N

N

Wavelets linked by differentiation-integration on the
unit interval and related applications

Souleymane Kadri Harouna, Valérie Perrier

» To cite this version:

Souleymane Kadri Harouna, Valérie Perrier. Wavelets linked by differentiation-integration on the unit
interval and related applications. 2017. hal-01568431v1

HAL Id: hal-01568431
https://hal.science/hal-01568431v1
Preprint submitted on 25 Jul 2017 (v1), last revised 15 Feb 2019 (v3)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01568431v1
https://hal.archives-ouvertes.fr

Numerical Algorithms manuscript No.
(will be inserted by the editor)

Wavelets linked by differentiation-integration on the unit
interval and related applications

Kadri Harouna Souleymane - Perrier Valérie

Received: date / Accepted: date

Abstract This paper presents a new construction of biorthogonal multiresolution
analyses of L2(0, 1) linked by differentiation and integration. The arising wavelets
basis is setted to satisfy homogeneous Dirichlet boundary condition, while this
requirement is not necessary for the scaling function basis. On this wavelet basis,
the solution of Poisson equation is computed by a wavelet coefficients renormal-
ization like in Fourier domain with a linear complexity O(N). Fast algorithms are
provided and illustrated by numerical examples.
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1 Introduction

Since the pioneering work of Lemarié-Rieusset [15], due to their important role in
the construction of divergence-free or curl-free wavelets, biorthogonal multireso-
lution analyses linked by differentiation and integration have been widely studied
[14,18,20,21]. The main purpose was to construct two multiresolution analyses of
L?(0,1) provided by spaces le and Vjo such that

.od o 0
Vi V=V W
Relation (1) should be interpreted as: Vf € le, e Vjo and Vg € Vjo, there exists
fe le such that f' = g.

On the unit interval [0, 1], with non periodic boundary conditions, such a con-
struction was introduced firstly by Jouini and Lemarié-Rieusset [14]. They started
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with le as a regular multiresolution analysis reproducing polynomial at bound-
aries [1,5,12], with the scaling function ¢! and wavelet ¢! generators that satisfy
[15]:

(") (2) = ¢°(2) —¢"(x = 1) and (¢') =4¢". (2)
Jouini and Lemarié-Rieusset [14] used the orthogonal construction of [5] for the
space le. They show that, from relation (2) and properly setting the integers
parameters in the construction of le, one can deduce the space Vjo that satisfies
(1). In this case, the wavelet space W]Q is defined by differentiating the wavelet
basis of lez

wy = Span{l/’?k =277 (1/)31',1@)/}'

The corresponding biorthogonal spaces (le, VJO) are respectively constructed again
using integration by part [6]. However, the construction of [14] remains theoretical,

for instance it is not easy to compute numerically the wavelet filter of 1/)?7 . and
Vg
0 0 0 ) 70 ~0
Yik = ZHk,n‘Pj-i-l,n and ;= ZHk,nsﬁjH,n- (3)
n n

This point was relieved by Kadri-Harouna and Perrier [18], they extend the con-
struction of [14] to any regular scaling function generator ¢! and provided numer-
ical algorithm and examples for the fast wavelet transform.

One advantage of the construction [14,18] is that the associated multiscale
projectors commute with differentiation in H 1(07 1) and these properties enable
to demonstrate the Ladysenskaya-Babuska-Brezzi (LBB) condition for a wavelet
based method in the numerical discretization of mixed problem such as Stokes
problem [3,7]. The key ingredient is that, commutation with derivation allows to
get easily the condition of Fortin’s lemma [11], see [7].

Ensuring the commutation of multiscale projectors with differentiation imposes
to the biorthogonal space f/jo to satisfy homogeneous Dirichlet boundary condition.
In this case, f/jo C H4(0,1) cannot be a multiresolution analysis of L?(0,1). More-
over, relation (2) remains valid only for internal scaling functions and wavelets.
Nonetheless, the edge functions did not satisfy this relation: a change of basis is
introduced [19].

Recently, Stevenson [20] has proposed another construction which differs from
the existing constructions by the choice of the boundaries conditions for the dual
spaces VO and V1 Precisely, let us suppose that 1/1 & and ¢ & are the wavelets
constructed frorn scaling function generators satlsfymg (2). Then integration by
part shows that:

07 k(Y5 (1) — 9 1005 £ (0) = (W5 1, 0T &) — (] 1, D) 1) (4)

If the two systems (1/’31',kv1/~’31',k) and (1/’?,ka1/~’?,k) are biorthogonal, the boundaries
terms of (4) should vanish. Instead of taking ’l;]O-)k € H(0,1) like in [14], the
construction of [20] sets zpjl-’k(l) = 0 and ﬁ?’k(O) = 0. This choice of boundary

condition is more general and leads to f/jo as a multiresolution analysis of L2(0, 1),

however the commutation of multiscale projector with differentiation is lost.
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The focal point of his work is the construction of wavelet bases for biorthogonal
multiresolution analyses of L?(0,1) linked by differentiation and integration [14,
18,20]. As for the internal wavelets (2), emphasis is maid on the construction of
edges wavelet in order to get a diagonal differentiation relation:

Gl () = 2 / T dt and () (2) = 2790, (x). (5)

We start with the construction of wavelets wjo_’ , and &? i for this step, we will use
a classical biorthogonal or orthogonal wavelet bases on the interval [0, 1]. Since
f~01 w?,k_(t)dt = 0, relation (5) leads to w;,k € Hg(0,1) instead of w},k € H*(0,1) and
1/)2k € H(0,1) as in [14,18,20,21]. Moreover, from the multiscale decomposition

‘/?7.1 = ‘/jlwmn ® lemin NERRR le_17 (6)

we see that incorporating homogeneous Dirichlet boundary condition in le is
reduced to the treatment of this boundary condition only at the coarse scale j,in-
Taking wg E= ¢§?7 x> which is the orthogonal setting, gives:

<(Wjp)s i) >=271 <l wf, >= 2T 18 . (7)

Then, from (7) we infer that 1D Poisson equation with homogeneous Dirichlet
boundary can be solved with a linear numerical complexity in the multiresolution
analysis provided by spaces le. Furthermore, this new construction still maintains
the properties of Fortin’s lemma [11] in the numerical discretization of Stokes prob-
lem and allows to get a fast divergence-free wavelet transform algorithm similar to
the periodic case [10]. The main difficulties of such a construction is the numerical
implementation of the decomposition (6), this point will be well documented in
the present work.

In Section 2 we recall the construction of biorthogonal multiresolution anal-
ysis of L?(0,1) with polynomial reproduction and how to impose homogeneous
boundary conditions. Section 3 reminds the principle of the construction of BMRA
linked by differentiation / integration and its main properties needed for a numer-
ical implementation. The new construction of BMRA linked by differentiation /
integration is detailed in Section 4 where the associated fast wavelet transform
algorithms are provided.

2 Biorthogonal multiresolution analyses of L? (0,1) reproducing
polynomial

The construction of biorthogonal multiresolution analyses (V;, V;) of L?(0, 1) with
polynomial reproduction (r,7) is classical [4,8,12]: the principle is to start with
generators (p, $), that are biorthogonal scaling functions of a BMRA on R. We
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suppose that ¢ is compactly supported on [nin, nmaz] and reproduces polynomi-
als up to degree r — 1:

2 too
0<e<r—1, %: ST Be(k) elz — k), VzeR, (8)

k=—o00

with py(k) = (%f, @(z — k)). Similarly, ¢ reproduces polynomials up to degree 7 — 1
and we note py(k) = (%, @(x — k)). For j sufficiently large, the spaces V; on [0, 1]
have the structure: ; ﬁ
int

Vi =VieVi" eV, (9)
where ijt = span{p; ;(z) = 2j/2go(2jx7k‘) sk =k, ZJFku} is the space generated
by interior scaling functions whose supports are included into [%, 1- g—ﬁ] c [0,1]
(8,, 6s € N be two fixed parameters), and k, = 6, — nmin, and ki = 0 + Nmaz-
Moreover

‘/jb = Span{@g,@(m) = 2‘7/2@;(2]"1") ) L= Oa T 1}7
Vjtj = span{ég.f(l —x) = 2j/2¢§(2j(1 —x)); £=0,---,r—1},

are the edge spaces, the edge scaling functions at the edge 0 being defined in order
to preserve the polynomial reproduction (8) on the interval [0, 1]:

ky—1
0<e<r—1, @)=Y pe(k) oz — k) xjo 100l (10)

k=1—nmax

At the edge 1, the edge scaling functions le are constructed on ] — oo, 1] by
symmetry, using the transform 7'f(z) = f(1 — z). In practice we have to choose
J = Jmin where jpin is the smallest integer which verifies jpin > 1ogs[nmas —
Nmin 1 04 + J,] to ensure that the supports of edge scaling functions at 0 do not
intersect the supports of edge scaling functions at 1.

The polynomial reproduction in Vj is then satisfied since, for 0 < £ <r—1 and
z € [0,1] we have:

0i/2(9i g\t . STk , ,
PO play@in) Y hel) epnle) + 2@ (- 2). (1)
k=k,

Similarly, the biorthogonal spaces ‘7J are defined with the same structure, allowing
the polynomial reproduction up to degree 7 — 1:

y - . 5
V; = span{®’ }o i1 @ VM @ Spa”{@g,e}ho,fﬂ, (12)

where f/ji”t = span{@; ; k= ky,, 27 —I;:ﬁ} is the space generated by interior scaling
functions @, p(z) = 2j/2g51(2jx — k), whose supports are included into [%, 1-— g—g]
(5, 5?1 € N be two parameters). The edge scaling functions at 0 are defined by:
Z:b—l
0<e<i—1, &x)= Y pelk) @ —k) X0, 400

k=1—Mmazx
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The equality between dimensions of V; and \~/j is obtained by adjusting the param-
eters 0, = k, — fimax and 64 = kg + Amin (With [fin, maz] = supp @) such that:
Aj = dim(V;) = dim(V;) = 27 — (8, + &) — (Mmaz — Momin) + 27 + 1. Remark that
(8,, 04) remain ”free” parameters of the construction (often chosen equal to 0 or
1). The last step of the construction lies in the biorthogonalization process of the
basis functions, since edge scaling functions of V; and f/j are no more biorthogonal
[1,8,12,17]. Finally, the spaces (Vj}, V;) form a biorthogonal MRA of L?(0, 1).

