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Abstract

We study equilibrium returns in a continuous-time model where heterogeneous mean-variance
investors trade subject to quadratic transaction costs. The unique equilibrium is characterized
by a system of coupled but linear forward-backward stochastic differential equations. Explicit
solutions obtain in a number of concrete settings. The corresponding liquidity premia compared
to the frictionless case are mean reverting; they are positive if the more risk-averse agents are
net sellers or if the asset supply expands over time.
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1 Introduction

A fundamental empirical property of financial markets is that asset returns depend on liquidity.
Indeed, [3] [7, B7] regress expected returns against a variety of liquidity measures and consistently
find significant “liquidity premia”.

We study a continuous-time model for the formation of such liquidity premia in a risk-sharing
equilibrium. Assuming (local) mean-variance preferences and quadratic trading costs for tractabil-
ity, we show that both the unique equilibrium return that clears the market and the corresponding
optimal trading strategies can be characterized by systems of coupled but linear forward-backward
stochastic differential equations. These can be solved explicitly in terms of matrix power series,
leading to closed-form expressions for the liquidity premia compared to the frictionless benchmark.
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If all agents’ risk aversions are homogenous and the asset supply remains constant over time,
the frictionless price dynamics still clear the market — illiquidity then has no effect on equilibrium
prices. In contrast, if the asset supply expands over time positive liquidity premia are necessary to
compensate the agents for the trading costs incurred when purchasing these additional shares.

Nontrivial liquidity premia also arise with heterogenous preferences. Then, the more risk averse
agents have a stronger motive to trade and therefore have to provide additional compensation to
the less risk-averse ones. This leads to positive liquidity premia when the more risk averse agents
are net sellers. In addition, illiquidity induces “momentum”, i.e., makes expected returns mean
reverting. This result does not depend on mean-reverting fundamentals, but is instead induced by
the sluggishness of the frictional portfolios. With trading costs, allocations do not move directly
to their stationary allocation but only gradually adjust over time, leading to autocorrelated return
dynamics. If the agents exogenous trading needs are also mean-reverting, they enter the liquidity
premium as a stochastic mean-reversion level. Illiquidity in turn determines the fluctuations of the
actual equilibrium return around this value.

The two most closely related studies to our paper are [I8] [38], who also analyze equilibrium
dynamics in models with mean-variance investors and quadratic transaction costsﬁ

Garleanu and Pedersen [I8] Section 4] also study the effect of an exogenous trading cost on
equilibrium returns. In a model with a single strategic agent and noise traders with exogenous
mean-reverting demands, they also obtain mean-reverting returns @ Our more general results show
that this momentum effect persists even in the absence of mean-reverting fundamentals.

A similar observation is made by Sannikov and Skrzypacz [38]. Like us, they study a model
with several strategic mean-variance investors. However, by making information about trading
targets private, they also strive to endogenize the price impact. This is implemented by means of a
“conditional double auction”, where each agent observes all others’ supply and demand schedules;
linear, stationary equilibria can in turn be characterized by a coupled system of algebraic equations.
However, this system generally admits multiple solutions and these are not available in closed form
except in the case of (almost) homogenous risk aversions.

Our paper strikes a middle ground between these studies, in that we analyze a dynamic model
with multiple heterogenous strategic agentsﬁ but nevertheless establish existence of a unique equi-
librium and describe it in closed form.

The remainder of this article is organized as follows. Section 2] describes the model, both in its
frictionless baseline version and with quadratic trading costs. Subsequently, we derive the friction-
less equilibrium, before turning to individual optimality with transaction costs (and given exogenous
returns) in Section @l Section [lin turn contains our main results, on existence, uniqueness, and an
explicit characterization of the equilibrium return, complemented by some illustrative examples.
The analysis in both Sections @] and [Blis based on the study of coupled but linear forward-backward
stochastic differential equations. For better readability, the solution of such equations in a general
setting is deferred to Appendix[Al Appendix B contains some material on primary matrix functions
that is used in Appendix [Al

!Another closely related strand of research is the partial equilibrium literature on liquidity premia, cf., e.g.,
[13] 26, 32, [19] [14]. Analytical results for equilibria with transaction costs but without risky assets can be found in
[31] [45] [47]. For numerical results, compare [23] [9 [§].

2Mean-reverting fundamentals also drive the mean-reverting dynamics in the overlapping-generations model with
linear costs studied in [43], for example.

3Dynamic equilibrium models with transaction costs and homogenous preferences include [44) [31]; static trading
with heterogenous preferences is studied in [33] [30], for example.



2 Model

2.1 Notation

Fix a filtered probability space (2, F, (Fi)tc 7, P), where either .7 = [0,T] for T' € (0,00) (“finite
time horizon”) or .7 = [0, 00) for T' = +o0 (“infinite time horizon”). To treat models with a finite
and infinite time horizon in a unified manner, we fix a constant § > OH and say that an Rf-valued
progressively measurable process (X;)c 7 belongs to £F, p > 1, if E[fOT e | Xy ||Pdt] < oo, where
| || is any norm on R’. Likewise, an R’valued local martingale (M;);c > belongs to .#F, p > 1, if

Ell fOT e~ 293d[M],||P/?] < oo, where || - || is any matrix norm on R,

2.2 Financial Market

We consider a financial market with 1 + d assets. The first one is safe, and normalized to one for
simplicity. The other d assets are risky, with dynamics driven by d-dimensional Brownian motion

(Wi)tez:
dSt = Mtdt + O'th. (21)

Here, the R%valued expected return process (it)ies € .,%2 is to be determined in equilibrium,
whereas the deterministic R?%-valued volatility matrix o is given exogenously. Throughout, we
write ¥ = oo and assume that this infinitesimal covariance matrix is nonsingular.

2.3 Endowments, Preferences, and Trading Costs

A finite number of agents n = 1,..., N receive (cumulative) random endowments (Y;");c7 with
dynamics
dY;* = vpdt + (¢ T odWi + dM;"", n=1,...,N. (2.2)

Here, the R-valued process v € .,%1 denotes the drift rate of Agent n’s endowment, the R%-valued
process (" € .,2”52 describes the exposure of the endowment to asset price shocks, and the orthogonal
R-valued martingale M" € 52/2 models unhedgeable shocks.

Without trading costs, the goal of Agent n is to choose an R%valued progressively measurable
trading strategy ¢ € .,%2 (the number of shares held in each risky asset) to maximize the (dis-
counted) expected changes of her wealth, penalized for the quadratic variation of wealth changes

as in, e.g., [17, [I§]:
T ,.Yn
E [ / e (@ dS; + dY;* — 7@%5 + dY">t>]
0

T n n T
= |:/0 6_& ((p;l—,ut + th — %(tpt + Ctn)TE(th + Ctn)> dt — %/0 6_6td<MJ"n>t:| — max!
(2.3)

Here, 4™ > 0 and § > 0 are Agent n’s risk aversion and discount rate, respectively. We assume

without loss of generality that

’yN = max(’yl,...,’yN),

so that Agent N has the highest risk aversion among all agents.

4This will be the time-discount rate below; for infinite horizon models, it needs to be strictly positive.



