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Abstract

In this work we give a sense to the notion of orientation for self-similar Gaussian fields with
stationary increments, based on a Riesz analysis of these fields, with isotropic zero-mean analysis
functions. We propose a structure tensor formulation and provide an intrinsic definition of the
orientation vector as eigenvector of this tensor. That is, we show that the orientation vector
does not depend on the analysis function, but only on the anisotropy encoded in the spectral
density of the field. Then, we generalize this definition to a larger class of random fields called
localizable Gaussian fields, whose orientation is derived from the orientation of their tangent fields.
Two classes of Gaussian models with prescribed orientation are studied in the light of these new
analysis tools.

Keywords: Fractional fields, H-sssi fields, anisotropy function, Riesz analysis, structure tensor,
orientation vector, localizable fields, tangent fields.

1. Introduction

Anisotropic images, admitting different characteristics along a considered direction, are ubig-
uitous in many areas as computer vision ﬂ], image processing E], and hydrology E] A major
issue is then the definition of a suitable concept of local anisotropy.

A widely used approach, in the image processing community, consists in defining directionality
properties of an image by means of its Riesz transform M] Several characteristics can then be
derived from the knowledge of the Riesz transform of an image: its local orientation, which is
roughly speaking the dominant direction at a given point and the structure tensor ﬂﬂ] whose rank
is related to the local dimensionality of the image. This approach has proved to be successful for
many applications such as classification or texture retrieval [6]. Recently, this framework has been
extended to the case of superimposed patterns. An extension of the synchrosqueezing method to
the bidimensionnal setting, based on wavelet analysis, has been proposed in ﬂ]

In many cases, the analyzed anisotropic image is related to some physical phenomena, that
can be well modeled using a stochastic approach. Anisotropic random fields are then naturally
involved in the modeling of medical images E] or in spatial statistics B] In such situations, the
Riesz framework is not so easy to apply. The main difficulty lies in giving a rigourous definition of
the Riesz transform of a random field. Indeed E], the Riesz transform of a function is well defined if
it belongs to LP for some p > 1, which is not the case for the sample paths of many classical random
fields, like Fractional Fields widely used to model random textures. The nonlocal character of the
Riesz transform then prevents any definition based on a restriction of the considered random field
to a compact set.
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To overcome all these difficulties, we choose to use a Riesz-based approach, adapting the work
of ﬂﬂ, ] about Riesz-analysis of anisotropic images characteristics. In m], the authors defined
a structure tensor and an orientation of the neighborhood of an image, derived from the Riesz
framework. Numerical experiments have put in evidence the effectiveness of the approach and
especially the fact that one clearly recovers the anisotropic features of the image. From the
theoretical point of view, the orientation and the structure tensor depend on the chosen analysis
function. We show that, surprisingly, considering the very general case of localizable Gaussian
fields, the anisotropic characteristics of a random field become intrinsic: neither the structure
tensor nor the orientation vector depend on the analysis function, but only on the anisotropy
encoded in the density function of its tangent fields.

Our paper is organized as follows. In Section 2 we first recall some basic facts about the
Riesz transform and its use for defining anisotropic features of an image. Then in Section Bl we
define the Riesz-based notion of the orientation and the structure tensor in the Gaussian self-
similar with stationary increments case. We prove in Theorem [l that these two characteristics are
intrinsic in the sense that they depend only on the anisotropic properties of the analyzed random
field. Section Ml is then devoted to the extension of all these notions to the localizable case. We
then provide two classes of Gaussian models with prescribed orientation. For sake of clarity, we
postponed all proofs in Section Bl

2. Classical tools in directionality analysis of images

In this section, we give some background about two classical tools for analyzing the anisotropy
properties of an oriented texture: the local orientation and the structure tensor. We first recall in
Section EZI] the usual definitions based on the Riesz transform introduced in [4].

2.1. Local orientation of an image and structure tensor

The classical notion of local orientation of a texture is based on the Riesz transform. The Riesz
transform R f of any f € L?(R?) is defined in the Fourier domairll] as

b
€]l

The main properties of R ﬂQ, ] are summarized in the two following propositions. The first
ones concern the invariance with respect to dilations, translations, and the steerability property
(relation with the rotations).

Rif

Ri=(Re) with Rif(©) = -6, Raf(©) =~ 7). Ve = (6.6 R,

Proposition 1. The Riesz transform commutes both with the translation, and the dilation oper-
ator, that is for any f € L?*(R?), a > 0 and b € R?, one has

RD,.f =D,Rf with D,f= f(a™"),

and
RTpf =TyRf with Tpf=f(-—0b).

Proposition 2. The Riesz transform is steerable, that is, for any f € L*(R?) one has

Rs(Rf) = R;'R(Rof) = ( cos O R1(Rof) +sin0 Ra(Ry f) ) |

—sinf Ry (Ryf) + cosO Ra(Rof)

Iwhere the 2D Fourier transform is defined for f € L'(R?) by f(ﬁ) = Jr2 f(@)e™® & da and then extended
by the Plancherel theorem and by continuity arguments for f € L2(R?).



where Ry f = f(R_g ") is the rotation operator by the angle 6, and

R, — ( co§9 sm9) .

—sinf cosd
is the matrix of the spatial rotation of angle —6.
The Riesz transform is also a unitary and componentwise antisymmetric operator on L?(R?).

Proposition 3. For any i € {1,2}, the i—th component of the Riesz transform R; is an antisym-
metric operator, namely for all f,g € L?(R?) we have

(Rif, 9)2@ey = = {fs Rig) 2oy -
and R1? + Ro? = —1, which imply in particular that
(RS, Rg) 122y = (Raf, Rug) 2y + (Raf, Rag) p2mey = (fs 9) 12(re) -
Using the Riesz transform one can also define the so-called orientation of an image M, ]

Definition 1 (Local orientation of a deterministic function). Let f € L?*(R? R%).
Assume that a.e. Rf # 0. One then defines

Rf(x)

Va.e. x € R?, ii(x) =

the local orientation of f at point x.

The Riesz transform can be viewed as a smooth version of the gradient operator. To characterize
the degree of directionality of f at some point x, a classical tool, widely used in the image
processing community, is the so-called structure tensor involving the gradient ﬂa |E @ which
has been revisited through the Riesz transform by ﬂE Let us begin with the 2 x 2 matrix:

35(@) = Rf (@RS ()T = (ng}z(ﬁ%)f@) Rliéf}ii%‘é(”) | Y

This matrix is symmetric, positive definite, of rank one and then admits 0 as eigenvalue and also
1 with the associated eigenvector R f(x), that is the local orientation, since

Ji(@)Rf(x) = (Rf(x)Rf(x))Rf(x) = Rf(x)(Rf(x)"Rf(x)) = Rf(x) .

In practice, we define the local orientation vector on a point & € R? as the vector minimizing
the distance to the set of the Riesz vectors Rf(x’) on a neighborhood of z € R?, defined by
a positive window W(w — '), that is we are looking for the vector n maximizing the quantity
JW(z —z')(Rf(x')T#)? de’ or equivalently nTJW( )7i, with

IV (@) = (WJp)() (2)

which is the matrix J ;(z) filtered by the positive windows function W to form the structure tensor
ﬂa |E @ This matrix is symmetric and positive definite, then admits two nonnegative eigenvalues
A1(x) and A2(x). It is easy to see that the local orientation 7i(x) maximizing nTJW( )7t is always
an eigenvector of the matrix J W( ) associated to its largest eigenvalue A\ (x).

The following coherency 1ndex provides a degree of directionality at any point |5]:

i o )\1(32) — /\2 (.’1})
Xy (@) = Ar(x) + Ao ()

The case xs(x) ~ 1 corresponds to an almost one dimensional image at =, whereas the case
Xf(x) = 0 may correspond to different situations, such as isotropy or existence of a corner. Note
that, all these quantities depend on the chosen windows W.

The aim of next sections is to adapt this framework to the case of random Gaussian fields.
We first shall consider the case of self-similar Gaussian fields admitting stationary increments in
Section Bl and in Section [ to the more general classe of localizable Gaussian fields.

€[0,1].



