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Abstract. This paper is concerned with parametric inference for a stochastic differential equation driven by a pure-
jump Lévy process, based on high frequency observations on a fixed time period. Assuming that the Lévy measure
of the driving process behaves like that of an a-stable process around zero, we propose an estimating functions
based method which leads to asymptotically efficient estimators for any value of o € (0,2) and does not require
any integrability assumptions on the process. The main limit theorems are derived thanks to a control in total
variation distance between the law of the normalized process, in small time, and the a-stable distribution. This
method is an alternative to the non Gaussian quasi-likelihood estimation method proposed by Masuda [21] where
the Blumenthal-Getoor index « is restricted to belong to the interval [1, 2).

MSC 2010 subject classifications: Primary 60G51, 60G52, 60J75, 62F12; secondary 60H07, 60F05 .
Keywords: Lévy process, Stable process, Stochastic Differential Equation, Parametric inference, Estimating functions, Malliavin
Calculus.

1. Introduction

Pure-jump processes are widely used and appropriate in several fields such as traffic modeling, energy market
modeling and estimation of such processes is a currently active topic. In this paper we are interested in
parametric estimation of the drift and scale coefficients for a one-dimensional stochastic differential equation

dXt = b(Xt, Q)dt + G(Xt,, O')st,

where L is a locally stable pure-jump Lévy process with Blumenthal-Getoor index « € (0, 2). This choice of
L encompasses stable processes and also many other interesting processes.

We study the estimation of (6, o) from discrete equidistant observations of X on a fixed time interval with
time grid mesh shrinking to zero. In this high-frequency observation context it is known that the estimation
of 6 is impossible if the driving process L contains a Brownian part (which corresponds to the case o = 2).
However when a < 2, both parameters 8 and o can be estimated. This problem has been studied first when
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X is a Lévy process (which corresponds to constant coefficients a and b) in several papers, see for example
Ait-Sahalia and Jacod [1] [2], Kawai and Masuda [15] [16], Masuda [20], Ivanenko, Kulik and Masuda [11].
In all these papers, the increments of the observed process X are independent with an explicit characteristic
function. However, contrarily to the jump-diffusion case, for a general pure-jump driven SDE the literature
is much smaller. It has been established recently in Clément and Gloter [7], Clément, Gloter and Nguyen [8]
that the Local Asymptotic Mixed Normality property holds when the scale coefficient a is assumed to be
constant and L is a truncated a-stable process. This result permits to identify the Fisher information matrix
for the parameters (6, 0) and to show that the rate of convergence is n'/*~1/2 for the estimation of § and
n'/2 for the estimation of o. It is important to remark that the estimation rate for 0 is slower than the usual
rate n'/2 when o > 1 and faster when a < 1. Concerning the estimation problem, this has been addressed
by Masuda [21] assuming that « € [1,2) using a quasi-likelihood estimation method. Indeed, in that case,
the drift contribution is negligible compared to the jump part and the law of the normalized increment
h=Y(Xyon — X¢ — hb(Xy,0))/a(X;, o) is close to the a-stable distribution as h goes to zero. However, this
method does not seem to be extended to the case « € (0,1) mainly because of the great contribution of the
drift.

In this paper, we propose an estimating functions based method which applies to any value of a € (0, 2).
Estimating equation methods are useful alternative methods in situations where the likelihood function is
not known in a tractable form and have been widely used in estimating diffusion processes from discrete time
observations (see for example Bibby and Sgrensen [5], Kessler and Sgrensen [17]). We also refer to the papers
by Barndorff-Nielsen and Sgrensen [4], Sgrensen [23], Jacod and Sgrensen [14] for general asymptotic results
on estimating equation methods. In this work, we consider estimating equations derived by approximating
the score function and by changing the above normalized increment by h=Y*(Xyyp, — &5 (0))/a(Xy, 0),
where (£7(6)): solves the ordinary differential equation

&(0) = a:+/0 b(E2(6), 0)ds.

The introduction of this ordinary differential equation is convenient for dealing with any value of o but
we can also replace it by a numerical approximation scheme whose order has to be high when « is small.
Conditionally on X; the density of h=Y/*(X;1p, — & *(0))/a(Xy, o) converges when h tends to zero to the
density of the a-stable distribution. This has been established by Kulik [18] when L is an a-stable process
(and also in [9] when L is a truncated a-stable process assuming that a is constant). However to prove
consistency and asymptotic mixed normality of our estimators, the convergence of the densities is not
sufficient and we also need a rate of convergence. This is the most technical part of the paper. For L a locally
a-stable process, we prove that the total variation distance between the conditional law of A~/ N Xpwn —
,)ft (0))/a(Xs,0) and the a-stable distribution is bounded by &}, such that h~'/2¢;, tends to zero. This result
is the key ingredient to derive some limit theorems (Law of Large Numbers, Central Limit Theorem) for
functionals of normalized discrete time observations of the process X.

At last, it should be noted that the estimation method proposed in this paper requires that the Blumenthal-
Getoor index « is known. This is also the case in Masuda [21]. A large literature is devoted to the estimation
of the jump activity of jump-diffusion processes from high frequency observations, based on truncated power
variation or on empirical characteristic function. We mention among others the papers by Ait-Sahalia and
Jacod [3], Todorov [24], Todorov and Tauchen [25].

This paper is organized as follows. Section 2 introduces the notations and assumptions. Section 3 is
devoted to the estimating function method and states consistency and asymptotic mixed normality of our
estimators after establishing some limit theorems. Section 4 is dedicated to some critical total variation
distance estimates. Section 5 contains the proof of limit theorems stated in Section 3.
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2. Notation and setup

We consider the stochastic differential equation :

t

t
X, = 20 + b(Xs,O)ds+/ o(X._,0)dL., te0,1], (2.1)
0 0

where a and b are known functions from R xR to R and (0, o) are real parameters. We assume that (L;).c[0,1]
is a pure-jump Lévy process defined on a filtered space (22, F, (), P).
We introduce also the ordinary differential equation

#0() = o + /0 b(E(0),0)ds, t e [0,1]. (2.2)

It will be shown in Section 4 that if (L¢).cpo,1 is a locally a-stable process with a € (0,2), then the
distribution of n'/®(X, , — ff?n(e))/a(xo, o) is close to the distribution of n'/*Ly ,,.

We observe the process on discrete times t; = i/n for i = 1,...n for the value (6y,0¢) of the parameter
and based on these observations our aim is to estimate (6, o).

We make the following assumptions.
H1(Regularity) : (a) Let Vp, x V,, be a neighborhood of (6, 5p). We assume that z — a(x,09) is C? on
R, bis C% on R x Vp, and

sup( sup [9;b(z, 0)| + |0za(x, 00)|) < C,

x 96V90

102b(x, 00)| + 02a(z, 00)| < C(1+[al?),  for some p > 0,

VeeR,VoeV,, a(r,0)>0 and  sup
ASAEN a(xa J)

b) Vz € R, § — b(z,0) and ¢ — a(z,0) are C3 and
(b) ;

< C(1+|z?), for some p > 0.

sup max (|89 (z,0)] + 10 a(x,0)]) < C(1+ |z|P), for some p > 0,
(8,0)€ Ve, X Vi 1SS

sup |0,0pb(x,0)| < C(1+ |z|P), for some p > 0.

0eVy,
Under the boundedness assumption on the derivative with respect to x, the coefficients a and b are globally
Lipschitz and equation (2.1) admits a unique strong solution.

H2 (Lévy measure) : (a) The Lévy measure of (L;) satisfies v(dz) = B ‘QH g\ {0} (2)dz, where a € (0,2)

and g : R — R is a continuous symmetric non negative bounded function with g(0) = 1.

(b) g is differentiable on {0 < |z| < n} for some 1 > 0 with continuous derivative such that supg.|. <, %
00.

This assumption is satisfied by a large class of processes : a-stable process (g = 1), truncated a-stable
process (g = 7 a truncation function), tempered stable process (g(z) = eI, X > 0).
H3 (Non degeneracy) : Almost surely, 3tq,t5 € (0, 1), such that d,a(X;,,00) # 0, 9gb(X,,00) # 0, where
(Xt)te[o,1) solves (2.1) for the value (0p,00) of the parameter.

We will use the following notation. By ||.||, we denote a vector norm or a matrix norm, A7 is the transpose
of a matrix A, and for a bounded function f : R — R, we set || f|| ., = sup, |f(z)|. In the sequel, we denote

<

by a’, b’ the derivative of a, b with respect to z, a, b the derivative with respect to the parameter and a, b
the second order derivative with respect to the parameter. We will also use the notation &;(6) = &5 K "(0),

for i =0 to n.
Throughout the paper, C or C}, denote some constants whose value does not depend on n and may change
from line to line.
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3. Estimating function method and main statistical results

To estimate (0, 0), we will use the estimating function method (see for example [14] and [23]). To this end,
we consider the functions

_ ( G(0,0)
Gn(evo—) - ( G%(&U) ) ’ (31)
with for k = 1,2
Gk (6,0) = Zg <X11X1,90)

where g will be specified below. An estimator of (6, o) is obtained by solving G,,(#, o) = 0 and the properties
of this estimator depend on the choice of the functions ¢' and g2.

Denoting by p1/,(z,y) the transition density of the Markov chain (X, ); solution of (2.1), we can prove
the convergence as n goes to infinity

a(z, o)

al, 0)1)1/”(337 /e Y Em(0) — waly),

nl/a

where ¢, is the density of L{, a stable random variable with characteristic function e~ ¢ (see [9]

assuming that a is constant and (L) is a truncated a-stable process or [18] for more general assumptions
a(zo,0)

on the coefficients assuming that (L;) is an a-stable process). Note that =7 p; (w0, az0,0),, 4 §17n(0))

ni/a

is the density of nl/“(Xl/n - ffyn(e))/a(xo, o) and that we also give in Section 4 a rate of convergence in

total variation distance between the law of n'/® (X, — ff})n( ))/a(xg, o) and the law of L§.