Remark 2.1. A strictly positive discount rate allows to postpone the planning horizon indefinitely
to obtain stationary infinite-horizon solutions as in [35, [34] 17, [I8]. In that case, ¢ € £7Z is an
appropriate transversality condition that ensures that the problem is well posed.

The solution of the frictionless problem (23] is readily determined by pointwise optimization
as

. e (2.4)
The first term is the classical (myopic) Merton portfolio; the second is the mean-variance hedge for
the replicable part of the endowment.

As in [T1 20} 17, 10} 18] 2], 2], 36 [6l, [5] we now assume that trades incur costs proportional to the
square of the order flow ¢y = %cpt This trading friction can either be interpreted as temporary
price impact proportional to both trade size and trade speed, or as a (progressive) transaction tax
or trading fee. For the first interpretation it is natural to assume that trades also move the prices
of correlated securities (compare [39] 17, (18] 22]), and each agent’s trades also affect the others’
execution prices. In contrast, a tax as in [42] or the fee charged by an exchange affects trades in each
asset and by each agent separately. We focus on the second specification here, which simplifies the
analysis by avoiding a coupling of the agents’ optimization problems through common price impact.
To wit, A >0, m =1,...,d, describes the quadratic costs levied separately on each agent’s order
flow for asset m and we denote by A € R%*? the diagonal matrix with diagonal entries A, ..., \¢
With this notation, Agent n’s optimization problem then reads as follows:

T n
J"(¢) =E [ /0 e <90tT v = o+ G TS+ G = o] As’otdt) dt]

’7” T
- 7E [/ e_&d(M"J‘%} — max! (2.5)
0

In order to avoid infinite transaction costs, all of these trading rates (as well as the trading strategies
themselves) naturally have to belong to .,2”62.

The goal now is to solve for the equilibrium excess return that matches the agents’ (and,
potentially, noise traders’) supply and demand. A similar model with a single strategic agent
and noise traders with a particular parametric demand is analyzed in [I8| Section 4]. Conversely,
[49] 111, 28] [48] study models of the above form without noise traders (and with exponential rather
than mean-variance preferences).

3 Frictionless Equilibrium

For later comparison to the frictional case, we first consider the model without trading costs. To
clear the market, the expected return process (1i;);c 7 needs to be chosen so that the demand of the
strategic agents and the exogenous demand of a group of noise traders matches the total supply of
zero at all times. To wit, modeling the noise trader demand by an exogenous process 1) € %2, the
clearing condition reads as

0= +...+ 0N + .

5The assumption of quadratic rather than proportional costs is made for tractability. However, buoyed by the
results from the partial equilibrium literature, we expect the qualitative properties of our results to be robust across
different small transaction costs, compare with the discussion in [36].

SMore general specifications do no seem natural for the tax interpretation of the model. Note, however, that the
mathematical analysis below only uses that A is symmetric and positive definite.



(Alternatively, one can interpret —i) as the exogenous supply of the risky assets.) In view of (24,
the frictionless equilibrium expected return therefore is

NG GG )
A 12+ + 1N

The interpretation is that the investment demand induced by the equilibrium return needs to offset
the difference between the noise trading volume and the strategic agents’ total hedging demand.
Whence, the equilibrium return scales with the (exogenous) covariance matrix of the risky assets,
relative to the total risk tolerance.

In this simple model, equilibrium dynamics and strategies are known in closed form, rather than
only being characterized via martingale representation [27] or BSDEs [28]. This makes the model
an ideal point of departure for analyzing the impact of transaction costs on the equilibrium return.

(3.1)

4 Individual Optimality with Transaction Costs

As a first step towards our general equilibrium analysis in Section [Bl, we now consider each Agent
n’s individual optimization problem with transaction costs (2.5]), taking an expected return process
uw e .252 as exogenously given. A multidimensional generalization of the calculus of variations
argument of [5] leads to the following representation of the optimal strategy in terms of a coupled
but linear system of forward-backward stochastic differential equations (henceforth FBSDEs):

Lemma 4.1. Let ¢} = E;;‘“ — (' be the frictionless optimizer from (24). Then the frictional

optimization problem (23] for Agent n has a unique solution, characterized by the following FBSDE:

dpp™ = @"dt, g™ =0,
”A_12 (4.1)
T = (o — oyt + 5.

dg" =AM} +

Here, gpi\’", cp?’" € L2, and the R¥-valued square-integrable martingale M™ needs to be determined

as part of the solution. If T < oo, the dynamics [&I]) are complemented by the terminal conditiorﬁ
G = 0. (4.2)

For T = oo, Agent n’s unique individually optimal strateqy ™" has the explicit representation
(A8); the corresponding optimal trading rate ¢™™ is given in feedback form by (AIT). For T < oo,
the corresponding formulas are provided in (A21)) and (A29), respectively.

Proof. Since the goal functional (23] is strictly convex, (2.5]) has a unique solution if and only if
there exists a (unique) solution to the following first-order condition [16]:

<J’ () ,19> =0, forall ¢ with 9,9 € Z2. (4.3)
Here, the Gateaux derivative of J in the direction 9 is given by

<J,(¢)7ﬁ>:;%J(¢+pi)—J(sb)

—E UOTe—& <(,J — (o + ¢ TE) </Ot 19st> —2 (cpt)TAﬁt> dt] .

"If T = oo, this is replaced by the transversality conditions implicit in 4,0?'", gb?’" € L3¢ for § > 0.




By Fubini’s theorem,

[ (ol = ey ([ duts) ) a
= /OT </T e " <utT —" e+ ¢ E) dt) Vsds.

s

Together with the tower property of the conditional expectation, this allows to rewrite the first-
order condition ([£3) as

0=F [/OT <E MT =0 (u;r — A (s + ¢ T 2) ds‘}}} — 270 ()T A) ﬁtdt] .

Since this has to hold for any perturbation 9, (ZH) has a (unique) solution ¢ if and only if

nATLY 4 S s
(’bl{\,n _7 : AR [/ o098 < ’Ynﬂ (- @9") ds‘}}} (4.4)
t

has a a (unique) solution.
Now, assume that (&) has a (unique) solution ™. Note that if T < oo, [E2) is satisfied. De-

fine the square-integrable martingale M; = VnA;lEE[ OT e 9% (o — gp?’")ds|]:t], t € 7. Integration
by parts then allows to rewrite (£4]) as
~ ALY
dp" = e dM; — 77(90? — M)t + 6" dt.

Together with the definition alcpftX = gbi\’"dt, this yields the claimed FBSDE representation (ZI]).
Conversely, assume that (1)) has a (unique) solution (7", A7 M™), where phn, pAn € L2
and M™ is an Rf-valued martingale with finite second moments.
First note that, for t € .7 with t < oo, integration by parts gives

N A + t 'y"A_lz
e Oty = oo+ / e OSdM™ +/ 6_5872 (M — oM)ds. (4.5)
0 0
Next, we claim that
T T "A_12
G = - /0 0 dM] — /0 e Pl - s (4.6)

If T < oo, this follows from (L) for ¢t = T together with the terminal condition [@.2)). If T' = oo, we
argue as follows: since <,'0A7" S .,2”52, there exists an increasing sequence (¢, )nen with limg, o ¢, = 00
along which the left-hand side of (&H) converges a.s. to zero. Moreover, Proposition [AJ] the
martingale convergence theorem and ¢, o" € .252 show that the right-hand side of (.35l converges
(along t,) a.s. to

oo oo nA—1
R B

Hence, ([@6]) holds also in this case.

