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Wavelet-based orientation of localizable Gaussian fields™

K. Polisano®*, M. Clausel?, V. Perrier?, L. Condat®

% Univ. Grenoble Alpes, CNRS, Grenoble INP, LJK, 38000 Grenoble, France
bUniv. Grenoble Alpes, CNRS, GIPSA-lab, 38000 Grenoble France

Abstract

In this work we give a sense to the notion of orientation for self-similar Gaussian fields with
stationary increments, based on monogenic wavelet analysis of these fields, with isotropic Riesz
wavelets. We compute the covariance of the random wavelet coefficients, which leads to a new
formulation for the structure tensor and provides an intrinsic definition of the orientation vector
as eigenvector of this tensor. We show that the orientation vector does not depend on the choice
of the mother wavelet, nor the scale, but only on the anisotropy encoded in the spectral density
of the field. Then we generalize this definition to a larger class of random fields called localizable
Gaussian fields, whose orientation is derived from the orientation of their tangent fields. Two
classes of Gaussian models with prescribed orientation are studied in the light of these new analysis
tools.

Keywords: monogenic wavelets, Riesz formulation, Fractional fields, anisotropy function,
structure tensor, orientation vector, tangent fields.

1. Introduction

Anisotropic images, admitting different characteristics along a considered direction, are ubiqg-
uitous in many areas as computer vision [1], image processing [2], and hydrology [3]. A major
issue is then the definition of a suitable concept of local anisotropy.

A widely used approach, in the image processing community, consists in defining directionality
properties of an image by means of its Riesz transform [4]. Several characteristics can then be
derived from the knowledge of the Riesz transform of an image: its local orientation, which is
roughly speaking the dominant direction at a given point and the structure tensor whose rank is
related to the local dimensionality of the image. This approach has proven to be successful for
many applications such as classification or texture retrieval [5]. Recently, this framework has been
extended to the case of superimposed patterns. An extension of the synchrosqueezing method to
the bidimensional setting, based on wavelet analysis, has been proposed in [6].

In many cases, the analyzed anisotropic image is related to some physical phenomena, that
can be well-modeled using a stochastic approach. Anisotropic random fields are then naturally
involved in the modeling of medical images [2] or in spatial statistics [7]. In such situations, the
Riesz framework is not so easy to apply. The main difficulty lies in giving a rigourous definition of
the Riesz transform of a random field. Indeed [8], the Riesz transform of a function is well-defined
if it belongs to LP for some p > 1, which is not the case for the sample paths of many classical
random fields, as Fractional Fields widely used to model random textures. The non-local character
of the Riesz transform then prevents any definition based on a restriction of the considered random
field to a compact set.
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To overcome all these difficulties, we choose to use a wavelet-based approach, extending the
work of [9] about analysis of anisotropic images by means of wavelet analysis. In [9], the authors
defined wavelet versions of the characteristics derived from the Riesz framework. At each scale,
is then defined a structure tensor and an orientation of the image. Numerical experiments put
in evidence the effectiveness of the approach, and especially the fact that one clearly recover
the anisotropic features of the image. From the theoretical point of view, the orientation and
the structure tensor depend on the scale but also of the chosen analysis wavelet. Surprisingly,
considering the very general case of localizable Gaussian fields, the anisotropic characteristics of a
random field become intrinsic. Our main contribution consists in proving that nor the orientation
nor the structure tensor depends on the wavelet or the scale.

Our paper is organized as follows. In Section 2, we first recall some basic facts about the
Riesz transform and its use for defining anisotropic features of an image. Thereafter in Section 3,
we define the wavelet-based version of the orientation and the structure tensor in the Gaussian
self-similar case. We prove in Theorem 1 that these two characteristics are intrinsic in the sense
that they depend only on the anisotropic properties of the analyzed random field. Section 4 is
then devoted to the extension of all these notions to the localizable case. We then provide two
classes of Gaussian models with prescribed orientation. For sake of clarity, we postponed all proofs
in Section 5.

2. Classical tools in directionality analysis of images

In this section, we give some background about two classical tools for analyzing the anisotropy
properties of an oriented texture: the local orientation and the structure tensor. We first recall
in Section 2.1 the usual definitions based on the Riesz transform introduced in [4]. Thereafter,
Section 2.2 is devoted to the presentation of the wavelet extension of these two notions based on
monogenic wavelet analysis (see [10]).

2.1. Local orientation of an image and structure tensor

The classical notion of local orientation of a texture is based on the Riesz transform. The Riesz
transform R f of any f € L?(R?) is defined in the Fourier domain® as

6 e e -
_‘]HEIIf(&)’ Raf(€) el

The main properties of R [8, 9] are summed up in the two following propositions. The first
ones concern the invariance with respect to dilations, translations, and the steerability property
(relation with the rotations).

Ri= (1) with R F&), VE=(6.&) R,
Raof

Proposition 1. The Riesz transform commutes both with the translation, and the dilation oper-
ator, that is for any f € L?*(R?), a > 0 and b € R?, one has

RD.f =D,Rf with D,f = f(a™ '),

and

Rbe = Tbe with be = f( — b) .
Proposition 2. The Riesz transform is steerable, that is, for any f € L*(R?) one has

Rs(Rf) = Ry 'R(Rof) = ( cos O R1(Rgf) +sin@ Ra(Ryf) ) |

—sin@R1(Rgf) + cosORa(Ryf)

lwhere the 2D Fourier transform is defined by f(£) = Jr2 f(@)e = &) de.



where Ry f = f(R_g ") is the rotation operator by the angle 0, and

R, — (cqs@ sm@) .

sinf cosf
is the matriz of the spatial rotation of angle —0.

The Riesz transform is also a unitary and componentwise antisymmetric operator on L?(R?).

Proposition 3. For any i € {1,2}, the i—th component of the Riesz transform R; is an antisym-
metric operator, namely for all f,g € L*(R?) we have

(Rif, 9) r2mzy = — (f, Rig) r2ge) -
Since R1% + Ro? = —1, it implies in particular that
<Rf7 R9>L2(R2,R2) = <lea R19>L2(R2 <R2fa R29>L2 (R2) — <f7 >L2(R2

In what follows we denote (1,1, ], k) the canonical basis of the algebra of quaternions H, and S! the
unit sphere of R?. Using the Riesz transform one can also define the so-called amplitude, phase
and local orientation of an image [4, 11] under suitable assumptions.

Definition 1 (Monogenic signal). Let f € L*(R* R ). Assume that a.e. Rf # 0. Then

Va.e. z € R?, Mf(z) = f(z) +iRif(z) + iRaf(z) = A(x)e? @ @)

with

Y . i W VI8
A= |IMfl = (f*+Rif" +Raf?) Mﬂ()—acta< @) ) d ()_HRf(w)H'

The functions A, ¢ and m are respectively called the amplitude, the scalar phase and the local
orientation of f.

To characterize the degree of directionality of f at some point @, a classical tool, widely used in the
image processing community, is the so-called structure tensor, which has been revisited through
the Riesz transform by [12], and is based on the 2 x 2 matrix:

_ _ Rif(z)? Rif(x)Raf(x)
I5(@) =RI RfT = (sz(wmlf(w) Rof(x)? ) |

As pointed out by [9], this matrix is symmetric and positive, then admits two non-negative eigen-
values A1 (x) and Az(x). It can be proven that the local orientation is always an eigenvector of the
matrix J s(z) associated to its largest eigenvalue A (). The following coherency index provides a
degree of directionality at any point [9]:

xp(@) = T € 0,1

The case xf(x) ~ 1 corresponds to an almost one dimensional image at x, whereas the case
x#(x) = 0 may correspond to different situations as isotropy or existence of a corner.

In practice, this matrix is filtered by a positive windows function W to form the structure tensor
J ?’(m) = (W % Jy)(z). For the practical estimation of the local orientation and the coherency
index, the structure tensor is replaced with this filtered matrix J ;V(:c) Note that in this case, all
these quantities depend on the chosen windows W.



