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Homogeneous Dirichlet wavelets on the interval
diagonalizing the derivative operator, and related
applications

Souleymane Kadri Harouna®*, Valérie Perrier”

% Laboratoire de Mathématiques, Image et Applications, Avenue Michel Crépeau, 17042 La
Rochelle cedex 1 France.
bUniv. Grenoble Alpes, CNRS, Grenoble INP, LJK, 38000 Grenoble, France.

Abstract

This paper presents a new construction of homogeneous Dirichlet wavelet basis
on the unit interval, linked by a diagonal differentiation-integration relation to a
standard biorthogonal wavelet basis. This new wavelet basis allows to compute
the solution of the Poisson equation only by a wavelet coefficient renormaliza-
tion - like in Fourier domain -, which yields a linear complexity O(N) for this
problem. Another application concerns the construction of free-slip divergence-
free wavelet bases of the hypercube, in general dimension, with an associated
decomposition algorithm as simple as in the periodic case.

Keywords: Wavelets on the interval, Boundary condition, Poisson equation,

Divergence-free wavelets

1. Introduction

Since the pioneering work of Lemarié-Rieusset [14], due to their important
role in the construction of divergence-free or curl-free wavelets, biorthogonal
multiresolution analyses linked by differentiation and integration have been

widely studied [13], 19} 22, 23]. The main purpose was to construct two mul-
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tiresolution analyses of L?(0, 1) provided by spaces le and VjO such that

4

Vi Vi=VP (1

Relation should be interpreted as: Vf € le, e Vj0 and Vg € Vjo, there
exists f € V' such that f' = g.

On the unit interval [0, 1], with non periodic boundary conditions, such a
construction was firstly introduced by Jouini and Lemarié-Rieusset [I3]. They
started with le as a regular multiresolution analysis of L?(0,1) reproducing
polynomial at boundaries [I, [5, [[1], with the scaling function ¢! and wavelet

! generators on R that satisfy [14]:
(@) =¢"=¢°(=1) and (v') =4y". (2)

Jouini and Lemarié-Rieusset [13] used the orthogonal construction of [5] for the
space le. They show that, from relation and properly setting the integer
parameters in the construction of V', one can deduce the space V; that satisfies
. In this case, the wavelet space Wj0 is defined by differentiating the wavelet
basis of W}

W3 = span{y, =277 (¢} ,)'}.

The corresponding biorthogonal spaces (f/jl, f/jo) are respectively constructed
again using integration by part. However, the construction of [I3] remains
theoretical, for instance it is not obvious to compute numerically the wavelet

filters of 7721?’ . and QZJ;) K

0 _ E 0 0 70 _ E r70 =0
I,k — Hk,n(pj—i-l,n and wj,k - Hk,n(pj-‘rl,n' (3)
n

n
where VjO = span{cp?’k; k} and f/jo = span{cﬁ?’k; k}. This point has been raised
by Kadri-Harouna and Perrier in [I9], they extended the construction of [13] to
any regular scaling function generator ¢! and provided a numerical algorithm

for the associated Fast Wavelet Transform.
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One advantage of the construction [I3] 9] is that the associated multiscale
projectors commute with the derivative operator in H'(0,1). This fundamental
property enables to construct divergence-free wavelet bases as it was done in
[19]. Another interest of this property is to make possible the Ladysenskaya-
Babuska-Brezzi (LBB) condition for a wavelet based method in the numerical
discretization of a mixed problem such as the Stokes problem [3| [6]. The key
ingredient is that, commutation with derivation allows to get easily the condition

of Fortin’s lemma [10], see [6].

Ensuring the commutation of multiscale projectors with differentiation im-
poses to the biorthogonal space f/jo to satisfy homogeneous Dirichlet boundary
condition [I3]. In this case, f/jo C H}(0,1) and constitutes a multiresolution
analysis of this space (and not of L?(0,1)). Nethertheless, relation remains
valid but only for internal scaling functions and wavelets (i.e. basis functions
having their support included into [0,1]). The edge functions did not strictly
satisfy this diagonal relation, but a linear combination of them: a change of

basis is therefore introduced [20].