Inserting (4.6]) into (A1), taking conditional expectations and rearranging in turn yields (4.

It remains to show that the FBSDE (&I) has a (unique) solution (o™, @M M™). Since
the matrix %A‘lz has only positive eigenvalues (because it is the product of two symmetric
positive definite matrices, cf. [40, Proposition 6.1]), this follows from Theorem (for T'= o0) or
Theorem [A 4] (for T < c0), respectively. O



5 Equilibrium with Transaction Costs

5.1 Equilibrium Returns

We now use the above characterization of individually optimal strategies to determine the equilib-
rium return (u¢)ie 7, for which the agents’ individually optimal demands match the zero net supply
of the risky asset at all times. As each agent’s trading rate is now constrained to be absolutely
continuous, the same needs to hold for the exogenous noise-trading volume:

dipy = Py,

where di;, = uf dt+thw for p¥ € .,%2 and a local martingale M?¥. We also assume that 1, 1) € ,,2”52.
The key ingredient for the equilibrium return is the solution of another system of coupled but linear
FBSDEs:

Lemma 5.1. There exists a unique solution (o™, o) = (M1, ... 8N =L M AN=1) of the
following FBSDE:
dept = gihdt, o =0,

. ) (5.1)
dgp = dM; + (BCP? + o) — AG + Xt) dt,

satisfying the terminal condition cp =0 f T < co. Here, M is an RN =1 _valued martingale with
finite second moments, ¢ = ((CHT,...,(¢M)NT,

Nyt | 1) AT'S N ANl pA-15
(V N +7) 7 — 2
B— : . : e RAN—-1)xd(N-1)
Nl Als NNt N-1) A~'S
Mot A <% + ) Als
! 1\ ATy N1 A1y YN A1y
~N 7 2 N T2 N2
A— : . : : ¢ RAN-1)xdN
7 ATly (W*l _ N—1) ATl AN A-ly
N2 N v 2 N 2
and
-
1 (/ANA-1S T ANA-TS T
thﬁ<< Wy 4 6y — ) ( Wy + Sihy — > e RIN-1),

Proof. Lemma [A.5] shows that all eigenvalues of the matrix B are real and positive; in particular,
B is invertible. The assertion in turn follows from Theorem [A.2] for T' = co and from Theorem [A.4]
for T' < oo because (, x € .,2”62. O

We can now state our main result:

Theorem 5.2. The unique frictional equilibrium return is

T - NZ ny, S 9 .
pp =y O z—’y -2y By g, 5.2
n=1

The corresponding individually optimal tmdz’ng strategies of Agentsn = 1,..., N are o1, . oAN-1

from Lemma 50 and oMV = — YN T LA g,



Proof. Let v € ,,2”62 be any equilibrium return and denote by 9 = (9N, ... 98N the corre-
sponding individually optimal trading strategies. Then, market clearing implies that not only the
positions of the agents but also their trading rates must sum to zero, 0 = 27127:1 P 4 1/1 Together
with the FBSDEs (4.1]) describing each agent’s optimal trading rate, it follows that

N N
AT " ‘A .
0= dM; + E T(fy"mf’ — (e — "2 dt + E SOMdt + duy,

n=1 n=1
for a local martingale M. Market clearing implies 9V = — Zivz_ll 94" — 4, and so this gives

-1

N-1 N
A 3 oy

Since any continuous local martingale of finite variation is constant, it follows that
n

N-1
-y (7" =)
n=1 N

Plugging this expression for 14 back into Agent n = 1,..., N — 1’s individual optimality condi-
tion (4.1), we deduce that

N
. ny ) 2A .
O+ DG — B (- 0dk). (5.3)

n=1

—1

A" = dM' +

N o _m
( nﬁAn_i_Z'V " 79Am Vngn_Z%g;n) dt
m=1

1 [ynAT1S
+N<

1/1+(5¢t >dt, nzl,...,N—l.

Hence, (9M1, .. 9A8N=1 gAML 9AN=1) solves the FBSDE (G.1) and therefore coincides with its
unique solution from Lemma [l Market clearing in turn shows 9%V = oMV and (E3) implies
that the equilibrium return coincides with (5.2)). This establishes that if an equilibrium exists, then
it has to be of the proposed form.

To verify that the proposed returns process and trading strategies indeed form an equilibrium,
we revert the above arguments. Market clearing holds by definition of ™%, so it remains to check
that ¢™" is indeed optimal for agent n = 1,...,N. To this end, it suffices to show that the
individual optimality conditions (4.4]) are satisfied for n = 1,..., N. After inserting the definitions
of i, one first realises that for n =1,...,N — 1, ([#4) coincides with the respective equation in
(BI), and for n = N, this follows from market clearing. This completes the proof. U

5.2 Equilibrium Liquidity Premia

Let us now discuss the equilibrium liquidity premia implied by Theorem [£.2] i.e., the differences
between the frictional equilibrium returns (5.2]) and their frictionless counterparts ([8.I]). To this end,
denote by ¢, n =1,..., N, the frictionless optimal strategy from (24]) for Agent n, corresponding
to the frictionless equilibrium return (B.1):

Y (S —w)
$r = N

Zm:l 1/ym

t -



With this notation, the frictionless equilibrium return p can be written as

N 3
= =@+, (5.4)
n=1

Now subtract (£.4]) from the frictional equilibrium return (5.2]), use that — En 1 Lohn — AN 4y,
by the frictional clearing condition, and note that _1( A @7) = (=t + ) = 0 by frictional
and frictionless market clearing. This yields the following expression for the liquidity premium:

N

N
LiPry i — = 3 Z G+ 2l — o)~ 3 g+ )
n=1

=1

N

> >+%< ¢ o)
v

"N

3

2A

— @) + 5 (= ove), (5.5)

2|M ZIM

where 4 = Zn | % denotes the average risk aversion of the strategic agents.

Let us now interpret this result. A first observation is that if all agents are strategic and have
the same risk aversion, then the frictionless equilibrium returns ([B]) also clear the market with
transaction costs:

Corollary 5.3. Suppose there are no noise traders and all strategic agents have the same risk
aversion ¥ =" = ... =~4N. Then there are no liquidity premia.

A similar result has been established for exponential investors in the limit for small transaction
costs by [24]. In the present quadratic context, this result holds true exactly. A result in the same
spirit in a static model is [4, Corollary 4.12], where incompleteness also only affects strategies but
not equilibrium prices for mean-variance investors with homogenous risk aversions. Another related
result is [38] Proposition 12], where homogeneous risk aversion imply that the frictional equilibrium
converges to the frictionless one as the horizon grows.