2.1 Boundary conditions

A multiresolution analyses of HJ*(0,1) = {f € H™(0,1) : f®(0) = s (1) =
0, 0<p<m-—1} can be defined from V; by taking ij,o =V; N Hy*(0,1). For
instance, if m = 1, as described in [16,17], it suffices to remove the edge scaling
functions 45% at edge 0 and @g at edge 1 which leads to:

le,o = spcm{@?»,@ i A=1r—-1}® Vjim D 5pan{¢§‘,€ ; 0=1,r—1}.

In such case, we also remove the edge functions 43% and @g from \7J prior to biorthog-
onalization, to adjust the dimension of the biorthogonal space. Then, the spaces

(le’o, \7j1’0) constitute a biorthogonal multiresolution analyses of H}(0,1).

3 Construction of (VjO, \7j0) linked by differentiation / integration with
Vi vih

The construction of biorthognal multiresolution analysis of L2(0, 1) linked by dif-
ferentiation/ integration is based on the following proposition of Lemarié-Rieusset
[15]:

Proposition 1 Let (V' (R)) be a MRA of L*(R), with differentiable and compactly

supported scaling function @' € C't¢ and wavelet . Then there exists a MRA
(Vjo (R)), with associated scaling function ©° and wavelet ¥°, such that:

(0 (@) = () — ¢ (o —1) and (91) = 4 4°. ~ ~
The biorthogonal functions verify: f;+1 @H(t) dt = ¢°(x) and (¥°) = —4 ',

From the generators (¢!, '), (¢°, %) of Proposition 1, Jouini and Lemarié-Rieusset
prove the existence of two one-dimensional MRA of L?(0,1), denoted (le) and
(V) linked by differentiation [14]:

d 1 0
~v =V (13)
Moreover, the biorthogonal spaces should satisfy:
V0= H&(o,1)m/ V= {f . ffeViand £(0) = f(1) :0}. (14)
0

The construction of Jouini and Lemarié-Rieusset [14] remains in a theoretical
setting based on the use of Daubechies compactly supported orthogonal generators
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[9]. A construction that uses classical biorthogonal multiresolution analyses on
the interval [4,8,12], with polynomial reproduction at boundaries, was done and
implemented by Kadri-Harouna and Perrier [18]. In such a construction, the choice
of integer parameters (8, dy) is very important: they must be identical for the two
multiresolutions analyses to satisfy (13,14) and to provide the commutation of
multiscal projector with the derivation operator.

Precisely, let (le, ‘731) be a BMA of L?(0,1) with polynomial reproduction up
to degree (r — 1,7 — 1) constructed from scaling functions (o, #') and integer
parameters (0,,d;) and (d,,0y), respectively. Following the same construction, the
BMA (Vjo, f/jo) of L?(0,1) constructed with (¢°, ¢°) arising from Proposition 1 and
(6,,6¢) and (6, Sﬁ) has (r — 2,7) polynomial reproduction and satisfy:

Proposition 2 The biorthogonal spaces (le,f/jl) and (Vjo,f/jo) verify relations (13,
14): £V =V and VP = Hyn [V}

This result induces the commutation between multiscale projectors and differ-
entiation operator. Indeed, let ’P} be the oblique projector on le parallel to (le)L

75; its adjoint, and 73]0, 75;) the biorthogonal projectors associated with (Vjo7 \7JQ),
we have [14]:

)

Proposition 3
(i) ¥ fe H'(0,1), %opjf:pgod%f,
(i) V feH(0,1), fLoPlf=Pjoif.

3.1 Wavelet spaces

We first recall the structure of wavelet spaces of the BMRA (le, \7j1), which is
classical, although different kinds of wavelets may be designed [1,4,8,12,17] .~The
biorthogonal wavelet spaces associated to le are defined by le = le_‘_1 N (le)J‘

and, for j > jiin, have the form: W]-1 = le’b @ le’mt @ le’ﬁ,

le’é = span{le”;(m) = 2j/2&02’b(2jx) ; =0, Py — 1},
with ¢ W™ = span{y; ) = 27/29! (272 — k) ; k=p,, 2/ —p; — 1},
Wt = span{w (1 —2) = 220 (2 (1 - 2)) 5 £=0, p— 1},

p, and py are suitable integers to ensure that the support of interior wavelets 1/)}7k

of le’mt is included into [2;5%, 1- 2?%] (the support of ¢! (wavelet on R) is
[Rmin=Tmastl Nmer—Tmint1]) If we follow the construction [12] of edge wavelets,

we deduce: p, = | Zmesdh=l| 5nq = LMJ The biorthogonal spaces V~Vj1

are constructed in the same way, finally the wavelet bases of the two spaces must
to be biorthogonalized identically as the scaling functions. The resulting wavelet
bases are denoted by {1/1}7k}k:1’2]' and {1/1}7k}k:1’2]' without distiflction.