Recently, Stevenson [22] has proposed another construction which differs
from the existing constructions by the choice of the boundary conditions for
the dual spaces ‘7]_0 and f/jl. Precisely, let us suppose that t;, and J}?k are
the wavelets constructed from scaling function generators satisfying . Then,

integration by part shows that:

Uik (DYF (1) = 85 10085 4 (0) = (87, 05 ) = (5 s D5 1) (4)

If the two systems (¢Jlk71/~)jlk) and ( ?7k,1/~1?7k) are biorthogonal, the boundary
terms of should vanish. Instead of taking 1/;?,6 € HE(0,1) like in [13], the
construction of [22] sets ¢} (1) = 0 and @/;?’k(()) = 0. This choice of bound-
ary condition is more flexible and leads to ‘7j0 as a multiresolution analysis of
L?(0,1): however the commutation of multiscale projectors with differentiation

is lost. Alternatively, to get one can take (V°,V?) as a multiresolution of
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Lo = {ue L*0,1) : [ u(t)dt =0} [2I]. In this case, V}' = [ V) € H{(0,1),
thus only the spaces le = d%f/jo can provide a multiresolution analysis of

L?(0,1), see Proposition 3.1 of [21].

The focal point of this work is the construction of a wavelet basis satisfy-
ing homogeneous Dirichlet boundary conditions on the interval, associated to
a biorthogonal multiresolution analyses of Hg(0,1), and linked by a diagonal
differentiation/integration relation to a standard wavelet bases of H}(0,1), as
in[13] 19, 22]. As for the internal wavelets (2)), emphasis is made on the con-

struction of edge wavelets in order to get a diagonal differentiation relation:

@) =2 [ Ul0d and (1) (@) = 20a), (5)
Contrarily to our previous construction [19], which started with the wavelets 1/1;7 &
and 1/~)J1 &> in this work we begin with the knowledge of the wavelets wﬁ , and 1;? k
for this step, we will use a standard orthogonal or biorthogonal wavelet basis
on the interval [0,1] allowing polynomial reproduction even at boundaries, see
e.g; [1LB]. Since fol 2 (t)dt = 0, relation (5) leads to ¢, € Hj(0,1) instead of
Y5 € HY(0,1) as in [I3} 19, 22, 23]. Denoting by W]l this new wavelet spaces,

one obtains the multiscale decompositions:

—1 —1
Vi=Vl oW, @& oW, (6)

J Jmin Jmin

where incorporating homogeneous Dirichlet boundary condition in le is reduced

to the treatment of this boundary condition only at the coarse scale jin:

VINHNO, 1) = (VL nHN O, ) eW, oW, (7)

Jmin Imin

Notice that, due to the property of polynomial reproduction at boundaries, the

multiscale de composition (7) is stable in H(0,1):

lulf ~ > I <w,@j 0> P+ D > 2% <udj, > °, Yue Hy(0,1),
k#0,1 J2Jmin kK
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whereas @ yields a non stable multiscale decomposition of L2(0,1).
Considering the particular case 97, = 1/;?’,6, which corresponds to the or-

thogonal setting, leads to:
< ()s (W) >= 24 <, >= 27485 40k (8)

Then, from we infer that the 1D Poisson equation with homogeneous Dirich-
let boundary can be solved with a linear numerical complexity in the multireso-
lution analysis provided by spaces V}l. Furthermore, this new construction still
maintains the properties of Fortin’s lemma [10] in the numerical discretization
of Stokes problem and allows to get a fast divergence-free wavelet transform
algorithm similar to this of the periodic case [9]. The main difficulty of such
a construction is the numerical implementation of the decomposition @, this

point will be well documented in the present work.

In Section [2| we recall the construction of biorthogonal multiresolution anal-
ysis of L?(0,1) with polynomial reproduction and how to impose homogeneous
boundary conditions in such context to obtain a basis of Hg(0,1). Section
reminds the principle of the construction of BMRA linked by differentiation
/ integration and its main properties needed for a numerical implementation.
The new construction of BMRA linked by differentiation / integration is de-
tailed in Section [} while the associated fast wavelet transform algorithms are
provided in Section 5. Finally, Section 6 presents numerical examples showing

the potentiality of these new bases.