[e3 9
This observation suggests to approximate p; /, (x,y) by Wg)@a ( 1/a %) and then approximat-

ing the score function, a natural choice of estimating functions is

n/ b(z,0) ¢

g (%‘7:’4’9’0’) = n a(w,a) P ( TL(x yvev ))7 (32)

(0,0.0,7) = ST+ 2 0,0,0,0) 22 o 0. 306. ), (3.3)
where

el ,) = /o= SO (3.0

a(z,o)
For this choice of estimating functions, we prove below that solving G,,(6,0) = 0 gives a consistent and

asymptotic mixed normal estimator of (6g, o¢). This result is based on limit theorems for normalized sums

1 n
- Zf(Xﬂaaag)h(zn(xﬂa‘xi7070))7

n
=1

where z, is defined by (3.4). We first establish a uniform Law of Large Numbers for (8,0) in V,Sn)(é’o, 00),
where for n > 0

V(n (90,0’0) —{ 9 O' HU 0 80,0’— 0'0 T|| < 77}, (35)

—1 __
un:<61/“1/2 ) ) (3.6)

with
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Theorem 3.1. We assume that Hi and H2 hold. Let h : R — R be a continuous bounded function with
bounded derivative and let f : R x R? — R be a continuous function with continuous partial derivative with
respect to the second variable such that

sup  (|f(x,0,0)| +0sf(2,0,0)| + 05 f(,0,0)|) < C(1 +[z["), for some p > 0.
(G,U)EVQOXVUO

Then we have the convergence in probability:
i)
sup |f Zf Xio1,0,0)h(zn(Xiz1, X 2,0,0) / f(Xs,00,00)ds ER(LS)| — 0.
0,00V, (80,00)
ii) Moreover if Eh(L$) =0

n

1
sup |WZf(X%7H,U)h(zn(X%,X%79,U)>| — 0 in probability .
(0.0)€V" (60,00) i=1

Obviously ii) is a consequence of i) in the case @ < 1 and only the case o > 1 requires a proof.
We also establish the stable convergence in law of functionals of the form

1 n
—7 Y f(Xiz1,00,00)A(z(X izs, X 1,00, 00)).
i=1

Thanks to the control in total variation distance given in Section 4 between z,(Xi-1,X:,60y,00) and

nt/ *ALy;, this can be reduced to the stable convergence in law for
1 n
m Z f(X% ) 907 UO)h(nl/(yALz)
i=1

This is established in the next theorem.

Theorem 3.2. We assume that HI and H2 hold. Let hi,hs : R — R be bounded functions and let f1, fo :

R — R be continuous functions. We assume that Ehq (L) = Eho(LY) = Ehy (LY)ho (L) = 0. Then we have

the stable convergence in law with respect to o(Ls,s < 1):
fi(Xiz1)hi (R *AL)

1/2
n1/22<f2X11h2( l/aALi)>:>E N7

where N is a standard Gaussian variable independent of ¥ and
fo fA(X,)ds ER3(LY) 0
0 fo f3(X,)ds ER3(LS) |~
From this theorem we deduce the following corollary.

Corollary 3.1. We assume that H1 and H2 hold. Let hy,hy : R — R be bounded functions with bounded
derivative and let fi1,f2 : R — R be continuous functions. We assume that Ehy(Ly) = Eho(Ly) =
Ehi(LY)ho(LS) = 0. Then we have the stable convergence in law with respect to o(Lg,s <1):

f1 X1 1 hl(zn(X1 1 Xz,@Q,O’Q))

1/2
n1/22< fal Xl 1 hg(zn(Xl 1 X17907UO)) ) = 2N,

where N is a standard Gaussian variable independent of ¥ and

( I F2(X,)ds BR2(LS) 0 )

0 i f2(X,)ds ER3(LS)
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The proofs of Theorem 3.1, Theorem 3.2 and Corollary 3.1 are postponed to Section 5. They are mainly
based on the total variation distance estimates given in Section 4.

From these results, we can establish the asymptotic properties of our estimating functions based estimator.
Theorem 3.3. Let G,, be defined by (3.1) with g* and g° given by (3.2) and (3.3). Under the assumptions

H1, H2 and H3, there exists an estimator (ém Gn) solving the equation G, (0,0) = 0 with probability tending
to 1, that converges in probability to (6o, 00). Moreover we have the convergence in law

nl/a—l/Q(én _ 90) s
( W26y ) ) 00 TN

where N is a standard Gaussian variable independent of 1(6p,00) and

1 b(X.,0
f a(X a'))zdsz Do (u 0

1 a(X,,0)? P (u)+upl, (u)’
0 fo UXe) ds I s, )" g

1(0,0) =

Before proving Theorem 3.3, we make some remarks.

Remark 3.1. We observe that the estimation rate for the drift parameter 6 degenerates as o goes to 2.
Indeed, the limit case a = 2 corresponds to the situation where (L) is a Brownian motion and where the
estimation of 0 is impossible from high frequency observations on a fixed time period. On the contrary, when
o < 1, the estimation rate for 0 is faster than the usual one n'/2.

Remark 3.2. The LAMN property with information 1(0,0) has been established in [8] for this experiment,
assuming that a is constant and g is a truncation function. This result permits to deduce that our estimator
is efficient.

If the solution to the ordinary differential equation (2.2) is not explicit, we can replace it in the expression
of z, by a numerical scheme &; /n(ﬂ). The next proposition gives sufficient conditions on the scheme to
preserve the conclusion of Theorem 3.3.

Proposition 3.1. Let Ef/n(ﬁ) be an approzimation of &f,, (0) such that

i) supgev, 167/, (0) = €1/, (0)] < C(L+ |2I?) /¥ with k > 1/a+1/2,
it) supgey, |89?16/n(9) — @| < O(1 + |z|P)/n?, for some p > 0.

Then under H1, H2 and H3 if we replace z, by Z,(x,y,0,0) = nan in equations (3.2) and

_ a(z,0)
(3.3), there exists an estimator (0,,,7,) that solves G, (0,0) = 0 with probability tending to 1. This estimator
has the same asymptotic properties as the estimator defined in Theorem 3.3.

The proof of Proposition 3.1 is omitted since it follows the same arguments as the proof of Theorem 3.3
replacing z, by Z,.

Example 3.1. We assume that the function b is of class C* with k > 2 and that

sup = max (|8 b(x,0)| + |00l b(x,0)]) < C(1 4+ |z|P).
0€ Ve, 1<i<k—

For f : R x Vg, — R of class C*, we set Aof f, Af = bf’ and define recursively A7 f = A(AI=Lf) for
2<j<k. Wehave f(&7(0),0) = f(x,0) —|—f0 (Af)(£2(0),0)ds and consequently we obtain

£ (0 )—x+/< b)(€X(6), 6)ds

t1

_E0 / / /tk (ARTB) (L (6), 0)diy...dtr,
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with € () = 4 t(A%)(x,0) + £ 5 (AD)(z,0) + (k 1),(Ak_ b)(x,0). We deduce that if k > 1/a+1/2,
z) and i) are satisfied and the result of Proposztzon 3.1 can be applied. If oo > 2/3, the simple choice
51/n( ) =ax+b(x,0)/n is convenient.

Proof of Theorem 3.3. The proof is based on the results established in Sgrensen [23] to obtain the consis-
tency and asymptotic normality of estimators constructed from estimating functions. We first remark that
from H3, we have I(6g,0¢) > 0 almost surely.

We define the matrix J,((01,01), (02,02)) by

Z ( agg (Xz 1 X 91,0’1) (9 (Xz 1 X 91,0’1) )
a .

Inll00:00), 020 2) =2 9,02(X 11 X 0000) 0ngP(Xi 2, XL b2, 00)

i=1

We also recall that V" (6o, 00) and w, are respectively defined by (3.5) and (3.6).With these notations, the
result of Theorem 3.3 is a consequence of the two following sufficient conditions:
C1 : Vn > 0, we have the convergence in probability :

sup [wnJn((01,01), (02, 02))un — 1(00,00)|| — 0.
(61,01),(02,52)€Vi{™ (80,00)

C2 : (unGn(bo,00))n stably converges in law to I(6y,00)"/?N, where N is a standard Gaussian variable
independent of I(6y, 0p) and the convergence is stable with respect to the o-field o(Lg, s < 1).

These conditions imply the ones given in [23] which are sufficient to prove consistency in the case of a
random information matrix. In [23] the Central Limit Theorem is established for a deterministic information
only, however the proof can be easily extended to the random case enhancing the convergence in law by the
stable convergence in law.

To check the conditions C1 and C2, we first recall that

n ) 899 (Xz 1 X7 01,0’1) 11 agg (X7 1 X1 91,01)
_ n /0‘ ’ /e )
uan(<91,01)a (92,0'2))1% = Z < nl/a 899 (Xz L X 92’0_2) 1(90_9 (X1 L X 02’02)

i=1

We compute explicitly the partial derivatives appearing in this matrix. Recalling that g' and g2 are given by

(3.2) and (3.3) and observing that 9y z, (z,y,0,0) = —a( ;/Z)él/n( ) and 0,2, (,y,0,0) = *Zgg; zn(,y,0,0)
we get
1/« b 0 / 2/ b 0) . AN
1 _ n (.I‘, ) Pa _ n (33, ) x Pa
699 (x7ya9’0-) - n a(x,o) Dar (Zn(a:,y,e,o)) n a(x,0)2€1/"(6) Do (Zn(x7y7970-))7
o (2, 0,0) =~ U0 o) NP .0,00) 4 2n,0,0) [ £2) (o060
O-g x7 y7 70- - n a(x’o_)z x? o ZTL m?y? 70- ZTL x7y7 70- (pa Z?’L 1"7 y7 70. )

009 (,9,8,0) = —n/* L) o (g) [s?(zn(m,e,a)) + 2n(2,9,0,0) (SD) <zn<x,y,e7a>>] 7

a($7 U) Pa

o2

aa — a !

Opg?(z,y,0,0) = < ) (z,0) {lJrzn(x v, 0, a)i (2n(z,9.,0, g)}

a? o

/ /

22 (o0 (02:0.0)) + 2n(5:3.0,0) (:j) <zn<x,y,e,a>>] |

(63 (e

_ (ZZ) (x,0)zn(z,y,0,0)

Proof of C1.
We will use intensively the result of Theorem 3.1.
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We first remark that the condition C1 reduces to the uniform convergence of u,J,,((0,0), (0,0))u,. In
the sequel we use the notation h, = :’Z—a and g, (2) = ha(2) + zh!,(2). The functions h, and g, are bounded
with bounded derivative (see [2]). We also set :

Il’l 11,2
Jn((970)7 (97U>)un = ( 172L,1 13,2 ) .

