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Abstract

The Brownian web (BW) is a collection of coalescing Brownian paths (W(, 1), (z,t) € R?)

indexed by the plane. It appears in particular as continuous limit of various discrete models

of directed forests of coalescing random walks and navigation schemes. Radial counterparts

have been considered but global invariance principles are hard to establish. In this paper, we

consider cylindrical forests which in some sense interpolate between the directed and radial

forests: we keep the topology of the plane while still taking into account the angular compo-

nent. We define in this way the cylindric Brownian web (CBW), which is locally similar to the

planar BW but has several important macroscopic differences. For example, in the CBW, the

coalescence time between two paths admits exponential moments and the CBW as its dual

contain each a.s. a unique bi-infinite path. This pair of bi-infinite paths is distributed as a pair

of reflected Brownian motions on the cylinder. Projecting the CBW on the radial plane, we

obtain a radial Brownian web (RBW), i.e. a family of coalescing paths where under a natural

parametrization, the angular coordinate of a trajectory is a Brownian motion. Recasting some

of the discrete radial forests of the literature on the cylinder, we propose rescalings of these

forests that converge to the CBW, and deduce the global convergence of the corresponding

rescaled radial forests to the RBW. In particular, a modification of the radial model proposed

in Coletti and Valencia is shown to converge to the CBW.
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1 Introduction

The Brownian web, BW in the sequel, is a much fascinating object introduced in [1, 32, 17]. Tt

is formed by a family of coalescing Brownian trajectories (W4, (z,t) € R?), roughly speaking
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starting at each point (z,t) of the plane R? (we consider only 2D objects in this paper). For
(z,t) € R,
(Waa(s),5 2 ) Do+ (BEY, s 2 1) (1)

s—t

where B(**) is a standard Brownian motion (BM) starting at 0 and indexed by (z,t). The trajecto-
ries started from two different points of the time-space R? are independent Brownian motions until
they intersect and coalesce. The BW appears as the continuous limit of various discrete models of
coalescing random walks and navigation schemes (e.g. [4, 8, 10, 12, 14, 15, 21, 23, 28, 33]).

Recently, radial (2D) counterparts of these discrete directed forests have been considered and
naturally, attempts have been carried to obtain invariance principles for these objects and define a
“radial Brownian web” (RBW; [2, 3, 9, 16, 34, 35, 25, 24, 26]). Nevertheless, the rescaling needed in
the BW case is somehow incompatible with a “nice Brownian limit” in the radial case. For directed
forests in the plane, time is accelerated by n? say, while space is renormalized by n, for a scaling
parameter n — +oc0. In the radial case, the “space and time” parameterizations are related by the
fact that the circle perimeter is proportional to its radius. This hence prevents a renormalization
with different powers of n (2 and 1 for n? and 1/n) unless we consider only local limits.

The main idea of this paper is the creation of the cylindric Brownian web (CBW) that allows
to involve the angular characteristic of the radial problems, while keeping a geometry close to the
plane. The usual BW is indexed by R x R, where the first component is the space component.
The CBW is an object indexed by the cylinder

Cyl = (R/Z) x R 2)

where the first component R/Z is the circle. Topologically, Cyl somehow interpolates between the
plane R x R and the plane equipped with the polar coordinate system (R/Z) x Ry suitable to
encode a RBW, as we will see.

Similarly to (1), we can define the CBW W = (W&,’t), (z,t) € Cyl) as the family of coalescing
trajectories

(WEi(s),5 2 ) @ (w4 BUY, 5 > 1) mod 1 (3)
that is, independent Brownian motions taken modulo 1 which coalesce upon intersecting. Note
that the time will be flowing upwards in the graphical representations of this paper, and hence the
notation with the upward arrow. Later, dual objects will be defined with their inner time running
downward. Also, to distinguish between planar and cylindrical objects, cylindrical objects will be
denoted with bold letters.

In Section 2, we recall the topological framework in which the (planar) BW as introduced by
Fontes et al. [17] is defined. Many convergence results on the plane leading to the BW can be
turned into convergence results on the cylinder with the CBW as limit since the map

proj: R — R/Z
r +—— xmodl

is quite easy to handle and to understand. We recall some criteria established in the literature that

allow to obtain the BW as limit of discrete directed forests. Then, we extend these results to the



cylinder for the CBW. We show that the CBW can arise as the limit of a cylindrical lattice web
that is the analogous of the coalescing random walks introduced by Arratia [1]. We end the section
by showing different ways to project the CBW on the radial plane to obtain radial ‘Brownian’
webs.

In Section 3, the properties of the CBW are investigated. We show in particular that there
is almost surely (a.s.) a unique bi-infinite branch in the CBW as well as in its dual, which is a
main difference with the planar BW. Starting with a discrete lattice and taking the limit, we can
characterize the joint distribution of these two infinite branches as the one of a pair of reflected
Brownian motions modulo 1, in the spirit of Soucaliuc et al. [30]. We also prove that the coalescence
time between two (or more) branches admits exponential moment, when its expectation in the plane
is infinite. All these behaviors are closely related to the topology of the cylinder.

In Sections 4 and 5, we play with the convergences to the BW in the directed plane, to the
CBW in the cylinder and to the RBW in the “radial” plane. In the plane, several examples of
directed forests in addition to the coalescing random walks of Arratia are known to converge to
the Brownian webs, for example [14, 28]|. Other radial trees such as the one introduced by Coletti
and Valencia [9] are known to converge locally to Brownian webs. We consider the corresponding
cylindrical forests and show that they converge to the CBW with a proper rescaling. For example,
in Section 5, we propose a radial forest similar to the radial forest of [9], built on a sequence of
circles on which a Poisson processes are thrown. When carried to the cylinder, this amounts to
throwing Poisson processes with different rates on circles of various heights. We show how the
rates and heights can be chosen to have the convergence of the cylindrical forest to the CBW,
which is carefully established by adapting well-known criteria (e.g. [17, 29]) to the cylinder. The
convergence for the latter model has its own interest: as the intensity of points increases with the
height in the cylinder, the convergence is obtained for the shifted forests. It is classical in these
proofs that the key ingredient for checking the convergence criteria amounts in proving estimates
for the tail distribution of the coalescence time between two paths. In our case, this is achieved by
using the links between planar and cylindrical models, and thanks to the Skorokhod embedding
theorem which connects our problem to available estimates for Brownian motions. However we
have to use clever stochastic dominations as well to obtain these estimates. Projecting the cylinder
on the (radial) plane then provides a radial discrete forests which converges after normalisation to
the radial Brownian web. This convergence is a global convergence, whereas only local convergences

are considered in [9].

2 Cylindric and Radial Brownian Web

In this Section we introduce the cylindric Brownian web, several natural models of radial Brownian
webs together with some related elements of topology, in particular, some convergence criteria. But
we start with the definition of the standard BW given in [17].

2.1 The standard Brownian Web

Following Fontes & al. [17] (see also Sun [31] and Schertzer et al. [29]), we consider the BW as a

compact random subset of the set of continuous trajectories started from every space-time point



of R” = [~00, 00]? equipped with the following distance p

p((x1,t1), (z2,t2)) = [[A(21, t1) — A(22, 12) |0 (4)
where the map A is given by

A B — 1,12

@) — (@0.9(0) = (S22, anh(r)) )

1+[t] 7

For ty € R, C[to] denotes the set of functions f from [tg, +00] to R such that ®(f(t),t) is
continuous. Further, the set of continuous paths started from every space-time points is

= | Clto] x {to}.
to€R

(f,to) € II represents a path starting at (f(to),t). For (f,to) € II, we denote by f the function
that coincides with f on [to, +00] and which is constant equals f(¢g) on [—00,tg). The space II is
equipped with the distance d defined by

(1ot (ft2) = (sup |20 0).0) = 20| ) v () ~ Wt

The distance depends on the starting points of the two elements of II, as well as their global graphs.
Further, the set H of compact subsets of (II, d) is equipped with the dz; Hausdorff metric (induced
by d), and Fy;, the associated Borel o-field.

The BW W = (W, (z,t) € R?) is a random variable (r.v.) taking its values in (H,Fz). It
can be seen as a collection of coalescing Brownian trajectories indexed by R2. Its distribution is
characterized by the following theorem due to Fontes & al. [17, Theo. 2.1]:

Theorem 2.1. There exists an (H, Fy)-valued r.v. W whose distribution is uniquely determined
by the following three properties.
(0) From any point (z,t) € R?, there is a.s. a unique path Wy ¢ from (z,t),

(1) For anymn > 1, any (x1,t1),..., (T, tn), the Wy, +.’s are distributed as coalescing standard

Brownian motions,

(ii) For any (deterministic) dense countable subset D of R?, a.s., W is the closure in (H,dy) of
(Wx,ty (.’E, t) c D)

In the literature, the BW arises as the natural limit for sequences of discrete forests constructed
in the plane. Let x be a family of trajectories in H. For ¢ > 0 and ¢y, a,b € R with a < b, let

iy (to, t;a,0) := Card{f(to +t) | (f,s) € x, f(to) € [a, 0]} (6)

be the number of distinct points in R x {tg + ¢t} that are touched by paths in x which also touch
some points in [a, b] x {to}. We also consider the number of distinct points in [a, b] x {¢o +t} which
are touched by paths of x born before tg:

0y (to, t; a,b) := Card{f(to +t) €la,b | (f,s)€x, s< to} . (7)

Th. 6.5. in [29] gives a criterion for the convergence in distribution of sequences of r.v. of (H, Fy)
to the BW, which are variations of the criteria initially proposed by [17]:



Theorem 2.2. Let (x")n>1 be a sequence of (H,Fy)-valued r.v. which a.s. consists of non-
crossing paths. If (x™)n>1 satisfies conditions (1), and either (B2) or (E) below, then x™ converges
in distribution to the standard BW.

(I) For any dense countable subset D of R? and for any deterministic y1,- - ,ym € D, there exists
paths Xy, s Xy, of X" which converge in distribution as n — +o00 to coalescing Brownian
motions started at yi, ..., Ym-

(B2) For anyt >0, ase — 07,

e limsup sup P(nyn(to, t;a,a+e) >3) = 0.
n—+00 (a,tg)ER2

(E) For any limiting value x of the sequence (X" )n>1, and for anyt >0, tp € R, a <b e R,
E(ﬁx(t07 t7 a, b)) < ]E(ﬁW(tOv ta a, b)) )
where W denotes the BW.

In this paper we focus on forests with non-crossing paths. But there also exist in the literature
convergence results without this assumption: see Th. 6.2. or 6.3. in [29]. For forests with non-
crossing paths, the condition (I) implies the tightness of (x")n>1. The conditions (B2) or (E)
somehow ensure that the limit does not contain ‘more paths’ than the BW. In the literature,
proofs of (B2) and (E) are both based on an estimate of the coalescence time of two given paths.
However, condition (B2) is sometimes more difficult to check. It is often verified by applying FKG
positive correlation inequality [19], which turns out to be difficult to verify in some models. When
the forest exhibits some Markov properties, it could be easier to check (FE) as it is explained in 23]
or [29], Section 6.1. Let us give some details. The condition (E) mainly follows from

limsupE(ﬁXn (to,e;a,b)) < 400, (8)
n—+oo
for any € > 0, to € R and a < b € R, which can be understood as a coming-down from infinity
property. Statement (8) shows that for any limiting value y, the set of points x(to;to + €) of
R x {to + ¢} that are hit by the paths of x(tp) — paths of x born before time t; — constitutes a
locally finite set. Thus, condition (I) combined with the Markov property, implies that the paths

of x starting from x(to;to + €) are distributed as coalescing Brownian motions. Hence,
b—a
7(t —¢)

b\/—g = E(fw (to, t; a, b)) 9)

as € — 0 and (E) follows. For details about the identity (9) see [29].

E(ﬁx(to)(tmt;avb)) < E(ﬁw(to+€,t7€;a,b)) =

_>

2.2 The Cylindric Brownian Web
We propose to define the CBW WT = (WT

st (x,t) € Cyl) on a functional space similar to

‘H so that the characterizations of the distributions and convergences in the cylinder are direct
adaptations of their counterparts in the plane (when these counterparts exist! See discussion in



Section 4.2). In particular, this will ensure that the convergences in the cylinder and in the plane
can be deduced from each other provided some conditions on the corresponding discrete forests
are satisfied.

The closed cylinder is the compact metric space Cyl = (R/Z) x R, for the metric

po((z1,t1), (z2,t2)) = dryz(1,22) V [V(t1) — V(t2)] (10)

where dg,z(x,y) = min{|z — y|,1 — [z — y|} is the usual distance in R/Z. In the sequel, we use as
often as possible the same notation for the CBW as for the planar BW, with an additional index
O (as for example p and po).

For ty € R, the set Cp[to] denotes the set of continuous functions f from [ty, +oo] to R/Z, and
o the set U, g Colto] x {to}, where (f,to) € Ilo represents a path starting at (f(to),?). For
(f,to) € Ilp, we denote by f the function that coincides with f on [tg, +oo] and which equals to
f(to) on [—o0,tp). On Ilp, define a distance dp by

do((furtr). (furta)) = (sgde/z<f1<t>,f2<t>>> VI (t) — W(ta)].

Further, Ho, the set of compact subsets of (Ilp,do) is equipped with the dz;, Hausdorff metric
(induced by dop), and Fy,,, the associated Borel o-field. The CBW is a r.v. taking its values in
(Ho,Fu,), and is characterized by the following theorem (similar to the Theo. 2.1. in Fontes &
al. [17] for planar BW).

Theorem 2.3. There is an (Ho, Fu, )-valued r.v. W' whose distribution is uniquely determined
by the following three properties.

(0) From any point (x,t) € Cyl, there is a.s. a unique path W;t from (z,t),

(1) for anyn > 1, any (x1,t1),..., (T, tn) the joint distribution of the WLE ’s is that of coa-
lescing standard Brownian motions modulo 1,

(ii) for any (deterministic) dense countable subset D of Cyl, a.s., W' is the closure in (Ho, dx,)
of (W;t7 (z,t) € D).

As in the planar case, the CBW WT admits a dual counterpart, denoted by W+ and called
the dual Cylindric Brownian Web. For details (in the planar case) the reader may refer to Section
2.3 in [29]. For any t; € R, identifying each continuous functions f € Colte] with its graph as
a subset of Cyl, f = —f = {(—=z,—t) : (z,t) € f} defines a continuous path running backward
in time and starting at time —ty. Following the notations used in the forward context, let us
define the set ﬁo of such backward continuous paths (with all possible starting time), equipped
with the metric Eo (the same as dp but on ﬁo). Further, ﬁo denotes the set of compact subsets
of (ﬁo, c/l\o) equipped with the Hausdorff metric induced by c?o. Theorem 2.4 of [29] admits the
following cylindric version.

Theorem 2.4. There exists an Ho x Ho valued r.v. (WT, W) called the double Cylindric Brow-

nian Web, whose distribution is uniquely determined by the two following properties:
(a) WT and —W+ are both distributed as the CBW.

(b) A.s. no path of W' crosses any path of W+.



Moreover, the dual CBW W is a.s. determined by W' (and vice versa) since for any point
(x,t) € Cyl, W¥ a.s. contains a single (backward) path starting from (z,t) which is the unique
path in ﬁo that does not cross any path in WT.

