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CYCLICITY IN /? SPACES AND ZERO SETS OF THE FOURIER
TRANSFORMS

FLORIAN LE MANACH

ABSTRACT. We study the cyclicity of vectors w in ¢P(Z). It is known that a vector u is
cyclic in £2(Z) if and only if the zero set, Z (@), of its Fourier transform, @, has Lebesgue
measure zero and log |i] ¢ L'(T), where T is the unit circle. Here we show that, unlike
(%(Z), there is no characterization of the cyclicity of u in ¢?(Z), 1 < p < 2, in terms
of Z(u) and the divergence of the integral f,ﬂ, log |u|. Moreover we give both necessary
conditions and sufficient conditions for u to be cyclic in /P(Z), 1 < p < 2.

1. INTRODUCTION AND MAIN RESULTS

In this paper we will study cyclic vectors in P spaces for 1 < p < 2. A vector u =
(un)nez € CP(Z) is called cyclic in ¢P(Z) if the linear span of {(un—g)nez, k¥ =0,1,2,...}
is dense in (P(Z) and w is called bicyclic in ¢P(Z) if the linear span of {(u,—g)nez, k € Z}
is dense in ¢P(Z). Note that the bicyclicity in this paper is defined as cyclicity in [13] and
[14].

We denote by T the unit circle of C. The Fourier transform of u = (uy,)nez € P(Z) is
given by
u:CeT— Z up ("
neZ
and we denote by Z(u) the zero set of 4 on T:

Z(u)={¢ T, u(¢) =0}.
Note that if u € ¢'(Z) then u is continuous and Z(u) is well defined, while if u € (*(Z)
then @ € L?(T) and Z(a) is defined modulo null sets.

Wiener showed in [18] that the bicyclicity of a sequence u in ¢*(Z) and ¢*(Z) is char-
acterized only in terms of Z(u): w is bicyclic in ¢*(Z) if and only if Z(u) = @ and u is
bicyclic in ¢?(Z) if and only if Z(@) has Lebesgue measure zero. Wiener asked if the same
phenomenon holds for v € P(Z), 1 <p < 2.

Lev and Olevskii, in [14], answered this question negatively. We cannot characterize
the bicyclicity of u € ¢1(Z) only in terms of the zero set of @i: for 1 < p < 2 there exist
u,v € (*(Z) such that Z(a) = Z(v) and one is bicyclic in £7(Z) and the other is not. Here
we consider a similar problem for cyclicity in /?(Z), 1 < p < 2.
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2 F. LE MANACH

It follows from Wiener characterization of bicyclic vectors and Szegé infimum that a
vector u is cyclic in £2(Z) if and only if Z (1) has Lebesgue measure zero and log |i| ¢ L'(T)
(see [16, Corollary 4.1.2, Theorem 4.1.4]). Furthermore when w is cyclic in ¢?(Z) then u is
cyclic in ¢4(Z) for ¢ > p. A direct consequence of this fact is that, for u € ¢1(Z), if u is
cyclic in ¢P(Z), 1 < p < 2, then Z(@) has Lebesgue measure zero and log |u| &€ L*(T). It
follows from this and Wiener characterization of bicyclic vectors in ¢'(Z) that there is no
cyclic vectors in £(Z) (see also [1] for a different proof).

The existence of cyclic vectors on ¢?(Z), for p > 1, was established by Abakumov,
Atzmon and Grivaux in [1, Corollary 1] in 2007. Note that this result was first proved by
Olevskii in an unpublished manuscript in 1998 (see [1, Remark 1]).

We show that for sequences u € ¢'(Z) such that log |i| ¢ L'(T), there is no characteri-
zation of the cyclic vectors u in ¢?(Z) only in terms of Z(a).

Theorem 1.1. Let 1 < p < 2. There exist u and v in (*(Z) such that Z(u) = Z(0),
log |u| € L*(T), log |0| &€ LY(T), with u non-cyclic in (P(Z) and v cyclic in (P(Z).