With these notations we have using the above calculus

1 b(XQ,G) n Z')(Xiq,ﬁ) X
1,1 _ E n L . B ALY , . i
& ni/e i=1 a(Xg,U)ha(zn(XTl’XW&J)) Zi:l a(Xiz1,0)? gl/n ( e (Z”(X X 79 7)),
1 " G(XQ,O') .
12 I B o
E " ; a(XgJ)Qb(XT’a)ga(Z"(XT’Xg’a’U))’

21 Xz 1 O' Xl 1
b Z o(Xi1,0)? Sin (0)9a(2n(Xiz1, X1 ,0,0)),

ho 1= (da—a?
22= =3 (L) (Xia,o0) {1+zn(Xﬂ,XL,O,U)ha(Zn(Xﬂ,Xi,G,U)
n n n n n n

02

1 n
=1

From H1, obviously the functions b/a, a/a, b/a, i/a satisfy the assumptions of Theorem 3.1.
Since Eho(L{) = 0, the first term in the expression of I}'! goes to zero (Theorem 3.1 ii)).
For the second term we observe that (£7(6)): solves

¢ t
&0) = [ v o).0& 0+ [ o). 0
0 0
and from H1 and Gronwall’s Lemma we can deduce (we omit the details of this standard proof)

sup [€2,(0) = ~b(z,0)] < C(1 + |a]?) /2, (3.7)
€Va, n

so from Theorem 3.1 i) we deduce the convergence of the second term of I!'! to — fl %d E ( ) (LY).

Since [ g (2)dz = 0, we deduce E ( ) (L&) = —E (%) (L%) and finally

L (X, 00)2 1\ 2
sup u;;lf/ (’O)dsE(%> (L3 = 0,
) 0

2
(G,G)EV,Y”(GO,GO a(XS’ UO) @

Using the symmetry of the function ¢, we have Eg,(L{) = 0 and we deduce easily from Theorem 3.1 i)
and (3.7) that
sup |I}2] =0 and sup — 0.

(8,0)€ V" (80,00) (6,0)€V,{™ (60,00)

Turning to 122, we have by integrating by part E(1 + L, (L)) = 0. Consequently

1 /.9
a
Sl(lI)) |]372 +/O (a2> (Xs,00)dsELYga(LY)] — 0,
(0,0)€VR™ (80,00)
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and it remains to check EL{g,(L$) = E(‘”‘*(Lagj&;’)’a@ D° This is done by integrating by parts. This
achieves the proof of C1.
Proof of C2.
We recall that
b(X i—1,00) o

mwf(%(){%l Xi,00,00))

1 n
unGn (90’00 = nl/2 Z a(X i—1,00)
=1 [1+Zn(Xz 1 Xz,eo,Uo) (Zn(Xz 1 XL’Q0,0—O))}

a(Xi-1,00)

Applying Corollary 3.1 with f; = b/a, fo = a/a, hy = ¢, /Pu, h2(z) = 14 zhi(2) (hy and hy are bounded
functions with bounded derivative, see for example [2]), we deduce immediately C2. O

4. Total variation distance estimates

This section is the most technical part of the paper and contains some crucial estimates to derive the
asymptotic properties of the estimating functions considered in the previous section. We consider here the
process (X¢):epo,1] that solves (2.1) for the value (6o, 00) of the parameter and to simplify the notation we
omit the dependence on (g, 0¢) in the expressions of the functions a, b and £%°.

We will prove that we can approximate n'/® (X 1 — f’””) by nl'/e (mO)L 1 and control this approximation.

This is done by estimating the total variation distance between nl/e (X1 - fx") and n'/q (zo)L 1. We also
give a weak rate of convergence of the rescaled Lévy process n'/*L; /n tO the a-stable process L{ which is

estimated by the total variation distance between n'/®L, /n and LT.

Theorem 4.1. We assume HI(a) and H2. There exists a constant C such that for any measurable bounded
function h, we have :

[ER(n'/*(X1 —€5°)) — Eh(n"/*a(z9)L1)| < C(1 + |aol)enllh]l

m
where

o fa<1,Vee(0,1), 5, = =
o ifa>1,Ve€(0,1/a), e, = F/i,e.

In particular, in both cases n'/?e, — 0.

Theorem 4.2. Under H2, we have for any bounded function h :
[ER(n* Ly n) = ER(LT)| < C|[h]| s

where €, s as in Theorem 4.1.

Combining Theorem 4.1 and Theorem 4.2, we see that the total variation distance between the distribution

of glm/a) (X1 - fxo) and the distribution of L{ is bounded by C(1 + |x¢|)ey,.

To prove these results, it is convenient to introduce an adequate truncation function and to consider a
rescaled process. This is explained in the next subsections. Moreover, the proof of Theorems 4.1 and 4.2
requires some Malliavin calculus and we recall in what follows all the technical tools to make easier the

understanding of the paper.

Remark 4.1. In the statement of Theorem 4.1, we give a control for the distance in total variation between
the laws of the processes X and L, under a short time asymptotic 1/n — 0. If we assume that h admits a
bounded derivative, it is possible to get some related control from the study of the strong error |n1/a(X; —
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&) — nl/aa(mo)Li |. In Lemma 4.2 below we state an upper bound, in probability, for this error. In the case

o> 1, using the controls in LP-norm given in the proof of Lemma 4.2, we can show
[ER(n'/*(X1 = €5°)) — Eh(n'/*a(wo)L1)| < O+ |aol) (1l o + 1M o0)/n/ @<

Unfortunately, this proof does not work in the case a < 1 and we have not been able to give a simple proof of
the above result in that case. The Malliavin calculus, especially the integration by part formula and the Malli-
avin weights, permit to compensate the lack of integrability of the process (L) and additionally to weaken
the assumptions on the function h.

4.1. Localization and rescaling

We first introduce a truncation function in order to suppress the big jumps of (L;). Let 7: R +— [0,1] be a
symmetric function, continuous with continuous derivative, such that 7 = 1 on {|z| < K(a)/2}, 7 = 0 on
{|z| > K(a)} where
1 1
K(a) = 5 A =), (4.1)

oIl

for 7 defined in H2(b).
On the same probability space (€2, F, (F;),IP), we consider the Lévy process (L;)ic[o,1] with Lévy measure

v and the truncated Lévy process (L7 );c[0,1] With Lévy measure v™ given by v7 (dz) = lzgl(%r(z)lm{o}(z)dz.

This can be done by setting L; = fot Jg zi(ds, dz), respectively L] = fot Jg 207 (ds, dz), where fi, respectively
7, are the compensated Poisson random measures associated respectively to

w(A) :/ / / 1a(t, z)pd(dt,dz,du), AC0,1] xR
[0,1] JR J[0,1]

W= [ [ a9 etz de), AC0.1] xR,
[0,1] /R J[0,1]
for 9 a Poisson random measure on [0, 1] xR x [0, 1] with compensator 19 (dt, dz, du) = dt|zg|(Tzll I\ {0} (2)dzdu.
By construction, the restrictions of the measures p and ™ to [0,1/n] x R coincide on the event
Q, ={we % pd([0,1/n] x {z € R;|z| > K(a)/2} x [0,1]) = 0}. (4.2)
Since p9([0,1/n] x {z € R;|z| > K(a)/2} x [0,1]) has a Poisson distribution with parameter

1

A, = 7/ 9(2)/ 121t  dz < C/n,
nJ|21>K(a)/2

we deduce that
P(Q) < C/n. (4.3)

We consider now the truncated process
t t
X/ =xo +/ b(XT)ds +/ a(XI_)dLT, telo,1]. (4.4)
0 0

Obviously (X¢, Lt)iejo,1/n] = (X7, L7 )iejo,1/n] 00 €2, and consequently since P(€25,) < C/n, the result of
Theorem 4.1 consists in proving

[Eh(n"/*(X{,, = &77,)) = Eh(n'/*a(z0) L] ,,)| < C(1+ |wo])en] |l o
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To clarify the proofs, it will be useful to rescale the truncated process (X7 ):c[0,1/n)- To this end we introduce

an auxiliary Lévy process (L}');e(0,1) defined possibly on an other filtered space (2, F, (F;),P) and admitting
the decomposition

t
= [ [, tepa) 9
0 R

where " is a compensated Poisson random measure, " = p" — ", with compensator p"(dt,dz) =
/o
dt%T(z/nl/a)lR\{o}(z)dz. By construction, the process (L}')ic[0,1] is equal in law to the rescaled

truncated process (nl/ O‘LtT/n)te[o,u- We now consider the rescaled stochastic differential equation
I 1t
n Jo nt/e 0

and the rescaled ordinary differential equation

1 t
T =m0 + ﬁ/ b(&rT0)ds, te0,1]. (4.7)
0
The equality in law

n n,x n law - arT
(Yt - ft O»Lt )te[O,l] = (Xt/n - gf/onanl/ Lt/n)tE[O,l] (4~8)
is straightforward and consequently with these notations the result of Theorem 4.1 follows from
[Eh(n'/*(Y" = &) = Eh(a(z0)LT)| < C(1+ [ao|)enh] -

It is worth to note that the jumps of (L}) are bounded by n'/®K(a), and then the processes (L}) and (Y;*)
admit moments of all orders. More precisely, we have the following result.

Lemma 4.1. Assuming H1(a) and H2(a), we have

Vp>1, supE(sup [V;"[") < Cp(l+ |zo]”), (4.9)
n t€[0,1]

1
Vp>1landp>a, E sup |Y*— P < Cp(l+ |zo|”)

el 4.10
te[0,1] n ( )

The proof of both inequalities is based on Burkholder type inequalities (see 2.1.36 and 2.1.37 in Lemma
2.1.5 of [13]) for purely discontinuous martingales and standard arguments (convexity inequality, Lipschitz
assumption on the coefficients and Gronwall’s lemma). We omit it.

We end this subsection with a control of sup,<;,, [nt/ (X, — €5°(0y)) — n'/“a(xo)Ls| which can be
established using both the truncation and rescaling procedure.

Lemma 4.2. Assuming H1(a) and H2(a), there exists p > 0 such that for any e >0

logn -
Ve y, _ ¢gwo _ i/ < CE)A+|zoP)T5 ifa <,
: <t§il/)n|n (% = &2 (60)) = Palzo) ] > E) = { Ce)(1+ |zol?) s, V8 € (0,1) ifa>1,

where C(g) is a positive constant.