2.2. Wavelet-based version of the notion of orientation and of the structure tensor

A wavelet extension of the notion of local orientation has been proposed in [10], and is based
on the monogenic wavelet analysis. The starting point is the use of isotropic wavelet bases whose
existence is proved in [13, 14, 15, 16, 17, 18]. For practical implementation, [10] proposes to define
a wavelet tight frame in the following way:

Proposition 4. Let p(\) be a real radial frequency profile such that
- p(A)=0,VA>m.
~ D e@N)P =1, VA
JEL
~Vn=0,---,N, o™\ =0,V

Then, the real isotropic wavelet v defined by its 2-D Fourier transform @(5) = o(||€]) , generates
a tight wavelet frame of L*(R?) whose basis functions ; g(x) = 2'1)(2'x — k) are isotropic with
vanishing moments up to order N.

The tight frame property means that any function f belonging to L?(R?) can be expanded as

F@) = (f,vir)tir(x)

ik

and one has | f||2, = Dk lcik|? where

cin(f) E (fobir) (1)

denote the wavelet coefficients of the function f.

The properties of the Riesz transform stated in Proposition 1, Proposition 2 and Proposition 3,
imply that if {t; 4} is an isotropic tight wavelet frame of L?(R?), then {R1); &} is a vector valued
tight wavelet frame of (L2(R?))2. In addition, for any (i, k) in Z x Z?, one has

Rioik = (R)ik ,

which means that the wavelet frame {R1); i} is generated by a single wavelet Ri).
The Riesz-based wavelet coefficients of a given function f € L?(R?) in the vector valued tight
wavelet frame {R1); 1} are then defined as:

)
SHOE ( i ;) , ©)

with el})(f) = (£, Rivbiw) and c3(f) = (f, Rovhi)-
The wavelet-structure tensor at scale ¢ € Z is then defined from the following 2 x 2 matrix of
rank 1:

¥ 103 A CARC A )
- 1P

which has to be filtered by a discrete positive windows w[k]. This leads to the natural wavelet
counterpart of the tensor structure and in whole generality, it depends not only on the scale and
localization indices (i, k), but also on the chosen wavelet 1.

The aim of next sections is to extend all these notions to the case of random Gaussian fields.
We first shall consider the case of self-similar Gaussian fields admitting stationary increments in
Section 3, and thereafter in Section 4 to the more general classe of localizable Gaussian fields.

(3)




3. Wavelet-based orientation of self-similar Gaussian fields admitting stationary in-
crements

Observe first that all the definitions of the previous section cannot be extended directly to
the case of random fields since their sample paths do not belong to any LP space, but are only
tempered distributions. The aim of the two next sections is to adapt this framework to Gaussian
random fields. In this section, we first begin with the simple case of self-similar Gaussian fields.
We give in Section 3.1 some background on such fields. Then in Section 3.2, we define our notion of
orientation, extending the wavelet based framework recalled in Section 2.2. Finally in Section 3.3,
we give several examples of oriented self-similar Gaussian fields with stationary increments. From
now on, we restrict ourself to bidimensional centered real valued Gaussian fields, since our goal is
to analyse anisotropic images. We shall also assume that the Gaussian field X under consideration
is stochastically continuous, that is the covariance

(2,y) = E[X(2)X(y)],
is a continuous function on (R?)2.

3.1. Self-similar Gaussian fields with stationary increments

In what follows we shall focus on the special case of self-similar Gaussian fields admitting sta-
tionary increments. Remember that the bidimensional Gaussian field X is said to admit stationary
increments if for any x € R?,

(X(z+h) - X(@)}nere "= {X(B)}ness ,

whereas X is said to be H —self-similar (see [19]), for some H € (0,1) if

Ve>0, {X(cz) uere "=V (e X ()} pere

where as usual (/) means equality of finite dimensional distributions. Since X is assumed to be
stochastically continuous, the self-similarity implies in particular that X (0) = 0 a.s.

We now recall, following [20], the notion of spectral measure of a Gaussian field admitting
stationary increments, based on the following classical result.

Proposition 5. Let X = {X(t)}icrz be a centered real-valued Gaussian field with stationary
increments. Then, there exists a unique Borel measure ox satisfying

[, min(1. 17 drx () < .
such that for any x,y € R?, the covariance reads:
BOX@)X () = [ (@9 =) —1)dox(©).
The measure ox is called the spectral measure of the Gaussian field with stationary increments X .

In what follows we shall consider only Gaussian fields whose spectral measure ox admits a density
fx, called the spectral density of X, with respect to the Lebesgue measure: dox(€) = fx (&) d€.
Since X is real-valued this function is necessarily even. Such field admits an harmonizable repre-
sentation:

X(@) = [ (18— 1) (YO Wlae). (1

where W is a complex-valued white noise. By uniqueness of the spectral density, the representation
of H-self-similar Gaussian fields follows (see also [19]):



Proposition 6 (Bonami, Estrade [21]). Let H € (0,1) and X be a H—self-similar Gaussian
field with stationary increments admitting a spectral density fx. Then fx is of the form

e —2H—2 £
Fx(€) = €722 55 <||s||) ,

where Sx is a positive homogeneous function defined on the sphere S' = {€ € R?, ||€]| = 1}. The
function Sx is called the anisotropy function of X.

Remark 1. The estimation problem of the anisotropy function has been addressed by Istas in [22].

Proof. By definition, for any ¢ > 0,

(X (c@)}pere "2 {H

X(x)}pere -
It implies in particular that
ve,y € R?, E(X(cz)X(cy)) = TE(X (2)X(y)) -

Since X is a Gaussian field with spectral density fx, following Proposition 5, we obtain:

/Rz oic(@ &) _ 1’2f(€) de = 2 /Rz

Performing the change of variable & < c£ in the first integral, and by uniqueness of the spectral
density, one then deduces:

i 1" feyae

for a.e. £ € R?  fx (ﬁ) =TT ().

Fix now & # 0 and set ¢ = ||&||. One deduces directly the required result, namely that fx has to be
known only on S! to be defined almost everywhere, and that Sx is defined as & — ||£||2H+2 Ifx(&).
O

We now investigate the orientation properties of a self-similar Gaussian field deformed by a linear
transform.

Proposition 7. Let X be a H-self-similar Gaussian field with stationary increments admitting
as spectral density fx and as anisotropy function Sx. Let L be an invertible 2 x 2 real valued
matriz. Define X1, by Xt.(z) = X(L™'x). Then X1, is a H-self-similar Gaussian field admitting
as

o spectral density
fxo (€) =[det(L)| fx (LTE) . €eR?,

e anisotropy function

~|det(L)| LTe )
O e\ ey ) O

Proof. The self-similarity and stationarity properties of X, directly come from that of X and of
the linearity of L. To compute the spectral density of Xy,, observe that:

E(Xy(2), X0(y)) = Cov(X(L—1w> X(L—ly)) 7
- /R 2 —1) (07O 1) (e de

(o1
[ (et 78 1) (et 1) peepae.
- [

ell®:€) 1) (7<) — 1) [y (LTC) |det L] dC



using the change of variable ¢ = (L~!)T¢, which directly leads by identification to the explicit
expression of fx, , as well as that of Sx, given in Proposition 7. O

We now explain how to define in a proper way the local directional characteristics of a Gaussian
field X admitting stationary increments in the self-similar case, and the relation to its anisotropy
function Sx.

3.2. Definition of a wavelet-based orientation in the self-similar case

Let {1; r} be an isotropic tight wavelet frame as defined in Section 2.2, and {1/}1(7,?} the corre-
sponding vector valued Riesz-based wavelet tight frame generated by Ri. Our notion of wavelet
based orientation of a self-similar Gaussian field will be based on the following preliminary result,
leading to a new formulation for the structure tensor.

Theorem 1. Let X be a H-self-similar Gaussian field admitting a spectral density fx. Then,

the Riesz-based wavelet coefficients of X, CEE) (X), in the vector wavelet tight frame {wg,?}, are

well-defined.
Moreover, for all i € Z, the covariance matriz of the cERk) 18

SR (X0) =E (J5K) =E (R (0e (") (5)
with J}/Z [k] defined in (3), reads:

S(e P (X)) = 27 %D l/m ng}rlf dr] J(X),
o T

where for any {1,402 € {1,2},

IS = [ 0061, 5x(O)d6. (©

with the notation © = (61,03).
J(X) is a non-negative definite 2 x 2 matriz depending only on the anisotropy function Sx, and
will be called the structure tensor of X.

