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Extremes for the inradius in the Poisson line tessellation

Nicolas Chenavier* Ross Hemsley'

January 31, 2015

Abstract

A Poisson line tessellation is observed in the window W, := B(0,7~/2p'/?), for p > 0. With
each cell of the tessellation, we associate the inradius, which is the radius of the largest ball contained
in the cell. Using Poisson approximation, we compute the limit distributions of the largest and
smallest order statistics for the inradii of all cells whose nuclei are contained in W, as p goes to

infinity. We additionally prove that the limit shape of the cells minimising the inradius is a triangle.

Keywords line tessellations, Poisson point process, extreme values, order statistics.

AMS 2010 Subject Classifications 60D05 — 60G70 — 60G55 — 60F05 — 62G32

1 Introduction

The Poisson line tessellation Let X be a stationary and isotropic Poisson line process of intensity
4 = 7 in R? endowed with its scalar product (-,-) and its Euclidean norm | - |. By .4, we shall denote

the set of affine lines which do not pass through the origin 0 € R2. Each line can be written as
H(uvt) ::{$€R27 <‘T>u>:t}7 (1)

for some t € R, u € S, where S is the unit sphere in R2. When ¢ > 0, this representation is unique.

The intensity measure of X is then given by

HE) = /S /R Lit(urycs dro(du), (2)

for all Borel subsets £ C A, where A is endowed with the Fell topology (see for example Schneider and
Weil [21], p563) and where o(-) denotes the uniform measure on S with the normalisation o(S) = 2.

The set of closures of the connected components of R? \X defines a stationary and isotropic random
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Figure 1: A realisation of the Poisson line tessellation truncated to a window.

tessellation with intensity 4(*) = 7 (see for example (10.46) in Schneider and Weil [21]) which is the
so-called Poisson line tessellation, mpyr. By a slight abuse of notation, we also write X to denote the
union of lines. An example of the Poisson line tessellation in R? is depicted in Figure 1. Let B(z,7)
denote the (closed) disc of radius 7 € R, centred at z € R? and let K be the family of convex bodies
(i.e. convex compact sets in R? with non-empty interior), endowed with the Hausdorff topology. With

each convex body K € K, we may now define the inradius,
r(K):= sup{r :B(z,r) CK,zeR* re R, }

When there exists a unique 2z’ € R? such that B(z',7(K)) C K, we define 2(C) := 2’ to be the incentre
of K. If no such 2’ exists, we take z(K) := 0 € R2. Note that each cell C € mpy; has a unique 2’
almost surely. In the rest of the paper we shall use the shorthand B(K) := B(z(K),r(K)). To describe
the mean behaviour of the tessellation, we recall the definition of the typical cell as follows. Let W be
a Borel subset of R? such that A\o(W) € (0,00), where )y is the 2-dimensional Lebesgue measure. The
typical cell C of a Poisson line tessellation, mpyy is a random polytope whose distribution is characterised
by

O = oy B | 2 S€-0) | ®)

z(C)ew

for all bounded measurable functions on the set of convex bodies f: L — R. The typical cell of
the Poisson line tessellation has been studied extensively in the literature, including calculations of
mean values [15, 16] and distributional results [2] for a number of different geometric characteristics.

A long standing conjecture due to D.G. Kendall concerning the asymptotic shape of the typical cell



conditioned to be large is proved in Hug et al. [12]. The shape of small cells is also considered in
Beermann et al. [1] for a rectangular Poisson line tessellation. Related results have also been obtained
by Hug and Schneider [11] concerning the approximate properties of random polytopes formed by the
Poisson hyperplane process. Global properties of the tessellation have also been established including,
for example, central limit theorems [, 9].

In this paper, we focus on the extremal properties of geometric characteristics for the cells of a
Poisson line tessllation whose incentres are contained in a window. The general theory of extreme
values deals with stochastic sequences [10] or random fields [14] (more details may be found in the
reference works by de Haan and Ferreira [6] and Resnick [19].) To the best of the authors’ knowledge, it
appears that the first application of extreme value theory in stochastic geometry was given by Penrose
(see Chapters 6,7 and 8 in Penrose [17]). More recently, Schulte and Théle [23] established a theorem to
derive the order statistics of a general functional, fi(z1,...,zx) of k points of a homogeneous Poisson
point process, a work which is related to the study of U-statistics. Calka and Chenavier [3] went on
to provide a series of results for the extremal properties of cells in the Poisson-Voronoi tessellation,
which were then extended by Chenavier [5], who gave a general theorem for establishing this type of
limit theorem in tessellations satisfying a number of conditions. Unfortunately, none of these methods
are directly applicable to the study of extremes for the geometric properties of cells in the Poisson line
tessellation, due in part to the fact that even cells which are arbitrarily spatially separated may share

lines.

Potential applications We remark that in addition to the classical references, such as the work
by Goudsmit [7] concerning the trajectories of particles in bubble chambers, a number of new and
interesting applications of random line processes are emerging in the field of Computer Science. Recent
work by Plan and Vershynin [18] concerns the use of random hyperplane tessellations for dimension
reduction with applications to high dimensional estimation. Plan and Vershynin [18] in particular
point to a lack of results concerning the global properties of cells in the Poisson line tessellation in
the traditional stochastic geometry literature. Other interesting applications for random hyperplanes
may also be found in context of locality sensitive hashing [1]. We believe that our techniques will
provide useful tools for the analysis of algorithms in these contexts and others. Finally, we note that
investigating the extremal properties of cells could also provide a way to describe the regularity of

tessellations.

1.1 Contributions

Formally, we shall consider the case in which only a part of the tessellation is observed in the window

W, := B (0,7~ Y/2p!/2), for p > 0. Given a measurable function f: K — R satisfying f(C +z) = f(C)



for all C € K and x € R?, we consider the order statistics of f(C) for all cells C' € mpyr such that
z(C) € W, in the limit as p — oo. In this paper, we focus on the case f(C) := R(C) in particular
because the inradius is one of the rare geometric characteristics for which the distribution of f(C) can be
made explicit. More precisely, we investigate the asymptotic behaviour of mw,[r] and My, [r], which
we use respectively to denote the inradii of the r-th smallest and the r-th largest inballs for fixed r > 1.
Thus for r =1 we have

mw,[1] = min R(C) and Mw,[1] = max R(C).

Cempyr, Cempyr,
2(C)eW, 2(C)EW,

The asymptotic behaviours of mwy, [r] and Mw, [r] are given in the following theorem.
Theorem 1. Let mpyr be a stationary, isotropic Poisson line tessellation in R? with intensity © and
let 7 > 1 be fized, then

(i) for anyt >0,

r—1 k
4 t

2 \—1
p <mwp [r] = (27°p) t) o € k*OH’

(i) for anyt € R,

trfl €7t k
P <wa[r] < %(log(p) th)) o e ];J ( k!) '

When r = 1, the limit distributions are of type IT and type III, so that mw,[1] and Mw,[1] belong
to the domains of attraction of Weibull and Gumbel distributions respectively. The techniques we
employ to investigate the asymptotic behaviours of mw,[r] and Mwy,[r] are quite different. For the
cells minimising the inradius, we show that asymptotically, mw, [r] has the same behaviour as the r-th
smallest value associated with a carefully chosen U-statistic. This will allow us to apply the theorem in
Schulte and Théle [22]. The main difficulties we encounter will be in checking the conditions for their
theorem, and to deal with boundary effects. The cells maximising the inradius are more delicate, since
the random variables in question cannot easily be formulated as a U-statistic. Our solution is to use
a Poisson approximation, with the method of moments, in order to reduce our investigation to finite
collections of cells. We then partition the possible configurations of each finite set using a clustering

scheme and conditioning on the inter-cell distance.

The shape of cells with small inradius It was demonstrated that the cell which minimises the cir-
cumradius for a Poisson-Voronoi tessellation is a triangle with high probability by Calka and Chenavier
[3]. In the following theorem we demonstrate that the analogous result holds for the cells of a Poisson

line tessellation with small inradius. We begin by observing that almost surely, there exists a unique



cell in mpyr with incentre in W, say Cw, [r], such that R(Cw,[r]) = mw,[r]. We then consider the
random variable n(Cw, [r]) where, for any (convex) polygon P in R?, we use n(P) to denote the number

of vertices of P.