2. Biorthogonal multiresolution analyses of L?(0, 1) reproducing poly-

nomial

The construction of biorthogonal multiresolution analyses (V;, V;) of L2(0,1)

with polynomial reproduction (r, 7) is classical [4, [7, [TT]: the principle is to start



63

64

65

66

67

68

69

70

71

72

with generators (¢, @), that are biorthogonal scaling functions of a BMRA on
R. We suppose that ¢ is compactly supported on [nmin, Mmaz| and reproduces

polynomials up to degree r — 1:

J4 +oo

x _
0<t<r—1, i Z pe(k) p(x — k), Yz eR, (9)

k=—o00
with pg(k) = (%f, @(x — k)). Similarly, ¢ reproduces polynomials up to degree
7 — 1 and we note pe(k) = (%f, ¢(x —k)). For j sufficiently large, the spaces V;

on [0, 1] have the structure:
b in
V,=V'evite Vi (10)

where V™ = span{ep; 1(x) = 21/2p(29x — k) ; k =k, 27 — ky} is the space
generated by interior scaling functions whose supports are included into [%, 1—
%] C [0,1] (6, 64 € N be two fixed parameters), and k, = 8, — i, and ky =

04 + Nmaa. Moreover
ij = span{q)z’e(a:) =2120)(2x) ; £=0,--- ,r—1},
V}ﬁ = span{tﬁg,z(l —z) = 2j/2<1>§(2j(1 —x)); £=0,---,r—1},

are the edge spaces, the edge scaling functions at the edge 0 being defined in

order to preserve the polynomial reproduction @D on the interval [0, 1]:

ky—1
0<e<r—1, @Z(x) = Z pe(k) o(x — k) X[0,4o00]: (11)

k=1—nmas
At the edge 1, the edge scaling functions <I>§.7[ are constructed on | — oo, 1]
by symmetry, using the transform Tf(z) = f(1 — x). In practice we have
to choose j > jmin Where jo., is the smallest integer which verifies jin >
10gs [maz — Mmin + 04 + 8] to ensure that the supports of edge scaling functions

at 0 do not intersect the supports of edge scaling functions at 1.

The polynomial reproduction in V; is then satisfied since, for 0 < ¢ <r —1

and z € [0, 1] we have:

27 — ey
= 2P0y2x) + Y pe(k) pjn(z) + 2P0 (1 —2).  (12)
k=k,

21/2(27 )¢
|
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Similarly, the biorthogonal spaces f/j are defined with the same structure, al-

lowing the polynomial reproduction up to degree 7 — 1:
V; = span{®’;  }r—0,7—1 @ V" & span{®" }1—0.71, (13)

where f/ji”t = span{@jr ; k = k,, 27 — l;:ﬁ} is the space generated by interior
scaling functions @;(z) = 2//2¢'(2/x — k), whose supports are included into
[%, 1- g—ﬁ] (Sb, 5,1 € N be two parameters). The edge scaling functions at 0 are
defined by:
Ey—1
0<e<i—1, d@)= > pelk) $a — k) X[o.+00[-

k=1—fimaz

The equality between dimensions of V; and f/J is obtained by adjusting the
parameters &, = k, — flmae and Su = l;ﬁ + omin (With [nin, Tnaz] = supp @)
such that: A; = dim(V;) = dim(V;) = 29 — (8, + 64) — (Mumaz — Momin) + 27 + 1.
Remark that (d,, d3) remain ”free” parameters of the construction (often chosen
equal to 0 or 1). The last step of the construction lies in the biorthogonalization
process of the basis functions, since edge scaling functions of V; and f/j are no
more biorthogonal [I} [7, 11} 16]. Finally, the spaces (V}, f/j) form a biorthogonal
MRA of L%(0,1).