The objective now is to exhibit biorthogonal wavelets of W]Q and W]Q, linked to 1/}}7 k
and 11331, . by differentiation/integration. This is done by the following proposition,
established in the general framework by [14]:
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Proposition 4 Let (le, f/Jl) and (Vjo7 ‘N/]-O) BMRAs satisfying proposition 2. The wavelet
spaces WJQ = Vjo+1 n (f/jO)J‘ and WJQ = f/jOJrl N (V]-O)J‘ are linked to the biorthogonal
wavelet spaces associated to (le, \7]1) by:
wo — &t 2o _ [T
3 = W5 and Wj = Wj. (15)
dx 0
Moreover, let {wgl‘,k}kzl,m’ and {1/7]147,6},6:1_’% be two biorthogonal wavelet bases of le

and I/T/jl. Biorthogonal wavelet bases of WJQ and VNVJQ are directly defined by:
0 i1 0 i [
— / - ~
e =270k and =2 [ 3l (16)
0

Interior wavelets 1,0?) o (z) = 27/24°(27 2 — k) in this definition correspond to classical
wavelets, ¥° being a wavelet on R associated to the scaling function ¢° as in
Proposition 1. On thg other hand, in standard constructions [4,8,17,12], the edge
wavelets of WJQ and W]Q do not verify the relations (16).

d

We now define the change of basis matrices between the spaces (%le, %‘N/jo)

and (Vjo7 f/jl), useful in numerical computations of wavelet filters.

Definition 1 Let (le-, L?, f,?) be the change of basis matrices defined by:

A;—1 A
d 1 1 0 d _o =0 -1
00k = D Lk Ghns Bk = D LDk Grms (17)
n=1 n=1
v 0 Aj 0 1
ad = [ =S e e (18)
0 m=1

Remark 1 The matrices L? and E? are rectangular of size (A; — 1) x A;. The
biorthogonality between V; and V]Q, and the inclusion \7JQ C H§(0,1) lead to:
LYLNT = LYLY)" =1I(a,_1), where I(,,) denotes the identity matrix of size n.

The next proposition guarantees that this new edge wavelets preserve fast
algorithms since they satisfy two-scale equations.

Propositior~1 5 Let {wjl-’k}k:LQj and {&;’k}kzl,zj be tgjo biorthogonal wavelet bases
of le and le associated respectively to filters Gjl and G; :

wjlk = Z(Gjl')k,n Qi1 and U = Z(é})k,n Pit1n-

n n

Then there exist sparse matrices Gg and é? defined by:
0 ! 50 j A1 70T
GJ =2 ]Gij-‘,-l and G] = —QJGJ'LJ'_;’_h (19)
such that the wavelets 1/1?7,C and &?,k satisfy:

Tﬁ?,k = Z(G?)k,n@?+1,n and ng,k = Z(ég)k,n¢?+1,n-
n n
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Proof From the definition of wavelets (16) and of the change of basis (definition

1):

290 = (Gem(Pir1n) = D (Crn(Lis)nm@is1m = Y G5 Lisv1lkm®3+1.m
n

n,m m

. 0o _ 0 0 . 0 A0 . .
since ¥ . = > (G})k,m¥j+1,m» We obtain Gj. G is obtained similarly.

4 New construction of (le, ‘711) linked to (Vjo, ‘73'0) by differentiation /
integration

In this section we present our new construction of biorthogonal multiresolution
analyses linked by differentiation and integration. The construction of the primal
spaces (V;', V) remains the same as in the classical construction [14,18]. However,

the construction of the biorthogonal spaces (f/jl, f/jo) and the wavelet bases will be
different.

The construction starts with (VJQ,V]Q) as a standard biorthogonal multireso-
lution analyses of L?(0,1) [1,4,5], where the scaling functions generators (¢°, ")
satisfy Proposition 1. Again, we denote by (d,,d;) and (d,,d;) the integer parame-
ters used in the construction of (Vjo, \7]-0). Following [14, 18], the classical multires-
olution spaces le constructed from the scaling function ¢! with the same integer
parameters (d,,d;) satisfy:

%le =V) and A]-1=24Y.
In this case, for the biorthogonal space f/jo, since A? = dim(f/jo), we see that:
Aj-2= dim(%f/}’).
The construction of le follows similar approach. To get equality between dimen-
sions of spaces le and f/jl:
Aj = Aj,

the integer parameters to be used for the construction of f/jl must be fixed to
(6, — 1, Sﬂ —1). It follows therefore that:

d ~o0 . =1
Vi EVi

This is another difference compared to the existing construction.

The construction of the wavelet basis associated to le is the major contribution
of the present work. In the classical construction, on defines the wavelet space as:

le+1 = le @ le, where le = j1+1 N (f/jl)l.
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Then, the space W]-1 does not necessarily satisfy homogeneous Dirichlet boundary
condition. To compensate for that, in this work the wavelet spaces are defined as:

Wj:/o wy,

where WJQ is the wavelet space associated to Vjo [1,4,8,12,17):
W} = Vi n (V)

Remark 2
From the zeros mean value property of the wavelet 1/}?7 &, by construction the space

W]l satisfies:
W; c HE(0,1).