However, this result no longer remains true in the presence of noise traders:

Corollary 5.4. Suppose that all strategic agents have the same risk aversion ¥y =~ = ... =17
Then:

. 2A .
LiPr; = W(,u}f — 0y).

To illustrate the intuition behind this result, consider the simplest case where the noise traders
simply sell at a constant rate, 1/1 < 0. Put differently, the number of risky shares available for
trading expands linearly. Then LiPr; = —%51& > 0. This illustrates how market growth can lead
to positive liquidity premia even for homogenous agents.

If there is only one strategy agent (N = 1), we are always in the setting of Corollary 54l An
example is the model of Garleanu and Pedersen [I8 Section 4] with a single risky asset (d = 1),
a single strategic agent without random endowment (( = 0) and exogenous noise traders, whose
positions 1, are mean-reverting around a stochastic mean

dipy = Ky (X — y)dt,

8Several groups of noise traders with different mean positions as considered in I8l Section 4] can be treated
analogously.




where X is an Ornstein-Uhlenbeck process driven by a Brownian motion W¥:
dX; = —kx Xdt + O'XthX.

In the notation from Section Bl we then have 1/}t = ky(Xy — 1) and

= —rprxXe — kgt = —kpkix X¢ — K (Xt — ) = Ky — kg (ky + kX)Xt

We therefore recover the nontrivial liquidity premia of [I8 Proposition 9], to which we also refer
for a discussion of the corresponding comparative statics.

To obtain nontrivial liquidity premia in a model with only strategic agents and a fixed supply
of risky assets, one needs to consider agents with heterogeneous risk aversions. To ease notation
and interpretation, suppose there are no noise traders (¢» = 0). Then, the liquidity premium (53]
is simplifies to

N
. )Y A _
LiPry = N Z(Vn =N = @)
n=1
This means that the liquidity premium is the sample covariance between the vector (y!,... AN )
of risk aversions and the current deviations (<,01{/X 1 _ Gpy- - ,90? N _ ©;' ) between the agents’ actual

positions and their frictionless targets. Hence, the liquidity premium is positive if and only if
sensitivity and excess exposure to risk are positively correlated, i.e., if the more risk averse agents
hold larger risky positions than in the (efficient) frictionless equilibrium. Then, these agents will
tend to be net sellers and, as their trading motive is stronger than for the net buyers, a positive
liquidity premium is needed to clear the market.

To shed further light on the dynamics of liquidity premia induced by heterogenous risk aversions,
we now consider some concrete examples where the aggregate of the agents’ endowments is zero
as in [3I]. First, we consider the simplest case where endowment exposures have independent,
stationary increments:

Corollary 5.5. Let the time horizon be infinite and consider two strategic agents with risk aversions
Y1 < 7, discount rate § > 0, and endowment volatilities following arithmetic Brownian motions:

Ctl = at+Nt7 Ct2 = _Ct17

for an R-valued Brownian motion N and a € R%. Then, the frictionless equilibrium return van-
ishes. The equilibrium return with transaction costs has Ornstein-Uhlenbeck dynamics:

A [ fmteEAtt 824 V=V A (71 —72)%
duy = (\/72 5 + 1 1 2Id 2/71 +725Aa wy | dt + 5 dNy.

Proof. The frictionless equilibrium return vanishes by ([BI)). In view of Theorem and since
¢? = —(', its frictional counterpart is given by

A (P =A%

pi = (A G- (5.6)

By Lemma 5. as well as Theorem [A2] (with B = %% and & = —(}) and the representation
(AI7) from its proof, Agent 1’s optimal trading rate is

. - 1)
¢N=&—<Ji—h)#ﬁ (5.7)

2

10



where

NnAPRATE . 5
2 2 4

S:—(\/Z—%Id)E[/ (VA + §1q) emVAFE 1 N,) du‘}}}

t

(\/Z = —Id> ( G+ (VA + gfd)—1a> .

A= Iy,

Here, we have used an elementary integration and the martingale property of N for the last equality.
Plugging this back into (5.7 yields

. 0 _
o == (VE-31) (o4 6+ (VB 1))

Inserting this into (5.6]) in turn leads to the asserted Ornstein-Uhlenbeck dynamics:

dpf = P2 (Mt 4 dc)
= Ol?)E <<_ (x/Z - gfd) <<p§\’1 +G+ (VAT gId)—la) + a) dt + dNt)
= (0522 (VA - {1) (A - F1)7"00) - 2 (VA = §10) =74 ) at + ©57%an,
- < v ( - %Id> DR <\/K - éId) »t ?) dt + MdNt
=% (VA1) =7 (2555 0ha — i) di + 522N,
( NEE= S Id> (22522000 — ) at + C522an,
where we have used Lemma [B2(b) in the last equality. O

Let us briefly discuss the comparative statics of the above formula. In line with Corollary [5.3] the
average liquidity premium 2“’1 72 5Aa and the corresponding volatility both vanish if the agents’ risk
aversions coincide. More generally, its size is proportional to the degree of heterogenity, measured
by 3;32 , multiplied by the discount rate §, the trading cost A, and the trend a of Agent 1’s position.
To understand the intuition behind this result, suppose that a < 0 so that Agent 1 is a net buyer
and Agent 2 is a net seller. Since v < 72, Agent’s 2 motive to sell dominates Agent’s 1 motive to
buy and hence an additional positive drift is required to clear the market with friction. Since these
readjustments do not happen immediately but only gradually over time, the size of these effects
is multiplied by the discount rate §: a higher demand for immediacy forces the more risk averse
agent to pay a larger premium.

Even for correlated assets, the average liquidity premium only depends on the trading cost
for the respective asset and the corresponding imbalance in Agent 1 and 2’s demands. The linear
scaling in the trading cost also shows that for small costs, the average value of the liquidity premium
is much smaller than its standard deviations (which then scale with the square-root of the liquidity
premium).

Finally, note that liquidity premia are mean reverting here even though the agents’ endowments
are not stationary. The reason is the sluggishness of the agents’ portfolios with transaction costs:
the stronger trading need of the more risk-averse agent is not realized immediately but only grad-
ually. This endogenously leads to autocorrelated returns like in the reduced-form models from the
frictionless portfolio choice literature [29] [46].
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Next, we turn to a stationary model where endowment exposures are also mean-reverting as in
[12] [18]. This generates an additional state variable, that appears in the corresponding liquidity
premia as a stochastic mean-reversion level:

Corollary 5.6. Let the time horizon be infinite and consider two strategic agents with risk aversions
Y1 < v, discount rate § > 0, and endowment volatilities with Ornstein-Uhlenbeck dynamics:

d¢l = —k(ldt + dNy, ¢t = —dc}, Cé = Cg =0,

for an R%-valued Brownian motion N and a positive-definite mean-reversion matriz k € R4,
Then, the frictionless equilibrium return vanishes. The equilibrium return with transaction costs
has Ornstein-Uhlenbeck-type dynamics with a stochastic mean-reversion level that is a constant
multiple of the endowment levels:

1 A2
dup =% <¢Z_ gfd> 51 <W(W§+ $14+ 1) — (VA - 31) k) - u?> dt
1_ .2
+ Wd]\fm

where = )
Y 0
_n + 2 + 2
2 2 4
Proof. As in Corollary 5.5 the frictionless equilibrium return vanishes by (B.1]), its frictional coun-
terpart is given by (B.0]), and Agent 1’s optimal trading rate is (B.7)). The only change is the target

process €', which can be computed as follows in the present context:
&= (VB ) [ (VA §1) e VRO B T
t
= — (\/Z — %Id> (\/Z + %[d)(\/z + %Id + H)_lgtl.