Boundary conditions. A multiresolution analyses of
HM0,1)={f e H™(0,1) : f®0)=fP1)=0, 0<p<m—1}

can be defined from Vj by taking ij’o = V;NH{(0,1). For instance, if m = 1,
as described in [I5] [16], it suffices to remove the edge scaling functions ®9 at

edge 0 and <I>?] at edge 1 which leads to:

le’o =span{®’ ,; (=1r—1}aV/" o span{(bg.y[ s 0=1,r—1}.

In such case, we also remove the edge functions é% and i)g from f/j prior to
biorthogonalization, to adjust the dimension of the biorthogonal space. Then,
the spaces (le’o,f/jl’o) constitute a biorthogonal multiresolution analyses of

H(0,1).



85

87

88

89

90

91

92

93

04

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

3. Existing construction of (Vjo, Vjo) linked by differentiation / inte-
gration with (V!, V1)

In this section, we recall briefly the earlier construction of the multiresolution
analysis linked differentiation / integration. Then, we will mention their limita-
tions in some applications that we intend to take up with our new construction
below.

All the constructions of biorthogonal multiresolution analyses of L2(0,1)
linked by differentiation / integration are based on the following proposition

[14):

Proposition 1. Let (le(R),le(R)) be a biorthogonal MRA of L*(R), with
associated scaling functions ©%, @' and wavelets ', . Assume that le(R)
is reqular, o' € C1*¢, € > 0, and compactly supported. Then there exists a
biorthogonal MRA (V}(R), f/jo (R)), with associated scaling functions ©°, @° and
wavelets ¢°, 1;0, such that:

(@) (@) =¢°@@) — @ (x—1) and (Y1) = 44°.

The biorthogonal functions verify: ff“ L) dt = @°(x) and (Y°) = —4 Q.

Proposition [1] provides biorthogonal multiresolution analysis of L?(R) linked
by differentiation/ integration [I4]. For the space L?(0,1), again based on
Proposition [1} the first construction was done by Jouini and Lemarié-Rieusset
[13]: they prove the existence of two biorthogonal multiresolution analyses of

L?(0,1), denoted (V}') and (V) linked by differentiation such that:

d 0
%V] = Vj. (14)
The construction of [I3] allows to study divergence-free vector functions on

d

hypercube [0,1]%, thus to get commutation of multiscale projector with the

derivation operator, the biorthogonal spaces f/jo should satisfy:

0 = mon [[V—{r 7 eima 0 -0 -0}, 05

0

Then, as mentioned before, ‘7]-0 can not be a multiresolution analysis of L?(IR)
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since f/jo C H}(0,1). Furthermore, if (’P;,?S}) are the biorthogonal projectors
of (V! f/Jl) and (7)5))75]0) those of (V7, ‘7j0) respectively, we have [13]:

Proposition 2.
(i) ¥ feHY0,1), %Op}fngo%f}
(i) ¥ feH}(0,1), LoPIf=Plolf.

J

Despite of satisfying Proposition [2] the construction of Jouini and Lemarié-
Rieusset [13] remains in a theoretical setting and inspired by the use of Daubechies
compactly supported orthogonal generators [8]. A construction that uses classi-
cal biorthogonal multiresolution analyses on the interval [4} [7, 1], with polyno-
mial reproduction at boundaries, was done and implemented by Kadri-Harouna
and Perrier [19]. In such a construction, the choice of integer parameters (,, d3)
and (Sb7 Sﬁ) is very important: they must be identical for the two multiresolu-
tion analyses to satisfy and to provide the commutation of multiscale

projectors with the differentiation operator.