Until now we did not know more than the existence of cyclic vectors in ¢?(Z). Here
we give, when u is smooth, both necessary conditions and sufficient conditions for u to be
cyclicin P(Z), 1 < p < 2, and in a more general case: the weighted P spaces. In particular
this allows to construct explicit examples of cyclic vectors in weighted (P spaces. Here are
some results that we get: for u € ¢*(Z) and 1 < p < 2,

o if 1 € C(T), dim(Z(u)) < 2(p—1)/p and log |G| ¢ L'(T) then w is cyclic in ¢?(Z),
e if U € Lips(T) for & > 1/p—1/2,dim(Z(u)) < 2(p—1)/p and log(d(-, Z(u))) ¢ L*(T)
then w is cyclic in (*(Z),
where dim is the Hausdorff dimension (see [10, Chap II]), d(-, Z(@)) is the Euclidean
distance to Z(u) and f € Lips(T) means that there exists C' > 0 such that

F(O) = FN<Clc-¢T°,  ¢CeT. (1.1)

Let E be a closed subset of T. The set F is called a Carleson set if logd(-, F) € L'(T)
(see [4]). This condition is equivalent to the fact that E has a Lebesgue measure zero
and Y, |1,]log|l,| > —oo, where (I,,) are the complementary intervals of E. Note that if
@ € Lips(T) such that Z(a) is not a Carleson set then log |u| ¢ L'(T).

The paper is organized as follows: in section 2 we give preliminary results, in section 3
we prove Theorem 1.1 and section 4 is devoted to establishing both necessary conditions
and sufficient conditions for cyclicity in weighted ¢#(7Z).

We use the following notations:

e A < B means that there is an absolute constant C' such that A < CB.
e A=< Bifboth A< Band B < A.
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2. PRELIMINARIES

We denote by Ny the set of all non-negative integers and by N the set of all positive
integers. Let X be a metric linear space of complex functions on T such that the shift
operator S, given by

SO = ¢ (<)

is a topological isomorphism of X onto itself. Let f € X and A C Z, we denote by [f]X
the closed linear span of {z"f, n € A}. We say that f € X is cyclicin X if [f]{j = X and
f is bicyclic in X if [f] = X. Note that f is cyclic in X if and only if f is bicyclic in X
and [f], = [f]Z . Moreover

[, =z = felflk (2.1)
Indeed, if [f]§, = [f]7 then we have Zf € [f], and we obtain that f € [f]{, since the

multiplication by z is continuous in X. Conversely, we assume that f € [f|§. Then we

see easily that Zf € [f],. Moreover if 2" f € [f]§, for some n > 1 then z"*! f = limZP, f
with P, € P (T). Since P.zf € [f]§, and [f]§, is closed in X, we obtain z"*'f € [f]q,.
Thus by induction, for all n > 1, 2" f € [f]{, and then [fI{ = [f]7.

We denote by P(T) the set of trigonometric polynomials on T and by P, (T) the set of
analytic polynomials on T. Now we suppose, in addition, that X is a Banach space such
that P(T) is dense in X. Then f € X is bicyclic in X if and only if there exists a sequence
(P,) of trigonometric polynomials such that

T 1= P flx =0 2.2)
So we obtain, from this and (2.1), the following proposition:

Proposition 2.1. Let f € X. The function f is cyclic in X if and only if there exist
P, € P(T) and Q,, € P+(T) satisfying

1= Pufllx —20 and |[|f—2Qnfllx —2 0.

Now we study the weighted ¢F spaces. We denote by D'(T) the set of distributions on
T and M(T) the set of measures on T. For S € D'(T) and n € Z, we denote by S(n) the
nth Fourier coefficient of S defined by S(n) = (S, 27") and we write S = Y,z S(n)z". If

f € L*(T) we have
_ _nldC]
n = [ £
For p > 1 and 8 € R, we define the Banach spaces
4(2) = { (wahnez € T, [l (un)llly = X lual?(1 + 0]} < o5
nez

and

AYT) = {S € (D), 151 = X ISm)F(L+ ol < o0,

nez
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We will write AP(T) for the space Af(T) and A(T) for the space A'(T) which is the Wiener
algebra. The Fourier transformation is an isometric isomorphism between £(Z) and Aj(T)
since for S € A(T) we have

HSHA% = ||(§(n))nez||g§-

Moreover, for a sequence (u,),ez and k € Z, we have (un/_\k) = 2*(u,), so u is cyclic in
€5(Z) if and only if @ is cyclic in A%(T). From now we will state and prove our results in
AL(T). Note that if 1 <p <2 and 8> 0, AG(T) is a subset L*(T).

For 1 <p < oo and > 0 we define the product of f € Aj(T) and S € A}(T) by
15 = (L IS -w)=",
nezZ "~ keZ
and we see that 5], < ]y 1.