3. Riesz-based orientation of self-similar Gaussian fields with stationary increments

We observe first that all the definitions of the previous section cannot be extended directly to
the case of random fields. Indeed, there is a difficulty to circumvent, which is the definition of
the Riesz transform of a Gaussian random field, like a Brownian motion for example. The usual
definition of the Riesz transform holds for L? functions. Unfortunately, the sample paths of many
classical random Gaussian fields do not belong to these spaces. Defining the Riesz transform
of a Gaussian field by duality (as it is often done for the transforms of distributions) is not
straightforward, because the Schwartz class is not stable by the Riesz transform. Although some
work on the Hilbert transform of temperate distributions ﬂﬁ, ] can potentially be extended
to a generalized Riesz transform adapted to random fields, we favor here to define a notion of
orientation for Gaussian fields, which is easily interpretable (intuitively related to the spectral
density of the field) and easy to manipulate from a computational point of view (which can be
explicitly computed for usual random fields and estimated by the use of wavelets or filter bank).

In this section, we first begin with the simple case of self-similar Gaussian fields. We give
in Section BJ] some background on such fields. Then in Section 32 we define our notion of
orientation, based on a Riesz analysis of these fields with an appropriated analysis function. Finally
in Section B3] we give several examples of oriented self-similar Gaussian fields with stationary
increments. From now on, we restrict ourselves to bidimensionnal centered real valued Gaussian
fields, since our goal is to analyse anisotropic images. We shall also assume that the Gaussian
field X under consideration is stochastically continuous; that is, the covariance

(®,y) = E[X(2)X(y)] ,
is a continuous function on (R?)2.

3.1. Self-similar Gaussian fields with stationary increments

In what follows we shall focus on the special case of H—self-similar Gaussian fields admit-
ting stationary increments (H-sssi), studied in [17, [18, [19]. Remember that the bidimensionnal
Gaussian field X is said to admit stationary increments if for any = € R?,

(X(@+h) - X(@)}hese =) (X (h)}ness ,

whereas X is said to be H-self-similar (see [17]), for some H € (0,1) if

fdd
Ve >0, {X(cx)}aers "o (T X ()} pere

‘dd
where as usual (dd) means equality of finite dimensional distributions. Since X is assumed to be
stochastically continuous, the self-similarity implies in particular that X(0) = 0 a.s.

We now recall, following @], the notion of spectral measure of a Gaussian field admitting
stationary increments, based on the following classical result.

Proposition 4. Let X = {X(x)}zer2 be a centered real-valued Gaussian field with stationary
increments. Then, there exists a unique Borel measure ox satisfying

[ min, J€]P) o (€) < 0.
R
such that for any x,y € R?, the covariance reads:
B(X(@)X () = [ (69 = (e 06— 1)dox (6).
R2

The measure ox is called the spectral measure of the Gaussian field with stationary increments X .



In what follows we shall consider only Gaussian fields whose spectral measure ox admits a density
fx, called the spectral density of X, with respect to the Lebesgue measure: dox (€) = fx (&) d€.
Since X is real-valued this function is necessarily even. Such field admits an harmonizable repre-
sentation:

X@)= [ (99 —1) i Wiee) )

where W is a complex-valued white noise. By uniqueness of the spectral density, the representation
of H-self-similar Gaussian fields follows (see also [17, 18, [19, [21]):

Proposition 5 (Dobrushin [17]). Let H € (0,1) and X be a H-self-similar Gaussian field with
stationary increments admitting a spectral density fx. Then fx is of the form

_|le—2H-2 £
Fx(€) = €722 o (m) ,

where Cx is a positive homogeneous function defined on the sphere S* = {& € R?, ||€|| = 1}. The
function Cx is called the anisotropy function of X.

Remark 1. The estimation problem of the anisotropy function has been addressed by Istas in ,@]

We now investigate the orientation properties of a self-similar Gaussian field deformed by a linear
transform.

Proposition 6. Let X be a H -self-similar Gaussian field with stationary increments admitting
as spectral density fx and as anisotropy function Cx. Let L be an invertible 2 x 2 real valued
matriz. Define X1, by X1.(x) = X(L™'x). Then X1, is a H-self-similar Gaussian field admitting
as

e spectral density
Fxu(€) =|det(L)| fx(LT€), €£€R*,

e anisotropy function

_|det(L)| LTe )
OO et ey ) - 9

Proof. The self-similarity and stationarity properties of X, directly come from that of X and of
the linearity of L. To compute the spectral density of Xy,, observe that:

E(Xy,(x), X1(y)) = Cov(X (L~ > X(L'y)) .
[ (= 1) (PO 1) pee e
/11@2 (eJ @, (L7)7¢) ) (efj<y’ @) 1) fx(§)dg,
(

20 1) (79 —1) fx(LTC) |det L] dC

R2

using the change of variable ¢ = (L™!)T¢&, which directly leads by identification to the explicit
expression of fx,, as well as that of Cx, given in Proposition [6 O

We now explain how to define in a proper way the directional characteristics of a Gaussian field X

admitting stationary increments in the self-similar case, and the relation to its anisotropy function
Cx.



3.2. Definition of a Riesz-based orientation in the self-similar case
Our notion of Riesz-based orientation of a self-similar Gaussian field will be based on the
following preliminary result, leading to a new formulation for the structure tensor.

Theorem 1. Let X be a H-self-similar Gaussian field admitting a spectral density fx whose
anisotropy function Cx is bounded and v a real isotropic wavelet with 2 zero moments and fast
decay, defined by its 2-D Fourier transform (&) = o(||€]|). By analogy with the structure tensor
[@-@) evaluated at the origin, let us define the matriz:

J¥ — (X, Rav) |2 (X, R1v) (X, Ratp)
XX, Ry (X, Ra) (X, Ratp) 2 ’

with the Gaussian variables (X, Ro)) = fRQ x)Rop(x) de
Then, the covariance matrixz of the Gaussian vector (X, ’le> AX, Ra))T

el - ([ o) oy,

where for any (1,02 € ({1,2})?,

Ixler e, =/ 6¢,0,, Cx(©)dO (4)
Ocs!

with the notation © = (01, 603).
Jx is a nonnegative definite 2 X 2 matriz depending only on the anisotropy function Cx , and will
be called the structure tensor of X.

Proof. The assumptions on 1 insure that the function g, defined by g¢(&) = @(é) )1(/ ’(8) is

square-integrable; that is, the stochastic integral [5. ge (é)\/ﬁ(dé) is well defined and the following
operations lead to the a.s. existence of the Gaussian variables (X, Ryv), for £ = 1, 2:

| R oW / (Reb(€) - Ret(0)) 1YW ()
[ ([ e oRa@as - [ Revt@iae) 1 eWiag).
R2 R2
- / ([ (e -1) W) ) Rivt@ae
= (X, Rep) .

The first equality follows since @(O) = 0 by the moment assumption on ¢ and the third equality
comes from the classical stochastic Fubini Theorem (see [23]), which holds since

1/2
/ ( 0if:6) _ 1|2fx(£)|1/)(w)|2d£> .
R2 R2

1/2
= / ( |ej<m’£> — 1|2fX(£) dﬁ) |t(x)|de < oo,
Rz \JR2

by the integrability properties of ¢ and the existence of the stochastic integral defining X.
The covariance matrix is then easily computed: by definition of the Riesz transform, one has
for any 1,5 € ({1,2})%,
IRIA
2
r €]l

EI(X, Re,¢) X, Regd)] = o re(eae




We set & = r® with (r,@) € RT xS'. Hence, remembering that v is isotropic, that is 121\(5) = (1)
and using the expression of fx given in Proposition Bl we obtain

E[<X, Rel1/}> X Re2 / / 2H+2 @g1@e2 |(P(T)‘2OX(@) Tdrd@,
Ocst Jr=0 T

o0 r
= l/T_O |:«02§‘I-)i-|1 dr]

Theorem [I] then follows. O

/ O¢,04, Cx(@)dO
ecSt

We now define the structure tensor of X, its orientation and its coherency index.

Definition 2 (Orientation and coherency). The matriz Jx defined in Theorem[d ([{)) is called
the structure tensor of X. Let A1, Ao be its two eigenvalues. The coherency index of X is defined
as

A2 — A
A+ A

An orientation 7 is any unit eigenvector associated to the largest eigenvalue of Jx.

X(X) =

3.3. Fxamples

We present below several examples of self-similar Gaussian fields, and every time we make
explicit their structure tensor and their intrinsic orientation.

3.3.1. Ezample 1: Fractional Brownian Field (FBF)
We begin with the Fractional Brownian Field (FBF) defined in [24]. This random field is the

isotropic multidimensional extension of the famous Fractional Brownian Motion defined by ﬂﬁ
Its harmonizable representation is:

X(w):/R 1 (ei<wv£>_1)7w(d€).