For all —oo <t <t' < 400, let us denote by f;t, the o—algebra generated by the CBW WT
between time ¢t and ¢':

Fly=o0 ({{W(T%s)(s'), t<s < t’} Lz ER/Z t<s< t’}) . (11)

We write .7-';, instead of F' The CBW is Markov with respect to the filtration (F} );er and

satisfies the strong Markov property, meaning that for any stopping time 7" a.s. finite, the process

oco,t’"

{{Wlre(T+s), 521}, 2cR/Z, t 20}

is still a CBW restricted to the semi-cylinder Cyl™ := (R/Z) x R* which is independent of Ny pF; .
In the same way, we can also define the o—algebra ]—"i .+, where ¢ > t/, with respect to the dual
CBW W+,

The convergence criteria [29, Th. 6.5] or Theorem 2.2 above has hence a natural counterpart
on the cylinder. For a,b € R/Z denote by [a — b] the interval from a to b when turning around the
circle counterclockwise, and by |a — b| its Lebesgue measure (formally: for a < b, [a — b] = [a, D]
and if a > b, [a = b] = [a,1] U [0,8]). For X ar.v. in Ho, denote by

1% (to,t; [a — b)) := Card{ f(to + 1) | (f,s) € X, f(to) € [a — b]}

be the number of distinct points in R/Z x {to +t} that are touched by paths in X which also touch
some points in [a — b] X {tp}. We also set

7% (to, t; [a — b)) := Card{ f(to +t) € [a = b] | (f,s) € X, s <to} .
Here is the counterpart of Theorem 2.2 in the cylinder:

Theorem 2.5. Let (x")n>1 be a sequence of (Ho, Fu,)-valued r.v. which a.s. consist of non-
crossing paths. If (x™)n>1 satisfies conditions (10), and either (B20) or (EO), then x™ converges
in distribution to the CBW W,

(I0) For any dense countable subset D any deterministic y1,--+ ,ym € D, there exists for every
n > 1, paths xy, ... xy,, in X" such that xy, ... x,, converge in distribution as n — +00 to

coalescing Brownian motions modulo 1 started at y1,...,Ym-

(B20) For anyt >0, ase — 0T,

e Mimsup sup P(ngn (to,t;la — a+emod1]) >3) = 0.
n—+00 (a,tg)€Cyl

(EO) For any limiting value x of the sequence (X" )n>1, and for any t >0, to € R and a,b € R/Z,

E(1< (to, t; [a — b)) < E(7G+ (to, t:[a — b])) .

This section ends with a summary of the relationships between nw, fw, 7, and 7+ where
W denotes the planar BW. First, in the plane, as noticed in [17] Section 2, nw (to,t;a,b) and



nw (to,t;a,b) + 1 are identically distributed. This can be shown using duality arguments. In the
cylinder the situation is a little bit different: it is not difficult to show that, for ¢,{g > 0 and
a,b e R/Z,

(d)
n\(I)VT (to t;la — b)) = AgvT (to, t;[a — b)) + INoBackCoal >

where the event NoBackCoal means that the cylindric BMs starting from (a, o) and (b, ) are
allowed to coalesce before time tg 4 ¢ but not from the side [b — a] (more precisely, |W(Ta to)(s) —
W(Tb7to)(s)| stays in [0,1) for s € [to, to + t]).

Moreover, for any ¢,ty > 0 and a,b € R/Z with |a — b|] < 1, we will prove at the end of the
current section that

7 (to, t; [a — b)) <s nw (to, t;a,b) (12)

where <g stands for the stochastic domination. Statement (12) traduces the following natural
principle: trajectories merge easier in the cylinder than in the plane. However there is no stochastic
comparison between ﬁgm and 7y . Indeed, the expectation of Hy (to, t;a,b) tends to 0 as t — oo
thanks to identity (9) whereas this does not hold in the cylinder. Theorem 3.1 (below) states the
a.s. existence in W7 of a bi-infinite path. So, for any ¢, to, ﬁgv? (to,t;]0 — 1]) is larger than 1 and,

by rotational invariance,
E (7 (to, t; [a — b)) = |a — b] E(7+ (o, ;[0 — 1])) > |a — b| .

It then remains to prove (12). Let us focus on the planar BW W restricted to the strip R x [t, to+1].

First, by continuity of trajectories, with probability at least 1 — ¢, there exists 4 > 0 such that
SuPg<a<s | Wato (to +d) — Wi 1, (to +d)| < 1 (since |a — b < 1) where W, ; denotes the BM starting
at (z,t). The coming-down from infinity property satisfied by the BW ensures that the number
of remaining BMs at level R x {t; + ¢} and starting from [a,b] X {to} is a.s. finite. Let x be this
(random) number. When defining a realization of the BW, we need to decide, in case of coalescence
of two trajectories, which one survives. In order to compute ny (to, t; a, b) we label these remaining
BMs by 1,...,x from left to right and when two of them merge, the BM having the lower label
is conserved while the other one is stopped. This stopping rule allows us to determine the set of
labels of remaining BMs at level R x {tg + t}, say £, whose cardinality is nw (to, t; a,b). Now, let
us complete the previous stopping rule as follows: if the BM with label 2 < j < k meets the path
1+ Wy, between times to 4+ ¢ and ¢y + ¢ then it stops. Although 1 + W, ;, does not correspond
to any trajectory in the planar BW W-— and then appears as artificial —, it coincides with W 4,
in the cylinder and then has label 1. According to this completed rule, we obtain a new set of
labels of remaining BMs at level R x {to 4 t}. It is included in £ and its cardinality has the same
distribution than 1, (fo,¢;[@ — b]). In conclusion the previous construction allows us to bound
from above ngm (to,t;[a — b)) by nw (to,t; a,b) on an event of probability at least 1 — e, for any
e>0.

2.3 The Cylindric Lattice Web

As for the BW, the CBW can be constructed as the limit of a sequence of discrete directed forests
on the cylinder. For any integer n > 1, define the “cylindric lattice” as :

Cyll, = {(z,t), x € Z/2nZ, t € Z, x —tmod2 = 0},



and consider (£(w),w € Cylgn) a collection of i.i.d. Rademacher r.v. associated with the vertices
of Cyll, . The cylindric lattice web (CLW) is the collection of random walks

w2t — (W21, w e cyll,)

indexed by the vertices of Cyl} , where for w = (z,t),

2n»
W(Q;l;) &) = = (13)
W(Q;L;)(s) = W?;lf)(s 1)+ f(W?;tT) (s—1),s—1)mod2n, s>t

The sequence of paths (W21 w e Cyll ) is equivalent to that introduced by Arratia [1] in the

planar case. The union of the random paths ((W?:;)(s),s),s > t) for (z,t) € Cyll , coincides

with the set of edges {(w,w + (€(w),1)),w € Cyl},} (see Figure 1). The dual W2+ of W21 is a

10 1

2 7

0
- lém\\ T o
%5, - e
5 =

0 _5 -10 -15

Figure 1: Standard and cylindric lattice webs: the primal and dual ones are respectively in blue and red.
reversed time CLW (and shifted by 1) defined on the “dual” Cyl3, of Cyll -
Cyly, = {(z,t),x € Z/2nZ,t € Z,x —tmod 2 = 1}

W24 s the collection of random walks W2+ = (va”’i, w € Cyl%n) indexed by the vertices of
Cylén such that for w = (z,t) € Cylén, and using the same family ({(w), w € Cylgn) as before:

W) =
2n,,¢ _ 2n,] 2n,| (14)
W(Lt)(s) = W(Lt)(s +1)— E(W(‘T’t)(s +1)—(0,1)),s), for s <t.

We define, for any h € Z, for any direction D € {1,]}, the horizontal slice by
Slice? (h) = CylY, N (Z/2nZ x {h}),

so that the random walks (W2 w € Slices, (h)) start from the points of Slicel), (h).

The normalized CLW and its dual are defined as follows. For D € {1,/]} and for any (z,t) in
Cyld), set
W(2”)7D s) 1 2n,D

t t
— 2 ; — ; —
(2t () = 5 W (4n%s) for s > S D=t ands< —if D=|. (15)



Since WE?;))’D(Zans) takes its values in Z/2nZ, 2n is the right space normalization, which implies

the time normalization as usual.

Proposition 2.6. The pair of renormalized CLW (W(zn)’T,W(zn)vi) converges in distribution to
the pair of CBW (WT, W),

Proof. Let us first prove the convergence of the marginals. Since W2™T and W?2™! have the same
distribution (up to a reversal of time and a shift by 1).

To do it, we mainly refer to the proof of the convergence towards the (planar) BW of the
sequence of lattice webs (W(Q”))nzl, obtained from normalizing the random walks on the grid
Gr = {(z,t) € Z*, x —t mod 2 = 0} similarly to (15): see [17, Section 6] for further details. As
for (I) the proof of (I0) is a basic consequence of the Donsker invariance principle and is omitted
here. The same coupling argument used to prove (12) leads to the following stochastic domination:
forn>1,t €R,t >0, a€[0,2n] and € > 0,

nev(gn)‘T(tO7 tila = a+¢]) <s nyen (to, t;a,a+¢) . (16)

Hence condition (B2) satisfied by the rescaled (planar) lattice web W™ (see Section 6 in [17])
implies condition (B20) for W )T Then Theorem 2.5 applies and gives the convergence of
(WET), <1 to WT.

The convergence of the marginals implies that the distributions of {(W®W:T W) o,
form a tight sequence in the set of measures on Hp X ﬁo. It then suffices to prove that any
limiting value of this sequence, say (X', X¥), is distributed as the double CBW (W', W+). To do
it, we check the criteria of Theorem 2.4. Item (a) has already been proved. To check (b), let us
assume by contradiction that with positive probability there exists a path 7, € X" which crosses
a path 7 € Xt

By definition of (X', X+), this would lead to the existence, for n large enough and with positive
probability, of a path of W®):" crossing a path of W)+ This is forbidden since the lattice

webs have non crossing paths. O

2.4 Radial Brownian Webs
2.4.1 The standard Radial Brownian Web and its dual

Our goal is now to define a family of coalescing paths, indexed by the distances of their starting
points to the origin in R2, that we will call radial Brownian web. Let us start with some topological
considerations. Our strategy consists in sending the semi-cylinder Cyl™ := (R/Z) x R* onto the
plane equipped with the polar coordinate system (R/27Z) x R by using the map

vy R/ZxRY — (R/27Z) x RT (17)
(x, fu(t)) +— (27x,t) ’

where f,(t) := t/(4w?). The presence of factor 1/(472) will be discussed below. Let
Slice(h) = {(z,h),z € R/Z},

be the horizontal slice at height h of Cyl. For any ¢ > 0, ¢, projects Slice(f«(t)) on Circle(0,t) :=
R/277Z x {t}. It also identifies Slice(0) with the origin.
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The map ¢, induces the metric p, on the radial plane R/27Z x RT by

pe((21,t1), (w2, t2)) := po (' (z1,11), 05 ' (w2, 12)),

for any elements (z1,t1), (r2,t2) € (R/27Z) x RT. Following the beginning of Section 2.2, we can
construct a measurable space (H,, F3;,) equipped with the distance p,. Of course, the map ¢, is
continuous for the induced topology, so that the image of a (weak) converging sequence by @, is
a (weak) converging sequence. We call standard in-radial Brownian web, and denote by RBW™*,
the image under o, of the dual CBW W+ restricted to Cylt. In particular, ¢, sends the trajectory
Wif*(t)(s) for s going from f,(t) to 0 on the path RBW,.?, ;(s) for s going from # to 0 where

RBW,.* ,(s) := sexp (QiWWi’f*(t)(f*(s)D . (18)

Notice that the natural time of the trajectory RBW,,?, ; is given by the distance to the origin, since
the radius satisfies:
IRBW3.® .(s)| = s .

2mx,t

The families of paths (Wi £ (@ fu(t)) € Cyl™) that coalesce on the cylinder when ¢ evolves
from +oo to 0, are then sent on radial paths (RBW_’?, (texp(iz) € C)) that coalesce when they
are approaching the origin 0. This is the reason why RBW™* is said in-radial, and the notation
— o evokes the direction of the paths, “coalescing towards the origin”.

Moreover, for any 1 < s < ¢, ¢, sends the part of cylinder delimited by times fi(s — 1) =
(s —1)/(47?) and f.(s) = s/(47?) (i.e. with height 1/(47%)) to the ring centered at the origin and
delimited by radii s — 1 and s (i.e. with width 1). Then, on the unit time interval [s — 1; 5], the

increment of the argument of RBW,,S, ,, i.e.
2rW! ) (fuls = 1)) = 20W] . (fi(s)) mod 27

is distributed according to the standard BM at time 1 taken modulo 27. This is the reason why
RBW™* is said to be standard. As a consequence, the trajectory RBWZ{ turns a.s. a finite number
of times around the origin.

As the standard BW, the CBW and the in-radial Brownian web admit special points from which
may start more than one trajectory and whose set a.s. has zero Lebesgue measure. See Section 2.5
in [29] for details. Except from these special points, the in-radial Brownian web RBW™* can be
seen as a tree made up of all the paths {RBW '’ (s),0 < s < t}, (z,t) € R/27Z x RT, and rooted
at the origin. Its vertex set is the whole plane. Th. 3.1 in the sequel also ensures that this tree
contains only one semi-infinite branch with probability 1.

Let us denote by RBW®*™ the image under ¢, of the CBW WT restricted to CylT. We call it
the standard out-radial Brownian web. The map ¢, sends the trajectory {W;f* (t)(s)7 s> fi(t)}
of the cylindric BM W;f*(t) starting at (z, f(t)) € Cyl™ on the out-radial (continuous) path
{RBW3 . ;(s),t > s} where

RBWS., ,(s) i= sexp (2mW] | (£.(5))) -

Unlike the in-radial path RBW,’?, RBW}/ is a semi-infinite path which moves away from the ori-
gin. Finally, the out-radial Brownian web RBW®™ appears as the dual of the in-radial Brownian

web RBW™®. Indeed, the CBWs W' and W+ are dual in the sense that no trajectory of WT
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crosses a trajectory of W+ with probability 1 (see the proof of Prop. 2.6). Clearly, the map ¢,
preserves this non-crossing property which then holds for RBW™*® and RBW*™.

Figure 2: Projections of the cylindric lattice webs W1 (black) and A\ ACO (red) on the plan by ¢..

Let us recall that WE™):T and W)t denote the normalized cylindric lattice webs obtained
from W21 and W2™+: see (15). Let us respectively denote by RLWSX™:® and RLWS2™™ the

2w, t 2w, t

radial lattice webs obtained as images under ¢, of W*™:T and W) restricted to Cyl*. Using
the continuity of ¢, it is possible to transfer the convergence result of Prop. 2.6 from the cylinder

to the plane. Then, the convergence result below is a direct consequence of Prop. 2.6.

Theorem 2.7. The pair (RLW(Q")’ﬂ', RLW(Q")"H) converges in distribution to the pair of standard
radial Brownian webs (RBW™* RBW®™).

2.4.2 Other Radial Brownian Webs

In this section we explore different radial projections of the cylindric Brownian web (W', W+) into
the plane. Let us first describe the general setting. Let f be an increasing continuous function,
defining a one-to-one correspondence from an interval I C RT onto an interval J C R. Define the
bijective map ¢ by:

vr: R/ZxJ — R/20Zx1I

0,f(t) — (2n6,t) (19)

As previously, R/27Z x I represents a subset of R? (actually a ring) parametrized by polar coor-
dinates. The map ¢ sends the restriction of the CBW W to the part of cylinder R/Z x J on a
radial object defined on the ring R/27Z x I, denoted by f-RBW™* and also called radial Brownian
web. In this construction, the function f is a winding parameter. For instance, if 1,2 € I, the
argument variation (in R) around the origin of the f — RBW:Q' between radii 1 and 2 (where
x € [0,2n] is the initial argument) is a centered Gaussian r.v. with variance 472(f(2) — f(1)). The
standard radial Brownian web introduced in the previous section corresponds to the particular

case I = Rt J =Rt and f(t) = t/(4n?), for which the argument variation of a trajectory on a
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ring with width ¢ is simply a Gaussian N (0, ¢).