Theorem 2. Let mpyr be a stationary, isotropic Poisson line tessellation in R? with intensity ™ and
let > 1 be fized, then

P, (rewiin=s}) 22
Remark. The asymptotic behaviour for the area of all triangular cells with a small area was given in
Corollary 2.7 in Schulte and Théle [23]. Applying similar techniques to those which we use to obtain

the limit shape of the cells minimising the inradii, and using the fact that
P(X2(C) <v) < P(R(C) < (7 'v)/?)

for all v > 0, we can also prove that the cells with a small area are triangles with high probability. As
mentioned in Remark 4 in Schulte and Théle [23] (where a formal proof is not provided), this implies
that Corollary 2.7 in Schulte and Théle [23] makes a statement not only about the area of the smallest

triangular cell, but also about the area of the smallest cell in general.

Remark. Our theorems are given specifically for the two dimensional case with a fixed disc-shaped
window, W, in order to keep our calculations simple. However, Theorem 1 remains true when the
window is any convex body. We believe that our results concerning the largest order statistics may
be extended into higher dimensions and more general anisotropic (stationary) Poisson processes, using
standard arguments. For the case of the smallest order statistics, these generalisations become less

evident, and may require alternative arguments in places.

1.2 Layout

In Section 2, we shall introduce the general notation and background which will be required throughout
the rest of the paper. In Section 3, we provide the asymptotic behaviour of mwy,[r], proving the first
part of Theorem 1 and Theorem 2. In Section 4, we establish some technical lemmas which will be used
to derive the asymptotic behaviour of My, [r]. We conclude in Section 5 by providing the asymptotic

behaviour of My, [r], finalising the proof of Theorem 1.

2 Preliminaries

Notation

e We shall use Po(7) as a place-holder for a Poisson random variable with mean 7 > 0.



e For any pair of functions f,g: R — R, we write f(p) - g(p) and f(p) = O(g(p)) to respectively
p—00
mean that f(p)/g(p) = 1 as p — oo and f(p)/g(p) is bounded for p large enough.

e By B(R?) we mean the family of Borel subsets in R2.
e Forany A € B(R?) and any z € R?, we write 7+ A := {z+y : y € A} and d(z, A) := inf eca [z —y|.

e Let F be a measurable set and K > 1.

For any K-tuple of points z1,...,zx € E, we write x1.x = (1,...,2ZK).

By Ef, we mean the set of K-tuples of points z;.x such that z; # z; forall 1 <i # j < K.

— For any function f: E — F, where F is a set, and for any A C F, we write f(z1.x) € A to
imply that f(z;) € A for each 1 < i < K. In the same spirit, f(z1.x) > v will be used to

mean that f(x;) > v given v € R.
— If v is a measure on E, we write v(dz1.x) := v(dxy) - - - v(dek).
e Given three lines H;.3 € .Az;’é in general position (in the sense of Schneider and Weil [21], p128),
we denote by A(Hj.3) the unique triangle that can be formed by the intersection of the halfspaces

induced by the lines Hy, Hy and Hs. In the same spirit, we denote by B(Hi.3), R(H;.3) and
z(Hj.3) the inball, the inradius and the incentre of A(H;.3) respectively.

e Let K € K be a convex body with a unique inball B(K) such that the intersection B(K) N K
contains exactly three points, x1, x2,x3. In which case we define T, T5, T3 to be the lines tangent
to the border of B(K) intersecting 1,2, x3 respectively. We now define A(K) = A(Th:3),
observing that B(A(K)) = B(K).

e For any line H € A, we write HT to denote the half-plane delimited by H and containing 0 € R2.
According to (1), we have H* (u,t) := {z € R?: (z,u) <t} for given t > 0 and u € S.

e For any A € B(R?), we take A(A) C A, to be the set A(A) :={H € A: HN A # @}. We also
define ¢: B(R?) — R, as

6(4) = p(A(A) = /A |, Lnaso p(dH) = B[#{H € X: HO 422} ]. (4)

Remark. Because X is a Poisson process, we have for any A € B(R?)
P (XmA: @) =P (#XmA(A) :0) _— (5)

Remark. When A € B(R?) is a convex body, the Crofton formula (Theorem 5.1.1 in Schneider and
Weil [21]) gives that

¢(A4) = £(A), (6)



where ¢(A) denotes the perimeter of A. In particular, when A = B(z,r) for some z € R? and r > 0,
we have ¢(B(z,1)) = p(A(B(z,1))) = 27r.

A well-known representation of the typical cell The typical cell of a Poisson line tessellation,
as defined in (3), can be made explicit in the following sense. For any measurable function f: K — R,

we have from Theorem 10.4.6 in Schneider and Weil [21] that

1 > < —27r
E[f(C)]= %/o /S3 E {f (C’ (X,ulzg,r)> ] e a(uy:3) o(duy.3)dr, (7)
where
3
C(X,Ul;g,r) = ﬂ {H*ﬂﬂHJr(uj,r)} (8)
HeXN(A(B(0,r)))° Jj=1
and where a(uy.3) is taken to be the area of the convex hull of {uy,us,u3} C S when 0 € R? is contained

in the convex hull of {u, us, uz} and 0 otherwise. With standard computations, it may be demonstrated

that [gs a(u1:3) o(duy.3) = 4872, so that when f(C) = R(C), we have the well-known result
P(R(C)<wv)=1—¢"2™  forallv > 0. (9)

We note that in the following, we occasionally omit the lower bounds in the ranges of sums and
unions, and the arguments of functions when they are clear from context. Throughout the paper we
also use c to signify a universal positive constant not depending on p but which may depend on other

quantities. When required, we assume that p is sufficiently large.

3 Asymptotics for cells with small inradii

3.1 Intermediary results

Let r > 1 be fixed. In order to avoid boundary effects, we introduce a function ¢(p) such that

—2

logp-q(p)-p™> — 0 and 7 '/? (q(p)”2 —91/2) —elogp — +oo (10)
p—00

p—r00

for some € > 0. We also introduce two intermediary random variables, the first of which relates
collections of 3-tuples of lines in X. Let ﬁ%wp [r] represent the r-th smallest value of R(Hy.3) over all
3-tuples of lines Hy.3 € Xi such that z(Hy.3) € W, and A(Hy.3) C W,. Its asymptotic behaviour is

given in the following proposition.

Proposition 3. For anyr > 1 and any t > 0,

P (T/T\pr [r] > (27r2p)71t> — e R



The second random variable concerns the cells in mpyr. More precisely, we define ﬁmwp [r] to be the
r-th smallest value of the inradius over all cells C' € mpy; such that 2(C) € W, and A(C) C Wy(,). We
observe that mw, [r] > ’I%,WP [r] and 1w, [r] > mw,[r]. Actually, in the following result we show that

the deviation between these quantities is negligible as p goes to infinity.
Lemma 4. For any fized r > 1,

(i) P (mw, [r] # mw,[r]) — 0,

p—+00

(i) P (mwp[r] + ﬁzwp [r]) p:)o 0.

As stated above, Schulte and Théle established a general theorem to deal with U-statistcs (Theorem
1.1 in Schulte and Théle [23]). In this work we make use of a new version of their theorem (to appear
in Schulte and Théle [22]), which we modify slightly to suit our requirements. Let g: A®> — R be
a measurable symmetric function and take ﬁlg,wp [r] to be the r-th smallest value of g(Hy.3) over all
3-tuples of lines Hy.5 € Xi such that z(Hy.3) € W, and A(Hy.) C W, (for g(p) as in (10).) We now

define the following quantities for given a,t > 0.

