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Wavelets linked by differentiation-integration on the unit
interval and related applications

Kadri Harouna Souleymane - Perrier Valérie

Abstract This paper presents a new construction of biorthogonal multiresolution
analyses of L?(0,1) linked by differentiation and integration. The arising wavelet
basis is set to satisfy homogeneous Dirichlet boundary conditions, while this re-
quirement is not necessary for the scaling function basis. This new wavelet basis
allows to compute the solution of the Poisson equation only by a wavelet coeffi-
cient renormalization - like in Fourier domain - , which yields a linear complexity
O(N) for this problem. Fast algorithms are provided and illustrated by numerical
examples.

Keywords Wavelet on the interval - Boundary condition - Poisson equation

1 Introduction

Since the pioneering work of Lemarié-Rieusset [15], due to their important role in
the construction of divergence-free or curl-free wavelets, biorthogonal multireso-
lution analyses linked by differentiation and integration have been widely studied
[14,20,22,23]. The main purpose was to construct two multiresolution analyses of
L?(0,1) provided by spaces le and Vjo such that

.od o 0
v 7, %V] =Vj. (1)
Relation (1) should be interpreted as: Vf € le, f e Vjo and Vg € Vjo, there exists

f €V} such that f' =g.

On the unit interval [0, 1], with non periodic boundary conditions, such a con-
struction was firstly introduced by Jouini and Lemarié-Rieusset [14]. They started
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with le as a regular multiresolution analysis reproducing polynomial at bound-
aries [1,5,12], with the scaling function ¢! and wavelet ¢! generators that satisfy
[15]:

(") (2) = ¢°(2) —¢"(x = 1) and (¢') =4¢". (2)
Jouini and Lemarié-Rieusset [14] used the orthogonal construction of [5] for the
space le. They show that, from relation (2) and properly setting the integers
parameters in the construction of le7 one can deduce the space Vjo that satisfies
(1). In this case, the wavelet space W]Q is defined by differentiating the wavelet
basis of lez

wy = Span{"/’?k =277 (1/)31',1@)/}'

The corresponding biorthogonal spaces (le, VJO) are respectively constructed again
using integration by part [6]. However, the construction of [14] remains theoretical,

for instance it is not easy to compute numerically the wavelet filter of 1/1?7 . and
Vg
0 0 0 ) 70 ~0
Yik = ZHk,n‘Pj-i-l,n and ;= ZHk,nsﬁjH,n- (3)
n n

This point was relieved by Kadri-Harouna and Perrier [20], they extend the con-
struction of [14] to any regular scaling function generator ¢! and provided a nu-
merical algorithm and examples for the fast wavelet transform.

One advantage of the construction [14,20] is that the associated multiscale
projectors commute with differentiation in H'(0,1). This fundamental property
enables to demonstrate the Ladysenskaya-Babuska-Brezzi (LBB) condition for a
wavelet based method in the numerical discretization of mixed problem such as
Stokes problem [3,7]. The key ingredient is that, commutation with derivation
allows to get easily the condition of Fortin’s lemma [11], see [7].

Ensuring the commutation of multiscale projectors with differentiation imposes
to the biorthogonal space f/jo to satisfy homogeneous Dirichlet boundary condition.
In this case, f/jo C H4(0,1) cannot be a multiresolution analysis of L?(0,1). More-
over, relation (2) remains valid only for internal scaling functions and wavelets.
Nonetheless, the edge functions did not satisfy this relation: a change of basis is
introduced [21].

Recently, Stevenson [22] has proposed another construction which differs from
the existing constructions by the choice of the boundary conditions for the dual
spaces VO and V1 Precisely, let us suppose that 1/1 & and ¢ & are the wavelets
constructed frorn scaling function generators satlsfymg (2). Then integration by
part shows that:

07 k(Y5 (1) — 9 1005 £ (0) = (W5 1, 0T &) — (] 1, D) 1) (4)

If the two systems (1/1317 > 1/7317 ) and (1/1?7 &> 1/7?7 &) are biorthogonal, the boundary terms
of (4) should vanish. Instead of taking 1[1]0,6 € H4(0,1) like in [14], the construction
of [22] sets w}’k(l) = 0 and @?k(()) = 0. This choice of boundary condition is

more general and leads to f/jo as a multiresolution analysis of L?(0,1): however the

commutation of multiscale projectors with differentiation is lost.
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The focal point of this work is the construction of wavelet bases for biorthogonal
multiresolution analyses of L?(0,1) linked by differentiation and integration [14,
20,22]. As for the internal wavelets (2), emphasis is maid on the construction of
edge wavelets in order to get a diagonal differentiation relation:

() = 2 / T dt and () (@) = 2700, (x). (5)

We start with the construction of wavelets wok and w ¢ for this step, we will
use a classmal biorthogonal or orthogonal wavelet basis on the interval [0 1]. Since
fo 1/1 t)dt = 0, relation (5) leads to 1/1] « € HS(0,1) instead of ¢J x € H(0,1) and
1/)J_’k 6 HO (0,1) as in [14,20,22,23]. Moreover, from the multiscale decomposition:

e Wl

Jmin

Vi =V}

JImin

@B W, (6)

we see that incorporating homogeneous Dirichlet boundary condition in le is
reduced to the treatment of this boundary condition only at the coarse scale j,in.
Considering the particular case 1/)?,,C = 1/)2,67 which corresponds to the orthogonal
setting, gives:

