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ARTICLE INFO ABSTRACT
Article history: The dynamic Maxwell equations with a strictly dissipative bound-
Received 1 April 2010 ary condition is considered. Sharp trace regularity for the electric

Available online 21 August 2010 and the magnetic field are established for both: weak and differ-

entiable solutions. As an application a shape optimization problem
Maxwell's equations for Maxwell’s equations is considered. In order to characterize the
Boundary value problems shape derivative as a solution to a boundary value problem, the
Shape optimization aforementioned sharp regularity of the boundary traces is critical.
© 2010 Elsevier Inc. All rights reserved.

Keywords:

1. Introduction and main result

Let 2 c R? be an open, bounded, and connected set with a Lipschitz boundary I" = 3£2. The
evolution of the electric field e =e(t, x) and the magnetic field h = h(t, x) in the space-time cylinder
Q =(0,T) x £ is given by Maxwell's equations

dr(ce) —V xh=fy

i =(,T 2. 1.1
)+ xe=f, TIZOD (D

Here &€ = ¢(t, x) is the electric permittivity, & = u(t, x) is the magnetic permeability which are both
positive definite Hermitian 3 x 3 matrices. The functions f1, fo represent current densities, Vx de-
notes the curl operator, 9; is the differentiation with respect to t, and the final time T can be infinity.
We add the boundary condition
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vxe—ah;=g inX=(0,T)x0ds2 (1.2)

and the initial conditions

elico=e% and h|i—o=h" ing (1.3)

where v is the exterior unit normal vector along I, v x e is the cross product of the vectors v and e,

o = o(t,x) is a positive function, and hy = (v x h) x v=h — (h - v)v is the tangential component of

the vector h on I'. The boundary condition (1.3) is an absorbing boundary condition, see for example

Section 712 in [7]. If @ =1 this is the Silver-Miiller boundary condition. The quantity o represents

the inverse of the surface conductivity on I" and the function g is an external surface current density.
Maxwell’s system is known to be symmetric hyperbolic. Indeed with

O TR T S S N (A

Maxwell’s equations (1.1) can be written as

3 (A%w) + Algjw = f (1.5)

where 0 = d/dx; and the summation convention is used. The boundary condition (1.3) is an ex-
ample of a strictly dissipative boundary condition. Note that the boundary X is characteristic, i.e.
det(AJ vj) = 0. Maxwell’s equation are strictly hyperbolic only in the isotropic case, that is if € =« u
for some scalar function «.

In the sequel the linear space of Lebesgue measurable functions on the open set X C R" with
absolutely integrable power p is denoted by L,(X). We write LP(X)N for the linear space of vector-
valued functions with N components with each component in L, (X). For the scalar product in Ly(X)ON
we will use the notation (-,-)x, i.e.

(Wl,Wz)x=/W1 -wodX
X

and the corresponding norm is |w|x = +/(w, w)x. The Ly-based Sobolev spaces will be denoted by
H%(X) for s € R and the linear space of k times continuously differentiable functions on the closure
of X is denoted by C¥(X). By C¥([0, T],Y) we denote the linear space of k times continuously differ-
entiable functions with values in the linear space Y. Furthermore, let

H(X) = {(e,h) € L(X)®: V - (¢e) = V - (uh) =0}

where V - (¢e) = 0; (eike). If A is a Hermitian positive definite matrix we write A > 0. The transpose
of an m x n matrix A is AT and the Hermitian transpose AH.

There is a wealth of results regarding the solutions to boundary value problems for Maxwell’s
system. However, there are only few results which discuss a non-homogeneous boundary condition
and establish regularity of boundary traces. The existence, uniqueness and regularity of weak solutions
are established in the following proposition.

Proposition 1.1. Let €, ., 3;€, b € Loo(Q), @@ € Loo(X) be such that €, ;0 > ¢ > 0 almost everywhere on Q
and o > ¢ > 0 almost everywhere on X. Given f € Ly(Q)®, g € L, (X)3 withv-g =0and (€%, h®) € L,(£2)°
there exists a unique weak solution (e, h) € C([0, T1, L2(£2)®) such that (e¢, h;)|s € L2(X)®. Moreover, there
exists a constant g such that
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~ 2 1, _ 2 _ 2
<[(e%h%)] + e g + e el

fory = w.

Here and henceforth a < b means a < Cb for some constant C which depends only on £2, &, W,
and «. Note that we do not obtain regularity of the normal components of the fields e and h. In the
isotropic case, this proposition is a corollary of Theorem 1.12 [9]. In the case of time-independent
coefficients, this result can be found in the book by Lagnese and Leugering [8, Chapter 7].

Our first result shows how to obtain regularity results for the normal components of e and h on X.
Define the functions

t

/O](f,X) = / ' f](S,X)dS+ V. (8(t,X)eO(X)),
0
t

Pa(t, x) = f V- fa(s,x)ds + V- (u(t, x)h° (x)), (1.6)
0

which are known as charge densities.

Theorem 1.2. Assume that I is of class C2 and let &, € C'(Q) and let o € Lo (X) be such that > ¢ > 0
almost everywhere on X. Furthermore, let g € Ly(X)3 withv-g=0, f € L2(Q)5, (%, h?) € L,(£2)°.

If p1, p2 € L2(Q), there exists a unique weak solution (e, h) € C([0, T1, L2(£2)®) to (1.1)(1.3) such that
(e, h)|x € Lo(X)8. Moreover, there exists a positive constant yq such that

e e DG+ v e e + e e

~

2 1, _ 2 _ 2
<H(e°,h°)HQ+;He T+ le e s

fory = yo.

Our second result discusses differentiable solutions to the initial-boundary value problem (1.1)-
(1.3). To our best knowledge, the only result concerning differentiable solutions for a symmetric
hyperbolic system with characteristic boundary can be found in the paper by Majda and Osher
[9, Theorem 3]. This result is only valid for the strictly hyperbolic case. Nevertheless, Theorem 3 in [9]
shows that the step from the weak solution to a differentiable solution is a non-trivial matter in the
presence of a characteristic boundary.

We will show that additional regularity assumptions on the functions p1, o2 will produce a differ-
entiable solution. To formulate the related estimate, we need to introduce some weighted H*-norms.
Define

lul? .o = v2e " ulg + e " dul)f, + e 7 vuly,.
[u®], o =r*u® |5+ e vum |3,

Il s =v2e™"ul5 + e " oy + e Veu] 3 (1.7)
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for y > 0. Here Vu = (dx, u, dx, U, dx,u) is the gradient of u and V;u; = (v x Vu;) x v is the tangential
gradient of u; along I.

Theorem 1.3. Suppose that I' is of class C? and let &, 4 € C'(Q) and o € C'(X). Consider the initial-
boundary value problem (1.1)-(1.3) with g e H'(2)3 withv-g=0o0n %, f € H'(Q)®, (e°, h®) € H'(£2)®
subject to the compatibility condition

g(0)=v x e’ —a(0)h? inLy(2).

