Hg subset of X x Y.

Proof. Let C € IT9(X) and S € TI(Y) with A C C'x S. Note that C N ({0} x [R"]) = {0} x C’
for some C’ € TIY([R"]). Similarly, S N ({0} x [C]) = {0} x S’ for some S’ € Hg([g]). Let
a € [C]\P, and B := v :=II" (). Then ((0,8),(1,7)) € A, so that 3 € C’ and o € H[C"].
Similarly, ((1,7), (0,@)) €A, so that a € §". This shows that [C]\ PCTI[C'] N S". As P ¢ 32([C]),
there is a €II[C'] N S N P, and ((0, 8), (0,a)) BN (C xS) if B:=IT"" (). O
Proof of Theorem 1.6. The exactly part comes from Lemma 4.1. Assume that (a) does not hold.
In order to simplify the notation, we will assume that £ < wFK, X and Y are recursively presented
and A, B are X!, so that N := B N (proj y [A] x pron[A]TE) is a nonempty X subset of X x Y, by
Theorem 2.3.4.

We set Z:={s€2<% | NE" N TI-}(P)#0}. As A is not empty, we may assume that P # (). In
particular, () € Z. We define, for t €2<%, t. €2 by t.:= x-z(t). We construct
-2.5€X and X, ;€ X)(X) when (g, 5) € ({0} x2<*) U ({1} x (=I)),
- Ye,s €Y and Yz € XP(Y) when (e, s) € ({0} x2<9) U ({1} x (—T)),
- S s €EXHX XY) when (e,¢',5) €22 x2<%, (e £’ As¢TI)or (e=e'=0As€T).

We want these objects to satisfy the following conditions:

X1 CXesif s RTEA s#£t

1) EQYO,S if s ROt A s#t
Y1,CYiif s RTt A s#t
Se et CSeersif s RTE

(2) Tes S Xe,s A Ye,s € Ye,s A (1'5,57 ye’,s) € Se,s/,s - (Xe,s X Y;—:’,s) N QX><Y
(3) diam (X ), diam(Yz 5), diamgp (Se e 5) <271

Nifsel
(4) SE,E’,SQ{AifS¢Z

. ——a —1p .
(5) projy [St.,0,6] S projy [Ss.0,s] " if s Pt A1<p<n

Assume that this is done. Let (0,7) € X. Note that (k) R" ~(k+1) for each k € w. By (1),

Xo0,y(k+1) € Xo (k). Thus (Xoﬁ(k))k@) is a decreasing sequence of nonempty closed subsets of X
with vanishing diameters. We define {f(0,7)}:=\rc, Xoq(k) = kew X0,(k)> SO that

f0,7) =limy 00 T (k)

and f is continuous on {0} x [R"]. Now let (1,7) € X. Note that moreover that there is k., € w

minimal such that (k) ¢ Z if k > k.. We define f(1,~) similarly, using (X, ) )x>k,- Note that f

. . -1 . . . RN
is continuous on {1} xII™*(—P) since ky =k, if v/ € N .
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Now let (0,a) € Y. By (1), Yy a(kt1) € Yo,a(k)- Thus (Yg o(k))rew is a decreasing sequence of

nonempty closed subsets of Y with vanishing diameters. We define
{9(0,0)}:= ﬂ Y000 = ﬂ Y0 (k)
kew kew

so that g(0, o) =1limg,00 Yo,a(k)- We define g(1,~) like f(1,7), so that g: Y —Y" is continuous.

Assume that ((0,7),(1,7)) € A. As II"!(P) is a closed subset of [R"], there is ko € w such
that (k) ¢ Z if k > ko. By (1)-(4), (S0,1,4(k))k>ko 18 @ decreasing sequence of nonempty clopen
subsets of A N Qxxy with vanishing GH-diameters. We set {F'(7)}:=(;>, S0,1,4(x)- Note that
(T0,(k)» Y1,4(k)) converge to F(7y) for Xx2, and thus X2 So their limit is (f(O, ), 9(1, 7)), which
is therefore in A. If now ((1,7), (0, a)) €A, then we argue similarly, showing that A C (fxg)~!(A).

Let ((0,7),(0,)) € B. Note that v(k) € T for each k € w. By (1)-(4), (Sp0.(k))kew is a
decreasing sequence of nonempty clopen subsets of N N {2xxy with vanishing GH-diameters, and
we define {G(7)} :=rew 50,0,(k)- Note that (2o (x), Yo,(k)) converge to G(7). So their limit is
(f(0,7),9(0,«)), which is therefore in N C B, showing that BC (f x g)~!(B).