1
a(pg) (t) := 6 /A?’ Le(H1.5)ew, Lo ) cW ) Lg(Hy.5)<pat p(dHy:3), (11a)
2
200 = [ ([ Ltmarew, 1atinrcw,i Lt proc ildtaa) ) (dt), (11h)
2
T;?Q)(t) = /_’;12 (/-A 12(H1;3)Ewp 1A(H1;3)Cwq(p) lg(H1;3)<p*“t /’L(dH3)> /“L(dle) (11C)

Theorem 5 (Schulte and Thile). Lett > 0 be fized. Assume that a,(t) converges to at® > 0, for some

a,B>0 and r,1(t),7,2(t) — 0, then
p—r00

o () 1 ey e S (0
() = o) oy e S0
k=0
Remark. Actually, Theorem 5 is stated in Schulte and Théle [22] for a Poisson point process in more

general measurable spaces with intensity going to infinity. By scaling invariance, we have re-written
their result for a fixed intensity (equal to m) and for the window W, = B(0,7~/2¢(p)'/?) with
p — o0. We also adapt their result by adding the indicator function 1.(g,,)ew, to (11a), (11b) and
(11c).



Figure 2: Construction of double cone for change of variables.

Proofs for Proposition 3, Lemma 4, Theorem 1, Part (i) and Theorem 2

Proof of Proposition 3. Let t > 0 be fixed. We apply Theorem 5 with ¢ = R and a = 1. First, we
compute the quantity «a,(t) = a,(,R) (t) as defined in (11a). Applying a Blaschke-Petkantschin type

change of variables (see for example Theorem 7.3.2 in Schneider and Weil [21]), we obtain
1 o0
ap<t) = */ / / G(U1:3)1zewp Lopr ACH (w1), H (us), H (uz)) CW » Lrcp—1t o(duy.3)drdz
24 R2 JoO S3 ae

1 (oo}
= */ / / a(u1:3)Lzew, Logrp=9/2 A(H (ur) H (uz), H(us))CW ), Ir<t 0(dUr:3)drdz.
24 R2 0 S3 aprre

We note that the normalisation of u, as defined in Schneider and Weil [21], is such that p; = %,u,
where p is given in (2). It follows from the monotone convergence theorem that

1

ay(t) — —/ / / a(ur.3)lew, lr<r o(duy.3)drdz = 212t (12)
p=oo 24 Jr2 Jo Js3

since Ao(W1) =1 and [g3 a(u1:3) 0(duy.3) = 487%. We must now check that

oalt) = 0 (13)
Tpg(t)éj;; 0, (14)

where 7, 1(t) := rgﬁ) (t) and 7, 2(¢) == rl()g) (t) are defined in (11b) and (11c).
Proof of Convergence (13). Let H; be fixed and define

Gp(Hy) == /A2 Lo(#,.5)eW, LA(H )W o,y LR(H o) <p-1t 11(dH2:3).

Bounding 14 (g, ,)cw by 1, and applying Lemma 12, Part (i) (given in appendix) to R := p~!t,

a(p)

R :=7"12p1/2 and 2/ = 0, we get for p large enough

Gp(Hy) <c- F‘71/21<1((J,H1)<p1/2 :



Noting that 7,1 (t) = [, G,(H1)*u(dH)), it follows from (2) that

) 007" [ Sy nldih)
=0 (p—l/Q) . (15)
O

Proof of Convergence (14). Let Hy and Hy be such that H; intersects Hs at a unique point, v(Hi.2).
The set H; U Hy divides R? into two double-cones with supplementary angles, C;(Hi:2), 1 <1i < 2 (see
Figure 2.) We then denote by 01 (H1;2) S [0, g) the half—angle of Ci(Hl;z) so that 2(01 (H1;2)+92 (H1;2)) =

m. Moreover, we write
Ei(Hy:2) = {Hs € A:z(Hyz) € W, N Ci(Hip), A(Hys) C Wy, R(Hyg) <p 't }
We provide below a suitable upper bound for G,(H1, Hz) defined as

G,(Hy, Hy) = /A Lo(H,.5)eW, LA(Hy.5)cW o) LR(Hy5)<p-1t H(AH3)

2
= Z/ 1H3€Ei(H1:2) ILL(dHS)' (16)
i=17A

To do this, we first establish the following lemma.
Lemma 6. Let Hy, Hy € A be fized and let Hs € E;(Hy.2) for some 1 < i < 2, then

(i) H3sNW,., # @, for some c,

.o c- -1

(ZZ) Hg n B (’U(HLQ), SHIO;EW) 7é @,
(i) |v(Hy.2)| < c-q(p)Y/?, for some c.
Proof of Lemma 6. The first statement is a consequence of the fact that

(0, Hs) < |2(His)| +d(2(Hig), Hs) < 7 '/2p"2 4 p7lt < - pl/2,

For the second statement, we have
R(Hl;g) c ,071

. < ) — . . < AT 1y P
d(v(Hy:2), H3) < |v(Hi2) — 2(Hys)| +d(2(Hyz), Hz) < S0 63 (H1.2) +p 7t < S0 6 (1)

since R(Hy:3) = [v(Hy:2) — 2(Hy:3)| - sin 6;(Hy.2). Finally, the third statement comes from the fact that
’U(H1;2) S Wq(p) since A(Hl;g) C Wq(p). O

10



We apply below the first statement of Lemma 6 when 6;(H;.2) is small enough and the second one

otherwise. More precisely, it follows from (16) and Lemma 6 that

2
G,(H1, H2) < Z/A LH,aW. 0 Ljo(Hy0)|<c-a(p)1/2 Lsin6:(Hyo)<p—3/2 H(dH3)
i=1

" /A LB (0(1.0), st ) Mot <era(0)1/2 Tsin0s (1) >p-2/2 (A H3)-

(17)
Integrating over Hs and applying (6) to
B e Wa, = BO,"22) and B'i= B (v(Hya), 0
- e ¢ n = v ), ——
cp ) P 12)s o 0,(H1.2) )
we obtain
2 -
Colth 12) = e ; (p1/2lsin9i(H1:2)§p3/2 + mlsm 0;(Hy.2)>p—3/2 >
X 1|’U(H1;2)‘§c~q(p)l/2 . (18)

Applying the fact that

2

rp2(t) = /A G,(Hy, Hs)?*pu(dH12)  and (Z(ai + bz‘)) < 42 (af +b7)

=1

for any a, as,b1,be2 € R, it follows from (18) that

2 —2
P
TP’Q(t) <c- ; /A2 (plsinf)i(Hl;z)Spg‘/Z + 7Sin2 0-(H1;2) 1sin9i(H1;2)>p*3/2 )

K2

X Lo(Hy) <ca(p)r/2 #(dH1:2)

For any couple of lines (Hy, Hs) € A? such that H; = H(uy,t1) and Hy = H(ug,ts) for some uy,us € S
and ty,ty > 0, let 6(Hy, Hy) € [-F, %) be the oriented half angle between the vectors u; and up. In
particular, the quantity |6(Hi.2)| is equal to 61 (Hy:2) or 02(Hy.2). This implies that

_2
p
(Plsine(Hl:ngpS/? + szewlsinewlzsz?'/z) Lo 0ef0.3)

rp2(t) < 4c /

A2

X Lo() <eq(e)/2 #dH1:2). (19)
With each v = (vi,v2) € R?, 8 € [0,27) and § € [0,7/2), we associate two lines H; and Hy as
follows. We first define L(vy,vs,3) as the line containing v = (v1,vs) with normal vector E, where

for any o € [0,27), we write & = (cosa,sina). Then we define H; and Hjy as the lines containing

v = (v1,v2) with angles 6 and —6 with respect to L(v1, va, 3) respectively. These lines can be written

11



as Hy = H(uy,t1) and Hy = H(ug,t2) with
w = wi(8,0) = B0,
t1 = t1(v1,v2,5,0) = |—sin(8 — 0)vy + cos(8 — O)vs|,
uy = uz(B,0) = B+0,
to = to(v1,v2,5,0) = |sin(B+ 0)vy + cos(B + 0)vs] .
Denoting by @, the unique real number in [0, 27) such that @ = @ mod 27, we define

¥: R*x [0,27m) x [0, %) — Ry x [0,27) x Ry x [0,27)

(v1,v2,0,0) — (tl(Ul,vzﬁﬁ), B =0, ta(vr,ve,,0), 5+9)~

Modulo null sets, ¢ is a C! diffeomorphism with Jacobian Jv given by |Ji(vy,ve, 3,0)| = 2sin 26 for
any point (vy,vs, 3,0) where v is differentiable. Taking the change of variables as defined above, we

deduce from (19) that

27 % -2
Tﬂ»z(t) S ¢ / / / sin(29) <pISiH 0<p=3/2 + Llsin 6>p=3/2 > 1|v\<c-q(P)1/2 dedﬂd’l}
R2 JO 0 n -

sin? 0
=0 (logp-qlp)-p?). (20)
As a consequence of (10), the last term converges to 0 as p goes to infinity. O
The above combined with (12), (15) and Theorem 5 concludes the proof of Proposition 3. O

Proof of Lemma 4, (i). Almost surely, there exists a unique triangle with incentre contained in W(,),

denoted by Aw, [r], such that

A

z2(Aw,[r]) € W, and R(Aw,[r]) = mw,[r].