The following lemma gives us different inclusions between the A%(T) spaces.

Lemma 2.2 ([13]). Let 1 <r,s < 0o and 3,7 € R.
(1) If r < s then AR(T) C A3(T) <= v < 8.
(2) If r > s then AR(T) C A5(T) <= B—7> 11

For p # 1, the dual space of Aj(T) can be identified with A?4(T) (¢ = 5£5) by the
following formula
(S,T) =3 S(m)T(-n), SeAYT), T e A%,(T).
nez
A distribution S on T is said to vanish on an open set V, if (S, ¢) = 0 for all functions
p € C°°(T) with support in V. The support of the distribution S, denoted by supp(S), is
the complement of the maximal open set on which the distribution S vanishes. When f
is continuous, we denote by Z(f) the zero set of the function f. For § > 0 we recall that
Lips(T) denotes the set of functions f defined on T which satisfies (1.1).

We need the following proposition which gives a necessary condition for a function f €
Lips(T) to be bicyclic in AP(T).

Proposition 2.3 ([9]). Let 1 <p < oo, ¢=p/(p—1) and f € A(T). If there exists 6 >0
such that f € Lips(T) and if there exists S € AY(T) \ {0} such that supp(S) C Z(f) then
f s not bicyclic in AP(T).

3. NO CHARACTERIZATION OF CYCLICITY IN TERMS OF ZERO SET

The following Theorem is a reformulation of Theorem 1.1 in AP(T).

Theorem 3.1. Let 1 < p < 2. There ezist f and g in A(T) such that Z(f) = Z(g),
log|f| & L'(T), log|g| & L'(T) with f non-cyclic in AP(T) and g cyclic in AP(T).
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For the proof we need some notations and definitions. Let E be a closed subset of T.
We set
Z(E) = {f € A(T), fle =0}
and we denote by J(F) the closure in A(T) of the set of functions in A(T) which vanish
on a neighborhood of E. Clearly J(FE) C Z(E). We say that E is a set of synthesis if
J(E) =Z(F). Since {1} is a set of synthesis (see [10, Theorem IV] p. 123 or [8, Appendix
3] pp. 416-418), we have Z({1}) = J({1}). Unlike the space A(T), Z({1}) contains cyclic

vectors. Moreover, by [1, Proposition 2], the set of cyclic vectors in Z({1}) is a dense Gy
subset of Z({1}).

Lemma 3.2. Let f € Z({1}). If f is cyclic in Z({1}) then f is cyclic in AP(T) for all
p>1.

Proof. Let f € Z({1}) cyclic in Z({1}) and £ > 0. We denote by hy, for k € N, the function
defined on T by

z—1
hu(2) = z—1—-1/k
Clearly hy € Z({1}). Moreover for z € T,
1 & 2"
ho(z) =1 — .
«(2) k+17;)(1+1/k:)"
Thus for p > 1, we have
1 > 1
1 — hel|%w
1= el (k+1)7 ,;) (14 1/k)pm
! 1
(k+1)p1— W
1 1

(k+1)p —k koo pkp1

So for fixed p > 1, we choose k € N such that ||1 — hy|l4» < €. Since f is cyclic in Z({1}),
there exist P and @ in P4 (T) such that

|k — Pfllar <e and [[f —2Qflar <e.
We obtain that ||f — zQ f]|4» < € and
1= Pfllar <1 = hllap + ([l — Pfllar < 2e.
This proves, by Proposition 2.1, that f is cyclic in AP(T) for all p > 1. U

To prove our main theorem of this section, we need to introduce the notion of Helson
sets.

Definition 3.3 ([10], Chap. XI). A compact set K C T is called a Helson set if it satisfies
any one of the following equivalent conditions:

(i) if f € C(K) then there exists g € A(T) such that g|x = f,
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(7i) there exists 0y > 0 such that for all u € M(T) satisfying supp(u) C K we have
sup (n)| = 81 [ |du,
neL T
(iii) there exists 0o > 0 such that for all p € M(T) satisfying supp(pn) C K we have
lim sup |fi(n)| = 6 [ |du.

[n|]—o00

By (iii), a Helson set does not support any non zero measure p such that fi(n) — 0 as
|n| = oco. On the other hand Kérner shows, in [12], that there exists a Helson set which
support a non zero distribution S such that S(n) — 0 as |n| — oo (see also Kaufman in
[11] for a simple proof). Lev and Olevskii extend significantly this result by showing the
following theorem which is the key of their result about bicyclicity in ¢7(7Z).

