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EQUIVARIANT EXTENSIONS OF G,-TORSORS OVER PUNCTURED SURFACES

ADRIEN DUBOULOZ, ISAC HEDEN, AND TAKASHI KISHIMOTO

ABsTRACT. Motivated by the study of the structure of algebraic actions the additive group on affine
threefolds X, we consider a special class of such varieties whose algebraic quotient morphisms X — X//G,
restrict to principal homogeneous bundles over the complement of a smooth point of the quotient. We
establish basic general properties of these varieties and construct families of examples illustrating their rich
geometry. In particular, we give a complete classification of a natural subclass consisting of threefolds X
endowed with proper Gq-actions, whose algebraic quotient morphisms 7 : X — X//G, are surjective with
only isolated degenerate fibers, all isomorphic to the affine plane A2 when equipped with their reduced
structures.

INTRODUCTION

Algebraic actions of the complex additive group G, = G, c on normal complex affine surfaces S are
essentially fully understood: the ring of invariants O(S)®=¢ is a finitely generated algebra whose spectrum
is a smooth affine curve C = S//G,, and the inclusion O(S)%« C O(S) defines a surjective morphism
7w : S — C whose general fibers coincide with general orbits of the action, hence are isomorphic to the
affine line A! on which G, acts by translations. The degenerate fibers of such A'-fibrations are known to
consist of finite disjoint unions of smooth affine curves isomorphic to A' when equipped with their reduced
structure. A complete description of isomorphism classes of germs of invariant open neighborhoods of
irreducible components of such fibers was established by Fieseler [8].

In contrast, very little is known so far about the structure of G,-actions on complex normal affine
threefolds. For such a threefold X, the ring of invariants O(X)®e is again finitely generated [13] and
the morphism 7 : X — S induced by the inclusion O(X)® C O(X) is an Al-fibration over a normal
affine surface S. But in general, 7 is neither surjective nor equidimensional. Furthermore, it can have
degenerate fibers over closed subsets of pure codimension 1 as well as of codimension 2. All of these
possible degeneration are illustrated by the following example:

The restriction of the projection pr, , to the smooth threefold X = {a?(z — 1)v + yu® — z = 0} in A*
is an A'-fibration 7 : X — A? which coincides with the algebraic quotient morphism of the G,-action
on X associated to the locally nilpotent derivation d = z2(x — 1)9, — 2yud, of its coordinate ring. The
restriction of m over the principal open subset z%(z — 1) # 0 of A? is a trivial principal G,-bundle, but the
fibers of 7 over the points (1,0) and (0, 0) are respectively empty and isomorphic to A%. Furthermore, for
every 7o # 0, the inverse images under 7 of the points (0,%0) and (1, %) are respectively isomorphic to A’
but with multiplicity 2, and to the disjoint union of two reduced copies of A'.

Partial results concerning the structure of one-dimensional degenerate fibers of G,-quotient A'-fibrations
were obtained by Gurjar-Masuda-Miyanishi [9]. In the present article, as a step towards the understanding
of the structure of two-dimensional degenerate fibers, we consider a particular type of non equidimensional
surjective G,-quotient A'-fibrations 7 : X — S which have the property that they restrict to G,-torsors’
over the complement of a finite set of smooth points in S. These are simpler than the general case
illustrated in the previous example since they do not admit additional degeneration of their fibers over
curves in S passing through the given points. The local and global study of some classes of such fibrations
was initiated by the second author [10]. He constructed in particular many examples of G,-quotient A-
fibrations on smooth affine threefolds X with image A? whose restrictions over the complement of the
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origin are isomorphic to the geometric quotient SLo — SL2/G, of SLa by the action of unitary upper
triangular matrices.

One of the simplest examples of this type is the smooth threefold Xy C Ai)y)p) 4, defined by the equations
xr —yq =0
Xo: yp—x(¢g—1) =0

pr—qlg—1) =0

and equipped with the G,-action associated to the locally nilpotent Clz, y]-derivation 228, +zyd, +y>0, of
its coordinate ring. The equivariant open embedding SLs = {zv —yu = 1} — X is given by (z,y,u,v) —
(x,y, xu, zv,yv). The G,-quotient morphism coincides with the surjective Al-fibration g : pry, : Xo =
A2, Tts restriction over A2\ {(0,0)} is isomorphic to the quotient morphism SLy — SLa/G,, while its fiber
over (0,0) is the smooth quadric {pr —¢(q — 1) = 0} C A3 ., isomorphic to the quotient SLy/Gy, of SLy
by the action of its diagonal torus (see Example 2.1). A noteworthy property of this example is that the
Gq-quotient morphism 7 : Xy — A2 factors through a locally trivial A'-bundle p : Xo — A2 over the the
blow-up 7 : A2 — A? of the origin.

It is a general fact that every irreducible component of a degenerate fiber of pure codimension one of
a Gg-quotient Al-fibration m : X — S on a smooth affine threefold is an Al-uniruled affine surface (see
Proposition 1.3). We do not know whether every Al-uniruled surface can be realized as an irreducible
component of the degenerate fiber of a G,-extension. But besides the smooth affine quadric SLy/G,,
appearing in the previous example, the following one confirms that the affine plane A2 can also be realized
(see also Examples 1.4 and 1.5 for other types of surfaces that can be realized): Let X; C A3 . _ ., be
the smooth affine threefold defined by the equations

zw—y(yzy1 +1) =0
X xz9 —2z1(yz1+1) =0
Z1W — Y22 =0,

equipped with the G,-action associated to the locally nilpotent C[z, y]-derivation x9,, +(2yz1+1)0., +4%0w
of its coordinate ring. The morphism SLy — X; given by (z,y,u,v) — (z,y, u, uv,yv) isequivariant open
embedding. The G,-quotient morphism coincides with the surjective A'-fibration m = pr,, : X1 — A2,
whose fiber over the origin is the affine plane A? = Spec(C|z2, w]) and whose restriction over A%\ {(0,0)}
is again isomorphic to the quotient morphism SLy — SLo/G,. A special additional feature is that the
Gg-action on X; extending that on SLs is not only fixed point free but actually proper: its geometric quo-
tient X, /G, is separated. One can indeed check that X;/G, is isomorphic to the complement A2\ {o;}
of a point 07 supported on the exceptional divisor E of the blow-up A? of A? at the origin (see Example 3.2).

Relaxing the hypothesis that the A'-fibration 7 : X — S arises as the quotient of a G,-action on
an affine threefold X to consider the broader problem of describing the geometry of degeneration of Al-
fibrations over irreducible closed subsets of pure codimension two of their base, we are led to the following
more general notion:

Definition. Let (S,0) be a pair consisting of a normal separated 2-dimensional scheme S essentially of
finite type over a field k of characteristic zero and of a closed point o contained in the smooth locus of S.
A Gg-extension of a Gg-torsor p : P — S\ {o} is a G,-equivariant open embedding j : P — X into an
integral scheme X equipped with a surjective morphism 7 : X — S of finite type and a G, s-action, such
that the commutative diagram
P—1 X
P T
S\ {o} —— S

is cartesian.

The examples Xg and X; above provide motivation to study the following natural classes of G,-
extensions 7 : X — S of a G,-torsor p : P — S\ {0}, which are arguably the simplest possible types of
Gq-extensions from the viewpoints of their global geometry and of the properties of their G,-actions:
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- (Type I) Extensions for which 7 factors through a locally trivial A'-bundle over the blow-up 7 : S— S
of the point o, the fiber 7=!(0) being then the total space of a locally trivial Al-bundle over the exceptional
divisor of 7.

- (Type II) Extensions for which 771(0)eq is isomorphic to the affine plane A2 over the residue field &
of S at o, X is smooth along m~*(0) and the G, s-action on X is proper.

The first main result of this article, Proposition 2.3 and Theorem 2.5, is a complete description of G-
extensions of Type I together with an effective characterization of which among them have the additional
property that the morphism 7 : X — S is affine. Our second main result, Theorem 3.7, consists of a
classification of G,-extensions of Type II, under the additional assumption that the morphism 7 : X — §
is quasi-projective. More precisely, given a G,-torsor p : P — S\ {0} and a G,-extension 7 : X — S with
proper G, s-action and reduced fiber 771(0)ycq isomorphic to A2, we establish that the possible geometric
quotients S’ = X/G, belong to a very special class of surfaces isomorphic to open subsets of blow-ups of S
with centers over o which we fully describe in § 3.1. We show conversely that every such surface is indeed
the geometric quotient of a G,-extension of p : P — S\ {0} with the desired properties.

In a second step, we tackle the question of existence of G,-extensions 7 : X — S of Type II for which
the structure morphism 7 is not only quasi-projective but affine. Our method to produce extensions with
this property is inspired by the observation that the threefolds Xy and X; above are not only birational to
each other due to the property that they both contain SLo as open subset, but in fact that the birational
morphism

n: X1 — Xo, (2,y,21,22,w) = (2,9,p,q,7) = (2,9, x21,y21 + 1, w)

expresses X; as a G,-equivariant affine modification of X in the sense of Kaliman and Zaidenberg [11].
This suggests that extensions of Type II for which X is affine over S could be obtained as equivariant
affine modification in a suitable generalized sense from extensions of Type I with the same property. Using
this technique, we are able to show in Theorem 3.8 that for each possible geometric quotient S’ above,
there exist Gg-extensions 7 : X — S of p: P — S\ {0} with geometric quotient X/G, = S’ such that =
is an affine morphism.

As an application towards the initial question of the structure G,-quotient A'-fibrations on affine three-
folds, we in particular derive from this construction the existence of uncountably many pairwise non
isomorphic smooth affine threefolds X endowed with proper G,-actions, containing SL, as an invariant
open subset with complement A%, whose geometric quotients are smooth quasi-projective surfaces which
are not quasi-affine, and whose algebraic quotients are all isomorphic to AZ.

The scheme of the article is the following. The first section begins with a review of general properties of
G,-extensions. We then set up the basic tools which will be used through all the article: locally trivial A-
bundles with additive group actions and equivariant affine birational morphisms between these. In section
two, we study Gg-extensions of Type I. The last section is devoted to the classification of quasi-projective
Gq-extensions of Type II.
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1. PRELIMINARIES

Notation 1.1. In the rest of the article, the term surface refers to a normal separated 2-dimensional
scheme essentially of finite type over a field k of characteristic zero. A punctured surface S, = S\ {o}
is the complement of a closed point o contained in the smooth locus of a surface S. We denote by k the
residue field of S at o.

Remark 1.2. We do not require that the residue field x of S at o is an algebraic extension of k. For
instance, S can very well be the spectrum of the local ring Ox,z of an arbitrary smooth k-variety X at
an irreducible closed subvariety Z of codimension two in X and o its unique closed point, in which case
the residue field « is isomorphic to the field of rational functions on Z.

In this section, we first review basic geometric properties of equivariant extensions of G,-torsors over
punctured surfaces. We then collect various technical results on additive group actions on affine-linear
bundles of rank one and their behavior under equivariant affine modifications.