<@l g)s Win) >=271 < ¥ wl >= 2T 15 (7)

Then, from (7) we infer that the 1D Poisson equation with homogeneous Dirichlet
boundary can be solved with a linear numerical complexity in the multiresolution
analysis provided by spaces le. Furthermore, this new construction still maintains
the properties of Fortin’s lemma [11] in the numerical discretization of Stokes prob-
lem and allows to get a fast divergence-free wavelet transform algorithm similar
to this of the periodic case [10]. The main difficulty of such a construction is
the numerical implementation of the decomposition (6), this point will be well
documented in the present work.

In Section 2 we recall the construction of biorthogonal multiresolution anal-
ysis of L?(0,1) with polynomial reproduction and how to impose homogeneous
boundary conditions in such context. Section 3 reminds the principle of the con-
struction of BMRA linked by differentiation / integration and its main properties
needed for a numerical implementation. The new construction of BMRA linked
by differentiation / integration is detailed in Section 4, while the associated fast
wavelet transform algorithms are provided in Section 5. Finally, Section 6 presents
numerical examples showing the potentiality of these new bases.

2 Biorthogonal multiresolution analyses of L2 (0,1) reproducing
polynomial

The construction of biorthogonal multiresolution analyses (V;, V;) of L?(0, 1) with
polynomial reproduction (r,7) is classical [4,8,12]: the principle is to start with
generators (p, $), that are biorthogonal scaling functions of a BMRA on R. We
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suppose that ¢ is compactly supported on [nin, nmaz] and reproduces polynomi-
als up to degree r — 1:

2 too
0<e<r—1, %: ST Be(k) elz — k), VzeR, (8)

k=—o00

with py(k) = (%f, @(z — k)). Similarly, ¢ reproduces polynomials up to degree 7 — 1
and we note py(k) = (%, @(x — k)). For j sufficiently large, the spaces V; on [0, 1]
have the structure: ; ﬁ
int

Vi =VieVi" eV, (9)
where ijt = span{p; ;(z) = 2j/2go(2jx7k‘) sk =k, ZJFku} is the space generated
by interior scaling functions whose supports are included into [%, 1- g—ﬁ] c [0,1]
(8,, 6s € N be two fixed parameters), and k, = 6, — nmin, and ki = 0 + Nmaz-
Moreover

‘/jb = Span{@g,@(m) = 2‘7/2@;(2]"1") ) L= Oa T 1}7
Vjtj = span{ég.f(l —x) = 2j/2¢§(2j(1 —x)); £=0,---,r—1},

are the edge spaces, the edge scaling functions at the edge 0 being defined in order
to preserve the polynomial reproduction (8) on the interval [0, 1]:

ky—1
0<e<r—1, @)=Y pe(k) oz — k) xjo 100l (10)

k=1—nmax

At the edge 1, the edge scaling functions le are constructed on ] — oo, 1] by
symmetry, using the transform 7'f(z) = f(1 — z). In practice we have to choose
J = Jmin where jpin is the smallest integer which verifies jpin > 1ogs[nmas —
Nmin 1 04 + J,] to ensure that the supports of edge scaling functions at 0 do not
intersect the supports of edge scaling functions at 1.

The polynomial reproduction in Vj is then satisfied since, for 0 < £ <r—1 and
z € [0,1] we have:

0i/2(9i g\t . STk , ,
PO play@in) Y hel) epnle) + 2@ (- 2). (1)
k=k,

Similarly, the biorthogonal spaces ‘7J are defined with the same structure, allowing
the polynomial reproduction up to degree 7 — 1:

y - . 5
V; = span{®’ }o i1 @ VM @ Spa”{@g,e}ho,fﬂ, (12)

where f/ji”t = span{@; ; k= ky,, 27 —I;:ﬁ} is the space generated by interior scaling
functions @, p(z) = 2j/2g51(2jx — k), whose supports are included into [%, 1-— g—g]
(5, 5?1 € N be two parameters). The edge scaling functions at 0 are defined by:
Z:b—l
0<e<i—1, &x)= Y pelk) @ —k) X0, 400

k=1—Mmazx
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The equality between dimensions of V; and \~/j is obtained by adjusting the param-
eters 0, = k, — fimax and 64 = kg + Amin (With [fin, maz] = supp @) such that:
Aj = dim(V;) = dim(V;) = 27 — (8, + &) — (Mmaz — Momin) + 27 + 1. Remark that
(8,, 04) remain ”free” parameters of the construction (often chosen equal to 0 or
1). The last step of the construction lies in the biorthogonalization process of the
basis functions, since edge scaling functions of V; and f/j are no more biorthogonal
[1,8,12,17]. Finally, the spaces (Vj}, V;) form a biorthogonal MRA of L?(0, 1).