Proof. Recalling that (Xi, L¢)icjo,1/n) = (X7 L] )tejo,1/n) o0 2y, and that P(25) < 1/n, it is sufficient to
study the convergence in probability of sup,<y, [nt/*(XT —£5°(6p)) —n'/*a(x0)L]|. Now using the rescaled
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process (Ly') this is equivalent to study the convergence in probability of sup,c(o [nt/e (Y — €70) —
a(xo)L}|. We have the inequality for ¢ € [0, 1]

b/ t
sup [0/« (Y] = €7°) — a(xo) LY| <”|°°/ sup [n!/* (Y, = €07°) — a(wo) Lij|ds

s<t n 0 u<ls
b/ t
o WloolaCol g, 1231+ sup | [ (a(v) = ata))az],
n t€[0,1] tefo,1] Jo
and from Gronwall’s inequality we deduce
sup |n'/* (Y = %) — a(wo) Ly| < C(= sup [Lf|+ sup | [ (a(Y]2) = a(wo))dL}]). (4.11)
t€[0,1] T tefo,1] tefo,1] Jo

In what follows, we will distinguish between the small jumps and the big jumps of L. To this end we have

t t
Ly = / / zp"(dt, dz) + / / 2" (dt, dz) = L' + L2 (4.12)
0 J{o<|z/<1} 0 J{lz1>1}

Control of the small jumps part L™!

Since Esup,¢ 1 IL' 2 < C we deduce P(+ sup;epo.1) ‘L?’l‘ > g) < C/(n?c?). Turning to the other term
SUP¢e(o,1] |fg(a(YS"_) — a(z0))dL™!|, we have using Lemma 4.1

t
E(sup | [ (a(Y;2) = a(wo))dLy ) < CE( sup |Y," —wol*) < C(1+ |aof*)/n,
te[0,1] Jo t€(0,1]

and we get P(supe o,y | [y (a(YL) — a(20))dLi!| > €) < C(e)(1+ |zo|*) /.
Control of the big jumps part L™?
We distinguish between the cases « > 1 and a < 1.
o> 1.
Using inequality 2.1.36 in [13] with o < p < 2, the boundedness of g and the definition of 7, we obtain :

i
a+1

E( sup |L"%P) < C dz < CnP/ /n,

t€f0,1] {1<|z|<K(a)nt/=} |2]

and then from Markov inequality

1
P(= sup |L}?| > ¢) < C(e)n?/®/nPTt < C(e)/n.
N telo,1]
Similarly we get using Lemma 4.1
t np/a
E sup | [ (a(YL) — a(xo))dLg’" P < CE(sup |Y)" — x0|p)np/0‘/n < C(1+ |zo|?) 5
tef0,1] Jo t€[0,1] "

this gives choosing p = a(1 + )

t
P(sup | [ (a(Y7) = a(wo))dL?™| > €) < Ce)(1 + |aol?)/n'~°.
tefo,1] Jo

o< 1.
Thanks to the symmetry of the compensator ", we have L?’Q = fg le\>1 zu™(ds,dz). Then we can write

t 1
et =1 [ /{ ) / /{ )
z|> z|>
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consequently E(sup,¢q 1) ’L?’Ql ) < Clogn, and then

logn

L?’Ql >¢e) < C(e)

ne

Similarly, we have

t 1
\/0 (a(Y{L) —a(wo)) “g/o /{Z|>1}a(Y;”_)a(xo)|a|z| p"(ds, dz).

Taking the expectation and using the Lipschitz assumption on a, this yields

t
E( sup | [ (a(Y™) —a(xg))dL™?|*) < CE( sup |Y;* — x0|*)logn < C(E sup |Y* — x0])*logn,

tel0,1] Jo ° te[0,1] te(0,1]

where for the second inequality we used Hoélder’s inequality with p’ = 1/« > 1. From Lemma 4.1, we deduce

t
E(sup | [ (a(Y]") = a(xo))dL?P) < C(1 + |zo|?) logn/n®.
tefo,1] Jo

and we obtain P(sup,¢jo ‘fo Y ) —a(zo))dL?| > ¢) < C(e)(1 + |zo|P) log n/n>.
Putting all these results together Lemma 4.2 is proved.

4.2. Malliavin Calculus
In this section, we recall some results on Malliavin calculus for jump processes. We refer to [6] for a complete
presentation and to [7] for the adaptation to our framework. We will work on the Poisson space associated

to the measure u™ defining the process (L}') of Section 4.1, assuming that n is fixed. By construction, the
support of p™ is contained in [0,1] x E,,, where

E, ={z € R;|z| < K(a)n'/*}, (4.13)

and K (a) is defined by (4.1). We recall that the measure p™ has compensator

1/«
At (dt,dz) = dt%dz/n””‘)lk\{o}dz = dtF,(2)dz. (4.14)

In this section we assume that the truncation function 7 satisfies the additional assumption

z)dz < 00, Vp>1. (4.15)

We define the Malliavin operators L and T' (we omit the dependence in n) and their basic properties (see
Bichteler, Gravereaux, Jacod, [6] Chapter IV, sections 8-9-10). For a test function f : [0,1] x R+— R (f is
measurable C2 with respect to the second variable, with bounded derivatives, and f € Np>1LP(F,(z)dz)),
we set u"( fo Je f( ™(dt,dz) (in the sequel this notation is also used for f : R — R). As auxiliary
function, we con51der p R — [O,oo) such that p is symmetric, two times differentiable and such that
p(z) = z4 if z € [0,1/2] and p(z) = 2? if 2 > 1. Note that thanks to the truncation 7, we do not need that p
vanishes at infinity. Assuming H2(b), we check that p, p’ and pF belong to Np>1LP(F,(2)dz). With these
notations, we define the Malliavin operator L, on a simple functional w™(f) as follows

L(p*(f)) = %u" (p’f’ + p%f’ + pf”) : (4.16)
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where f’ and f” are the derivatives with respect to the second variable. This definition permits to construct
a linear operator on a space D C Np,>1L? which is self-adjoint :

Ve, UV e D, EOLYV=FELOPV.
We associate to L, the symmetric bilinear operator T :
I'(®,0)=L(®PV) — PLY — VLD. (4.17)
If f and h are two test functions, we have :
O (), 1" (h) = 1" (of'B), (4.18)

The operators L and T satisfy the chain rule property :

LF(®) = F'(®)L® + %F”((I))F((I), ), (4.19)

[(F(®), V) = F/(®)T(D, D). (4.20)

These operators permit to establish the following integration by parts formula (see [6] Theorem 8-10 p.103).

Theorem 4.3. Let ® and ¥ be random variables in D, and f be a bounded function with bounded derivatives
up to order two. If T'(®, ®) is invertible and T~1(®, ®) € N,>1LP, we have

Ef (®)V =Ef(®)Ha(V), (4.21)
with
He (V) = —20T (@, ®)LO — ['(D, ¥T (D, D)). (4.22)

In the next section, we will apply this Malliavin calculus to the random variables LT and Y7*, which
belong to the domain of the operators L and I'. From the preceding definitions, we compute easily L(L}),
(LY, LY) and Hpy(1). We have

L(LY) = 5n <p’ +pF> ;

L(LY, LY) = p"™(p), (4.23)
n / F‘:p
() = CELDEEL L) LUIE) _ p(el) 1"+ PR
! (LY, L})2 D(LY, LY)  pn(p)? u(p)

This leads to the expression

Hie (1) = ZZ((ZP);) (e ;io(zp;r Dzp) nll/a R (4.24)

where R, is given by

= ol 4 =R} + R2,
P

with the additional notations g, (z) = g(z/n*), gL (2) = ¢'(z/n"/*), Tn(2) = 7(2/n"/*), 7} (2) = 7/ (2/n*/).

r'n
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From the choice of p we can prove that
1
E—— <(C,, Vp>1. 4.25
pr(p)p — P (4.25)
This is obtained remarking that (see [7] p.2324 )
1 <E 1
wr(p)P =t (plyjzi<i/2)

)p _ Cp[) upflE(e*uH"(Pl{\z\gl/Q}))du.

From the classical exponential formula for Poisson measures, we have

—up(z)y_gn () —uz?t
e‘f{mguz}(l_e o( ))‘Z|a+17,z(z)dz < 6_I{|z‘51/2}(1_e )lz‘§+1dz
— )

Fe~ v+ (Plz<1/23)

where we used that g is lower bounded by C' > 0 in a neighborhood of zero (recall that g is continuous and
g(0) =1), 7 =1 and p(z) = 2% on {|z| < 1/2}. We conclude observing that

1/«

Moreover on FE,, we observe that |z| /n'/® <7 and then assuming H2(b) we have the bound

IR, | <C. (4.26)
Turning to R2, and using the definition of 7 we have

T,l
P (P17 11K (aynt/e j2< || < K (a)nt/})

Ry <

-1
< /J’n(|77: 1{K(a)n1/“/2<|z|<K(a)n1/a})'

(Pl (@)n1/o j2<| 21 <K (a)nt/})

Since g, = fin, + i, we deduce from inequalities 2.1.36 and 2.1.37 in [13], the change of variable u = z/n'/*

and assumption (4.15) that
E|RA[P < Cp/n, Vp>1. (4.27)
This permits to deduce the following useful inequalities.

Lemma 4.3. We have

Sup]ElHL;L(]‘)‘p < Cp7 VP > ]-7 (428)
1
swpll [ [ s, ey (O <G W21, (4.20)
n 0 J{|z|>1}
supE sup |L{||Hpn(1) < C. (4.30)
n t€(0,1]

Proof. Obviously (4.30) is a consequence of (4.28) and (4.29). From (4.26) and (4.27), to prove (4.28) we
just have to consider the first two terms in the right-hand side of (4.24). Distinguishing between the small
jumps and the big jumps of the Poisson measure we have for the first term

1) _ Mep gscy) | (e 1gezy)
w(p)? = w(p)? 1 (plyjz>1y)?

We conclude immediately using (4.25) that Vp > 1, sup,ﬂﬂ%\” < C,p. Moreover, recalling that

SR < Gy We

p(z) = 22 for |z| > 1 we deduce that %ﬂi’f}l)}g < 2 and this yields Vp > 1, sup,, E]|

ng 1 1
proceed similarly for %‘W and this achieves the proof of (4.28).
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It remains to prove (4.29). We check immediately from (4.26) and (4.27) that

1
1
E// z|pu"(ds,dz)—— Ry, |P < C,.
| 0 {Iz\>1}|‘ ( )nl/a " 3

Turning to fol f{\z\>1} |z|u"(ds,dz)‘£;((ppp);), from the Cauchy-Schwarz inequality (and using p(z) = 22 if

|z] > 1) we get fol Jopeps1y |2l0" (ds, dz) < fin(Lg12113) 2 (p1{121>13)"/? and we deduce the bound

1 / /
n w*(|pp') w*(|pp'])
/0 /u |>1}|Z|M (ds, dz) =755 < pn(Lggzi21y) 2 s

1" (p) pr(p)3/%

Remarking that p,,(1¢.)>1}) has a Poisson distribution with some parameter A\, bounded by A, independent
of n we get that

W (oo 11121 <1y)
SuPMMKHle}V”WVD <Cp Vp2>1.