Proof. First consider the a.s. existence of the Gaussian vector C(R)(X): for ¢ =1,2,

i,k
O(X) = (X, Rethin) »
:/ (/ (e““)—Ofi!%@@ao)wdm
R2 R2
= [ ([ oo Ria@iae - [ Reaeiae) 1€ W) .
R2 R2 R?
= [, (Revia(e) - Reval0)) 1€ Weae)

_ /R Revir(©FOW(e)

The third equality comes from the classical stochastic Fubini Theorem (see [23]), which holds since

1/2
L ([ 1P @) a

1/2
:/ < led @& _ 121y (&) d§> |1 k()] doe < o0
R2 R2



by the integrability properties of v; j, and the existence of the stochastic integral. The last equality

derives since 7%(0) = 0 by moments assumptions recalled in Proposition 4.
The covariance matrix is then easily computed: by definition of the Riesz transform, one has
for any 01,405 € {1,2},

E[Cgfli)(X)%] — 9—2i 5515522
2 [|€]|

Set now ¢ = 27°¢ and use the expression of f given in Proposition 6. Then

e xle)ae.

2 IRAY
Elef’y) (X)el (X)] = 2720+ / __L__tnG
S w2 S22 1i¢?

3o sx (1) ac.

Set ¢ = r@® with (r,®) € R x S'. Hence, remembering that 1) is isotropic, &(C) = (1),

. too 1
Ele{) (X)el?) (X)) = 2720+ /@ . / 0 773 OO, lo(r)[* Sx (@) rdrde ,
cSt Jr=

—+00
_ 9—2i(H+1) [/ |‘p2g)|2 dr]
r=0 T +

Theorem 1 then follows. O

/ 64,60, SX(@)d@] .
@cst

We now define the structure tensor of X, its orientation and its coherency index.

Definition 2 (Orientation and coherency). The matriz J(X) defined in Theorem 1 (6) is
called the structure tensor of X. Let A1, Ao be its two eigenvalues. The coherency index of X is
defined as

A2 — A4
X)=—"——.

X( ) AL+ Ao

An orientation 11 is any unit eigenvector associated to the largest eigenvalue of J(X) or equivalently
1)) (R) X
of B(c; e (X))

3.8. Examples

We present below several examples of self-similar Gaussian fields, and explicit each time their
structure tensor and their local orientation.

3.8.1. Ezample 1: Fractional Brownian Field (FBF)

We begin with the Fractional Brownian Field (FBF) defined in [24]. This random field is the
isotropic multidimensional extension of the famous Fractional Brownian Motion defined by [25].
Its harmonizable representation is:

X(m) = /R 1 (ej(m,ﬁ) _ 1)M

3 27
We can easily check (Sx = 5-), setting @ = (cosf,sinf) € S*, that
1 27 1 1 2
(X)) = o ), cos? §df = 3 J(X)]h2=[J(X)]21 = o/, cosfsinfdd =0,
and
1 2
[J(X)]22 = — sin?0df = .
2 0



which directly implies

Any unit vector is thus an orientation of the FBF, which is clearly consistent with its isotropic
nature.

3.3.2. Ezample 2: Anisotropic Fractional Brownian Field (AFBF)

The general model of Anisotropic Fractional Brownian Field (AFBF) was firstly introduced
in [2] and studied in [21]. We focus here to the special case of elementary fields, which corre-
sponds to H—self-similar AFBF with orientation «ag, and accuracy 6 > 0. It admits the following
harmonizable representation (g € (—7/2,7/2), § > 0):

Xowsl@) = [ (@ -0 OW(ae) (7
where
(€)= 16172 s (150) with 5x(8) = Jot (s (ar© — ). ®)

Let us compute its structure tensor J(X), using the definition given in Theorem 1. We start with
the diagonal terms:

1 [eoto 11 sin(20)

X = 2 = —_— ‘2 = - —_ S 2
3] /@eSI 6% 5x(0)d0 = cos? 0100 =  + 7 cos(200)

a0—5

By the relation cos? 6 + sin® 6 = 1, we get as well

1 1 sin(26
[J(X)]Q,Q = 5 — 5 COS(20[0)% .
The last terms are computed as follows:
1 [footo 1 in(26
IEOh2 = Bk = 55 [ cosBsingdd = isin(QOzo)% .
Hence the structure tensor of the AFBF is
sin . sin (20
oty (4 Tomlaan B a8 )
1 sin(2aq) > m( i - %cos(Qozo)SmQ((S )
Remark that J(X) diagonalizes as
= (o o) (1420 ) (e o)
sinag  cosag 0 % — %51]12(5 ) sinag  cosag
Denoting A1 > Ay the two eigenvalues of J(X),
1 1sin(20) 1 1sin(20)
AM=-+4+= d A - — =
1Ty Ty MR T T Ty

the coherency index of X is given by

/\1 — )\2 Sin(25)

X = =
X(X) M+ Mo 25




An orientation of the elementary field X, s being a unit eigenvector associated with A1, we obtain

. coSs
n=| . .
S1n g
This is in accordance with what we observe when performing simulations. Moreover notice that

X(X) tends to 1 when § — 0, meaning that the coherency is strong when the cone of admissible
directions is tight around the angle «y.

Remark 2. Note that in the limite case § — 0, the density function Sx tends to the Dirac measure
along the line arg @ = «g, and the tensor structure degenerates to

2 L
3(X) = < cos” a cos o blna0> ,

COS (g Sin a sin® ap

which diagonalizes as
1 0\ o7
J(X) =R, (0 O) R,, -

leading to the same orientation vector (cosag,sinag)T.

structure tensor is no more invertible.

Notice also that in the limit case, the

3.83.8. Example 3: sum of two AFBF

To understand how our notion of wavelet based orientation can be adapted to the setting of
multiple oriented random fields, we consider the following toy model (ag, oy € (—7/2,7/2), § > 0):

X = Xaoﬁ +X6¥175 :

The Gaussian field X is then the sum of two elementary fields of same regularity H and of
respective directions ag # oy (as defined in Example 2 above). We assume that § < |a; — apl/2.
This last condition implies in particular that [ag — d, g + ] N1 — §, 1 + 6] = & and the spectral
densities have disjoint supports. Then we have

1510(29) (005(2a4) + cos(2a1)) %%(sin@ao) + sin(2ay)) )

1+3
J(X) = )
(X) = ( ;Sm@ 2 (sin(2ap) + sin(2a;q)) 1-— %%{?‘”(COS(Q%) + cos(2a))

As previously the matrix J(X) diagonalizes as

1+ bm(%) cos(ag — 1) 0 T
J(X) = Ryu 1n - R ,
(X) = Riag+ar)/2 ( 0 1 = S00E0) gy — ) ) eotan)/2

where we denoted

cos (otar)  _gjp (Qoter
R(a0+0¢1)/2 = <SinE ) ( )>

Thus, the coherency index is

Q
(=]
o
Q
=
SN—"

W(X) = sin2(§5)

which tends to cos(ag — 1) when § — 0. One can also observe that the more ag and a4 are close,
the more the random field is coherent and then admits a dominant orientation. An orientation of

X is given by ( . )
. cos (2ord
" (Sin (aofm)) '

2

cos(ap —aq)

We then recover a dominant orientation, related to the half angle of the two orientations.

10



3.8.4. Example 4: deformation of an AFBF by a linear transform

Let L be an invertible 2 x 2 matrix and «g € (—7/2,7/2), 6 > 0. Set
Xi(z) = Xops(L ') . (9)

Thanks to Proposition 7, we have an explicit expression for the spectral density of Xp,:

det(L
fro @) = SO urg=eieg, (L))
|det(L)| |r T4y —2—2 T T
= T ”L E” ]l[tan(aofé)man(aothS)]((L 5)2/(]—" 5)1) :

Since the matrix L is invertible, it admits a Singular Value Decomposition L = UAVT where
U,V are two orthogonal matrices and A a diagonal matrix with non-negative eigenvalues. One
then can deduce the general case of an invertible matrix L from three specific ones: L € OF (R),
L € O; (R) and L diagonal with non-negative eigenvalues. Before deriving the general form of an
orientation vector, we will consider each term of the SVD.