A

Here, we have used the expectation E[C!|F;] = e—rlu—t) ¢} of Ornstein-Uhlenbeck processes and an
elementary integration for the last equality. Plugging this back into (5.7) yields

Pt =~ (x/Z - gfd) <<p§\’1 +(VA+SI)(VA+ 31+ /-e)—%}) :
Inserting this (.0 in turn leads to the asserted Ornstein-Uhlenbeck dynamics:

dp = S (ot + d))
= 02 (< (VA= 31) (o + (VA + SI)(VA + 310+ m) 7)) = w¢l) b+ Ay
=3 (VA= 31) =7 (U2 (k(VA + SLatm) ™ = (VA = 310 7hR) G - ) dt
+ 2, O

For a single risky asset (d = 1), the mean-reversion level of the liquidity premium in Corollary (.6l
can be rewritten as

(72 - 71)2/{((5 + ’%) Ctl _ 272 B ::;AK/(I{ + 5) <1 K ) Ctl'

2(VA + 81+ ) (VA = 31,) v+ VA gtk
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Since 71 < 72, the coefficient of ¢} in this expression is positive, so that the sign of the liquidity
premium depends on Agent 1’s risky exposure ¢}. If ¢} > 0, mean-reversion implies that Agent 1’s
exposure will tend to decrease, so that this agent will want to buy back part of her negative hedging
position in the risky asset. Conversely, Agent 2 will tend to sell risky shares. Since Agent 2 is more
risk averse, her selling motive dominates and needs to be offset by an additional positive expected
return to clear the market, in line with the sign of the above expression.

A Existence and Uniqueness of Linear FBSDEs

For the determination of both individually optimal trading strategies in Section M and equilibrium
returns in Section [B], this appendix develops existence and uniqueness results for systems of coupled
but linear FBSDESs

dpr = pdt, 09 =0, teT, (A1)
dgbt = th + B ((,Dt — St) dt + (5Q0tdt, t e ,77 (A2)

where B € R has only positive eigenvalues, § > 0, and £ € £2. If T < oo, (A2) is complemented
by the terminal condition
o7 = 0. (A.3)

If T = oo, we assume that § > 0 and the terminal condition is replaced by the transversality
conditions implicit in ¢, ¢ € L2 for § > 0. A solution of (AIHAZ) is a triple (¢, p, M) for which
p,pE .,2”52 and M is a martingale on .7 with finite second moments.

We first consider the infinite time-horizon case. In this case, the linear FBSDEs (AJHA2])
can be solved using matrix exponentials similarly as in [I8]. To this end, we first establish a
technical result stating that the martingale M appearing in the solution of the FBSDE (ATHA 2])
automatically belongs to .Z2:

Proposition A.1. Let T = co. If (p,, M) is a solution to the FBSDE (AIHAZ), then M € .#?.

Proof. Let (p,$, M) be a solution to the FBSDE (A IHA 2]), where ¢, ¢ € ,,2”62 and M is a martingale
on [0,00) with finite second moments. Fix ¢ € (0,00). Then integration by parts yields

t t
e % = o + / e % dM, + / e % B(ps — &) ds. (A.4)
0 0

Let || - |2 be the Euclidean norm in R? and || - || max the maximum norm on R**. Rearranging (A.4))
and using subsequently the elementary inequality (a + b+ ¢)? < 3(a? + b? + ¢?) for a,b,c € R, the
elementary estimate ||Az|lz < V/||A||max||z||2, and Jensen’s inequality gives

t
/ e~ 05 d M,
0

2

t 2
<3 (HsboH% + e |3 + </0 e VU Bllmaxllps — §s|!2d8> )

2

. St 14 b
<3 (hulB+ 1l + 5180w [ e llo—lBas) . (A5)

°Due to the degeneracy of the forward component (A.L), general FBSDE theory as in [I5] only yields local
existence. However, the direct arguments developed below allow to establish global existence and also lead to explicit
representations of the solution in terms of matrix power series.
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The definitions of the maximum and Euclidean norms, the estimate [[N*, N?]| < Z([N'] 4+ [N?))
for real-valued local martingales N' and N2, and Itd’s isometry give, for ¢ € (0, 00),

S| il ] <ol g [

7'7]6{1776} 0

IN

t t
1E[ max /6_268d[Mi]s+ max /e_%sd[Mj]s}
2 |ie{1,...,0} Jo JE{Ll,...e} Jo

:E[ max /Ot e_%sd[M"]s} <FE é/ot e—%Sd[M"]s]

ie{l,....0}
t
‘ / e~ 05 d M,
0

Since ¢ € ,2”52, there exists an increasing sequence (¢, )nen With lim,, o ¢, = 0o such that

14

5[ v

i=1

2

2
] s

lim B [e_‘st”Hcpth%] —0. (A7)
n—o0
Monotone convergence, (ADHAT) and ¢, € ,,2”62 in turn yield

E [H / s g, } = lim P [H / " e—%Sd[M]s( ‘ / " s, 2]
0 max|  n—oo 0 0 2

) l * s
<3¢ (loull + 181w | [~ e lo - €] ) < .
Thus, M € 4 52 as claimed. O

] < lim F
max

n—o0

Theorem A.2. Suppose that T = oo, 6 > 0, and the matriz B from (A2) has only positive
eigenvalues. Set A = B + %[g. Then, the unique solution of the FBSDE (A.HA.2) is given by

t
o — / (e—(\/Z—guxt—s)gS) ds, (A.8)
0
where
g = <\/K _ gfg) E [/ <\/Z n glg) e~ (VA+31)(s= ¢ g ( }}} . (A.9)
t
Proof. Let (p,$, M) be a solution to the FBSDE (A IHA.2) and define
~ _9y
Q=€ 27
Using that
x ~ _ o4, 2 3 0. Sy
Y = —%g&t +e ztcpt, dpy = —%gptdt +e ztdgpt — %e 2tcptdt (A.10)

and the FBSDE (A IHA.2) for (¢, ), it follows that ((, p) solves the FBSDE
d@t = Qétdu QBO = 07 te gu (All)
d(ﬁt = th + B (@t — gt) dt + %@tdt, te ,77 (A12)
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where dM; = e_%tht and {Nt = e‘gt&. In matrix notation, this equation can be rewritten as

d(pe, p1) " = CrdMy + Co(pr, pr) T dt — Caéydt,

(0 (0 I, (0
=) =3 0) o-(3)

Integration by parts shows

with

de= (B, 5) 1) = e 2O dM, — e O3, dt,

and in turn

e~ C2u <(€“> = e 2t (cft> +/ e~ “>*CydM, — / e~ O 03€ds, for t < u < oo.
¢ ¢

Pu vt

Multiplying (A.13]) by the matrix

o N/
T \vAa

and setting H(t) = Cye~ 2t yields

H(u) <£:> — H() (ii) + /t " H(s)CyddT, — /t " H(s)Caads, for t < u < oo,

It follows by induction that

1
A" A2

62(—02t)2n — 1
An+§ AP

An—l—l An+§
Now, the power series for the exponential function allows to deduce

VAt AT VAL
H(t) = VRe-VAt VAL ]

Together with (A1), it follows that
VARG, e VA, = VARG, + e VRY,
+ / e_\/ZSdMS - / e_\/ZSBgsds, for t < u < 0.
0 0

(A.13)

(A.14)

- n+3 n
t2n’ 02(_C2t)2n+1 _ <A 2 A 1) t2n+17 n > 0.