Considering the large jumps part, we have

1/2 Mn(lpp/|1{|z|21})

1™ (lpp' 1 1g1z1>1y)
fin (Lgjz1>13) TR < (L) P B DL < o (1 m0) 2,

p(plyz=1y)%/% ~

and this permits to conclude that

1 n /
" 1" (pp')
supIE// z|p"(ds,dz — P C,, Vp>1.
n | 0 {\z|>1}‘ ( )M (P)2| P

In the same way, we have for the last term

1 , )

n ,LLn(p — (Oé+]_);p) " + o/

/ /{| | }Izlu (ds,dz)] |gcﬂn(1{|Z|21})1/2M.
0 z|>1

1 (p) pur(p)'/?

We conclude as previously remarking that for the large jumps part we have, using once again the Cauchy-
Schwarz inequality,

n /
121"+ p/21112>13)
pn(Ljz21}) ()2 < 3pn(Ljz21})-

This ends the proof of (4.29).

With this background, we can proceed to the proof of Theorems 4.1 and 4.2.
4.8. Proof of Theorem 4.1

From the the localization and rescaling procedure, we just have to prove
[ER(n'/*(Y" — &) — Eh(a(zo)LT)| < C(1+ [ao|)en Al -

Now, considering a regularizing sequence (h,,) converging to h in L'-norm, such that Vp, h, admits a bounded
derivative and [|h,|| < ||k, We may assume that i admits a bounded derivative.
Using the integration by part formula (4.21) and denoting by H any primitive function of h

Eh(a(zo)Ly) = EH (a(xo) LT ) Ha(zo)rr (1),
and then from the triangle inequality, we have to bound the two following terms :

Ty = [ER(n!/* (Y = &) = EH (Y (Y] = &) Ha(ao)rp (V)] (4.31)
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Ty = [EH (Y (Y] = &) Ha(wo ry (1) — EH (a(20) LY ) Ha(wo) g (1)]- (4.32)

Bound for Ty
We have
Ty < ||hll LEnY* (V7" = €8°) = a(o) LT |[Ha(wo)zp (1)1,

and from (4.11) we get

1 1 ¢
Ty <||hll.,—— | —E L} n(1 E
= Moy <n Sy P DI E i 1

(a(YL) - a(xo))dLZI’HL;%(l)> :

where as a consequence of the linearity property of the operators I' and L, we have used H(z,) L?(l) =
1
oy Hrn(1).

a(xg
( F)rom (4.30), the first term in the right-hand side of the above inequality is bounded by C/n.
Turning to the second term E sup, ¢ 1 | fg(a(Ys”_) —a(xo))dLg||Hrr(1)], we use once again the decom-
position (4.12). For the small jumps part, Holder’s inequality and inequality 2.1.36 in [13] with 1 < p < 2,
p > a and ¢ such that 1/p+1/¢ = 1, lead to

t
E sup | [ (a(Y]2) = a(wo))dLy ! [Hy (1) < Cp(E sup |a(Y;2) — alwo)[?)/P(E[H Ly (1)]1)9,
teo,1] Jo te(0,1]

From the Lipschitz assumption on a, the result of Lemma 4.1 and (4.28), we conclude

t
E sup | [ (a(Y)

) = a(xo))dL} !
tef0,1] Jo

[Hry (1] < Cp(1 + [20])

nl/P.

This gives the bound

t
E e | [ (a(Y) = a(zo)dLy ! |[Hiy (1)] < Cp(1 + |wol)en,
te(0,1 0

with €, given as in Theorem 4.1.
For the big jumps part, we remark first that

/0 (a(Y?) - a(wy))dL™? = / /{ @) et ),

and then

t

t
E sup | [ (a(V7) - a(zo))dL22|[Hyp (1)] < E[ sup [a(Y) — a(zo)| / / 2] p"(dt, dz) [Hi (1)
tefo,1] Jo te[0,1] 0 J{|z|>1}

As for the small jumps part, we conclude applying successively Holder’s inequality, Lemma 4.1 and (4.29)
and this shows finally
Ty < C(1+ |xo|)en.

Bound for T3
It remains to consider (4.31).
From (4.22) and (4.17), we remark that

B | e L)Ly alzo) L
”“W‘(”‘L(r<a<xo>L?,a<xo>L?>) 0y = a0 L7, alwo) I7) L(F(a(xo)L?,a(wo)L?)>’
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and using the self-adjoint property of the operator L for the first and third terms we obtain
EH(n'/* (Y = &™) Ha(ao 23 (1) =

E(L(H( !/ (Y — €"))alwo) LY) — H(n"/*(Yy" — &) L(a(xo) L}) — L(H (n'/* (V" £”°)))a(xo)Li’)
I(a(wo) Ly, a(wo)Ly) '

Using again (4.17) and the chain rule we get

D(n/e (Y — &), a(zo)LT)

BH (0! (W = 7)) Hageoyp (1) = BR(n! @ (V] = ) == b s

and so
T(n'/o (Y7 = "), alwo) LT)

<
Ty < |7l El I(a(zo) LY, a(zo)LY)

— 1.

From the linearity property of T’ and since &"™ is deterministic, we have D'(n'/®(Y{* — &%) a(xo)L}) =
n'/%a(xo)L(Y", LY) and T'(a(xo) LY, (o) LY) = a(we)?T (LY, LY).
Setting U = n'/°T(Y;*, L), t € [0, 1], this leads to the simplification

EoQr g a@)ly) 1 |UF ~alw ) Jo IE p (ds, dz)|
F(a(r0)Lt . alw0)L7) @)l [T, pe)un(ds dz) ’
and
Up —a(x ds,dz
= |h”°°|a(j:o)E< IS ; h fE n(d d() )|>' (4.33)
0 JE, §, az

From Theorem 10-3 p.130 in [6], we can prove that the process (U}*) solves

1/ 1
Ul = —/ V(YU s+ Ta / / a (YU zi"(ds,dz)+ / / (Y )p(z)p™(ds,dz), te][0,1].
" Jo n 0o JE,

(4.34)

Introducing the linear stochastic equation

1 [ 1 [t
Zt":1+—/b’(YS")Z§ds+ : // o (Y ZD 2t (ds,dz), te [0,1], (4.35)
n Jo nt’e Jo Jg,

and using Ito’s formula, we show that Z* admits an inverse, denoted by (Z*)~!, that solves

n n n a/YS n ~Nn
zn) _1—f/b’Y zm 1d—n1/a// o /nl/ (2" )1 (ds, d2)

Sf

(a'(YL)z)? 1
A "(ds,d t e |0,1].
nQ/O“/ / 1+ad(Y™) Z/nl/a( )7 A" (ds, d2), €[0,1]

(4.36)
Note that on E,, 0 < m < 2 and the above integrals are well defined.
With these processes we can solve (4.34) and we obtain the explicit expression
Z”/ / PG g tnas az), te [0,1] (4.37)
1+a Y” )z/nt/a

Moreover we can prove the following bounds for the processes (Z™) and (Z™)~*
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Lemma 4.4. Letp > 1 and p > «, then

E sup |Z] —1|° < Cp/n, (4.38)
te0,1]

E sup [(Z})™' = 1P < Cp/n. (4.39)
te0,1]

The result of Lemma 4.4 follows from convexity inequality, inequality 2.1.36 (or 2.1.37 if p > 2) in [13]
and Gronwall’s Lemma. We omit its standard proof.
Plugging (4.37) into (4.33), we split the right-hand side of (4.33) into four parts :

n [l (a(Y)=a(20))p(2) f rpp \—1
|Z7 fo fEn —OP(Z ") 1M (ds,dz)|

a'(Y" )z/nl/a
Ti1=E T+a’' (Y7") / ’
fo fE p(ds,dz)
. . |z — 1|\fO fEn%(zﬁ_)flun(ds,dZ)l
1,2 = ,
fo fE "(ds, dz)
D ) n
S o S, ma(%)p(zm (ds, dz)|
1,3 = ,
fo fE "(ds, dz)
1 (Y )z/n
| 5 fEn W (z0)p(2) ™ (ds, dz)|
Tia=E
fo fE "(ds,dz)

Considering first 77 ;, we have

Ty < 2E(1Z7] sup [(Z7)71] sup a(Y;™) — a(wo))),
tef0,1] te[0,1]

and from Holder’s inequality with conjugated p and g such that 1 < p < 2 and p > « we obtain from Lemma
4.1 (with p) and Lemma 4.4 (with ¢q)
Tl,l S Cp(]. + |l’0|)€n,

where €, is defined in Theorem 4.1. Turning to 77 2, we have

Ti < 2fa(wo)[E(1Z — 1] sup |(Z7)7]),

tel0,1

and as previously using Lemma 4.4, we deduce

Ty 2 < Cp(1+ |zo|)en
The third term satisfies T3 < 2[a(xo)|E(supeo 1] |(Z)~! —1]) and so

Ti3 < Cp(1+ |zol)en
Finally for the last term, we observe that

Jy Je. (12 |/n1/a> (2)" (ds, dz>>
fo Jg, p(z)um(ds, dz)

1 Loy (121 /0t *)p(2) ™ (ds, dz)
O+ fzol) | -7 +E b fE"T“ - -
" fo fEnm{|z\>1} p(z)p(ds, dz)

T14 < 2|a(zo)|l|a’|| E (
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But remarking that

1 1/« n(ds.d 1
; z| /nt ) p(2)u"(ds, dz
fo fE"T{I \>1}(| |/ )p(z) " ( ) S/ / (12l /o) (ds. d2)
In fEnm{\z\>1} p(z)pm(ds, dz) 0 JE.n{|z|>1}

and taking the expectation we deduce that if a # 1

fo Jennqzs1y (21 /0 ®)p(2)u" (ds, dz) -
fo fE n{lz|>1} p(z)p(ds, dz) B

n,

and if a =1

fo fE N{|z |>1}(|Z|/n1/a) (z)p"(ds, dz)
fo fE,m{\ |>1} p(z)p"(ds, dz)

< Clogn/n.

This yields to
T174 S C&n.