3.1. Wavelet spaces

For j > jmnin, the biorthogonal wavelet spaces associated to le are defined
by le = le+1 N (f/jl)L. As for the scaling function spaces, these spaces have

the following structure:

1 tirlb 1,int 1,4
W;=W;"oW, W,

where le’b is spanned by the edge wavelets at 0, le’mt is spanned by the

interior wavelets and le,ﬁ is spanned by the edge wavelets at 1, see [Il [ [7]
1T} [16] and references therein. The biorthogonal spaces W} = V', N (V}')* are
constructed in the same way, finally the wavelet bases of the two spaces must to

be biorthogonalized identically as the scaling functions. The resulting wavelet

bases are denoted by {'(/le-’k}k:LQj and {1;}716}]6:1724' without distinction.
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The biorthogonal wavelets of WjQ and Wjo, linked to ¢]1», . and ’l/Nle i by dif-
ferentiation/integration are defined by the following proposition, established in

the general framework by [13]:

Proposition 3. Let (V}', V') and (V?,V) BMRAs satisfying . The
wavelet spaces W = V2, N (VO) and WO = V+1 N (V}O)J— are linked to the

biorthogonal wavelet spaces associated to (le, le) by:

d . s
Wi =W and W} = /O Wi (16)

Moreover, let {w}vk}k:LQj and {1/;}7k}k:1,2j be two biorthogonal wavelet bases of

le and VNle. Biorthogonal wavelet bases of I/V]Q and W]Q are directly defined by:

Q/Jgo',k:Q_j(%l',k)/ and %k— j/o 12]11@ (17)

This new edge wavelets preserve fast algorithms since they satisfy two-scale

equations [19]:
Proposition 4. Let {’lpjl-ﬁk}k:LQj and {&;’k}kzl,ﬂ be two biorthogonal wavelet
bases of le and le associated respectively to filters Gjl- and éjl :

Jl',k = Z(G;)k,n %1‘+1,n and ﬂ’},k = Z(G;)k,n %5;+1,n~

n n

Then there exist sparse matrices G? and G(J) defined by:
GY=27GiL},, and GY=-2GILYT,, (18)
such that the wavelets z/);-),k and ﬂ?)k satisfy:

2= (CDenelprn and 0y = (CDrn@ 10

n n

The matrices le and Lg-) correspond to the change of basis between (%le, V}O)

and ([ V0, V}'), respectively:

Ai—1 A
d J T J
k= > (L)kn @0, and - /0 = (LDkm Pjm-  (19)

n=1 m=1

10
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Interior wavelets 1/}?1 L () = 27/240(272 — k) in Proposition [3| correspond to
classical wavelets, 1)° being a wavelet on R associated to the scaling function (°

as in Proposition [T}

In the previous works [19] 22], to construct divergence-free wavelet satisfy-
ing free slip boundary condition, one needs to differentiate wavelets of VJIJrl N
H}(0,1) that satisfy homogeneous Dirichlet boundary condition, which deriva-
tives differ from the wavelets defined in . In this case, the numerical com-
putation of the Helmholtz-Hodge decomposition or the numerical simulation of
the incompressible Navier-Stokes equations should required the use of four dif-
ferent kind of edge wavelet filters. Precisely, in two space dimension using the
multiresolution analysis (V' @ V}’) x (VY ®@V}'), one should use the wavelet filters
of (] ;99 = 277(¢},)") for the usual decomposition and the wavelet filters
of (1[1;7’0 € le_H N H(0, 1);2‘j(z/1j1,7’£)’ #* wgk), due to the free slip boundary
condition, see [I8] 20] for details.

The new construction detailed in the next section will lead to edge wavelets
that satisfy relation even if with homogeneous Dirichlet boundary condi-

tion.

4. New construction of (le, ‘7Jl) linked to (Vjo, ‘73‘0) by differentiation

/ integration to handle boundary conditions in le.

In this section we present our new construction of biorthogonal multiresolu-
tion analyses linked by differentiation and integration. The construction of the
primal spaces (V}', Vjo) remains the same as in the classical construction [I3] [19].
However, the construction of the biorthogonal spaces (f/jl, f/jo) will be different.
Indeed, to handle Dirichlet boundary conditions in le, we will construct new
wavelet bases ( ]1 &) which will constitue a Riesz basis for the homogeneous space

H(0,1). This is an issue of major benefit in the construction of divergence-free

11
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wavelet satisfying physical boundary condition [19].