Boundary conditions A multiresolution analyses of
HE(0,1) = {f € H™(0,1) : fP0) =P (1)=0, 0<p<m—1}

can be defined from V; by taking V].m’0 =V, N Hy'(0,1). For instance, if m =1, as
described in [16,17], it suffices to remove the edge scaling functions 95% at edge 0
and @g at edge 1 which leads to:

le,o = spcm{qf'?,@ i A=1r—-1}® ijt D Spa"{¢§,€ ; 0=1,r—1}.

In such case, we also remove the edge functions 43% and jsg from ‘7j prior to biorthog-
onalization, to adjust the dimension of the biorthogonal space. Then, the spaces

(le’o, f/jl’o) constitute a biorthogonal multiresolution analyses of H}(0,1).

3 Existing construction of (Vjo, ‘73'0) linked by differentiation / integration
with (V;', V;")

In this section, we recall briefly the earlier construction of the multiresolution
analysis linked differentiation / integration. Then, we will mention their limitations
in some applications that we intend to take up with our new construction below.

All the construction of biorthogonal multiresolution analysis of L?(0,1) linked
by differentiation/ integration are based on the following proposition [15]:

Proposition 1 Let (VJ1 (R)) be a MRA of L*(R), with differentiable and compactly
supported scaling function @' € C*T¢, € > 0 and wavelet *. Then there exists a MRA
(Vjo (R)), with associated scaling function ©° and wavelet °, such that:

(@) (@) =¢%(@) = ¢z —1) and (') = 4 ¢°.

The biorthogonal functions verify: f;Jrl GH(t) dt = ¢°(z) and (°) = —4 P

Proposition 1 provides biorthognal multiresolution analysis of L%(R) linked by
differentiation/ integration [15]. For the space L?(0, 1), again based on Proposition
1, the first construction was done by Jouini and Lemarié-Rieusset [14]: they prove
the existence of two biorthognal multiresolution analyses of L?(0, 1), denoted (le)
and (V) linked by differentiation such that:

d
=V =V (13)
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The construction of [14] allows to study divergence-free vector functions on hyper-
cube [0, l]d, thus to get commutation of multiscale projector with the derivation
operator, the biorthogonal spaces Vjo should satisfy:

@0:H3(0,1)m/()x\7j1:{f . f' eV} and f(o):f(1):0}. (14)

Then, as mentioned before, I7j0 can not be a multiresolution analysis of L?(R)
since f/jo c H}(0,1). Furthermore, if (P;,ﬁ}) are the biorthogonal projectors of
(le, ‘7J1) and (PJQ ,75]0) those of (Vjo, \N/jo) respectively, we have [14]:

Proposition 2
(i) ¥ fe HY0,1), %oP}f:PZQO(%f;
(i) V f e H§(0,1), foP)f=Ploldrf.

Despite of satisfying Proposition 2, the construction of Jouini and Lemarié-
Rieusset [14] remains in a theoretical setting based on the use of Daubechies
compactly supported orthogonal generators [9]. A construction that uses classi-
cal biorthogonal multiresolution analyses on the interval [4,8,12], with polynomial
reproduction at boundaries, was done and implemented by Kadri-Harouna and
Perrier [20]. In such a construction, the choice of integer parameters (4,,d;) and
(6, Sﬁ) is very important: they must be identical for the two multiresolution analy-
ses to satisfy (13,14) and to provide the commutation of multiscale projector with
the differentiation operator.

3.1 Wavelet spaces

For j > jmin, the biorthogonal wavelet spaces associated to le are defined by
le = le—&-l N (f/jl)L. As for the scaling function spaces, these spaces have the
following structure:

wi=wew Mew!t,

1,int

where le’b is spanned by the edge wavelets at 0, Wj is spanned by the interior

#

wavelets and le’ is spanned by the edge wavelets at 1, see [1,4,8,12,17] and

references therein. The biorthogonal spaces le = ‘7J1+1 N (le)L are constructed in
the same way, finally the wavelet bases of the two spaces must to be biorthogonal-
ized identically as the scaling functions. The resulting wavelet bases are denoted
by {w;’k}kzl,y and {w;’k}kzl’y without distinction.

The biorthogonal wavelets of WJQ and WJQ, linked to w]{k and 1/7]1, , by differ-
entiation/integration are defined by the following proposition, established in the
general framework by [14]:

Proposition 3 Let (le,f/jl) and (V]O,‘N/]O) BMRAs satisfying (13,14). The wavelet

spaces WJQ = Vjole n (f/jO)J‘ and WJQ = \73-0+1 N (V]-O)J‘ are linked to the biorthogonal
wavelet spaces associated to (le, \~/jl) by:

x
W= Lwl ana WP = / es (15)
0
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Moreover, let {wgl',k}kzlgj and {1;]1-7,6}}%:1)2_7 be two biorthogonal wavelet bases of le
and le. Biorthogonal wavelet bases of WJQ and WJQ are directly defined by:

k=20 o =2 [ 0l (16)
0

This new edge wavelets preserve fast algorithms since they satisfy two-scale equa-
tions [20]:

Proposition 4 Let {1/1]1-7k}k=172j and {'(;]1‘7]6}]6:1’2]' be two biorthogonal wavelet bases
of le and le associated respectively to filters Gjl and éjl :

1/J]1k = Z(Gjl‘)k:,n ‘P;-ﬁ-l,n and 1/331k = Z(égl)kn S5g1‘+1,n-
n

n

Then there exist sparse matrices G? and G? defined by:
0 —jlrl ~0 j A1 70T
G] =2 ]Gij+1 and GJ = 72JGij+1, (17)
such that the wavelets w?,k and 1212,6 satisfy:

¢?,k = Z(G?)k,n@?-i-l,n and &?,k = Z(@?)k,M?H,n-

n n

The matrices L} and L?— correspond to the change of basis between (%le,vjo)
and ([ V,V}'), respectively:

d Aj71 ” A]‘
%@;,k = Z (le')k,n @?,n and _/ ‘P?,k = Z (L(])')k,m ‘p},m~ (18)
n=1 0 m=1

Interior wavelets ¢ (z) = 29/290(29 2 — k) in Proposition 3 correspond to
classical wavelets, 1" being a wavelet on R associated to the scaling function ¢°
as in Proposition 1. On the other hand, in the standard constructions [4,8,17,
12], the edge wavelets of WJQ and W]Q do not verify the diagonal differentiation
relations (16). Moreover, to construct divergence-free wavelet satisfying free slip
boundary condition [20,22], one needs to differentiate wavelet of V;', ; N Hg(0,1),
which derivatives differ from the wavelets defined in (16). In this case, for instance
the numerical computation of the Helmholtz-Hodge decomposition or the numer-
ical simulation of the incompressible Navier-Stokes equations should required the
use of four different kind of edge wavelet filters, see [19,21]. The new construction
detailed in the next section will lead to edge wavelets that satisfy (16) even if with
Dirichlet homogeneous boundary condition.
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4 New construction of (le, ‘7?71) linked to (Vjo, ‘7?7-0) by differentiation /
integration

In this section we present our new construction of biorthogonal multiresolution
analyses linked by differentiation and integration. The construction of the primal
spaces (le, Vjo) remains the same as in the classical construction [14,20]. However,

the construction of the biorthogonal spaces (‘7j1, ‘N/]»O) and the wavelet bases will be
different.

The construction starts with (Vjo,f/jo) as a standard biorthogonal multireso-
lution analyses of L?(0,1) [1,4,5], where the scaling function generators (¢°, ¢°)
satisfy Proposition 1. Again, we denote by (4,,d;) and (6, Sﬁ) the integer parame-
ters used in the construction of (Vjo7 f/jo). Following [14,20], the classical multires-
olution spaces le constructed from the scaling function ¢! with the same integer
parameters (J,,d;) satisfy:

d 1 0 1 0

In this case, for the biorthogonal space f/jo, since A? = dim(f/jo), we see that:

1 - d o
Aj—2= dzm(%Vj ).
The construction of f/jl follows similar approach. To get equality between dimen-
sions of spaces le and ‘73‘1:

Aj = A},

the integer parameters to be used for the construction of f/jl must be fixed to
(6, — 1, Sﬁ —1). It follows therefore that:

a4

=0 . 1l

This is another difference compared to the existing construction.

The construction of the wavelet basis associated to le is the major contribution
of the present work. In the classical construction, on defines the wavelet space as:

Vii=V}ew], where W} =V} n(H*

Then, the space le does not necessarily satisfy homogeneous Dirichlet boundary
condition. To compensate for that, in this work the wavelet space is defined as:

—1 z 0
Wj:/o wy,

where WJQ is the wavelet space associated to Vjo [1,4,8,12,17]:

0 0 0y L
Wi =Vizain(Vy) ™.
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Remark 1
From the zero mean value property of the wavelet w?) ,» by construction the space
le satisfies:

=1

W, C Hj(0,1).

In the previous section, the wavelet space W]O was defined as W]Q = %le and

this choice of WJQ led in general to:

T
wt wo
j#/o 7

For all j > jin, the spaces W]l verify the following proposition.

Proposition 5
Let W]Q be the wavelet space associated to Vjo, where Vjo = d—‘ile. Then the space VJIH
can be decomposed as follows:

x
Vi =VieW;, with W; :/O w (19)
and
1 1 51 —1
‘/j“l’l = ‘/jnm'n @ ij,in @ T @ W] : (20)

Proof As %le = Vjoy we get:
—1 r 0 *d 1 1 * 0 1
Wj = ) Wj C o avj-&-l - ‘/j+1 and 0 Wj C Ho (O’ 1)

Moreover, let u; be a function of le HW}:

xT
1 0
uj = E CkPj k= E dn/ Ui ns
0
k n

we deduce that:

%uje\gomwﬁ = %ujzo = uj=CEeER.