Also, z(Aw,[r]) is the incentre of a cell of mpy, if and only if XN B(Aw,[r]) = @. Since mw, [r] >

ﬁzwp [r], this implies that
mw, [r] = nAzwp [r] = 31 <k<r suchthat XN B(Aw, [k]) # @.

In particular, for any € > 0, we obtain

T

P (ﬁlwp [r] # T%Wp [7‘]) < Z (P (X N B(Aw, [k]) # @, R(Aw, [k]) < p—1+s)

k=1

+P (R(Awp k) > p”f)). (21)
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The second term of the series converges to 0 as p goes to infinity thanks to Proposition 3. For the first

term, we obtain for any 1 < k < r, that

P (X N B(Aw, [K]) # @, R(Aw, [K]) < p—1+6)

<P U {2(Hy:3) € W} N{R(Hy:3) < p~ "t} N {Hy N B(2(Hy:3), p~'1°) # 2}
H1:4€X‘;

<E Z La(H1.5)eW, LR(Hy.5)<p1% LH,nB(2(H1.5),p-17¢) 22
_H1:4€X;

= /,44 Lot 5)eW, LR(H,.5)<p-1+e LHAB(2(H15),p-1+) 20 (A H1:4),

where the last line comes from Mecke-Slivnyak’s formula (Corollary 3.2.3 in Schneider and Weil [21]).

Applying the Blaschke-Petkantschin change of variables, we obtain

P (XN B(Aw,[K) # &, R(Dw,[K]) < p~'+)

p—1+€
Sc-/ / / /a(m:s)leB(z,p—Hs);ezu(dH4)0(dU1:3)d7’dZ-
w, Jo s3.Ja

As a consequence of (4) and (6), we have

/A Li,nB(e,p-1+e)2o (dHy) = c-p~ ¢
for any z € R?. Integrating over z € W, r < p~'*¢ and u;.3 € S®, we obtain

P (X N B(Aw, k) # 2, R(Aw, [K]) < p*1+€) <e.plte (22)
since A2(W,) = p. Taking ¢ < 3, we deduce Lemma 4, (i) from (21) and (22). O

Proof of Theorem 2 . Let ¢ € (0, 3) be fixed. For any 1 < k < r, we write

P (n(Cw, K]) #3)
=P (n(pr [k]) > 4, mw, [k] > p—“f) +P (n(cwp [k]) > 4, mw, [k] < p_1+5>.

According to Proposition 3, Lemma 4, (i) and the fact that mw, [k] > mw, [k], the first term of the

right-hand side converges to 0 as p goes to infinity. For the second term, we obtain from (3) that

P (n(C’wp [K]) > 4, mw, [k] < p_1+8) <P Jmin  R(C) < pHE
2(C)EW,, n(C)>4

<E Z 1r@)<p-1+¢ Ln(c)>a
Cempyr,
L z(C)ewW,

—7p-P (R(C) <p " n(C) > 4). (23)
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We give below an integral representation of P(R(C) < p~!17¢ n(C) > 4). Let r > 0 and uy,uz,uz € S
be fixed. We denote by A(uy:3,r) the triangle A(H (uy,r), H(ug,r), H(us,r)). Let us notice that
the random polygon C’(X,ul;g,r), as defined in (8), satisfies TL(C(X,Ul;g,T)) > 4 if and only if X €
A (A(uq:s,7) \ B(0,7)). According to (5) and (7), this implies that

mp- P (R(C) < p 1 n(C) > 4)
p p—1+s
= — _ o —o(A(ur:3,7)\B(0,r)) —27r ) )
24/0 /Sg (1 € )6 a(ur:z)o(dui:s)dr.
Using the fact that 1 —e™® < z for all x € R and the fact that
o(A(urs, )\ B(0,7)) < ¢(A(urs,r)) = rl(A(us))

according to (6), we get

—14e€

/op [ e o duns)ar

A
Bl

wp- P (R(C) < p e n(C) > 4)

@)

(p71+25) _

This together with (23) gives that
P (n(Cw, [K]) > 4, mw, K] < p~1+5) — 0.
p—00

O

Proof of Lemma 4, (ii). Since mwy, [r] # mw,[r] if and only if A (Cw,[k]) N W¢

() # @ for some

1<k<r, weget for any e >0
P (mw,[r] # mw, )

< Z <P (R(pr k) > /fHE) +P (n(C’wp [K]) # 3)

+P (A (Cw, [K]) "W, # @, n(Cw, [K]) = 3, R(Cw,[}]) < p_1+6)>. (24)

As in the proof of Theorem 2, the first term of the series converges to zero. The same fact is also true

for the second term as a consequence of Theorem 2. Moreover, for any 1 < k < r, we have
P (& (Cw,[k) Wi, # 2, n(Cw,[k]) = 3, R(Cw,[k]) < p~*+*)

<P ( U {Xﬂ A(Hl;g) =d, Z(Hl;g) c Wp, A(Hl;g) ﬂW;(p) 7& g, R(Hl;g) < p1+€}>
H1:3€XC;

a(p)

< /A3 P (X NA(Hy3) = ®> Lo(H)ew, LA nWe, 2o LR(H,.5)<p-1+= 1 (dH1:3)

< AS efZ(A(les))lz(Hl;g)EWp 1€(A(H1,3))>7r—1/2(q(p)1/2—p1/2) 1R(H1:3)<p71+5 o] (dH1;3),
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where the second and the third inequalities come from Mecke-Slivnyak’s formula and (5) respectively.

Using the fact that

e*E(A(SHlﬁ)) < e—wfl/z(q(p)l/z_pl/Z)

and applying the Blaschke-Petkantschin formula, we get
C e 771'_1/2 1/2_ 1/2
P (A (Cw, M) N Wi,y # 2, n(Cw, [K]) =3) < ¢ p e a0 220%),

According to (10), the last term converges to zero. This together with (24) completes the proof of
Lemma 4, (ii). O

Proof of Theorem 1, (i). The proof follows immediately from Proposition 3 and Lemma 4. O

Remark. As mentioned on page 7, we introduce an auxiliary function ¢(p) to avoid boundary effects.

This addition was necessary to prove the convergence of r, o(t) in (20).

4 Technical results

In this section, we establish two results which will be needed in order to derive the asymptotic behaviour

of wa [’I"}

4.1 Poisson approximation

Consider a measurable function f: K — R and a threshold v, such that v, — co as p — co. The cells
C € mpy; such that f(C) > v, and 2(C) € W,, are called the exceedances. A classical tool in extreme
value theory is to estimate the limiting distribution of the number of exceedances by a Poisson random

variable. In our case, we achieve this with the following lemma.

Lemma 7. Let mpyr be a Poisson line tessellation embedded in R? and suppose that for any K > 1,

E > L), pIZTK' (25)
Cl:KE(mPHT);(
z2(C1:x)EW,
Then
r—1

P (Mf’wp [r] < vp) pjc Z He—T.