A1
13 2m

We can easily check (Cx = 5-), setting @ = (cosf,sinf) € S, that

1 27 ) 1 1 27 )
]1712% ; cos 9d9=§, [JX]172:[JX]271=% ; cosfsinfdd =0,
27
in/ sm29d9:3,
27T 0 2
JX:(

Any unit vector is thus an orientation of the FBF, which is clearly consistent with its isotropic
nature.

and

which directly implies

[eX NI
= O

), X(X)=0.



3.3.2. Ezample 2: Elementary fields (EF)

We focus here to a special case of H-sssi fields called elementary fields (EF), whose anisotropy
function is a cone with an orientation agy and a half-width § > 0. It admits the following harmo-
nizable representation («g € (—7/2,7/2), 6 > 0):

Xowsl@) = [ (@ -0 OWe) (5)

where
(@) =llel " ox (785) | (6)
Cx(@) = 4% (]l[omfts,arﬂr(;] (arg @) + L jag+n—6,a0+7+5] (18 @)) : (7)

Let us compute its structure tensor Jx, using the definition given in Theorem [

Remark 2. The contribution of each of the portions of the cone is identical in the integrals defin-
ing the coefficients of Jx. Thus, in the following computations we only consider one portion whose
contribution is doubled.

We start with the diagonal terms:

1 [ooto 11 sin(20)
J = 2 de = — 2040 = = 4+ = 2 )
Jx]i1 /@GSI 07 Cx(©)de 55 /Omé cos 5 + 5 cos(2ayp) %

By the relation cos? 6 + sin® 6 = 1, we get as well

1 1 in(20
Ixl2a =53 cos(2a0)sm2(6 ).
The last terms are computed as follows:
1 [oote 1 in(20
R /Omé cos sinfdf = sin(ZQO)% .

Hence the structure tensor of the elementary field is

Ty = 3 + 5 cos(2a0) oin(20) %sin(2ao)—5in2(§5)
1 sin(2a) 2220 — 1 cos(2a9) 220)

Remark that Jx diagonalizes as

. i . T
Jo _ (Ccosan —sinag % + % bmz(;‘s) 0 cosag —sinag
X = \sinag cosag 0 _ 1sin(29) sinog  cos o
Denoting A\; > Ay the two eigenvalues of Jx,

1 1sin(24) 1
A = — _ -
1= 5T 55 2

the coherency index of X is given by

- )\1 — )\2 - sin(25)
B A1+ Ao a 20

An orientation of the elementary field X, s being a unit eigenvector associated with A;, we obtain

R cos Qg
n=| . .
sin a

x(X)



Remark 3. This is in accordance with what we observe when performing simulations. For § = /2
we recover the classical FBF which is isotropic and we get x(X) = sin(w)/m = 0. Conversely,
notice that x(X) tends to 1 when 6 — 0, meaning that the coherency is strong when the cone of
admissible directions is tight around the angle ag. Note that in the limite case § — 0, the density
function Cx tends to the Dirac measure along the line arg® = «q, and the structure tensor

degenerates to
Jo = cos? o cos arg sin ag
X7\ cos ag sinayg sin? oy ’
which diagonalizes as
1 0\ o7
Jx = R, <0 0 R, -

leading to the same orientation vector (cosag,sinag)’.

structure tensor is not invertible anymore.

Notice also that in the limit case, the

3.83.3. Example 3: sum of two elementary fields

To understand how our notion of Riesz-based orientation can be adapted to the setting of
multiple oriented random fields, we consider the following toy model (ag, oy € (—7/2,7/2),d > 0):

X = XO[(),6 + XO[1,6 .

The Gaussian field X is then the sum of two elementary fields of same regularity H and of
respective directions o # a1 (as defined in Example 2 above). We assume that § < |1 — apl/2.
This last condition implies in particular that [cg — 8, g + 0] N [ag — &, a1 + 6] = & and the spectral
densities have disjoint supports, that is X, s and X,, s are supposed to be independent.

Then we have

sin(20 sin(20) /. .
Ty = 1+ 22;; L(cos(2ap) + cos(2a1)) & 2<§ ;(gsm(2o¢0) +sin(2a1)) )
%bmz(a ) (sin(2a0) + sin(204)) 1-— %MHQ((; ) (cos(2aq) + cos(2a1))

As previously the matrix Jx diagonalizes as

sin(24)

+ 2 cos(ag — aq) 0 T
Jx =R ap+ta 20 i R )
D'e (ao+a1)/2 ( 0 1— bln2(§6) cos(ap — a1)> (aota1)/2

where we denoted

[ cos (O‘OJQFO”) — sin O‘UJQFO‘I
Raotar)/2 = <sin (ch;ral) cos (ao;ral)
Thus, the coherency index is
sin(20)

X(X) = 25

which tends to cos(ag — a1) when 6 — 0. One can also observe that the closer ag and oy are, the
more coherent the random field is and then admits a dominant orientation. An orientation of X

is given by s (ao+a1 )
fi= ( ? ) |
sin (—O‘UJQF‘“)

We then recover a dominant orientation, related to half the angle of the two orientations.

cos(ap —aq)




3.8.4. Example 4: deformation of an elementary field by a linear transform

Let L be an invertible 2 x 2 matrix and ag € (—7/2,7/2), § > 0. Set
Xi(z) = Xops(L ') . (8)
Thanks to Proposition [6] we have an explicit expression for the spectral density of Xy,

|det(L))|

fx (&) = o5 ||LT€||_2H_2]1[0¢0—6,%+5] (arg(LTg)) ,
det(L
= | e;(é )| ||LT€||72H72]1[tan(ao—6),tan(a0+6)]((LTé)Q/(LTé)l) 3

Since the matrix L is invertible, it admits a Singular Value Decomposition L = UAVT where
U,V are two orthogonal matrices and A a diagonal matrix with nonnegative eigenvalues. One
can then deduce the general case of an invertible matrix L from three specific ones: L € OF (R),
L € O5 (R) and L diagonal with nonnegative eigenvalues. Before deriving the general form of an
orientation vector, we will consider each term of the SVD.

(i) We first consider the case where L is an orthogonal matrix of the form

cosfy —sinfy
sinfy  cosby ’

LR, -

one has
1

_9H-—
fXL (é) = % ||€H 2 21[a0+90—5,a0+90+5] (arg é) ;
which implies that one can choose as orientation for Xy, the unit vector
cos (ag + 6 coS (v cos (v
fip = .(o-i- 0) _ (6080 gy (Cosao) )
sin (o + 6p) sin ay sin a
since any orthogonal matrix equals the transpose of its inverse.

(ii) We now deal with the case where L is an orthogonal matrix of the form
__(cosby sinfy \  [(cosfy —sinfy « 1 0
" \sinfy —cosfy)  \sinfy cosb 0 —-1)°

1 _of—
fxo (&) = 2—5”5” 21y~ —6.00—ao+s) (A8 €)
which implies that one can choose as orientation for Xy, the unit vector
. cos (fp — ) €os (g 1.7 [ Ccosag
L= | . =L( . =L H . : (10)
sin (6 — ayp) sin o sin o
since as above any orthogonal matrix equals the transpose of its inverse.

A0
0 X

One has

(iii) We finally deal with the case where L is a diagonal matrix L = ( ), with A, A2 > 0.

In this case observe that the condition

(LT€),
(LTé)h

is equivalent to i—; tan(ag — 9) < % < i—; tan(ag + d), that is to

tan(ag — 0) < < tan(ag +0) ,

Ip <arg & <da,

10



with 5 = arctan(% tan(ag — 0)) and da = arctan(i—; tan(ag + 0)). Hence,

A
d
fro () = U ey o)
Ox,(0) = LW proy 22y o rso) .