Our second example of maps f allows to project the complete pair (W', W+) parametrized by
Cyl to the plane. Let us consider the bijection from I = (0, +00) onto J = R defined by f(¢) := Int
(or any other map f sending (0, +00) onto R). Then, the radial Brownian web f-RBW™*— image
of W+ by ¢ ¢ —presents an accumulation phenomenon in the neighborhood of the origin. Indeed,
the argument variation around the origin between radii € and 1 has distribution N (0, 47| In(¢)|),
and thus goes to +oo in the neighborhood of 0 (¢ — 0%) when it stays bounded in any other
bounded ring far away from 0.

Our third example of map f provides a tree — given by the trajectories of f-RBW™*® — having
many semi-infinite branches with asymptotic directions. A semi-infinite branch ¢ (if it exists) of
the tree f-RBW™* is said to admit an asymptotic direction § € R/27Z whenever arg(zy) — 6, for
any subsequence (z1) C ¢ such that |z;| — oo. To show that f-RBW™*® admits many semi-infinite
branches, let us consider the bijection f from I = R™ onto J = [0;1) defined by f(t) := % arctan t.
For a small ¢ € (0,1), the map ¢ projects the thin cylinder R/Z x [1 — ¢;1) on the unbounded
set R/27Z x [tan(m(1 — £)/2); +00). On the (small) time interval [1 —&;1), the CBMs have small
fluctuations, and then the tree f-RBW™* admits semi-infinite branches with asymptotic directions.
The next result proposes a complete description of the semi-infinite branches of f-RBW™°.

Remark 2.8. The standard radial Brownian web could appear a bit impetuous to the reader: the
fluctuation of the argument along a trajectory parametrized by the modulus, being a BM mod 2,
the trajectories may have important fluctuations far from the origin. The choice f(t) = Int of
Example 2 provides a radial forest where the paths look like coalescing BMs locally and far from
O: between radii v and r + 1, the fluctuations are of variance 1/r. This model is invariant by

INVErsion.

Proposition 2.9. Consider the f-RBW for a bijection f from I = Ry into an interval J with
compact closure such that f can be extended continuously to adh(J). With the above notations, the

following statements hold.

1. A.s. any semi-infinite branch of f-RBW™* admits an asymptotic direction.

2. A.s. for any 0 € R/2nZ, the tree f-RBW™* contains (at least) one semi-infinite branch with

asymptotic direction 0.

3. For any (deterministic) 0 € R/2nZ, a.s. the tree f-RBW™* contains only one semi-infinite

branch with asymptotic direction 6.

4. A.s. there exists a countable dense set D C R/2wZ such that, for any 0 € D, the tree

f-RBW™* contains two semi-infinite branches with asymptotic direction 0.

5. A.s. the tree f-RBW™® does not contain three semi-infinite branches with the same asymp-

totic direction.

Proof. The first two items generally derive from the straight property of the considered tree: see
Howard & Newman [22]. However, in the present context, it is not necessary to use such heavy
method and we will prove them directly. For the sake of simplicity, we can assume that J = [0, 1).
Let us first consider a semi-infinite branch ¢ of f-RBW™*°.
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By construction of the f-RBW, there exists a path v of the CBW on R/Z x J such that
¢ = @f(v). The path v of the CBW on R/Z x J is a Brownian motion that can be extended
by continuity to R/Z x [0,1] by (6,1), say, implying that the first coordinate of ¢ converges to
6/(27) when the radius tends to infinity. This means that the semi-infinite branch ¢ admits 6 as
asymptotic direction. The proof of the second item is in the same spirit.

The key argument for the three last statements of Th. 2.9 is the following. With probability
1, for any # € R/27Z and x := 0/27, the number of CBMs of W+ starting at (z,1) is equal to the
number of semi-infinite branches of f~-RBW™* having 27z as asymptotic direction. With Th. 2.3
(0), it then follows that the number of semi-infinite branches of f-RBW™* having the deterministic
asymptotic direction 8 € R/27Z is a.s. equal to 1. This key argument also makes a bridge between
the (random) directions in which f-RBW™*® admits several semi-infinite branches and the special
points of W+. Given t € R, Th. 3.14 of [18] describes the sets of points on the real line R x {t} from
which start respectively 2 and 3 BMs. The first one is dense and countable whereas the second
one is empty, with probability 1. These local results also hold for the CBW W+ (but we do not
provide proofs). O

Remark 2.10. Cylinders may also be sent easily on spheres, by sending the horizontal slices h €
(a,b) of the cylinder to the horizontal slice g(h) of the sphere {(z,y,h) € R? : 22 +y>+g(h)? = 1},
where —o0o < a < b < 400, and g is an increasing and bijective function from (a,b) to (—=1,1).
Somehow, sending cylinders onto the plane allows to contract one slice (or one end) of the cylinder,
and sending it on the sphere amounts to contracting two slices (or the two ends) of the cylinder.
Again, this point of view will provide a suitable definition for the spherical Brownian web and its
dual.

3 Elements on cylindric lattice and Brownian webs

In this section, two differences between the CBW and its plane analogous are put forward. Firstly,
each of CBW W' and W+ contains a.s. exactly one bi-infinite branch; this is Th. 3.1, the main
result of this section. This property is an important difference with the planar BW which admits
a.s. no bi-infinite path (see e.g. [13] in the discrete case). The distributions of these bi-infinite
paths are identified by taking the limit of their discrete counterparts on the cylindric lattice web.

Secondly, the coalescence time of all the Brownian motions starting at a given slice admits
exponential moments (Prop. 3.10). This is also an important difference with the planar case,
where the expectation of the coalescence time of two independent Brownian motions is infinite,
which comes from the fact that the hitting time 71 of 0 by a Brownian motion starting at 1 is
known to have distribution P(my € dt) = e~ /(2% /\/2713.

3.1 The bi-infinite branch of the CBW

For any z,2’ € Cyl”, t € R, denote by

T (x,2',t) =inf {s >t W(TLt)(s) = W(Tx/7t)(8)} (20)
TH(z, 2’ t) =sup {s <t: Wé’m)(s) = W(lm,’t)(S)} (21)
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the coalescence times of the cylindric Brownian motions W(TT 0 and W{T/ 1) one the one hand, and
of W(ix and W7, . on the other hand. Set for D € {1, |},

(',t)

)
TP(t) = max {TP(z,2/,t), (z,t), (2',t) € Slice(t) }

the coalescence time of all the Brownian motions (going upward if D =1 and downward if D =|)
starting at Slice(t).

Consider a continuous function v : R — R/Z. We say that v, or rather, its graph {(v,¢),t € R}
is a bi-infinite path of the CBW W7, if there exists an increasing sequence (tx,k € Z) such

that limg, ooty = —00, limg 400ty = 400, and a sequence (xp,k € Z) such that for any
ke Z, W(ka,tk)(tlﬁ_l) = Tgy1, and W(Tmtk)(s) = 7, for s € [tg,tr11]. Similarly, we say that
{(74,t),t € R} is a bi-infinite path of the CBW W, if there exists an decreasing sequence (3, k € Z)
such that limyg_, o tx = 400, limg_s 400tk = —o0 and a sequence (zx, k € Z) such that for any
keZ, Wi, o (tei) = appr, and Wi, () =, for s € [thy, ).

Theorem 3.1. With probability 1, any two branches of the CBW W7 eventually coalesce. Fur-
thermore, with probability 1, the CBW W contains evactly one bi-infinite branch (denoted CT).

A notion of semi-infinite branch is inherited from the cylinder via the map ¢,:

Corollary 3.2. The standard out-radial Brownian web RBW®™ possesses a unique semi-infinite

branch.

Proof of Theorem 3.1. The first statement is a consequence of the recurrence of the linear BM.

Let us introduce some stopping times for the filtration F*. First let 74! = T%(0) (the coalescing
time of the CBW W+ coming from Slice(0) in the dual), and successively, going back in the past,
bk = T4(r+*=1) Since the primal and dual paths do not cross a.s., it may be checked that all
primal Brownian motion W(Tgmm) for x € Slice(7+*) have a common abscissa, say = _, at time
7hE=1 " that is in Slice(7+*~1). In other words, they merge before time 7+*~1. A simple picture
shows that at «j,_,, the dual W+ has two outgoing paths, and thus the primal W(Tw;,l,fiv’“—l) is
a.s. a single path (see e.g. [29, Theorem 2.11], and use the fact that the special points of the CBW
are clearly the same as those of the BW).

We have treated the negative part of the bi-infinite path. The positive path is easier, since a
bi-infinite path must coincide with the trajectory W(ng,o) for its part indexed by positive numbers.
As a consequence, the sequence defined by :

—fork>0byt_p=71hF 2\ =1,

~for k> 1by ty =k, wpy =W (t)

does the job if we prove that 74*s are finite times that go to —oo a.s. But this is a consequence of
the strong law of large numbers, since 74 is a sum of i.i.d. r.v. distributed as 7+! a.s. finite and

positive (by continuity of the BM and comparison with the planar BW). O

Similarly, it can be proved that any two branches of W+ eventually coalesce and that W+

contains a.s. a unique bi-infinite path that we denote C*.

3.2 The bi-infinite branch of the CLW

As we saw in Prop. 2.6, the CBW can be obtained as a limit of a CLW when the renormalization
parameter n in the CLW tends to +o00. We first show that the CLW also has a bi-infinite path and

15



use the explicit transition kernels for the trajectories of the CLW to obtain, by a limit theorem,
the distribution of (CT, C¥). The latter are two reflected Brownian motions, as described by [30].

The coalescence times of the random walks starting at height h € Z are respectively :

THh) = inf{t >hor W2 = W2 (1), Y, w' € Slicegn(h)},
THR) = sup {t <h @ W2(t) = W2H(t), v, w' € sncegn(h)} .

Since for any two points w,w’ € Cyl", W2»T and Wi}f’T eventually coalesce a.s., we have a.s., for
any h,
TN(h) < 400,  T¥(h) > —oc. (22)

For D € {,]}, a bi-infinite path of Cyl}), is a sequence (z;,1)icz, such that for all i € Z,
x; — x;—1 mod 2n € {1,2n — 1}. We say that W2™P contains a bi-infinite path C2*? if there is a
bi-infinite path C?™P of Cyl3, whose edges are included in the set of edges of W2™P,

Proposition 3.3. A.s., W21 and W?™ each contains a unique bi-infinite path.

Proof. Take the slice h and consider T (h). Since the paths from W?2% do not cross those of
W2+ the paths in W2+ started from h + 7)1 (h) all meet before slice h. Let C?“*(h) be their
common position at height h. Let us consider the sequence (7, k € N) defined similarly to the
one introduced in the proof of Th. 3.1: 7,1:* = 0 and for k > 1, 7'T k =TI (r]**=1). This sequence
converges to 400 a.s. since 7,]** is the sum of k independent r.v. distributed as 7,"* = 7.1 (0). The
sequence of paths v, = W(Qgi RPN
C! = limy_, 1 o0 T 7% that is unique by the property (22). The construction of the bi-infinite path

for W2™T follow the same lines. O

is increasing for inclusion and defines a bi-infinite path

Let us describe more precisely the distribution of (C?™T, C?"+). Let h; < hy be two heights.
We show that (C?™T C27) is distributed on a time interval [hy, hs], as a Markov chain with
explicit transitions.

For any process X = (X;,4 € Z) indexed by Z, and hy < hg, let us denote

X[hlahQ} = (Xh17Xh1+17"' 7X}L2)7 a‘nd X[h'27h'1] = (XhzaX}Lg—lv"' 7Xh1)'

Lemma 3.4. For hy < hg, we have

(i) C2M(hy) and C2"*(hy) are independent r.v. respectively uniformly distributed in Slicel (hy)
and Slicel,, (ha),

(i1) For any (21, x5) € Slicel (hy) x Slice}, (hs), conditionally on (C*™1(hy), C2*4(hy)) = (21, x2),

d n 2n,l}
(CQn,T[hl, hg], C2n,¢[h27h1]) (:) (W(le’j\h )[hl,hg] W w7 ho )[h2, hl]) (23)

If Pait™(xy, 29, hy, hy) denotes the support of (VV2nT )[hl,hg] W?:Q‘Lh )[hl,hg]), then for any
(01702) S Pall’;rll'(l‘l,xg,hl,hg)
P (W [ hal, WIS, b ha]) = (1, C) ) = 272 H(E.Co) (24)

where Nb(Ch, Cy) is the “number of contacts” between Cy and Cy :

Nb(Cy, Co) = #{i € [h1, ha — 1] : C1(i) = Cali + 1)} (25)
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Proof. The family (C?™T(h),h < hy) (resp. (C?>"*(h),h > hy)) is a function of the Rademacher
r.v. placed on Uycp,Slicel, (h) (resp. on Upsp,Slicel (h)). Hence, (C*T(h),h < hy) and
(C?4(h),h > hy) are independent, and independent of C?*“T[hy, hy — 1]. Clearly, C>"(h;)
and C2"+(hy) have invariant distributions by rotation, so they are uniform, and (23) holds.

Using the Rademacher r.v. £’s defined at the beginning of Section 2.3, we have

(W, [, o), Wit Ry, ho]) = (Ch, Ca)} =
{Vh1 <i < hy, &(Ci(i),3) = C1(i+ 1) — C1(i) mod 2n

and  &(Ca(i+1),i) = Ca(i + 1) — Ca(i) mod 2n}, (26)
since the edges of the dual are determined by the edges of the primal. The number of Rademacher
(£(w),w € Cyl} ) contributing to the above event is 2(hy — h;) — Nb(Cy, Cy), hence the result.
Nb(Cy,Cy) = #{i : (C1(i),i) = (Ca(i+1),4)} is the number of edges (£(u),u € Cyl}, ) contributing
to the definition of both (Cy, Cy). Apart these edges, each increment of C* and of CT are determined
by some different Rademacher r.v. Hence 2(ha — hy) — Nb(Cy,C3) edges determine the event
{(W[@hhl)[hl, hg],wfm’m[hl, hs]) = (C1, Ca)}. O

From the above Lemma, it is possible to give a representation of the vectors C*™*1[hy, hy] and

C?"4[hy, hy] with a Markov chain whose components both go in the same direction 7.
Lemma 3.5. We have
d
(C2"V Iy, ha), € iy, o)) D (My[ha, ho), Ma[hy, h))

where M = (M, Ms) is a Markov chain whose initial distribution is uniform on Slicegn(hl) X

Sliceén (h1), and whose transition kernel K is defined as follows:
Zf dZ/ZnZ(aa a/) > ]-7
K((a,a’),(a +ecmod2n,a’ +&' mod2n) = 1/4,  for any (e,&') € {~1,1}2 (27)

if dzanz(a,a’) =1,

K((a,a+1),(a+1,a+2) = 1/2
K((a,a+1),(a—1,a+2)) = 1/4,
K((a,a+1),(a—1,a)) = 1/4,
K((a+1,a),(a,a—1)) = 1/2, (28)
K((a+17a)a(a+2aa_1)) = 1/47
K((a+1,a),(a+2,a+1)) = 1/4,

where a,a — 1,a 4+ 1,a + 2 are considered modulo 2n.
Notice that the starting points of M is a pair of uniform points at time h;, while for C2™[hy, ho]

and C2"+[hy, hy] the starting points were on two different slices (see Lemma 3.4).