Theorem 3.4 ([14], Theorem 3). For q > 2, there exists a Helson set K which supports a
non-zero distribution S € A4(T).

We need also the following lemma obtained by Lev and Olevskii.

Lemma 3.5 ([14], Lemma 10). Let K be a Helson set. Fore >0, p> 1 and f € C(K),
there exists g € A(T) such that

gl = ff

gllar < 5—\\f||oo=
2

llgllar < €

where 09 is a constant which satisfies (iii) in the definition 3.3.

The main result, Theorem 3.1, is a consequence of the following theorem which is an
analogue of Lev and Olevskii result.

Theorem 3.6. Let K be a Helson set on T. There exists g € A(T) such that g vanishes
on K and such that g is cyclic in AP(T) for all p > 1.

Proof. Let K be a Helson set on T. We recall that
I(K) = {9 € A(T), glx = 0}
which, endowed with the norm || - || 41, is a Banach space. We define
G(K)={g € Z(K), g is cyclic in AP(T), Vp > 1}.

We will show that G(K) is a dense G subset of Z(K). For € > 0 and p > 1, we consider
the set

Gle,p) = {g € Z(K), 3P € P(T), 3Q € P(T), |1 = Pgllar <€ and |lg — 2Qgllar < e}.
Let ¢, = % and p, =1+ % To use a Baire Category argument, we will show that
() 0Glenpa) = G(K),

(17) fore>0and p > 1, G(e,p) is an open subset of Z(K),
(7i1) fore > 0and p > 1, G(e,p) is a dense subset of Z(K).
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(7): Let g € Z(K) such that for all n € N| there exist P, € P(T) and @Q,, € P (T) satisfying
11— P,gllarn < &, and ||g — 2Q,g|| apn < €,. Since for all p > 1, there exists N such that
for all n > N we have p > p,,

||1_Png||AP§||1_Png||APn <5n_)07 n — o0

and

lg — 2Qngllar < llg — 2Qngllarn <en =0, 1 — o0.
By Proposition 2.1, g is cyclic in AP(T) for all p > 1 and thus we have g € G(K). The
other inclusion is clear.

(1) follows from the fact that, for f € A(T) and g € AP(T),
[Fgllar < N[ fllarllgllav.

(1i1): Let go € Z(K). We will show that for all n > 0, there exists g € G(g,p) such
that ||g — go||lar < m. Without loss of generality, we suppose that 1 € K. So we have
go € Z({1}). Since K is a Helson set, we consider do the constant satisfying the condition
(i77) of Definition 3.3. Since the set of cyclic vectors in Z({1}) is dense in Z({1}) (see [1]),
there exists a function h cyclic in Z({1}) such that

02
h — .
I = gollar < 75
Hence for all t € K,
0.
B(t)] = [h(t) = go(B)] < [Ih = golloo < 17— gollar < —=.
1+ 69

Since h is cyclic in Z({1}), by Lemma 3.2, h is also cyclic in AP(T). By Proposition 2.1,
there exist P € P(T) and Q € P, (T) satisfying ||[1 — Phl[4» < 5 and ||h — 2Qh[[4» < 5.
By Lemma 3.5, there exists f € A(T) satisfying

f|K - h’|K7
||f“A1 < ||h|K||oo n

09 1485
. 9
[flla» < mi

€
n , .
2[|Pl[ar " 2[]1 = ZQllAl)
Let g =h — f. We have g € Z(K) since f|x = h|x. Moreover g € G(e,p) since
1= Pgllar <|[1 = Phljar + [ Pllat]| fllar <&
and

lg = 2Qgllar < |Ih = 2Qhl[ar + (|1 = 2@ ar[[ fllar <&
Finally we have

Ui
1+

02
— < ||h — < <.
lg — gollar < || gollar + || ] a2 1+5277+ n

Hence G(g,p) is a dense subset of Z(K).
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By the Baire Category Theorem, oﬁ G(en, pn) is a dense Gy subset of Z(K). In particular
n=1
G(K) is not empty. O