Combining all these results we obtain
Ty < C(1+ |zo|)en,

and the proof of Theorem 4.1 is finished.
4.4. Proof of Theorem 4.2

As in the proof of Theorem 4.1 we will use Malliavin calculus integration by part formula. The first step is to
construct on the same probability space two random variables whose laws are close to the laws of n'/*L; /n
and L{. We recall briefly the notations of Section 4.1 : p™ is a Poisson random measure with compensator

" (dt,dz) = dtg(lz/lff+1 7(2/n*)1g\ (0} (2)dz, where T is a truncation function, and the process (L}'); defined
by L} = fo Jg 20" (ds, dz), with g™ = p™ — @™ is such that (see (4.3), (4.8))
172/l

n

iR/ Ly )] ~ E[W(ED)]| < €22 1= (4.40)

We now construct a variable approximating the law of L{, and based on the Poisson measure p".
For = > 0 we define

G(z) = /00 Mdz, and, H(x) = /OO 7(2) dz. (4.41)

Zl+a ZlJra

Recall that 7 is a truncation function equal to 1 on [—K(a)/2, K(a)/2] and equal to 0 on [—K(a), K(a)]°.
We assume for the sequel of the proof that 7(z) > 0, g(z) > 0, for |z| < K(a). Indeed, 7 is a truncation
function that can be chosen non vanishing on (—K(a), K(a)), and up to reducing the value of 7 in the
Assumption H2(b) we can assume that g does not vanish on [—K(a), K(a)]. Then, it is immediate to
check that G and H are non increasing, one to one, functions from (0, K(a)] to (co0,0]. We define s, (z) =
nV/eG=YH(n"1*2)) for z € (0,nY/*K(a)], 5,(0) = 0, and s,(2) = —s,(—2) for z € [-n'/*K(a),0).
The function s, is increasing, odd and one to one, from the interval [-n'/*K (a),n'/*K(a)] on itself and
we let h, = s, : [-n'/*K(a),n"/*K(a)] = [-n'/*K(a),n"/*K(a)] be its inverse function. Let us admit
temporarily the next lemma about the behaviour of the functions h,, as n — oo.

Lemma 4.5. 1) There exists € > 0 such that, for |z| < en'/®,

|Z‘DL+1 .
+C ,  ifa#1,

hnlz) — 2| < O

ENR
_ < (- i} =1.
hn(2) z|cn\1og<n>, ifa=1
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2) The function h, is C* on (—en'/* en/®) and for |z| < en/?,

2|

’ |Z| .
‘hn(z)_l‘ Scnl/a +CT7 ZfOé;él,
1) = 1 < 0 fog(Z! ifo=1.

) -1 < O og Bh) i

Using the previous lemma, we can define a process (L{"");c[0,1) by setting

¢
Lta’n:// I (2) 1™ (ds, dz). (4.42)
0 J{|z|<n!/*K(a)}

We can compute the characteristic function of the random variable L{"". Indeed, using the exponential
formula for Poisson measure,

oam ) -1/« -1/
]E[ezuL1 ] = exp (/ (ezuh"(z) 11— zuhn(z)> g(ZTL )11(577‘ )dz> ;
{12I<K (@)nt/=} 2]

) —1/a
exp (/ (™ =1 — iuw) de) , (4.43)
{lw|<K(a)ynt/=} |wl

where in the second line we have used the change of variable w = h,,(z) and the relation

g(sn(w)n™ )7 (s (w)n = ¥)s), (w) _ T(wn”'/)

o = —, (4.44)
|5n(w)‘1+ o

|w]

that can be derived for w > 0 from the differentiation of the relation G(n="%s,(w)) = H(n~"*w), and is
extended to w < 0 by symmetry of g and 7. From (4.43) we see that L]"" has the law of an a-stable process
whose jumps are truncated with the function 7. Similarly to (4.40) (in the situation g = 1), we deduce

o an 172/l o
[E[R(LT)] = E[A(Ly")]] < O == (4.45)
Theorem 4.2 is a consequence of (4.40), (4.45) and of the following lemma.

Lemma 4.6. Let h be as in Theorem 4.2, then we have,
[E[A(LY"™)] = E[R(LY)]] < Cenlh]
where €, is defined in the statement of Theorem 4.1.

Proof. The scheme of the proof follows the same lines as the proof of Theorem 4.1, and is based on the
comparison of the representation of the random variables (4.5) and (4.42). Since, in Lemma 4.5, the difference
h,(2) — 2 is only controlled for |z| < en'/® with some & > 0, we need to introduce an additional localization
procedure consisting in regularizing 1¢,n((0,1]x {zeR;|z|>en1/o})=0}- Let Z be a smooth function defined on R,
and with values in [0, 1], such that Z(x) =1 for < 1/2, and Z(z) = 0 for > 1. We denote by ¢ a smooth
function on R, with values in [0, 1] and such that £(z) = 0 for |z] < 1/2 and £(z) =1 for |z| > 1, and we set

1
n __ < n _— 1 zZ n
V= [ sz = Figensrncpanim S 02

1 n
+fo f{|z|>sn1/u} p"(ds, dz), (4.46)

W = TV, (4.47)
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From the construction, W™ is a Malliavin differentiable random variable such that W™ # 0 implies ([0, 1] X
{z € R;|z| > en'/®}) = 0, and one can show that P(W™ # 1) = O(n~"'). From the latter, it is clear that
the proof of the lemma reduces in proving the upper bound

B )W) = E[R(LY)W"]| < Cenllh| -

Using a regularizing sequence as in the proof of Theorem 4.1, we can assume that h is C! with bounded
derivative. Then by the integration by part formula (4.21), we can write E[h(L?)W™"] = E[H (L})H» (W")]
where H is some primitive function of h and the Malliavin weight can be written, using (4.22) and the chain
rule property of the operator I,

rwr, Ly)

n(W™) =W"Hpn (1) — . 44
Using the triangle inequality, we are now left to find upper bounds for the following two terms
Ty = |E[R(LS™)W"] = E[H (L") Hey (W), (4.49)
Ty = [B[H (LS ™Yoy (W) — E[H(L})HLy (W) (4.50)

Bound for fg
Using (4.48) and the Lipschitz property of the function H, we have

r(wn, LT)

Ty < |A|| _E[|LS™ = L2 |Hie ()| W] + ||R]| _E ||LS" — L} | =2
2 < AllE [IL5" = LY [Hoy ()| W] + 1Al [|1 ey oy

} . (4.51)

We focus on the first expectation appearing in the right-hand side of (4.51). Using (4.5) and (4.42), we have

/01 /R(h"@) — 2)fi"(ds, dz)
/01 /{|z|<1}(h"(’z) — 2)ji" (ds, dz)

1
Iy (hn(2) — 2)u" (ds, d2)
0 J{i1<|z|<enl/}

where we have used that h,, is an odd function with the symmetry of the compensator ", and the fact that
on W" # 0 we have u"([0,1] x {z € R;|z| > en/*}) = 0. The two terms in the right-hand side of (4.52)
are controlled using Lemma 4.5 1). For the sake of shortness, we only give the details of the proof in the
case o # 1. In the case a = 1, one needs to modify this control with an additional logarithmic term. For
the small jumps term, from inequality 2.1.37 in [13] and Lemma 4.5 1), we deduce E| fol f{|2|<1}(h”(z) —

2)ji™(dz,ds)|P < Cp(n=/® + n=1)P_ for any p > 2 and using 0 < W" < 1 and (4.28) we get from Holder’s

inequality
1
[ ARCCERAES
0 J{|=|<1}

The large jumps term of (4.52) is upper bounded by

[ r1 a 1
E / / <|Z + |1Z/|a) ,u"(ds,dz)/ / |2| " (ds, dz) |[Hor ()| W™,
/o J{i<|z|<ent/e} \ T n 0 J{i1<|z|<enl/e}

E[|LS™ — LY [Hop ()| W"] =E {

|He (1) W"}

<E

|He (1) W"]

+E

[Hey ()] W”] . (452)

E [Hop ()| W] < COn~ Yo+ Cnt
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where we have used Lemma 4.5 1), and the basic inequality,

1 1 1
2P ds,dz) < 2P ds,dz z| ' (ds, dz
H K H
0 J{i1<|z|<enl/} 0 J{i1<|z|<enl/} 0 J{i1<|z|<enl/}

for § > 1. From p" = 4" + @™ and inequality 2.1.36 in [13], one can easily show that for ¢ € (1, 2),

1
/ / |z| " (ds,dz)
0 J{i1<|z|<enl/=}

1 a
/ / |2|% u™(ds,dz)| < Cn? 1.
0 J{i<|z|<enl/a}

q

E < CO(1 4 n9/o7hy,

E

By Holder’s inequality and (4.29), we deduce that the large jumps term of (4.52) is eventually smaller than
C(n=Y* + n=1/9) for any q € (1,2), and in turn

E[|L3" = LY[ [Hiyp ()| W] < Cey.

Let us now study the second expectation in the right-hand side of (4.51), which can be rewritten, using
(4.47) and the chain rule property of the operator I'

F(V" L")
E||LS" — LY 1T (V)| |l
[n o1z >|]F<L?’L?)

] . (4.53)

Using (4.46), we get the explicit expression for I'(V™ LT) = fol Je ()€ (=5 )™ (ds, dz)n=/ e, from

enl/o
F(V",L") 1 .
TIrh | < C||€’|| . ,n~/~. Hence, the term (4.53) is smaller than

1
Iy (h(2) — 2)7i" (ds, d2)
0 J{|z|<K(a)n'/}

Remarking that Z'(x) = 0 for x > 1, we deduce that |Z'(V™)| # 0 implies p"([0,1] x {z € R; |z| >
en~1/*}) = 0. Consequently, (4.53) is upper bounded by

/01 /{|z|<anl/a}(h”(z) — z)p"(ds, dz)

where we used the symmetry of the compensator ". Using Lemma 4.5, one can show that

/01 /{Z<6n1/a}(hn(z) — z)p" (ds, dz)

and deduce that (4.53) is smaller than Cn~!. This finishes the proof that Ty < Cl|h| o &n-

Bound for ﬁ
Using (4.17) and (4.22) we can write

WL weoN Lyw
Py V) = e op) +L<F<L?,L?>>L1 L<F(L?,L?> :

which we deduce ‘

Cn~ YR l ' (V)]

)

C|Z|| n R l

E < C?’ll/a_l,

and with computations using that L is a self-adjoint operator, as in the proof of Theorem 4.1, we get that
DU L)y

fl = ‘]E [h(L?n)Wn] —-E [h(L?n) F(L’rll L?)