(i) We first consider the case where L is an orthogonal matrix of the form

L =Ry, — (cos 0o Sm00) 7

sinfy  cosby

one has
1

fXL (5) = % H€||72H72]1[a0+90*5,a0+00+5] (arg 5) s

which implies that one can choose as orientation for Xy, the unit vector
. cos (ag + 0 Cos o _ Cos (v
i = (S0 TN (00) —@oyr () (10
sin (ag + 6p) sin ag sin g
since any orthogonal matrix equals the transpose of its inverse.

(ii) We now deal with the case where L is an orthogonal matrix of the form
I (¢os 6o sinflg \ [(cosfy —sinfy o 1 0
"~ \sinfy —cosfy)  \sinfy cosby 0 —-1)°

1 o _
fxo (&) = 2*5”5” 22 90— a0 —6,00— o +6) (A8 )

which implies that one can choose as orientation for Xy, the unit vector

One has

cos (0p — a Cos CoS Qv
AL = . (o 0) —L(" 0) _ (Lfl)T ) 0 7 (11)
sin (0p — ) sin oy sin ay
since as above any orthogonal matrix equals the transpose of its inverse.

A O

(iii) We finally deal with the case where L is a diagonal matrix L = ( 0 A
2

), with A1, Ag > 0.

In this case observe that the condition

(LT€),
(LTé)h
&2

is equivalent to :\\—; tan(ag —0) < & < i—; tan(ag + d), that is to

tan(ag — 0) < < tan(ag +9) ,

Sa <arg £ <da,
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with J5 = arctan(i—; tan(ag — 0)) and da = arctan(i—; tan(ao + ¢)). Hence,

d
fro () = MW rgey o)

Idet( )|

Sx1(0) = ILTO[ 27215 5, (a8 0) .

Now, recalling that:
IXne = [ Onn 5x,(0)d0.

©cs!
we obtain

[J(X1)]11 /5A 2 . /6A cos? 0

Al 5“0 S 30,sin6) df = — dé ,
|det(L)| 20 Js, o8 x.(cos 0, sin ) 26 Js5, (A2 cos?+ Ajsin? 0)H+1

J(XL)z2 1 /5A 1 /M sin? 6

= — 0 0,sin @) do = de ,
|det(L)] 26 Js, sin® 0 S, (cos 6, sin6) 20 (A2 cos? § + A3 sin? §)H+1

[(J(XL)]1,2 1/(sA . ) /5A cos@sin
BXohe 1 (0sin 6 Sy, (cosd,sin ) df = — do .
det()] 20 Jy, OO Sleos o O A= o5 f st 0+ s )

Now, let us define (u1(6),u2(0)) = (cosf,sinf) and introduce the functions

ffl,fz 10— uy, (H)uéz (0) ()‘%ul (0)2 + /\%UQ(Q)Z)_H_l ) Foppp i / fél7é2 (0) de¢
0
v :a+— arctan (;\\1 tan a) , Gty = Fyy g, (v(@)) .
2

Each term of the structure tensor writes

JXL)lees  Gera(@o +6) — G,y (0 — )
det(L)| % '

When the parameter ¢ is small, we have

Gehfz (QO + 5) — thfz (O(o — 6)

52
=G, 4, (a0) + EGZ’,@ (a) + O(6%) ,

20
= (aw0) Fy, 4,(v(a0)) + O(6%)
=V (0) for.0,(v(0)) + O(8%) .
Hence,
Gy ta(@0 +6) = Goy iy (0 = 0) A1Ag " ug, (Vo)) e, (v (040))
20 M3 cos? g + AT sin®ag (A cos?(v(ap)) + A2 sin® (v(ag)))H+1

Let us define Crx, xy.00 = M A3(A3 cos? ag + A7 sin? ag) ™1 (A cos?(v(ag)) + Adsin? (v(ag))) " H L.

Then, one has for small 4,

_ cos®(v(ag)) cos(v(ap)) sin(v(ao)) 2
J(X1) = CHx oa0 <cos(u(ao))sin(y(a0)) sin?(v(ap)) > +0(0%),

which can be written as

1
J(XL) = CH,)\l,/\Q,ocoRu(ag) (0 0) Ry(ao —+ 0(52) .

12
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Therefore 7y, = (cosv(ag),sinv(ag))T can be viewed as an approximate eigenvector of J(Xt,)
associated to its largest eigenvalue, and then an orientation of Xy,. Finally, remark that

v(ap) = arctan Ausinag =ar A2 €05 g =ar Az 0 w COP0
0/ Aacosag ) &\ isinag /| ~ ™81 0 N sin ag '

Consequently, an approximate (up to §2) orientation of X7, is in this case

Observe that <>\2 0 > is the comatrice of L. Then, dividing the numerator and denominator of

the last equatior? by)\(iet(L) = Ao, we get

L '@ (L-YT#i
IL=Ta) T
since the diagonal matrix L~ equals its transpose.

We now gather (10), (11) and (12): using the existence of the SVD for every matrix, we deduce
the following proposition.

Proposition 8. Let L be an invertible 2 x 2 matriz and X1, the Gaussian field defined by (9). Set
= (zﬁfzo) the orientation vector of X. Then the unit vector

(LHTa
I@="1)Ta]

is an approzimate (up to 52) orientation vector of Xr,.

—

ng = (12)

L =

Proof. Let L = UAVT be the SVD singular decomposition of L, with U,V € O5(R) and A
diagonal with non-negative eigenvalues.
Xi(x) = X(V-TA-'U!x) be the Gaussian field defined by (9). Let decompose the three
operations like this:
X, =Xo(VH)loAa toU !,
X
1

X2

Then, since VT is an orthogonal matrix, we have from (i) and (ii) that the unit orientation vector
of X is
i, = ((VH)™HTa.
Now from (iii), the unit orientation vector (up to 62) of Xy = X; o A~ 1 is
5 AT ATV )T
9 = — = — .
[(A=)Ta | [(A=H)T((VT)=1) T

Finally, from (i) and (ii) again, the unit orientation vector (up to 62) of Xy, = Xo0 U1 i

5o (UTE
[CRESR
_ (UT)T(ATYT(V) )T
~OTA DTV ) Ta]
_((VvDlattuY)Ts (UAVD)TR (LY)Ta
T VD TATU TR [(GAVYTR| @)

13



4. Wavelet-based orientation of localizable Gaussian fields

We now extend the notion of intrinsic orientation, defined for self-similar random fields, to much
more general setting, that of localizable Gaussian fields. This will be the purpose of Section 4.2.
In Section 4.3, we will apply it to two classes of model with prescribed orientation. First of all,
let us remind in Section 4.1 the definition of localizable Gaussian fields.

4.1. Localizable Gaussian fields
We first recall, following [26, 27, 28], the definition of H-localizable Gaussian fields.
Definition 3 (Localizable Gaussian field). Let H € (0,1). We say that the random field

Y = {Y(x), x € R*} is H-localizable at o € R? with tangent field (or local form) the random
field Yoo = {Ya, (x), € R?} if

{Y(:co + phh)[ — Y(o) } < {Yao(h)}),cpo - 1)
p heR?

as p — 0, where % means convergence in distribution, that is the weak convergence for stochastic
processes (see [29]).
A random field Y = {Y (z), € R?} is said to be localizable if for all x € R? it is H-localizable
for some H € (0,1).

In Theorem 3.9 and Corollary 3.10 of [27], Falconer proved the following result that we state in
the Gaussian case. It enables to describe the whole class of possible tangent fields of a Gaussian
field with continuous sample paths.

Theorem 2. Let X be a localizable Gaussian field with continuous sample paths. For almost all
xo in R? the tangent field Yz, of X at xo has stationary increments and is self-similar, that is
for some H € (0,1) and for all p > 0,

(fat) ¢

{Vao (px), T € R?} o Yo (), © € R?} . (14)

In short, a Gaussian field with continuous sample paths will have at a.e. point, a “fractal” tangent
field behaving like a FBF.

We now illustrate this notion considering a classical example of Gaussian field with prescribed
tangent field: the Multifractional Brownian Field defined in the unidimensional setting in [30],
and in the multivariate case in [26, 31]. Such field is localizable at each point, with a fractional
Brownian Field for tangent field.