If p1,p2 € H'(Q), there exists a unique differentiable solution (e, h) € C([0, T], H'(£2)®) n C1([0, T},
L2(£2)%) such that (e, h)|s € H'(X)® and (dye, d,h)|x € Lo(X)8. Furthermore, there exists a positive con-
stant g such that

[e.n[], o +rlEenli, o +lenli, o+ e Gue a5

~

1
SNy o+ 102 o + el .5

for y > yp. Here 9,e and 0, h are the exterior normal derivatives of e and h, respectively.

Note that the boundary regularity results obtained in Proposition 1.1 and Theorems 1.2 and 1.3
cannot be inferred from the interior regularity of the solutions and the trace theorem in Sobolev
spaces. Hence, these boundary regularity results for hyperbolic problems are referred to as “hidden
regularity”.

Now we turn our attention to the following optimization problem. Minimize the functional

J(2)= % /[(e —E)fe(e — E) + (h — H)" (h — H)] dt dx (1.8)
Q

over a collection of bounded, open and connected sets £2 C R3 that are subsets of a fixed bounded,
open and connected set D C R3. Here (e, h) = (e, h)(§2) is a solution to the initial-boundary value
problem (1.1)-(1.3), (E, H) is a desired target state and (e — E)e(e — E) = ¢/¥(e — E) j(€ — E)i.

In order to discuss the derivative of this functional with respect to £2, perturbations of the set £2 in
direction of a vector field V are introduced in [3,11]. Let O be the collections of open, connected sets
2 ¢ D whose boundary I" = 32 is of class C2. For some small positive number S > 0 we consider
a vector field V € C([0, S]; C>(D)?) which is tangential on the boundary dD, i.e. V - vyp =0 for all
x € dD. The flow F(x) of this vector field is the solution of the ODE

IFs(x)
s

V (s, Fs(x)).

We summarize some results concerning the existence, uniqueness and regularity of Fs [11, The-
orem 2.16]: For S sufficiently small this differential equation augmented by the initial condition
Fo(x) = x for all x € D has a unique solution Fg(x) for all s € [0, S]. Furthermore, the solution
is of class C!([0, S]; C2(D)3) and is one-to-one and onto. The inverse mapping is also of class
C1([0, S]; C2(D)3). In the sequel we will assume that S > 0 is chosen sufficiently small to guaran-
tee these results.

Given 2 € O we obtain a family of perturbed domains £25(V) = {Fs(x): x € £2} which are also
in O. The exterior unit normal vector of 25 along 052 = I'; is denoted by vs;. We denote by Qs =
(0, T) x §2, the perturbed cylinder and by X = (0, T) x Iy the perturbed lateral boundary.



1118 J. Cagnol, M. Eller / ]. Differential Equations 250 (2011) 1114-1136

Now we can state our result regarding the differentiability of the shape functional above. For
simplicity we focus on the case with constant coefficients, vanishing right-hand sides and divergence
free initial data.

Theorem 1.4. Assume that €, (. are constant, Hermitian positive definite matrices and let « be a positive
constant. Furthermore, let f =0, g =0 and (e°, h°) € H'(D)® N ‘H(D) and (E,H) € H'((0,T) x D) N
‘H((0,T) x D).

Then, the shape functional is Fréchet differentiable at 2 € O in direction of the vector field V with Fréchet
derivative

dj(2,vV)= m/[q {ave x v+ a[d,hlc } + curl(€vq) — adivp(hyg) |V, dedD
X

N[ =

+ /[(e—E)Hs(e—E)—l—(h—H)H,u(h—H)]V,,dtdF (1.9)

p)

where V, =V (0)-v,e, =e-v, h, =h-v, divp is the surface divergence, curl is the surface curl, and (p, q)
is the solution to the backward adjoint initial-boundary value problem

ep—Vxq=ee—E), udq+Vxq=ph-H) inQ,
pli=r=0,  qli=r =0 in £,
VX p+oaqr=0 inX. (1.10)

According to Theorem 1.3 the solution of the primal problem satisfies (e,h) € H'(Q)®, (e, h)|s €
H' ()8, (dve, d,h) € L(X)® and the solution to the adjoint problem satisfies q|x € H'(X)3. Hence,
the expression for the Fréchet derivative (1.9) is well defined. The function

G =9%q - {0ve x v+a[dyhl;} + curl(€,q) — adivy (hyq)
1 1
+ 5(e—E)”g(e—E)Jr E(h—H)”M(h—H)

is the shape gradient of J(£2) in direction of V. Theorem 1.3 implies G € L1(X).

Theorem 1.2 and Theorem 1.3 will be proved in Section 2. Since the boundary X is characteristic
for Maxwell’s equation we will not work with Maxwell’s system directly. A priori estimates will be
established for a larger 8 x 8 symmetric hyperbolic system for which X is non-characteristic. The
existence, uniqueness and regularity of weak and differentiable solutions follow from the a priori
estimates as explained in the book by Chazarain and Piriou [2, Chapter 7]. After that, sharp trace
regularity results are established through a multiplier identity.

The technique developed in Section 2 can be used to establish existence, uniqueness, and regularity
of solutions with higher regularity. If I" € Ck¥*1, ¢, u, «, are of class C¥ and f, p,e® h0, g € H* where
k is a positive integer and corresponding compatibility conditions are met, then there exists a unique
solution (e, h) € C'([0, T]; H*"!(£2)%) and (d\e, 8 h)|s € H*{(2)® for 0 <1< k. The corresponding
estimate is

k

2 2 TN
e h)(T)”k,y,Q +7 ], h)Hk,y,Q + ZH (87e. 80h) ”k—j,y,Z‘
=0

~ 2 1 2
SIER) .o T 5102y o T8y x

where the norms are weighted norms in H¥ defined as in (1.7), see [10].
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Moreover, our results are valid in the case of a more general boundary condition of the form

vxe—(I+S)'U=Sh, =g

where S = S(t,x) is a 3 x 3 matrix with spectral norm uniformly less than one on X and with
Sv = STy =0. In the case of an isotropic medium, i.e. if & and p are scalar functions, the restriction
on S can be weakened from spectral norm uniformly less than one to spectral radius of S uniformly
less than one [9, Section 2]. However it is not clear whether this boundary condition will work in the
generic anisotropic case. We conjecture that in the case of an anisotropic medium the strictly dissi-
pative boundary conditions coincide with the boundary conditions that satisfy the Kreiss-Sakamoto
condition (uniform Lopatinskii condition).