Since

T
([ 0h) =@t =0,
0
we get u; = 0, which implies le HW? = {0}. Let fj11 € le+17 then:
d 0 0 0
T it € Vit = Vi @ Wy

Since f;j41(0) € V;' (the constants are in V}'), integration gives:

z d z d —
fj+1(l’)=fj+1(0)+/ P?(%fj-&-l)"r/ Q?(%fjH)Gle%—le‘,
0 0

and this ends the proof.
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The interest of such a wavelet space construction is that homogeneous Dirichlet
boundary conditions can be handled easily. Indeed, by construction the space
le C H}(0,1) and relation (20) allow to get the following decomposition:

v

L =V nH (0, =V NH O, ) e W, @ W

]mzn Jmin

Moreover, if we define V1 O as V1 0~ d‘i VO we have:

Proposition 6

Let (le, ~J ) and (VO VO) be two BMRAs of L*(0,1) linked by differentiation and
integration such that:
Lyl v gnd Ly0 = 710  12(0,1 21
BV =V end —-Vi =V LN(0,1), (21)

where le,o is the multiresolution analysis of H (0, 1) provided by le,o = leﬂHé (0,1).

Then, the wavelet space f(;r WJ(-J is the classical wavelet space associated to le,o

x T
1,0 _ _ +s1,0 0 0_ 1,1,0 1,04 L
Vi =Viyi N HG(0,1) = V; @/0 Wy and /O Wy =Vt (22)

Proof
From the vanishing moment condition of the wavelet basis of WJQ we get:

1 x
/szo = /WjocHé(o,l).
0 0

The differentiation relation gives:

d 1
g Vit = Vi = y+1C s

thus

xr
/ W} C Vi N Hp(0,1) = V1S,
0

The differentiation relation:

a =0 1,0
da:v VJ

states that for any fjl’o € l~/j1’07 there exists fjo € f/jo such that (fjo)/ = fNjLO, then:

[ = B =~ =0 = [ wpc @)
0 0 0

Then we deduce that fo WO C le+01 n (%I’O)J‘ and since the two spaces have the
same dimension, we get:

x
0 1,0
/O Wy = Vi n (v

We recall that the integer parameters used in the construction of f/jl and f/jo are
not the same, thus one can not expect to get commutation between multiscale
projectors and derivation as in Proposition 2. However, for the oblique multiscale
projectors of ( yho VO) and (VO V1o ), we can prove the following proposition:
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Proposition 7

Let (771 0 ,P}) be the biorthogonal projectors associated with (Vl 0 , V7)) and ( Pl O)

the biorthogonal projectors associated with (VO V1 0)

(i) Y fe H0,1), %op;of:p]oo%ﬁ
(ii) ¥ feH (0,1), fLoPlf=P " 0cdf
Proof

From proposition 6, there are two matrices denoted L;’O and Z;’O of size (Ajl —
2) x (Ajl — 1), such that:

Then, we have:

1
Aj—

1 ;
xT
1,0 1,0 0 ~1,0 _ 1 )
Pik — § (Lj )k:,n /0 Pin and Wj k= E k,n d @] n-

n=1

The biorthogonality of the basis functions tpj’k and gﬁj ’k, with an integration by
part give:

- d
516,’m :< ]1]87 10 Z(Ll 0)m€ kadmﬂaj Z> Z(Ll 0)7n€< dm jlk,ﬂpg Z)

4
= - Z Z(Ll O)k n(Ll O)m l ‘Pj ns SOJ £> Z(L;’O)k,n(z;wo)m,n7
n n

which means that: N
In, o =—L;° 'L}

Thus, the proof of the point (i) becomes a change of basis. Indeed, for f € H{ (0, 1),
we have:

d - -
=P = Z<f,sa;,8 TPik = ZZ Lk (£, 500 @5

:vaz(Llo)kn~lo ‘pjn:z faZZ(Llo)kn ;O)kmd$@jm>

:Z LP]n SO?,nZZ< f:SOjn> @]nzpjo(%f)~
n n
For the second point (i7), let us consider the matrix Zg defined by:
Af-1
%@%k = > Tk Ejn-
n=1

Again, the duality of the basis and integration by part give:

d 5 d . .
<%<le o Bhm) = (L5 Vkm = (3 hs — o Bgm) = =L m.ps
then

d = .

. gQ(f)ZZO”,wjk gojk ZZ(L Ykl 5%) iin
k

= D N kmer) Fim =D (fi— Z(L; InkPok) B

n k n

d 10, ~1,0 ~1,0 _ =10, d
= Z(f,—@@m) Pim = Z( fr050) @im =P; (1)
n

n

0

,’I’L
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5 Fast decomposition algorithms

In this section we provide numerical algorithms for the computation of the pro-
jection of f; 11 € le—H onto le and le respectively. Precisely, starting with:

1
Aj+1
1
Fiv1 =Y Cia1kPiste
k=1

we want to compute the coefficients c; , and d; 3 from c;; 5 such that:

A;+1 A; 27 xT
1 1 0
fiv1= Z Cit1,kPj+1,k = Z Cj kP kT Z dj-,m/ Vjm-
k=1 k=1 m=1 0
Firstly, we notice that f;; can be split as
Ajia
1 0 1,0 1
Fivr =D cirireiene = i + 50 + fi
k=1
with
f1 = ciy19; = f341(0)#0 and f7,(1) =0
JH1 = G119 41,1 41 and fji4 ;
fh=c; ! = f;+1(0)=0 and fj1(1)#0
I+l = Gi41,AL, Pi+1,AL J+1 = J+1 )
and )
Aja—1
1,0 _ 1 1
0= D cisreirie € Ho(0,1).
k=2