Proof. (of Theorem 3.1) We recall that 1 < p < 2. Let K be a Helson set given by Theorem
3.4. By Theorem 3.6, there exists g € A(T) such that g vanishes on K and such that g
is cyclic in AP(T). This implies in particular that log|g| &€ L'(T). Moreover there exists
f € CY(T) such that Z(f) = Z(g) and log|f| & L*(T) (take f(¢) = e~ V420 if ¢ & Z(g)
and 0 otherwise). By Proposition 2.3 and Theorem 3.4, f is not bicyclic in AP(T) so it is
not cyclic in AP(T). O

Remark 3.7. In the construction of f and g in Theorem 3.1, one is bicyclic and the other
one is not. A natural question arises: Is it possible to construct two bicyclic functions with
the same properties as in Theorem 3.17

4. CYCLICITY IN WEIGHTED /P SPACES

In the following, we denote ¢ = p/(p — 1). In this section, we give both necessary
conditions and sufficient conditions for f to be cyclic in A%(T), when f is smooth, for
1 <p<2and 0 < B¢ < 1. When 3¢ > 1, there is no cyclic vector in A3(T). Indeed,
for 1 < p <ooand g > 0, A‘Z(T) is a Banach algebra of continuous functions if and
only if 3¢ > 1 (see [7]). So, if f is cyclic in AR(T), when B¢ > 1, then Z(f) = & and
log|f| € L'(T) which is impossible since f is continuous. In particular the conditions
obtained in this section allow us to construct explicit examples of cyclic vectors. We also
study the density of the set of cyclic vectors in weighted ¢P(Z).

4.1. Conditions for the cyclicity. We denote by H* the space of functions f € L>(T)
satisfying f (n) = 0 for all n < 0. It is well known that H* can be identified with the
space of bounded holomorphic functions on the disk D = {z € C, |z| < 1}. Recall that
outer functions are given by

d
Z)ZeXp/TEtilogw(C)%fT', z €D,

where ¢ is a positive function such that logy € L'(T). We denote by f(¢) the radial limit
of fat ¢ € T if it exists. We have |f| = ¢ a.e. on T. Moreover if ¢ € L>(T) then f € H*.

Proposition 4.1. Let 1 < p <2, >0 and f € A%(T) with « > 1/p —1/2+ 3. The
following are equivalent.
AP (T)

W " =102,
(2) 1nf{||Pf||AzB>, PeH® PfeAXT), P(0)=1}=0.

Note that, by Lemma 2.2, & > 1/p — 1/2 + 8 implies that AZ(T) C A%(T).
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AP
Proof. We suppose first | f = [f],° (T). By Proposition 2.1, there exists P, € P,(T)

such that lim || f — 2P, f||Ag =0as n — oo. Since 1 — 2P, € H*, we have

inf {||Pf|laz, P € H*, PfeAY(T), P(0)=1}=0.

Now suppose that (2) holds. Let P, € H*®, for n € N, such that P,(0) =1, P,f € A%(T)
and lim ||Pnf||Ap =0asn — oo. We write P, =1 — 20Q,, with Q,, € H>®. So we have,

lim |2Qu.f — fllug, = 0. Recall that [fJ/" = [fl2"" holds if and only if f € [f]5"".

Thus it suffices to show that 2Q,f € | f]gﬁ ™ since [ f]§5 ™ is a closed subset of AR(T).
Note that 2Q,f € A2(T) since P,f and f are in A%(T). So we will show the following
claim: if Q € H™ verifies 2Qf € A2(T) then 2Qf € [f]y 450

We note, for 0 < r < 1, Q.(2) = Q(rz). We have 2Q, f € [f]gﬁm since for all € > 0,
there exists @, € P4 (T) such that ||Q, — QTHA%; < ¢ and ||2Q,f — ZQerA;; < @, —

P

< A
Qrllasllzfllar < el[zfllaz. Moreover, by the Hahn-Banach theorem, [f]NB(T) is weakly

closed in A%(T). So it suffices to show that 2Q,f — 2Qf weakly in A%(T) as r — 1.
Let g € A?4(T) with 1/p +1/q = 1. There exists a sequence (g,) in P(T) such that
lim [|g — gullas,, = 0, as n — o0. So we have

Qo f = 2QF.9)| < 1(:Quf = 2Qf.9— gu)| + 1(:Qnf — 2QF . g2)
12Qrf — 2Qf Lzl — gallar , +

‘A(ZQT’f_ZQf)(C)gn(Cqu :

Since HZQrf_ZQfHAg < [|2Qr f —2Q f|| a2, we can show, with the same calculus that in [17,
proposition 3.4] and [5], that ||2Q, f — zQ f|| a7 remains bounded as r — 1. Moreover ||g —

gn||Aq — 0 and, by the dominated convergence theorem, [; [(2Q,f —2Q f)({)g.(¢)||dC| —

Oasr — Lsince f € L'(T). So 2Q, f — 2Qf weakly in A%(T) asr — Land 2Qf € [f]gﬁm_

This completes the proof. O

<
<

We also need the following lemma, see the proof of Theorem 1.3 in [2].