Example 1 (Multifractional Brownian Field). Let h : R? — (0,1) be a continuously differ-
entiable function whose range is supposed to be a compact interval [, B] C (0,1). The Multifrac-
tional Brownian Field (MBF) with multifractional function h, is the Gaussian field defined by its
harmonisable representation as follows

ed® &) _ 1
Xut@) = | e WHE). (15)
4.2. Tensor structure and orientation of localizable Gaussian fields

The results of Section 3 together with Theorem 2 of section 4.1, will allow us to define the
wavelet-based orientation of any H—localizable Gaussian field X almost everywhere.

Definition 4 (Localizable field orientations). Let X be a Gaussian field with continuous sam-
ple paths. Assume that X is localizable at the point xo, with tangent field Yy, and that Yz, is a
self-similar Gaussian field with stationary increments. One then defines:

14



e The local anisotropy function Sz, at o of the localizable Gaussian field X is the anisotropy
function of its tangent field Yy, .

o The local structure tensor Jo,(X) at xo of the localizable Gaussian field X is the structure
tensor of its tangent field Yo, .

o A local orientation at xg of the localizable Gaussian field X is any orientation of its tangent
field Yz, .

In view of these definitions and of Theorem 2, we deduce that any localizable Gaussian field X
admits a local orientation at almost every point xg € R?.

Example 2 (Local structure tensor and orientation of a MBF). The Multifractional Brow-
nian Field X (15) admits at each point a structure tensor proportional to the identity matriz. In
particular, any unit vector is an orientation of Xp. Indeed, the tangent field Yz, of the MBF at
point xg is a FBF, whose structure tensor has been determined in example 3.3.1.

4.8. Two new models of localizable Gaussian fields with prescribed orientation

In this section, we will extend our previous works [32, 33] and define two classes of Gaussian
fields with prescribed orientation. The details about numerical aspects and synthesis of the model,
as well as comparison between them, will be detailed in the companion paper [34]. These two
models will be derived from two general classes: Generalized Anisotropic Fractional Brownian
Fields (GAFBF) and Warped Anisotropic Fractional Brownian Fields (WAFBF) that we describe
in Sections 4.3.1 and 4.3.2 respectively.

4.8.1. First model: Generalized Anisotropic Fractional Brownian Fields (GAFBF)

We introduce below the definition of Generalized Anisotropic Fractional Brownian Fields
(GAFBF) which generalizes the notion of Locally Anisotropic Brownian Fields (LAFBF) intro-
duced in [32], and whose simulation will be studied in [34].

Our Gaussian field will be defined from two functions h from R? to [0,1] and C from R? x R?
to R satisfying the following set of assumptions:

Assumptions (H)

e h is a J-Holder function, such that a = infyege h(x) > 0, b = sup,cp2 h(x) < 1 and b < 5.

(x, &) — C(x, &) is bounded, that is V(z, &) € R? x R?, C(x, &) < M.

& — C(x, ) is even and homogeneous of degree 0: Vp > 0, C(x, p€) = C(x, ).

o x+— C(x,§) is continuous and satisfies: there exists some 7, with 8 < 7 such that

Vo e R?, Ay % sup Hz||_2’7/ Oz +20) C@0)]°dd <oo.  (16)
z€R? st
Morever « — Az is bounded on any compact set of R2.

We now define our model, the Generalized Anisotropic Fractional Brownian Field.

Definition 5. Generalized Anisotropic Fractional Brownian Fields (GAFBF)
Let us consider h : R? — [0,1] and C satisfying Assumptions (H). We then define the GAFBF as
the following Gaussian field generalizing [32, 35] by

X(a) [ (e 1) T W) (17)

15



The main properties of the GAFBF X are summed up in the following propositions.
Proposition 9. The GAFBF X (17) admits at any point xo € R?, a tangent field Yy, given by

Vaol) = [ (@100 1)1 200, W(ag) = [ (el 8 -1 00 Wiag). as)

h 1
R? €] =o)*

In particular, for each point xg, the local anisotropy function of the Gaussian field X at xq is

C(wOa ) : £ = C($07€)2'
Proof. Proposition 9 is proven in Section 5.2. U

Example 3. We now derive our first ezample of Gaussian field with prescribed orientation and
prescribed reqularity. Let o : R* — (—7/2,7/2) be a continuously differentiable function, and is
2n-holderian with n > 3, and § > 0. We then consider the localizable Gaussian field defined by
formula (17) with
1

C(xo,&) = Eﬂ[—s,a](afg(f) — a(xo)) - (19)
One can verify that C satisfies assumptions (H). Thanks to Proposition 9, we know that the
anisotropy function of X at each point xg is the function C(zg,-)?. Using the results of Section
3, we immediately deduce the following proposition.

Proposition 10. The GAFBF X defined by (17) with C as in (19) admits at each point xq the
approzimate (up to 62) local orientation

7 (cos a(xo)
" \sina(zg) )
The Holder condition relying on « impose a tradeoff between the rugosity variations of the texture
governed by h, and the variations of the orientation governed by «. This restriction prevent
the orientation to grow too rapidly, otherwise we would observe some line artefacts in numerical

simulations (see [34] for details). To overcome this drawback, we define below a second model
based on the deformation of an AFBF.

4.3.2. Warped Anisotropic Fractional Brownian Fields (WAFBF)

We now consider a second model, satisfying similar properties, but we will give numerical
evidences that this new model behaves differently. In particular this second approach will avoid
the apparition of numerical artefacts. This other model is in the same spirit than the approach
developed in [35], but in the case where the warped Gaussian field is the elementary field (7,8).

Definition 6 (Warped Anisotropic Fractional Brownian Fields). Let X be a H self-similar
elementary field, with anisotropy function Sx, as defined in (7,8). Let ® : R? — R? be a con-
tinuously differentiable function. The Warped Anisotropic Fractional Brownian Field (WAFBF)
Zp,x 15 defined as the deformation of the elementary field X :

Zg x(x) = X(®(x)) . (20)
The aim of this section is to study the local properties of such Gaussian fields.

Proposition 11. The Gaussian field Zs x defined by (20) is localizable at any point xo € R?,
with tangent field Yy, defined as

Yoo (x) = X (D®(xo) ), V& ecR?, (21)

where D®(xg) is the jacobian matriz of ® at point xg.
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Proof. Proposition 11 is proven in Section 5.3. U

Proposition 12. Let Zg x be the WAFBF defined in Definition 6, from an elementary field X
(7,8). In addition, we assume that the C*-differentiable deformation ® is a diffeomorphism on an
open set U C R?.

Then, at each point o € U, an approzimate (up to 62) local orientation of the WAFBF Z, as
defined in Definition 2, is given by

(o) = D®(x0)"7
20T D@ (2o) T[]

where i = (cos oy, sinag) is a unit orientation vector of the elementary field X, as computed in
section 3.3.2.

Proof. According to Definition 4, the local orientation of Zg x at o € U is given by the one of its
tangent field Yg,. From Proposition 11, Y, (x) = X (D®(xo) ), and since P is a diffeomorphism
in a neighborhood of @, D® (o) is invertible. Proposition 8 applied to L= = D®(x¢) directly
leads to the result. O

Example 4 (Local rotation). We now illustrate this result considering the case ag = 0, then the
orientation 7t = (cos ap,sinag) of the elementary field X is now the unit vector it = e = (1,0)T.
The deformation we consider is a local rotation governed by a continuously differentiable function
x — a(x). We have the following proposition:

Proposition 13. Let X be the standard elementary field with anisotropy function Sx(©) =
51545 (arg @), which means that its orientation vector is ey = (1,0)7, and consider the warped
field

HEE@1E) 11 54 (arg &)
Z. =X(® = : W(d
ox(@) = X(@(@) = [ et
" (@) (@) @)
_ _ [ cosa(x)zy +sina(x)ry | _ P, (x
®(@) = Roo(@)® = (— sin a(x) 1 + cos a(x) m2> - (<I>2(a:)> ' (22)
and o : R2 = R a C' function on R? such that, on an open set U C R?, one has:
Ja Oa
VCL’O S U7 VO&($0) A o = 67371(580)1‘072 — 87:62(1130)13071 7é —-1. (23)

Then, for each point xo € U satisfying (23), Ze x admits as local orientation

u(a(xo)) + (u(a(xo)) ™, o) Va(o)
[u(e(o)) + (u(a(zo))*, o) Va(mo)|l

7i(@o) =
with u(a(xg)) = (cos(ap(xo)), sin(ag(xo))-

Proof. Since the function « is assumed to be C!, the deformation ® (22) is also C!. Its Jacobian
matrix is given by
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Figure 1: Image texture of size 512 x 512 resulting from the simulation of the field Zs x (2) = X(R_q(z)®) on
[0,1]2, where X is the standard elementary field with parameters H = 0.5, ap = 0 and § = 0.3, for the following
functions a: (a) a(z1,x2) = —% (top left), (b) a(z1,z2) = —F + x1 (top right), (c) a(z1,22) = —F + 22 (bottom
left), (d) a(z1,x2) = —% + @} — 2 (bottom right).