Theorem 1.4 is proved in Section 3 which contains the shape sensitivity analysis of Maxwell’s
equation. We will show that the initial-boundary value problem (1.1)-(1.3) is shape differentiable.
In order to characterize the shape derivative as a solution to an initial-boundary value problem the
boundary regularity for the differentiable solution from Theorem 1.3 will be necessary. This situation
is similar to the shape derivative of the Dirichlet problem for the wave equation, studied earlier by
Cagnol and Zolésio [3]. On the other hand we like to point out that our analysis is valid for the
anisotropic Maxwell equations which cannot be reduced to vector wave equations.

Finally, in Section 4 we discuss the case o = 0. From the viewpoint of applications this may be
the most interesting case. It models the boundary I" as a prefect conductor. We discuss the boundary
value problem in this case and establish weaker regularity results for some boundary traces. Those
results will suffice to show that the shape functional (1.8) is Fréchet differentiable even if o = 0. Here
our work complements a recent paper by Zolésio where shape differentiability for a shape functional
different from (1.8) in the case of the isotropic Maxwell system is established [12].

2. Proof of Theorem 1.2 and Theorem 1.3

We introduce the linear operator L: H'(Q)® — L,(Q)2 defined by

dr(euq) =V xuz —eViuy
ot + V- (nus3)

o (pus) +V xur + uVuy
g — V - (EU7)

L3, d)u = (2.1)

Here u = (u1,uy, us,us)T where uq,u3 are vector-valued functions with three components each,
Uy, uy4 are scalar-valued functions, and ¢ = ¢(t,x) and u = u(t,x) are Hermitian positive definite
matrix functions in Q. This operator is symmetric hyperbolic and the lateral boundary X is non-
characteristic since det L(0, v) = (v ev)?(vT uv)? > 0.

Let B € Loo(X) be such that |8| < c < 1 almost everywhere on X' and set

Mu=(1+pB)v xu; —(1—Bus ¢ (2.2)

where u3 ; is the tangential component of us. Note that this boundary operator can be used to
express the boundary condition (1.2) if one sets 8 = (1 — «)/(1 + «). Throughout this section we
assume that §2 has a Lipschitz boundary I" and that €, u, d;€, ¢t € Loo(Q) such that e, u >c >0
almost everywhere in Q.

The first a priori estimate follows from the theory of symmetric hyperbolic systems with dissipa-
tive boundary conditions.

Proposition 2.1. Let u € H'(Q )3 be such that u; = us = 0 on X. Then, there exists a y > 0 such that
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2 %He_VtLuHé @ + e Ml (23)
Here uj; = (v x uj) x v is the tangential component of uj on X for j=1or 3.
Proof. We multiply the operator (2.1) by e=”! and take the scalar product with v :=e~"'u in Ly(Q)
(e7"'Lu, v)Q = (Lv,v)q + Y (Av,V)q

where A is the Hermitian, positive definite 8 x 8 matrix

- O O O

0
0
7
0

OO O M
oS o~ O

Taking the real part and performing integration by parts give

1 1 _
E(AV(T), v(T)), +V(Av,V)q + 5(8tAv, V)q +5)%/(v X V1) - V3, dldt
b5

_ _ 1 _
—|—§R/vzv-(/LVg)dth—?Rfvw-(8v1)dth: E(AV(O),V(O))Q—I—ER(E VtLu,v)Q
b b5

and the positivity of A and the Cauchy-Schwarz inequality lead to the inequality

lvD|5 +vivi +?ﬁ/(v x v1).\73,fdrdt+mfvzv-(Wg)drdr—m/vw-(m)drdt
) X X

~ 1
vl + > e~ Lul? (2.4)

for ¥ >y where )4 is a constant which depends only on ¢ and w. The last two boundary integrals
on the left-hand side vanish since u; =u4 =0 on X. Note that

n = 1 2 1 2
N (val)'virdrdt:‘—l”‘) XV1+V3,I||2_Z||VXV1 —Vv37ls
)

and that
2 2_ 1 2 1 2
Vizl" Vsl =SV xvi—v3 "+ S xvi+ v [
Hence, the proposition is proved once we show that

W x V= V3P 4+ xvi+v3 2K x v+ V3P — v x vy —v3 2+ |MV?  (25)

almost everywhere on X.
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To prove this inequality we set A1 = |v x vi + v3 | and Ap = |V X v{ — V3 ¢| and observe that
via (2.2)

1
A =02 - MHAE<A -AH A+)IMY? + (1 + 5),32&
for all 8§ > 0. Choose § = % and move the last term on the right-hand side into the left-hand side

1
(1= 1B <2 -2+ 1_—W|Mv|z

Also, by (2.2)

1-181., 1—1BI 2 T\ 21181, 1 2 1181,
AM<A+8)— My + |1+ = A< = |Mv|© + A
5 M2 ( ) 5 |Mv| 5 p 5 M 2| 1“4+ 18I 5 M

where we used again § = ]l_LUm Combining the last two inequalities gives

1 |,E| 2 2 2 2 1 1 2
AMEM|I<SAT A+ ——+ =M
2 [1 2] 1 2 1—|,3| 2 | V|

which is exactly (2.5). O
Remark 2.1. Note that the proof remains true if g is replaced by a 3 x 3 matrix function S = S(t, x)
with entries in Lo (X) satisfying |Sz| < c|z| for some constant ¢ < 1 almost everywhere on X' as well

as Sv=STv=o.

Corollary 2.2. If F € L,(Q)%, u® € L,(2)8, and g € L,(X)3 with v - g = 0, then the initial-boundary value
problem

Lu=F inQ, ulo=u" in2, Mu=g, ur=us=0 inXx (2.6)

has a unique weak solution u € C([0, T], L»(§2)%) with (u1,z,u3,7)|lx € L, (X)5. Moreover, estimate (2.3) is
valid for y > vp.

Note that the statement and the proof of Proposition 2.1 can be easily adjusted to the boundary
value problem (1.1)-(1.3). This way the a priori estimate corresponding to Proposition 1.1 is proved.

Since the boundary X' in non-characteristic one can establish the unique existence for more regular
solutions. Following the approach by Rauch [10] we establish the estimate (2.3) at the H!-level.

Proposition 2.3. Suppose that I' is of class C2, let ¢, jt € C'(Q) be 3 x 3, and let u € H*(Q)® be such that
Uy = uq =0 on X. Furthermore, let 8 € C1(X).
Then, there exists a yp > 0 such that

le " Tu|T, o +vle™uli, o + e e usol;, 5

~1, _ 2 2 _ 2
< ;He erUH],y,Q + HU(O)HI,)/,.Q + [e™ " Mu Hl,y,z (2.7)

fory = .
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Proof. Assuming that I" is of class C? the distance function ¢ (x) = dist(x, I") is of class C? in

W={xe2: ¢(x) <r}

where r is some positive number [4, Theorem 3.2]. Furthermore v(y) = —V¢(y) for y € I' and the
exterior unit normal is extended to W by setting v(x) = —V¢(x) for x € W. Let
Ujr=(V XUj) XV, ujy=uj-v, ({t,x)e[0,T]xW,

which extends the tangential and normal component of u from X to the collar (0, T) x W.