(A.15)

By the assumption that ¢, ¢ € % € £2, (AI0) and the fact that all eigenvalues of VA are greater
or equal than §/2 (because B has only nonnegative eigenvalues), there exists an increasing sequence
(Un)nen with lim, . u, = +oo along which the left-hand side of ([A.I3]) converges a.s. to zero.
Moreover, since M € //452 by Proposition [A-7] and 5 € ,,2”52, the martingale convergence theorem
and monotone convergence (together with Jensen’s inequality) — also using that all eigenvalues of
VA are greater or equal than §/2 — imply that for u — oo (and a fortiori along (uy,)nen) the right

hand side of ([A.15) converges a.s. to

VAe Vg, 4 e VALS 4 / e~ VAN, — / e~V BE ds.
t t

15
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Together, these two limits show that (A.10) vanishes. Multiplying (A.10) by eV2!, rearranging, and
taking conditional expectations (using again that all eigenvalues of v/A are larger than or equal to
d/2) we obtain

5 =E [ / e“/z(s_t)Be_%sgsds‘}}} —VAG.
¢
Now, (AI0) and rearranging give

- B [/ e—\/ﬁ(s—t)Be—%(s—t)gsds‘]i} — <\/Z— glg) on
t

Finally, since B commutes with VA6~ (as B = (VA — %Ig)(\/z + gfg) and by Lemma [B.2|a))

it follows that B
Py =& — (\/Z — %Ig) Pt (A.17)

By the variations of constants formula, this linear (random) ODE has the unique solution (A.).
If a solution of the FBSDE (AHA2) exists, it therefore must be of the form (A.g]).

It remains to verify that (A.8) indeed solves the FBSDE (A.IHA.2)). To this end, we first show
that £ € £2. Indeed, denote by || - ||2 both the Euclidean norm in R® and the spectral norm in
R, Since all eigenvalues of B are positive, there is ¢ > 0 such that all eigenvalues of VA + %I I}
are greater or equal that § + . Hence, by Lemma [B.2(c) and the definition of the spectral norm,
it follows that
e—(\/z-i-%fg)t <@t e [0, 0).

2
Thus, by the definition of £ in (&), the fact that B = (VA — $I,)(VA + 31;), Jensen’s inequality
and Fubini’s theorem, we obtain

_ B _ _ .
E / &HS ” dt < ’ H2/ 6t/ (6+e)( t |:H§5H2] dsdt
0 (5+
||BH2/ / et —(64¢)s 2
< —= t E|||&s
<git [ (] ) o m g as

LTy
e(d+¢) Jo e B [[|&l5] ds < oo,

Next, we show that ¢ € ,2”52. Arguing similarly as above, we have

_(\/Z_gl‘f)t <e ', te|0,00).

2

e

Thus, by the definition of ¢ in (Ag), Jensen’s inequality and Fubini’s theorem and since £ € %72
by the above arguments, we obtain
[T [em g asi

B[ e ega
Z e~ (6+e)t es
<[ () dt) B8] ds

1

= ——" > —ds =12
~e(ed+e) /0 e B [||&s13] ds < oo

| /\
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By definition, we have g = 0. Next, integration by parts shows that ¢ satisfies the ODE (A1),
and this yields ¢ € .,2”52 (because ¢, & € .252). Define the Rf-valued square-integrable martingale

(Mt)té[(],oo) b
Mt =F |:/ e_\/ZSBgst‘]:t] )
0

where @; 1= e_%tgot and & = e_%t& as before. Then multiplying (A7) by the matrix e~ (VA+3I)t
and using (A10) as well as A — %I ¢ = B gives, after some rearrangement,

e_‘/Ztcﬁt =M, — /Ot e_\/ZSBgsds — \/Ze_\/&cﬁt.
Taking differentials, we therefore obtain
VA VAt e VAL S, = dM, — e VA BE AL — Ve VA, dt + Aem VA Gt
Rearranging, multiplying by eVAt and using that v/A and eVAt commute, it follows that
dj, = eVBUAM, — Bédt + Agydt.

Finally, again taking into account (A.10) and defining the martingale M (which has finite second
moments) by

th = e(\/Z-I-%Ie)tht, MO = MO?
we obtain that ¢ from (A.8) indeed satisfies (A THAD). O

Let us briefly sketch the financial interpretation of the solution; cf. [I8] for more details. In the
context of individually optimal trading strategies (cf. Lemma (1)), the ODE (A7) describes the
optimal trading rate. It prescribes to trade with a constant relative speed v A — g[ ¢ towards the
target portfolio

(VA-31)7'%=F [/ (VA +31,) e VB+EIl—0g g ‘ }}} .
t

In the context of Lemma [.1] this is an average of the future values of the frictionless optimal
trading strategy &, computed using an exponential discounting kernel. As the trading costs tend
to zero, the discount rate tends to infinity, and the target portfolio approaches the current value of
the frictionless optimizer, in line with the small-cost asymptotics of [36].

We now turn to the finite-horizon case. In order to satisfy the terminal condition ¢ = 0, the
exponentials from Theorem need to be replaced by appropriate hyperbolic functions in the
one-dimensional case [5]. In the present multivariate context, this remains true if these hyperbolic
functions are used to define the corresponding “primary matrix functions” in the sense of Defini-
tion [B.1l The first step to make this precise is the following auxiliary result, which is applied for
A =B+ %Ig in Theorem [A.4] below:

Lemma A.3. Let A € R‘. The matriz-valued function

G =% ﬁM(T _gyn (A.18)
n=0 :

ONote that fo ef‘/ZSBésds is square integrable because & € .27 and all eigenvalues of v/A are greater than §/2.
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is twice differentiable on R with derivative

. 1
t) = — An—l—l T — 2n+1
G(t) E:o @n 1)1 (T — )",
and solves the following ODE:
G(t) = AG(t), with G(T) = I; and G(T) = 0. (A.19)

Moreover, if the matriz A has only positive eigenvalues then, in the sense of Definition [B_1,
G(t) = cosh(VA(T —t)),  G(t) = —VAsinh(VA(T — t));

for 6 >0, the matriz AG(t) — $G(t) is invertible for any t € [0,T] and, for any matriz norm || - ||,

o1
sup (AG(t) — éG(t)) < 0. (A.20)
te[0,T 2
Proof. Note that > 7 ﬁHAH"(T — )" < oo for any matrix norm || - ||. Whence, G(t) is well

defined for each ¢ € R. By twice differentiating term by term, and estimating the resulting power
series in the same way, it is readily verified that G is twice continuously differentiable on R, has
the stated derivative, and is a solution of (A19).