Now, recalling that:
Ixiloe = [ 04, Cx(©)d0,
@cst
we obtain

IxJia 1 /SA ) . 1 /M cos? 0
== cos“ 6 Cx, (cosf,sinf)dd = — de
|det(L)| 26 Js, a ) 20 Js, (A}cos? 6+ A3sin® ) H+1

[JXL]Q_Q 1 /5 1 a sin2 0
2 0 C 0,sin0) do = de
[det(L)] ~ 26 /s, sin®0 Cix, (cosf,sind) df = o5 b (A2 cos20 + A3 sin® )H+1
Uxiie 1 /SA cos@sin Cx, (cosd, sin ) df — 1 /5A cosfsind 49
- = 1n ln - :
[det(L)] 20 Js, X 26 J5, (AIcos?6 + AJsin® 0)H+1

Now, let us define (uq(0),u2(0)) = (cosf,sinf) and let us introduce the functions

ffl,fz 10— ey (9)’(1,@2 (9) ()‘%ul (9)2 + /\gu2(9)2)7H71 ) Fél,fz FT / ffllz (9) dog
0
v :a+— arctan (% tan a) , G,y 0= Fyy g, (v(a)) .
2

Each term of the structure tensor writes

[']XL]Zl-,b _ Gll-,b (040 + 5) - Gfl.,b (O‘O - 5)
det(L)] 2 '

When the parameter ¢ is small, we have

G, 0,(0 +0) — Gy, g, (a0 — 6)

52
=G, 4, (a0) + EGZI/,@ (o) + O(6") ,

26
= /(o) Fy, 4, (v(a0)) + O(6?) |
= I/I(ao) ffl,fz (V(Oéo)) + 0(52) :
Hence,
Gll-,b (040 + 5) - Gel-,l2 (OLO - 5) o A1 A2 ull( (Oéo)) ’U,g2( (010)) 2
26 A cos? ag + AZsin? ag . (A} cos2(v(ag)) + A sin® (v(ag)))HH1 07 -

Let us define O v, rg.00 = AA3(A cos? ag + A sin® ag) ™ (A cos2(v(a)) + A3 sin® ((a)))~H .
Then, one has for small 9,

B cos?(v(ap)) cos(v(a)) sin(v(ao)) 9
Tx = Ctianisag (cos(u(ao))sin(u(ao)) sin?(v(ao)) ) +0),

which can be written as

1 0
JXL = CH,)\l,)\g,ozon(ao) (O O) RT(ao) —+ 0(5 )
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Therefore 7iy, = (cosv(ap),sinv(ap))T can be viewed as an approximate eigenvector of Jx, asso-
ciated to its largest eigenvalue, and then an orientation of Xj,. Finally, we remark that

v(ag) = arctan Asinag) ar Azcosag) | _ ar Az 0 w [CO50
o Aocosap ) &1\ \isinag /| ~ 8 L0 N sin ay ’

Consequently, an approximate (up to §2) orientation of Xi, is in this case

Ay O
0 M\
nator of the last equation by det(L) = A\ Aa, we get

L7 L Y)T#

IL-ta] (L) T

since the diagonal matrix L~ equals its transpose.

We now gather (@), (I0) and ([I): using the existence of the SVD for every matrix, we deduce
the following proposition.

Proposition 7. Let L be an invertible 2 x 2 matriz and X1, the Gaussian field defined by (8). Set
7t = (5°2°) the orientation vector of X. Then the unit vector

sin ag
Lfl T=
o LT

I(L=1)Ta|

is an approzimate (up to §?) orientation vector of Xt,.

Observe that is the adjugate matrix of L. Then, dividing the numerator and denomi-

nL =

Proof. Let L = UAVT be the SVD singular decomposition of L, with U,V € O3(R) and A
diagonal with nonnegative eigenvalues.
Xi(x) = X(V-TA-'U'x) be the Gaussian field defined by (§). Let decompose the three
operations as follows :
Xp=Xo (V) loA toU L.
X
1

X2

Then, since VT is an orthogonal matrix, we have from (i) and (ii) that the unit orientation vector
of Xl is
iy = (V)™Y' .
Now from (iii), the unit orientation vector (up to 6%) of X5 = X; 0 A=t is
L AT (AR
A _

2T I@ATTAE ATV )R]

Finally, from (i) and (ii) again, the unit orientation vector (up to %) of X1, = Xo0 U™t is

ny, =

12



4. Riesz-based orientation of localizable Gaussian fields

We now extend the notion of intrinsic orientation, defined for self-similar random fields, to
a much more general setting, that of localizable Gaussian fields. This will be the purpose of
Section In Section [£.3] we will apply it to two classes of model with prescribed orientation.
First of all, let us recall in Section [£.1] the definition of localizable Gaussian fields.

4.1. Localizable Gaussian fields
We first recall, following HE, 26, @], the definition of H (x¢)—localizable Gaussian fields.
Definition 3 (Localizable Gaussian field). We say that the random field Y = {Y(x), ¢ €

R?} is H(xq)-localizable, at xo € R? with H(xzo) € (0,1) and with tangent field (or local form)
the non-trivial random field Yo = {Yzo (h), h € R?} if

{Y(wo k) - Y(wo>} L Yao()} s (12
P heR?

as p — 0, where % means convergence in distribution, that is the weak convergence for stochastic
processes (see [28]).

A random field Y = {Y (x), = € R?} is said to be localizable if for all x € R? it is H(x)-localizable
for some H(x) € (0,1).

In Theorem 3.9 and Corollary 3.10 of HE], Falconer proved the following result that we state in
the Gaussian case. It enables to describe the whole class of possible tangent fields of a Gaussian
field with continuous sample paths.

Theorem 2. Let X be a localizable Gaussian field with continuous sample paths. For almost all
xo in R? the tangent field Yu, of X at xo has stationary increments and is self-similar, that is
for some H(xg) € (0,1) and for all p > 0,

fdd)
(Yao (p), @ € B2} 29

pH@)Y, (x), x € R?} . (13)
In short, a Gaussian field with continuous sample paths will have at a.e. point, a “fractal” tangent
field behaving like a FBF.

We now illustrate this notion considering a classical example of Gaussian field with prescribed
tangent field: the Multifractional Brownian Field defined in the unidimensional setting in m],
and in the multivariate case in HE, @] Such field is localizable at each point, with a fractional
Brownian Field for tangent field.

Example 1 (Multifractional Brownian Field). Let h : R? — (0,1) be a continuously differ-
entiable function whose range is supposed to be a compact interval [, B] C (0,1). The Multifrac-
tional Brownian Field (MBF) with multifractional function h, is the Gaussian field defined by its
harmonisable representation as follows

=, 8) 1
Xp(z) = /R 2 me@ . (14)

4.2. Tensor structure and orientation of localizable Gaussian fields

The results of Section [] together with Theorem 2 of section 1] will allow us to define the
Riesz-based orientation of any localizable Gaussian field X almost everywhere.

Definition 4 (Localizable field orientations). Let X be a Gaussian field with continuous sam-
ple paths. Assume that X is localizable at the point xo, with tangent field Ya,, and that Ygz, is a
self-similar Gaussian field with stationary increments. One then defines:

13



e The local anisotropy function Cg, al xo of the localizable Gaussian field X is the anisotropy
function of its tangent field Yy, .

e The local structure tensor Jo, at xo of the localizable Gaussian field X is the structure tensor
of its tangent field Yy, .

e A local orientation at xg of the localizable Gaussian field X is any orientation of its tangent
field Yy, -

In view of these definitions and of Theorem 2l we deduce that any localizable Gaussian field X
admits a local orientation at almost every point o € R2.

Example 2 (Local structure tensor and orientation of a MBF). The Multifractional Brow-
nian Field Xy ([d) admits at each point a structure tensor proportional to the identity matriz. In
particular, any unit vector is an orientation of Xp. Indeed, the tangent field Yz, of the MBF at
point xg is a FBF of Hurst index h(xo), whose structure tensor has been determined in example

231

4.8. Two new models of localizable Gaussian fields with prescribed orientation

In this section, we will extend our previous works @, @] and define two classes of Gaussian
fields with prescribed orientation. The details about numerical aspects and synthesis of the model,
as well as comparison between them, will be detailed in the companion paper ﬂﬁ] These two
models will be derived from two general classes: Generalized Anisotropic Fractional Brownian
Fields (GAFBF) and Warped Anisotropic Fractional Brownian Fields (WAFBF) that we describe
in Sections A.3.1] and respectively.

4.8.1. First model: Generalized Anisotropic Fractional Brownian Fields (GAFBF)

We introduce below the definition of Generalized Anisotropic Fractional Brownian Fields
(GAFBF) which generalizes the notion of Locally Anisotropic Brownian Fields (LAFBF) intro-
duced in [31], and whose simulation will be studied in [33].

Our Gaussian field will be defined from two functions h from R? to [0,1] and C' from R? x R?
to R4 satisfying the following set of assumptions:

Assumptions (H)

e his a f—Holder function, such that a = inf h(x) >0,b= sup h(x) <land b< <1
zER? rcR2

o (z,&)— C(x, &) is bounded, that is V(z, €) € R? x R?, C(z, &) < M.
o £ C(x, &) is even and homogeneous of degree 0: Vp > 0, C(x, p€) = C(x, £).

o x— C(x,£) is continuous and satisfies: there exists some 7, with b < n < 1 such that

Vx € R?, sup ||z|\72’7/ [C(m—f—z,@)—C(m,@)fd@gAm <00, (15)
z€B(0,1) st

Morever  — A, is bounded on any compact set of R2.
We now define our model, the Generalized Anisotropic Fractional Brownian Field.