At first establish (2.7) in the case that u =0 in {¢ (x) < r/2}. Then there will be no boundary terms
in the estimate. Apply inequality (2.3) with u replaced by d;u for j=0,1,2,3 where dy = 9. Since
the coefficients of L are differentiable, the commutator of the operators L and 9; can be estimated

3
e Lojullq <l jLulq + D _le™ Bullq. j=0.1.2.3.
k=0

Adding estimate (2.3) multiplied by y? to the estimates for dju gives

~ 1 1
lu3, o +7Iuld, o < [u@]7, o + ;nLun%,y,Q + ;nuu%y,q +ou©@]3. (28)

Using the definition of L one has ||8tu(0)||9 ||u(0)|| 1yet ||Lu(0)||?(2 and using integration by parts

HW(O)Hé:Zy/ —ZW( >|w| dtdx+;_fe_2yt|w|2dtdx
2 2

t
— 28{/6_27"(1 — T)W -opwdtdx
Q

_ 2 1, - 2 4
<aylewlo + e aw]p < —Iwlit, o (2.9)
4 Y
for w e H'(Q)38, provided y > 1/T. Hence, with w = Lu one obtains

~ 1
oo 2 [y, 0+ MLl 0 (2:10)

The term next to the last term in the right-hand side of (2.8) can be moved into the left-hand side
for y sufficiently large. We obtain

luIT, o +vIuld, o < [u@)]7, o + = ||Lu||1yQ (2.11)

which is exactly (2.7) in this case.

Now we have to establish (2.7) for u € H?(Q)® where u =0 in {¢(x) > r}. This part is more
challenging since now the boundary terms will be active. Multiply the estimate (2.3) by 2 and add
the estimate (2.3) applied to d;w and to V;w. This gives
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tv He_ytatuHZQ + 72 ”e_yt(ul,t, usr) HZE + ”e_yt(vrul,t, V‘L’“3,‘L’)H§:
+ e @,z s, o) %

~ 1 1
e, o+ 12O + 1l o + MUy 5+l o + e ul 5.

The last two terms on the right-hand side are due to the commutator of the operator L with 9;,V;
and the commutator of M with 9, Vi, respectively. To estimate these commutators the regularity
assumptions on the coefficients €, u,« and I are needed. The last term can be placed into the left-
hand side for y sufficiently large. Furthermore, the term ||8tu(0)||?2 can be estimated as in (2.10). This
gives

Y2 e Tu g + e TVeu)| g + e Taum|5 + v e ulg + v e Veul,
+y e By + @ e us o7, 5

~ 2 1 1
<|u@|i, o+ ;nLuu%,y,Q + [Mull1,y. 5 + ;nuuiy,q. (2.12)

In order to obtain an estimate for the first derivative of u we estimate the normal derivative of u.
Since X is non-characteristic for L,

oy = B(x, 0¢, Vy)u + D(x)Lu (2.13)

where B(x, d;, V7) is a matrix differential operator and D(x) is an 8 x 8 matrix. This yields an estimate
for the normal derivative of u in Q and in £2 at t =T,

e auul, Z e Veuld + e~ ol + e Lul?.
[eTaumg e VeuDg + e Toum|g + e Tlu . (214)
Hence, if we now combine estimate (2.12) with (2.14) we obtain
lu3, o +7Iuld, o+ |@ieus ol 5

~ 1 1
L uo]7,. o+ ;nLuu%,y,Q +IMuli?,, 5+ e TLu(m |5, + ;nuniy,Q. (2.15)

The last term can be moved into the left-hand side since y is a large parameter. The term next to it
is estimated using integration by parts

~ 1
le T Lu(m) |3, = / o[ 2t Luf?] dtdx + | Lu@)|5, < ;||Lu||%’y’Q
Q

where (2.9) was applied as well. Thus we have established

[T, o + v, o + @ie ol ZuO]7, o +1Luld, o +IMul?, 5

for u € H2(Q)® with u=0 for ¢(x) >r.
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To obtain the a priori estimate for u € H'(Q )3, choose x € C?(£2) such that x =1 in {¢(x) > r}
and x =0 in {¢(x) <r/2}. Then u = yu + (1 — x)u and (2.13) follows now from (2.11) applied to xu
and the estimate above applied to (1 — y)u. O

Observe that
Wlurl=0[(v xu) x V] =W x ) X v+ BV X u) X V+ (v x u) X v =[dyul; (2.16)
since 3,V = (V¢ - V)V¢ = V|V¢|?/2=0.

Corollary 2.4. Suppose that I is of class C2. Let &, ;t € C1(Q) and let B € C1(X). Moreover, let F € H'(Q)8,
u® e H'(£2)8, g € H'(2)3 with v - g = 0 and assume that the compatibility condition M(0)u® = g(0) in 2
is satisfied.

Then, there exists a unique solution u € C([0, T], H'(Q)®) to the initial-boundary value problem (2.6)
with (U1, u3.¢)| s € H'(X)®. Furthermore, estimate (2.7) is valid.

Now we will show that the solutions to the initial-boundary value problem (2.6) can be used to
obtain solutions to the initial-boundary value problem for Maxwell’s equations (1.1)-(1.3)

Proposition 2.5.

a) Let (€%, h%) e Ly(£2)%, (fi1, f2) € L2(Q)®, and g € L,(X)3 be such that v- g =0in X.
If p1, p2 € L2(Q), then there exists a unique weak solution (e, h) € C([0, T1, L2(£2)®) to (1.1)-(1.3) with
(er.ho)lx € L2(2)°. _ B

b) Suppose that I' is of class C?, &, € C'(Q), and B € C'(X). Furthermore, assume (e, h®) € H'(£2)®,
(f1, f2) e H'(Q)®, and g e H'(X) such that v - g =0in X and

g(0) = (14 B0)v x e® — (1 - B(0)h? in 2.

If p1, p2 € HY(Q), then there exists a unique differentiable solution (e, h) € C([0, T], H'(£2)®) to (1.1)-
(1.3) with (e¢, h;)|s € HI(X)S.
Proof. Consider the unique weak solution to (2.6) with u =ud =0, u9 =€ u}=h° and F =
(f1, p2, f2, —p1). Take the first (vector)-equation and the last equation

d(eur) —V xuz —eVuy = f,

deug — V- (EU1) = —p1.

Applying the divergence to the first equation and the time derivative to the last equation, and adding
the resulting equations together yield 8t2u4 — V - (¢Vuy) = 0 because of (1.6). Similarly one can show
that 92us — V - (uVuy) = 0.