1.1. Equivariant extensions of G,-torsors. A G,-torsor over punctured surface S, = S\ {o} is an
Si-scheme p : P — S, equipped with a Gs-action p : G,,5, x5, P — P for which there exists a Zariski
open cover f : Y — S, of S, such that P xg, Y is equivariantly isomorphic to G,y acting on itself
by translations. In the present article, we primarily focus on G,-torsors p : P — S, whose restrictions
P xg, U — U\ {0} over every Zariski open neighborhood U of 0 in S are nontrivial. Since in this case
the total space of P is affine over S (see e.g. [4, Proposition 1.2] whose proof carries over verbatim to our
more general situation), it follows that for every G,-extension j : P < X the fiber 771(0) C X of the
surjective morphism 7 : X — S has pure codimension one in X. Two important families of examples of
non trivial normal G,-extensions j : SLy — X of the G,-torsor p : SLy — SL2/G, ~ A2\ {(0,0)}, where
G, acts on SLo via left multiplication by upper triangular unipotent matrices, were constructed in [10,
Section 5 and 6]. Various other extensions were obtained from these by performing suitable equivariant
affine modifications. One can observe that for all these extensions, the fiber 771({(0,0)}) is an Al-ruled
surface, a property which is a consequence of the following more general fact:

Proposition 1.3. Let p : P — S, be a non trivial G,-torsor over the punctured spectrum S\ {o} of a
regular local ring of dimension 2 over an algebraically closed field k and with residue field k(o) = k, and
let m: X — S be a Gy-extension of P. If X is smooth along w=*(0), then every irreducible component F
of T 1(0)red 8 a uniruled surface. Furthermore, if X is affine then F is A'-uniruled, hence A'-ruled when
it s normal.

Proof. Since 771(0) has pure codimension one in X and X is smooth along 7~ '(0), every irreducible
component of 771(0) is a G,-invariant Cartier divisor on X. The complement X’ in X of all but one
irreducible component of 771(0) is thus again a G,-extension of P, and we may therefore assume without
loss of generality that F' = W’l(o)md is irreducible. Let x € F be a closed point in the regular locus of
F. Since F' and X are smooth at z and X is connected, there exists a curve C' C X, smooth at = and
intersecting F' transversally at . The image 7 (C) of C' is a curve on S passing through o, and the closure
B of 77 1(n(C) N S,) in X is a surface containing C. Since p : P — S, is a G,-torsor, the restriction
of m to BN P is a trivial G,-torsor over the affine curve 7(C). So 7 |g: B — «(C) is an Al-fibration.
Let v : C — m(C) be the normalization of 7(C). Then 7 |p lifts to an A'-fibration 6 : B — C on the
normalization B of B. The fiber of # over every point in »~'(0) is a union of rational curves. Since the
normalization morphism p : B — B is surjective, one of the irreducible components of v~1(0) is mapped
by u onto a rational curve in F passing through x. This shows that for every smooth closed point x of F,
there exists a non constant rational map h : P! --» F such that x € h(P'). Thus F is uniruled. If X is in
addition affine, then B and B are affine surfaces, and the fibers of the A'-fibration 6 : B — C' consist of
disjoint union of curves isomorphic to A! when equipped with their reduced structure. This implies that
F is not only uniruled but actually A'-uniruled. (Il
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Example 1.4. Let X be the smooth affine threefold in A% x A* = Spec(k[z,y][c,d, e, f]) defined by the
equations

xd —y(c+1) =0
xc? —ye =0
yf —cle+1) =0
rf?—(c+1)% =0
de — cf =0

equipped with the G,-action induced by the locally nilpotent k[z, y]-derivation
zy0. + y*0q + x(2¢ + 1)05 + (22* f — 22ye)0,

of its coordinate ring. The morphism j : SLy = {azv — yu = 1} — X defined by (z,y,u,v) —
(x,y,yu, yv, vu?, ruv) is an open embedding of SLy in X as the complement of the fiber over o = (0,0)
of the projection m = pr, , : X — A%, So j : SLy — X is an affine G,-extension of the G,-torsor
p: SLy — SLa/G, = A2\ {0}, for which 7=1(0) consists of the disjoint union of two copies D; = {z =
y = c= 0} ~ Spec(k[d, f]) and Dy = {x =y = c+ 1 = 0} ~ Spec(k[d, e]) of A%2. Note that the induced
G,-action on each of these is the trivial one.

Example 1.5. Let X be the affine G,-extension constructed in the previous example and let C' C Dy
be any smooth affine curve. Let 7 : X — X be the blow-up of X along C, let i : X’ < X be the open
immersion of the complement of the proper transform of Dy U Dy in X and let 7/ = mo7o0i: X' — A2
Since C' and D1 U D5y are G,-invariant, the G,-action on X lifts to a G,-action on X which restricts in
turn to X’. By construction, ' is surjective, with fiber w’_l(o) isomorphic to C' x Al and 70i: X' = X
restricts to an equivariant isomorphism between X'\ 7'~ ' (0) and X \ 7~ !(0) ~ SLa. So 7’ : X' — A% is a
Gg-extension of the G,-torsor p : SLy — SLy /G, = A%\ {o}.

1.2. Recollection on affine-linear bundles. Affine-linear bundles of rank one over a scheme are natural
generalization of G,-torsors. To fix the notation, we briefly recall their basic definitions and properties

By a line bundle on a scheme S, we mean the relative spectrum p : M = Spec(Sym M"Y) — S of the
symmetric algebra of the dual of an invertible sheaf of Og-module M. Such a line bundle M can be viewed
as a locally constant group scheme over S for the group law m : M xg M — M whose co-morphism

m?: Sym' MY — Sym MY ® Sym M ~ Sym (M"Y @& M)
is induced by the diagonal homomorphism MY — MY®MY. An M-torsor is then an S-scheme § : W — S
equipped with an action p : M xg W — W which is Zariski locally over S isomorphic to M acting on
itself by translations.

This is the case precisely when there exists a Zariski open cover f : Y — S and an Oy-algebra
isomorphism 1 : f*A — Sym f*M" such that over Y/ = Y xg Y the automorphism pj¢ o pip=! :
Sym' My, — Sym' My, of the symmetric algebra of My, = p3f*MY = pif*M" is affine-linear, i.e.
induced by an Oy-module homomorphism My, — Sym My, of the form

(1.1) B®id: My, = Oyr & My, = @H(MY.)®" = Sym My,

n>0

for some 3 € Homy+(MY.,, Oy+) ~ HO(Y', My+) which is a Cech 1-cocyle with values in M for the Zariski
open cover f : Y — S. Standard arguments show that the isomorphism class of § : W — S depends
only on the class of 3 in the Cech cohomology group H 1(S, M), and one eventually gets a one-to-one
correspondence between isomorphism classes of M-torsors over S and elements of the cohomology group
HY(S,M) = H*(S, M) ~ H'(S, M) with the zero element corresponding to the trivial torsor p : M — S.
It is classical that every locally trivial A'-bundle 6 : W — S over a reduced scheme S can be equipped
with the additional structure of a torsor under a uniquely determined line bundle M on S. The existence of
this additional structure will be frequently used in the sequel, and we now quickly review its construction
(see also e.g. [2, § 2.3 and § 2.4]). Letting A = 6.0y, there exists by definition a Zariski open cover
f:Y — S and a quasi-coherent Oy-algebra isomorphism ¢ : f*A — Oy [u]. Over Y/ =Y XY equipped
with the two projections p; and ps to Y, the Oy-algebra isomorphism ® = pj¢ o p5e~! has the form

(1.2) D : Oy/[u] = Oy u]l, u— au+d
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for somea € T'(Y',05,) and b € T'(Y’, Oy~ ) whose pull back over Y = Y x Y x gY by the three projections
P12, P23, P13 : Y — Y’ satisfy the cocycle relations pjsa = p3sa - pisa and pisb = pisa - piab + pish in
(YY", 0y,) and T'(Y"”,Oy~) respectively. The first one says that a is a Cech 1-cocycle with values
in Of for the cover f : Y — S, which thus determines, via the isomorphism H'(S,0%) ~ Pic(S), a
unique invertible sheaf M on S together with an Oy-module isomorphism « : f*MY — Oy such that
piaopsa~!: Oy — Oy is the multiplication by a. The second one can be equivalently reinterpreted
as the fact that 8 = p5(*a)(b) € D(Y’, My) is a Cech 1-cocycle with values in M for the Zariski open
cover f:Y — S. Letting Sym'(a) : Sym’ f* MY — Oy [u] be the graded Oy-algebra isomorphism induced
by «, the isomorphism ¢ = Sym (e~ !) o ¢ : f*A — Sym’ f*M" has the property that piw o pip=! is
affine-linear, induced by the homomorphism 8 ®id : My, — Oy @ MY,,. So § : W — S is a torsor under
the line bundle M = Spec(Sym M), with isomorphism class in H'(S, M) equal to the cohomology class
of the cocyle . Summing up, we obtain;

Proposition 1.6. Let § : W — S be a locally trivial A*-bundle. Then there exists a unique pair (M, g)
consisting of a line bundle M on S and a class g € H*(S, M) such that 0 : W — S is an M-torsor with
isomorphism class g.

1.3. Additive group actions on affine-linear bundles of rank one. Given a locally trivial A'-
bundle § : W — S, which we view as an M-torsor for a line bundle M = Spec(Sym M) — S on S,
with corresponding action p : M xg W — W, every nonzero group scheme homomorphism & : G, ¢ — M
induces a nontrivial G, g-action v = po (§ x id) : G4, xg W — W on W. A nonzero group scheme
homomorphism ¢ : G, s = Spec(Os[t]) — M = Spec(Sym' M) is uniquely determined by a nonzero Og-
module homomorphism MY — Og, equivalently by a nonzero global section s € T'(S, M). The following
proposition asserts conversely that every nontrivial G, g-action on an M-torsor § : W — S uniquely arises
from such a section.

Proposition 1.7. ([1, Chapter 3|) Let 6 : W — S be a torsor under the action pu: M xg W — W of a
line bundle M = Spec(Sym MY) = S on S and let v : G, 5 xs W — W be a non trivial G, g-action on
W. Then there exists a non zero global section s € T'(S, M) such that v = po (€ xid) where & : G456 - M
is the group scheme homomorphism induced by s.

Proof. Let A =0,0w and let f : Y — S be a Zariski open cover such that there exists an Oy-algebra
isomorphism ¢ : f*A — Oy[u], and let

d=pipopsp t: Oyiful = Oyi[u], urs au+b

be as in (1.2) above. Since § : W — S is an M-torsor, ¢ also determines an Oy-module isomorphism
a: f*MY — Oy such that pjaopia™t : Oy, — Oy is the multiplication by a. The G, s-action v on
W pulls back to a G y-action v x id on W x g Y. The co-mophism 7 : Oy [u] = Oy [u] ® Oy [t] of the
nontrivial G, y-action p o (v x id) o (id x ¢~ !) on Spec(Oy [u]) has the form u — u® 1 + 1 ® ¢ for some
nonzero v € I'(Y, Oy ). Letting Z = v - Oy be the ideal sheaf generated by ~, n factors as

n=(id®j)on: Oylu] = Oy[u] ® Sym'Z — Oy [u] @ Oy [t]

where 7] is the co-morphism of an action of the line bundle Spec(Sym'Z) —+ Y on A§ xgY ~ W xgY and
j:Sym'Z — Oy[t] is the homomorphism induced by the inclusion Z C Oy . Pulling back to Y’, we find
that p3y = a - p}~, which implies that ‘a(y) € T'(Y, f*M) is the pull-back f*s to Y of a nonzero global
section s € T'(S, M). Letting D = divy(s) be the divisors of zeros of s, we have MY ~ Og(—D) C Og
and f*MY ~ Oy (—f*D) C Oy is equal to the ideal Z = 7 - Oy. The global section f*s viewed as a
homomorphism f* MY — Oy coincides via these isomorphisms with the inclusion v - Oy — Oy. We can
thus rewrite 7 in the form

n = (id ® Sym' f*s) o7 : Oy [u] = Oy[u] ® Sym' f*M" — Oy [u] ® Oy[t].
By construction 77 = (¢ ®id) o f*uf o ¢! where f*u? is the pull-back of the co-morphism uf : A —
A ® Sym' MY of the action y : M xg W — W of M on W. It follows that the pull-back f*v* of the
co-morphism of the action v : G,,5 x W — W factors as

b= (id@Sym f*s)o f*uf = f*A— ffASym f*MY = f*A@ Oylt]

This in turn implies that v* factors as (id ® Sym's) o pf : A — A® Sym MY — A ® Oy[t] as desired. [
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Remark 1.8. In the setting of Proposition 1.7, letting U C S be the complement of the zero locus of s,
the morphism & restricts to an isomorphism of group schemes &|y : G,,u — M|y for which Wy equipped
with the G, y-action v|y : Gou xu Wy — Wy is a G, p-torsor. This isomorphism class in H(U, Oy) of
this G, y-torsor coincides with the image of the isomorphism class g € H*(S, M) of W by the composition
of the restriction homomorphism res : H'(S, M) — H' (U, M|y) with the inverse of the isomorphism
HY(U,0y) = H(U, M|y) induced by s|y.