Definition 5. Generalized Anisotropic Fractional Brownian Fields (GAFBF)
Let us consider h : R? — [0,1] and C satisfying Assumptions (H). We then define the GAFBF as
the following Gaussian field genemlzzmg ] by

X (a) /R2<eJ< 9 ) et W) (16)
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The main properties of the GAFBF X are summarized in the following propositions.

Theorem 3. The GAFBF X ({G) admits at any point o € R?, a tangent field Yy, given by

O(mOa é) A7

Vool = [ (@59 11 w0, g Wiae) = [ (@0 ~1) TR Wae . a7

In particular, for each point xg, the local anisotropy function of the Gaussian field X at xqg is

Cay : © = C(x0,0)? .
Proof. Theorem [Blis proven in Section O

Example 3. We now derive our first example of Gaussian field with prescribed orientation. The
LAFBF introduced in [@, @] is a particular case of GAFBF where the function C is a localized
version of the cone () with constant half~width § > 0 and whose orientation may vary spatially,
that is where a : R* — (—m/2,7/2) is now a continuously differentiable function, which is 21—
Holderian with b < n < 1/2. One can verify that the so-called function C satisfies assumptions
(H). Applying Theorem [3, the corresponding localizable Gaussian field defined by formula (I0)
admits a tangent field at any points xo € R? and the following cone as local anisotropy:

1
Czy(O) = % (1[a(mo)—6,a(mo)+5] (arg @) + Lo (zo)+7—b,a(zo)+m+6] (AT @)) : (18)

The above example shows that the tangent field of a LAFBF is actually an elementary field.
Then, using the results of Example and Definition @ we immediately deduce the following
proposition:

Proposition 8. The LAFBF defined in the Example [4 admits at each point xo an approzimate
(up to 6%) local orientation vector given by

. <c.os a(mo)) .
sin a(xo)
4.8.2. Warped Anisotropic Fractional Brownian Fields (WAFBF)

We now consider a second model, satisfying similar properties, in the same spirit as the ap-
proach developed in @, @, @] but in the case where the warped Gaussian field is a H—self-similar
Gaussian field with stationary increments.

Definition 6 (Warped Anisotropic Fractional Brownian Fields). Let X be a H-sssi field,
with anisotropy function Cx, as explicit in Proposition [1. Let ® : R2 — R? be a continuously
differentiable function. The Warped Anisotropic Fractional Brownian Field (WAFBF) Zg x is
defined as the deformation of the elementary field X :

Zs x(x) = X (P(x)) . (19)
The aim of this section is to study the local properties of such Gaussian fields.

Proposition 9. The Gaussian field Zg x defined by (I9) is localizable at any point o € R?, with
tangent field Yy, defined as

Yao () = X (D®(xo) ), VY& eR?, (20)

where D®(xg) is the Jacobian matriz of ® at point xq.

Proof. Proposition[@is proven in Section O
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Proposition 10. Let Zg x be the WAFBF defined in Definition [@, from an elementary field
X = Xo,.6 defined by @)-06)-{@) and whose orientation, computed in section[3.3.2, is given by the
unit vector @ = (cos ag, sinag). In addition, we assume that the C-differentiable deformation ®
is a diffeomorphism on an open set U C R?.
Then, at each point zg € U, the WAFBF Zg x admits an approzimate (up to §?) local orien-

tation given by

N ( ) - Dq)(ilto)-rﬁ

M D@ (wo) T ¢

Proof. According to Definition[] the local orientation of Zg x at @ € U is given by the one of its
tangent field Yg,. From Proposition[Q Y, () = X(D®(xo) x), and since ® is a diffeomorphism
in a neighborhood of o, D®(x¢) is invertible. Proposition [ applied to L~! = D®(x¢) directly
leads to the result. (]

Example 4 (Local rotation). We now illustrate this result considering the case ag = 0, then the
orientation T = (cos ap,sinag) of the elementary field X is now the unit vector it = ey = (1,0)7.
The deformation we consider is a local rotation governed by a continuously differentiable function
x — ax). We have the following proposition:

Proposition 11. We consider the following warped field from the standard elementary field:

Zg x(x) = Xo5(®(x)) ,

with
B _ [ cosa(z)r +sina(z)zs | _ (Pi(z)
@(w) - R_Ol(il!)m - (_ SinOé(w) x1 + COSOé(w) $2> — (@2($) ) (21)
where a : R?2 — R is a C! function on R? such that, on an open set U C R?, one has:
0 0
Vag € U, Va(:vo) N xg = 8—;(:130):60,2 — 8—52(:130)90071 75 —1. (22)

Then, for each point ko € U satisfying 22)), Za& x admits as local orientation vector:

Alxa) = u(a(zo)) + (u(a(zo))t, xo) Va(zo)
(o) = [lu(a(zo)) + (w(a(xo)) L, o) Va(zo)| (23)

with u(a(xo)) = (cos(ap(xo)), sin(ao(xo)).-

Proof. Since the function « is assumed to be C!, the deformation ® (ZI]) is also C'. Its Jacobian
matrix is given by

I alx) + g—;i(:v)ég(:v) sina(x) + g—o‘z(:v)ég(:v)
D®(z) = (— sina(x) — g—i(w)‘?l(:c) cosa(x) — g—a(w)CPl(m)) ’
whose determinant is 9 9

det D®(z) = 1 + 6—;1(:13)332 - 6—;;(cc)a:1 .

Under the assumption [22]) followed by «, the determinant on the open set U is non-zero, so ®
is a C''-diffeomorphism on U. Then, Proposition @ and [0 hold, and at each point o € U, Zs x
admits as local orientation vector 7i(xg) = D®(xo) e1 /|| D®(xo) e1 |, which writes

__u(a(@o)) + (u(a(xo))", ®o) Va(zo)
[u(a(zo)) + (u(e(@o))+, xo) Va(zo)l|

7i(zo)
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Figure 1: Image texture of size 512 x 512 resulting from the simulation of the field Zg x (z) = X(R_q(z)®) on
[0,1)2, where X is the standard elementary field with parameters H = 0.5, ag = 0 and § = 0.3, for the following
functions a: (a) a(z1,2) = — % (top left), (b) a(z1,22) = —F + 21 (top right), (c) a(z1,22) = —F + 22 (bottom
left), (d) a(z1,x2) = —F + 22 — 29 (bottom right).
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Some examples of realizations of Zg x on the domain [0,1]? are displayed on Figure [ for
different values of «, fulfilling the condition ([22]). Remark that the orientation vector given by
@3) is equal to u(a(xg)) = (cosa(xo),sinal(xg)) plus a term depending on the gradient of a.
Consequently, we do not exactly have a prescribed orientation governed by a.

We now inverse the problem, and investigate the construction of a deformation ®, to obtain
a prescribed orientation «. To this aim, we will employ a conformal deformation, which has the
particularity to preserve the angles. An important result, stated in the following proposition, is
that we can prescribe the orientation « of a Gaussian field, if this orientation is supposed to be
harmonic.