In the previous section, the wavelet space WJQ is defined as W]Q = %le and this

choice of WJQ leads in general to:
1 C 0
Wi # /0 Wi

For all j > jmin, the spaces le verify the following proposition:

Proposition 6

0 » 0 0 d ys1 1
Let W} be the wavelet space associated to V', where Vi = 4-V;*. Then the space Vi 4

can be decomposed as follows:
xr
Vi =VieW;, with W;= / wY. (20)
0

and
1 —1

Vi =Vi, oW, . & oW, (21)

Jmin Jmin

Proof As %le = Vjo, we get:
—1 z z d xT
W :/ Wy / Vi1 C Vi and / W} < Hp(0,1).
0 0 0
Moreover, let u; be a function of le ﬂW}:

Uj = ch@jl-’k = Zdn /(;L 1@?@:
n

k

we deduce that:

Since
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we get u; = 0, which implies le HW? = {0}. Let fj11 € le+17 then:
d 0 0 0
ol €Vin = Vi @ Wy
Since f;j4+1(0) € le, integration gives:
* 0 d z 0 d 1 —1
fit1(@) = f41(0) + Pj(%fj-&-l)‘F Qj(%fj—i—l) evy + Wy,
0 0
and this ends the proof.

The interest of such a wavelet space construction is that homogeneous Dirichlet

boundary condition can be handled easily. Indeed, by construction the space W]l C
H{(0,1) and relation (21) allows to get the following decomposition:

1

71 —_
‘/‘71"17‘01 = ‘/.]14'1 N H(%(O, 1) = ‘/j:‘L"Li’n n H(% (0’ 1) @ ijin @ U @ WJ
Moreover, if we define \7j1’0 as \N/jLO = %‘N/jo, we have:

Proposition 7

Let (le,VI) and (%07\7]0) be two BMRAs of L*(0,1) linked by differentiation and

integration such that:

d .1 0 d o0 510 ~ 52
%VJ =V, and @% =V;mclL (0,1), (22)
where le,o is the multiresolution analysis of H} (0, 1) provided by le,o = leﬂHé (0,1).

Then, the wavelet space fox WJQ is the classical wavelet space associated to le’o:

xT x
1,0 _ _ +s1,0 _ +s1,0 1,04 L
Vi =ViyinHG(0,1) = V; @/0 Wy and /O Wy = VIS0t (23)

Proof
From the vanishing moment condition of the wavelet basis of VVJQ we get:

1 x
/W]‘?:o = /chH&(o,l).
0 0

The differentiation relation gives:

d 1 0 T o 1
Vit =V = ; Vit1 C Viga,

thus

xT
0 1 1 1,0
/0 Wy C Vi nH(0,1) = V5.

The differentiation relation:
d ‘NrO ‘er,O

states that for any fNjI’O € le’o, there exists fjo € f/jo such that (fjo)' = f~jl’0, then:

[ = e i =~ i =0 = [ WP e @0
0 0 0



Wavelets linked by differentiation-integration 11

Then we deduce that fox WJO

J+1 n (V 9L and since the two spaces have the
same dimension, we get:

xT
/0 W = me(VlO)

We recall that the integer parameters used in the construction of I7j1 and f/jo are
not the same, thus one can not expect to get commutation between multiscale
projectors and derivation as in Proposition 3. However, for the oblique multiscale
projectors of ( y o VO) and (VO ), we can prove the following proposition:

Pr0p051t10n 8
Let (77 ,PJ) be the biorthogonal projectors associated with (V1 0 ,V7) and ( 0)

the biorthogonal projectors associated with (VO V1 0) Then, we have:

(i) ¥ feH;0,1), 4£oPf=Ploif.

(ii) ¥ feH (0,1), fLoPlf=P" c4r.

Proof

From proposition 7, there are two matrices denoted L;’O and E}’O of size (Aj1 —
2) x (Ajl — 1), such that:

1
Al

1 ;
x
1,0 _ 1,0 0 1 0 ~0
Pik — § (Lj )k,n /0 Pin and § i lc n dx@j n-

n=1

The biorthogonality of the basis functions (p}’g and 4,5;’2, with an integration by
part give:

1,0 ~1,0 ~1,0 d _o ~1,0 d 10 -0
Sk = (250 Pim) = D (L7 )t sojwdxsﬂm =Y (L] Jm, b= #5 Pie)
¢

L

DO E ke (L)t B5.0) = = D (L7 k(L5 ) imm,
n ¢

n

which means that:

__ $1,0 t71,0
In,—o=—-L;° "L}

Thus, the proof of the point (i) becomes a change of basis. Indeed, for f € HJ (0, 1),
we have:

d 1,0 51,0y L1 ~1,0, 0
%lp] (f) Z<f’¢]k dz ]k ZZ 1 knf‘Pch) Pin

_zfz@w)kn@;;; = 4 S n(E em e
- Z 90_;, Sog,n = Z<%f7 Lﬁ?,n> @?,n = ,P_?(%f)