Proof of Lemma 7. Let the number of exceedance cells be denoted

Uw,) = D lyc)su,-

CEmpyr,
z(C)eEW,
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Let 1 < K <n and let {;} denote the Stirling number of the second kind. According to (25), we have

E[U(s,)"] = E [Z (e} v W) -1 W) =2 ) - K 1)

K=1

n n
= {K} E Z 1f(CHK)>Up
K=1

Ci1:k emPllT§7
z(C1:x)EW,

Thus by the method of moments, U(v,) converges in distribution to a Poisson distributed random
variable with mean 7. We conclude the proof by noting that My w, [r] < v, if and only if U(v,) <
r—1. O

Lemma 7 can be generalised for any window W, and for any tessellation in any dimension. A similar
method was used to provide the asymptotic behaviour for couples of random variables in the particular
setting of a Poisson-Voronoi tessellation (see Proposition 2 in Calka and Chenavier [3]). The main

difficulty is applying Lemma 7, and we deal partially with this in the following section.

4.2 A uniform upper bound for ¢ for the union of discs

Let ¢ : B(R?) — Ry as in (4). We evaluate ¢(B) in the particular case where B = U{(SiSK B(zi,r;)
is a finite union of balls centred in z; and with radius r;, 1 < ¢ < K. Closed form representations
for ¢(B) could be provided but these formulas are not of practical interest to us. We provide below
(see Proposition 8) some approximations for ¢(U{(§i§ xB(zi, 7)) with simple and quasi-optimal lower

bounds.

4.2.1 Connected components of cells

Our bound will follow by splitting collections of discs into a set of connected components. Suppose we
are given a threshold v, such that v, — 0o as p — co and K > 2 discs B (z;,r;), satisfying z; € R?,
r; € Ry and r; > vy, forall i =1,..., K. We take R := maxi<i<k ;. The connected components are

constructed from the graph with vertices B(z;,r;),i = 1,..., K and edges
B(zi,7;) +— B(zj,r;) <= B(z, R*)NB(z;, R®) # 2. (26)

On the right-hand side, we have chosen radii of the form R® to provide a simpler lower bound in
Proposition 8. The size of a component is the number of discs in that component. To refer to these

components, we use the following notation which is highlighted for ease of reference.
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Figure 3: Example connected components for K =5 and (ny,...,nx) = (0,1,1,0,0).

Notation

e For all k < K, write ny, := ni(z1:.x, R) to denote the number of connected components of size k.

Observe that in particular, Zszl k-np =K.

e Suppose that with each component of size k is assigned a unique label 1 < j < ng. We then write

B,ij) = B,(cj)(zl:K, R), to refer to the union of balls in the jth component of size k.

e Within a component, we write B,(Cj)[r] = B,(Cj)(zlzK, R)[r], 1 < r <k, to refer to the ball having
the rth largest radius in the jth cluster of size k. In particular, we have B,(cj) = Uf:l B,(Cj)[r]. We

also write zl(cj ) [r] and r,(cj ) [r] as shorthand to refer to the centre and radius of the ball B,(Cj ) [r].

4.2.2 The uniform upper bound

In extreme value theory, a classical method to investigate the behaviour of the maximum of a sequence
of random variables relys on checking two conditions of the sequence. One such set of conditions is
given by Leadbetter [13], who defines the conditions D(u,) and D’(u,) which represent an asymptotic
property and a local property of the sequence respectively. We shall make use of analagous conditions
for the Poisson line tessellation, and it is for this reason that we motivate the different cases concerning

spatially separated and spatially close balls in Proposition 8.

Proposition 8. Consider a collection of K disjoint balls, B(z;,r;) fori=1,..., K such that ri.x > v,

and R := maxy<;<kg Ti-.
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(i) When ny. = (K,0,...,0), i.e. mini<; j<x |z — 2;| > R®, we obtain for p large enough

K
¢( U B(Ziﬂ“i)) >2my ri—cou,t
i=1

1<i<K

(ii) (a) for p large enough,

K
QS( U B(ZZ',’I"Z')> >2rR + (an—1> 27rvp—c-v;1,

1<i<K k=1

(b) when R < (1+¢€)v,, for some e > 0, we have for p large enough

K K
¢< U B(zi,m))ZQﬂ'R—F(an—l) 27rvp+2nk(4—67r)vp—c-vg1.

1<i<K k=1 k=2
Remark. Suppose that ni.x = (K,0,...,0).

1. We observe that (27) is quasi-optimal since we also have

K K
¢< U B(Zz‘,Tz‘)) < D 6(B(zyr) = 27 i
1<i<K i=1 i=1
2. Thanks to (5), (27) and (28), we remark that
P m XNB(z,r) =2} | — H P (XNB(z,r) =& Sc-vp_1 — 0.
N p) - 1L e ) s

(27)

The fact that the events considered in the probabilities above tend to be independent is well-known

and is related to the fact that the tessellation mpyr satisfies a mixing property (see, for example the

proof of Theorem 10.5.3 in Schneider and Weil [21].) Our contribution is to provide a uniform rate of

convergence (in the sense that it does not depend on the centres and the radii) when the balls are distant

enough (case (1)) and a suitable uniform upper bound for the opposite case (case (ii).) Proposition 8
g pp PP p

will be used to check (25). Before attacking Proposition 8, we first state two lemmas. The first of which

deals with the case of just two balls.
Lemma 9. Let 21,20 € R and R>r1 > 1y > v, such that |zo — 21| > r1 + 12.

(i) If |22 — 21| > R3, we have for p large enough that
i (AB (1) N AB(s, 1)) ) < eyt
(it) If R < (1+¢€)v, for some e > 0, then we have for p large enough that

" (A(B(zl, 1)) N A(B(z, TQ))) < 2mry — (4 — emhu,
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Actually, closed formulas for the measure of all lines intersecting two convex bodies can be found
in Santalé [20], p33. However, Lemma 9 is more practical since it provides an upper bound which is

independent of the centres and the radii. The following lemma is a generalisation of the previous result.

Lemma 10. Let z1.x € R?X and R such that, for all 1 < i # j < K, we have R > r; > v, and

|Z7;—Zj| >7"7;+7‘j.

K ng ,
0 U ABern) =3 oot

1<i<K k=1 j=1
(it) If R < (1+¢€)v, for some e > 0, we have the following more precise inequality

K ngk . K
1 ( U A(B (zl,rl))) > ZZQ’/’T . r,(j)[l] + an(él —emv, —c- vljl.
1<i<K k=1j=1 k=2

4.2.3 Proofs

Proof of Proposition 8. The proof of (i) follows immediately from (4) and Lemma 10, (i). Using the
fact that r,(f)[l] >, forall 1 <k < K and 1 < j < ny such that r,(f)[l] # R, we obtain (iia) and (iib)

from Lemma 10, (i) and (ii) respectively. O

Proof of Lemma 9. As previously mentioned, Santalé [20] provides a general formula for the mea-
sure of all lines intersecting two convex bodies. However, to obtain a more explicit representation
of u(A(B(z1,71)) NA(B(z2,7r2))), we re-write his result in the particular setting of two balls. According

to (2) and the fact that p is invariant under translations, we obtain with standard computations that
i (.A(B(zhrl)) N A(B(zz,rz))) = / / LH (u,)nB(0,r)#2 LH(u)NB(22— 21 ,r0) 22 At 7 (du)
SJRy