Suppose now that A has only positive eigenvalues and § > 0. Then the first two additional
claims follow from Definition [B.1] via the fact that B = (v/B)? and the series representation of the
smooth functions cosh and sinh. The final claim follows from Lemma[B.2|c) and (d) since, for fixed
x € (0,00),

teifng} z cosh(z(T —t)) + $wsinh(z(T — t)) >z > 0.

O

The unique solution of our FBSDE can now be characterized using the function G(t) from
Lemma [A.3] as follows:

Theorem A.4. Suppose that T < oo and that the matric A = B+ %Ig has only positive eigenvalues.
Then, the unique solution of the FBSDE (A 1MA.2) with terminal condition [A3)) is given by

ot = /0 t (e o Peeg ) as, (A.21)

wherd ]
P =~ (860 - J60)  Bew), (A22)
g = <AG(t) - gé(t)> T p [ /t ! <AG(3) - gG(s)> Be‘g(s_t)gsds‘}}} . (A.23)

Proof. Let (¢, ¢) be a solution of the FBSDE (ATHA2) with terminal condition (A3) and set

)

Gt = e 2l

MNote that the inverses are well defined by Lemma [A.3]
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Using that

~ _ 4. 5 5 _s . _ 04
Py = —ggot +e 2, dp = —ggptdt + e 2tdp, — %e 2t dt (A.24)

and the FBSDE [ATHA2) for (¢, ¢) with (A3), it follows that (@, @) solves the FBSDE

d@t = (;Dtdt’ (150 = 07 te [07T] (A25)
A= dby + B (@1~ &) dt + G gudt, ¢ € [0,T), (A.26)

with terminal condition
o1 =—5¢r. (A.27)

Here dM, = e_%tht is a square-integrable martingale (because M is) and & = e‘gt&. In matrix
notation, this equation can be rewritten as

d(pe, o) = CrdMy + Co(pr, pr) ' dt — Caéydt,

0 0 I 0
=) =3 %) @=(s)

Integration by parts shows

with

ATy, 40) ") = T DMy — T Cséydt,

and in turn

¢ @ ’ " :
(;T> = C2(T—1) <t> + / 2= dM, — / eC2(T=5) Cat ods. (A.28)
YT Pt ¢ t

Set H(t) = e“>(T=% and note that

(Gt —ATG®)
H(”‘(—Gu) 0 >

for the function G(t) from Lemma [A3] as is readily verified by induction. Together with (A28),
it follows that

T _ T . _

P = G(1)@ — A1 ()G — / A=1C(5)dM, + / A=1Ci(5) Béods,

. . . Tt ~ T t ~

br =Gt} + G+ | Gl — [ Glo)Béds.

t t
Since ¢r = —%@T by (A27), this in turn yields
0= (éG(t) —G(t)) Pt + (—QA‘lG' t)+G(t)) ¢ ! —IATIC y
=(5 Ot 5 t)+G(t)) pr + S G(s) + G(s) ) dMs
t

+ /tT <%A‘1G(s) — G(s)) Béyds.
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Multiplying this equation by A and taking conditional expectations gives
. . T . ~ .
(acw) - 5¢m) é = F [ / (aG(s) - 3G(9)) Bgsds‘}}} + (A6 - SaG() .
¢
Now, using ([A.24]) and rearranging, it follows that

<AG(7§) - gc':(t)) e 3ty = E [ /t ! (AG(S) - gé(s)) Be‘gsésds‘}}}

After multiplying with the inverse of (AG(t) — %G(t)) (which exists by Lemma [A3) and using

that A — %Ig = B, this leads to B
o1 =& — F(t)pr- (A.29)

By the variations of constants formula, this linear (random) ODE has the unique solution (A.21]).
If a solution of the FBSDE (AIHA2) exists, it therefore must be of the form (A21)).

It remains to verify that (A2I) indeed solves the FBSDE (AIHA2). First, note that £ € £72
by the fact that £ € ,,2”62 and the estimate (A20), and in turn ¢ € ,,2”52. Moreover, by definition,
we have oo = 0. Next, integration by parts shows that ¢ satisfies the ODE ([A.29]), and this yields
¢ € 27 (because ¢, & € £2) and ¢r = 0 (because G(T) = I and G(T) = 0). Define the R'-valued
square-integrable martingale (Mt)te[o,T} by

M, = E [ /0 ' <AG(s) - gé(s)) Béds \ ft} :

where @, := e_%tgpt and & := e_%tﬁt as before. Then, multiplying (A.29) by (AG(t) - gG(t)) and

. 2 .
using (A24) as well as A — %I ¢ = B gives, after some rearrangement,

<AG(t) - g(;(t)) G = M, — /O t (AG(S) - gé(s)) BE,ds + <AG(t) - gAG(t)) Bt

Taking differentials, we therefore obtain

(AG(t) - gG(t)) Sedt + <AG(1€) - gc':(t)) dy
= dM; — <AG(t) - gc:(t)) BEdt + <AG(t) - gAG(t)) Gedt + <Aé(t) - gAG'(t)) Gt

Using that G(t) = AG(t) by the ODE (AI9) and taking into account that A commutes with both
G(t) and G(t) by Lemma[B.2(a), it follows that

<AG(7§) - gc':(t)) d, = dN, — (AG(t) - gc':(t)) B&dt + (AG(t) — 3G (1)) Agydt.
Now, multiplying with the inverse of (AG(t) - %G(t)) (which exists by Lemma [A.3]) and using

that A = B + %Ig, we obtain

ag = (AG() - 5¢0) " dit, + B (60— &) di + &gt
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Finally, again taking into account (A.24]) and defining the square-integrable martingale M by
. -1 _ _
dM, = 3t <AG(t) - ga(t)) AL, My = Mo,

we obtain that ¢ from (A2])) indeed satisfies the FBSDE dynamics (AIHA'2) with terminal con-
dition (A.3]). O

Let us again briefly comment on the financial interpretation of this result in the context of
Lemma 41l The basic interpretation is the same as in the infinite-horizon case studied in Theo-
rem [A.2l However, to account for the terminal condition that the trading speed needs to vanish,
the optimal relative trading speed in ([A.29)) is no longer constant. Instead, it interpolates between
this terminal condition and the stationary long-run value from Theorem [A.2] that is approached
if the time horizon is distant. Analogously, the exponential discounting kernel used to compute
the target portfolio in Theorem [A.2] is replaced by a more complex version here; compare [5] for a
detailed discussion in the one-dimensional case.

To apply Theorems and [A4] to characterize the equilibrium in Theorem it remains to
verify that the matrix 2B appearing there only has real, positive eigenvalues, since this implies that
the matrix A := B + %I ¢ has only real eigenvalues greater than §2/4 > 0.