The construction starts with (V°, V) as a standard biorthogonal multireso-
lution analyses of L?(0,1) [, 4, [5] (which can be orthogonal), where the scaling
function generators (¢, ¢°) satisfy Proposition [} with at least two vanishing
moments for the wavelet ¢%: 70 > 2. We denote by (4,,03) and (,,0;) the
integer parameters used in the construction of (Vjo,f/jo). Following [13 [19],
the classical multiresolution spaces le is constructed from the scaling function
generator ¢! with the same integer parameters (d,,6) and satisfy:

d 1 0 1 0
%Vj =V, and Ajflej.

In this case, for the biorthogonal space f/jo’ since A? = dim(f/jo), we see that:

. od
A; —2= dzm(%vjo).

The construction of ‘7j1 follows similar approach with the generator @!. To get

equality between dimensions of spaces le and f/jl one needs:
1_ A1
Aj = A,

which imposes to the integer parameters to be used for the construction of f/jl
to be fixed to (8, — 1,04 — 1). Tt follows therefore that:

d 50 41

Vi 2V
This is a major difference compared to the existing construction.

4.1. A new wavelet space for le

The construction of the wavelet basis associated to le is the major contri-
bution of the present work. In the classical construction, on defines the wavelet
space as:

Vi =V!eWw! whee W=V}, n{H"

Then, the space le does not necessarily satisfy homogeneous Dirichlet bound-

ary condition. To compensate for that, in this work the wavelet space is defined

12
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as:
1 x
0
W; —/O Wy,

where W7 is the wavelet space associated to V; [T} 4, [7, 11} [16]:
0_ 1,0 0y L
Wi =Vipnn (Vi)™

Remark 1.
From the zero mean value property of the wavelet w;‘),k’ by construction the space
le satisfies:

W, C H(0,1).

In the previous section, the wavelet space WJO was defined as VV;«J = %W} and

this choice of WJQ led in general to:
xr
W} # / wy.
0
For all 5 > jmnin, the spaces le verify the following proposition.

Proposition 5.
Let WJQ be the wavelet space associated to Vjo, where Vjo = %le. Then the

space le+1 can be decomposed as follows:

J

Vi =V eW;, with W;= / wo (20)
0

and

1 =1

D---dW.

Vin=Vi, oW p

J Imin Jmin

Proof. As %le = Vjo7 we get:
Tt 0 don 1 —
W; :/0 W; C/O anH C V4 and /o W; C H}(0,1).

. —1
Moreover, let u; be a function of le nw;:

xr
— 1 _ 0
n 0

k

we deduce that:

d d
%UJ‘EV;»OQWJQ = %uj:O = Uj:CGR.

13
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Since
(, / W) = —(z0,) =0,

we get u; = 0, which implies le ﬂW? = {0}. Let fj41 € leﬂ, then:

d
A eV =V e W,

Since fj41(0) € V;' (the constants are in V}'), integration gives:

v d ¢ d —
fina@ = O + [ PRE R+ [ QG h) €V + T,

and this ends the proof. O

4.2. A new multiscale decomposition of H}(0, 1), and relation with the derivative
operator

We recall that from the results of Section incorporating homogeneous
boundary conditions in le consists on removing the two scaling functions that
do not satisfy the desired boundary conditions. In addition to that, one interest
of this new wavelet space construction is that the treatment of homogeneous
Dirichlet boundary conditions in le is done only at the coarse scale j,in. In-
deed, by construction the space W]l = fox WJQ C H}(0,1) and relation allow
to get the following decomposition:

@...@Wl.

1,0
VA = Vi 0 0.1) = (1) )

Imin

NHY0,1)) & T,

Jmin (22)
Moreover, as a matter of fact, the wavelet space le is the classical wavelet
space of Hg(0,1) associated to the multiresolution analysis constituted by le,o

(but the wavelet basis is different), as proved in the following proposition.