= / / 1t<r1 1d(zz7z1,H(u,t))<r2 dt U(du)
s JR,

= / / ]-t<r1 ]-\cos o |zo—z1|—t|<ra dtda
[0,27) /R,
=2 f(Tl,’/‘Q, |Z2 - Z1|)a
where
f(’rh’f'g,h)
. r147r . r—"1 r—r9 )2 ry4re \2
:= (ry +rg)arcsin (F2) — (rq — rg) arcsin (D572) — h (\/1 - (B52) - \/1 — (Tfr2) >

for all h > 71 +7y. It may be demonstrated that the function f,, ,,: (r1+72,00) = Ry, h— f(r1,7r2,h)

is positive, strictly decreasing and converges to zero as h tends to infinity. We now consider each of the

two cases given above.
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Proof of (i). Suppose that |zo — 21| > R3. Using the inequalities,
rr+ry < 2R, arcsin ((7“1 +72)/(|z2 — 21|)) < arcsin(2/R?), r1 >y
we obtain for p large enough that,
flri,ra, 2o — 21|) < f(T1,T2,R3) < 4R arcsin (%) < ¢-Rl'<ec-vTh
Proof of (ii). Suppose that R < (1 + ¢€)v,. Since |22 — 21| > r1 + 2, we get
flri,ra, |22 —2z1|) < f(r1,re,m1+12) = 27re + 2(r1 — 1) arccos (%) —4\/ri73.
Using the inequalities,
Ty >1T9 > Uy, Arccos (%) < g, r < R<(1+e)v,

we have
flri,ro,|ze —z1]) < 2mre 4+ (r —vp)m —4v, < 2mry — (4 —em)v,,.
O

Proof of Lemma 10 (i). Using the notation defined in Section 4.2.1, we obtain from Bonferroni inequal-

ities

k<K j<ng
K n
23N u(A) - Y w(amE)na). @
k=1j=1 (k1,51)#(k2,52)

We begin by observing that for all 1 < k1 # ks < K and 1 < ji < ng,, 1 < ja < ny, we have
p(ABE) nA(BE) < Y w(A(B ) na(BE) < et (0)
101 <y, 1< <k»

when p is sufficiently large, with the final inequality following directly from Lemma 9, (i) taking r :=

T,(Czl)[fl] and ry 1= r,(f)[fg]. In addition,

p(AB) = u(ABIM)) = 2mr ) (31)
We then deduce (i) from (29), (30) and (31). O

Proof of Lemma 10 (ii). We proceed along the same lines as in the proof of (i). The only difference

concerns the lower bound for M(A(B,(Cj ))) We shall consider two cases. For each of the ny clusters of
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size one, we have ,u(.A(B%j))) = 27r7“§j)[1]. Otherwise, we obtain

n(A0) = (U A 0)
> (A(BY M) vA(BYR)
=2 D[] + 207 [2] — o (A (BY[1)) N A(BY [2]))

>2on- r,(cj) 1]+ (4 —em)v,

which follows from Lemma 9, (ii). We then deduce (ii) from the previous inequality, (29) and (30). O

5 Asymptotics for cells with large inradii

We begin this section by introducing the following notation. Let ¢ > 0, be fixed.

Notation

e We shall denote the threshold and the mean number of cells having an inradius larger than the

threshold respectively as

v = ult) = o-(loglmp) +1)  and 7= r(0) = o (32)

e For any K > 1 and for any K-tuple of convex bodies C,...,Ck such that each C; has a unique

inball, define the events

Eey = { | min R(C) 2 v, R(C)) = max C; |, (33)
B = {\ﬂ <i#j <K, B(C;)NB(C)) :@}. (34)

e For any K > 1, we take

I (p) = KE > lee,, |- (35)
Cl:Ke(ml’H'l');(v
Z(CI:K)EW;(

The proof for Theorem 1, Part (ii), will then follow by applying Lemma 7 and showing that %) (p) — 7%
as p — oo, for every fixed K > 1. To begin, we observe that I(l)(p) — T as p — 0o as a consequence of
(9) and (32). The rest of this section is devoted to considering the case when K > 2. Given a K-tuple of
cells Cy.x in mpyr, we use L(C1.x) to denote the number lines of X (without repetition) which intersect
the inballs of the cells. Tt follows that 3 < L(Cy.x) < 3K since the inball of every cell in mpy, intersects

exactly three lines (almost surely.) We shall take
{Hi,....Hrcri)} = {Hi(Cik), ..., Hp(cr0)(Crix) }
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to represent the set of lines in X intersecting the inballs of the cells C1.x. We remark that conditional
on the event L(C4.x) = 3K, none of the inballs of the cells share any lines in common. To apply the
bounds we obtained in Section 4.2, we will split the cells up into clusters based on the proximity of

their inballs using the procedure outlined in Section 4.2.1. In particular, we define
n1:x (Cr.x) = n1:x (2(Cr.x ), R(C1)).

We may now re-write (X )(,0) by summing over events conditioned on the number of clusters of each

size and depending on whether or not the inballs of the cells share any lines of the process,

1) =K Y (1) + 1)) (36)

n1.xk ENk

where the size of each cluster of size k is represented by a tuple contained in

Nx :—{nl:KENK:ihnk—K},
k=1

and where for any ni.x € Nx we write

Igcl,l:K)(p) =E Z 1EC1:K 1n1:K(Cl:K):n1:K 1L(CI:K):3K ) (37)

Cl:Ke(mPHT);{u
L Z(CLK)EVV;K

Ié,nl;K)(p) = E Z 1ECl:K lnl;K(Cl;K):nlzK IL(CI:K)<3K : (38)

Cl:Ke(mPllT)§7
| 2(Cr.x)eWE

The following proposition deals with the asymptotic behaviours of these functions.
Proposition 11. Using the notation given in (37) and (38),

. (K,0,...,0) K
(i) 180 ) — 75,

(it) for all ny.x € Ng \ {(K,0,...,0)}, we have Igilz’{)(p) — 0,

p—r00

(iii) for all n1.x € Nk, we have Iénl:K)(p) — 0.

p—00

The convergences in Proposition 11 can be understood intuitively as follows. For (i), the inradii of
the cells behave as though they are independent, since they are far apart and no line in the process
touches more than one of the inballs in the K-tuple (even though two cells in the K-tuple may share a
line.) For (ii), we are able to show that with high probability the inradii of neighbouring cells cannot
simultaneously exceed the level v,, due to Proposition 8, Part (ii). Finally, to obtain the bound in (iii)
we use the fact that the proportion of K-tuples of cells which share at least one line is negligible relative

to those that do not.
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Figure 4: Example of configuration of inballs and lines, with associated configuration graph.

The graph of configurations For Proposition 11, Part (iii), we will need to represent the dependence
structure between the cells whose inballs share lines. To do this, we construct the following configuration
graph. For K > 2 and L € {3,...,3K }, let Vo :={1,...,K } and V;, :={1,...,L}. We consider the
bipartite graph G(V¢, Vi, E) with vertices V := Vo UV, and edges E C Vo x V. Let
A= | Ak (39)
L<3K

where Ak 1, represents the collection of all graphs which are isomorphic up to relabling of the vertices

and satisfying
1. degree(v) = 3,Vv € Vg,
2. degree(w) > 1,Vw € Vp,
3. neighbours(v) # neighbours(v'), ¥(v,v’) € (Vo)Z.

We shall use V¢ to represent the cells and V7, to represent the lines in a line process, with each graph
edge implying that a line intersects the inball of a cell. The number of such bipartite graphs is finite

since |Ag, 1| < 2KL 5o that |Ag| < 3K - 9(3K?)

Proofs

Proof of Proposition 11 (i). For any 1 < ¢ < K and the 3-tuple of lines Hi(l:?’) = (Hi(l),Hi(z),Hi(?’)),
we recall that A; := Ai(Hi(l),Hi(Q),Hi(g)) denotes the unique triangle that can be formed by the
intersection of the half-spaces induced by the lines HZ.(I:?’). For brevity, we write B; := B(/;) and

Hfllg’) = (H{LS), Cey ngg)). We shall often omit the arguments when they are obvious from context.
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Z l{X\U,L'SKJS;gHi(j)}O{UiSKBi}:g

(1:3) 3K
HWr EX¢

X L(B1.)eWs 1Bs,  Inysc(Bi)=(K.0,...,0)

= £ e_¢(Ui§K Bi)l
65 ) qax 8

(1:3)
(Br)eWx 15, Loy (Bro)=(50,...0) b (AH ),
where the last equality comes from (5) and Mecke-Slivnyak’s formula. Applying the Blaschke-Petkantschin
formula, we get

K — (U, e Bziro)) (1:3)
I(IC<107 ,0) _ I<K it \ 1
S (p) 94K (W, xRy xSH)K e lll( a(uz ) Ep, .k

X 17L1;K(Bl;K):(K,0,...,O) dzl:K drl:K g (du(lllg))a

(1:3)

where we recall that a(u; ™) is the area of the triangle spanned by u§1:3) € S3. From (27) and (28), we

have for any 1 <i < K,

K K
—27 K [ —¢ l R B(Ziﬂ"i) —27 | [ cv !
e 21:1 . 1EB1: < e ( i<K ) . 1EBl:K < e 21:1 eV . 1EBl:K .