1.4. G,-equivariant affine modifications of affine-linear bundles of rank one. Recall [3] that given
an integral scheme X with sheaf of rational functions Kx, an effective Cartier divisor D on X and a closed
subscheme Z C X whose ideal sheaf Z C Ox contains Ox(—D), the affine modification of X with center
(Z, D) is the affine X-scheme o : X' = Spec(Ox|[Z/D]) — X where Ox[Z/D] denotes the quotient of the
Rees algebra
Ox[(Z ® Ox(D))] = P ® Ox(D))"t"  Kx|t]
n>0

of the fractional ideal Z ® Ox (D) C Kx by the ideal generated by 1 —t. In the case where X = Spec(A)
is affine, D = div(f) is principal and Z is defined by an ideal I C A containing f then X is isomorphic to
the affine modification X’ = Spec(A[I/f]) of X with center (I, f) in the sense of [11].

Now let S be an integral scheme and let § : W — S be a locally trivial A'-bundle. Let C C S be
an integral Cartier divisor, let D = 6~!(C) be its inverse image in W and let Z C D be a non empty
integral closed subscheme of D on which 6 restricts to an open embedding 8| : Z — C. Equivalently,
Z is the closure in D of the image «(U) of a rational section « : C — D of the locally trivial Al-bundle
0|p : D — C defined over a non empty open subset U of C. The complement F' of §|z(Z) in C' is a closed
subset of C hence of S. Letting i : S\ F — S be the natural open embedding, we have the following
result:

Lemma 1.9. Let o : W/ — W be the affine modification of W with center (Zz, D). Then the composition
Qoo : W' — S factors through a locally trivial Al-bundle ' : W' — S\ F in such a way that we have a
cartestan diagram

w —2 W

)

S\F-— =5

Proof. The question being local with respect to a Zariski open cover of S over which 8 : W — S becomes
trivial, we can assume without loss of generality that S = Spec(A), W = Spec(A[z]), C' = div(f) for some
non zero element f € A. The integral closed subscheme Z C D is then defined by an ideal I of the form
(f,g) where g(z) € A[x] is an element whose image in (A/f)[z] is a polynomial of degree one in t. So
g(z) = ap + a1z + 2% fR(x) where ap € A, a; € A has non zero residue class in A/f and R(x) € A[z]. The
condition that 6|z : Z — C is an open embedding implies further that the residue classes @y and @; of ag
and a; in A/ f generate the unit ideal. The complement F' of the image of 0|z(Z) in C is then equal to the
closed subscheme of C' with defining ideal (a;) C A/f, hence to the closed subscheme of S with defining
ideal (f,a1) C A. The algebra A[t][I/f] is isomorphic to

Alz][u]/(g = fu) = Ala][u — 2 R(x)]/(a0 + a1z — f(u — *R(x)) = Alz][v]/(a0 + a1z — fv).
One deduces from this presentation that the morphism foo : W’ = Spec(A[I/ f]) — Spec(A) corresponding
to the inclusion A — A[I/f] factors through a locally trivial Al-bundle §' : W’ — S\ F over the complement

of F. Namely, since @y and @; generate the unit ideal in A/f, it follows that a; and f generate the unit
ideal in A[z][u]/(g — fu). So W' is covered by the two principal affine open subsets

W, ~ Spec(Aq, [z][v]/(ao + a1z — fv)) ~ Spec(Aq, [v]) = S4, x A’
W =~ Spec(Ag[z][v]/ (a0 + a1x — fv)) ~ Spec(Ay[z]) ~ Sf x Al
on which #’ restricts to the projection onto the first factor. O

With the notation above, § : W — S and ¢’ : W' — S\ F' are torsors under the action of line bundles
M = Spec(Sym' MY) and M’ = Spec(Sym M’") for certain uniquely determined invertible sheaves M
and M’ on S and S\ F respectively.
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Lemma 1.10. ([1, §4.3]) Let 0 : W — W be the affine modification of W with center (Zz,D) as is
Lemma 1.9. Then M' = M ®04 Os(=C)|s\r and the cartesian diagram of Lemma 1.9 is equivariant
for the group scheme homomorphism & : M' — M induced by the homomorphism M ®o, Og(—C) = M
obtained by tensoring the inclusion Og(—C) < Og by M.

Proof. Since M and M’ are uniquely determined, the question is again local with respect to a Zariski
open cover of S over which 6§ : W — S, hence M, becomes trivial. We can thus assume as in the proof
of Lemma 1.9 that S = Spec(A), W = Spec(AJz]), that C' = div(f) for some non zero element f € A
and that Z C D is defined by the ideal (f, g) for some g = ag + a1z + fz?R(x) € Alz]. Furthermore, the
action of M ~ G, s = Spec(A[t]) on W ~ S x Al is the one by translations z + x + ¢ on the second
factor. Let N = Spec(Sym Og(C)) =~ Spec(Sym f~tA) where f~1A denotes the free sub-A-module of
the field of fractions Frac(A) of A generated by f~!. As in the proof of Proposition 1.7, the inclusion
0g(~C) = f-0Og = Og induces a group-scheme homomorphism ¢ : N — M whose co-morphism ¢*
concides with the inclusion A[t] C Sym'f~*A = A[(f~*t)]. The co-morphism of the corresponding action
of N on W is given by

Alr] = AlZ] @ Alf M, r—2@1+10t=201+ f® f 't
This action lifts on W’ ~ Spec(A[z][v]/(ao +a12— fv)) to an action v : N x g W' — W' whose co-morphism
Ala][v]/ (a0 + a1z — fv) — Ala][v]/ (a0 + arz — fv) ® A[f 1]

isgivenbyz — 2®1+1®tand v — v®1+a; ® f 't. By construction, the principal open subsets
W, =~ Spec(Aq, [v]) ~ Spec(Aq, [v/a1]) and W} ~ Spec(Ay[z]) =~ Spec(Af[z/f]) of W’ equipped with the
induced actions of N|s, and N|g, respectively are equivariantly isomorphic to N|s, and N|s, acting on
themselves by translations. So ¢’ : W/ — S\ F'is an N|g\ p-torsor, showing that M’ = M®o;0s(—C)|s\r
as desired. ]

2. EXTENSIONS OF G,-TORSORS OF TYPE I: LOCALLY TRIVIAL BUNDLES OVER THE BLOW-UP OF A
POINT

Given a surface S and a locally trivial A'-bundle 6 : W — S over the blow-up 7 : S — S of a closed
point o in the smooth locus of S, the restriction of W over the complement S\ F of the exceptional divisor
E of 7 is a locally trivial Al-bundle 706 : W N S\ E 5 S\ {o}. This observation combined with the

following re-interpretation of an example constructed in [10] suggests that locally trivial A'-bundles over
the blow-up of closed point o in the smooth locus of a surface S form a natural class of schemes in which
to search for nontrivial G,-extension of G,-bundles over punctured surfaces.

Example 2.1. Let o = V(x,y) be a global scheme-theoretic complete intersection closed point in the
smooth locus of a surface S. Let p: P — S\ {0} and m : X9 — S be the affine S-schemes with defining
sheaves of ideals (zv — yu — 1) and (xr — yq,yp — (¢ — 1),pr — q(¢ — 1)) in Oglu,v] and Og[p,q,r]
respectively. The morphism of S-schemes jo : P — Xy defined by (z,y,u,v) — (z,y,zu,zv,yv) is an
open embedding, equivariant for the G, g-actions on P and Xy associated with the locally nilpotent Og-
derivations 9, + y9, and 220, + zyd, + y*0, of p.Op and (m).Ox, respectively. It is straightforward
to check that p: P — S\ {o} is a G, g.-torsor and that m : Xg — S is a G,-extension of P whose fiber
over o is isomorphic to the smooth affine quadric {pr — (¢ — 1) = 0} € A?. Viewing the blow-up S of o
as the closed subscheme of S X Proj(k[ug, u1]) with equation zu; — yug = 0, the morphism of S-schemes
6 : X, — S defined by

(@, y,0,¢,7) = (2, 9), [z 1 y]) = ((z,y), [g: 7)) = ((z,9), [p: ¢ — 1])

is a locally trivial A'-bundle, actually a torsor under the line bundle corresponding to the invertible sheaf
Os(—2F), where E ~ P! denotes the exceptional divisor of the blow-up.

Notation 2.2. Given a surface S and a closed point o in the smooth locus of S, with residue field x,
we denote by 7 : S — S be the blow-up of o, with exceptional divisor E ~ PL. We identify S \ F and
S, = S\ {o} by the isomorphism induced by 7. For every ¢ € Z, we denote by M (¢) = Spec(Sym Og(—(E))
the line bundle on S corresponding to the invertible sheaf Os((E).
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The aim of this section is to give a classification of all possible G,-equivariant extensions of Type I
of a given Gg-torsor p : P — Sy, that is Gs-extensions 7 : W — S that factor through locally trivial
Al-bundles § : W — S.

2.1. Existence of G,-extensions of Type I. By virtue of Propositions 1.6 and 1.7, there exists a one-
to-one correspondence between G,-equivariant extensions of a G,-torsor p : P — S, that factor through
a locally trivial Al-bundle 8 : W — S and pairs (M, &) consisting of an M-torsor 6 : W — S for some
line bundle M on S and a group scheme homomorphism ¢ : Ga, g — M restricting to an isomorphism over
S\ E, such that W equipped with the G, g-action deduced by composition with ¢ restricts on S, = S\ E
to a Gg,s,-torsor 6 |g,: W |g,— S, isomorphic to p : P — S.. The condition that ¢ : Ga,é — M restricts
to an isomorphism outside E implies that M ~ M (¢) for some ¢, which is necessarily non negative, and
that ¢ is induced by the canonical global section of Og(¢E) with divisor /E.

Proposition 2.3. Let p : P — S, be a G, g,-torsor. Then there exists an integer £y > 0 depending
on P only such that for every ¢ > Ly, P admits a Gg-extension to a uniquely determined M (£)-torsor
0o W(P,{) — S equipped with the G, g-action induced by the canonical global section s, € I'(S,04(¢E))
with divisor (E.