Proof. First, both distributions have same support, which is
U PairT’i(ZCl,fﬂg,hl,hg),
(zl,zg)ESHcegn(hl)XSIiceén(hQ)

the set of pairs of non-crossing paths living on Cylgn X Cyl%n. By Lemma 3.4, we see that
for any pair (C1,Cs) in this support we have P((C;"[h1,ha], C}"*([h1, ha]) = (C1,Ca)) =

2—2(h2—h1)+Nb(C1,C2)  The Markov kernel has been designed to satisfy the same formula. O
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3.3 Distribution of (C', C¥)

In the sequel, we consider the sequence (C2™1, C?"4), .y correctly renormalized and interpolated
as a sequence of continuous functions. We will prove its convergence in distribution on every
compact set [hi, h] (with hy < hy) to (CT,CY), a pair of reflected Brownian motions modulo
1 (see Figure 3). This result is similar to that of Soucaliuc et al. [30] introduced in the next
paragraph.

Let F : R — [0, 1] be the even, 2-periodic function defined over [0, 1] by F(x) = x.

Let us consider Uy and Us two i.i.d uniform r.v. on [0,1], and B and B’ two i.i.d. BM starting
at 0 at time h; and independent of U; and Us. Let (YT, Y*+) be the following continuous process
defined for ¢ € [hy, hs] and taking its values in Cyl?

YT, y4H(t) = <U1 + % — H(t) mod 1,U; + % + H(t) mod 1) , (29)

where H (t) represents half the “distance” |YT(t) — Y¥(¢)] :

H(t) = w (30)

Since F' is bounded by 1, YT and Y+ never cross.
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Figure 3: The infinite paths of the CBW (in red) and of its dual (in blue) are distributed as reflected

Brownian motions modulo 1.

Theorem 3.6. We have the following convergences in distribution:
(i) Let hy < hy. Let U} and U} be two independent uniform r.v. on Slicea, (hy) and Slices, (hz)
respectively. Then in C([h1, hal, (R/Z)?):

W2t (4n2 ) W2 (4n2 )
Ui Ui @Dyt yhy, (31)

2n ’ 2n n

(ii) In C(R, (R/Z)?):

e
2n ’ 2n - (€.CY)

n

(cw(zm? ) Cd(4n? .)) (@)

and (CT,ct) L (vt vh.
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Notice that for ¢t = hyq,
(YT(hy),Y*(hy)) = (U — F(Us)/2 mod 1,U; + F(U)/2 mod 1)

which is indeed a pair of i.i.d. uniform r.v. on [0, 1] as expected in view of Lemma 3.4 (4).

The remaining of this section is devoted to the proof of Theorem 3.6, which is separated into

several steps. Let us start with point (i).
Step 1: Tightness of (ijﬁvT (4n2.)/(2n), W2+ (4n? ) /(2n))

By translation invariance, we may suppose that h; = 0 and set hy = T. The tightness of the
family of distributions of (WQ” Tan2.)/(2n), W2t (4n? )/ (2 )) in C([0, 7], (R/Z)?) follows from
the tightness of its marginals that are simple well rescaled random walks on the circle. Now, our
aim is to identify the limiting distribution. For that purpose, and in view of Lemmas 3.4 (ii) and
3.5, we study more carefully the Markov chain (M, Ms).

Step 2: Angle process between M; and M

Let us extend the notation [a — b] and |a — b| for a and b in R/2nZ. For the Markov chain M

defined in Lemma 3.5, the angle process between the two components is
A(i) = [ My (i) — Ma(i)], i>0.

Of course, for any 4, (M (i), Ma(i)) = (M7 (i), M1(i) + A(i) mod 2n). We will focus on the asymp-
totics of (M7 (i), A(3)),i > 0).

Recall that M7 and M; are simple non-independent random walks with Rademacher increments.

Let us write:

Mi(i) = M1(0)+i:R2j—17
My(i) = M2(0)+iR2j

where (Rg;,7 > 1) and (Rg;—1,7 > 1) are two families of i.i.d. Rademacher r.v., the two families
being possibly dependent from each other. The process A takes its values in the set of odd integers

in [0, 2n], and its are sums of 2 Rademacher r.v.

Now, let us consider the simple random walk
)+ Z 1)/ Rj = My(i) — My (i)

starting from A(0). If M; and My were allowed to cross, then A(i) would be equal to Z(2i). We
have to account for the non-crossing property of the paths of W2™ T,

19



A random walk (Z;,7 > 0) is said to be the simple random walk reflected at 0 and 2n, and
starting at some b € [0, 2n] if (Z;,7 > 0) is a Markov chain such that

P(Ziy1=ax1|Z;=a) = 1/2, for any a € [1,2n — 1].

For any discrete time process X, denote by
AX; =X — Xi,
the ith increment of X. We have

Lemma 3.7. The distribution of the process ((A(i), My (3)),7 > 0) starting at (A(0), M;(0)) where
A(0) € [1,2n — 1] is odd, and M1(0) € [0,2n — 1] is even is characterized as follows:

For (Z;,i > 0) a simple random walk reflected at 0 and 2n, and starting from A(0), we have:

(A(1),i > 0) L (Zas,i > 0) L Fyp (Zas,i > 0), (32)

where Fo, : Z — [[0,2n], the even 4n-periodic function, defined on [0,2n] by Fo,(z) := x.

The random walk My starting at M7(0) admits as increments the sequence
(AM1(3),i > 1) = (—AZy_1,i > 0), (33)
that is the opposite of the increments with odd indices of Z.

Notice that the second identity in (32) holds in distribution only: as defined, the reflection
only modifies the increments that follow the hitting times of 0 and 2n, whereas the map Fs,, turns
over large part of the trajectory (Z;,7 > 0). Denoting by ws,(£) = |£/(2n)] the discrete “winding
number” of ¢, according to Lemma 3.7, the increments of the process M7 under this representations

are B
AM,(0) = (—1)¥Z2-DAZ o, 4.

Proof of Lemma 3.7. The distance | M (i) — Ma2(i)| decreases when AM; (i) = Rg;—1 = 1 increases
and increases when AM;(i) = Ro; = 1, so that Z(2i) would be equal to A(4) if the two walks were

not constrained to not cross. We would also have
AM; (i) = —(Zoi—1 — Zai—2) = —AZ2_1. (34)

Since 0 and 2n are even, and since Z(0) = A(0) is odd, the random walk can hit 0 and 2n only
after an odd number of steps. In other words, the reflection will concern only the steps with even
indices. Therefore, let (Z;,i > 0) be the random walk Z reflected at 0 and 2n: the odd increments
of Z and of Z are the same, and the even increments correspond except when Zy; 1 € {0,2n}, in
which case the reflection implies that Zs; = 1z,, ,—0+ (2n —1)1z,,_,—2,. It is easy to check from
(27)-(28) that (Z2;, ¢ > 0) has the same distribution as the angle process (A(¢),7 > 0) started from
A(0) one the one hand, and as (F,(Z2;),i > 0) on the other hand.

Finally, notice that because the odd increments are the same, (34) also holds for Z. O
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Step 3: Identification of the limit

Lemma 3.8. Let Uy, Uy are two uniform r.v. on [0,1], let B and B’ be two BMs, all being
independent. We have in C(R4,R/7Z) that

2n ’ 2n n

<M1(4n2~) A(4n2.)> 9Dy, + B~ H() mod 1,2H(.)) (35)

where H(t) :== F(Uy + /2B;)/2, has been defined in (30).

Proof. Let us first consider the angle component. Since the discrete process A(4n?t)/(2n) is the
difference between two (dependent) suitably rescaled random walks which are both tight under
this rescaling, the process A(4n%t)/2n is tight in C(R,, R/Z). To characterize the limiting process,

write

A(An®t)  Fon(Zspz) _ r (an2t>

2n 2n 2n
since for every x and every n, Fb,(2nz) = 2nF(z). The central limit theorem implies the con-
vergence % @, Uy + N(0,2t) for a fixed ¢ > 0. Since, the mapping g — (¢t — F(g(t)) is
continuous on C (I&_F, R/Z)s, the independence and stationarity of the increments of Z provide the
finite dimensional convergence of the angle process in (35).

M, (4n?.) R .
=45, — converges in distribution to a BM modulo 1, but

2
that is not independent from the limit H of %

For the first component, we know that
. The result is a consequence of the following

lemma, proved in the sequel. O

Lemma 3.9. Let B and B’ be two independent BM, and let X = B + B’ be the sum process. For
any (bo, o) € R?, conditionally on {(X; = x4,t € [0,7]), By = bo, By = xo — by}, we have
To | B". x. B”.)

[0,T]

+ -+ bo + - —

2 "2 R 2 V2 (36)

d)
(B.,B")o,1 9@ (bo—

for an independent BM B".

Step 4: Proof of Theorem 3.6 (ii).

Consider two levels hy < hy. First, remark that the restriction of (CT,Ct) to the compact
interval [hy, ho] has same distribution as (W[T]T,WJ[’] 1) on [hy, hy], where UT and U+ are indepen-
dent and uniformly distributed on Slice(h;) and Slice(hs) (indeed, WT(h;) depends only on what
happens below the level h; and W+ (hy) depends only on what happens above the level hs.

From (31), it remains to prove that (WTUT,WiUl) on [hy, hy] is distributed as (YT, Y+).

For any (z,h) € Cyl, the map I,y : F € (Ho,dwn,) = Wign) € C([h, +00),R\ Z) that asso-
ciates to a forest the path started at (x, h) is continuous. From Prop. 2.6, we thus deduce that the
Markov chain M of Lemma 3.5 correctly renormalized converges on [hi, ho], when n — +o0, to
(W ity /2 Wt a2 ()€ o) the paths of CBW and its dual. We deduce that (YT, Y)

has the same distribution. This concludes the proof of Theorem 3.6.
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Proof of Lemma 3.9. Since we are dealing with Markov processes with stationary increments and
simple scaling properties, it suffices to show that for Xy, Xo, N 3 i.d.d. A(0,1) r.v. , we have that
conditionally on § = X; + Xo,

(X1, X2) @ (

No|

9=
vo]

Sl =

+ )-

This is a consequence of Cochran theorem, which gives that (X; — S/2, X5 — S/2) is a Gaussian
vector independent from S. Since X; — S/2 = (X; — X3)/2 = —(X3 — S/2), introducing N/v/2 =
X1 — S/2 finishes the proof. O

—~

3.4 The coalescence times have exponential moments

Th. 3.1 states that the coalescence times T (z,2’,t) and T (t) are finite a.s. Due to the compact-
ness of the space R/Z, we can prove in fact that they admit exponential moments.

Proposition 3.10. (i) There exist b > 0, M < +oo such that for any x,2’ € R/Z and anyt € R,
E {eb(TT(z,x’,t)ft)} < M.
(ii) For any t € R, the coalescence time T (t) admits exponential moments :
da >0, E [ea(TT(t)_t)} <00 .

Proof. For both assertions, by the time translation invariance of the CBW, it suffices to consider
only the case t =0 .

(i) We can assume that 0 < z < 2’ < 1. We have before crossing time

(W0 (8) = W (6,0 <t < T(a,’,0)) € (2 — 2+ V2B(t)mod 1,0 < t < T(x,',0)),
where B is a standard usual Brownian motion. Hence T'(z, 2’,0) has same distribution as the exit
time of a linear BM B from the segment [—(z’ — ), 1 — (¢’ — z)]. This exit time is known to admit
exponential moments (see e.g. Revuz & Yor [27, Exo. (3.10) Chap. 3]).

(ii) We will use a very rough estimate to prove this fact.

Let for k > 0, A be the following independent events :
Ay = {TT(2k) < 2k + 2}

meaning that all trajectories born at height 2k have coalesce before time 2k + 2. If we show that
p = P(Aj) > 0, then T(0) < min{k, Ay holds} is bounded by twice a geometric r.v. p, and then
has some exponential moments. So let us establish this fact.

For this, we use a single argument twice. Consider Z the hitting time of two BM starting at
distance 1/2 on R/Z. Clearly ¢ :=P(Z < 1) > 0. Let us now bound P(Ay). For this consider “half
of the dual CBW” (W(ia:,l)’ 0 < x < 1/2) starting at Slice(1). With probability ¢ these trajectories
merge before Slice(0). Conditionally to this event, all primal trajectories (W(Tm’o),x € Slice(0))
starting at time 0 a.s. avoid the dual trajectories, and satisfy W(Tmyo)(l) € (1/2,1), meaning that,
with probability ¢ at least, they will be in the half interval (1/2,1). But now, the two trajectories

W and W/

(1.1) will merge before time 2 with probability q. Conditionally to this second

+
(1/2,1)
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event, with probability > 1/2, the merging time of (W(Tr )T E (1/2,1)) is smaller than 1. Indeed
on Cyl, by symmetry, when W(T1 /2.1) and W(T1,1) merge, they “capture” all the trajectories starting
in [1/2,1] (which will merge with them) or they capture all the trajectories starting in [0,1/2].
Since both may happen, the probability of each of this event are larger than 1/2. Hence p > ¢2/2
and the proof is complete. O

3.5 Toward explicit computations for the coalescence time distribution

Notice that an approach with Karlin-McGregor type formulas can lead to explicit (but not very

tractable) formulas for the distribution of the coalescing time of several Brownian motions. Let us

consider 0 < 1 < x93 < -+ < x < 1, and denote by T} the time of global coalescence of the k
T

L0 Wy

Taking to the limit formulas obtained by Fulmek [20], we can describe the distribution of the

Brownian motions W(Tm

first coalescence time T*7*~! between two of these paths :
THR= (25,1 <0 < §) = min{TT (2, 2,41,0), 1 <i <k} (37)

with the convention that x;+1 = x1, and where TT(:Ei, Zi11,0) is the time of coalescence of W(z 0)

as defined in (20). We will omit the arguments (z;,1 < ¢ < j) in the notation

J

p(T9i-1 /dy1 /dyglo<y1<yz< <yJ<1[ZSgn H _x”i(@)} (38)

where o denotes the rotation o?(¢) = ¢ +i mod j and where

1 (x —m)?
Oy (z) = ﬁngzexp(— T)

Explicit formulas for the Laplace transform of 79771 are not established in general cases to our
knowledge, except for the following special case when k = 2 and 6 < 0 (see e.g. Revuz & Yor [27,
Exo. (3.10) Chap 3]):

E(€0T24>1) _ cosh ( |9|%) (39)

cosh (\éj)

Using that E(eeTHHj) =1+ f0+oo 0eP'P(T7+177 > t)dt and the Markov property, we can
finally link (37) and Tj:

k—1

E() = T B (B W0 WeT) | W(Ty),... W(T})) ), (40)
j=1

where T} is the time of the k£ — jth coalescence (at which there are j Brownian motions left) and
(W1(Tj),... W(T;)) are the values of the k coalescing Brownian motions at that time (and hence
only j of these values are different).

It is however difficult to work out explicit expressions from these formula.
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4 Directed and Cylindric Poisson trees

Apart from the (planar) lattice web W2, defined as the collection of random walks on the grid
Gr = {(z,t) € Z*, x —t mod 2 = 0} (see |17, Section 6] or Figure 1), several discrete forests are
known to converge to the planar BW; in particular the two-dimensional Poisson Tree studied by
Ferrari & al. in [15, 14]. In Section 4.1, a cylindric version of this forest is introduced and we
state the convergence of this (continuous space) discrete forest to the CBW. See Th. 4.1 below.
Our proof consists in taking advantage of the local character of the assumptions (B20) and (B2).
Indeed, the cylinder locally looks like the plane and we can couple (on a small window) the directed
and cylindrical Poisson trees in order to deduce (B20) from (B2).

Finally, in Section 4.2, we discuss under which assumptions, conditions (B2) and (B20) can
be deduced from each other.

4.1 Convergence to the CBW

Let n > 1 be an integer, and 7 > 0 be a real-valued parameter. Consider a homogeneous Poisson
point process (PPP in the sequel) N with intensity A > 0 on the cylinder Cyl defined in (2).