For the second point (i7), let us consider the matrix E(J) defined by:
Af—

d .o =0 ~1,0
%@j,k = Z (L )kn Pjin:

n=1

)@

0
J,m
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Again, the duality of the basis and integration by part give:

d 1,0 - 1,0 1,0 d . =
<da:<'DJ kv@?m) = (Lj )Ic,m = (‘Pj’kv _%W?,nﬁ = _(Lg)vmky
then

d ~

%Pjo(f) Z<f7501k ‘ij ZZL)kn f7(10jk 30]1':3
k

= (B EDknm®ir) Bim =D Afs= > (L3 nkehn) Hin

n k n k

d 10, -1,0 d 1,0, 1,0 51,0, d
= 2 = im) By = 2z Feiin) iin =Py ().
n n

5 Fast decomposition algorithm

In this section we provide numerical algorithms for the computation of the pro-
jection of f; 11 € V_~_1 onto V and W respectively. Precisely, starting with:
Ajl+1
1
fi+1= Z Cit1,kP 41,k
k=1

we want to compute the coefficients c; , and d; ;, from c; 4 ; such that:

A;+1 A} 27 2
1 1 0
Fi1 = D G k@ioie = D CGaPik T ) dj,m/ Vjm-
k=1 k=1 m=1 0

Firstly, we notice that f;,; can be splitted as

Al

41
0
fir1= Z Cit1 ki1 e = [+ f |+ fis
k=1
with
o _ 1 0 0 _
fiv1=cjt11¢j411 = [ij41(0) #0 and f;,(1)=0
1 1 1 1
firi=c¢jpr,a1, @jpar,, = f42(0)=0 and fi,(1) #0,
and
Ajp—1
1,0 _ 1 1
A=) civrx®iiie € Ho(0,1).
k=2

Then, the function fjljrol belongs to le+01 and this space corresponds to:

. 1’0_—1
V]_H—V @W 7Wlth Wj =Wj.
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Thus, the two scales decomposition of fjl_’i_o1 is a classical decomposition in the
multiresolution analysis of H (0, 1) provided by the scaling function filter of le,o
and wavelet filter of le,o‘ The projection of fjo+1 is based on the following two
scales relations satisfied by the scaling function gajl- 1,1

A; 2.7
~ =1 ~1 z
i = z ol + z Choathn = Y Hoaehn+ 3 G [ in
n=1 m=1 0

where the first decomposition corresponds to Vi i1 = V1 D W1 and the second one

corresponds to leJrl = le @W;. To get the new filters Hn,1 and Gn,h according
to the biorthogonalization procedure that we adopted, where only the dual basis
are modified, we have:

2J
~ ~1 z ~
Gllc,l = Z Gm,l( 1/)?,m,¢]1‘,k>7 (24)
m=1 0
and ‘
27
~ 1 ~1 =1 z 0 -1
Hjq1=Hg1+ Z Gl Yjm:Pjr)- (25)
oo} 0

Equations (24) and (24) define two linear systems with respect to the edge scaling

=1 ~1
function and wavelet filters G,, ; and o n,1- From [2,19], the computation of coef-
ficients ( fo w],mij,k Y and ( fo 1/Jj7m,g0j7k> is straightforward and this is done only
for functions that support intersect the edge function support, due to the com-
pactly support properties of the generators. Then, solving these linear systems,
with similar relations at the boundary 1, allows to get the new edge filters. The
main steps of the decomposition algorithm are summarized as:
~1
cj1=cjr1,1H1 1,
Ajyp1—1
=1

k= Z Cj+1, "an +¢jta, 1Hk: 1+ Cjta, AJ_HHk: Ajyrs 2<k< A -1

n=2

€

s

~1
¢j,A; = Ci+1,4, 0, HA; A5
and
A 1
JH1— -1

G= 3 1G04 ¢a11Gha + 11,40, Chayy 1< k<2,
n=2

5.1 Fast reconstruction algorithm

For fj11 € Vi i1 let us suppose that we know its projection onto V @WJ in terms
of:
Al

f]+1 = Z Cj,k‘ﬂg T Z dj, / 1/’3 m>s

k=1
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and we want to compute its projection onto le_H in terms of:

Al

J+1
1
fi+1= Z Cit1,kP 41,k

k=1
Setting
1
Aj

1 0 1,0 1 : 0 __ 1 1 _ 1
Yo cineie =L S0+ S, with f] =ciapjy and f] =c; a105 a1,

k=1

it is easy to see that

27 =
1,0 _ 0 1,0
Y dﬂ’m/o Yjm € Vil
m=1

thus we get:

AJI 27
1 =1 1
ik = Y CnHpp+ D djmCmp, 2<k<Ajy 1,
n=1 m=1
and
1 1
Aj Aj
_ ) 1 _ ) 1
Ci+1,1 = Z ¢jntn,1, CH1LA L T Z CJ’nH”’A§+1'
n=1 n=1