Proposition 12. Let Zg x(x) be the Gaussian field [I9), warped by a conformal deformation ®
defined as follows: let o : R2 = R be an harmonic function, and X its harmonic conjugate function

such that ¥ = (—)\a) is holomorphic (as a complex function, identifying R? with C). Define now

® as any complex primitive of exp(¥), as an holomorphic function on C. Then at any point xg,
an approzimate (up to 62) local orientation of Ze x is

R _ (cos(a(xg))

nZ("EO) = (Sin(a(wg)) )
which is exactly the orientation vector defined by the angle function o.
Proof. Firstly, the existence of A is the classical result of the existence of an harmonic conjugate
of a (see [d]). Then W is holomorphic, and exp(¥) is holomorphic too (as the composition of

holomorphic functions). In addition, since ® is a complex primitive of exp(¥) as an holomorphic
function on C, we have at any point:

&' (o) = exp(P(zo)) = *(@0) ¢—ia(@o)
(as a complex function in C). Moreover, since ® is holomorphic,

oP 0P

o (@0) = =i 5 (w0)

/ _
® (CE()) - (91:2

which leads to the Jacobian matrix:

D®(xo) = exp(A(zo)) ( CO§(a($0)) Sin(a(wo)))

—sin(a(xo)) cos(a(xo))

and concludes the proof. O

Example 5 (Affine orientation functions). We consider the family of harmonic functions
a1, 22) = axy + bxs + ¢,

with a,b, c real constants. By the procedure of Proposition [12, we are able to construct the defor-
mation function ®, whose explicit formula is

‘I’(xl,xg) =

exp(arg — bxy) <a sin(axy + bra + ¢) — beos(axy + bxg + c)) (24)

a2 + b2 acos(axy + bxa + ¢) + bsin(axy + bxs + ¢)

Then we can verify that

s ooy - (S T2 ). - (20

An example of simulation of such a prescribed local orientation field is provided in Figurel[2, where
the angle variations are governed by the function a(x1,x2) = 221 — x2.
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Figure 2: Image texture of size 512 x 512 resulting from the simulation of the field Zs x (x) = X (®(x)) on [0,1]2,
where X is the standard elementary field with parameters H = 0.5, ap = 0 and § = 0.3, and @ is the deformation
function defined by (24)) corresponding to the harmonic function a(z1,z2) = az1 + bxa + ¢, with (a,b) = (2, —1).

5. Proofs

This last section is devoted to the proofs of Theorem [B] and Proposition

5.1. Technical lemmas
We first state and prove some lemmas that are used in the proof of Theorem

Lemma 1. Assume that h is a B—Holder function with Lipschitz constant Ay, defined on R? sat-
isfying
0<a= inf h(x) < sup h(z)=b< B <1.
xER? rcR2

Then, for all x,y € R? and for all £ € R?,

R I R e e e T [ (3 e T s T

Proof. Let us fix £ € R? and apply the mean value inequality to the function
hies €] = exp(—(h + 1) log [[€]]) -
We obtain that

&1 = &= | < 1 — holJogell] (=) .
with @ = min(hq, ho) if [|€|| > 1 and a = max(hy, he) if ||€]] < 1. This leads to the inequality:
< |h(y) — h(z)]| [log]€]l|
X (||€||_i“f’ S TP 3 s h(z)_1]1||£||<1) :

The holderianity of h allows to conclude. 0

V(z,y) € (R, vE € B2, |llg] =) — ¢~

Lemma 2. Assume that h : R? — [0,1] and C : R? x R? — R, are two functions satisfying
assumptions (H). Let x € R2. Then, there exists some constant K, > 0 depending only on x
such that for any (p,w) € Ry x R? with |p| < 1 and |w]|| <1 we have

J.

Moreover the function x — K, is bounded on any compact set.

. 2 2
I8 17 [[12 (@ 4 pw,€) — f1%(,€)] dE < Kool max(w][*, w]*) (1 + J2I)?) -
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Proof. Observe that
Clx+pw,§) Cx§ Clx+pw§) Cl+owf Cl+pw Cx,€)

IR e O e T CORS lgr@+ grt

Using the classical inequality |a — b|? < 2(Ja|? + |b]?), we deduce that

L
-
R2

ed(@, €) _1‘2

w2 [ L (Ot p0,) - . €)) de

oli(@, &) _ 1’2 {f1/2(:13 + pw, &) — f1/2(3375)rd£ )

i@ &) _ 1

2
’ ||£Hh(:c+p'w)+1 HS”h(m)-‘rl

Cla + pw, €) c<w+pw,e>r e

o= &) _q
To bound the latter integral fR2 |H£”2THZ‘, [C(:I: + pw, &) — C(=, 5)]2 d€, we set € = r@ with

(r,®) e RY x S! and use the homogeneity of C. It yieds:

‘ej<w,£> _ 1‘2 2
/m €[h@+2 [C(a + pw, €) - C(,€)] " d¢

- A*%[/|m@>|2hw>[ (x + pw, O) — C(z @)]Qd@}ds

N ejs_12 9
< ”"EH%( ) [‘/R* LQMT*‘LdS] [‘/Sl [C(:B-i—pw,@)—C(:B,@)} d@] ,
T

where we set s = r (@, @) in the second equality. We now use condition (3] of assumptions ()
with z = pw € B(0,1). Hence,

el &) _ 1 js 2
C C 2d < A 2n 2n 2h(x) |eJ — 1| d
R2 ||£H2h(m)+2 [ (113 + pwug) - (wvg)} 5 X Hz |p| H’LU” Hw” Ry 2h(m)+1 S

Then, since ||z||?"®) < |lz||? + 1 is always valid (h(R?) C [0, 1]), one has

‘ej<m.,s> _ 1’2 i

|, e O+ w6~ Ca.€))" g < Bullw o (= +1) . @5

with o 2
els — 1
Bm:Am/* st<oo.
+
. 2

We now bound [y, ’eﬂ - 1’ {M”ﬁ;;‘;;ﬁjl - ﬁgﬁm’;’ﬁ)} d¢. Since C is bounded and by

Lemma [Tl we have for some A > 0 depending only on h and C"

J.

- 2 2 —9a— o
< APl [ feree 1] [\logmu\ (€172 L1 + g~ 211|£||<1)]d€-

i@ &) _ 1

2
’ ||€Hh(m+p'w)+1 H&”h(m)Jrl

Cla+pw,g) Cla +pw,s>r e
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Since [ed(®:€) — 1‘ < min(||z|| - [|€]],2), we directly get that

J.

2
Clat pw€) O(m+pw7§)] d < X lpP?wl® () +1) . (26)

oil®: &) _q
[[&][Pla+pw)+1 [€][P@)+1

‘ 2

with

~ 2 —oa— _
Tt | [ owlell (Il *1peio1 + el 11c:) de]

The conclusion then follows from 28) and @8) with K, = 2B, + 24. The fact that @ — K is
bounded on any compact set comes from the fact that @ — A, is bounded on any compact set. [J

5.2. Proof of Theorem[3

Let X be the Gaussian field defined by formula (I8]), and z¢ € R?. Let Z,, be the Gaussian

field
X(xo + pu) — X (xo)

Zmoyp(u) = ph(mo) >

and Yy, the H-sssi field defined by formula ([I7). We are going to prove that Yy, is the tangent
field of X at xo € R2, that is

{Zmo’p(h’)}heﬂ%2 i> {Ymo(h‘)}hem .

as p — 0, in the sense of weak convergence of stochastic processes. The proof is divided in two
steps :

(i) We first prove that the finite dimensional distribution of Z, , converge to those of Y, as
p—0:
(Zwo,/)(h‘l)v R mep(h‘N)) — (Ymo (h‘l)v s Yag (h‘N)) )

which means the convergence of the measures of these finite dimensional random vectors on
RYN. The Lévy theorem insures that it is equivalent to prove the converge in term of the
characteristic functions of these random vectors, which is, in the Gaussian case, equivalent
to show that we have convergence with respect to the covariance:

V(u,v) € (R?)?, Ly B[ Zzg,p () Zno p(0)] = E(Yaro ()Y (v)) - (27)

(ii) Thereafter, we set p, = 1/n € [0, 1] and prove that the sequence of random fields (Z,, ), en- ef
(Zao,pn )Jnen«, satisfies a tightness property, which is fulfilled if (Z,,) nen-+ satisfies the following
Kolmogorov criteria (see for example [37] p.64):

VT >0, Vu,v € [=T, 7%, supE(|Zn(u) = Zu(v)|") < Co(T)[Ju—|**=,  (28)

n>1

for some positive constant Co(7T") which may depend on T and ~1,72 which are universal
positive constants.