Lemma A.5. Let A € R¥? be o diagonal matriz with positive entries A',..., A4 > 0, ¥ € R4

a symmetric, positive definite matriz and ', ...,y > 0 with ¥V = max(y',...,¥™). Then, the
matric
WAty AN AN LAy 1A°'S 0
N 2 N 2 T3
B = : : + e RIN-1)xd(N~-1)
WAta-ls | ANV Aly 0 AN-1ALS
N 2 N 2 2

has only real, positive eigenvalues.

Proof. First, recall that two matrices that are similar have the same eigenvalues. Since the matrix
—1

ATE has only positive eigenvalues (because it is the product of two symmetric positive definite

matrices, cf. [40, Proposition 6.1]), there is an invertible matrix P € R%“ and a diagonal matrix

U € R¥? with positive diagonal entries u',...,u? such that A;12 = PUP~'. Now, define the
matrix

P 0

0= . c RAN-1)xd(N-1)

0 P

A direct computation shows that () is invertible with inverse
P! 0
Q_l — .. e Rd(N—l)xd(N—l)'
0 p-1

Whence B is similar to B := P"!BP, and

,YNZGV1 U ,YN_J,\YTN—l U ’le 0
B= : : + )
’YNjg’Yl U ... 'YN—]’\YTJ\“1 U 0 VN_lU



To prove that B (and hence B) only has real and positive eigenvalues, we calculate the deter-
)

= xlyn-_1) — B for € C\ (0,00) and show that det(V(x)) # 0. So let
Cdxd

minant of V(x

x € C\ (0,00). Denote by Ry the commutative subring of all diagonal matrices in
let XY, ... RN=L 3, IV (2) € Ry be given by

and

N _ . n
T Ty and I(z) = aly —~"U.

N = —
N

With this notation, the RUN-1*xdN=1)_yalyed matrix V(z) can also be understood as an element

of REJN_I)X(N_I) (the (N —1) x (N — 1) matrices with elements from the diagonal matrices in R%*4)
and we have

Nl 4 31(1') N2 . Nn—2 NN_I
R N2 4 P2(2) : :
V() = : ‘ :
: : NV-2 + :[N_2(l‘) NV-1
Nl N2 NN_2 NN_l +3N_1($)

Now use that by [41l, Theorem 1], det(V(x)) = det(det(V (z))), where det : RElN_l)X(N_l) — Ry is
the determinant map on the commutative ring R4. By subtracting the last row (in R4) of V(x)
from the other rows, the problem boils down to calculating the determinant of

M)y o - 0 —IN-1(z)
) 0 TP : :
Ve =l ;
0 e 00 INT2(2) —IN=1(z)
Nl NZ . NN_2 NN_l + JN_l(l‘)

As z € C\(0,00) and for n € {1,..., N —1}, the eigenvalues of y*U are y"*u!,...,y"u € (0, 00), it
follows that det(1"(z)) # 0 and hence J*(x) is invertible for each n. Now, subtracting R"(1"(z))~!-
times the n-th row from the last row for n = 1,..., N — 2, the problem simplifies to calculating the
determinant of

x) 0 0 —IN-1(2)
0 - 0 0
(z) := 0 JN_2(x) _jN—l( )
0 0 L) (L+ LYW (@) )

As a result: Nl
2el(V () = (H T ) <Id+ 3 N“(J”(:c))—1> ,
n=1

and in turn

N-—1
det(V (2)) = det (Det ) - <H det(T"(x ) det <Id +3 N"(J"(m))_1> .

n=1
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It therefore remains to show that det (Id + N (I (2)) ) #0. As Ip+ SN IR (3 (2))
is a diagonal matrix, we have

N-—1 d N-1 ' 1
det <Id + Z N"(J"(az))_l) = H <1 + Z a"u’m> )
i=1

n=1 n=1
where a” = —VNZQW, ne{l,...,N—1}. As v = max(y',...,7"), we have o™ < 0 for each
n € {l,...,N — 1}. It suffices to show that for i € {1,...,d},
N-1 ' 1
1+ nz::l o™’ P P £ 0. (A.30)

Writing z = R(x) + 1%(35) and expanding each fraction in (A30) by R(x) — J(z)i —y"u’, we obtain
(

— Ayt — S(x)i
1 =1
+ Z a u — 7y uz + Z Oé fynuz)2 + %($)2
N-1
: 1
=1+R " . A.31
D ;“ " @) R+ S A3y
N-1 ' i
" 2 R — ) + (@)
N-1 1
1 Oé ’LL -

=1+ d'(x) + ' (x ) (A.32)

where T is the complex conjugate of x and

N—-1 ' 1

)= 2 T T S
N-1 —’y"ul

)= 2 o ey e SR

As each o™ is nonpositive, d'(z) is nonnegative and c‘(x) is nonpositive. Combining this with
7 € C\ (0,00), it follows that 1 + d'(x) + c(2)T # 0 so that all eigenvalues of the matrix B are
indeed real and positive. O

B Primary Matrix Functions

In this appendix, we collect some facts about matrix functions from the textbook [25] that are used
in Appendix [Al First, we recall the definition of a (primary) matrix function:

Definition B.1. Let A € C*f be a matrix with distinct eigenvalues A1, ..., A, m < £. Denote by
n; the algebraic multiplicity of \;, i € {1,...,m}. Let O be an open neighbourhood of A,..., A,
inCand f:0—Ca function[?

121t A € R®** and all eigenvalues of A are real, O can be taken as an open neighbourhood of A1,..., Am in R,
provided that f is also real valued.
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(a) The function f is said to be defined on the spectrum of A if it is n; — 1-times differentiable at
Aiy 1€ {1,...,m}.

(b) If f is defined on the spectrum of A, then the primary matriz function f(A) is defined by
f(A) :==p(4),

where p : C — C is the unique Hermite interpolating polynomial satisfying p*) (\;) = f*)(\;)
for k €{0,...,n; —1} and i € {1,...,3}

As a prime example, note that the exponential function is defined on the spectrum of all matrices
A € C™ and exp(A) is just the matrix exponential. We recall some elementary properties of
(primary) matrix functions:

Lemma B.2. Let A € C™¢ be a matriz with distinct eigenvalues A1, ...,Am, m < and f : C — C
a function defined on the spectrum of A. Then:

(a
(b) If P € C™* is invertible, then Pf(A)P~' = f(PAP™').

)
)
()
(d)

If P € C™* commutes with A, then f(A ) and P also commute.

The eigenvalues of f(A) are f(A1),..., f(Am).
f(A) is invertible if and only if f(N\;) # 0 for alli € {1,...,m}.

Proof. Assertions (a), (b) and (c) are parts of [25] Theorem 1.13]. Finally, (d) follows from (c) and
the fact that f(A) is invertible if and only if zero is not an eigenvalue. O

Finally, we recall a result on the principal square root [25 Theorem 1.29]:

Lemma B.3. Let A € R be a matriz whose eigenvalues are all real and positive. Then there
exists a unique matriz P € R with positive eigenvalues such that P? = A. It is given by the
primary matriz function P = /A in the sense of Definition [B_1l
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