According to (33), this implies that

(K,0,...,0) K —2m-r; (1:3)
Lse (p) prco 24K (W, xRy xS3)K H ¢ a(ui )1”>“p Lry=max;<se vy Ljzi—z; 508 for ji
p XA X i<K

X dz1:xg dri.g © (duglé))

KK

21’ (1:3)
(24m)K / e (up ) L mmasy < v Lag—st 50172003 for it
(WlXR+><Sg)K <K )

X dz). g dri. g o (duglfg)),

1/2

where the last equality comes from (32) and the change of variables z; = p~!/?z; and 7} = r; —v,. It

follows from the monotone convergence theorem that

1U<020) () s (;4{177;)1(1{ /<w1xR+ng)K KKefzw.m-a (u§1:3>) L i < vy donercdry.e o(dulD)
K o K
- @mE </(W1><R+ x§9) K alurg)e™" dzdr U(d“1:3)>
— 7K,

p—00

where the last line follows by integrating over z,r and uy.3, and by using the fact that A2(W1) =1 and
fsS a(uy:3) o(duy.3) = 4872,
O
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Proof of Proposition 11 (ii). Beginning in the same way as in the proof of (i), we have

. K = &(U, - BGiro) TT o (s
I(CI.K) _ <K ’ ( \ ) 1 1zo
s (p) 24K (W, xRy xS3)K ‘ i<Ka " Eore “Phy

X le:K d’l“l;K o (du(llf‘;)) s

where the event £ is defined in (34). Integrating over uglé) , we get
: - B(z;,ri
15259 (p) C’/(w K #Uigre Btetm) I 160, 1E5, Lok mni dorrdrix
pXRy i<K ’

= 1050 0) + 185 o),

(n1:x)
¢,ae

where, for any € > 0, the terms I (p) and I émbf )(p) are defined as the term of the first line when
we add the indicator that 7 is larger than (1+¢)v, in the integral and the indicator for the complement
respectively. We provide below a suitable upper bound for these two terms. For Iéflaf ) (p), we obtain

from Proposition 8 (iia) that
. —(2 N —1)2rv,—cw !
Igcl,léf)(/’) < c'/ € ( M1+(Zk:1nk ) T )1T1>(1+6)vp L =max;< e 7
(W, xR, )&

X 17L1;K(21;K,T1):n1:}( leZK drllK'

Integrating over ro.x and z1.x, we obtain

< [7 e (S
+e)v,

x Ak ({ 216 € WE i niig (21:,m1) = nuke }) dry. (40)
P

Furthermore, for each n1.x € Nx \ {(K,0,...,0)}, we have

Ko G(K_ZkK:1 n’“)

AdK({ 21K € WpK tnk (21K,71) = NLK }) <c- /)Zk:1 by ) (41)

since the number of connected components of Ufil B(zi,73) equals Zszl ng. It follows from (40) and
(41) that there exists a constant ¢(K) such that
K (o)
Igfl;lK)(p) <ec- (pe_27r v») (Zk:1 nk) e2mvr / TT(K)e_%TTl dry
e (I+e)v,

=0 ((log p)C(K)p‘E) :

(n1:x)
¢ae

according to (32). For I gﬁlb‘: ) (p), we proceed exactly as for I (p), but this time we apply the bound

given in Proposition 8 (iib). We obtain

K K (1+e)vp
Igf,lbf)(p) <c- (P e—2m;p)(zkzl nk)ng;prk:Q nk(4f€ﬂ')v,,/ Tf(K)e_Qﬂrl dry

o
. _4d—em
=0 ((logp)°-p o )
since for all ny.x € Ng \ {(K,0,...,0)}, there exists a 2 < k < K such that ny is non-zero. Choosing

£ < 2 ensures that Iéfijéf)(p) — 0 as p — 0. O
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Proof of Proposition 11 (iii). Let G = G(V, Vi, E) € Ak, with |V| = L and V| = K, be a bipartite
graph as in Page 23. With G, we can associate a (unique up to re-ordering of the lines) way to construct
K triangles from L lines by taking Vo to denote the set of indices of the triangles, V1, to denote the set
of indices of the lines and the edges to represent intersections between them. Besides, let Hy,..., Hy,
be an L-tuple of lines. For each 1 < i < K, let e; = {e;(0),e;(1),e;(2)} be the tuple of neighbours of

the ith vertex in V. In particular,
BZ(G) =B (Al(G)) and AZ(G) =A (Hei(0)7Hei(1)7 Hei(g))

denote the inball and the triangle generated by the 3-tuple of lines with indices in e;. An example of

this configuration graph is given in Figure 4. According to (38), we have

I ) = Y 15 (o),
GeAg

where for all ni.x € Nx and G € Ag, we write

I (p) = E

Z . I{X\UigHi}”{UiSKBi(G)}:@ Lsix@news 1es, o) 185, | o)
Hy.peX;

X 1”1:K(31:K(G)):n1:K ‘|

:/ €_¢(UiSK Bi(@)
AlVL |

LBix(@)ewr LB, @ 1E%1:K<G>

X 1”1:K(31:K(G)):n1:K :u(dHliL)' (42)

(n1:x)

We now prove that I, "™’ (p) — 0 as p — oo. Suppose first that ni.x = (K,0,...,0). In this case, we
obtain from (42), Proposition 8 (iia) and (33) and (34) that

K,0,...,0 —27- —1)v
Iéc )(p) < C,/AL e—2m (R(B1(G))+(K-1) p)lz(Bl;K(G))ewp LR(By(G)>v,

X 1R(B,(@))=max; < x R(B;(G)) Lny.x (B1.x (G)=(K0,....0) M(dH1:1)

o]
< c-p%/ reK)e=2mr g (43)

vp
=0 ((log p)C(K)p‘%) :

where the second inequality of (43) is a consequence of (32) and Lemma 13 applied to f(r) := e=2™".

Suppose now that ny.x € N \ {(K,0,...,0)}. In the same spirit as in the proof of Proposition 11 (ii),

we shall re-write

12 (0) = 1800 (0) + 1580 () .

Sa,ae

by adding the indicator that R(B:(G)) is larger than (1+¢)v, and the opposite in (42). For 75 (p),

Sa,as
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we similarly apply Proposition 8 (iia) to get

n1. —2n(R(B. (G K -
10759(0) SC./ALe 2 (ROUEH ()" ) 1 b o ew Lris @)s (oo,

X 1R(B,(@))=max;<x R(B;(G)) L1k (Bi.x(G))=n1.xc H(AH1:L)

K )
<c- (pefzm’p)zkzl T 'P/ reE) p=277 . (45)
(1+e)v,

=0 ((logp)C(K)p’E) :
where (45) follows by applying Lemma 13. To prove that [ énclli )(p) converges to zero, we proceed

exactly as before but this time applying Proposition 8 (iib). As for I gilbf )(p), we show that

nq. _d—em
155 (p) = O ((10g p)* ) p= 57

by taking e < 2. This together with (44) and (45) gives that Igg“)(p) converges to zero for any
n1.x € N \ {(K,0,...,0)}. O

Proof of Theorem 1 (ii). According to Lemma 7, it is now enough to show that for all K > 1, we have

I (p) — 175 as p — oo. This fact is a consequence of (36) and Proposition 11. O

A Technical lemmas

The following technical lemmas are required for the proofs of Proposition 3 and Proposition 11 (iii).
Lemma 12. Let R, R’ > 0 and let 2’ € RY.