Proof. The invertible sheaves Og(nE), n > 0, form an inductive system of sub-Og-modules of the sheaf
K g of rational function on S, where for each n, the injective transition homomorphism Jnnt1 : Og(nE) —
Oz((n 4+ 1)E) is obtained by tensoring the canonical section Og — Og(FE) with divisor E with Og(nFE).
Leti:S, =S\ E < S be the open inclusion. Since E is a Cartier divisor, it follows from [6, Théoréme
9.3.1] that i.0g, =~ colim,>oOg(nE). Furthermore, since E ~ P is the exceptional divisor of 7: S — S,
we have Og(E)|g =~ Op1 (—1), and the long exact sequence of cohomology for the short exact sequence

(2.1) 0= Og(nE) = Og((n +1)E) — Og((n+1E)[5 =0, n>0,
combined with the vanishing of HO(P,", Op1 (—n — 1)) for every n > 0 implies that the transition homo-
morphisms

H'(junr1) : H'(S,05(nE)) — H'(S,05((n + 1)E)), n > 0,
are all injective. By assumption, S whence S is noetherian, and i : S, — S is an affine morphism as F is

a Cartier divisor on S. We thus deduce from [12, Theorem 8] and [7, Corollaire 1.3.3] that the canonical
homomorphism

(2.2) ¥ : colim,>oH' (S, 05(nE)) — H(S., Os,)
obtained as the composition of the canonical homomorphisms
colim,>oH' (S, 05(nE)) — H(S, colim,>005(nE)) = H*(S,i,0s.)

and H'(S,i,0s.) — H'(S.,Og,) is an isomorphism.

Let g € H'(S.,0g,) be the isomorphism class of the G, g,-torsor p : P — S,. If g = 0, then since
1 is an isomorphism, we have ¢¥~"1(g) = 0 and, since the homomorphisms H'(j, n+1) are injective, it
follows that 1)~ (g) is represented by the zero sequence (0), € H* (S, O5(nE)), n > 0 . Consequently, the
only G,-extensions of P are the line bundles W (P, £) = M({), ¢ > 0, each equipped with the G, g-action
induced by its canonical global section s, € T'(S, Os((E)).

Otherwise, if g # 0, then h = 1 ~!(g) # 0, and since the homomorphisms H*(j, n+1), n > 0 are injective,
it follows that there exists a unique minimal integer ¢y such that A is represented by the sequence

(2.3) h, = Hl(jn—l,n) 0---0 Hl(jg07go+1)(hgo) S Hl(g, OS«(TLE)), n > Y{

for some non zero hy, € H'(S, O3(loE)). It then follows from Proposition 1.7 that for every £ > {y, the
M (€)-torsor 0y : W(P,¢) — S with isomorphism class h, equipped with the G, g-action induced by the
canonical global section s¢ € T'(S, O5(£E)) is a G4-extension of P.

Conversely, for every G,-extension of P into an M (¢)-torsor 8 : W — S equipped with the G, g-action
induced by the canonical global section s, € T'(S, O35(¢E)), it follows from Proposition 1.7 again that the
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image of the isomorphism class hy € H'(S,0z(¢E)) of W in H'(S \ E, O5(CE) g\ p) =~ H(S,,0s,) is
equal to g. Letting h € colim,>oH'(S,0g(nE)) be the element represented by the sequence

hn = (H' (jn-1n 0+~ 0 je1) (he))nze € H'(S, 0g(nE)), n > ¢

we have 1(h) = g and since 1 is an isomorphism, we conclude that W ~ W (P, {). O

2.2. G,-extensions with affine total spaces. The extensions 6 : W — S we get from Proposition 2.3
are not necessarily affine over S. In this subsection we establish a criterion for affineness which we then
use to characterize all extensions 6 : W — S of a G,-torsor p : P — S, whose total spaces W are affine
over S.

Lemma 2.4. Let S = Spec(A) be an affine surface and let o = V(z,y) be a global scheme-theoretic
complete intersection point in the smooth locus of S . Let 7 : S — S be the blow-up of o with exceptional
divisor E and let 0 : W — S be an M (€)-torsor for some £ > 0. Then the following hold:

a) Hl(W, Ow) =0.

b) If HY(W,0*O5(¢E)) =0 for some £ > 2 then W is an affine scheme.

Proof. Since o is a scheme-theoretic complete intersection, we can identify S with the closed subvariety
of S x; P}, = S xj Proj(k[to,t1]) defined by the equation zt; — yto = 0. The restriction p : S — P
of the projection to the second factor is an affine morphism. More precisely, letting Uy = ]P’,lC \ {[1 :
0]} ~ Spec(k[z]) and Uy = P\ {[0 : 1]} ~ Spec(k[z']) be the standard affine open cover of P}, we have
p~1(Up) ~ Spec(A[z]/(z — yz) and p~}(Us) =~ Spec(A[2']/(y — x2")). The exceptional divisor E ~ P of
7:S5 — Sis a flat quasi-section of p with local equations y = 0 and = = 0 in the affine charts p~!(Up) and
p~1(U) respectively. Every M (£)-torsor § : W — S for some ¢ > 0 is isomorphic to the scheme obtained
by gluing Wy = p~1(Up) x Spec(k[u]) with Wo, = p~1(Us) x Spec(k[u']) over Uy N Uy by an isomorphism
induced by a k-algebra isomorphism of the form

Al (y — 22 )] 3 (2 ) = (271 2 ut p) € ARF/ (2 — y2)[u]

for some p € A[z*']/(z — yz). Since HY (W, Ow) ~ HY (W, Ow) ~ H' ({Wy, Wa }, Ow), it is enough in
order to prove a) to check that every Cech 1-cocycle g with value in Oy for the covering of W by the affine
open subsets Wy and W, is a coboundary. Viewing g as an element g = g(2*!,u) € A[z*']/(x — y2)[u],
it is enough to show that every monomial g; = hz"u® where h € A, r € Z and s € Z>¢ is a coboundary,
which is the case if and only if there exist a(z,u) € A[z]/(f — gz)[u] and b(z’,u’) € A[']/(y — xz")[v'] such
that g = b(z~%, 2%u + p) — b(z,u). If r > 0 then g € A[z]/(z — y2)[u] is a coboundary. We thus assume
from now on that r < 0. Suppose that s > 0. Then we can write u® = z=(zu + p)* — R(u) where
R € A[z*']/(x — y2)[u] is polynomial whose degree in u is strictly less than s. Then since r < 0,

hz"u® = hz" " (2%u + p)® — hz"R(u)
=b(z71, 2% + p) — h2"R(u)
where b(z',u') = h(z')7"(u')* € A[2']/(y — x2")[u']. So gs is a coboundary if and only if —hz"R(u) is.
By induction, we only need to check that every monomial gy = hz" € {l[zil] /(z — yz)[u] of degree 0 in u

is a coboundary. But such a cocycle is simply the pull-back to W of a Cech 1-cocycle hy with value in Og
for the covering of S by the affine open subsets p~*(Up) and p~'(Us,). Since the canonical homomorphism

H'(S,05) = H'(S,7.05) = H'(5,05) ~ H'({p~(Us),p™' (Ux)}, O3)

is an isomorphism and H'(S,Og) = 0 as S is affine, we conclude that hg is a coboundary, hence that go
is a coboundary too. This proves a).
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Now suppose that H* (W, 0*Oz((E)) = 0 for some ¢ > 2. Let  : V — P}, be a non trivial Op: (—{)-torsor
and consider the fiber product W X pog, Ly V'

w Xpo‘g’[pllcm Vv
w 14
Py
By virtue of |5, Proposition 3.1|, V is an affine surface. Since po 6 : W — P} is an affine morphism, so
is pryy : W xp1 V.= V and hence, W xp: V' is an affine scheme. On the other hand, since p*Op: (=1) ~
Og(E), the projection pry, : W xp V. — W is a 6" M (¢)-torsor, hence is isomorphic to the trivial one

q: 0*M(¢) — W by hypothesis. So W is isomorphic to the zero section of 6*M (¢), which is a closed
subscheme of the affine scheme W xpt V, hence an affine scheme. O

We are now ready to prove the following characterization:

Theorem 2.5. A G, s, -torsor p: P — S, admits a G,-extension to a locally trivial A'-bundle whose total
space is affine over S if and only if for every Zariski open neighborhood U of o, P xg, U — U, = U \ {0}
is a non trivial G, u, -torsor.

When it exists, the corresponding locally trivial A*-bundle 6 : W — S is unique and is an M (¢y)-torsor
for some £y > 2, whose restriction to E ~PL is a non trivial Op1 (—£o)-torsor.

Proof. The scheme W is affine over S if and only if its restriction W|g over E C S is a nontrivial torsor.
Indeed, if W|g is a trivial torsor then it is a line bundle over E ~ PL. Its zero section is then a proper curve
contained in the fiber of 1 =700 : W — S, which prevents 7 from being an affine morphism. Conversely,
if W|g is nontrivial, then it is a torsor under a uniquely determined line bundle Op: (—m) for some m > 2
necessarily. Since by construction 7 restricts over Sy to p : P — S, which is an affine morphism, 7 is
affine if and only if there exists an open neighborhood U of o in S such that 7=1(U) is affine. Replacing
S by a suitable affine open neighborhood of o, we can therefore assume without loss of generality that
S = Spec(A) is affine and that o is a scheme-theoretic complete intersection o = V' (z,y) for some elements
r,y € A. By virtue of [5, Proposition 3.1] every nontrivial Op1 (—m)-torsor, m > 2 , has affine total space.
The Cartier divisor D = W|g in W is thus an affine surface, and so H'(D, Ow ((n+1)D)|p) = 0 for every
n € Z. By a) in Lemma 2.4, H*(W, Ow ) = 0, and we deduce successively from the long exact sequence of
cohomology for the short exact sequence

0 = Ow (nD) = Ow((n+1)D) — Ow((n + 1)D) [p— 0

in the case n = 0 and then n = 1 that H*(W,Ow (D)) = H*(W,Ow(2D)) = 0. Since Ow (2D) =~
6*Og(2F), we conclude from b) in the same lemma that W is affine.

The condition that P xg, U — U, is nontrivial for every open neighborhood U of o is necessary for
the existence of an extension 6 : W — S of P for which W|g is a nontrivial torsor. Indeed, if there
exists a Zariski open neighborhood U of o such that the restriction of P over U, is the trivial G, y,-torsor,
then the image in H'(U,,Op,) of the isomorphism class g of P is zero and so, arguing as in the proof
of Proposition 2.3, every Gg-extension 6 : W — S restricts on 7~ (U) to the trivial M(£)| -1 (r)-torsor
M(0)]~1(ry = 771 (U), hence to a trivial torsor on E C 7~ H(U).