Then, the function fjlfl belongs to le_;_ol and this space corresponds to:

1,0 _ 1,10 1,0 s 1,0 _ 17l
Vj+1—Vj @Wj , with Wj =Wj.
Thus, the two scale decomposition of fjl_’i_o1 i
multiresolution analysis of H}(0,1) provided by the scaling function filter of le,o

s a classical decomposition in the

and wavelet filter of le’o. The projection of f]Q+1 is based on the following two
scale relations satisfied by the scaling function go}Jrl’l:

A; 27 A~J1 _ 27 1 z
1 _ il Gl = 7ol & 0
Pjr1,1 = n,1%5n T m,1%jm = n,1%5n + m,1 Vi m,
n=1 m=1 n=1 m=1 0

where the first decomposition corresponds to Vgl—s-l = le &) le and the second one

_ ~1 ~1
corresponds to leJrl = le &) le To get the new filters H,, ; and G, 1, according
to the biorthogonalization procedure that we adopted, where only the dual basis
are modified, we have:

o

~ ~1 B ~

Gy = Z Gm,l(/ B3 s 1) (23)
m=1 0
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and
2J
~ 1 ~1 ~1 r 0 -1
Hj,=Hp1+ Z Gl Yjm:Pjk)- (24)
m=1 0

Equations (23) and (23) define two linear systems with respect to the edge scaling

= =1
function and wavelet filters G,, 1 and H,, 1. From [2,21], the computation of coef-
ficients ( for ¢?’m, wjl-’k) and ( fom w?’m, 4,5;’ ) 1s straightforward and this is done only
for functions whose support intersect the edge function support, due to the com-
pactly support properties of the generators. Then, solving these linear systems,
with similar relations at the boundary 1, allows to get the new edge filters. Then,
the main steps of the decomposition algorithm are summarized as:
~1
cj1 =cjr1,1H1 1,
Aja—1
~1,0 ~1 ~1
Cjk = Z Gl tejriaHey fejpia Henyy, 2<5k<A4; -1,
n=2
~1
¢, A; = G, H A AL,

and

Ajp1—1 1
10 -
dik= Y ¢r1aG o +eir11Gh1 + 1145,

n=2

~1 .
Graj,, 1<kE<2.

Fast reconstruction algorithm For f;1, € Vj1+1> let us suppose that we know its

projection onto le &) le in terms of:

1

J 27 x
1 0
Jiv1= Z ¢jkPjk + Z dj,m/ Yjm
m=1 0

k=1
and we want to compute its projection onto le—&-l in terms of:

1
Ajia

1
fiv1= Z Cit1,kPj+1 k-
k=1

Setting

Al
J
1 0 1,0 1 . 0 _ 1 1 _ 1
D ciwpie =1+ 170+ £, with £ =¢ji97, and f = Cj,ALPj,AL
k=1

it is easy to see that

27 z
1,0 ) 0 1,0
04> dj,m/O Yym € Viil,
m=1
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Fig. 1: Plot of the internal scaling function ° (left) and the internal wavelet ¥° (right).
Daubechies orthogonal generator with r = 3.

thus we get:
A]l 2J
1 1 1
Cj+1,k = Z Cj,an,k: + Z dj,me,k; 2 <k< AjJrl - 17
n=1 m=1
and
1 1
Aj Aj
_ . 1 _ . 1
Cj+1,1 = Z Cj,an,lv Cj+1,A;+1 - Z Cj,nHmA;_Jrl-
n=1 n=1

6 Numerical examples

We present in this section numerical examples to illustrate the potential applica-
tion of this new construction of multiresolution analysis of L2(0, 1) linked by dif-
ferentiation and integration. We remind that our construction starts with the con-
struction of Vjo. Here, for the different examples, the scaling function and wavelet
generators (<p0, wo) considered are Daubechies orthogonal generators, with three
vanishing moments for the wavelet [9]. The integer parameters of the construction
of Vjo thus are:

r=3, O, =06=1, npin=-r+1 and nmez = 1.

On Figure 1, we show the plot of the internal scaling function ¢° and the wavelet
4°. The edge orthogonal scaling functions and wavelets are plotted on Figure 2
and Figure 3 respectively. The generators (¢!, 4') are computed from (¢°,v°)
using the formula:

x x
o (z) = / LMdt and i) =4 / WO (¢ dt. (25)
r— — 0o
The graphs of ¢! and ¢! are plotted on Figure 4, Figure 5 and Figure 6 show the
plot of the edge scaling function graphs. The edge wavelet graphs are plotted on
Figure 7 and Figure 8. We notice that these edge wavelets satisfy homogeneous
Dirichlet boundary condition while this boundary condition is not required for all
the edge scaling functions.