Proposition 6.
Let (le,f/jl) and (Vjo,ffjo) be two BMRAs of L*(0,1) linked by differentiation
and integration constructed using the parameters (Jy,0y) and (Sb, Su) Defining

the biorthogonal spaces (le’o, le,O) by:
7 )

d - -
V=V NnHj0,1) and @Vj‘) =y (23)

then we have:

14



191 e (i) The spaces le’o provide a multiresolution analysis of HE(0,1).

e (ii) The space le = fox WjO 1s the classical wavelet space associated to

1,0,
Vi

Vi =V nH0,1) = V“’@/ W? and / W =V n (v 0)*.
(24)
Proof.

The first point (i) is evident. Since V}' is a multiresolution analysis of L?(0, 1)

and V' =V! N HE0,1), we have:
U./>]mznV HO (O 1) (25)

For the second point (i¢), from the vanishing moment condition of the wavelet

basis of W7 we get:

1 x
/OWJQ:O = /OWJQCHé(O,l).

The differentiation relation gives:

d 0 “ 0 1
de]+1 Vi = ; Vit1 € Vi,

thus
/ WP C Vi, nH0,1) = V5.
Moreover, the differentiation relation:

d
7‘/0 Vl 0
dz

states that for any fjl’o c f/'jl’o, there exists fJQ € f/jo such that (fjo)’ = fjl’o,

then:

</ w?,kafjlo / ¢jk7 < jk7f0>_0 = / WO (Vlo)
0
Then we deduce that

/ WO +1 n (‘N/jl,O)L

15
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and since the two spaces have the same dimension, we get:
¢ 1,0 1,0
0_ 1L 71,0y L
/0 Wi =ViinW;7)".
O

We remind that the integer parameters used in the construction of f/jl and
f/jo are not the same. Then one can not expect to get commutation between
multiscale projectors and derivation as in Proposition but for the oblique
multiscale projectors of (le’O,VjO) and (V, ‘7j1,0) we can prove the following

proposition:

Proposition 7.

Let (’P;’O, PY) be the biorthogonal projectors associated with (le’o, VY) and (73;)7 73;’0)

the biorthogonal projectors associated with (V]-O, ‘7j1’0). Then, we have:
. 1,0
(i) ¥ feHj0,1), LoP;"f=Polf.

(i) ¥ feHY0,1), LoPVf=P; cdrf

Proof.

From proposition |§|, there exist two matrices denoted L;’O and f}’o of size (Ajl —

2) x (A} — 1), such that:

Ar-1 N - Ar-1

1,0 1,0 ~1,0 >1,0 -

oin =D (L )kn /O 5 and /0 Gk =D (L7 @0 (26)
n=1 n=1

Then, the biorthogonality of the basis functions gpjg and nﬁ;)’g, with an integra-

tion by part give:

~ d ~ d
1,0 ~1,0\ 1,0 1,0 0\ 1,0 1,0 -~
Okm = {25 Prm) = D_(L; )mvf%,kv@‘ﬂw—z@j Jmt{= =05k o)
0 ¢
1,0 ~1,0 - 1,0 1,0
= _ZZ(Lj )km(Lj )m,€<¢?,n7¢?7é>:_Z(Lg‘ )kﬂl(Lj Jmons
n 12 n

which means that:

_ 710710
In;—o=—L;" "Ly

16
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206

207

208

209

Thus, the proof of the point (i) becomes a change of basis. Indeed, for f €
HL(0,1), we have:

FPD = TUAD et = TS 2D o

_ d ~0 0o _ d ~0 0 _ po0
- Z<fa _%ijm) (pj,n - zn:<%fv <pj,n> SDj,n - Pj (%f)

For the second point (%), let us consider the matrix E? defined by:
AY—1
d o (70 1,0
%@j,k = Z (Lj)k:,n Ojin:
n=1

Again, the duality of the basis and integration by part give:

d 1,0 ~ 1,0 1,0 d T
<d$<pj k7<p9 m> = (L/ )k,m = <<pj:k7 - SO] m> = _(L?)m7k7

dx
then
d -~
%PJO(]C) = zk:<f7(pjk ngk—ZZ kn f»¢]k> @;2
= ST ENneli) 50 =S =S L)) G0
n k n k

d d p1.0( 4
= YXfi—eim Bre = D (= fueim Brn = PO D).

n

4.3. Fast decomposition algorithm

In this section we provide the decomposition of a given function f € H}(0,1)
in the MRA (le,o) using . As usual in Fast Wavelet Transforms, the
complete decomposition uses a binary tree whose elementary step is given by
the decomposition:

v

=V e W (27)

Remembering that the space Vj ¥ is obtained from le only removing one bound-

ary scaling function at each boundary 0 and 1:

1,0 1,0, . 1
V; —span{goj 1] =2, ,Aj—l}

17
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210

and that holds, we first study the elementary step:

1 _ /1 o7t
Vi =V; o W;.