Under the assumption (23) followed by «, the determinant on the open set U is non-zero, so ® is
a C'-diffeomorphism on U. Then, Proposition 11 and 12 hold, and at each point zg € U, Za x
admits as local orientation 7i(z¢) = D® (o) e1/|D®(x0) ey ||, which writes

Ai(xo) = u(a(o)) + (u(a(xo)) ", o) Var(zo)
7 Nula(o)) + (u(a(wo)) ™, wo) Va(zo)]

O

Some examples of realizations of Zg x on the domain [0,1]? are displayed on Figure 1 for
different «, fulfilling the condition (23). Remark that the orientation vector given by (24) is equal
to u(a(xg)) = (cosa(xg),sina(xg)) plus a term depending on the gradient of o. Consequently,
we don’t exactly have a prescribed orientation governed by a.

We now inverse the problem, and investigate the construction of a deformation ®, to obtain
a prescribed orientation «. To this aim, we will employ a conformal deformation, which has the
particularity to preserve the angles. An important result, stated in the following proposition, is
that we can prescribed the orientation « of a Gaussian field, if this orientation is supposed to be
harmonic.
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Proposition 14. Let Zg x(x) be the Gaussian field (20), warped by a conformal deformation ®
defined as follows: let oo : R?2 — R be an harmonic function, and X\ its harmonic conjugate function

such that ¥ = (2) is holomorphic (as a complex function, identifying R? with C). Define now

® as any complex primitive of exp(¥), as an holomorphic function on C. Then at any point xg,
an approzimate (up to 62) local orientation of Zg x 1is

7i (o) = (COS(Oé(wo))> ’

sin(a(xg))

which is exactly the orientation vector defined by the angle function «.

Proof. Firstly, the existence of X is the classical result of the existence of an harmonic conjugate
of a (see [8]). Then ¥ is holomorphic, and exp(¥®) is holomorphic too (as the composition of
holomorphic functions). In addition, since ® is a complex primitive of exp(¥) as an holomorphic
function on C, ® being a primitive exp(¥), we have at any point:

@' (20) = exp(¥(xzg)) = e @0) g—ia(@o)
(as a complex function in C). Moreover, since ® is holomorphic,

0P 0P
<I”(:c0) = 67501(:30) =1 6762(5”0) )

which leads to the Jacobian matrix:

D®(z0) = exp(\(zo)) ( cos(a(xg)) sin(a(mo))) ’

—sin(a(xg)) cos(a(xo))

and concludes the proof. O

Example 5 (Affine orientation functions). We consider the family of harmonic functions
a(xy,z9) = axry + bxs + ¢,

with a, b, ¢ real constants. By the procedure of Proposition 14, we are able to construct the defor-
mation function ®, whose explicit formula is

@(xl,xg) =

exp(axs — bxy) (a sin(ax; + bxg + ¢) — beos(axy + bxe + c)) (25)

a2 + b2 acos(azy + bxs + ¢) + bsin(ax; + bxs + ¢)

Then we can check that

D(aTes = eptors —te) (e £ 1) e = (el

An example of simulation of such a prescribed local orientation field is provided in Figure 2, where
the angle variations are governed by the function a(z1,z2) = 221 — x2.

5. Proofs

This last section is devoted to the proofs of Proposition 9 and Proposition 11.
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Figure 2: Image texture of size 512 x 512 resulting from the simulation of the field Zs x (x) = X (®(x)) on [0,1]2,
where X is the standard elementary field with parameters H = 0.5, ap = 0 and 6 = 0.3, and ® is the deformation
function defined by (25) corresponding to the harmonic function a(z1,z2) = az1 + bza + ¢, with (a,b) = (2, -1).

5.1. Technical lemmas

We first state and prove some lemmas that are used in the proof of Proposition 9.

Lemma 1. Assume that h is a B—Hélder function with Lipschitz constant Ay, defined on R? sat-
isfying

0<a= inf h(z) < sup h(x)=b< .
zcR? rcR2

Then, for all x,y € R? and for all £ € R?,

€1~® — Jle]="®)] < Aully — @) ogllel] (NI~ Lygyon + €1 Lygy<a) -

Proof. Let us fix £ € R? and apply the mean value inequality to the function
hoes €171 = exp(—(h+ 1) In[€]]) -
We obtain that
€l ="~ = i€l =" | < Clhn — hal [logllél| (llgl ")
with o = min(hy, ho) if ||€]] > 1 and o = max(hq, ho) if ||€|| < 1. This leads to the inequality:

V(z,y) € (R2)?, VE € B2, [|jg] =@ — |jg] ==

< |h(y) — h(z)||log]|&]l|
(G R TR e S TN

The holderianity of h allows to conclude. O

Lemma 2. Assume that h : R? — [0,1] and C : R? x R? — R, are two functions satisfying
assumptions (H). Let (z,y) € R? x R?. Then, there exists some constant K5 > 0 depending only
on x such that for any (p,v) € Ry x R? such that |p| < 1

J.

Moreover the function x — Ky is bounded on any compact set.

39 1" [12(@ 4 pw, ) — 1 (@.6)] de < KalpP? mas(aw]?, []) (1 + )

20



Proof. Observe that
Clx+pw,§) C§  Clxt+pwf) Clt+pwf) Clt+owf C€)

[g][p@tewitt g]a@+L g]htow) Ll g]|ht@) 3/ [ e

Using the classical inequality |a — b|? < 2(]a|? + |b]?), we deduce that

/.
<2
R2

2

‘euz,@ _ 1‘

02 [ Mg 0@+ pw6) Ol 6] e

i@ ®) _ 1‘2 712 @+ &) - f1/2(w7£)rd€ 7

, 2
el &) _ 1’
lg][rromrst g

Cla+pw.&) Clat pw,@] e

ez, &)

1
To bound the latter integral [p. W [C(a: + pw, &) — Clx, E)]2 d¢, we set & = r® with
(r,©) € R% x S and use the homogeneity of C. It yieds:

‘eJ(wvg) — 1’2 2
/m e @t pw &)~ Cl.)]"d,

le —12 1|2 ) 2 2
- / (e /I 0) M) [C(x + pw, 0) - C(z, ©)]"dO)| ds
Ry

IN

x |ejs_12 2
||:B||2h( ) [/}R* S2h(7m)+|1ds /Sl [C(:B—i—p’w,@) —C(QZ,@)} de| ,
¥

where we set s = r (x, @) in the second equality. We now use condition (16) of assumptions (H)
with z = pv. Hence,

‘eﬂ 71‘ , . leds — 12
/RZWLW[C(m+pw,€)C(w,§)] dg < Ag |p*|[w] "l /R goreyeatil
+

Then, since |||?"®) < ||z||? + 1 is always valid (h(R?) C [0,1]), one has

‘ej<w7£) — 1‘2 )
/R e (Ot w8~ Clw. &))" d6 < Ballwl o™ (2l +1) . (20
with R
B, = A, Riwds<oo.
We now bound [, ’ej< 1’ {I\S\Iﬁiﬁmﬂl - Cﬁ;ﬁi{;ﬁvﬁ)rd& Since C is bounded and by

Lemma 1 we have for some A > 0 depending only on h and C"

J.

j(x 2 —2a— —2h—
< Alplf||lw|*? /R2 ‘eJ( &) —1‘ [\10g||§||\ (||€|| 272 g1 + €N 211|s|<1)} d¢ .

|£Hh z+pw)+1 ||€||h(w)+1

i@ &) _1‘ C(z + pw,§) C(er,ouuﬁ)rd£
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Since ‘ej(wvg) - 1‘ < min(||z]|| - ||€]|,2), we directly get that