D(LY — L™, 1Y)
I(Ly, LY)

< Al E H

W’n}
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But (LY — LT, LY) = fol f{lz\<K(a)n1/a} p(2)(1 = k!, (2))u™(ds,dz). Using Lemma 4.5 2), we deduce that
on the event W" # 0, N

1
rap-renopi<c [ f p(2) (2 + ELynas, ),
0 J{zigensoy T n

1 a
SC/ / p(z 2 +ﬁ,u"ds,dz+
] G+

1 1 «
cf | pntas.az) [ [ L+ s ),
0 J{1<|z|<enl/} 0 J{i<|z|<enl/e} N n

From this equation, we deduce that

1 «
~ z z
Ty < Cllhl (0 40 )+ Ol E [ [ (2L 4+ B s, a2),
0 J{i<|z|<enl/a} T n
< CJ] o (0™ + log(n)n ")
This is the required upper bound for Tl. O

Proof of Lemma 4.5. As x — h,(z) is an odd function, it is sufficient to study this function on [0, c0).
Recall that for 0 < 2 < K(a)n/®, h,(x) = s, (x) and s, (z) = n'/*G~'(H(n~'/*z)), where G and H are
defined in (4.41). As 7(z) = 1 for |z| < K(a)/2, we have H(z) = a 27 + k1 for 0 < x < K(a)/2, where
k1 is some constant. Using that g(z) =1+ O(z) as  — 0, we get

Glr) = /K(a) g9(2)T(2) gy — a trT% + R + 0217, ifa#1
- zlte a~tx= + O([log(z)]), if a=1,

where k4 is some constant. Then, by elementary computations we deduce that if u € (0, 00) is large enough,

—2/a —1-1/c if 1
’G’l(U) ~ (au) | < £V ) +OuT TS, Mo (4.54)
Cu=*|log(u)|, ifa=1.
From the expression H(z) = o~ 'z~ + k; and (4.54), it comes, for x/n'/* small enough,
2 1+a
Ct-+C%—, if 1
sale) — o] = /oGt o) — | < { O F O a2 (455)
CLZ |log(%)] ifa=1.

Now, the first part of the lemma follows from h,, = st

For the second part we use (4.44) to get, if z/n'/® is small enough,
/ _ Sn(lﬂ) 1+« 1
K e N )]

From (4.55) and m = 1+ O(sp(z)/n"*) = 1 4+ O(z/n'/*), we deduce the second part of the
lemma. O

5. Proof of Theorems 3.1 and 3.2
5.1. Proof of Theorem 3.1

Before proceeding to the proof of Theorem 3.1, we first recall the following useful result to prove convergence
in probability of triangular arrays (see [13]).
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Let (") be a triangular array such that ¢ is F;-measurable then the two following conditions imply

the convergence in probability Z?:l r—0:

> Bz, ¢ =0 in probability,

=1

ZEIFQ ICP*> = 0 in probability.

=1

(5.1)

(5.2)

To prove Theorem 3.1, the idea is to replace z,, defined by (3.4), for (8,0) € A (6o, 00), by the normalized
increment n'/*AL; = n'/ *(Li — Li—a1). This approximation is justify by the next lemma which is an

extension of Lemma 4.2 given in Section 4.1.

Lemma 5.1. Assuming H1 and H2(a), there exists p,q > 0 such that

n

Ve >0, Pir,_, ( sup |2 (X iz, X i,0,0) —n'/*AL| >€> <CE) (14 |Xiza|P)/n?,  (5.3)
( n n n

0,0)€V,{™ (00,00)

where C(€) is a positive constant and AL; = Li — Li-1.
Proof. We have the decomposition

a(Xiz1,00)(zn(X iz, X1 ,00,00) —n'/*AL;)  a(Xiz1,00)
WX, 0) T aXa,0)
nl/a

+@(§i71(00) —&i-1(0)).

2n(Xiz1, X ,0,0) = n'/“AL;

From H1 we have for ¢ € [0,1/n] and 6 € V(6,)

|§f(9)—£f(90)léllb’\\oo/0 165(0) = & (Bo)lds + 10 — 6o (1 + sup  [&F(00)[") /7,

t€[0,1/n]

moreover from Gronwall’s Lemma we check easily that

sup |7 (6o)| < C(1 + [x]).
t€[0,1/n]

This leads to the bound (using once again Gronwall’s Lemma)

6180) — & ()] < 10— B0l(1 +1X s 7).

Now for (0,0) € Vé")(ﬂo,ao), we have |0 — 0y < n/n'/*"Y/2 and |0 — o¢| < n/n'/? so from H1 we get that

nl/a

|@(§i—1(90) —&a00)) <00+ |X%|p)/n1/2.

Using once again H1 and a Taylor expansion, we have for (6,0) € Vn(")(ﬁo, 00),

a(Xi-1,00)

— <O+ X |P) /2.
ey VSO0 X
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This gives the bound
sup 2n(X i1, X1,0,0) = n/* AL < C(1+ | X i1 |P) |20 (X i1, X1, 00, 00) — n/* AL
0,0)eV (89,00) B B . = i

n'/*| AL 1

FOOF X s P) 5= + O+ X [P) 7.

The Markov property and the result of Lemma 4.2 give for some p’,q > 0
Py, (C(L+ | Xiot [P)|2n(X o1, X s, 0p, 00) — n/“AL;| > €) < C(e)(1 + | Xoma [P') /.

Moreover from Theorem 2 in Luschgy-Pages [19], we have E[n'/*AL;|? < C, for ¢ < a and we deduce that

Tll/a|ALi|

it >9) S CEA+ X[ /m.

B, (L4 [Xos )

This finally leads to the bound (5.3).

O
We can now proceed to the proof of Theorem 3.1.
Proof of Theorem 3.1.
i) From the triangle inequality, it is sufficient to prove the four following convergences in probability:
1 n
sup =Y (f(Xiz1,0,0) = f(X i1, 00,00)h(zn(X iz, X5, 6,0)) = 0, (5.4)
0,0V (60,00) " =1 ' '
1 n
sup 1= f(Xiz1,00,00) (A(2n(Xiz1, X1, 0,0)) — h(n'/*AL;))| — 0, (5.5)
(0.0)€Vi{ (60,00) " i=1 " T
1 S 1/« a
= F(Xizt,00,00)(h(n'/* AL;) — EA(L]))| = 0 (5:6)
i=1
1 o !
\*Zf(X@ﬁo’Uo)*/ f(Xs,00,00)ds| — 0 (5.7)
n ™ 0

The last point (5.7) is the convergence of a Riemann sum since ¢ — X is cadlag and f is continuous.
Since h is bounded and sup g ;)ev, xv,, (|00 f(z,0,0)| + |0, f(x,0,0)]) < C(1+ |z|P), we get easily (5.4)

from a Taylor expansion and using |0 — 6p| < n/n/*"1/2 and |0 — o] < n/n'/2, for (0,0) € V»,Sn)(ao,()'o).
To prove (5.5), we introduce the truncation 1, (X io1,X 1 ,0,0)—nl/oAL,|<e} for € > 0, and
0.0V (9g.00) AR T =
since h and h’ are bounded we get

sup |h(zn(Xi‘717Xi76‘70)) _h(nl/aALi)| S‘C:||h‘/||oo—"_
(6,0)€V™ (80,00) T

2Hh||ool{sup |zn(Xi—1,X i ,0,0)—nt/*AL;|>e}"

(0.0)ev{™ (89.00)
This yields

n

1

sup ‘7 Zf(Xﬂae(J’ 00)<h<zn<XﬂaXi>9?U)) - h(nl/aALl))l < 50(1 + sup |X8|p)||h/Hoo
(0,0)eV{ (00,00) im0 " €[0,1]

n

1
+ClIhlloo DX )

\zn(Xﬂ ,Xi‘,e,o')—nl/aALi|>E}'
i=1 roon

0.0)ev{™ (69.00)



Estimating functions 27

1\ , . s
Forany e > 0, - Zi:l(l—’_‘X% |p)1{sup(e Vi (6.0gy 17 (K=t X i 0,0) —nl/ALi|>e} goes to zero in probability

(we check easily (5.1) and (5.2) from Lemma 5.1) and we deduce (5.5) letting £ go to zero.
The proof of (5.6) is established by checking (5.1) and (5.2) with

G = %f(X%vﬁo,ao)(h(nl/“ALi) — EA(LY))-

From Theorem 4.2 we get (5.1) and the boudedness of h implies immediately (5.2).
ii) As mentioned before, only the case a > 1 requires a proof.
We first remark that we just have to prove the convergence in probability, for any K > 0 fixed
1 n
sup |mZf(X%,9,0)1{‘XQ‘SK}h(zn(Xi_Tl,X%,9,0))\ —0. (5.8)
(0,0)€V,{ (00,00) "V =1 "

Indeed, 1¢x,_, |5k} < Lisupyeon X0 >K} and since P<SUPte[o,1] | X¢| > K) goes to zero as K goes to infinity,

we deduce ii)nfrom (5.8) letting successively n and K go to infinity.
The proof of (5.8) is obtained by establishing the three following convergences in probability :

1 n
sup |mZf(X%,0,0)1{‘)(@‘SK}[h(Zn(X%,X%,Q,U))—
0,0V (0,00) TV i1 B
h(zn(X%,X%,Go,ao))H — 0, (5.9)
sup | o Z f(X%,9,U)l{\XQ‘SK}[h(Zn(X%,X%,eo, 0’0)) —
0.0)eVi{ (60.00) " iT1 "
Eir,  h(z(Xim1, X1, 00,00))]| = 0, (5.10)
1 n
(0,0)€V{ (89,00) " i=1 " "

Considering first (5.9), we have

a(Xi—il,O'O) nl/e

n(Xiz1, Xs,0,0) = n(Xiz1, X1, 00,00) + — (§i-1(00) = &i-1(0))-

CL(Xﬂ,U) (Xﬂ,o')
Now, we have the bounds (this has been established in the proof of Lemma 5.1)
nl/a 12
sup |X_7(€z‘—1(90) =&i—1(0))] < O+ [Xiza |P) /n7/7,
(0,0)eV{™ (60,00) a( %’0’) !
(l(XQ s 0'0) 1/2
sup | ———— — 1| < C(1 +|Xia|P) /Y2
(970)6V75n)(0070'0) a(X%’o—) "
This leads to
|zn(Xﬂ7Xﬂi790;o-0)| 1
sup ‘ZyL(X%,X%,o,U)—Zn(X%7X%,00,UO)|SC(1+|X%|p)( nnl/j —|—n1/2),