Let us prove that the construction is possible. Let (¢, ¥0.0) € N N Qxxy, and X, Yy € 2P
with diameter at most 1 such that (zq g, Yo 9) € Xo 9 % Yo ¢, as well as Sg o g € X} (X xY') with GH-
diameter at most 1 and (g, y09) € So.00 © N N (XopxYop) N Qxxy. Assume that our objects
satisfying (1)-(5) are constructed up to the length [, which is the case for [=0. So let s € 2!,

—T e —
Claim The set projy [Sgn 0 5] V(1< p<ry PTOTy [Ssp 0,50 " NYy 50 is Ty-dense in projy [Sg1 o 1] MY 40
ifn>1
As in the proof of Theorem 1.5, we infer that
: — T
I::prOJY[Ssg,O,sW] N ﬂ prOJY[Ssg,O,sP] ‘N YE),SO
1<p<n
is not empty.
Casels¢Z
1.1s"¢T

Note that s/ = 1. We choose yo s € I, 21,5 € X1 41 With (z1,5,%0,5) € S1,0,6m» X1,5, Y0,5 € zP
with diameter at most 2~/~1 such that (1,5, Y0,5) € X1,5 X Y0,s C X1 5% Y0 s C X onX Y}, 50, and also
S1.0.s€ XX xY) with GH-diameter at most 27!~! such that

——Y
(1,5, Y0,5) € S1,0,s € S1,0,m N (X1,6 X ( ﬂ projy [See o.50) " N Y0,5))-
1<p<n

As in the proof of Theorem 1.5, we check that these objects are as required. We also set
(0,5, Y1,5) = (To,5m, Y1,5),
choose X 5, Y1 s € E{) with diameter at most 2~/~1 such that
(20,5, Y1,5) € X0,s X Y1, C X0s X Y15 C Xg sn X Y7 gn,
and also Sp 1 s € X} (X xY') with GH-diameter at most 27!~! such that
(20,5, Y1,5) €50,1,s € S0.1,5n N (Xo,s X Y1 5).
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125"l
We choose y € I, and z € X with (z,y) € Sp,0,s7. Note that

ye prOJY ﬂ prOJY £,0, sP] N Yb,so'
1<p<n

—T
This gives y' € projy [A] N (<<, Projy [Ssr o 0] " NY) 0,2’ € X with

——a 1,
(1'/, y/) GA N (X X ( ﬂ prOJY[Ssg,O,sP] g N YE),SO))’
1<p<n

— T
and also (z1 5, Y0.s) EAN (Xx (ﬂl<p<n pro]Y[SSc’O 7N YO,SO)) NQxxy. Echoose X1,6, Y0,
in X with diameter at most 2~ =1 uch that (71,5,90,5) € X1,6 X Y0,s € X1,6x Yp,s € X XY 40, and
S1.0.5€ XX xY) with GH-diameter at most 27!~! such that

— 7,
(951757y0,s)651,07s§14ﬂ (Xl,sx( ﬂ projy[5857078p] N YO,S)) NQxxy.
1<p<n

As above, we check that these objects are as required.

Note also that (zo s, Y0,7) € So,0,57, SO that zo sn € projx[A] N X s». This gives a point 2 of
proj x [A]N X ¢n, and y’ € Y with (2, y") € AN (X0 snxY"), and (20,5, y1,5) € AN (Xo,sn XY )NQx v
We choose X 5, Y1 s € E{) with diameter at most 2~/~1 such that

(.%'078, yLS) €X078 X Yl,s QXQS XW’SQXO’SH XY,
and Sy 1 5 € X{ (X xY') with GH-diameter at most 2/~ such that
(20,5, Y1,5) €50,1,s CAN (XosxYps) N QAxxy-

As above, we check that these objects are as required.
Case2scT

Note that s7 € Z. We argue as in the first part of 1.1 to construct g s, Yo,s, X0,s, Y0,s and Sp,o,s.[]
(B) The limit case

Assume that £ is an infinite limit ordinal. We indicate the differences with the successor case.
Theorem 2.1.4 gives a uniform resolution family (R?),<¢. We set X:= [R¢]|®II71 (= P),

Yi=[Cloll~!(-P),
A={((0,8),(1,7)) eXxY | 8= v}U{( 7),(0,a)) EXxY [ II(y)=a} and

B:={((0, @) EXxY | II(B)=a€ P}.
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Proof of Theorem 1.6. Condition (1) becomes

X1 C X, 5if s RSt A st
() EQYO,S if s ROt A s#t

Y1:CY1sif s RSt A s#t

SeertCSeersif s RSt

— T
Claim 2 The set projy [S e o ] N (1< <g(s) PrOJy [Ssz,0,50] " NY) 0 is Ti-dense in

— s 11
prOJY[Ss}:,O,sl] N Yb,so'

We conclude as in the successor case. O
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