Lemma 4.2. Let E be a closed subset of T with Lebesque measure zero and such that
log(d(-, E)) & L*(T). Let & > 1/2 and v > 0 such that 26’ —v—1> 0. Let F. be the outer
function F. satisfying

|[FL(Q)] = (d(¢, B)T + 6)1/2 a.e. on'T

/log< cEv+a>dg’

and
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For all e > 0 we have

- AV
//T2 d((’, E>2(5'_’Y) ‘FE(C‘g — §€|§C )‘ |d(||d(/| ,S M..

The following result was obtained in [2] for p =2 and 8 = 1/2.

Theorem 4.3. Let 1 < p < 2 and B > 0 such that Bq < 1. Let f € Lips(T), where
0> [+ 1/p—1/2. We suppose that Z(f) has Lebesque measure zero. If

[ togd(¢. Z()ldc| = —o0

then ) )
AB(T) L AR(T)

127" = [fIng
Furthermore, if f € AY(T) and dim(Z(f)) < %(1 — Bq) then f is cyclic in AR(T).

Proof. Let o« > 0 such that f4+1/p—1/2 < a < min(6,1/2). First we have f € Lips(T) C
A%(T) C AR(T). Indeed by Douglas’ formula (see [17, section 5]), f € AZ(T) if and only if
f € L*(T) and

]2
2u(h) = [, T aclae < .

1£1%z = I fIIZ2¢z) + Dalf)- (4.1)

Moreover we have

Thus if f € Lips(T) then

1
DN 5 [, e aprmmldcliac < oo

and we get f € AZ(T). On the other hand, by Proposition 2.2, we have A2(T) C Aj(T).
By Proposition 4.1, it suffices to show that
inf {| Pf|la, P € H®, Pfe ALT), P(0)=1}=0

to complete the proof. Let ¢ > 0 and v > 0 such that v < § — a. We define p. to be the
outer function satisfying

e~ Me

‘pe(gﬂ = (d(C,E)“’ +€>1/2

where £ = Z(f) and

1 1
M, = —/1 IS N
5 /. los <d(§,E)”Y+a> |dc]
so that p.(0) = 1. Since logd(-, E) ¢ L*(T), M, — oo as ¢ — 0.
We will show that
Ipef 14z < llpefllaz — 0 ase —0.

By (4.1), we have
Hpeszxg = HpsfH%2(T) + Da(psf)'
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First, since v < 20,

_ d(¢, B)® )
Ipfllee S e [ d(<< E)w d¢] S e = 0.

Then we have

Duof) = [, PO e

Note that for all (¢,¢’) € T? we have

e f(C) = p=f (<) < 21p=(OPIF () = F(E)* + 20 F(C)Plp=(C) — pe(C)I.

So if we denote I" = {((, C’) € T?, |d(§’ E)| < |d(¢, E)|}, we obtain

()P p=(¢')

Dap-f) 5 [ Ip:( |< C\”ZO‘ acliae’| + [ 1£(¢ \2“’72) <f\1+2a| dc|la’

= A .+ B..

11

Let n such that 2 <1 < 2222 Then, using the fact that for (¢,(') € I, |f(¢)] < d((, E)°,

we get

- f(¢ )P (1(S) = F(C))P /
A= e ff (M SO (MO HOE jagac
E 2no _ 2-2n
< e [ S (VO T aclct
/(2 2n)
S 6_2M5/T2 |€|% _C<|/|1+2a |d¢]|d¢’|

< e2Me ),

To estimate B., we consider the outer function F. given in Lemma 4.2. Let
1—‘1 - {(Ca CI) € F? d(</>E) < |< - C,|}>

={(¢,¢") €T, d(¢, E) > ¢ - (']}
We have

- / / \1/]95@') — 1/p€(C)‘2 /
B = [[27C)Rp-(p. )P o e

- / ‘FE(O — FE(C,>|2 /
S // CE’Y+5 TEr e = opree el
S e // ¢ = [Pi-en-as 1|F< ) = F(¢)Pldc] ¢!