Wavelets linked by differentiation-integration 15
0,b 0,b 0,b
(a) @57 (b) @57y (c) 252
o, o, o,
(d) quyg (e) @%% ) ‘isj,zjj

Fig. 2: Plot of the edge orthogonal scaling functions. Daubechies orthogonal generator with

i
i

0,b 0, 0,b
(a) ¥ (b) %5 (©) 555

0, 0, 0,

() w5 (e) 3 () 073

Fig. 3: Plot of the edge orthogonal wavelet functions. Daubechies orthogonal generator with

r=3.
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T

Fig. 4: Plot of the internal scaling function ! (z) = [7 | ¢°(t)dt (left) and the internal wavelet

Pl(z) = 4 [ O(t)dt (right), where (¢°,¢°) are Daubechies orthogonal generators with
r=3.

1 2 3 @ 5 . 1 2 3 @ 5

1,b 1,b
(c) &) (d) 2573

Fig. 5: Plot of the edge scaling functions at edge 0, computed from generator o'(z) =
fzil @0 (t)dt, where (p°,10) are Daubechies orthogonal generators with r = 3.

T

Similarly, the generators (3%, 1) biorthogonal to (¢!, 4') are computed using
the formula:

x+1 x
o’ (z) = / g'(t)dt  and  °(z) = —4 [ L (t)dt. (26)
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(a) dHE (b) @)}

s ) E) 2 El o . ) 3 2 El o

1, 1,
(c) @73 (@) o0%

Fig. 6: Plot of the edge scaling functions at edge 1, computed from generator ¢'(z) =
v ©%(t)dt, where (¢0,10) are Daubechies orthogonal generators with r = 3.

The graphs of @' and ¢! are plotted on Figure 9, Figure 10 and Figure 11 show
the plot of the edge biorthogonal scaling functions. The edge biorthogonal wavelet
graphs are plotted on Figure 12 and Figure 13.

We also study the interpolation error of the multiresoltion analysis (le, f/jl)
For a given function f, whose values are known at grid points z; = k/2/mas

0 < k < 2/mazthe interpolation step consists of computing the projection

1
Imazx

Pinas ()= D < i Bimansk > Phanik: (27)
k=0

We adapted the quadrature formula and algorithms of [17] to the biorthogonal
case to compute numerically the inner product < f, @}Wm , >. For the function f
defined by:

f(z) = sin(27z) sin(50z) + 1, (28)

we show on Figure 14 the snapshot of the interpolation error ||f — P} (f)]l

max

according to the different values of jmaz. Again, from J;me =P (f) we study

Lo Jmaz
the projection error

Hfjmaa: - le (fj7na:l;)||7 jmin S J S jmaw - 17
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3 & 5 b b o w

b ,b
(2) ¥} (b) ¥}

1 2 3 @ 5

1,
(d) )5

Fig. 7: Plot of the edge wavelet at edge 0, computed from generator ¢!(z) = 4 [*__O(t)dt,

where (©°,4°) are Daubechies orthogonal generators with r = 3.

involved in the fast wavelet transform algorithm. Figure 15 shows the plot of the
projection error in a loglog scale with respect to the resolutions j. The Figure 16
shows the plot of this error at grid points for jmaz = 16 and j =9 or j = 13.

To prove the sparse approximation property of the wavelet basis %1_’ L, We stud-
ied the non-linear approximation error of f defined in (28). On Figure 17 we plot
the evolution of this error according the ratio of wavelet coefficients retained.

In each of these experiences, the errors decay order obtained is about s ~ —4.
Since f is very smooth, this is in accordance with the theoretical order which is
the polynomial approximation order of the space le.

6.1 One dimensional laplacian operator

In this section, we evaluate the performance of our new wavelet basis construction,
in the numerical resolution of one dimension poisson equation with homogeneous
Dirichlet boundary condition:

—u"(x) = f(z), = €01,
(29)
u(0) =wu(l) =0.
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1.4 1,
(c) w! (@) vk

Fig. 8: Plot of the edge wavelet at edge 1, computed from generator ¢! (z) =4 [*__ O (t)dt,
where (©°,4°) are Daubechies orthogonal generators with r = 3.

Fig. 9: Plot of the internal scaling function @! (left) and the internal wavelet 9 (t) (right),
where (©°,4°) are Daubechies orthogonal generators with r = 3.

Usually, the numerical resolution of problem (29) with a wavelet based method is
done using a Galerkin (or Petrov-Galerkin) method. This leads to the resolution of
a linear algebraic system with the stiffness matrix of the considered wavelet basis
[2,7]. In our construction, the wavelet basis zp?’k can be chosen as an orthogonal
basis. In this case, it is easy to see that the stiffness matrix of the wavelet basis
%1‘, i constructed by integrating U’?, 1 is a diagonal matrix:

< W) Wby >=< (W) 1) s Win) >= 27T <9 0l >= 2718, 48, .. (30)
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1,b 51,0
(@) 250 (b) 51

1,b
(d) @573

Fig. 10: Plot of the edge biorthogonal scaling functions, where (¢°,°) are Daubechies orthog-
onal generators with » = 3.