Now suppose that p : P — S, is a G, g,-torsor with isomorphism class g € H'(S,,Og,) such that
P xg, U — U, is non trivial for every open neighborhood U of o. The inverse image h = ¢ ~1(g) €
colingOHl(S', O5(nE)) of g by the isomorphism (2.2) is represented by a sequence of nonzero elements
h, € Hl(g,(’)g(nE)) as in (2.3) above. By the long exact sequence of cohomology of the short exact
sequence (2.1), the image hy, of hy, in H(E,Og(nE)|g) ~ H'(P', Op1 (—n)) is nonzero if and only if h,,
is not in the image of the injective homomorphism H*(j, ,—1). Since h,, coincides with the isomorphism
class of the restriction W, |g of an M (n)-torsor 6, : W,, — S with isomorphism class h,,, we conclude
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that there exists a unique £y > 2 such that the restriction to E of an M ({y)-torsor 0y, : Wy, — S with
isomorphism class he, € H'(S,03(lE)) is a nontrivial Op: (—o)-torsor. O

2.3. Examples. In this subsection, we consider G,-torsors of the punctured affine plane. So S = A? =
Spec(k[z,y]), o = (0,0) and A2 = A2\ {o}. We let 7 : A2 — A2 be the blow-up of o, with exceptional
divisor E ~ P! and we let i : A2 < A2 be the immersion of A2 as the open subset A2 \ E. We further
identify A2 with the total space f : A2 — P! of the line bundle Op: (—1) in such a way that F corresponds
to the zero section of this line bundle.

2.3.1. A simple case: homogeneous G,-torsors. Following [4, §1.3], we say that a non trivial G, s2-torsor
p: P — A? is homogeneous if it admits a lift of the G,,-action - (z,y) = (Az, \y) on A2 which is locally
linear on the fibers of p. By [4, Proposition 1.6], this is the case if and only if the isomorphism class g of
P in H'(A2,0,2) can be represented on the open covering of A2 by the principal open subsets A2 and
Afj by a Cech 1-cocycle of the form ==y "p (x,y) where m,n > 0 and p(z,y) € k[z,y] is a homogeneous
polynomial of degree r < m + n — 2. Equivalently, P is isomorphic the G, s2-torsor

p =0ty Ponp={2"v—y"u=plz,y)}\{z=y=0} - AL

which admits an obvious lift A-(x, y, u,v) = ()\x, Ay, Ay, /\”*dv), where d = m+n—r, of the G,,,-action
on A2, Let q : A2 — A2/G,, = P! be the quotient morphism of the aforementioned G,,-action on AZ.
Then it follows from [4, Example 1.8] that the inverse image by the canonical isomorphism

P H' (P, Op(k)) ~ H' (P!, .0p2) — H' (A2, Op2)

kEZ
of the isomorphism class g of such an homogeneous torsor is an element h of H(P*, Op(—d)). Furthermore,
the G,,-equivariant morphism p : P — A2 descends to a locally trivial Al-bundle p : P/G,, — P* = A2/G,,
which is an Op1(—d)-torsor with isomorphism class h € HY(P, Op(—d)).

Since f*Op1(—d) ~ O;.(dE), the fiber product W (P,d) = A? xp1 P/G,, is equipped via the restriction
of the first projection with the structure of an M (d)-torsor 6 : W(P,d) — A2 with isomorphism class
f*h € H'(A?,0;,(dE)). On the other other hand, W (P,d) is a line bundle over P/G,, via the second
projection, hence is an affine threefold as P/G,, is affine. By construction, we have a commutative diagram

W(P,d)

P

P/G,

P
A2 g Pl

in which each square is cartesian. In other words, W (P, d) is obtained from the G,,-torsor P — P/G,,
by “adding the zero section”. The open embedding j : P — W(P,d) is equivariant for the G,-action on
W(P,d) induced by the canonical global section of Oj.(dE) with divisor dE (see Proposition 1.7). By
Theorem 2.5 , 6 : W(P,d) — A? is the unique G,-extension of p : P — A2 with affine total space.

In the simplest case d = 2, the unique homogeneous G, pz2-torsor is the geometric quotient SLy —
SLo/G, of the group SLy by the action of its subgroup of upper triangular unipotent matrices equipped
with the diagonal G,,-action, and we recover Example 2.1.

2.3.2. General case. Here, given an arbitrary non trivial G,-torsor p : P — A2, we describe a procedure

to explicitly determine the unique Gg-extension 6 : W — A2 of P with affine total space W from a
Cech 1-cocycle z— ™y "p (z,y), where m,n > 0 and p(x,y) € k[z,y| is a non zero polynomial of degree
r < m +n — 2, representing the isomorphism class g € H'(A%,0,2) of P on the open covering of A by
the principal open subsets A2 and Ai.
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Write p(x,y) = pqg + pa+1 + - - - + pr where the p; € k[z,y] are the homogeneous components of p, and
pq # 0. In the decomposition

H'(A2,042) ~ H'(P', q.0p2) ~ P H'(P*, 021 (5))
SEZ
a non zero homogeneous component =~y "p; of x=™y "p(x,y) corresponds to a non zero element of
H'(P', Opi (—m—n+1i)). On the other hand, since for every ¢ € Z, O3, ({E) = f*Op1(—() and f : A? — P!
is the total space of the line bundle Op:i(—1), it follows from the projection formula that

H'(A? 05,((E)) ~ H' (P!, .05, ® Op1 (—0)) =~ @ H' (P*, Oz (¢ — 1)).
t>0

The image of 2~y "p (z,y) in @, H' (P', Opi(s)) belongs to @, H* (P!, Op: (t — £)) if and only if
(> ly=m+n—d>2. Given such an /, the image (h;);>0 € @,>q H (P!, Op: (t — £)) of 2=y "p (z,y)
then defines a unique M (£)-torsor 6, : W(P,¢) — A2 whose restriction over the complement of E is
isomorphic to p : P — A2 when equipped with the action G,-action induced by the canonical section of
O;:(¢E) with divisor /E. On the other hand, the restriction of W|g — E over E is an Opi(—{)-torsor
with isomorphism class hg € H* (P!, Op1(—£)). By definition, hg is non zero if and only if £ = £y, and we
conclude from Theorem 2.5 that 6y, : W (P, £y) — A? is the unique G4-extension of p : P — A? with affine
total space.

3. QUASI-PROJECTIVE G,-EXTENSIONS OF TYPE II

In this section we consider the following subclass of extensions of Type II of a G,-torsor over a punctured
surface.

Definition 3.1. A G,-extension 7 : X — S of a G,-torsor p : P — S, over a punctured surface S, = S\{o}
is said to be a quasi-projective extension of Type II if it satisfies the following properties

i) X is quasi-projective over S and the G, g-action on X is proper,

ii) X is smooth along 7=*(0) and 7= 1(0)yeq ~ A2.

Example 3.2. Let o = V(x,y) be a global scheme-theoretic complete intersection closed point in the
smooth locus of a surface S and let p : P — S\ {0} be the G,-torsor with defining sheaf of ideals
(xv —yu — 1) C Oglu,v] as in Example 2.1. Let m : X; — S be the affine S-scheme with defining sheaf
of ideals (zw — y(yz1 + 1), 222 — z1(yz1 + 1), 21w — yz2) C Oglz1, 22, w]. The morphism of S-schemes
j1: P — X defined by (z,y,u,v) — (x,y,u,uv,yu) is an open embedding, equivariant for the G, s-
action on X; associated with the locally nilpotent Og-derivation 2., + (2yz1 + 1)d., + y?0, of m.Ox,.
The fiber 77 !(0) is isomorphic to A2 = Spec(k[z2,w]) on which the G, s-action restricts to G, .-action
by translations associated to the derivation 0,, of k[z2,w]. It is straightforward to check that X; is
smooth along 7, ' (0). We claim that the geometric quotient of the G, s-action on X is isomorphic to the
complement of a k-rational point o; in the blow-up 7 : S — S of 0. Such a surface being in particular
separated, the G, g-action on X; is proper, implying that j; : P — X is a quasi-projective extension of
P of Type II.

Indeed, let us identify S with the closed subvariety of S x Proj(k[uo, u1]) with equation zu; — yug = 0
in such a way that 7 coincides with the restriction of the first projection. The morphism f : X; — S
defined by

(@, 2,u,0) = (2, 9), [z : y]) = ((z,9), [yz1 + 1 : w])
is G,-invariant and maps 7 ' (0) dominantly onto the exceptional divisor E ~ prg'(0) ~ Proj(x[uo, u1])
of 7. The induced morphism

fla=100y : 7 (0) = Spec(k[zz2, w]) = B, (22, w) — [1 : w]

factors as the composition of the geometric quotient m; *(0) — 7, '(0)/Gy.. =~ Spec(x[w]) with the open
immersion ;' (0)/Ga . <~ E of 7 '(0)/G, . as the complement of the s-rational point o; = ((0,0), [0 :
1]) € E. On the other hand, the composition

TOijlZPin\Wfl(O)—}g\Ei}S\{O}
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coincides with the geometric quotient morphism p : P — S\ {o}. So f : X1 — S factors through a
surjective morphism ¢ : X; — S\ {01} whose fibers all consist of precisely one G,-orbit. Since ¢ is a
smooth morphism, ¢ is a G4-torsor which implies that X;/G, ~ S\ {o1}.

The scheme of the classification of quasi-projective extensions of Type II of a given G,-torsor p : P — S,
which we give below is as follows: we first construct in §3.1 families of such extensions, in the form of
Gg-torsors ¢ : X — S’ over quasi-projective S-schemes 7 : S’ — S such that 771(0)eq is isomorphic to
Al S is smooth along 771(0), and 7 : S’ \ 771(0) — S, is an isomorphism. We then show in § 3.2 that
for quasi-projective G4-extension 7 : X — S of Type II of a given G,-torsor p : P — S, the structure
morphism 7 : X — S factors through a G,-torsor ¢ : X — S’ over one of these S-schemes S’. In the last
subsection, we focus on the special case where 7 : X — S has the stronger property of being an affine
morphism.

3.1. A family of G,-extensions over quasi-projective S-schemes.

Let again (S, 0) be a pair consisting of a surface and a closed point o contained in the smooth locus of
S, with residue field k. We let 71 : S; — S be the blow-up of o, with exceptional divisor £y ~ P.. Then
for every n > 2, we let 7,1 : S, = S, (01,...,0,_1) — S1 be the scheme obtained from S; by performing
the following sequence of blow-ups of x-rational points:

a) The first step 7oy : S5 (01) = 'S is the blow-up of a s-rational point 01 € E; with exceptional divisor

EQ ~ ]P)}w

b) Then for every 2 <i <n — 2, we let Tjy1, : Siy1(01,--.,0;) = Sk(01,-..,0i—1) be the blow-up of a
k-rational point o; € E;, with exceptional divisor F; 1 ~ PL.

c) Finally, we let Ty, n—1: Sp(01,...,00n-1) = Sn—1(01,...,0,—2) be the blow-up of a x-rational point

0n—1 € E,,_1 which is a smooth point of the reduced total transform of E; by 71 0--- o Tn—1,n—2-
We let E,, ~ ]ID}i be the exceptional divisor of 7y, ,—1 and we let

le = 7211 O---0 Fn7n71 : Sn(Ol, . ,Onfl) — Sl.
The inverse image of 0 in Sy, (01,...,0,_1) by T1 07,1 is a tree of k-rational curves in which E,, intersects
the reduced proper transform of £y U---U E,_1 in Sy(01,...,0,—1) transversally in a unique s-rational
point.
Ey E; Eq Ey
P —
-1 04 -1 —
-1 0 —2 e —2 2
1 1 FE3 FEy
02 03\ —2 —3\~2
E E Ey =
2 2 2 B,
T2,1 T2  _ T4,3 T5,4

St <;7§2(01) +— Ss(01,02) — §4(01,02,03) — 55(01702703,04)

FIGURE 3.1. The successive total transforms of FE in a possible construction of a sur-
face of the form Ss5(01,...,04) over a k-rational point o. The integers indicate the self-
intersections of the corresponding curves.