Let us define a directed graph with out-degree 1 having N as vertex set as follows: from each
vertex X = (z,t) € N, add an edge towards the vertex Y = (2/,t') € N, which has the smallest
time coordinate ¢’ > ¢ among the points of N in the strip {(2”,t”) € Cyl | dg/z(t,t"”) < r} where
dryz(z,2") := min{|z —2"|, [1+2—2"|}. Let us set a(X) := Y the out-neighbor of X. Notice that
even if X does not belong to A/ the ancestor a(X) € N of this point can be defined in the same
way. For any element X € Cyl, define o"(X) := X and, by induction, a™"(X) := a(a™ (X)), for
any m > 0. Hence, (o™ (X))m>0 represents the semi-infinite path starting at X. We define by
W;‘(’T’T the continuous function from [t; +00) to R/Z which linearly interpolates the semi-infinite
path (0™ (X))mso.

The collection WA := {W"T X € N3} is called the Cylindric Poisson Tree (CPT). This is
the analogue on Cyl of the two-dimensional Poisson Tree introduced by Ferrari et al. in [15]. Also,
WHTT can be understood as a directed graph with edge set {(X, (X)) : X € Ny}. Its topological
structure is the same as the CBW (see Th. 3.1) or as the CLW (see Prop. 3.3). The CPT a.s.
contains only one connected component, which justifies its name: it is a tree and admits only one
bi-infinite path (with probability 1).

Let us choose A = n and rescale W™ T into W)™ T defined as

n),r. n,%,T t
ARSI {W@,t) (n®s); (x,1) € Ny, s> nz} .

Theorem 4.1. For r = 1/2, the normalized CPT Wt converges in distribution to the CBW

as n — 400.

Proof. As noticed in Section 2.2, only criteria (I0) and (B20) of Th. 2.5 have to be checked. The
proof of (IO) is very similar to the one of (I) for the two-dimensional Poisson Tree (see Section
2.1 of [14]) and is omitted. The suitable value r = 1/2 ensures that the limiting trajectories are
coalescing standard Brownian motions.
Let us now prove (B20). By stationarity of the CPT, it suffices to prove that for all ¢ > 0,
lim llimsup]P’ (nng,%n(o’t; [0 —¢]) > 3) =0. (41)

e—=0tT € no+oo
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Recall that among all the trajectories in W():2:1 that intersect the arc [0 — €] at time O,
(0,¢; [0 — €]) counts the number of distinct positions these paths occupy at time .

(n),%,7~ (07t7 [O - E]) and nW(W')(Ovt;07€)7

where W) denotes the normalized two-dimensional Poisson tree— whose distribution converges

o
Marm), 4.1
A first way to obtain (41) consists in comparing n\O?v

to the usual BW, see [14] —by using stochastic dominations similar to (12) traducing that it is
easier to coalesce on the cylinder than in the plane. Since W (") satisfies (B2) (see Section 2.2 of
[14]), 9D+ (0,85 [0 = €]) <s Ny (0,;0,) implies that W3+ satisfies (41) which achieves
the proof of Th. 4.1.

A second strategy is to investigate the local character of the assumptions (B2) and (B20).

Indeed, the map ¢ — n‘ON (0,%;[0 — €]) is a.s. non-increasing. It is then enough to prove (41)

(n), 4.1
for (small) 0 < t < 1 in order to get it for any ¢ > 0. The same holds when replacing \ARER
with W), Now, when ¢ and ¢ are both small, the (normalized) CPT W31 restricted to a
small window containing [0 — ¢] x [0;¢] behaves like the (normalized) two-dimensional Poisson
tree W) restricted to a window containing [0; ] x [0;¢] with high probability. As a consequence,
W 2.1 and W™ should simultaneously satisfy (B20) and (B2).

Let us write this in details. We use a coupling of the environment (the PPP) on some larger
window since the trajectories of the discrete trees on a window are also determined by the envi-
ronment around. Using some control of the deviations of the paths issued respectively from the
intervals I = [0 — ¢] x {0} and I. = [0;¢] x {0}, we determine larger windows Win' and Win,
which will determine the trajectories started from this sets to a certain time ¢. up to a negligible
probability p.. Using the constants that emerge from this study, we thereafter design a coupling
between the PPP on the cylinder and on the plane that coincides on VVingyI and Win, (up to a
canonical identification). This will allow us to deduce (B2) or (B20) from the other.

To design the windows that contains all paths crossing IECY' (or I.) up to time ¢, it suffices to
follow the trajectories starting at (0,0) and (¢,0). Consider the path (X3 = (zk, yx), k > 0) started
from (0,0) and consider the successive i.i.d. increments of this path denoted by (£7,&7) = AXk.
Before normalisation, (£7,&Y) consists of two independent r.v., where £f is uniform on [—7, +7]

with 7 = 1/2, and &} has exponential distribution with parameter A = 1, since
y 11 _
Pet 2 y) =P(N O ([~ 5. 5] x0.4) =0) =

Now, starting at 0, the renormalized trajectory on W ()31 is a random walk whose increments
d d
(f,i")’r, ,g")’y, k > 0) are i.i.d. such that ng,(f)’” @ &7, and n%,ﬁ"” @ &Y. Let us define the number
of steps for the rescaled path to hit ordinate ¢ by

J J
r ::inf{j21| Zf,(cn)’yzt} ) inf{jZl Zﬁ;‘anZt} .

k=1 k=1

The points {Zizl &7, j > 1} form a PPP © on the line with intensity 1, so that 7" =1+ #(© N
[0,n2t]) a.s. Therefore

Petn i=P(r" > cn?) = P(1+ P(n?*t) > n’c)

where P(z) is a Poisson r.v. with parameter z. For ¢ = 2t this probability ps; ; » is exponentially

small in n and the event A, := {7} < 2n%t} has probability exponentially close to 1. Now, on
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the event A, ,,, we can control the angular fluctuations of AWACOR- B

J
G = P(sup S >cx/¥> (42)
i<t i3
J
< P(AS,) P osup YT > eV (43)
7<2n2t =1

Thus, consider the process defined by

J J
) n)x (d) 1 )
sa(/n?) =3 67" E 23 Te, forj 20,
k=1 k=1

and interpolated in between. A simple use of Donsker theorem shows that

(sn(a))az0 % (\/%B(a)) a>0

in C(R4+,R) where B is a Brownian motion. Since for every ¢, on C([0,2¢],R), the functional

g — max |g| is continuous, one sees that

= P(Azt,t,mﬂm(sup |sn<a>|>cﬁ) (44)

a<2t

— P (sup |B(a)| > c@) =P <sup|B(a) > C\/é) . (45)
n—-+00 a<2t a<l

Take & > 0. Choose c large enough such that P (sup,<; |B(a)| > ¢v/6) < £?/2, and n large enough

so that ¢;,, < &2, and ¢ small enough so that eVt < 1/4. We have proved that with probability

larger than 1 — O(e2), the walk hits ordinate ¢ before its abscissa exits the window [—cv/%, cv/].

Since the decision sector for each step of the walker has width 2r/n, with probability more than

1 — O(£?), the union of the decision sectors of the walk before time ¢ are included in
[—eVt — 2r/n, eVt + 2r/n) C [~1/3,1/3] (46)

for n large enough. It is now possible to produce a coupling between the PPP on the cylinder and
the plane that coincides on a strip with width 2/3 : take the same PPP on the two strips (up to a
canonical identification of these domains), and take an independent PPP with intensity 1 on the
remaining of the cylinder or of the plane. Henceforth, any computation that depends only of such
a strip in the cylinder and in the plane will give the same result. Here, we then have here, for any
event Ev that depends on the trajectories passing through I Ecy' or I up to time t (for the constant

satisfying what is said just above)
PYY(Ev) = P, (Ev) + O(e?), (47)

so that the inheritance of (B2) from the plane to the cylinder is guaranteed, as well as the converse.
O

4.2 From the plane to the cylinder, and vice-versa: principles

When a convergence result of some sequence of coalescing processes defined on the plane to the
BW has been shown, it is quite natural to think that the similar convergence holds on the cylinder
too, and that the limit should be the CBW. The converse, also, should hold intuitively.
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The main problem one encounters when one wants to turn this intuition into a theorem, is
that, in most cases the constructions we are thinking of are trees that are defined on random
environments (RE) as a PPP or as lattices equipped with Rademacher r.v.. Both these models
exist on the cylinder and on the plane, leading to clear local couplings of these models. But, more
general RE and more general random processes exist, and it is not possible to define a “natural”
model on the cylinder inherited from that of the plane. We need to concentrate on the cases where
such a natural correspondence exists.

A similar restriction should be done for the algorithms that build the trajectories using the
RE. In the cases studied in the paper, the trajectories are made by edges, constructed by using a
navigation algorithm, which decides which points to go to depending on a “decision domain” which
may depend on the RE. For example, in the cylindric lattice web, the walker at position (x,t) just
needs to know the Rademacher variable attached to this point, so that its decision domain is the
point (x,t) itself. In the generalization of Ferrari & al. [15, 14| treated at the beginning of Section
4, the decision domain is a rectangle [z —r, z+7r] X (¢, t+h] where h is smallest positive real number
for which this rectangle contains a point of the point process (many examples of such navigation
processes have been defined in the literature, see [2, 3, 7, 8, 9, 10, 17, 16]). We may call such model
of coalescing trajectories as coming from “navigation algorithms, with local decision domains”.

There exist models of coalescing random processes of different forms, or that are not local (such
as minimal spanning trees). Again, it is not likely that one may design a general theorem aiming
at comparing the convergence on the cylinder with that on the plane.

“For a model defined on the cylinder and on the plane on a RE” as explained in the proof of
Theorem 4.1, when a local coupling between windows (or strip) of the cylinders and of the plane
exists, (B2) and (B20) “are morally equivalent”. Informally, the 4 conditions are:

1) the models are invariant by translations on respectively, the cylinder and the plane;

2) there exists a coupling between both probabilistic models which allows to compare W1 and
W™ at the macroscopic level: on a window Win := [0, A] x [0, B] for some (small) A, B > 0, the
environments on which are defined W():T and W™ can be coupled, and, under these coupling,
these RE coincide a.s.;

3) the restriction of the trajectories from W ()T and W) on [0,&] x [0,t.] are measurable with
respect to the environment in Win with probability 1 — O(¢!*%) for some a > 0;

4) the largest decision domain before hitting ordinate n?t is included in a rectangle [ay, b,] with
probability 1 — O(e'*?) where a,, = o(1) and b,, = o(1) (for the rescaled version).

5 Discrete Cylindric and Radial Poisson Tree

Coletti and Valencia introduce in [9] a family of coalescing random paths with radial behavior
called the Discrete Radial Poisson Web. Precisely, a Poisson point process © with rate 1 on the
union of circles of radius k € N\ {0}, centered at the origin, is considered. Each point of © in the
circle of radius k is linked to the closest point in © in the circle of radius k — 1, if any (if not, to
the closest point of © in the first circle of radius smaller than k& — 1 which contains a point of ©).
They show in [9, Th.2.5] that under a diffusive scaling and restricting to a very thin cone (so that
the radial nature of paths disappears), this web converges to some mapping of the (standard) BW.

A similar result is established in Fontes et al. [16] for another radial web.
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Our goal in this section is to establish a convergence result for an analogous of the Discrete
Radial Poisson Web of Coletti and Valencia [9] but which holds in the whole plane. Our strategy
consists in considering a cylindrical counterpart to the Discrete Radial Poisson Web and to prove
its convergence to the CBW (Theorem 5.1). Thenceforth, it suffices to map the cylinder on the
(radial) plane with ¢, defined in (17) to obtain a global convergence result for the corresponding

planar radial forest.

We modify a bit the model of [9] to make the involved normalizations more transparent and to
reduce as much as possible the technical issues, while keeping at the same time the main complexity
features. Consider an increasing sequence of non-negative numbers (hy, k € N), with Ay = 0, and

the associated slices of the cylinder:

Cyl' = R/Z x {hg, k € N} = | J Slice(hy) . (48)
keN

Consider the following Poisson point process on Cyl’,

== J&, (49)

where =, is a PPP on Slice(hy) with intensity nj > 0. The sequences (hy)x>1 and (ng),>1 are the
parameters of the model. Remark that the choice of ny = n (a constant) is treated in previous

sections. Here we are interested in the case where ny, hy — +00.

Given Z, let us define the ancestor a(Z) of a point Z = (z, hy) € Slice(hy) as the closest point
of Zgy1 if the latter is not empty and the point (z, hgy1) otherwise. This second alternative means
that instead of moving to the closest point of the first non-empty slice with rank &’ > & (as in [9]),
one just moves vertically to the next slice.

The ancestor line ALy of Z = (z, hy,) is the sequence (Z; = (xj, h;),j > k) such that Z, = Z
and for j > k, Z;41 = a(Z;). Upon Z we define the Discrete Cylindric Poisson Tree T as the
union of the ancestor lines of the elements of =:

T:= |J Alwn -
(z,h)€

Notice that when (x,h) € =, ALz ) = T(s,n) is the path of T started at (z,h). The notation
AL, 1) allows to consider ancestor lines started from any points Z € Cyl'.

Contrary to Section 4, we do not consider a sequence of point processes parametrized by n
which goes to infinity, but rather we shift the cylinder which also implies that we see more and
more points. Precisely, for any k > j > 1 and any (z,hg) € Z, let ALEQhk) be the ancestor line
AL, p,) translated by the vector —(0,h;). We can then associate to T, the sequence of shifted
forests (7)1 by

T .= U AL(i)

(zh)e Up>; Eg

Our purpose is to prove that:
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Figure 4: First line: Cylindrical forests T represented for (hi)req1..xy with (a) K =20, (b) K = 100,
(c) K = 1000. The red path is obtained by picking a vertex at height hx at random and by finding its
ancestors in the upper slices. Second line: Projected radial forests obtained by . defined in (17) and with

the same values of K are represented.

Theorem 5.1. Let us consider two sequences (ng)g>1 and (fx)p>1 of positive real numbers such
that
1
li =0 S d >y —= : 50
k;rgofk , Zk:e < 400 an zk:ni +o0 (50)
Then there exists a sequence (hy)k>1 tending to infinity such that the sequence of shifted forests
(T(j))jzl converges in distribution to the CBW restricted to the half cylinder Cyl™ = R/Z x Ry

The map ¢, as defined in (17), sends the half cylinder Cyl* := (R/Z) x R* onto the radial
plane (R/27Z) x R*. The image of the PPP = is a PPP =’ on the plane, which is the superposition
of the Poisson point processes Z}, of intensities ny/(873hy) on the circles with radii 47%hs. The
image of the tree we built on the cylinder is a tree on “the radial plane”, which can in fact be
directly built by adapting the navigation used in the cylinder in the plane (go to the closest point
in the next circle if any, and otherwise to the point with same argument). See Figure 4. To get
a convergence result on the radial plane, with the same flavour as that obtained in the plane, we
need to discard the neighborhood of zero by a shift. The most economic way to state our results

is as an immediate corollary of the previous result:
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Corollary 5.2. Under the hypotheses of Theorem 5.1, when j — 400, the sequence (@*(T(j)))jzl

converges in distribution to the RBW®*™.

Let us comment on the hypothesis (50). First, it implies that ny — oo. A consequence of
Borel-Cantelli’s lemma is that whenever ), ., e™"* is finite, there exists a.s. a random rank from
which the Zj’s are non-empty. Hypothesis (50) is actually slightly more demanding: the condition
>, 1/n? = 400 and the link between sequences (ny)r>1 and (fy)r>1 will appear in Sections 5.1
and 5.3.