These are both scalar wave equations. These two wave equations are complemented by the initial
conditions

U3 |t=0 = U4|t=0 = OtU2|¢=0 = OtlU4|t=0 =0

where the vanishing initial velocities is a consequence of (1.6). Furthermore, we have the boundary
condition uy; =u4 =0 on X. Both uy and uy4 are solutions to a scalar wave equation with homoge-
neous initial and boundary data. Hence u; =u4 =0 and e =uq and h = u3 are the solutions to the
initial-boundary value problem (1.1)-(1.3). This proves part a). The proof of part b) is very similar and
will be omitted. O
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In both cases a) and b) we have the estimates (2.3) for the weak solutions and (2.7) for differen-
tiable solutions. Furthermore, the solutions satisfy the divergence equations

V.-(ee)=p1, V-(uh)y=p2 inQ. (2.17)

Now we will show that both: the weak solution and the differentiable solution to the Maxwell prob-
lem established in the last proposition have more regular traces than implied by the estimates (2.3)
and (2.7), respectively. We start with the weak solution. In what follows we will abbreviate

Iwlly.x= e "'w|, and (w1, w2)y x= (""" wi,e " w,)

X

Proposition 2.6. Assume the boundary I' is of class C? and let &, u € C'(Q), u = (e, h) € H'(Q)S. Then,
there exists a yo > 0 such that

~ 1 2 2
levlly s + Ihvll} 5 < lleclly s + Ihzll; 5 + Sl +rienl;
h(T)|? ()
+]e.hD], o +EenhO]; (218)

for y > yp. Here f, p are computed using (1.1) and (2.17).
Proof. Let P,z be real C!-vector fields and let k¥ be a Hermitian matrix function. Note that

1 T 17

(Vx2)-(PxKkz)= 5(P-V)(z Kz) — 57 (P-Vkz— (kz-V)z-P
1 T 1 g
= E(P V) (z' kz) — 57 (P-V)kz—V(z-P)-(kz)+ (kz-V)P -z

and hence,

(Vx2z)-(Pxkz)—V-(kz)P -z

= %(P V) (z'kz) - %ZT(P V)kz—V-[(z-P)-(k2)] + (kz- V)P - z. (2.19)
Furthermore,

R{0;(ge) - (P x ph) — d(h) - (P x ge)} = —No;[puh - (P x €e)].

Using now (2.19) with z=e, k = ¢ and z=h, k = u we establish the following identity

M{f1- (P x ph) — fo- (P x ge) + p2(P-h) + p1(P -e)}

= —Rd[uh- (P x ge)] - %(P -V)(efee +h uh) + R{V - [(e- P)- (Fe) + (h-P)- (uh)]}

[eH(P-V)se +hH (P - V)uh] — K[(8e- V)P - e+ (wh- V)P -h].

N | =

+

We multiply this identity by e~2¥ and integrate over Q and perform integration by parts in the first
three terms on the right-hand side:
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R{(f1. P x ph)y.q = (f2. P x £)y.q + (p2. P -h)y.q + (p1. P -€)y.q}
= —2yN(uh, P x ge)y,q — (4h(T), P x ge(T)),, , + (1h(0), P x ge(0)) ,

2
z z

1 _
- / e 2V (P -v)(eMee +h puh)dtdr + ?)'i/e_zyt[(e -P)yv-ge+ (h-P)v-puhldtdr

1 1 !
+ 5(e, (P- V)ee)m + 5(h, (P - V),uh)y’Q — N((ee- V)P,e)y’Q — N((uh - V)P,h)m.
(2.20)
Choose now P such that P =v on X. Since I" € C2 we know that v € C'. Then
—%/e‘zyt(e”ee+h”uh)dtd1“+§ﬁ/e‘zyt[(v~e)w§+(v~h)v~ﬂ]dtdl“
¥ b
2Hg o, e, + e nm]? ,+ e no]? (221)
\y Py TYIE v.Q ’ V.82 ’ 2 )

With e=e; + (v-e)v, h=h; + (v - h)v the integrands of the integrals over X' can be rewritten
1 _
E(eHee +hph) — R -e)v-ge — R -hyv - uh
— 15\ H _ =y H _ L
= 2.11{6, ge—(v-e)(v-ee)+hi uh—(v-h)(v-uh)}
1
= Eﬁi{[ef — (- e)v]Hee +[he — (v h)v]H,uh}

= %ﬁi{[ef —(v- e)v]Hg[er +-ew]+[he — (- h)v]H,u[hT + (v-hyl}

1
= E{efeef +h¥phe — v -elPvTev — v -n*vT pv}.

Using this identity in (2.21) finishes the proof. O

By density, the identity (2.20) is also valid for weak solutions to Maxwell’s equations. Theorem 1.2
follows now from Proposition 2.5, part a), and Proposition 2.6.

If we replace e and h by the tangential derivatives of e and h along X' in the estimate (2.18) we
obtain

~ 1 2
2 2 2 2
levllyy s 1l s <leclly, s+ lhelly, 5+ y ICf, ,O)HW,Q

+ylenl;, o +lendml;, ,+|enol;,

under the same regularity assumptions on the coefficients. This improves the boundary regularity of
the differentiable solutions of Maxwell’s system (part b) of Proposition 2.5) to (e, h)|s € H'(X)® with
the estimate

2 2 2
H(e’h)(T)Hl,y,.Q + )/”(e,h) Hl,y,Q + H(e,h)”l%z

- 1
RO, o + M ' Pt yq + gl 5.
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This proves Theorem 1.3 up to the regularity statement of the normal derivatives. The regularity of
the normal derivatives follows from (2.13) which yields the estimate

e a2 Z et Veu % + e aeu ] + e Luf?.

The last term can be estimated by ||Lu||% v.Q /y since by the divergence theorem,

He‘ythi :/e‘zytv-(|W|2v)dtdx:/e_23’tv-v|w|2dtdx+251i/e_27’[(w-V)v_v-vdtdx
Q Q Q

~ 1 ~ 1
< He_ytwﬂz + ylle—wwuf2 i ;He‘“Vsz < ;nwniy,Q

for all we H'(Q)3.
3. Shape sensitivity analysis for Maxwell’s system

Here we will prove Theorem 1.4. The Gateaux derivative (Eulerian derivative) of the shape func-
tional (1.8) in direction of V is

dj(‘Q’V)Zlir%w

:m/[(e—E)Hse/+(h—H)H,uh/]dtdx
Q

+%f[(e—E)H8(€—E)-i-(h—H)H,u(h—H)]VvdtdF (3.1)
X

where (e’,h’) is the shape derivative of (1.1)-(1.3) and V, = V(0) - v [11, Section 2.31]. In order to
calculate this derivative we need to establish shape differentiability of Maxwell’s equations and char-
acterize the shape derivative.