F 2
o—2Me //F2 (' E25 2y— 901 | (‘2 C/|g ¢l 1d¢]|d¢|

= B!+ B
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Since v < § —a and |F.| is bounded on T, we have B! < e 2" — (0 ase — 0. On the other
hand, applying Lemma 4.2 with §' = § — a + 1/2, we obtain B> < M.e "=, Thus B? — 0

as € — 0. Therefore we have lim ||p€f||Ag = 0 and, by Proposition 4.1, [f];ﬁm = [f]gf(m.
Furthermore, by [13, Theorem A], if dim(Z(f)) < %(1 — fq) then f is bicyclic in AJ(T),
so f is cyclic in AR(T). O

Remark. Let 1 < p < 2 and 8 > 0 such that 8¢ < 1. Using the fact that Af/z(']l‘) C A(T)
and [2, Theorem 1.2] we obtain, for f € Aj(T) such that |f| € C*(T) and |f|" € Lips(T)
for § > 0, the following result: if dim(Z(f)) < %(1 — Bq) and log | f| & L'(T) then f? is
cyclic in AG(T).

4.2. Cyclicity for smooth functions. When f € C*°(T), Makarov proves in [15], that
[ f]g@w ™ = [ f]gwm if and only if log | f| & L'(T). As a consequence of Makarov’s Theorem
and some results obtained in [13], we get the following result:
Theorem 4.4. Let 1 <p < 2, B >0 such that Bqg < 1. We have the following assertions:
(1) If f € C=(T), dim(2(f)) < 2(1 — Bq) and log|f| & L'(T) then f is cyclic in
AR(T).
(2) If f € AR(T), dim(Z(f)) > 1 — Bq then f is not cyclic in AG(T).
(8) For %(1 — Bq) < a < 1, there exists a closed subset EE C T such that dim(F) = «
and every [ € Aé(’]l") satisfying Z(f) C E is not cyclic in A(T).
(4) Ifp = 52 for some k € N then there exists a closed set E C T such that dim(E) =
1 — Bq and every f € C=(T) satisfying Z(f) C E and log |f| & L*(T) is cyclic in
AR(T).
Note that, for 1 < p < 2 and 8 > 0 such that 8¢ < 1, if f is cyclic in A%(T) then
log|f] & L'(T).
Proof. For (2) and (3), we use [13, Theorem 3.4 and Theorem 4.3] since if f is not bicyclic
then f is not cyclic in A’é(']l‘).
For (1) and (4), suppose log |f| &€ L*(T). By [15], we have [f]gf“” = [f]g“’“”. Since

the embedding C*°(T) C A}(T) is continuous, we obtain | f]gf w_ [ f]25 Y, Moreover, by

[13, Theorem 3.4], f is bicyclic in AJ(T). Therefore f is cyclic in A%(T). O
In the following, we denote, for E C T, |F| the Lebesgue measure of E.

Examples. Let E be a closed subset of T and A be a continuous, positive, decreasing
function defined on (0,00) such that lim A(t) = oo and limtA(t) = 0 as t — 0. We
consider the function f defined on T by

f(€) = exp (=A(d(¢, E))) (4.2)
if ( ¢ E and f(¢) = 0 otherwise. So, by [6, Proposition A.1], we have

L1081 £(Olldc| = = [ Ald(¢, E)ldc| = —s0 & [ [EilaA(t) = —oc.
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where F; = {( € T, d((,F) < t}. Let Ng(t) be the smallest number of closed arcs of
length 2t that cover . We have, by [6, Lemma A.3], that tNg(t) < |E;| < 4tNg(t). Thus,
by [3, Theorem 2, p. 30], we have for 0 < o < 1,

1 1
/Tto‘“NE(t)dt oo(:)/Tta|Et|dt oo = dim(F) < «

Now we suppose that A(t) = 1/t for v > 0. The function f defined by (4.2) is infinitely
differentiable on T. Let 1 < p < 2, 8 > 0 such that Sg < 1. We can construct a Cantor
set E such that

| E¢| 1
—dt = d ——dt =
/WH e T o R
for a < %(1 — Bq). Then, by Theorem 4.4, the function f is cyclic in Ag(']l‘). Moreover if
v > 1 we have log|f| &€ L'(T). So, by Theorem 4.4,
(1) if dim(F) < %(1 — Bq) then f is cyclic in AR(T);
(2) if dim(£) > 1 — g then f is not cyclic in AR(T);
(3) for %(1 — Bq) < a <1, there exists a closed subset £ C T such that dim(F) = «
and f is not cyclic in AR(T);
(4) if p = 52 for some k € N then there exists a closed set £ C T such that dim(E) =

1 — fqand f is cyclic in AG(T).