Then, if the solution u is searched in terms of its wavelet series:

u= uj (31)
3.k
the coefficients u; j, are given by:
wik=2""""f 5, where f=Y"fis (32)
Jik

Thus, the resolution of (29) is reduced to a wavelet coeflicient normalization, with
a linear numerical complexity. We notice that, at the coarse scale j,,;, we also
have to invert the stiffness matrix of the scaling function (,o}mmd - The size of this
matrix is very small compared to the size of the whole system.

To see the efficiency of this approach, we firstly compare its numerical com-
plexity to the complexity of a finite difference method and the multi-grid method
of [13]. The main criterion we took is the real computational time of the MATLAB
code [18] that encodes the method. For this purpose, two numerical experiences
have been conducted. The first experience is done with the exact solution:

u(z) = 2® — 2. (33)

The source term f is appropriately computed from the solution w. On Tab. 1,
we provide the different mean real computational time according to the space
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(d) &%

Fig. 11: Plot of the edge biorthogonal scaling functions, where (©°,4°) are Daubechies orthog-

onal generators with r» = 3.

resolution j. It can be observed that the present method performs better than
these two methods when the resolution j increases, with a good accuracy on the

relative La-error.

Computational time

Method resolution j || t (seconds) || Lo-error
Multi-grid 8 0.010705 4.4184E5
Present 8 0.000625 1.3302E 9
Finite difference 8 0.000205 4.4341E~°
Multi-grid 10 0.019202 2.7255 0
Present 10 0.000835 3.1552E 11
Finite difference || 10 0.000389 2.7640E—F
Multi-grid 16 0.089770 2.0575E 7
Present 16 0.007712 5.6942E 11
Finite difference || 16 0.018695 9.2095E~10

Table 1: Comparison of the real computational time and the relative L2-error for the exact

3 4

solution: u(z) = x° — z*.
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71.b 71.b
(a) ¥, (b) &y

71,b 71.b
(c) . b (d) Wj,3

Fig. 12: Plot of the edge biorthogonal wavelets, where (¢°,1%) are Daubechies orthogonal
generators with r = 3.

The second experience concerns the source term f defined by:

0, 0<=z<3/8,
fz)=142 3/8<x<5/8, (34)
0, 5/8<z<1,

and this corresponds to an exact solution u of (29) defined by:

1z, 0<a<3/8,

u(z) = —x2+$—6%7 3/8<x<5/8, (35)

—tr+1%, 5/8<z<1.

The function f has discontinuities at « = 3/8 and = = 5/8. Then, the motivation
for this experience is to highlight the adaptativity of the wavelet basis 1/);-7 k-

7 Conclusion

In this paper we have presented a new construction of biorthogonal wavelet bases
linked by differentiation and integration. In opposite to the existing construc-
tions, the differentiation relation between the wavelet basis wjl-’ . and ¢?, , Temains
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(b) &

G Kl s o [ 1 2 ER El 05 o o5 1

pl:t b
(c) (d) 75

Fig. 13: Plot of the edge biorthogonal wavelets, where (¢°,%") are Daubechies orthogonal
generators with » = 3.

1071 1 107

102 102
10 10* 10° 10 10° 10! 10% 10° 10* 10°

Fig. 14: Plot of the interpolation error ||f — ;... |loo (left) and ||f — f,.... ||l2 (right) in loglog
scale, where (p°,4?) are Daubechies orthogonal generators with r = 3.

diagonal as for the internal wavelet. To get this point, we have constructed a mul-
tiresolution analysis of L2(0,1) for which the wavelet basis satisfies homogeneous
Dirichlet boundary condition. Many experiments have demonstrated the potential
applications of this new construction in signal compression and in the numerical
resolution of the Poisson equation in one dimensional space. Note also that, the
diagonal relation between the wavelet bases can improve the fast divergence-free
and curl-free wavelet transform algorithms and we leave that for future works.
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10° 100
—— L. Error
—Slope = -4
102F 1 10?2
L 1 10*
L 8 FER
=
I
r 8 ; 10°
r 1 107
10721 By 102
107 10 . .
10 10% X 10° 10* 10 10% 10° 10*
2 2

Fig. 15: Plot of the projection error || f;, .. — 'le (Fiman)lloo (left) and || fj,... — 'le(fjmaz)ﬂz
(right) in loglog scale, where (¢°,4°) are Daubechies orthogonal generators with r = 3

«10°® 40

Scaling coeff
- - Grid points

3

Fig. 16: Plot of the projection error fjma: —’P} (fjmaz) at grid points for jmaez = 16 and j =9
(left) and for j = 13 (right), where (°,°) are Daubechies orthogonal generators with r = 3.

—e—L: - Brror
——Slope= -4

107
10° 102 10" 10°

Fig. 17: Plot of the non linear approximation La-errror. Daubechies orthogonal generator with
r=3.
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Wavelet coefficients Wavelet

—— Scaling coeft-error

- - Grid points-error

Fig. 18: From top to bottom, plot of the computed solution, its wavelet coefficients and the
residual error (first column j = 8 and second column j = 16). Where (°,9°) are Daubechies
orthogonal generators with r = 3.
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