To prove Theorem 5.1, we check the criteria of Theorem 2.5, namely (I0) and (FO). The
convergence of an ancestor line of 7U) to a BM modulo 1, when j — 400, is first stated in Section
5.1. In the proof, we see that the condition Y, 1/n? = +oo of (50) is necessary. We then deduce
(I0) in Section 5.3, and use at some point the second item of (50). The proof of (FO) is devoted
in Section 5.4 and is based on a coalescence time estimate (Proposition 5.5 in Section 5.2) whose
proof uses the links between the cylindric and planar forests highlighted in Section 4.2.

5.1 Convergence of a path to a Brownian motion

Let us consider the ancestor line 7(x, n,) = ((Xx, hx), k > j) started at a point (Xj, h;) € Z; for
j > 1. For k > j, this path goes to infinity by jumping from Slice(hg_1) to Slice(hy). The random
increments (AXy := X — Xi_1,k > j) are independent. The distribution of AX}, is characterized
for any measurable bounded map f :[-1/2,1/2] — R by,

1/2

E(f(AXy)) = e ™ f(0) + / f(@)npe= 212l gy, (51)

—1/2

In other words, conditionally on the Slice(hy) being not empty, AXy is a Laplace r.v. conditioned

on having absolute value smaller than 1/2. Hence,

E(AXy) = 0
e "k n2 n
E(AXp)Y) = % B e*nk(nﬁ+4ni1—gijtni+24nk+24).

As nj, — 0o, the variance o7 is equivalent to 1/(2n3). For the sequel, let us denote the variance of

X, — Xo by:
Vi := Var(Xy — Xgo) = 0% +--- + 0} (53)

The variance Vj, is hence related to ny by (52).

Let us now consider the time continuous interpolation of the shifted sequence (X, ht, — hj)r>;.
For £ € N, we set, if hj +t € [hjie, hjtet1),

h; +1t) — h;
U)—JH AX 41 . (54)

¢
X9 = x; AX;
t J + Z Jjt+k + hj+£+1 _ hj+[

k=1

In order to prove the convergence of (X (7)) j>0 to a Brownian motion, it is natural to set

hy =V, for any k>0 . (55)

30



Then, combining (52), (53), (55) with (50), it follows that hy — oo and hpiy — by = ofyq — 0,

i.e. slices are getting closer and closer.

Example 5.3. The hypothesis (50) is satisfied for example for ni, = k* with 0 < a < 1/2 and
fu= k' with 0 < o < a. This entails that hi = c1 + cok! 72 where c1,co are positive constants.

Let us introduce, for the sequel,
R(t) :=inf{k e N, V, >t} (56)
the integer index such that hr)—1 <t < hpy). Note that R(hy) = k.
Lemma 5.4. Under the previous notations and (50), the following convergence holds in distribution
in C(Ry,R)

XV > 0) -2 (Bt >0), (57)
Jj—-+oo

where (B, t > 0) is a standard Brownian motion taken modulo 1.

Proof of Lemma 5.4. We are not under the classical assumptions of Donsker theorem, since the
AX}’s are not identically distributed and since the convergence involves a triangular array because
of the shift. Because the AX}’s are independent, centered, with a variance in 1/n} that tends to
0, we have for all ¢ > 0,

R(hj+t)
- ¢0) _ 50y _ i _
im Var(X7 — X§7) = lim ZE‘; Var(AXp) = lim (Vg4 — V) =1,
=J

implying that Xt(j) - X(()j) converges in distribution to N(0,t) by Lindeberg theorem (e.g. |5,
Th. 7.2]). The convergence of the finite dimensional distributions is easily seen by using the
independence of the AX}’s.
The tightness is proved if (see e.g. [5, Th. 8.3]) for every positive £ > 0 and n > 0, there exists
5 € (0,1) and jo € N such that for every j > jo and every t € R,
1 _ — (i
P(swp X0 - X0 2e) <. (58)
0 t<s<t+d
Fort € Ry and j € N,
]P( sup |X'S(j) fX't(j)| > 5) :IP’( sup |Xs(j) fX't(j)|4 > 54)
t<s<t+3 t<s<t+3
<P S} > 54),

( max
R(hj+t)<C<R(h;+t+5)

where
¢

AXR(h;4t) + Z AXj.
k=R(h;+t)+1

hegn,+0) = (hi +1)

Se =

hR(h;+t) = hR(h;+0)-1
Since the AX), are centered, S; defines a martingale (in £ > R(h; +t)), and S} is a submartingale.
Using Doob’s lemma for submartingales:

4 4 4 4

p( >el) <E
© N\ Ry 02 Ry ) S 2 &' ) <E(Shn,+1+9)

R(hj+t+95)

<E( Y (@ax0)+ > E((AX0))E((AX,)%),  (59)

k=R(h;+t) ke
R(hj+t) <k (<R(h;+t+5)
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using that the AX}’s are independent and centered. The last sum in the r.h.s. of (59) is upper
bounded by

R(h;+t+6) 2

>, E((AXk)?)

k=R(h;+t)

that converges to 62 when j — +oco. For the first term, there exists from (52) a constant C' such
that for k large enough, E((AX})?) < CVar(AXy)? = Co}. Thus:

R(h;+t+3) R(hj+t+9)
E Z (AXp)* | <CM; 45 Z Th ~jtoo CMj 150
k=R(h;+t) k=R(h;+t)

with M; ;s = sup{o?, R(h;+t) <k < R(hj+t+4)} — 0 when j — +00. Gathering these results,

we see that up to a certain constant C,

1 iy iy C
- ) _ @) C o
(5P(t521§1£)+5|X5j X7 > 5) < 5 (6% + CMy, +56),

which converges to zero when 6 — 0 and j — +o0. O

5.2 Coalescence time estimate

In this section, we establish a coalescence time estimate that will be useful for proving (I0) and
(EO). Following the lines of Section 4.2, we can introduce a planar model corresponding to our
cylindrical tree and ensuring the possibility of couplings between the cylinder and the plane. In the
plane, the use of the Skorokhod embedding theorem and the results known for planar Brownian
motions make it easier to obtain such estimates. We thus first introduce in Section 5.2.1 a planar
model corresponding to the forest 7. We establish estimates for the coalescence time of two paths
in this planar model. For this, we start with studying how the distance between the two paths
evolves. The core of the proof relies on the Skorokhod embedding theorem (as in [§8]), but with a
clever preliminary stochastic domination of the distance variations. In Section 5.2.2, we return to
the original model and deduce from the previous result estimates for the coalescence time of two
paths of 7).

5.2.1 Planar analogous

We first define the planar model corresponding to our cylindrical problem. We consider the hori-
zontal lines with ordinate (hy)ren in the upper half plane. For each k €€ N, we consider on the
line Ly := R x {hx} (or level hy), an independent PPP T, with intensity ny. The Poisson point
process on the union of the lines is denoted by T, similarly to (49). Each point of the level hy is
linked with the closest point of the next level, namely level hjpy 1. This generates a forest that we

denote W, and which can be seen as the analogous of T in the plane.

For a given point Z € UpenLy, denote by o’ (Z) the ancestor of Z for this navigation. This
allows us to define, as for the cylinder, the ancestor line AL; of any element Z € R x R,..
The aim of this section is to provide an estimate on the tail distribution of the hitting time

between the ancestor lines started from two points at a distance d > 0 on the line Ly. Without
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restriction, we consider Z = (0,0) and Z’ = (d,0), and denote their ancestor lines by (Zj, k > 0)
and (Z;,,k > 0). Let us denote by
Dy = Z, — Zy,

the distance between the two paths at level hy. The result proved in this section is the following:

Proposition 5.5. Let us define by 7 = inf{k € N, Dy = 0}. There exists C > 0 such that for

K € N\ {0}, o

Vi

The remaining of the section is devoted to the proof of Prop. 5.5. In the proof, we will also

P(r>K) < (60)
need the following quantity for £ > 1:
Ak =Dy — Dy_;.

The proof is divided into several steps. For the first step, we consider a PPP with an intensity
constant and equal 1. In doing so, we introduce a sort of companion model that will help finding
estimates for the planar model considered above. We will then proceed to the control of the hitting
time of two ancestors lines, by using some rescaling properties.

Step 1: Evolution of the distance in one step, when the intensity is 1

Take two points Z = (0,0) and Z' = Z(d,0) at distance d in Ly. Assume that the PPP Ty on L;
has intensity 1: let (X1,h;) = af(Z) be the closest point to Z in Y1 and by (Xa,hi) = af(Z')
the closest point to Z’ in T;. Let

D(d) = Xs - X1 = |a”(Z') - a"(2)|

be the “new distance”, and denote by

the variation of the distance between the levels Ly and L.
Proposition 5.6. The distribution g of A(d) is the following probability measure on R
pra(du) = (d+ 1)e 246_g(du) + fa(u)1j_qq(uw) du+de " "1y o) (u) du, (61)

where
e~ 2d 1
falu) = ———+ e~ 21l (jul + 5). (62)

The atom mg = (d + 1)e™2% of ugq at —d corresponds to case where coalescence occurs, that is
af(Z) = af(Z"). Apart from this atom, pg is absolutely continuous with respect to the Lebesque

measure, and
E(A(d)) = 0 and E(DW))=d (63)
Var(A(d)) = V(d)=1-e2+ ge_”d?’ +e24g2, (64)

The proof is postponed to the end of the section.
Notice that the distribution of A(d) does not depend on the height hq of the level L, and that

fa is a symmetric function.
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Step 2: The sequence (Dg, k > 0) is a martingale

Denote by D*(d) = Xo — X; = af’(Z') — af(Z) the new distance if the PPP T; has intensity
A > 0, and by A*(d) = D*(d) — d. A simple scaling argument allows one to relate the distribution
of AMd) to that of A'(d) Y A(d) :
Ay @1
AMNd) = XA (Ad), ford>0, (65)

Now, since the intensity on Ly is ng, conditional on Dy_1,

(66)

—~

1
A = A"k (Dk—l) :) ;kAl(Dk—l nk).
Because of (63), (D, k > 0) defines a martingale. The particular form of pg makes it difficult

to control the time at which it hits 0. We will dominate Dy by another martingale that is easier
to handle.

Step 3: Introduction of an auxiliary distribution 7,

We introduce the following family of distributions indexed by d > 0:

Tig(du) = agd_(c vy (du) + fa(u)1i_g,q(u) du
+ de_“_dl[d#oo)(u) du + Bde_“_dl[d+yd)+oo)(u) du. (67)

Let A(d) be a r.v. with distribution 7i,, and set D(d) to be the r.v. defined by
A(d) = D(d) — d.

Our strategy is as follows: we will choose carefully the functions «ag,cq, 74, B4 satisfying for any
d >0,

ag < (d+1)e 2, cqg >0, vg > 0, Ba > 0. (68)

in such a way that for any d > 0, [i; is a probability distribution with mean 0, and which will
dominate pg in the sense of the forthcoming Lemma 5.8. The difference between 1; and pg is
that the atom at —d in ug is replaced by an atom at —cqy — d < —d with, as a counterpart, a
modification of the distribution at the right of d which is replaced by a distribution larger for the
stochastic order.

Proceeding like this, our idea is to bound stochastically the hitting of 0 by (Dg,k > 0) (the
coalescing time 7) by the hitting time of (—oco,0) by an auxiliary Markov chain (Dy, k > 0).

Proposition 5.7. The measure fi, is a density probability with mean E(A(d)) = 0 iff

—2a(1+d)(1 +2d+va) o (1+d)ea
= d - d .
Q=€ 1+2d+cq+ vy an Pa=e 1+2d+cq+ vy

Proof. Compute the total mass of 1z,:

(B, 1) = Bae > tag+1—e ?d—e ™
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and if the total mass is 1, the expectation of A(d) is :
E(A(d)) = — aq (cqg + d) +d(d + 1)e > + By(d + vq + 1)e 2477,
Solving these equations in oy and Sy provides the announced result. O

We hence see that we have two degrees of freedom. In the sequel, we will choose:

independent of d. This implies that:

_9g2d* +5d+3

d+1
_ 2
2(d+2) fa=e

ad=¢ BPICEE))

From this, we can compute Var(A(d)):

o (4d* 4264 +66d% +T75d+27) e 24
Var(A(d)) =1+ 6dr 12 .

For the measure fz; which we have now completely constructed, we have:

Lemma 5.8. Under (68) and (69), we have for d < d',

D(d) 1D(d)>0 <s ﬁ(d/) 1ﬁ(d’)>0’ (72)

in the sense that for allt > 0, P(D(d) > t) <P(D(d') > t).

Proof. First, for any d’, by construction of the measure 7,
D(d")1payso <s D(d)154150-

Now, recall that D(d) provides the new distance in the model of Step 1 when the intensity of
the PPP on L; is 1 and when the starting points Z = (0,0) and Z'(d,0) are at distance d.

One can follow a third point Z”(d’,0). Since these paths do not cross, the distance Dy @ D(d)

between Z; and Z] remains smaller than the distance D] = Z{ — 7 @ D(d’). This implies that
D(d)1pay>o <s D(d’)1p(a)>o holds. This concludes the proof. O

Step 4: Introduction of an auxiliary Markov chain

To dominate (Dy, k > 0) we introduce the Markov chain (Dg,k > 0) whose distribution respects
the same scaling (65) as (Dg,k > 0): conditionally on Dy_y1, we let A, = Dy — Dy_1 have
distribution

_ 1 — —
Ak (:) fA(Dk_l nk)
Nk
Proposition 5.9. Let us define
- = inf{k > 0: Dy <0}, and Tr- = inf{k > 0: D <0} . (73)
For any d > 0, if Dy = Dy = d, we have
TR- <S TR--

Proof. Just observe that in (72), the r.v. in both sides have atoms at 0 that correspond to the
entrance of Dy, and Dy, in (—oo,0] (in fact the hitting time of {0} for Dy and of (—oco,0) for Dy).
The Markov property and (72) allow to conclude. O
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Step 5: Skorokhod embedding

By the Skorokhod embedding theorem (see [6, Th. 37.6, page 519]), there exists a BM B started
at 0 and a stopping time T;(d) such that A(d) @ Br, (¢)- Moreover, it is possible to construct
two r.v. U(d) < 0 and V(d) > 0 such that T1(d) = inf{t > 0, B; ¢ [U(d),V(d)]}. U(d) and
V(d) are independent from the BM B, but not independent (in general) one from the other. Since

Br,a) = U(d) <0 or By, g = V(d) >0, U(d) and V(d) can be constructed from the distribution
of Br, (4 @ A(d), i.e. Tiy, as follows (recall (70)):

e With probability 2p4, U(d) = =V (d) and V/(d) is a r.v. with density 1y 4 (v)(e”?"(v+1/2) —
e=21/2)/pq. We denote by Ay this event.

e With probability 1 — 2p; = (1 + 2d)e24, on AS, we set U(d) = —d — 1. For V(d), we have
two cases since the right tail of 7z, is the sum of two exponential tails, de’d’“l[d7+oo)(u) and

ﬁde*d*ul[d+ud7+w)(u), Conditionally on A§:

e With probability gq = 2d/(1 + 2d), V(d) is a r.v. with density ‘2’?'1‘143 €1y 4oo)(v)

with respect to the Lebesgue measure. We call this event E .
e With probability 1—ga = 1/(1+42d), V(d) is ar.v. with density 455 et 27011 5 4 ooy (v).
This event is £ N Aj.