4.3. Density of cyclic vectors set. When $q < 1, we have seen, in subsection 4.2, that
there exist cyclic vectors in A3(T). Here we show that the set of cyclic vectors in A%(T) is
a dense G subset of AR(T).

Proposition 4.5. Let f € A(T). If Z(f) is finite then f is bicyclic in AL(T) for p > 1
and 8 > 0 such that Bq < 1.

Proof. Let S € A? 4(T) such that (S, 2" f) = 0 for all n € Z. It suffices to prove that S = 0.
First we have supp(S) C Z(f) (see [13, Lemma 2.4]) and since Z(f) is finite, we obtain
that

N M
§=223 M 08

k=1n=0

where Z(f) = {z, k € [1, N]} C T, A, € C and where () is the nth derivative of the
Dirac delta measure concentrated at the point zy.
Suppose that S # 0. There exist kg and ng such that A, ,, # 0. We define
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So T € A?4(T) and T # 0. Hence there exists (c,) € CM*! such that for every test
function ¢ € D(T),

N M
<Ta 90> = <Sa H (Z - Zk)M+1§0> = Z )‘kom Cn So(n)(zko)'
n=0

If we denote ny = max{n, ¢, Ay, » 7# 0}, then we have for all [ € Z

N
T = |32 Ak e ("2~ Pt eI

n=0

(here z' = ¢?). This is not possible since T' € A? 4(T) and ¢ < 1. O

Lemma 4.6. Let 1 < p <2 and 3 > 0 such that fq < 1 where 1/p+1/q=1. If f € A(T)
is cyclic in AR(T) and if P € P(T) is not zero then Pf is cyclic in AR(T).

Proof. Let ¢ > 0. By Lemma 4.5, P is bicyclic in A}(T) since Z(P) is finite. So there
exists P, € P(T) such that |1 — P, P|| az < €. Moreover since f is bicyclic, there exists

P, € P(T) such that

9
11— Pofllay < o
TV

Therefore we have
1= PR P fllag < ([T = PrPllag + [|PAPllay |1 = Pof[ag < 2¢.

So Pf is bicyclic in AR(T).
Moreover, since f is cyclic in Aj(T), there exists @@ € P(T) such that [|f — 2Qf|| an <
W. So we have
4
IPf = 2QPflL < IPlLasllf — 2Qf L, <.
Hence, by Proposition 2.1, Pf is cyclic in AJ(T). O

Theorem 4.7. Let 1 < p <2 and B > 0 such that 5qg < 1 where 1/p+1/q = 1. The set
of cyclic vectors in AG(T) is a dense G5 subset of AG(T).

Proof. Let € > 0. We consider the set
G. = {g € AY(T), 3P € P(T), 3Q € Po(T), |1 - Pyllay < and |g— =Qgllas <<}.
To use a Baire Category argument, we will show that
(1) nOIGl/n = {f € A}(T) cyclic in A%(T)},

(ii) for e >0, G. is an open subset of AL(T),
(i4i) for e >0, G. is a dense subset of AL(T).
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(i): Let g € AR(T) such that for all n € N, there exist P, € P(T) and @, € P(T)
satisfying ||1 — PnQHAg <1/nand ||g — angHAg < 1/n. By Proposition 2.1, g is cyclic in
A%(T). The other inclusion is clear.

(1) follows from the fact that, for f € A}(T) and g € AY(T),
I £gllas < 17 Las lglLas

(#1): Since for ¢ > 0, {f € Aj(T) cyclic in AZ(T)} C G, we will show that {f €
A%(T) cyclic in AR(T)} is dense in AG(T). Let h € AR(T) and > 0 such that n < ||h||A§-
Consider f € AR(T) which is cyclic in A(T). So there exists a non-zero polynomial
P € P.(T) such that ||h— Pf||Ag < nand by Lemma 4.6, Pf is cyclic in AR(T). Therefore

this shows that G, is dense in AR(T). O
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