Remark 4. Since Zg, ,(U) — Zg,,,(v) is a Gaussian vector, then for all v1 >0

SUp 1= 0| T E [[ Zagp (1) ~ Zag,(0)["]
p€(0,1)

and

v1/2
_ 2
sup [lu — || 2R | Zgg p(4) = Zag,p(v)] ]
p€(0,1)
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Figure 3: Ilustration of a bump function ¢q.

are equal up to a multiplicative constant depending only on 1. The inequality 28)) is satisfied by
considering y1 > 2/v0 with v2 = y0y1 — 2. Therefore, it will be sufficient to verify that 0 < v9 < 1
such that

VT > 0, Yu,v € [FT,T2,  supE(|Z(u) — Z,(0)[2) < Co(T)u — w2 . (20)

n>1

Remark 5. Since the notion of tangent field is a local notion at point o, it is equivalent to
determine the tangent field of X at xg or that of X (x) = vz, (€)X (x) at point xg, where ¢ is a
C function which is equal to 1 on a neighborhood of Ty (e.g. the ball B(xo,a) of radius a) then
decreases and vanished outside a compact set (e.g. the ball B(xo,b)). Such bump functions can
easily be constructed [@], from a 1-D function @o as illustrated in Figure[3 by taking o, (x) =
wo(|lx — xol]). Then, we define

~ X(xg + pu) — X(xqg

Za:mp(u) = ( pi(zo) ( ) :

In step (i), computing the limit for given w and v, nothing changes since from a certain rank, p,
is such that g + ppu and xg + ppv fall in the ball B(xo,a) in which X = X.
In step (i), with Z,(u) — Z,(v) = p;h(mo)(X(wo + pa) — X (20 + pnv)), the following inequality

sup E(| Z (u) = Z,(v)[*) < Co(T)|[u — v]° (30)

n>1

requires to distinguish three cases:

e Ifu and v are in B(xo,b)°, then X (xo + pptt) = X (zo + pav) = 0 and so @) is satisfied.
e Ifu € B(xo,b) and v € B(xo,b)°, then

Za(w) — Zuw) = p@0) R (o + pous) |
= ") (Paq (X0 + patt) = Pay (T + puv)) X (20 + pou) |
with|pz, (To + pntt) — Pa, (To + pnv)’2 < A(T)p2 ||u — v||? since @ is C™ that is a Lipschitz

function and E [X(:co +pnu)2] < B(T) by continuity of the covariance function, on the
compact set [=T,T)?. Again, @BQ) is satisfied.

e It remains to deal with the case where w and v are in B(xo,b), that is to say we can restrict
ourselves for the proof to the case where w and v are in the neighborhood of xy as small as
we want. We will take for the purposes of the demonstration b = 1/2, in other words we will
be able to restrict ourselves to the compact set [-T,T]=[-1/2,1/2].

Now we prove these two conditions (7)) and (28]

(i) First step:
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We aim at proving (27) that is for all (u,v) € (R?)2:

tiy S0 ) = EEe o 2 o) R v @) (6D

Let us take (u,v) € (R?)? and consider p < po such that pou, pov € B(0,1/2).

First observe that, by definition of X, one has

E[(X (@0 + pu) — X (20))(X (20 + pv) — X(w0))] = /2 Guw(o,§) dE (32)

R

where we set

Gu.v(0,€) = {(e“m"“"ﬂ —1) 2 @o + pu, €) — (V08 — 1) f1/2(w0,5>]
% [(e—j<wo+pv,s> _ 1) Y2 (o + pu, €) — (e—j(wm&) _ 1) f1/2($075)] 7

and f1/2(x, &) = C(x, €)/||&|"®) 1. We now split the integral into four terms:

E[(X (@0 + pu) — X (20))(X (2o + pv) — X(w0))]

= /R (98 — 1) (708 — 1) f/2 (@ + pu, ) F 3 (o + pv, €) A (Iy)
_|_/ (ejp(w&) _ 1) (

R
+/RQ (1 _e*j(ﬂ'?o-{)) (efjp<v,£> _ 1) |:f1/2(.’130 4w &) — 2w, 8)| F/2 (o + pv,£) dE (Ts)

+ [ et e " [0 + pun) — £72(20.8)] [0 + p0.€) — V¥(0.6)] dE (1)
R2

:Il+12—|—13+14.

1= el €) 12y 1 pu, &) [ 12 (mo + pv,€) — [1/3(w0,€)| A€ (Ta)

In order to prove (3I), we now investigate the behavior of each integral I1,I2,I3,14 when p — 0.
e Study of the first term Iy
We suppose below that p > 0: indeed, since & — C(x, ) is even, the case p < 0 derives in the

same way. In the integral I, we set ¢ = p€ (¢ = —p€ if p < 0), d¢ = p? d€ and use the explicit
expression of f, then:

I, = ph(:cg-l-pu)—i-h(a:o—i-pv)/

(ej<u,c> N 1) (e—j<'v,C> B 1) Clawo + pu, {/p)C(x0 + pv,¢/p) ac.
R2

HC”h(moeru)Jrh(moerv)JrQ

By homogeneity of & — C(x, £), we deduce:

p—2h(:cg)11 _ ph(wo—l—pu)-i-h(:cg +pv)—2h(x0)

~ ; Clwo + pu, O)C(o + pv,€)
(u,¢) _ (v,¢) _ ? B
X /R2 (eJ 1) (e J 1) ||C|‘h(mg+pu)+h(wo+p’v)+2 dC.

Observe now that
pl@otou)th(zotpv)=2h(wo) — ey, (1ng [h(x0 4 pu) + h(xo + pv) — Qh(wo)]) .
Using that h is f—Holder, we obtain

[h(@o-+pu)+h(@o+pv) —2h(@o)| < |h(@o-+puw)—h(@o)|+Ih(zo+pv) ~h(wo)| S (Jul+I|v]*)]o|” -
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Since 8 > 0 by assumption, and 1im+ pPlog p = 0, we then deduce the limit:
p—0

lim logp [h(xo + pu) + h(xo + pv) — 2h(x0)] =0, (33)

p—0t

and hence lim pl(@otrw)th(zotpv)=2h(mo) _

p—0+

It implies that

. _ . ; _ C(xo + pu, ¢)C(xo + pv,¢)
2h(@o) ], — ju¢) _ iv.¢) _ 0 T pY, Y,
pli%ﬂ P L = pli%lJr lel<t (e 1) (e 1) [|€ || (otpu)th(zo+pv)+2 d¢

j - C(xo + pu,{)C(xo + pv,¢)
(u,¢) _ 0.0 _ ; ;
(eJ u 1) (e (v 1) e Got e 9

+ lim
P=0% Jy¢lI>1

We now apply the Lebesgue’s Dominated Convergence Theorem to each integral separately. We
first bound the two integrands as follows:

~ - C(zo + pu, {)C(xo + pv, ¢) | _ M?||u||v][<]
Hu, ¢) _ (v, ¢) _ 0 J J

vigh <1, |(e (e 1) [C[[F@otpu)Fh(matpv)+2 S NECE.
. . C(zo + pu, ¢)C(xo + pv, )
i(u, &) _ j(v, ¢) _ o ) ) 2

vigh=1, (e (e 1) [C[[P@otrw)+h@orpv)+2 | S HEGRE

In the first line we used |ed® — 1| < 2 |sin(¢/2)| < |t|, and the Cauchy-Schwarz inequality applied
to the R%-scalar product. Secondly, since a > 0 and b < 1 by assumption, we easily check that the
functions ¢ — [|¢]|72* and ¢ ~ ||¢[|72(@*1) are respectively integrable on ||¢|| < 1 and ||¢]| > 1.
The Lebesgue’s Dominated Convergence Theorem then implies that

. - i —j C(z0,¢)*
2h(zo) ], — iu, €) i, ¢) ’ —
ph%l+ p I /]1@2 (e 1) (e 1) [C[2hmorT? d¢ = E(Ya, (1) Ya, (V) .

since the functions h and & — C(«, ¢) are continuous.
e Study of the other terms I, 13,1,

We now prove that the three other integrals Io, I3, I4 are negligible with respect to the first
one when p is small.

We only detail the negligibility of I, the other cases Is and I4 being similar. Using the Cauchy—
Schwarz inequality, we get that

1
|

The analysis of the first integral has already been done in the study of I taking uw = v. We then

obtain
lim p—2h(:l:0) /
p~>0 R2

The bound of the second integral directly comes from Lemmal[2 Since 8 > sup, h(x), we get that

elir{u, &) _ 1‘ flxo + pu, &) dE]

. 2 ° "
eJ(mo-,@_l’ [fl/Q(mg—i-pv,é)—fl/Q(mo,é)} dé} :

eipu. &) _ 1‘2 Flao + pu, €) A€ = E[Vaq (u)?] . (34)

: —2h(2l!0) —
/1)1_1}%;) Io=0.
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The same approach also yields for I3 and 14, leading to

lim p~ 2@ = lim p 2@, =0 .
p—0 p—0

which concludes the proof of ([BI).