Justification of the construction of U(d) and V(d). Recall from (61) that 77; admits a symmetric
density fy on [—d,d]. Thus, on the event Ay = {|A4| < d}, which has probability

d
2pq = / fau)du =1 — e 2% — 2de=2¢, (74)
—d

it is sufficient to define U(d) = —V(d) with V(d) ar.v. of density ﬂ‘;—(dv)l[o?d} (v). Since the Brownian

motion B started at 0 exits the symmetric interval [-V (d), V' (d)] through the upper or lower bound
with equal probabilities 1/2, the likelihood of Br, (g for this part is as expected:

1 fd(v) 1 fd(f’U)
2 (771 - 1_ ) = 1_ .
P 5 g o (v) + 5 pg L4l (v) fa(v)1_q.q(v)
Let us now consider AN E4. The lower bound is necessarily U(d) = —d — 1, since it is the only

possible value for A, below —d. As for the density of V(d) conditionally to AS N Ey, say g(v), it
has to be chosen such that we recover deidful[dﬁoo)(u) once multiplied by (1 — 2pg4), g4 and by
the probability that B exits through the upper bound V'(d) rather than through the lower bound
Ud)=-d-1:

d+1 e v+d+1 . _,

(1-— 2pd)q(1mg(v) = defdfvl[d,+oo)(v) = qag(v) = 1124 d+1 e g 400y (V)-

Since g is a probability density, integrating over v gives gq: qq = 2d/(1+ 2d). We then deduce the
density of V(d) conditionally to AN Eq. We proceed similarly for AN E. O

By recursion, we can define for k > 1 the time T} by

Ty, = inf{t > Ty 1, B; — Br,_, ¢ [Ux(Dy—1), Va(Di—1)]}
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where Uy(Dy_1) and Vj(Dy_1) are independent r.v. conditionally on Dy_;, such that for any

D >0,

1 1

Un(D)Y 2 UmeD), V(D)L —V(n.D), (75)
N ng

—~

where U(d) and V(d) have the law described above in the representation of T;(d) for d > 0. With

. . d) =
this construction, we have that for k£ > 1, B, @ Dy —d.

Step 6: Laplace transforms of T3 (d) and T} (d):

Lemma 5.10. For A > 0, there exists co(A) € (0,1) independent of d such that

0 < pa(\) =E(e D) < () < 1. (76)

Moreover, for \ small, there exists a constant C > 0 such that co(A\) < e~ .

Proof. Using the Skorokhod embedding described above,

(pd(/\) :E(e_/\Tl(d) | Ad) 2pd +E(€_/\T1(d) | AZ, Ed) (1 — 2pd)qd
+E(e M@ A, EG) (1-2pa)(1 - qa)- (77)
Our purpose is to bound ¢4(A) uniformly in d by a constant strictly smaller than 1. On the events,
Ay and A5 N Ey, the interval [U(d), V(d)] which defines T} (d) has at least one extremity that gets
closer and closer to zero when d tends to zero. So upperbounding the expectations in the first and

second terms of the r.h.s. of (77) by a constant strictly less than 1 uniformly in d is difficult. For
the third term of (77) however, because U(d) < —¢g = —1 and V(d) > vq = 2, we have that

E<e—)\T1(d) ‘ A;, Eé) SE(e—)\T/) <1

where T" = inf{t > 0, B; ¢ [—1,2]}. Additionally, since (1 — 2pa)(1 — qq) = 2% =40 1, this
shows (76) with

cosh 2
co(A) =Eq (efAT,) (\/;)

= ——F<1.
A
cosh (3\/;)
When A — 0, cg(A) =1 —2X + 0o()\) < e~2* which shows the second assertion with C' = 2. O

From this by using (75) and the self-similarity of the standard BM started at 0,

d). 1 — 1 —
Ty — T (:)mf{t >0, Bu¢ [ -UlmDy), nka(nka,l)]}

(d) . 1 1 — 1 _
& mf{t >0, By ¢ [UmDin), nka(nka_l)]}

—
=

T1 (nkﬁk_l). (78)

@) 1
= i
Hence it follows that

E(e M Te=Ti-) | Fr ) = ‘pmﬁk—l( ) "

S| >
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Step 7: Estimate for the tail distribution of the coalescing time

With the ingredients developed above, we can now follow ideas developed in [11] for instance.
Recall that 7r_ = inf{k € N, D} < 0} and define § = inf{t > 0, B; = —d}. Let us consider ¢ > 0.
Then for K € N\ {0}:

P(Te_ > K) =P(0 > Tk)
<P(0 > Chk) +P(0 > Tk, Tk < Chi)

<——C8_ 4 MhxE e AN is (Te=Tro1)) S0
- ( ) (50)

For the Laplace transform in the last term, using (79):
E(G*AEle(Tk*Tk—l)) :E(Ed(eﬂ\szzl(Tk*Tk—l) |]:TK_1))
:E(ef)\Zf;ll(Tk*kal)E(ef)\(TKfTK—l) |‘FTK—1)>

CASSE=L (T T
=Eq4 (e 2ot (Te—Tk l)QanEK71 (n2 ))
K

A K—1 R A
ol lmn) Tl
Ny o k4

K
1
< -2 — ). 1
<exp ( A ; n%> (81)
Recall from (53) that hx = Vi ~ Zle L . Thus, from (80) and (81):

o2
2n3,

IP(?]R_ > K) <

cd
+ O exp (Mg (¢ —4)). 82
Because hx — 400, and because the term in the exponential is negative for ¢ sufficiently small,

there exists A\g > 0 and (p > 0 such that the r.h.s. of (82) is smaller than \/Cé;/TdK for K large

enough.

This together with Proposition 5.9 allow to conclude the proof of Proposition 5.5. Starting
from two points Z and Z’ of Lo at distance d and denoting by 7 the index of the level at which
they coalesce, we have for any K € N\ {0},

cd

Let us finish this subsection with the proof of Proposition 5.6 that had been postponed.

Proof of Proposition 5.6. First, notice that X; has density e 2/*l1,cg. Then, we can compute
the distribution of X5 conditionally on X;. In what follows, all r.v. are independent, R is a

Rademacher r.v., Exp(k) denotes an exponential r.v. with expectation 1/k.

— Conditional on X; = z1 > 0, with 2y < d:
e Xy = —(d — x;) (merge) with probability e=2(d=1),

e with probabilityl — e=2(4=21) X, ~ L(RExp(2)|Exp(2) < d — x1).
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— Conditional on Xy = —x1 < 0, with 1 < d
e Xy = —(d+x1) (merge) with probability e~2(d=21)=2z1
e Xy ~ L(RExp(2)|Exp(2) < d — x1) with probability 1 — e~2(d=1)
e Xy ~ L(Exp(1) +d — z1|Exp(1) < 2x1) with probability e~2(d=21)(1 — ¢=21)

— Conditional on X; = z1 > 0, with =1 > d:
e merge with probabilityl

— Conditional on X7 = —x1 < 0, with 21 > d
o Xy = —(d + z1) (merge) with probability e=2¢
e Xo ~ L(z1 —d+ Exp(1)|Exp(1) < 2d) with probability 1 — e=2¢

This yields the announced result. In particular, the two trajectories started at (0,0) and (d,0)
merge at ordinate 1 with probability:
+o00

d
]P(D(d) =0) = / 06—21‘(6—2(11—1‘)+e—2(d—w)—2w)dx+/ ) e—2w(1+e—2d)d$7
= =

which is (d + 1)e~2¢, as announced. O

5.2.2 Extension to the shifted cylinder

We now conclude the section with a corollary establishing an estimate for the coalescence time in
WU) | which is the forest W shifted by (0, —h;) similarly to TG, Then, we enounce an estimate
for the shifted cylindrical forest 7).

Corollary 5.11. Letd >0 and j € N.

(i) Let us consider the paths in W) started at (0,0) and (d,0) (if (0,h;) and (d, h;), these points
are connected at the level j + 1 to the closest point of W). Define their coalescing time as 7 =
inf{k > j, Dy =0}. There exists a constant C > 0 such that for any K > j,

Cd
IP’(T > K) < ﬁ
J
This can be translated, for any to > 0 as:
‘ j cd Cd
P W(J) (t 7é W(J) t < . Iy (83
( o ) (dm( 0)) \/hR(hj-i-to)—l —hy o Vio )

(i1) Let us consider the paths of T started at (0,0) and (d,0) for d € (0,1/2] (d = 1/2 is the
mazximal distance in the cylinder). Then, there exists C > 0 such that for any ty > 0:

j j Cd Cd
P T(J) t L 7—(]) t < ) .
( (0’0)( o) (d’o)( 0)) VIRM+t0)—1 — Ry 1=

Proof. The proof of (i) is an adaptation of the proof Step 7 of Prop. 5.5 by summing between

(84)

levels L; and Lg.

Let us now consider (¢i). Intuitively, the coalescence time in the cylinder is stochastically

dominated by the coalescence time in the plane. But since some slices in the cylinder may contain
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no points of the PPP (when no line Ly in the plane is empty), and since the increments of the
distance between the two paths are non standard when this distance is close to 0 and 1 (when only
the case 0 matters in the plane), an additional argument is needed in the discrete case to establish
the domination rigorously.

Recall the model introduced in Section 5.2.1. We consider the Markov chain (Dy, k > 0) and
denote by 74 be stopping time at which the Markov chain started from d hits 0. We also introduce
similarly the distance process (Dy, k > 0) in the cylinder.

Now, let us define another Markov chain (D}, k > 0) with the following transitions:

£(Dsy | Dy = d) = £(min(Dysr, |1 = Dy} | Dy = d). (85)

The distance D}, somehow mimics the distance on the cylinder by considering the minimum distance
between two points of the same level in the clockwise and counter clockwise senses. Let us define
by 7/ the stopping time at which (Dj,, k > 0) started from d hits 0. Since min(Djy1, |1 — Dg41]) <

Dy 1, and since
T4 <g Ty whend < d, (86)
by using the same argument as in the proof of Lemma 5.8, we obtain by using iteratively (86) that
T <5 Ta.

To conclude, it remains to show that (D}, k > 0) coincides with (D, k > 0), up to a probability
going to 0 in j. Since we may produce a local coupling between D) and Dj as long as Dy
possesses small fluctuations, it suffices to prove that all the increments of the paths (Zy, k > 0)
and (Z;,k > 0) that define (D,k > 0) in the cylinder are not 0 and smaller than 1/6 after
the slice j with probability going to 1 when 57 — 4o00. This indeed guarantees that the cylinder
effects do not prevent the coupling: no jumps “0” occur and “decision domains” do not see that the
environment is a cylinder. The probability that there is no point within distance +1/6 for a walk
is e=™/3 and by Borel-Cantelli’s lemma, with probabilty 1 the two walks (Z;) and (Z;) will do a
finite number of jumps larger than 1/6. Hence, for any ¢ > 0, for j large enough, the distribution
of (D}, k > 0) and (D, k > 0) coincides with probability at least 1 — . Thus the coupling works,

which allows to conclude. O

We have now the tools to prove the criteria of the convergence Theorem 2.5, (I0) and (EO).

Both of these criteria make use of the estimates on coalescing time that we hve just established.

5.3 Proof of (10)

The purpose of this section is to prove the next Proposition which implies (10).

Proposition 5.12. Assume (50). Let m € N\ {0} and y1 = (x1,t1), -, Ym = (Tm,tm) € CylT.
For j >0 and 1 <{¢ <m, let us denote by 73%) the path interpolating linearly the shifted ancestor

line ALg(/Z)-k(O,hj)' Then, the sequence (fygsj), . ’y?(ﬂn)) converges in distribution, when j — 400, to
coalescing Brownian motions modulo 1 started at yi,...Ym.

Notice that the path fy@(,i) starts at y,. We also recall that the ancestral line AL,, (g ;) does

not necessarily starts from a point of =, but links the starting point y, + (0, h;) to the closest point
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of = in the first non-empty slice of height greater or equal to R(t; + h;). For the sequel, let us
denote by y; ¢ this point.

Proof of Prop. 5.12. The result for m = 1 is due to Lemma 5.4 and the fact that y; 1 — (0, h;)
converges a.s. to y;. The proof can be done by recursion, and we focus here on the case m = 2
which can be generalized directly by following Arratia [1] and Ferrari, Fontes and Wu [14, Lemmas
2.6 and 2.7].

Let us first recall a simple fact. Let ¢ < ¢’ and a,b € R/Z. Two BM (W(Ta’t)(s),s > t) and
(Wzb’t,)(s),s > t') on the cylinder are said to be coalescing BM if Wgaﬂt)(s) fort < s<tisa
standard BM taken modulo 1, and if the two trajectories (W(Ta,t) (s),s >t') and (W(Tbﬂf,)(s), s>t
are BM till their hitting time 7. After this time, they coincide with (W?b’t,)(s), s>7).

To prove that ('yg(,z), 7752)) converges to two coalescing BM, a strategy consists in decomposing
the trajectories as follows, where we can assume to simplify that y; and y, are such that t; = ¢s:

(a) as long as the two paths are far apart, say if
iz (1)(5),90)(5)) > 0/ (s) (87)

for a good sequence a’(s) — 0, then the next steps of these trajectories are likely to be character-
ized by 2N T and ZN I’ for two random influence intervals I and I’ that will not intersect. By the
spatial properties of the PPP, it means that as long as IN I’ = &, the two trajectories behave as if
they were constructed on different spaces, and then eventually behave as independent BM before
their coalescing time (here, since the intensity is not constant, a dependence in s is needed).

(b) when (87) fails (the two paths are close) then another argument is developed to prove that
the two paths will merge with a probability going to 1, within a o(1) delay. This is given by the
Corollary 5.11.

It remains to see in details how (a) can be handled. Let us denote by (ngj))szt (as in (54)) the
(4

path V)

The distribution of the increment AX;, (with the notation of section 5.1) satisfies
P(IAX 4] > ) = e~2nksir (88)

so that for r = fj15/2, with the f;14’s appearing in Assumption (50), the event {Vk > 0, |AX 4| <
fi+x/2} will occur a.s. for j large enough thanks to Borel-Cantelli’s lemma. We then decree that
two walks are close if when they get in the slice with intensity nyj, their distance is smaller than

fj+k, i-e. we choose a(s) = JR(h;+s)—1- This suffices to complete the proof. O

5.4 Proof of (EO)

We follow the strategy developed in [29]: we first show that the sequence (7));>; satisfies (89),
stated below, from which (EO) follows.

Proposition 5.13. The sequence (T(j))jzl satisfies for all to,t >0, a > 0,

lim supE(ﬁm (to, ;[0 — a])) < +o0 . (89)

j—+oo

This implies that (T9));>1 satisfies (EO).
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The rest of this section is devoted to the proof of Proposition 5.13.

Proof. Let us remark that, by translation invariance and linearity of the expectation, it is enough

to prove (89) for small values of a.

Let us start with proving that (89) implies (EO). We follow the corresponding proof in the
planar context which is recalled at the end of Section 2.1 (see also the end of Section 6.1 in [29]
or Section 6 of [23]). Except that contrary to the planar context where explicit computation is
possible, namely E(fw (to,t; a,b)) = (b — a)/v/7t where W is the standard BW, another argument
is needed to get the limit (9) in the cylinder context. We then have to show:

;i_r%E(ﬁevT(to +et—eila—1b) =EBR:(to.t;[a — b)) . (90)

Let us consider ¢,y > 0 and a,b € R/Z. Let us first prove that there exists ¢y € (0,¢) such
that
]E(ﬁgm(toJreo,t—sO;[aeb})) < 00 . (91)

Without loss of generality, we still write ¢y and ¢ instead of ¢y + &9 and ¢ — £9. The inequality (be
careful to the presence or not of the hat ~ on n ),

ot (to, £ [0 = 1]) < 19+ (to, 15 [0 = 1/2]) + nr (to, £ [1/2 — 1]) as.
implies by rotational invariance
E (71 (to, t:Ja = 8])) < 2]a — b E (G (to, ;[0 — 1/2])) .
We finally get (91) in combining the fact that n,; (fo,¢; [0 — 1/2]) is stochastically dominated by

nw (to, t;0,1/2)) (already stated in (12)) and

1

E(nw (to,t;0,1/2)) = 1 + E(fw (t0,:0,1/2)) = 1 + oW

With 79+ (to + &, — €; [a — b]) @ na (to, t — &3 [a — b]), (91) and
as. T % (o — & a — b)) = 791 (b0, 5 la = ) (52)
€

the Lebesgue’s dominated convergence theorem applies and leads to the searched limit (90). Mainly
because there is no coalescence on the arc {tg 4+ t} x [a — 0] for the trajectories starting before ¢g
with probability 1, there exists a random & > 0 such that for any 0 < ¢’ < ¢, ﬁ‘o,w (to,t—¢';[a — b])
is equal to the limit 7, (to, t; [@ — b]). This proves (92).