J.

with

2
C(w+pwa€) C(w+pwa€) e 2/ 23 2
|| €| (@+pw)+1 o [€][@+1 d€ < A [p*"||w]] (||q:|| + 1) . (27)

i@ &) _ 1’2

A=A U J10g 1€11* (1€172*~2 151 + €71 jgj<1) df} |

The conclusion then follows from (26) and (27) with K, = 2B, + 2A. The fact that @ — K, is
bounded on any compact set comes from the fact that « — A, is bounded on any compact set. [J

5.2. Proof of Proposition 9

Let X be the Gaussian field defined by formula (17), and z¢ € R?. Let Z, be the gaussian
field
X(xo + pu) — X(x0)

Zmo;ﬂ(u) = ph(mo)

)

and Yy, the AFBF defined by formula (18). We are going to prove that Yg, is the tangent field
of X at ¢ € R?, that is

{Zz'%/)(h)}heﬂ%2 i> {Ymo(h)}hem .

as p — 0, in the sense of weak convergence of stochastic processes. The proof is divided in two
steps :

(i) We first prove that the finite dimensional distribution of Z, , converge to those of Y, as
p— 0
(Zwom(hl)? ) Zmom(hN)) — (on (hl)v oy Y (hN)) )

which means the convergence of the measures of these finite dimensional random vectors on
RN . The Lévy theorem insures that it is equivalent to prove the converge in term of the
characteristic functions of these random vectors, which is, in the Gaussian case, equivalent
to show that we have convergence with respect to the covariance:

V(u,v) € (R2)27 yg%)E[cho,p(u)Zmo,p(”ﬂ = E(Yao (1) Ya, (v)) - (28)

(ii) Thereafter, we set p = 1/n € [0, 1] and prove that the sequence of random fields (Z,, )nen- def

(Zzo,1/n)nen-, satisfies a tightness property, which is fulfilled if (Z,),en- satisfies the fol-
lowing Kolmogorov criteria (see for example [36] p.64):

VT >0, Vu,v € [-T,T)?, supE(|Z,(u) — Z,(v)|") < Co(T)|Ju — v|*2, (29)

n>1

for some positive constant Cy(T") which may depend on T and 71,72 which are universal
positive constants.

Now we prove these two conditions (28) and (29).
(1) First step:

We aim at proving (28) that is for all (u,v) € (R?)2:

liy S0 ) = e o o) R (v Tn@) . (0
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First observe that, by definition of X, one has

(X (0 + pu) — X(w0) (X(@o & o) ~ X(@a))] = [ guoloo€)de. (D
where we set

Gu0(@0,€) = [( oot 1) f12(mg + pu,€) — (=08 — 1) [ (@ o,sﬂ
x [(e—j(moﬂ)v,&) — 1) fl/Q(CL'O + pv, &) — (e—j<mo,£> _ 1) fl/Q(wo,ﬁ)] ,

and f1/2%(x,€) = C(x,€)/||€)"™®)*'. We now split the integral into four terms:

E[(X (zo + pu) —

X(
_ /R2 (ejp<u,£> 1)

(
+ [ (e 1) (1= o0 8) w0 4 pus) [12 o+ 0.6) = (w0 €) [ dE (1)

0))(X (@0 + pv) — X (w0))]

e~irtw,8) ) fl/z(fl’o + pu, £)f1/2<$0 + pv,§) d§ (L)

b [ (1ot ®) (o008 1) [112(a0 + pu.€) - 120, €)] 120 + p,6)d¢ (Ta)
R2
+ [ feren & <1 (1720 + ) £ (w0.€)] [7/3 o+ 0.6) = £ w0,6)] dE (1)

S BN S A

In order to prove (30), we now investigate the behavior of each integral Iy,1I2,13,14 when p — 0.
e Study of the first term Iy
We suppose below that p > 0: indeed, since & — C(x,€) is even, the case p < 0 derives in the

same way. In the integral Iy, we set ¢ = p€ (¢ = —p€ if p < 0), d¢ = p? d¢ and use the explicit
expression of f, then:

I, = Ph(m°+p“)+h(mo+pv) /2
R

(ej<u,c> _ 1) (e—j<v,<> _ 1) Clao + pu,¢/p)C@o + pv.C/p)

HC||h(mg+pu)+h(m0+pv)+2

By homogeneity of & — C(x, &), we deduce:

—2h(xo) h(xo+pu)+h(xo+pv)—2h(xo)

P L =p
8 / (ej<u,¢> B 1) (e_j@,,g B 1) C(xo + pu, §)C(xo + pv,§) dc .
R2

||<'Hh(m0+pu)+h(w0+pv)+2

Observe now that
ph@otrw)thi@otpv)=2h(zo) — oxp (Inp [h(mo + pu) + h(xo + pv) — 2h(z0)]) -
Using that h is f—Holder, we obtain
|A(@o+pu)+h(zo+pv)—2h(zo)| < [h(xo+pu)—h(zo)|+|h(o+pv)—h(zo)| < ([l +[v]?)lp|” .

Since 8 > 0 by assumption, and lil'(I)lJr p?Inp =0, we then deduce the limit:
p—
h%l Inp [A(xo + pu) + h(xo + pv) — 2h(x0)] = 0, (32)
p—

and hence lim pl(@otrw)th(zotpv)=2h(mo) _ 1

p—0t
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It implies that

(ej<u,c> B 1) (efj(v,Q B 1) C(zo + pu,¢)C(xo + pv,¢) dc

. —2h(xo)y. — 13
lim p oIy = lim ||C||h(w°+pu)+h("’°+pv)+2

+ +
p=0 P=0T J¢l<1

. ; i C(xo + pu,¢)C(xo + pv,¢)
jus€) .0 _ o+ pu, :
I f oy =) (0 ) S s 96

We now apply the Lebesgue’s Dominated Convergence Theorem to each integral separately. We
first bound the two integrands as follows:

- = C(zo + pu, {)C(xo + pv, Q) | _ M>[lul|lv]lI<]?
i(u, ¢ j(v, ¢) _ o J ’

vlich <1, (e (e 1) [C[[F@atrw)h(@otpv)+2 = NECE.
- - C(zo + pu, §)C(xo + pv, () 1
Hu, ¢) _ j(v,¢) _ o J J 2

vl =1, (e (e 1) [C|[F@atpu)thizotpw)+2 < 4M REGEE

In the first line we used |ef® — 1| < 2 |sin(¢/2)| < |t|, and the Cauchy-Schwarz inequality applied
to the R%-scalar product. Secondly, since a > 0 and b < 1 by assumption, we easily check that the
functions ¢ — [|¢]|72* and ¢ — ||¢||72(¢*1) are respectively integrable on ||¢|| < 1 and ||¢]| > 1.
The Lebesgue’s Dominated Convergence Theorem then implies that

. ; . C(zo, ¢)?
2h(@o) T, — . ¢) (v, ¢) 0 — E(Y.
phr(r)1+p oI = /R2 (e 1) (e 1) [C[2h@o)+2 d¢ = E(Ya, (u)Ya, (v)) -

since the functions h and & — C(«, {) are continuous.
e Study of the other terms I, 13,1,

We now prove that the three other integrals I, I3, 14 are negligible with respect to the first
one when p is small.

We only detail the negligibility of I, the other cases I3 and I4 being similar. Using the Cauchy—
Schwarz inequality, we get that

w< |,
UL

The analysis of the first integral has already be done in the study of I taking u = v. We then

obtain
li —2h(x0) /
fim ) |

The bound of the second integral directly comes from Lemma 2. Since 8 > sup, h(z), we get that

in(w.€) 1‘ fzo + pu, &) dﬁ]

. 2 ? ”
eJ<fﬂ075>_1‘ [fl/Q(m0+pv,£)—f1/2($07€)} dg} :

elr(u, &) _ 1‘2 f(xo + pu, &) dé = E[Yy, (U)Q] . (33)

lim p2h(@o), =0 .
p—0

The same approach also yields for I3 and I4, leading to

lim p~=2M@0) 15 = lim p~2M®o)1, =0 .
p—0 p—0

which concludes the proof of (30).
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(ii) Second step:

We now have to prove that the sequence (Z,)nen= dof (Zzo,1/n)nen- satisfies (29).