6 Numerical examples

We present in this section numerical examples to illustrate the potential applica-
tion of this new construction of multiresolution analysis of L?(0, 1) linked by dif-
ferentiation and integration. We remind that our construction starts with the con-
struction of Vjo. Here, for the different examples, the scaling function and wavelet
generators (¢°,4°) considered are Daubechies orthogonal generators, with three
vanishing moments for the wavelet [9]. The integer parameters of the construction
of Vjo thus are:

r=3, & =0=1, Npin=-r+1 and nmaz =7

On Figure 1, we show the plot of the internal scaling function ¢° and the wavelet
4°. The edges orthogonal scaling functions and wavelets are plotted on Figure 2
and Figure 3 respectively. The generators (¢!, ') are computed from (¢°,v°)
using the formula:

o (z) = / I_lgoo(t)dt and  p'(z) =4 /_ I (26)

The graphs of ¢! and ¢! are plotted on Figure 4, Figure 5 and Figure 6 show the
plot of the edges scaling function graphs. The edge wavelet graphs are plotted on
Figure 7 and Figure 8. We notice that these edge wavelets satisfy homogeneous
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Fig. 1: Plot of the internal scaling function ° (left) and the internal wavelet ¥° (right).
Daubechies orthogonal generator with r = 3.

0,b 0,b 0,b
(a) 257 (b) 251 (©) 572
0, 0, 0,
(d) o2 () &% (f) 233

Fig. 2: Plot of the edge orthogonal scaling functions. Daubechies orthogonal generator with
r=3.

Dirichlet boundary condition while this boundary condition is not required for all
the edge scaling functions.

Similarly, the generators (3*, ') biorthogonal to (¢!, are computed using
the formula:

x+1 x
A (z) = / Pdt and  WO() = —4 [ O ()t (27)

The graphs of ¢! and ¢! are plotted on Figure 9, Figure 10 and Figure 11 show
the plot of the edges biorthogonal scaling functions. The edge biorthogonal wavelet
graphs are plotted on Figure 12 and Figure 13.



16 S. Kadri Harouna, V. Perrier

0,b 0,b 0,b
(a) ;5 (b) w5y (©) 52
o, o, o,
() w5 (e) 3} 0 73

Fig. 3: Plot of the edge orthogonal wavelet functions. Daubechies orthogonal generator with
r=3.

Fig. 4: Plot of the internal scaling function ! (z) = [ | ©°(t)dt (left) and the internal wavelet

x
Pl(z) = 4 [T 4O(t)dt (right), where (¢°,4°) are Daubechies orthogonal generators with
r=3.

We also study the interpolation error of the multiresoltion analysis (le, f/Jl)
For a given function f, which its values are known at grid points z = k) 2imaz
0 < k < 27me= the interpolation step consists of computing the projection

1 —
Imax

P.}maz (f) = Z < f’ Sa}mazyk > w;mazvk' (28)
k=0

We adapted the quadrature formula and algorithms of [17] to the biorthogonal
case to compute numerically the inner product < f, ‘ﬁ}maz,k >. For the function f
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2 3 0 5 . 1 2 3 @ 5

1,b 1,b
(c) qﬁm (d) qu,g

Fig. 5: Plot of the edge scaling functions at edge 0, computed from generator ¢!(z) =
v ©%(t)dt, where (¢0,10) are Daubechies orthogonal generators with r = 3.

defined by:
f(z) = sin(27z) sin(50z) + 1, (29)

we show on Figure 14 the snapshot of the interpolation error ||f — P}  (f)]l

max

according to the different values of jmae. Again, from f; . =P} (f) we study

S Y Jmaz
the projection error

. 1,7 ) ) )
Hf]'mam - Pj (fjmam)”’ Imin < J < Jmaz — 1,

involved in the fast wavelet transform algorithm. Figure 15 shows the plot of the
projection error in a loglog scale with respect to the resolutions j. The Figure 16
shows the plot of this error at grid points for jmaer; = 16 and j =9 or j = 13.

To prove the sparse approximation property of the wavelet basis 1/1]1-’ &, We stud-
ied the non-linear approximation error of f defined in (29). On Figure 17 we plot
the evolution of this error according the ratio of wavelet coefficients retained.

In each of these experiences, the errors decay order obtained is about s &~ —4.
Since f is very smooth, this is in accordance with the theoretical order which is
the polynomial approximation order of the space le.
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(a) dHE (b) @)}

s ) E) 2 El o . ) 3 2 El o

1, 1,
(c) @73 (@) o0%

Fig. 6: Plot of the edge scaling functions at edge 1, computed from generator ¢'(z) =
v ©%(t)dt, where (¢0,10) are Daubechies orthogonal generators with r = 3.

6.1 One dimensional laplacian operator

In this section, we evaluate the performance of our new wavelet basis construction,
in the numerical resolution of one dimension poisson equation with homogeneous
Dirichlet boundary condition:

—u"(z) = f(z), =€]0,1],
(30)
u(0) = u(1) = 0.