(i) For all Hy € A, we have
G(H,y) := /A2 Lot s)eB(= ) LR(H1 ) <r M(dHa:3) < ¢ R-R'-140,m)<rtR -
(i) For all Hy, Hy € A, we have
G(Hy, Hy) == /A Lo a)enr) Lr(ig)<r p(dHs) < - (R+ R).
Lemma 13. Let n1.x € M.k, f: Ry = Ry, G=G(Vo,V, E) € A with 3 < L < 3K and let

Flms) = /,4L F(R(B1(G))) - La(Br.sc (@)W, Lr(B1(G))>v, LR(B:(G))=max, < x R(B;(G))
X 1”1:K(Bl:K(G)):7ll:K /.l(dHl;L),
where v, — oo. Then for some constant c(K), we have

F(n1:K) < pmin{Zi_(:l nk’Kié} /Oo TC(K)f(T)dT'.
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Proof of Lemma 12 (i). The following proof reduces to giving the analagous version of the Blaschke-
Petkanschin type change of variables (Theorem 7.3.2 in Schneider and Weil [21]) in which one of the
lines is held fixed. We proceed in the same spirit as in the proof of Theorem 7.3.2 in Schneider and Weil
[21]. Without loss of generality, we can assume that 2’ = 0 since p is stationary. Let H; € A = H(u1,11)
be fixed, for some u; € S and t; € R. We denote by Afgl C A? the set of pairs of lines (Hs, H3) such
that Hy, Hy and Hj are in general position and by Py, C S? the set of pairs of unit vectors (ug,u3)

such that 0 € R? belongs to the interior of the convex hull of {u1,us,u3}. Then, the mapping
o, : R? x Py, — Am,
(Z7 Uz, ud) — (H(’LLQ, t2)a H(u37 td))?

with ¢; := (z,u;) +r and r := d(z, Hy) is bijective. We can easily prove that its Jacobian Jg,, (2,u2,u3)
is bounded. Using the fact that d(0, Hy) < |z(H11:3)| + R(H1:3) < R+ R’ provided that z(Hy.3) €
B(0,R’) and R(Hi:3) < R, it follows that

G(H;) < / . |Jbm, (2,u2,u3)[1.eB(0,r") Ld(z,m1) <R Ld(0,m) <Rt 0 (duz:3)dz
R2xP
<c- A (B(0,R) N (Hy @ B(0, R))) la(o,1,)< R+ R
<c¢-R-R' - 140,m)<r+R

where A @ B denotes the Minkowski sum between two Borel sets A, B € B(R?). O

Proof of Lemma 12 (ii). Let Hy; and Hs be fixed and let H3 be such that z(H;.3) € B(z/,R’) and
R(Hj.3) < R. This implies that

d(Z/7H3) < |Z/ —Z(H1;3)| +d(Z(H13)7H3) < R+ R.

Integrating over Hs, we get

G(Hi, Hz) < / Laer mg)y<rir M(dHs) < ¢ (R+R). (46)
A
O
Proof of Lemma 13. Our proof will follow by re-writing the set of lines {1, ..., |Vz|}, as a disjoint union.
We take

K
{1,...,|VL|} =t where ef = {ei(0).cin). i@\ U {e5(0).5(1).¢5(2)}-

j<i
In this way, {e]};<x may understood as associating lines of the process with the inballs of the K cells
under consideration, so that no line is associated with more than one inball. In particular, each inball
has between zero and three lines associated with it, 0 < |ef| < 3 and |ej| = 3 by definition. We now

consider two cases depending on the configuration of the clusters, ni.x € Nk.
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Independent clusters To begin with, we suppose that ni.x = (K,0,...,0). For convenience, we

shall write

ﬂ(dHef) = H n(dH;),

jee}
for some arbitrary ordering of the elements, and defining the empty product to be 1. It follows from

Fubini’s theorem that
(K,0,..,0) _ o f(R(Bl(G)))lz(Bl(G))GWp 1R(A1(G))>v;}

X /Ae; L.(B;(@)ew, Lr(2s(@)<R(B1 ()

: |:/.Ae;<l L(r(@)ew, Lr(ax@)<rpi(@) wdHe ) (47)
X p(dH;, ) p(dHLs).
We now consider three possible cases for the inner-most integral above, (47).
1. If |ek | = 3, the integral equals ¢ - R(B1(G))p after a Blaschke-Petkanschin change of variables.

2. If |ef| = 1,2, the integral is bounded by ¢ - p'/2R(B;(G)) thanks to Lemma 12 applied with
R:= R(B1(G)), R :=n"1/2p1/2

3. If |e3 | = 0, the integral decays and we may bound the indicators by one. To simplify our notation

we just assume the integral is bounded by ¢ - p'/2R(B;(G)).

To distinguish these cases, we define z; := Liex|<3, giving
TK
FE00) 2 » R(B1(G))“%) . J(R(B1(G))Lr(a,(G))>v, La(Bi(G)ew,

<c-p'”
X /A Lras@)<rBi@) La(B;(@)ew,

X [/AK LR(aw(@)<R(B1(G)) La(Br 1 (@)ew, H(dHe; )
X p(dHey )« p(dHe;)

Recursively applying the same bound, we deduce from the Blaschke-Petkanschin formula that

K

J
F(K,O,...,O) < c.p2i=2(1 2151) /.A3 R(Hl;g)c(K)f(R(H123))1R(H1:3)>v;7 1z(H1;3)EWp /,L(dleg)

- C.p(K_%Zf;xi) /Oo rE) () dr

’

29



Since, by assumption |V | < 3K, it follows that x; = 1 for some ¢ > 1

1 o
FED-0) < o K3 / re - f(r) dr,

’
Yo

as required.

Dependent clusters We now focus on the case in which ny.x € Ng \ {(X,0,...,0)}. We proceed
in the same spirit as before. For any 1 <i # j < K, we write B;(G) «» B;(G) to specify that the balls
B(2(B;(Q)), R(B1(G))?) and B(2(B;j(G)), R(B1(G))?) are not in the same connected component of
Ull; B(2(Bi(G)), R(B1(G))3). Then we choose a unique ‘delegate’ convex for each cluster using the

following indicator,
ai(Br.x(G)) = lvicj, B,(G)»Bi(G) -

It follows that Zle ng = Zfil a;(B1:x (G)) and a1(B1.x(G)) = 1. The set of all possible ways to
select the delegates is given by,

K K
An1:K = {Oél;K (S {07 1}K : Zai = an }
i=1 k=1
Then we have,
Flmr) — Z /,43 F(R(B1(G)))1:(B,(@)ew, Lr(ai(@)>v,

LK €A,

x Alegl Las;@)ew, Lr(22(0)<r(B1(@) Laa(B1.x(G)=a:

X [/A'e* | 1z(BK(G))eWp 1rR(AK(@)<R(B1(@) Lok (Bix (G)=ax u(dHe;()
K
X p(dHey )« pu(dHe;)
For this part, we similarly split into multiple cases and recursively bound the inner-most integral.

1. When ak = 1, the integral equals ¢ - R(B1(G))p if e}, = 3 thanks to the Blaschke-Petkanschin
formula and is bounded by c - p*/2R(B;(G)) otherwise thanks to Lemma 12. In particular, we
bound the integral by c - R(B;(G))5) pox,

2. When ax = 0, the integral equals c- R(B;(G))" if e% = 3 and is bounded by c- R(B;(G))*/? oth-

erwise for similar arguments. In this case, we can also bound the integral by ¢ R(Bj (G))°(5) per,
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Proceeding in the same way and recursively for all 2 < i < K, we get

K
Fme) < ¢ Z pZi:2 & /A3 R(B1(G))* ™) f(R(H1:3))1.(8,(G))ew, 1r(Bi(@))>v, M(dH1:3)

LK €AR

—e Y 2R [ pr

v
K €A P

Sc~ﬂ2k:1nk/ re f(r)dr,

since
K K K
E o; +1 = E o; = g n
i=2 i=1 k=1

O
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