By definition, for p = % € [0,1],

mg,p ) Zwo,ﬂ( )

ey [ [ (150 1) £ ) (610 < 1) e 4 )| Wiae).
(o] R2

Hence,

E [(Zm,p(u) - Zwo,ﬂ('v))z}

1
= W/R
1

2

dg ,

(c¥tmorme®) 1) 12 + pu, €) — (e}t 8 — 1) /(20 + pv,€)

(ej<wo+pu,£> _ 1) (fl/Q(mo + pu, &) — fY% (xo + pv,s))

2
— (et 1 (eitEo i 1)) /2o 4 pv.£)| dE

2 : 2 2
S ey [T 1] (7ot )~ £ o +pv.8)) e
2 i{p(v—u 2
T @) [, o )"5)—1’ f(m@o + pv) dE .

the last inequality coming from |a — b < 2|a|* + 2|b[%.
We now apply Lemma 2 with @ = x¢ + pu and w = v — u. It implies the following bound for
the first integral

2
th(mo) R2

. 2 2
eJ<w0+pu,€> B 1‘ (fl/Q(wU + pu?&) - f1/2(il:0 + pvué)) d£ )

< 2( sup Ky> (1+ 2llwoll? + 2|2 max (fjv - wl[*?, v — wl[2") |p|22(ze)
yEB(xo,T)
< Kymax ([l = ul®, o - ul*?) . (34)

with Ky = (SUPyeB(mo,T) Ky)) (1 + 2||@ol|? + 4T?) since B — h(xo) is always positive.
To bound the second one observe that C is homogeneous w.r.t. the second variable and
bounded. Set ¢ = p€||u — v|| and deduce that

2

. 2
p2h(@o) oo I lolvm6) 1‘ f(xo + pv) d€

< 2w — ,U”2h(wo+pu) HCHOOth(wOJ,-pu)_Qh(wO)

X
R2

with @ = (u — v)/||u — v||. By the same arguments than in (32) we have that

i 2
ei®:0 1‘ (||C|\72a72]1\|<|\>1 + |\C||72b7211\|c|\g1) d¢ ,

lim p2(h(m0+pv)—h(930)) =1,

p—0

so it has a finite upper bound A; > 0, which is achieved on a compact by continuity

Ay =max {(p,v) € [0,1] x [T, T]2, pAhiotro)-hizo) |

PV
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Identically we have ||u —v||?M@o+rv) = |4 — v||2(M(@o+rv)=0) ||y — p||2% and the first term tends to
1, then the function (p, u,v) = ||u — v||>(M(@o+rv)=a) 4150 achieves its upper bound Ay > 0. Thus,

2| — o[ || O| oo @Ot < 241 Ag|Cfoc [l — ][ .

1 2 . .
e3(©:9) — 1| < min(2,|©][¢])) = min(2, ]},

2
p2h(w0) ]RQ

with Ky = 241 A[|Clloe fre min(2, [[KIH) (IS 724 2D ¢ps1 + €172 Ly <1) dE.

Hence, using that

. 2
ellp=1.€) _ 11" f(20 + pv) de < Kollu — o] . (35)

Since K1, Ko are two positive constants depending only on 7', inequalities (34) and (35) imply
that

K —a —a
B [(Zaop (@) = Zao,p(0))] < Kallu = o] [1+K1 max ([[o = w26, o — X >)] ,
2

and since 8 —a > and n — a > 0, the second factor achieved its bounds on the compact set
[T, T)? x [-T,T)?, hence

%, 2
SUp [t = 0 7 [ (Zag,p () — Zag,p(0))°] < 00
p€(0,1)

To conclude, we use the fact that Zz, ,(u) — Zz, ,(v) is a Gaussian r.v. and then for any v; > 0

Sup [ = 0| " [[ Zag (1)  Zao,p(0)[ "]
p€(0,1)

and
71/2
_ 2
[ sup [|u — ]| 2R ‘Ztcn,p(u) - Z:co,p(v)‘ ] .
p€E(0,1

are equal up to a multiplicative constant depending only on 7. Inequality (29) then follows if we
consider vy > 2/a with v5 = ay; — 2.

5.3. Proof of Proposition 11
Let zo € R2. Since X is H-self-similar, one has
X(@) = [ (@9 - 1)f2e) Wide)
with £(€) = Sx (€) lE] 2" 2. Then,
Zaa(@) = X(@(a)) = [ (@@ 1)71%¢) W(de)

R2

As for the proof of Proposition 9 in Section 5.2, we divide the following proof into two steps.

(i) First step:
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Let w,v € R?, and consider:

B [(Z(@o + pu) = Z(@o) (Z(ao -+ pv) ~ Z(z0))|

2H
P R2

_ % [ (ej<§(m°+p?¢(m°)*95> B 1) (e_j<4’(w0+/ﬂ;)‘i>(wo)7p§> B 1) f({) d& |
_ % } (ej<‘1>(mo+m;)<l>(mo)’c> B 1> <e_j<<1>(mo+m:))<1>(mo)7c> B 1) f(C/P) dC/p2 ,
= g [ (T ) (O ) o ac

To compute the limit of this quantity when p — 0, let us denote by g(p, ¢) the integrand of the
last integral. We have

;il}})g(p’ ¢) = (ej<D<I>(mo>u,c> _ 1) (efj<D<I><mo)v,c> _ 1) 7<)

Now we have to bound the integrand |g(p, ¢)|: using the inequality |e/* — 1| < min(2, |z|), one has

9(6.€)) < min | 2, (PEEL =R, ) ) min | 2, |( #0220 = 2(z0) c>| 7).
< min <2 = ||® (o + pu) — ®(xo)|| <]l m1n< ,pH<I> o + pv) — P(x0 H||C||)f <),

sup || @ ()| [lpv]] |C||> f(Q),

0,Zo+pv]|

b\'—‘

< min (2,1 sup || @'(@)] [lpul |4||> mm(
[mo,wo-i-pu

< min (2, K [[ul] [¢])) min (2, K o]l [<]) (¢

< min(2, CIC)2F(C) = G(C) -

The second inequality is obtained by Cauchy—Schwarz inequality, the third by mean value inequal-
ity, the forth under the assumption that ® which is continuously differentiable so HfI”H K, the
fifth with C' = K max(||u||, ||v]|). Finally, we show that ¢ is integrable since:

G(¢)d¢ = / min(2,0|\<;||>2f<c> ac |

R2

where we have used the self-similarity of f, and Proposition 5. Hence, using the Lebesgue’s
Dominated Convergence Theorem, we obtain

Ty p21H E[(Z(wo + pu) — Z(w0))(Z(w0 + pv) — Z(0))] = E[Ya (1) Y, (v)]

where we denoted

Vel = [ (eHP2E08) 1) 726 Wiae)
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which is by definition the tangent field.
(ii) Second step:
We then proved that the convergence holds in the sense of finite dimensional distributions. To

deduce Proposition 11, we prove in the same way as in Step 2 of Proposition 9 a Kolmogorov
criteria.

E

pH pH

(zm +pu) — Z(wo) _ Z(wo + pu) - zwﬂ

1

p2H

1
pziH

/.
o -1
- /R s2H+1 /sl

*
+

(@ (@otpu), &) _ eJ<q’<w0+/’”)’5>’ f(g)de,

R2

. 2
el (Plotm=morm)€) 17 p(g)ag,

R2

2
./ ®(zgtpu)—P(zg+pv)
eJ<—p ,C> _1

f(Q)d¢,

<‘I>(wo + pu) ; (2o + pv). @>

2H

Sx(@) d@] ds 5

2H

< H ®(xg + pu) — B(xo + pv)

el —1°

*
+

with s = r < @(m“”");@(zﬁp”), @>. Let denote by Cy the first integral above and P the second

one. Then, since ® is C!, one have

E

(Z(wo +pu) — Z(xo)  Z(xo + pu) — Z(aco))2
pH p

2H
CyP
S sup  [|®(z)|[lo(u —v)]| ;
1Y [®o+pu,xo+pv]
< CuP|®'|*|u—»|*,
< Collu—v|* .

with Cy = Cy P||®'||?!. We conclude as well as the end of Step 2 of Proposition 9.
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