Notation 3.3. For every s-rational point o; € Ey, we let S1(01) = S1\ {01}, By = E;1 N S; ~ Al and we
let 71 : S1(01) — S be the restriction of 7.

Forn > 2, welet S, (01,...,0n_1) = Sn(01,...,00_1)\E1U---UE,,_1 and E,, = S,,(01,...,0,_1)NE, ~
AL. We denote by 7,1 : Sp(o1,...,0n-1) — S1 the birational morphism induced by Tn,1 and we let
Tn =T10Tp1: Sn(Ol, .. .,On_l) — 5.

The following lemma summarizes some basic properties of the so-constructed S-schemes:

Lemma 3.4. For every n > 1, the following hold for S,, = S,(01,...,0n-1):
a) T 2 Sp — S is quasi-projective and restricts to an isomorphism over S, while 7,7 1(0)rea = Fn,
b) S, is smooth along 7, (o)
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c) 1 :T(S,0g) = T'(Sy, Og,) is an isomorphism.
Moreover for n > 2, the morphism 1,1 : Sy, — S is affine.

Proof. The first three properties are straightforward consequences of the construction. For the last one,
let D = FE; + Z;:; a;E; where a; is a sequence of positive rational numbers and let m > 1 be so that
mD is a Cartier divisor on S,,. Then a direct computation shows that the restriction of Oz (mD) to
F;ll(ol)red = U?:z FE; is an ample invertible sheaf provided that the sequence (@i)i=2,... n—1 decreases
rapidly enough with respect to the distance of E,; to E; in the dual graph of F,U---UE,_;. Since
Tp1 Testricts to an isomorphism over Sp \ {01}, it follows from [7, Théoréme 4.7.1] that Og, (mD) is
Tn,1-ample on S, Since by definition Tn,1 is the restriction of the projective morphism 7, 1 : S, — 51 to
S =8, \E1U---UE,_1 =8, \ Supp(D), we conclude that 7, ; is an affine morphism. O

Remark 3.5. By construction, 7, '(0) = Ej in Sy(01), but for n > 2, we have 7, *(0) = mE,, for some
integer m > 1 which depends on the sequence of k-rational points o1,...,0,_1 blown-up to construct
Sn(01,...,0n—1). For instance, it is straightforward to check that m = 1 if and only if for every ¢ > 1,
0; € E; is a smooth point of the reduced total transform of F; in gi(ol, ceey0i-1).

The structure morphism of a G,-torsor being affine, hence quasi-projective, the total space of any
Gg-torsor ¢ : X — S, over an S-scheme 7, : S, = Sp(01,...,0,) — S is a quasi-projective S-scheme
T = Tpoq : X — S equipped with a proper G, s-action. Furthermore 771 (0)red = ¢ 1 (E,) =~ Enx AL ~ A2
and X is smooth along 77 1(0) as S,, is smooth along E,,. On the other hand, 7 : X — S is by construction
a G,-extension of its restriction p : P — S, \ E,, ~ S, over S, \ E,,, hence is a quasi-projective G,-extension
of P of Type II. The following proposition shows conversely that every G,-torsor p : P — S, admits a
quasi-projective G,-extension of Type II into a G,-torsor ¢ : X — S,.

Proposition 3.6. Let p : P — S, be a G,-torsor. Then for every n > 1 and every S-scheme T, :
Sn(01,...,0n-1) = S as in Notation 3.3 there exist a Go-torsor ¢ : X — Sy(01,...,0n,-1) and an equi-
variant open embedding j : P — X such that in the following diagram

P ! X
4 l‘l
Sp(01,...y0n-1)\ Er, —— Sp(01,...,0n-1)
TTI,J/Z J/Tn

S S

all squares are cartesian. In particular, j : P — X is a quasi-projective G,-extension of P of Type II.

Proof. Letting S,, = Sy, (01,...,0,), we have to prove that every G,-torsor p : P — S, \ E,, ~ S, is the
restriction of a G,-torsor ¢ : X — S,,, or equivalently that the restriction homomorphism H'(S,,, Os, ) —
HY(S, \ Ep, Ogs,\E,) is surjective. It is enough to show that there exists a Zariski open neighborhood U
of E, in S, and a G,-torsor g : Y — U such that Y |U\Enz P |U\En- Indeed, if so then a G,-torsor
g : X — S, with the desired property is obtained by gluing P and Y over U \ E,, by the isomorphism
Y |ing,~ P |v\g,- In particular, we can replace S,, by the inverse image by 7, : S, — S of any Zariski
open neighborhood of o in S. We can thus assume from the very beginning that S = Spec(A) is affine and
that o = V(f, g) is a scheme-theoretic intersection for some f,g € A. Up to replacing f and g by other
generators of the maximal ideal of 0 in A, we can assume that the proper transform L; in 71 : S; — S of
the curve L = V(f) C S intersects E; in o;. We denote by M; C S; the proper transform of the curve
M=V(g) CS.

We first treat the case n = 1. The open subset U; = S, \ L of S is then affine and contained in 5.
Furthermore Uy \ By = Sy \ 7, '(L) ~ S\ L is also affine. The Mayer-Vietoris long exact sequence of
cohomology of Og, for the open covering of S7 by S; \ E1 and Uy then reads

0 —-H°(S1,0s,) = H°(Uy,0s,) ® H* (S, \ E1,0s,) — H* (U, \ E1,0s,) — -
o = HY(S1,05,) = HY(U,0p,) @ H'(S) \ E1,05,) — H (U, \ E1,0p,) = -+ .
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Since Uy \ E; is affine, H*(U; \ E1, Oy, ) = 0 and so, the homomorphism H*'(S1,0g,) — H*(S1\ E1,Os,)
is surjective as desired.

In the case where n > 2, the open subset V; = S, \M; of 'Sy is affine and it contains o7 since M intersects
E, in a point distinct from o;. Since Tn,1 & S — S1 is an affine morphism by Lemma 3.4, U, = T;%(Ul)
is an affine open neighborhood of E,, in S,,. By construction, S,, is then covered by the two open subset
U, and S,, \ E,, which intersect along the affine open subset U, N S, \ E, = U, \ E, = T;i(gl \?fl(M))
of S,,. The conclusion then follows from the Mayer-Vietoris long exact sequence of cohomology of Og for
the open covering of S,, by S, \ E,, and U,. O

3.2. Classification.
The following theorem shows that every quasi-projective G,-extension of Type II of a given G,-torsor
p: P — S, is isomorphic to one of the schemes ¢ : X — S, constructed in § 3.1.

Theorem 3.7. Let p: P — S, be a G,-torsor and let

Pt X

”i Jﬁ
Sy —— S

be a quasi-projective Gq-extension of P of Type II. Then there exists an integer n > 1 and a scheme
Tn : Sn(01,. .. 0n-1) = S such that X is a Gy-torsor ¢ : X — Sp(01,...,0n-1) ~ X/G, and p: P — S,
coincides with the restriction of q to Sp(o1,...,0n-1) \ En =~ Ss.

Proof. Since the G, s-action on X is proper, the geometric quotient X/G, ¢ exists in the form of a
separated algebraic S-space § : X/G, s — S. Furthermore, since by definition of an extension 771(S,) ~
P, we have m71(S5,)/G4 s ~ P/Gys ~ S« and so § restricts to an isomorphism over S,. On the other
hand, 7=!(0) ~ A2 is equipped with the induced proper G, ,-action, whose geometric quotient A2 /G,  is
isomorphic to Al. It follows from the universal property of geometric quotient that §=1(0) = A2 /G, ., =
Al

Since X is smooth in a neighborhood of m=1(0), X/G, s is smooth in neighborhood of §71(0). In
particular, 7 1(0) and 6=!(0) are Cartier divisors on X and X/G, s respectively. Let 71 : S; — S be
the blow-up of o. Then by the universal property of blow-ups [14, Tag 085P], the morphisms 7 : X — S
and § : X/G, ¢ — S lift to morphisms m : X — 51 and 47 : X/Gg s — S respectively, and we have a
commutative diagram

X L gl
| 27 F
T1
X/G, —2+ S
Furthermore, since 6 : X/G, s — S and 71 : S; — S are separated, it follows that 6; : X/G, ¢ — S7 is
separated. By construction, the image of 771(0)yea/Ga x by 61 is contained in Ej.

If 1 is not constant on 7 1(0).ed/ Ga,r then 67 is a separated quasi-finite birational morphism. Since
S is normal, ¢; is thus an open immersion by virtue of Zariski Main Theorem for algebraic spaces [14,
Tag 05W7]. Since 771(0)red/Ga,rx =~ AL, the only possibility is that S; \ 01(X/G, s) consists of a unique
k-rational point 01 € Ey and &1 : X/G,.s — S1(01) = S1\ {01} is an isomorphism. So 7 : X — S;(01) is
G,-torsor whose restriction to Sq(01) \ E1 =~ S, coincides with p : P — S,.

Otherwise, if §; is constant on 7 1(0)ed/Ga x, then its image consists of a unique k-rational point
01 € E,. The same argument as above implies that 7, : X — S and ¢; : X/Gq5 — S, lift to a Ga,s-
invariant morphism 7y : X — S3(01) and a separated morphism &2 : X/G, s — S2(01) to the blow-up
Ta1 : S2(01) — Sy of Sy at o1, with exceptional divisor Eo. If the restriction of dz to 771(0)red/Ga.r is nOt
constant then dy is an open immersion and the image of 771(0)red/ Ga,r is an open subset of E5 isomorphic
to AL. The only possibility is that 62(771(0)/G,.x) = E2 \ E1. Indeed, otherwise Sz \ d2(X/G, s) would
consist of the disjoint union of a point in E5 \ (E1N E3) and of the curve E; \ (E1 N E2) which is not closed
in S, in contradiction to the fact that d2 is an open immersion. Summing up, &2 : X/G, s — S2(01) =
Sa(01) \ E; is an isomorphism mapping 77 1(0)rea/Ga, . isomorphically onto Ez. So 72 : X — Sa(01) is
Gq-torsor whose restriction to Sz(01) \ E2 ~ S, coincides with p : P — S..
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Otherwise, if ds is constant on 77 1(0)red/Ga.x, then d2(771(0)/G, ) is a k-rational point 0y € Eo,
and there exists a unique minimal sequence of blow-ups Tx11x : Sk+1(01,...,0k) = Sk(01,...,08-1), k =
2,...,m — 1 of successive k-rational points oy € Ey C Sk(o1,...,0r_1), with exceptional divisor Ej; C
Skt1(01,...,01) such that 7o : X — So(01) and J5 : X/Gq5 — So(01) lift respectively to a Gaq,s-invariant
morphism 7, : X — S,,(01,...,0m_1) and a separated morphism 6, : X/G4 5 — S (01, - .., 0m—_1) With
the property that the restriction of 6,, to m(0)rea/Ga.x is non constant. By Zariski Main Theorem [14,
Tag 05W7| again, we conclude that d,, is an open immersion, mapping 7= (0)yea/Ga, ~ AL isomorphically
onto an open subset of F,, ~ PL. As in the previous case, the image of 7r_1(0),Fed/(G}a7N in E,, must
be equal to the complement of the intersection of E,, with the proper transform of E; U ---U E,,_; in
S (01, ..., 0m—1) since otherwise Sy, (01, .. ., 0m—1)\0m(X/G4.s) would not be closed in S, (01, - -, 0pm—1)-
Since m1(0)red/Gax =~ AL, it follows that E,, intersects the proper transform of £y U---U E,,_1 in a
unique s-rational point, implying in turn that o,,_; € E,,_; is a smooth s-rational point of the reduced
total transform F1 U---UE,,_1 of E1 in gm_l(ol, .+, Om—2). Summing up,