Throughout this section we assume that &, are constant Hermitian, positive definite matrices
and that o is a positive constant. In contrast to Section 2 we write u = (e, h). With initial data
u% = (€% h% e H'(D)® N 'H(D) we associate to each element §2 € O the solution u(£2) = (e, h)(2)
of the initial-boundary value problem (1.1)-(1.3) with f =0, g =0. Note that p; =0 for j=1,2,
see (1.6).

Let Y be a space of functions defined on (0, T) x D. The mapping 2 — u($2) is shape differentiable
at £2 € O in direction V in Y if there exists a function U € C1([0, S]; Y) such that U(s, I, = u(82s)
and

Uis)y—U(
M —> 9;U(0) stronglyinY, ass— 0.

The shape derivative is the function u'(§2, V) = ;U (0)|q . If

U(s)—U(
M — 9;U(0) weaklyinY ass— 0,

then the mapping 2 — u(£2) is weakly shape differentiable in Y.



1128 J. Cagnol, M. Eller / ]. Differential Equations 250 (2011) 1114-1136

Proposition 3.1. Let (e°,h®) € H'(D)®* N ‘H(D), f =0, g =0 and let (e,h) € C([0,T], H1(£2)%) N
C1([0, T, L2(£2)®) be the solution to the initial-boundary value problem (1.1)-(1.3) guaranteed by Theo-
rem 1.3.

This initial-boundary value problem is weakly shape differentiable with shape derivative (e’,h’) €
C([0, T1, Lo(£2)®) and the shape derivative is a weak solution to the initial-boundary value problem

ce' —Vxh=udh'+Vxe=0 inQ (3.2)

with zero initial data

Uli=0 =0 ing (3.3)

and the lateral boundary condition

V X e/ — Oth; = (Vva])e‘[ + evv-’: Vl)) XV +O{(Vvavh-,; +hvV‘[ V\)) ln 2 (3.4)

To establish shape differentiability of the initial-boundary value problem (1.1)-(1.3) we will follow
the approach by Cagnol and Zolésio for the wave equation with Dirichlet boundary conditions [3].
Certain aspects of the analysis will simplify since we work with an operator with constant coefficients
and with zero right-hand sides. Following the approach given in [3] it should be possible to obtain
the shape derivative for our Maxwell problem with non-zero f, p, and g and also with variable
coefficients «, €, u, provided certain assumptions on shape differentiability are satisfied.

3.1. The material derivative

At first we will establish the material differentiability of the initial-boundary value problem (1.1)-
(1.3) with f = g =0 and divergence free initial data. We will show that this initial-boundary value
problem is weakly material differentiable and that the material derivative is the weak solution to
an initial-boundary value problem (1.1)-(1.3) with f and g depending on (e, h) and also the vector
field V (0).

For our purpose it will be useful to represent the hyperbolic system (1.5) in a different way. Denote
the entries of the matrices A! introduced in (1.4) by a’jk. Form the 6 x 3 matrices

Ak:(aljk)1<]<67 k:1727---a69
1<I<3
and the gradient of uy, is the column vector Vuy = (31 u, duk, d3ug)T for k=1,2,...,6. Then
6
Pu=A%u+ ZAkVuk
k=1

is the Maxwell operator corresponding to the differential equations (1.1). Let u® = (e%, h%) e H(D) N
H'(D)®. Denote the unique solutions to the family of initial-boundary value problems

PUSZO ln Qs, Us X 65 _ahs"[ :O in Es, u5|t:0:u0 ln QS (3.5)

by us. By Theorem 1.3 we know us = (es, hs) € C([0, T], H'(£25)®) N C1([0, T], L2(§25)®) for 0 < s < S.
The solution to (3.5) corresponding to s = 0 will be denoted by u.
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The pullback of us to Q is u® =us o Fs and the operator Ps: H'(Q)® — L,(Q)® is defined by

6
Psu=A%u+ > A(J1) Vi
k=1

where J¢ = DyF; is the derivative of F; (Jacobian matrix). By the chain rule one verifies that

Ps(voFs)=(Pv)oFs forallve H!(£2)5.

The shape difference quotient is w* = (u® —u)/s for 0 <s < S and

s ut—u 1 s
Pw®=P| ——|=—(P—Pyu

since Pu=0 in Q and also Psu’® = Pg(us o F5) = (Pus) o Fs =0 in Q. This shows that the shape dif-
ference quotient satisfies a non-homogeneous hyperbolic differential equation. More precisely, setting
A = A(J7HT, we have

6

1
(P — Pou’ = - > (Ak = A Vg, (3.6)
k=1

PWS:l
s

Furthermore,

Ule—o — Ulr=0 _ (Usle=0 0 Fs) —ul—o _ (u%o Fy) —u°
s s s

wli—o = (3.7)

which provides the initial data of the shape difference quotient. Finally, we discuss the boundary con-
dition. From Proposition 2.48 [11] we know that the pullback of the exterior unit normal vg along I
to £2 is

_UyhT

CUTHT

US:vsoFs

Hence, the pullback u® satisfies the boundary condition
Msu® :=v* x e —af[h® — (h* - V1] =0 onX

for 0 <s < S and we write M in the case s = 0. Note that the definition of the boundary operator M
is slightly different from (2.2). Hence

s u* —u
Mw® =M

1
= E(M —Msu® onXx

since also Mu =0 on X. In particular,

N

S s
Mwsz%xes-i—a[(hsm)v sv +<hs. Y S” )VS:| (3.8)
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on X. Note that w® e C([0, T], H'(£2)®) for 0 < s < S. Then lims_,o w*® is the material derivative, pro-
vided the limit exists. In order to establish the existence of the material derivative we will show that
the shape difference quotient w*(t) at time t is uniformly bounded in L,(§2) with respect to s.

Proposition 3.2. There exists a constant C > 0 such that
|w*(®)||, <C forallse(0,S).te[0,T], (3.9)
where C depends only on €, u, o, §2 and ||u0||1,y,g.