Usually, the numerical resolution of problem (30) with a wavelet based method
is done using a Galerkin method. This leads to the resolution of linear algebraic
system with the stiffness matrix of the considered wavelet basis [2,7]. In our con-
struction, the wavelet basis w;{ . can be chosen as an orthogonal basis. In this case,

it is easy to see that the stiffness matrix of the wavelet basis w}yk constructed by
integrating zp?’ i is a diagonal matrix:

< =) b >=< (W) x) s Win) >= 2T <2 0, >= 2718, 48, .. (31)

Then, if the solution u is searched in terms of its wavelet series:

u=ui (32)
ik
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3 & 5 b b o w

b b
(a) ¥, (b) @y

1 2 3 @ 5

1,
(d) )5

Fig. 7: Plot of the edge wavelet at edge 0, computed from generator ¢!(z) = 4 [*__O(t)dt,
where (©°,4°) are Daubechies orthogonal generators with r = 3.

the coefficients u; ;, are given by:

wjp=2"2""f ), where f= Z.fj,k"/;gl‘,k' (33)
ik

Thus, the resolution of (30) becomes a wavelet coefficient normalization, which
numerical complexity linear. We notice that, at the coarse scale j,,;, we also have
to invert the stiffness matrix of the scaling function np}mim - The size of this matrix
is very small compared to the size of the whole system.

To see the efficiency of this approach, we firstly compare its numerical com-
plexity to the complexity of a finite difference method and the multi-grid method
of [13]. The main criterion we took is the real computational time of the MATLAB
code [] that encodes the method. For this purpose, two numerical experiences have
been made. The first experience is done with the exact solution:

u(z) =2 — 2t (34)

The source term f is appropriately computed from the solution u. On Tab. 1,
we provide the different mean real computational time according to the space
resolution j. It can be observed that the present method performs better than
these two methods when the resolution j increases, with a good accuracy on the
relative Lo-error.
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5 E) E) E) El o 1 g ) E) E) El o 1

1.4 1,
(c) w! (@) vk

Fig. 8: Plot of the edge wavelet at edge 1, computed from generator ¥!(z) = a[r O (t)dt,

where (©°,4°) are Daubechies orthogonal generators with r = 3.

Fig. 9: Plot of the internal scaling function @! (left) and the internal wavelet 9! (t) (right),
where (©°,4°) are Daubechies orthogonal generators with r = 3.

The second experience concerns the source term f defined by:
0, 0<z<3/8,
flz)=1<¢2, 3/8<z<5/8, (35)

0, 5/8<z<1,
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1,b
(d) @573

Fig. 10: Plot of the edge biorthogonal scaling functions, where (¢°,°) are Daubechies orthog-

onal generators with » = 3.

Computational time

Method resolution 5 || t (seconds) || Lo-error

Multi-grid 8 0.010705 4.4184E°
Present 8 0.000625 1.3302E~9
Finite difference 8 0.000205 4.4341E°
Multi-grid 10 0.019202 2.7255E 6
Present 10 0.000835 3.1552E 11
Finite difference || 10 0.000389 2.7640E 6
Multi-grid 16 0.089770 2.0575E 7
Present 16 0.007712 5.6942E 11
Finite difference || 16 0.018695 9.2095E 10

Table 1: Comparison of the real computational time and the relative L2-error for the exact

solution: u(z) = x3 — 2*.

and this corresponds to an exact solution u of (30) defined by:

iz, 0<z<3/8,

22—

1 1
—1Z+ 1

64>

5/8 <x <1.

3/8 <z <5/8,

(36)
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1, 51,
(c) &3 () $1%

Fig. 11: Plot of the edge biorthogonal scaling functions, where (¢°,°) are Daubechies orthog-
onal generators with r» = 3.

The function f has discontinuities at x = 3/8 and = = 5/8. Then, the motivation
for this experience is to highlight the adaptativity of the wavelet basis wjl-, k-

7 conclusion

In this paper we have presented a new construction of biorthogonal wavelet bases
linked by differentiation and integration. In opposite to the existing construc-
tion, the differentiation relation between the wavelets basis 1/1]17 , and 1/1?7 , Temains
diagonal as for the internal wavelet. To get this point, we have construction a mul-
tiresolution analysis of L?(0,1) for which the wavelet basis satisfy homogeneous
Dirichlet boundary condition. Many experiments have demonstrated the poten-
tial application of this construction in signal compressing and in the numerical
resolution of Poisson equation in one dimensional space.
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Fig. 13: Plot of the edge biorthogonal wavelets, where (¢°,%") are Daubechies orthogonal
generators with » = 3.
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Fig. 14: Plot of the interpolation error ||f — fj.. . |loo (left) and ||f — f,....||l2 (right) in loglog
scale, where (p°,4?) are Daubechies orthogonal generators with r = 3.
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Fig. 15: Plot of the projection error || f;, .. — 'le (Fiman)lloo (left) and || fj,... — 'le(fjmaz)ﬂz
(right) in loglog scale, where (¢°,4°) are Daubechies orthogonal generators with r = 3

«10°® 40

—— Scaling coeff
- - Grid points 08

3

—— Scaling coeff
- - Grid points

Fig. 16: Plot of the projection error fjma: —’P} (fjmaz) at grid points for jmaez = 16 and j =9
(left) and for j = 13 (right), where (°,°) are Daubechies orthogonal generators with r = 3.

107
10° 102 10" 10°

Fig. 17: Plot of the non linear approximation La-errror. Daubechies orthogonal generator with
r=3.
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Fig. 18: From top to bottom, plot of the computed solution, its wavelet coefficients and the
residual error (first column j = 8 and second column j = 16). Where (°,9°) are Daubechies

orthogonal generators with r = 3.