5m : X/Ga,S —)gm(Ol,...,Omfl) \Fl U"'UEm,1

is an isomorphism with an S-scheme of the form S,,(01,...,0m—1) as constructed in §3.1, mapping
771(0)red /G isomorphically onto E,, = Sy, (01,-..,0m—1) N E,. It follows in turn that 7, : X —
Sm(01, -, 0m—1) is a G4-torsor whose restriction to Sy, (01, . - ., 0m—1)\Fm = S« coincides with p : P — S,.
This completes the proof. (I

3.3. Affine G,-extensions of Type II. In this subsection, given a G,-torsor p : P — S, we consider
the existence of quasi-projective G,-extensions of Type II

Pl X

| &

Sy —— S

with the additional for which X is affine over S. As in the case of extension to A'-bundles over the blow-up
of o treated in § 2.2, a necessary condition for the existence of such extensions is that the restriction of P
over every open neighborhood of the closed point o in S is nontrivial. Indeed, if there exists an affine open
neighborhood U of o over which P is trivial, then P ~ U \ {0} x A} is strictly quasi-affine, hence cannot
be the complement of a Cartier divisor 771(0) is any affine U-scheme X |;. The next theorem shows that
this condition is actually sufficient:

Theorem 3.8. Let p : P — S be a Gg-torsor such that for every open meighborhood U of o in S,
the restriction P xg, U — U \ {o} is non trivial. Then for every n > 1 and every S-scheme 7, :
Sn(01,...,0n-1) = S as in Notation 3.3 there exists a quasi-projective Gq-extension of P of Type II into
the total space of a Gg-torsor q : X — Sy(o1,...,0n-1) for which 1 = 1, 0q : X — S is an affine
morphism.

The following example illustrates the strategy of the proof given below, which consists in constructing
such affine extensions 7 : X — S by performing a well-chosen equivariant affine modification of extensions
of p: P — S, into locally trivial A*-bundles 6 : W (P) — S over the blow-up 7 : S — S of the point o.

Example 3.9. Let again Xy and X; be the G,-extensions of p : P = {zv—yu =1} — S\ {0} considered
in Example 2.1 and 3.2. Recall that X, and X; are the affine S-schemes in A% defined respectively by the
equations

o — g =0 ww—ylyzn+1) =0
Xo: qyp—z(g—1) =0 and Xi: Jazm-z(yzn+1) =0
pr—qlg—1) =0 2w — Yz =0

equipped with the G, s-actions associated with the locally nilpotent Og-derivations 9y = 28, +zyd,+y>0,
and 01 = 20, + (2yz1 + 1)0., + y?0,, respectively.

The morphism mp : Xy — S factors through the structure morphism 6 : Xy — S of a torsor under
a line bundle on the blow-up 7 : § — S of the origin, with the property that the restriction of X, to
exceptional divisor E = P! of 7 is a nontrivial torsor under the total space of the line bundle Op1 (—2).
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The G, s-action on X restricts to the trivial one on Xo|g = Ty 1(0). More precisely, dy is a global section
of the sheaf Tx, ® Ox,(—2Xo|g) of vector fields on X, that vanish at order 2 along Xy|g. One way to
obtain from Xy a G,-extension 7: X — S of p: P — S\ {0} with fiber 771(0);eq isomorphic to A2 and a
fixed point free action is thus to perform an equivariant affine modification which simultaneously replaces
Xo|E by a copy of A2 and decreases the “fixed point order of 9y along Xo|x”, typically a modification with
divisor D equal to Xo|g and whose center Z C Xg|g is supported by a curve isomorphic to AL which is
mapped isomorphically onto its image by the restriction of . The birational S-morphism

n: X1 = Xo, (29,21, 22,w) = (2, y, 221, Y21 + 1, 0)

is equivariant for the G, g-actions on Xy and X; and corresponds to an equivariant affine modification
of this type: it restricts to an isomorphism outside the fibers of my and m; over o, and it contracts
7 }(0) = Spec(k[z2,w]) onto the curve {p = ¢ —1 = 0} C 7y '(0) = {pr — q(¢ — 1) = 0}. This curve is
isomorphic to Al = Spec(k[r]) and it is mapped by the restriction

9|W61(0) iy (o) 2 {pr —qlg—1) =0} = E=PL, (p,q,7) = [p:q—1]=[q:7]
of § isomorphically onto the complement of the x-rational point [0 : 1] € PL.

Proof of Theorem 3.8. By virtue of Theorem 2.5, there exists a unique integer £y > 2 such that p : P — S,
is the restriction of a torsor 6; : Wi — S; under the line bundle M;({y) = Spec(Sym'(’)gl(—EOFl)) -5
whose total space W is affine over S;. We now treat the case of Si(01) and S, (01,...,0n_1), n > 2
separately.

Given a k-rational point 0; € E1, the restriction of Wy over Ey = E1\ {01} ~ Al is the trivial A'-bundle
Ey1 x AL. Since on the other hand the restriction 6|5, : Wil — E1 is a non trivial Op: (—£g)-torsor (see
Theorem 2.5), it follows that for every section s : F1 — Wi|g, the image Z; of E; in W3 |F1 is a closed
curve isomorphic to F;. Indeed, otherwise if Z; is not closed in W; |E then its closure Z; would be a
section of 1|5, in contradiction with the fact that 61|5 : Wilg, — E is a non trivial Op1 (—£y)-torsor.
Let D, = Hfl(Fl) and let o1 : W] — Wj be the affine modification of Wy with center (Zz,,D;) . By
virtue of Lemmas 1.9 and 1.10, 6; o oy : W{ — S factors through a torsor 8} : W{ — S; \ {01} = S1(01)
under the line bundle

M (o — 1) = Spec(Sym Og, (o,)((—fo + 1)E1)) — S1(01).

Now since E; ~ Al is affine, the restriction of 6] over E; C S1(o1) is the trivial M{(fp—1)|g,-torsor. Letting
Dy = 9’171(E1) and Z; C Dj be any section of 0] |p, : D2 — Ej, the affine modification oo : W4 — W/ with
center (Zz,, Ds) is then an M (£y — 2)-torsor 6, : W) — S1(o1). Iterating this construction £y — 1 times, we
reach a G g, (o,)-torsor ¢ =0y : X =W, ., — Si(01). Since o1 : Wi — Wy and each o; : W) — W/_,,
1 > 2, restricts to an isomorphism over the complement of Ej, the restriction of ¢ : X — S1(01) over
Si(01) \ E1 =~ S, is isomorphic to p : P — S,. Furthermore, since the morphisms o;, i = 1,...,4y + 1 are
affine and 71 0 87 : W; — S is an affine morphism, it follows that

Tmoq=T106010010-04y41: X = S

is an affine morphism. So ¢ : X — S;(01) is a G,-extension of p : P — S, with the desired property.

Now suppose that n > 2. It follows from the construction of the morphism 7, 1 : S,, = Sp(01,...,0n-1) =
S1 given in subsection 3.1 that 77103, (loE1) ~ Og,(mE,) for some m > 2. The fiber product
W, =Ws X3, S,, is thus a torsor 6,, : W,, — S,, under the line bundle

M, (m) = Spec(Sym Og, (—mE,)) — S,

whose restriction to S, \ E, ~ S, is isomorphic to p : P — S,. Furthermore, since 7,1 is an affine
morphism by virtue of Lemma 3.4, so is the projection pry, : W, — Wi. Since 71061 : W1 — S is an
affine morphism, we conclude that 7,00, =71 07,100, =7T1000pry, : W,, — S is an affine morphism as
well. Since E, ~ Al the restriction of 6,, over E,, is the trivial M, (m)|g, -torsor. The desired G, g, -torsor
q: X — S, extending p : P — S, is then obtained from 6,, : W,, — S,, by performing a sequence of m
successive affine modifications similar to those applied in the previous case. ([l

Remark 3.10. In the case where S is affine, the total spaces X of the varieties ¢ : X — S, (01,...,0n-1)
of Theorem 3.8 are all affine. To our knowledge, these are the first instances of smooth affine threefolds
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equipped with proper G,-actions whose geometric quotients are smooth quasi-projective surfaces which
are not quasi-affine.

We do not know in general if under the conditions of Theorem 3.8 every quasi-projective G,-extensions
of P of Type II into the total space of a G,-torsor ¢ : X — S,(01,...,0,-1) has the property that
m=1T,0q:X — S is an affine morphism. In particular, we ask the following:

Question 3.11. Is the total space X of a quasi-projective G,-extension m: X — A% of p = pr,, : Sk =
{zv —yu =1} — A2 of Type II always an affine variety ?

3.4. Examples. In the next paragraphs, we construct two countable families of quasi-projective G-
extensions of the G,-torsor SLy — SLa/G, ~ A2\ {(0,0)} of Type II with affine total spaces. As a
consequence of [10, Section 3|, for any nontrivial G,-torsor p: P — S, over a local punctured surface S,
these provide, by suitable base changes, families of examples of G,-extensions of P whose total spaces are
all affine over S.

3.4.1. A family of G,-extensions of SLa of “Type II-A”. Let S = A% = Spec(k|x,yo]) and let X,, C
Ag” = Spec(k[z,yol[z1, 22, Y1, - - -, Yn]), n > 1, be the smooth threefold defined by the system of equations

YiYi — YkYe =0 4,5,kl=0,...,n,i+j=k+¢
22Yi — 21Yi+1 =0 ¢=0,...,n—1

2yit1 —Yilyoz1 +1) =0 i=0,...,n—1

xz9 — 21(yoz1 + 1) =0.

The threefold X,, can be endowed with a fixed point free G, g-action induced by the locally nilpotent
klx, yo]-derivation

20;, + (2yoz1 +1)0,, + Ziyoyi—la ;
i=1
of its coordinate ring. The scheme-theoretic fiber over o = {(0,0)} of the G,-invariant morphism m, =
pr, , : X, — Sisisomorphic A? = Spec(k[z2, yn]), on which the induced G,-action is a translation induced
by the derivation 9., of k[z2, y,]. On the other hand, the morphism j : SLa = {2v — you = 1} — X, defined
by
(2, y,u,0) = (2,0, u0,y, yv, yo?, ... yo™)

is an equivariant open embedding of SL, equipped with the Gg,-action induced by the locally nilpotent
derivation 9, + yo0, of its coordinate ring into X,, with image equal to 7= 1(A? \ {0}). So j : SLs — X,
is a quasi-projective G,-extension of SLs into the affine variety X,,, with 7, !(0) ~ A?.

The restrictions of the projection A’SHS — A’S‘” onto the first n 4+ 2 variables induce a sequence of G,-
equivariant birational morphisms op41,, @ X541 — X,,. The threefolds X, thus form a countable tower
of Gg4-equivariant affine modifications of X;. It follows from Example 3.2 that X; is a quasi-projective
extension of SLs of Type II with geometric quotient isomorphic to a quasi-projective surface of the form
S1(01). More generally, we have the following result.

Proposition 3.12. For every n > 2, the morphism j : SLy — X, is a quasi-projective G, -extension of
Type II. The geometric quotient X, /G, is isomorphic to a quasi-projective surface S, = Sp(01,...,0n)
as in § 3.1 for which Sy (o01,...,0n_1) \ Sn consists of a chain of n — 1 smooth rational curves with self-
intersection —2, i.e. the exceptional set of the minimal resolution of a surface singularity of type An_1.