(ii) Second step:

We now have to prove that the sequence (Z,)nen- of (Zzg,pn )nen- satisfies [28), with p =
pn = + €[0,1] and with w and v restricted to B(0,1/2) from Remark [ that in the following
T = 1/2. Then, we have:

Zmoyp(u) - Zmoyp(v)
1

- el(@otou,&) _ 1) FY2(x0 + pu) — (ej<m°+p”’£> - 1) FY2 (@ + pv) | W(dE) .
plo) Jpo

Hence,

E [ (Zao,p () = Zao,p(0))]

1

= p2h(@o) /}R2
1

= p2h(@o) /}R2

2 : 2 2
ey [t <1 (772 @0 + ) = w0+ p0.)) dE
R

2
+ p2h(£’[50) R2

the last inequality coming from |a — b]* < 2|al” + 2|b|*.
We now apply Lemma Rl with & = ¢ + pu and w = v — u € B(0,1). It implies the following
bound for the first integral

2
th(mo) R2

< 2( sup K) (14 2llwol? + 2)u)2) max (Jlo - ul[?, v — wl|) [pf2 (o),
yEB(wo,2T)

2

dg ,

(e.i(wo-i-pu,&) _ 1) f1/2(w0 + pu, €) — (ej<:co+pv7§> _ 1) f1/2(m0 + pv, &)

(ej<mo+pu,s> _ 1) (fl/Q(mo + pu, &) — [ % (@0 + pv,é’))

2
_ (ej<:co+pv7£> —-1- (ej<m0+/’ux5> - 1)) f1/2($0 +pv,€)| dE,

N

ei{pv—u).€) _ 1’2 F(@o + po)de .

. 2 2
elfotrn€) 1" (£1/2(mg + pu, &) — 2 (wo + p,€)) dE

< Kl max (Jlo - ull, flo - u]®") | (35)

with Ky =2  sup K, (1 + 2)|zo)? + 4T2) and 8 — h(aq) positive.
y€B(x0,2T)
To bound the second one observe that C' is homogeneous w.r.t. the second variable and
bounded. Set ¢ = p€||u — v|| and deduce that

2
p2h(£’[50) R2

< 2”“ _ ,U||2h(a':0+pu)|‘C||Oop2h(mo+pu)—2h(mg)

. 2
x / o7 @9 1 (IS g o + ICI 2 Ly ) A€

eie0=-€) 1° flarg + pv) dg
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with © = (u — v)/||u — v||. By the same arguments than in B3] we have that

Jim p2(h(@o+ov)=h(ze)) _ 1
p—0

so it has a finite upper bound A; > 0, which is achieved on a compact by continuity

Ay =max{(p,v) € [0,1] x [T, TJ2, p2zorrm)=hlzo) |
p,v

Identically we have ||u — v||?(@o+rv) — |l — p||2(A(@otrv)=h(0)) |4y — v||2M(=0) and the first term
tends to 1, then the function (p,u,v) + ||u — v||?(M(@o+rv)=h(=0)) also achieves its upper bound
Ao > 0. Thus,

2f|w — || || O o p?(Fot o2 L 241 Ag| oo |l — 0] P

. 2
Hence, using that [ei(® <) — 1| < min(2, |©]]I|¢])) = min(2 |[¢]),

2
pzh(il!o) R2

with Ky = 241 A9[|Cl| e fgo min(2, [C[12) (€724 2L y¢ps1 + I 2 Lyiep<1) dC-

. 2
i{p(v—u).€) _ 1‘ flxo + pv, €) d€ < Ko|lu — v||?h(@0) | (36)

Since K71, Ko are two positive constants depending only on 7', inequalities (B5) and (B imply
that

2 K _ _
B [ (Zoo o) = Ziop(0))7] < Kallu—ol#0) [ 14 T s (o = w260, o — @) |

and since 8 — h(zo) > and 1 — h(x) > 0, the second factor achieved its bounds on the compact
set [T, T)? x [-T,T)?, hence

sup [ — v "R [(Zyg (1) = Zao,p(0))°] < o0
p€(0,1)

Which proves the inequality ([28) from Remark @] with vo = h(xo). O
The proof of the points (i) and (ii) completes the proof of the Proposition Bl
5.3. Proof of Proposition
Let xg € R?. Since X is H-self-similar, one has
X(a) = [ (@ 1)) Wide)
with £(€) = Cx(€) [l€|=#~2. Then,
Za x(@) = X(@(2)) = [ (@@ - 1)712e) Wde)

R2

As for the proof of Proposition [ in Section £.2] we divide the following proof into two steps.

(i) First step:

26



Let u,v € R?, and consider:

p2LHE {(Z@,X(CCO + pu) — Z@,X(wo)) (Z@,X(wo + pv) — Z@,X(mo))}

2H
P R2

_ % } (ej<4>(w0+ﬂ1;)‘i>(wo)7pﬁ> B 1) (ej<<1>(wo+m;)‘i>(wo)7p£> B 1) f({) d& |

_ % } (ej<‘1>(w0+p1;)‘i’(mo))c> B 1) (e_j<‘i>(mo+m;)‘i>(mo))c> B 1) f(C/P) dC/p2 ,

_ pQLH /Rz (ej<‘1>(w0+p1;)‘i’(mo))c> B 1> <e_j<‘i>(mo+m;)‘i>(mo))c> B 1> szHf(C) dC/p2 7
_ /Rz <ej<‘i’(mo+m;)‘1>(wo)_’§> B 1) (ej<‘1>(wo+p1;)‘1>(wo)7<> B 1) f(C) dc .

To compute the limit of this quantity when p — 0, let us denote by g(p, ¢) the integrand of the
last integral. We have

}Ji_r}%g(p’ ¢) = (ej<D<I><mo>u.,<> _ 1) (efj<D<I><mo>v.,c> _ 1) 7(¢).

Now we have to bound the integrand |g(p, ¢)|: using the inequality |e}® — 1| < min(2, |z|), one has
et ).
p

< min (2 L@ (o + pu) — B(ao)|| <]

l9(p, €)] < min 2,

)= 2lzo), c>| 70,

<<I>(mo +pv) — P(x
min (2.2 [@(ao + o) - @tz 61 ) 10

1 1

< min (2, ~ sup  ||®'(z)| [|lpull |C||> min < = sup [[@'(2)]| [lpv]| |C||> f(Q),
P [xo,x0+pu P [xo,x0+pv]

< min (2, K [|ul} |¢]]) min (2, K [0 [<]]) f(<) .

<

min(2, C[[€[))*f(¢) = G(C) -
The second inequality is obtained by Cauchy—Schwarz inequality, the third by mean value inequal-

ity, the forth under the assumption that ® which is continuously differentiable so H<I>' H K, the
fifth with C' = K max(||ul|, ||[v]]). Finally, we show that G is integrable since:

GIC ¢ = [ min(2.CIEf(€)

R2

where we have used the homogeneity of f, and Proposition @l Hence, using the Lebesgue’s Domi-
nated Convergence Theorem, we obtain

lim MLHE[(ZQX(% + pu) — Za x(20))(Za,x (To + pv) — Za x(0))] = E[Ya, (w)Ya, (v)]

where we denoted

Vaplw) = [ (%) 1) p12e)Wiae)
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which is by definition the tangent field.
(ii) Second step:

We then prove that the convergence holds in the sense of finite dimensional distributions. To
deduce Proposition @ we follow the same way as in Step 2 of Theorem [3 a Kolmogorov criteria.

E Zs x(xo + pu) — Zs x(xo) Za x(xo + pu) — Za x (o) g
pH - pH
1 . . 2
= p2—H g eJ<‘I>(mo+pu)7£> _ eJ<‘I’(m0+P'U)-,E>‘ f(€)de,

i(®(@o+pu)—®(xotpv), &) _ 1’2 f(g)deg,

7
= —= e
2H Jos

./ ®(wo+pu)—®(zo+pv) 2
= [ ol roa,
R2
; 2 2H
el —1 ®(xo + pu) — ®(xo + pv)
N / | 2H+1} [/ < : : @ s
R: S st P
: 2
P(xo + pu) — P(xo + pv 2 el® —1
< H (zo )p (zo ) / ’Sle‘ds /Cx(@)d@ ,
RY st

P
one. Then, since ® is C', one have

with s = r < 2(wotpu)—S(@otpv) @>. Let denote by Iy the first integral above and I the second

E

Zs x(xo + pu) — Za x (ko) Za x(xo + pu) — Za x(x0) g
pH - pH

oH
Iyle
< 2H< sup |‘I"(CC)||||P(U—U)||> :
p [xo+pu,xo+pv]
< Iule|| @) lu —of*7
< C()Hu—vHQH.

with Cy = I Ic||®'||*". We conclude like at the end of Step 2 of Theorem [Bl
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