Now, let us show that (77));>; satisfies (89). The strategy to get (89) can be divided into
two steps. First, we bound from above the expectation in (89) by twice the expected number of
remaining paths -y at time ¢y + ¢ which are born before ¢y and such that v(ty) € [0 — al, ie.
2E(n7o—(j>(to,t; [0 — a])). See Lemma 5.14. Thus, using the coalescence time estimate (Corollary
5.11), we obtain an upper bound for this latter expectation when j — +oo. This is Lemma 5.16.

The various lemma on which the proof of (89) is based are proved at the end of the present section.
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Lemma 5.14. For all times to,t > 0, for all a > 0 and any j > 1, the following inequality holds:
E (ﬁu) (to,t;[0 = a])) < 2E (W%j) (to, ;[0 — a])) , (93)
from which we deduce that:

limsup E (ﬁm (to,t; [0 — a])) < 2limsupE (ny) (to, t;0,a)) , (94)

j—+oo Jj—+oo
where W) is the shifted forest introduced in Section 5.2.2.

In view of (94) of Lemma 5.14, we now focus on showing that

limsup E (my0) (to,t;0,a)) < 400 . (95)
j—+oo
Let us choose r € N\ {0} (intended to be large) and m(a,r) := min{m : m > ar}. We consider
the grid

k
Gr(to,a,r) = {T’k S {0,. . .Ta}} X {hR(thrto)fl — hj} .

The height hg(x,140)-1 — h; corresponds to the (shifted) largest slice just before height h; + o
(possibly h; + tq itself): see Figure 5. Since the sequence hy — hj—1 = o7 tends to zero by (52),
there exists jo such that, for any j > jo, there is a slice carrying points between ¢y and tg + ¢ in
W(j), ie. tg < hR(hj+t0) —h; <to+t.

Let us focus on the paths starting from the points of Gr(tg,a,r). For 0 < k < m(a,r), denote
by k() the ancestor line starting at (k/7, hgrn,1t,)-1 — hj). Even if the points (k/7, hrh,410)-1)
do not belong to the point process Y defined in Section 5.2.1, they connect to the nearest point of
Y N LR(n,+t)- So each path 7, (.) a.s. coincides with a path of WU) after one step. Let us define
the event

the ancestors of the points of WY N ([0,a] x {hr(,410)-1 — hj})
Aa,j,r = 7 (96)

are also ancestors of some points of the grid Gr(to,a,r)

The event A, ;, is described in Figure 5. We claim that when the mesh 1/r of the grid Gr(to,a,r)
tends to 0, the probability of A4, ;, tends to 1:

Lemma 5.15. For all times to,t > 0, for all a > 0 and any j > jo,

lim P(AS.,)=0. (97)

),
r——+00 @

The event A, ;. has been introduced in order to compare myy,0) (to,t;0,a) to the number of
remaining paths at height ¢y + ¢, starting from the deterministic points of Gr(to,a,r). Then, the

coalescence time estimate (Corollary 5.11) leads to the following bound:

Lemma 5.16. For all times tg,t > 0, for all a > 0, there exists a constant C > 0 and an integer
J1 = J1(to,t) (which does not depend on r) such that for any j > j1 and any r € N\ {0},

2m(a,r)C

E(nyyo (o, £50,a)1a, ) <1+ ,
(mwa (to Ma.,.) i

where C' is the universal constant given by Corollary 5.11.
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hR(hj +to) ™ h;

hR(h;+t0)—1 =y

Figure 5: Edges and paths of the shifted forest WU are in black whereas edges starting from points of the
grid Gr(to, a,r) are in red. On this picture, the event Aq ;- holds: the vertices at the height hr(n;1ty) — h;
which are ancestors of points of WY N ([O, a] X {hr(h;+t0)—1 — hj})—i.e. the first and third ones, from left

to right —are also ancestors of some points of the grid Gr(to,a,r).

We can now conclude. Let ¢g,t > 0 and a > 0. First, we bound E(ny,u) (to, t;0,a)) from above
by

E(mwe (to, 150,a)1a, ;) + MP(AZ ;) + E(|T reh;+t0)-1 ([0, a) L1140y 2 (0.ai>0r3) 5 (98)

for any j, M,r. Let j > joV j1. Then Lemma 5.16 applies and provides a bound for the first term
of (98). Then, take M = M := 2np(n,4+,)—1 (twice the intensity of the PPP). For j large enough
and with this choice of M, the third term of (98) is smaller than 1. It then follows:

2m(a,r)C
rt

Let us point out that till now, the parameter r is totally free. So we can choose it large enough
so that m(a,r)/r < a+ 1/r < 2a and M;P(A¢

a,),r

E (mwa (to, £;0,a)) <2+ + M;P(AS

i) -

) <1 (by Lemma 5.15). In conclusion, for any
Jj large enough, E(ny ) (to,t;0,a)) is bounded by 3 + %. This gives (95), ending the proof of
Proposition 5.13. O

This section ends with the proofs of Lemmas 5.14, 5.15 and 5.16.

Proof of Lemma 5.14. Let us first prove (93). We denote, for an interval I of R/Z, by ﬁ%j) (to,t;I;[0 —
a]) the number of paths v € 7) born before t and such that v(ty) € I and y(ty +t) € [0 — a:

ﬁ%j)(to,t; I;[0 — qa]) := Card{'y(to +t)e0—al, y€ T(j), ~ born before ty, y(to) € I} .

Then, the following inequality holds almost surely:

(1/a]
120 (to, ;[0 — a]) < Z 1% (to, t; [ka — (k + 1)al; [0 — al), (99)

k=0
where [1/a] is the integer part of 1/a. The inequality (99) is due to the fact that two paths starting
from different intervals [ka — (k + 1)a] and [fa — (¢ + 1)a] can coalesce and give a single point
in the L.h.s. while they are counted twice in the r.h.s. Notice that when a is not the inverse of an
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integer, the right hand side is a bit larger than what is needed, because the first and last intervals

intersect. We conclude using the rotational invariance:

(1/a]

E(7%) (to, ;[0 — a])) < Z E (720 (to, t; [ka — (k + 1)al; [0 — a]))
k=0
[1/a

]
= Z E (720 (to, t; [0 — a; [~ka — —(k — 1)a]))
k=0
=E(n%,) (to, ;[0 — a])) + E(G2) (to, ; [0 — al; [1 — a[1/a] — a]))
SQE(U?@ (to,t; [0 — a])) .

since the arc [1 — a[l/a] — a] is included in [0 — a]. This proves (93).

We now turn to the proof of (94). Having proved (93), it is sufficient to show that

limsup E (nfr)(j)(tg,t; 0 — a])) < limsupE (nyy0) (to,£;0,a)) .

Jj—4o0 Jj—4o00

For this, we construct a coupling between W) and 7). Let us introduce the following event:
E; .= { for k > j, none of the Slice(hy) are empty } .

Notice that P(EY) < Zkzj e~ ™ which converges to zero when j — +o0, and by Borel Cantelli’s
lemma and (50), there exists a random level J, finite a.s., such that E; holds. Following the idea
in (98), we have:

E(n?(j)(t()vt; [0 — a])) < E(U%ﬂ(tmt; [0 — a])lER(h_7+t0)—1)

+ MP(Ef, 110)-1) + E(IZRh; +10)-1([0, 1])|1{\ER(;LJ+,50),1([0,1])\>M}) . (100)

Choosing M = M; = 2np(s,41)—1, We can control the third term as in (98). For this choice of
M = Mj, the second term is upper bounded by 2ng; +4,)-1 ZkZR(hj-s—to)—l e~ ™ which converges
to zero when j — +o00 by (50). Now for the first term in the r.h.s. of (100), let us prove that

E(n’?‘(j) (th t; [O — a])lER(}lj+t0)—1) < E(UWU) (th t; 0, a’))’ (101)

in which case, taking the limsup in (100) when j — +oo gives (94).

To show (101), we produce a coupling between W) and TU) ensuring that on ER(h;+t0)-1>
120 (to, ;10 — a]) < myyo (o, 10, a)). (102)

Consider the paths of WU) touching [0,a] x {to} and that survive until level to + t. Let us
denote by K the random number of points in [0,a] x {to} corresponding to these paths (K >
M (to, 65 [0 — a])) and let us call 0 < a3 < -+ < ax < a the abscissa of these points. Recall
that if Z/ = a(Z) € Lg41 is the ancestor of Z € Ly, then base the isosceles triangle with apex Z
and admitting Z’ as other vertex contains only one atom of Zyy1: Z’. This triangle is called the
()

influence triangle of Z. Let us denote by 6, the left border of the influence region of l/\/(a1 t0)

(i.e.
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7) )

the union of the influence triangles of the vertices constituting W(a t0)):

We consider the point
process on the cylinder consisting of the atoms of = in the region

Rj = {((E,t) e R x [hj +t07+00), QL(t) <z< QL(t) + ].} s

which is a PPP conditioned on Egs; 145)—1- On this PPP, let us construct the corresponding forest
T and compute the r.v. n7o_(j> (to, ;[0 = a]).

Let k € {1,... K} be the (random) index k of the rightmost path W((ii,tw that does not intersect
the border 61, (.)+1. By construction, all the paths W(a 1) for k € {1,...x} are unchanged on the
cylinder (meaning that the successive ancestors of (ay, tp) remain the same as in the plane). Hence,
among the paths started at (aq, to) ., (ax, to), the remaining ones at level ¢y + ¢ are the same in
the plane and in the cylinder: 777_(3) (to7 , [0 — a,]) and ny06) (o, t50,a,) are equal. If kK = K then

(102) is proved. Else, let us consider W(a rr1.t0) and denote by Z the first vertex of this path (in
the plane) such that Z € R; and Z’ = a(Z) ¢ R;. In other words, W(] ) intersects 61, + 1 for

. to
the first time when going from Z to Z’. In the cyhnder, the paths 7'(553:’)50), e ,7;51]3{’%) (if they
exist) are all trapped between Tij) 11to) and ’Ta o) Two cases may be distinguished:
° If’T J) T 1to) coalesces with ﬁg) t0) before time to+t then the same holds for ’7'(3 ato)? 72531)( to)"
In thlS case, the contribution of T(a o) ,’T(E“)ﬁto) to nT(j) (to,t; [0 — a]) is null. So,
1% (to, [0 = a]) = 126, (b0, ;[0 = ax]) = Ty (fo,1 0, ax)

< o (to,t;0,a) .

e Since the inﬂuence triangle of the vertex Z overlaps the inﬂuence region of T(Ele) t0) then all
the paths T( ,7E(j )

ak ,to)

have to coalesce with T( or 72533 to) before time tg + ¢.

Qpt2,t0)’ """ Art1,t0)

Either TJ ) coalesces with 7—(113,150) before time to + ¢ and then n7o.(j)(t0,t; [0 — a)) is

a+t

still smaller than nyy) (to,?;0,a) (as in the first case). Or, 7'( does not coalesce with

ax+1,to0)

79 before time to+t and 130 (to, ;[0 — a]) = 09 (t0, ;[0 — a,])+1. This also prevents

(ansto)
the planar paths w\) .,W(j) to coalesce with W(J) .
(ax,to) (ar+1,t0)

(ary2,t0)? "
Mwo (to, t;0,a) is at least 1:

Their contribution to

150 (to, £ [0 = a)) = 0%, (to, 15 [0 = ax]) + 1 < myye (to, £50,a) .
This shows (102) and concludes the proof of the Lemma. O

Proof of Lemma 5.15. Let j > jg. On the event A¢
hR(h;+ty) — hj, say Z, which is the ancestor of an element of wbn ([O,a} X {hR(h;+t0)-1 — hj})

a.j,r» there exists a point of WU) at height
but of none of the points of the grid Gr(tg,a,r). This occurs only if Z belongs to the segment
[0,a] X {hR(h,+ty) — hj} and is surrounded by two other points of W) on the same level which are

very close to it. Precisely, A¢

o.j.~ implies the existence of a segment in [~1/7, a+1/7] X {hrn,;+1,) —

h;} with length 2/r and containing at least 3 points of the Poisson point process T R(h;+to) Of
intensity ng(n,1t,)- The number of points of Y r(s, y4,) in [=1/7,a+1/r] X {hg(n,;44,) — h;} being
a Poisson r.v. with parameter (a + 2/r)nR(h].+t0),1, we can deduce that the minimum distance
between two consecutive points of this PPP possesses a density. Thus, the probability of Agm
tends to 0 as r — +o0. O
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Proof of Lemma 5.16. This last proof is based on the proof of Lemma 2.7 in [23]. Let us denote
by 7, (to,t;0,a) the number of remaining paths v(.), £ =0,...,m(a,r), in WU at time to + t,
that started from the grid Gr(to,a,r). The event A, ;, has been introduced in order to write:

o (to, t;0,a)1a, ;. < nrj(to,t;0,a) . (103)

Besides, the number of paths counted by 7, ;(to,¢; 0, @) is upper bounded by the number m(a, r)+1
of paths ~x(.)’s starting from the grid Gr(¢o, a,) minus the number of pairs (k, k + 1) that have
coalesced before height ¢y + t, i.e.

m(a,r)—1
nr,j(t07 t, O7 a) S (m(a7 7“) + 1) — 1'Yk(t0+t):'7k+1(t0+t) . (104)
k=0
Using (83), we have for sufficiently large j:
m(a,r)—1
E( Z 1’Yk(t)=’Yk+1(t)> = m(aa T)(l - IP("YO(tO + t) 7£ 71(150 + t)))
k=0
> m(a,r) — m(a,r)C
r\/hR(thrtoth) - hR(hjﬁ*to)fl
2 C
> m(a,r)— 2m{a,r)C (105)

vt

since Ar(n,+tg+t) = PR(h,+t0)—1 tends to t as j — oo. Finally, (103), (104) and (105) lead to the
expected result. O

Remark 5.17 (Comparison between navigation in different spaces). Just above Corollary 5.2, we
observed that certain navigations on the cylinder can be sent onto navigations in the radial plane,
and that both navigations are very similar in nature. In the whole paper, we often used that some
structures can be transported from the plane onto the cylinder, and to the radial plane, provided
the transport keeps the crucial features of the models considered.

With the example adapted from the work of Coletti and Valencia [9], in this Section 5, we illustrate
how working on the cylinder allows us to state global convergence results for the radial tree correctly
renormalized. However, in some cases such as the radial spanning tree (RST) of Baccelli and
Bordenave [2], the cylindrical forest can appear very complicated so that is can be easier to stick
to the original radial problem, showing the limitations of this method.

In the RST, a homogeneous PPP is given in the plane. A radial tree with vertex set the points of
the PPP and rooted at the origin O is constructed. In this tree, the ancestor of a vertex x is the
closest point of the PPP with smaller radius. When we send this tree and PPP in the cylinder, the
circle of radius p is sent on the slice of height h(p). The resulting vertex set on the cylinder is not
a homogeneous PPP. Additionally, the neighborhood of a given point becomes complicated in the
cylinder, as shown in Fig. 6.
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