Proof. By the chain rule the pullback u® has the same regularity as the solution us. We know that
w? satisfies the initial-boundary value problem (3.6), (3.7), (3.8). In order to obtain a uniform bound
for w® we need to show that PwS, w¥|—g, Mw* are uniformly bounded in L,. Hence we will show
that the limits

sli_l;r(l)”PWSH(O,t)xQ’ sli_%HWS“:O ”.Q sli_l;r(l)”MWSH(O,t)xI‘ (3.10)

exist for all t € [0, T]. Once we have established these limits, formula (3.9) follows from Proposi-
tion 1.1.
By the chain rule, one has

A - A -
tim D)= Ao T 100

and using the formula 9;Js|s—o = DV (0) (Lemma 2.31 [11]) one obtains lims_o(Ar — A})/s =
A [DV (0)]T where DV = D,V is the derivative of V. Hence,

6
lim Pw® = pvo)'v 311
lim Pw I;Ak[ 0] Vuy (3.11)

for every t € [0, T]. From formula (3.7) we conclude with the aid of Proposition 2.32 [11]
: S _ 0
lim w l—o=[V () - V]u’. (312)
Finally we evaluate lims_,o Mw*. Compute

UsHTv — 1aUshHy, (J;1>Tv>( )Ty J:HTas v

asv5=85 1 = ] s —
(JsHTv) 2 1(Js HTvP 1(Js DT
((JsDTs 1 v, JTHTY) 1 (DT o) T
- Js ) vt —————
1(Js HTv]3 U I(Js HTv)

where the notation (-,-) denotes the scalar product in R3. Since lims_g Js = I (the identity matrix)
and 9 Js|s—o = DV (0), this yields —dsvs|s—g = (DV (0)T v, v)v — DV (0)T v which is the tangential com-
ponent of the vector DV (0)T v. We will write ¥ := d5v°|s—g = —[DV (0)Tv]; and thus

lim Mw® =—D xe—af[h-v)v+ (h-D)v]. (3.13)

s—0

Formulas (3.11)-(3.13) establish the limits postulated in (3.10) since u € C([0, T], H'(£2)%). O
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Because of the uniform bound (3.9) there exists sequence s; \, 0 such that w® converges weakly
in L(£2)® for every t. This weak limit is the material derivative 1, i.e.

wii(t) — u(t) weaklyin Ly(£2)8, t € [0, T].

Using (3.11)-(3.13) we see that the material derivative it = (e, fl) is the unique solution to the initial-
boundary value problem:

6
Pi=Y A[DVO)] Vi inQ,

k=1
Ulemo = [V(0)- V]u® ing2,
vxé—ah:—f)xe—oc[(h-v)f)—i-(h-f))v] in X. (3.14)
By Proposition 1.1, we have i1 € C([0, T], L2(§2)%).
3.2. The shape derivative

The shape derivative can now be computed
u'(2,V)=u—-DuV(©0)=[V(0)- V]u (3.15)

[3, Corollary 5], and since u e C([0, T], H!(£2)®) we know u’ € C([0, T], L2(£2)%). Observe the homo-
geneous initial condition u’|;—g = 0.

To prove Theorem 3.1 we need to show that the shape derivative satisfies the homogeneous
Maxwell equations as well as the boundary condition (3.4). In what follows we will write V instead
of V(0). To establish (3.2) compute

6 6
Pu'=Pii— P[(V - V)u] =Y " A[DV] Vi — A% [(V - V)u] = > " ANV[V - Vi ]
k=1 k=1
6 6
=Y AV Vi — (V- V)[A%u] = > ALDV] Vi + (V- V)V )
k=1 k=1

Il
M

6 6
ADVITVu — (V- V)[A%u] = Y~ ADV] Vi — (V- V)<ZA/<Vuk>

k=1 k=1 k=1
6 6
=Y AUDVI Vu — (V- V)(Pu) = Y " A[DV] Vi =0
k=1 k=1

since Pu =0 in Q. For the boundary condition, observe that V.-V =V, -V;+V,0, where V; denotes
the tangential gradient on I" and V; =V — V,v. Since v x e — ah; =0 along I,

0= (Ve -Vo)[vxe—axh) xv]=(V;-Vovxe+vx (Ve Vo)e
—a{[(Ve - Vou xh] x v+ [v x (Vi - Voh] x v+ [v x h] x (V¢ - Vo)v}

which gives
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vx (V-V)e—a[vx (V- -V)h]xv=vx (V,dpe) —a[v x (V,d,h)] x v—(V; - Vr)v x e
+af[(Ve - Vo)v x h] x v+ [v x h] x (V¢ - Vo)v}
=v x (Vydve) —afv x (Vydyh)] x v — (V¢ - Vi)v xe
—a{(Ve - Vovth-v)+v(h- (Ve - Vo))

Hence the shape derivative satisfies the boundary condition
vxe —ah=vxé—ah;—vx (V- Vieta[(V V)h]
=-Dvxe—afh-v)D+H- D)} —vx (V- -Ve+a[(V-V)h]
=—v x (Vydve) +a[v x (Vydph)] x v+ [(Ve - Vv — D] xe
+o{[(Ve - Vv =D]h-v)+v(h-[(Ve- Vv —D])} (3.16)

Since V.V, =V (V-v) =[(DV)Tv]; + [(Dv)T V], one obtains

(Ve Vv —v= (V- Vou+[(DV) v] =[(Dv)V]_ +[(DV)v]
=V Vy +[(Dv)V] = [(D»V]. .

Recall from Section 2 that v = —V¢ where ¢ (x) = dist(I", x). Hence Dv = (Dv)T which yields (V; -
Vi)v —v =V,V,, and the boundary condition (3.16) simplifies to

vxe —ahl =—vx (Vyde)+a[vx (Vydyh)] xv+VeV, xe
+a{VeVy(h-v)+v(h-V: V)l
Finally, since v x e = ah; we have also e; = —a(v x h) and hence,
VTV\) X e = VI'V\) X (67; +€UU) = —O[V-L-Vv X (V X h) + VTVU X eVV
== —Ot(h . V‘[ Vv)v + V‘[ Vv X evv.
Combining the last two formulas completes the proof of Proposition 3.1 in view of (2.16).
3.3. Proof of Theorem 1.4
Use the solution to the adjoint problem (1.10) in formula (3.1) and compute the Giteaux derivative
dj(2,Vv) :?R/(eatp -V xq) -e?dtdx+.‘7t/(,uatq+v x p) - b dtdx
Q Q

+ % f[(e —E)Te(e —E)+ (h— )" w(h — W]V, dtdr
X

:E)t/[(vxp)-E’T—I—q-(vxé’)]dtdF
D
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* % /[<e —Bfee —E)+ (h— W) u(h — M]vydedr
)

= qu [(Vydver + 8,V V) x v+ a(Vydyhe +hy Ve V)] dedl
X

+ ! /[(e —Efee—E)+ (h— D puh — H)]V, dtdr

)

\S]

where we used that (p,q) solves the adjoint problem (1.10) and that (e’,h’) is a weak solution to
(3.2)-(3.4). To finish the proof we remove the derivatives of V, by integration by parts on I”

dj(2,V)= m/[q Vo{dver x v+adyhe} + Vi Vy - (v x €,q) + ahyqV. V] dtdl
)

* % f[<e —Efe(e —E)+ (h— W) u(h — W]y dedr
)

= m/[q {dver x v +adyhe} —divp (v x &,q) — adivy(hyq) |V, dtdl
X

+ % /[(e ~Efee —E)+ (h— M puh— H)]v, dtdr

p))

= mf[q {dver x v+ adyhe} + curlp(€,q) — adivy(hyq) |V, dedl
X

+ % /[(e —E)e(e — E)+ (h— W) u(h — )]V, dedr,
)

see for example [1, Section 2.3]. Here div, is the surface divergence and curl; is the surface curl
Note that the Gateaux derivative turns out to be a linear function of V, which proves that the shape
functional is Fréchet-differentiable.