Proof. To see this, we consider the following sequence of blow-ups: the first one 71 : S; — Uy = A? is the
blow-up of the origin, with exceptional divisor E;, and we let U; ~ A% = Spec(k[z,w1]) be the affine chart
of S1 on which 71 : S1 — A? is given by (z,w;) = (@, zw;). Then we let 72 1 : So(01) — S1 be the blow-up
of the point 0; = (0,0) € U; C Sy with exceptional divisor Eo, and we let Uz ~ A% = Spec(k[z, w2]) be the
affine chart of gg(ol) on which the restriction of 75 ; : S, (01) — S coincides with the morphism Uy — Uy,
(x,w2) — (x,zws). For every 2 < m < n, we define by induction the blow-up

?m,m—l : gm(ola ERE) Om—l) — g771—1(017 B 7Om—2)
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of the point 0,1 = (0,0) € Upy—1 C Sim—1(01,-..,0m_2) with exceptional divisor E,, and we let U,, ~
A?% = Spec(k[x, w,,]) be the affine chart of S,,(01,...,0m—1) on which the restriction of 7, ,,—1 coincides
with the morphism U,, = Up,—1, (,wy,) — (2, 2w, ). By construction, we have a commutative diagram

— Tnn—1 — Tn—1,n—2 T2,1 T

Sn(Ol,...,Onfl)—>~Sn,1(01,...,0n,2)—>"' gl o A2
Un Up-g —————— -~ Uy A% =T,

The total transform of E; in gn(ol, ...,0p_1) is a chain F1UEyU---UE,_1UE, is a chain formed
of n — 1 curves with self-intersection —2 and the curve F,, which has self-intersection —1.

FIGURE 3.2. Dual graph of the total transform of E; in S, (o01,...,0,).

The morphism 7 : X,, — S lifts to a morphism m; : X,, — 51 defined by
((E, 21,22,Y0, Y1y - 7yn) = ((x7y0)7 [(E : yO]) = ((xay)u [yozl +1: yl])

This morphism contracts 7~!(0) onto the point 0; = ((0,0),[1 : 0]) of the exceptional divisor E; of 7.
The induced rational map m; : X,, --» U; is given by
T, L)

Yoz1 +1

and it contracts 7~1(0) onto the origin o; = (0,0). So m; lifts to a morphism 73 : X,, — Sa(01), and with
our choice of charts, the induced rational map w5 : X,, --+ Us is given by

Y2
T, 21,22, 5 geeey = (T,
(z, 21, 22, Y0, Y1 Yn) ( (y021+1)2)

If n = 2 then the image of 7~ '(0) = Spec(k[za,y2]) by 72 is equal to Ey N Uy and my *(Ey N Uy) is
equivariantly isomorphic to (E2 NUs) x Spec(k[22]) on which G, acts by translations on the second factor.
So 7y : X,, — Sa(01) factors through a G,-bundle ¢z : Xo — So(01) = Sa(01) \ F1 and X2/G, ~ S3(01).
Otherwise, if n > 2 then 7wy contracts 7 !(0) onto the point op = (0,0) € Eo N Uz C Sz(01). So
7o+ X, — S2(01) lifts to a morphism 73 : X,, — S3(01,02). With our choice of charts, for each 2 < m < n,
the induced rational map m,, : X, --» U, is given by

(xvzla'szyanlv" ;yn) = (

Ym
T, 21,22, Y0, Y15 - - - Yn) > (T, —————
(7, 21, 22, Y0, Y1 Yn) > ( (Gom + 1)m)
hence contracts 7—1(0) onto the point o, = (0,0) € U, C Si(01,...,0m—1). It thus lifts to a morphism
Tm * Xn — Sm(01,...,0m_1). At the last step, the image of 7=*(0) = Spec(k[22,y»]) by the rational map
Tn ¢ X -+ U, induced by 7, : X,, = Sp(01,...,0,_1) is equal to E,, N U,, and we conclude as above
that 7, : X, = Sn(01,...,0,_1) factors through a G,-bundle

dn : Xn — Sn(Ol, . ,Onfl) = gn(Ol, R 70n71) \ (El U--- UEnfl),
hence that X,,/G, is isomorphic to the quasi-projective surface Sy (01,...,0n-1). O

3.4.2. A family of Gg-extensions of SLy of “Type 1I-D”. To conclude this section, we present as an illus-
tration of the proof of Theorem 3.8 another countable family of quasi-projective G,-extensions of SLo of
Type II with affine total spaces.

Let again 7; : S; — S = A2 be the blow-up of the origin o = {(0,0)} in A2 = Spec(k[z,y]) with
exceptional divisor E; ~ P!, identified with closed subvariety of A2 x P[lwocwl] with equation xw; —ywy = 0
in such a way that 7 coincides with the restriction of the first projection. The second projection identifies
S1 with the total space p : S; — P! of the invertible sheaf Opi(—1). We fix trivializations p~1(Us,) =

Spec(k[zoo][tioo]) and p~1(Up) = Spec(k[zo][uo]) over the open subsets Uy, = P!\ {[0 : 1]} = Spec(k[200])
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and Up = P\ {[1 : 0]} = Spec(k[20]) in such a way that the gluing of p~!(Us) and p~1(Up) over Uy N U
is given by the isomorphism (20, u0) — (20, Uso) = (25 ', 20u0).
For every n > 1, we let Sopt3,0 = Spec(k[zo,uéﬂ]),

Son+3,00 = Spec(k]zoo, Uoo, Voo |/ (U Voo — zgo — Uso)),

and we let Sa,13 be the surface obtained by gluing Sa,13,0 and Sap43,00 along the open subsets Sap43,0 \
{z0 = 0} and S2;,43,00 \ {Zc0 = Uso = 0} by the isomorphism

(20, u0) = (Zoo, Uoo, Voo ) = (zo_l, ZoUo, (zou0)7”(252 + zoug))-

The canonical open immersion Szy43,0 < p~ ' (Up) and the projection pr, _ ,_ : Sont3,.00 = P~ (Uso) glue
to a global birational affine morphism 79,431 : S25,43 — S restricting to an isomorphism Sa,,45 \ {200 =
s = 0} — 1\ E; where we identified the closed subset Eo,i3 = {Zoo = oo = 0} ~ Spec(k[veo))
of S21,43,00 With its image in So,4+3. We leave to the reader to check that with the notation of § 3.1,
Son+s = Sani3(01,. .., 09,42) for asurface Ta,43.1 : Sont3,1(01,. .., 02n12) — S1 obtained by first blowing-
up the point 0; = (0,0) € p~!(Us) with exceptional divisor E9, then the point oo = E; N Ey with
exceptional divisor Ej5, then a point o3 € Es \ (Fl U Eg) with exceptional divisor E4 and then a sequence
of point o; € E; \ E;_; with exceptional divisor F;y 1, i = 5,...,2n + 2 in such a way that the total
transform of E; in §2n+371 is a tree depicted in Figure 3.3. Letting Top4+3 =710 Ton43,1 @ Sonts — A? we
have 7'2_nl+3 (0)red = Fants ~ Al and Tyn3(0) = 2E2,43.

E2n+2 E2n+3
-2 -1

FIGURE 3.3. Dual graph of the total transform of E; in So, 3 (01,...,02n+42).

Now we let ¢ : Xopt+s — Sonts be the Gg-bundle defined as the gluing of the trivial G,-bundles
Xon+3,0 = Sant3,0 X Spec(k[to]) and Xon+3,00 = S2n+t3,00 X Spec(kltoo]) Over Sonts,0 and Sa,+3,00 respec-
tively along the open subsets Xoni30 \ {20 = 0} and Xap43.00 \ {Zoo = U = 0} by the G,-equivariant
isomorphism

(20, U0, t0) > (200, Uos, Voo, too) = (20 15 200, (20u0) ™ (25 > + 20t0), to + 25 "ug ).
Let Ton43 =710 Tont3,1 0 ¢ : Xonys — A2,

Proposition 3.13. For every n > 1, the variety Xopny3 is affine and there exists a G,-equivariant open
embedding j : SLy — Xo,3 which makes Tany3 : Xopisz — A% a quasi-projective G,-extension of SLa
of Type II, with fiber W;73+3 (0) isomorphic to A? of multiplicity two, and geometric quotient Xon13/G, =~
San+3-

Proof. Let j; : SLy < W = W(SLg,2) be the G,-extension of SLy into a locally trivial Al-bundle
6 : W — S; with affine total space constructed in Example 2.1. Recall that the image of j; coincides
with the restriction of 6 to S; \ E; = A%\ {0}. With our choice of coordinates, the open subsets W, =
0= 1(qg71(Up)) and Wy, = 071 (¢ 1 (Us)) of W are respectively isomorphic to p~1(Up) x Spec(k[wp]) and
p 1 (Us) x Spec(k[ws]) glued over Uy N Uy by the isomorphism

(20, 0, W0) F (Zoo, Uoo, Woo) = (2'61720%7231% + 20).
The G,-action on Wy and W, are given respectively by « - (20, uo, wo) = (20, ug, wo + aug) and « -
(2007 Uco woo) = (ZOO7 Uoo, Woo + CYUEO)
Let W =W X3, San+3, equipped with the natural lift of the G,-action on W. Since Tap,43,1 @ Sony3 —

S restricts to an isomorphism over S; \ Ej, the composition j' = 7-2*nl+3 1071 : SLe — W' is a Gg-
equivariant open embedding. Furthermore, since W is affine and 75,,43,1 is an affine morphism, it follows
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that W' is affine. By construction, W' is covered by the two open subsets
Wé =W Xp—l(UO) Szn+370 ~ Sgn_;,_gyo X Spec(k[wo])
Wéo =W prl(Uoo) S2n+3,oo ~ S2n+3,oo X Spec(k[woo])

The local G,-equivariant morphisms

Bo : Xont3,0 = Sans,0 X Spec(k[to]) = W}
ﬂoo : X2n+3100 = SQnJrB’OO X Spec(k[too]) — Wéo

of schemes over Saj,41,0 and Sa,43 .00 respectively defined by tg — wy = u%to and too — Woo = U2 too
glue to a global G,-equivariant birational affine morphism 5 : Xs,, 13 — W, restricting to an isomorphism
over Sa,43 \ Fanis ~ A?\ {o}. Summing up, Xo,3 is affine over W’ hence affine, and the composition
B~ 1oj :SLy — Xy,,3 is a Gg-equivariant open embedding which realizes 7 : Xo,43 — A? as a G,-
extension of SLo of Type II with affine total space. By construction, 7r2_nl+3 (0) = ¢~ 1(2F3,3) is isomorphic
to A%, with multiplicity two, while the geometric quotient Xa,13/G, is isomorphic to Sa, 3. (|

Remark 3.14. For every n > 1, the birational morphism S5(n41)43,00 — S2n43,005 (Zoos Uoo, Voo)
(Zoos Uoo, Uso Voo ) extends to a birational morphism So(nt1)+3 — S2n+s which lifts in turn in a unique
way to a Gg-equivariant birational morphism v, 41,0 @ Xo(nt1)4+3 — X2n43. So in a similar way as for the
family constructed in § 3.4.1, the family of threefolds X5, 13, n > 1, form a tower of G,-equivariant affine
modifications of the initial one Xj.
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