(0,0)€V{™ (89,00)

and finally adding and subtracting n'/*AL;
sup |2n(Xiz1, Xi,0,0) — 2, (Xiz1, X, 00,00)|
(0.0)€ Vi (60.00) S S
|20 (X im1, X s, 00, 00) — nt/“AL;| + n'/*|AL;| + 1

/2

SC(1+|Xﬂ|p)
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Introducing the truncation 1y, (x, | x

n

sup |f(X%a07Uﬂ{\Xg\SK}(h(zn(X%’X%’97 0)) - h(zn(X%’X%a‘gOvUO)))‘ <
(6,0)€V™ (60,00) "

+ 00,00)—n1/oAL;|<e} for € >0, we deduce that

(e + 1+ n'/*|AL;|)
(||h'||oo i/ + Hh”ool{\zn(X%,X%790700)—n1/“AL1|>€} :

Observing that 1/a+ 1/2 > 1, to prove (5.9) it remains to check the two convergences in probability

1 & nl/YAL 1
nl/o Z nl/2 0, nl/a Z {|Zn(X1 1 Xl 00,00)—nl/ @ AL;|>e} 0.

i=1 i=1

Since o > 1, Theorem 2 in [19] gives En'/*|AL;| < C and we deduce E[ﬁ S %ﬁ“] — 0. Moreover

using the result of Lemma 4.2, we deduce ]E1{|ZH(X1 1 X 5 00.00)—nt/* AL >} < CkC(e)/n'~° for any § €

(0,1) and this permits to obtain the second convergence This achieves the proof of (5.9).
Turning to (5.11), since Eh(LY) = 0, we deduce from Theorem 4.2

[Ejz,_, h(n'/*AL;)| < Ce,,
moreover from Theorem 4.1, we get

Epr,y (h(zn(X e, X1, 00,00)) = h(n'/*AL))| < OO+ [X s |)

En,

with y/ne,, — 0. This permits to conclude that (5.11) holds.
It remains to prove the uniform convergence of the martingale part (5.10). For any (6,0) € Vy, x V,, the
convergence in probability

1 n
mZf(X%797U)l{|Xg\SK}(h(z"(X%’X%’90700)) —EU:Q}I(Z,L(X%,X%,Q(),O'()))) — 0,

is immediate (we check easily (5.2) since 2/« > 1). To prove the uniform convergence we use a tightness
criteria (see for example the Appendix of [10]). Denoting

1 n
M, (0,0) = T E F(X iz, 0,001 x 1<y (M2 (X iza, X, 00,00)) = Bz, h(zn(Xiz1, X, 600, 00))),
i:l n n

it is sufficient to check, for (6;,0;) € Vg, X Vi, i = 1,2,

4
sup E| M, (01, 01) — My (02,02)|* < C|[(61,01)" — (62,02)" ||

From Burkholder inequality for discrete martingale (see [22]) :

2
C n
E|M,,(61,01) — My (63, 09)|* < ol (Z Imi(61,01) — mi(92;02)|2> ;

=1

where mi(ﬁ,o) = f(Xifil,9,O')l{lxﬁ|SK}(h(2n(Xﬂ,Xi’790,UO)) — E|]:dh(zn(XQ,Xi‘,907JQ))), and

from Cauchy-Schwarz inequality

C
E|M,,(01,01) — M,,(0,02)[* < 77LEZ|mz (01,01) —m;(0a, 09)|*.
i=1
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This gives from a first order Taylor expansion of f

C 4
EIM, (61, 01) = Ma(0,0)[" < L n? ]| (01,00)" = (62,02)" |

Since n?/n*/® — 0, the result is established.

5.2. Proof of Theorem 3.2 and Corollary 3.1

Proof of Theorem 3.2.
We will prove the stable convergence in law with respect to o(Ls,s < 1) of the process

1 [nt] ) ( UD‘AL)
t = 1/22( ( 1/O¢ALi) )7 t e [0,1]1

in D([0, 1], R?) equipped with the Skorokhod topology. To this end we introduce the processes

[nt]

L, _ZAL“ e [0,1],

[nt] 1/
“AL;)
I = 1/22( WAL)) te[0,1].

The process (fj ¢+ converges in probability to (L¢); for the Skorokhod topology and according to Lemma
2.8 in [12], if (L} ,T%") converges in law to (L1,~’) where 7/ is a Gaussian variable independent of L; with

variance
;L Eh%(L‘f‘) 0
X ( 0 Eh%(L?) ’ (5.12)

then there exists a two-dimensional standard Brownian motion (B;) = (B}, B?) independent, of (L;) such
that the processes (L, T, T"") converge in law to (L, T, (X')Y/2B), where

This result implies the stable convergence stated in Theorem 3.2. -
To study the convergence in law of (L} ,T}"), we denote by ®, the characteristic function of (L} ,T"),
and by ¢, the characteristic function of the (L, #hl(nl/aLl/n), #hg (nl/aLl/n)). Then we have

log ®,, = nlog ¢,

and we just have to study the asymptotic behavior of ¢,,. By definition

b (u, v, w) = ]Eele/nJriff/zhl(nl/aLl/n)Mn;“/?hQ(nl/aLl/n)

A Taylor expansion of the exponential function gives :

i—2—hy(n'/°L i YL
¢ttt T ) e (T ) gy 1/2h1( “Lyjn) + - 1/2h2( “Li/n)

2 2
v 2.1/ w 2.1/ vw 1/
7%}11(” / Ll/n) - %hQ(TL / Ll/n) - X(hlhg)(n / Ll/n) =+ 0(1/71)7
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where for any p > 0, o(1/nP) is a bounded term such that n? o(1/n?) — 0 as n goes to infinity. Consequently
we obtain

O (1,0, w) = Be™ 0/ i By (0 L ) + i B g (0 Ly )
2 2
_;LnEelemhf(nl/aLl ) — %Eew%/nhg(nﬂ%l ) — %EeZ"Ll/”(hlhg)(nl/aLl /n) +o(1/n).
From this expansion, we have to study the convergence of
1. Eetvla/n,

2. Ee™L1/nh(n'/*Ly,,) for h a bounded function such that Eh(L$) = 0,
3. Ee™Lvnh?(n'/L,,,) for h a bounded function,
4. ]Eei“Ll/"(hlhg)(nl/aLl/n) for hy, hy bounded and such that E(hihe)(L$) =0

The terms 1., 3., and 4. are easy to study and only 2. requires some more work.
Term 1. We have Ee®L1/» =1 4 4(u)/n + o(1/n), where 9 is the Lévy-Khintchine exponent of L;.
Term 3. We decuce from Theorem 4.2 that Ee'“f1/nh?(nl/*L,,,) = EetuLi/m " n2(L%) + o(1/n1/?).
Moreover from dominated convergence Theorem, we have

Ee™Li/m" p2(Le) = ER2(LY) + o(1),

we conclude that )
Feivli/n h2(n1/aL1/n) = ER?(LY) + o(1).

Term 4. In the same way, we have
Ee™1/n (hyha)(n/* Ly /) = o(1).
Term 2. Theorem 4.2 yields
Ee“li/mh(nd/* Ly ) = Be™ L8/ B(LS) + o(1/n/?).

Now we observe that Eei“L?/”l/ah(L‘f) = ]E(ei“L?/"l/a — 1)h(L§). To control this term, we consider sepa-
rately the cases @ > 1 and a < 1.
ea > 1. Since E|L{| < oo and h is bounded, we immediately obtain

B/~ DA(LE)| < Clul/n'/ = o(1/n*/?).
ea < 1. From the Lévy-Ito representation, we have
Ly = L' + L7,
where

1 1
pte [ e, mte [ ),
0 J{o<|z|<1} 0 J{lz|>1}

@ is a Poisson random measure with compensator dt‘z‘%“dz and g% is the compensated measure. With

I
these notations, we set
Ay = {p([0,1] x {|2] > n"/*}) = 0}.

Since 1*([0,1] x {|z| > n'/®}) has a Poisson distribution with parameter bounded by C/n, we deduce that
P(AS) < C/n.
Using the truncation 14 _, this permits to get the bound

[E(eE3/m" _ 1)h(LY)| < CE[e™E5/m"" — 1114 + C/n < CE(|L%|14,)/n"* + C/n.
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Obviously we have IE|L‘1X’1| < C and for the big jumps component we get

E|L(14, < /

{1<|z|<nl/e

2| Clogn, ifa=1
<
} |z|a+1dz_ cn'e/nif a < 1.

This leads to

Clogn/n, f a =1

iwLS /nt/ e o
G 1)h(L1)|S{ C/nif a < 1.

In both cases, we conclude for the term 2. that
[Ee™L1/np(n'/*Ly )| < o(1/n'/?).

Putting all these results together, we finally obtain the convergence
’U2 2(T U)2 2/ T
log ®,,(u, v, w) = nlog ¢, (u, v, w) — P(u) — ?Ehl(Ll) — 7Eh2(L1 ),

and we get the convergence in law of the vector (L} ,T}") to (L1,7') where 4/ is a Gaussian variable inde-
pendent of Ly with variance ¥’ defined by (5.12).
This achieves the proof of Theorem 3.2.

Proof of Corollary 3.1.
From Theorem 3.2, it is sufficient to prove that for f : R — R a continuous function and o : R — R a
bounded function with bounded derivative

1 n
73 E f(Xiz1,6p,00) (h(zn(Xg,Xi,Ho,ao)) — h(nl/aALi)> — 0, in probability.
n n n n
i=1

For this we check the conditions (5.1) and (5.2) with

1
(= g (X iz, 00,00) (h(za(Xix, X 2,00, 00)) = h(n'/*ALy) ).

i nl/2

From Theorem 4.1

Bz, h(zn(Xiz1, X1,600,00)) = Ejp,_, h(n'/*AL)| < C(1+ ‘X% Jenllhlloos

where n'/2¢,, — 0 and (5.1) is immediate. Turning to (5.2) and using that » and A’ are bounded, we have
foralle >0
By [(zn(Xizs, X1, 00,00)) — h(n AL < C® + OBz, 1{ja (X1 X 1 00100))—nt/ = AL |>c}-

From Lemma 4.2, Ve > 0, Ejx, , 1., (x,_, X, 80.00))—n'/oaL;|>e} < C(e)(1+ |Xi-1|P)-L; for p,q > 0 and

we deduce

1 n
. 2 —
hmsupﬁ E f (X'i;1’907UO)E|]:i71 1{|z7L(X1'71,XL',GO,UO))*nl/aALiDE} =0 a.s.
n . n n n
i=1

This yields limsup,, Y i, Er_, ICP|? < Ce?,  a.s. and we get (5.2) letting £ go to zero.
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