4. Thecasex =0

Here we will show that the shape functional (1.8) is Fréchet differentiable in the case o = 0. For
that we will investigate the dependence of the Fréchet derivative (1.9) on «. As in Section 2 we will
work with 8 = (1 —a)/(1 + ). We will show that dJ(£2, V) is uniformly bounded with respect to 3
for g e[—1,1].

4.1. The boundary value problem with dissipative boundary conditions
At first we will study the initial-boundary value problem for Maxwell’s equations
d(ee) =V x h= fy, o(uh)+V xe=f, inQ,

(eah)ltZO: (eo, hO) il‘l .Q,
1+Bvxe+(1—-ph;=0 inX (4.1)
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for B € Lo () satisfying |8| <1 almost everywhere. In contrast to the previous sections this bound-
ary condition is only dissipative but not necessarily strictly dissipative.

Consider the proof of Proposition 2.1 and let u € H'(Q)® be such that u; =us =0 and Mu =0
on X and let 8 € Loo(X) with |8] < 1. Then

, _ 1-8 2 ,f1+ﬂ 5
NJWxVvy)- vy dldt=Nn % =N|] ——|v > 0.
f( X V1) - V3¢ /1+,3| 3,7/ 1—,3| 1,7
) x )

This implies the estimate
_ 2 _ 2 ~ 1, _ 2 2
e ullg +vleuly < Zle7 Lully +uO]g

where a % b means now a < Cb for some constant C depending on €, i, 2 but not on . Following
the results of Section 2 one can solve the initial-boundary value problem (4.1) with |8| < 1. Since
we want to discuss the dependence of the solution on the coefficient function 8 of the boundary
operator M we will denote the solution of the initial-boundary value problem (4.1) by (e, h)g.

To be more precise, if &, it € Loo(Q), f € L2(Q)®, (% h®) € L(£2)® one obtains a unique weak
solution (e, h)g € C([0, T], L, (£2)%) with the estimate

- 1
e e s G + v e e gl < (10| + e o (4.2)

fory >yo. If MeC? e,ueCl, f,p,e% hO e H' one obtains a unique differentiable solution (e, h)4 €
C([0, T1, H'(2)®) nC1([0, T], L2(£2)®) and

2 2 ~ 2 1 2
| e, h)(T)/B”Ly,.Q +ye g Hl,y,Q <| (607 ho) Hl,y,Q + y I(f, p)”l,y,Q'

Since a differentiable solution satisfies also (e, h)g € H'(Q)®, the trace theorem in Sobolev spaces
give (e, h)g|s € H'/2(X)8. Furthermore, one can show that dye;, d,h; € HV/2(X).

Lemma 4.1. Let (e®, h®) € H1(£2) and f € H'(Q)® be such that p € H'(Q)?. Then the unique differentiable
solution (e, h)g € C([0, T], H1(£2)®) N C1([0, T1, L2(£2)") satisfies

[9jeple, [9jhple € HTV2(2)? (43)
for j=1,2,3, uniformly in g for || < 1.

Proof. Here we will only sketch the proof. The full proof requires a smoothing of the solution by
Friedrichs’s mollifiers. For brevity we will drop the subscript 8. Let (e, h) € H/2(X)3. By the extension
theorem in Sobolev spaces there exist (E, H) € H'(Q)3 such that |(E, Hllgiq) < Clite, Wllgizcx)-
Integration by parts gives

/(v x e)-djhdtdl" — /(v x h)-d;edtdl
) X

=f§- [c(edje) — V x ajf_l]dtdx—l—/ﬂ- [:(edjh) + V x 9;e]dt dx
Q Q
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+ /(satg— V x H)-djédtdx+ /(uafﬂJr V x E) - 9;hdt dx

Q
t=T

Q
—/[3]‘€H6‘E+a]‘hH,uﬂ]dX‘ .
t=

2

Choosing h = 0 one obtains the estimate
‘/(v x e) - ajf_ldtdf' < Cllellgizs | (e,h)HH1(Q)
)

and by choosing e = 0 one has

‘/(v x h) - 8jédtdp‘ < Clhlrzcs) [ €W | 1)
b

These estimates show that [d;el, [d;jh] are linear functionals on H/2(X). O

These regularity results are weaker than the ones established in Theorem 1.3. However, they are
also valid in the case that 8 =1 or 8 = —1.

4.2. The derivative of the shape functional in the case a = 0

As in Section 3 let &, u be constant Hermitian, positive matrices and let « be a positive constant.
Note that the Fréchet derivative of the shape functional (1.9) can be interpreted as a duality between
the two Sobolev spaces H'/2(X) and H~'/2(X). The regularity results of the previous subsection
guarantee that limy_. ¢ J(§2) exists. Hence we have proved the following result.

Proposition 4.2. Suppose that ¢, v are constant, Hermitian positive definite matrices and that (E, H) €
H'((0, T) x D) N'H((0, T) x D). Furthermore, let f =0, g = 0 and (e°, h°) € H'(D)® N H(D) and let
(e,h) € C([0, T], H'(£2)®) be the solution to (1.1)-(1.3) with o = 0.

Then, the shape functional (1.8) is Fréchet differentiable at 2 € O in direction of the vector field V with
Fréchet derivative

X

N =

+ /[(e —Bfee —E)+ (h— D puh — BV, dtdr

X

where (-,-) denotes the duality between H'/?(X) and H~'/2(X) and (p, q) is the solution to the backward
adjoint initial-boundary value problem
ep—Vxq=ele—E), pnoq+Vxquth-H) inQ,
ple=r =0, qli=r =0 in $2,
vxp=0 inX.
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Remark 4.1. The initial-boundary value problem characterizing the material derivative (3.14) can be
used to establish i1 € C([0, T], L2(£2)%) even in the case o =0 [5, Corollary 1.4]. The shape derivative
has the same regularity because of (3.15).

Note that the boundary condition of the shape derivative in the case o = 0 simplifies to

vxe =({V,oer +e,V;Vy) xv inX.

In the case that € and u are scalar functions, it has been shown that the trace of the normal deriva-
tive of the electric field is square integrable, i.e. d,e|s € Ly(X)3 [6, Theorem 1.1], [12, Proposition 6.1].
However, this result is not sufficient to establish the regularity of the shape derivative from the
boundary value problem (3.2)-(3.4).

We believe that our approach can be used for other shape optimization problems where the con-
straint is a hyperbolic boundary value problem with a conservative boundary condition. Examples
include the scalar wave equation with Neumann boundary conditions and the elastic wave equations
with a zero traction boundary condition.
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