Therefore we will study the computation of the projection of f;11 € V]1+1
=51 . . . .
onto le and W respectively. Precisely, starting with:
Al
1
fi+1 = Z Ci+1.EP 41,k

k=1

we want to compute the coefficients c; ;, and d; j from c;11  such that:

Al i
J 2 xr
1 0
frir =Y cinthit 3 dim [ Ul
k=1 m=1 0
Firstly, we notice that f;;1 can be split as

Al

J+1
1 0 1,0 1
fit1 = Z Ci+1.kP541,k = Jjp1 + Fi0 + Fit
k=1
with
A =¢ ! = f2,(0)#0 and Y ,(1)=0
j+1 J+1,165 41,1 J+1 J+1 )
1 1 1 1
fig1 = Ci+1,a1,, Pir1,al,, = fj+1(0) =0 and fj+1(1) #£0,
and
Ajia—1
1,0 1 1,0 1
fj+1 = Z Ci+1kPjp1k € Vif C Hy (0,1).
k=2

Thus, the two scale decomposition of fjljrol is a classical decomposition in the

multiresolution analysis of Hg(0,1) provided by the scaling function filter of

=71 . .
le,o and wavelet filter of W . To compute the projection of fj(-J ' 1, one way to

proceed is to use the two scale relations satisfied by gajl- IERE

A; 2j A]l 1 2.7 1 .
1 _ 711 ~1 1 I 1 al 0
Pir1,1 = E Hy 1050+ § Gra¥im = § H, 105, + E Gona Y5 m>
n=1 m=1 n=1 m=1 0

18
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where the first decomposition corresponds to V]1+1 = le @ le, with le a

chosen classical wavelet space associated to le [4, [7, 1T), 16] and the second one
—1

corresponds to V', = V! @ W ;.

Then, to get the new filters H n,1 and G according to the biorthogonal-

n,1»

ization procedure that we adopted, where only the dual basis are modified, we

have: y
Gha= 32 Gl [ b (28)
m=1
and
Hkl_Hk1+ZG / %W%k (29)

Equations ) and (| . ) define two linear systems with respect to the edge
scaling function and wavelet filters G 1 and H I, 1~ From [2,20], the computation
of coefficients ( ? m,ilzjlk ) and ([ 2 goj &) is straightforward and this is
done only for functions whose support intersect the edge function support, due
to the compactly support properties of the generators. Then, solving these linear

systems, and similar relations at the boundary 1, allows to get the new edge

filters. Finally, the main steps of the decomposition algorithm are summarized

as:
~1
¢ = CiyiaHyg, (30)
Ajp—1 1
Gk = Z Ci+1, an kT Cit1, 1Hk 1T G, AJ+1Hk Ajy1o 2<k<A;31)
n=2
~1
Cja; = cj+1,Aj+1HAj,Aj+17 (32)
and
Ajy1—1
di = Y crnGLh e, 1Gk 1+ G, AMG/C Aper 1<k <2(33)
n=2

Remark 2. Working in le’o C H}(0,1) amounts to work directly with f jl-’i-ol

this case the elementary decomposition step 18 reduced to the computations

of coefficients .
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Fast reconstruction algorithm. For f; 1, € le+1’ let us suppose that we know
. . . 1 .
its projection onto le @ W in terms of:

1

J 27 x
1 0
fiv1= ZCJ?MDJ%’C + Z dj’m/ Vjms
m=1 0

k=1
and we want to compute its projection onto V31+1 in terms of:
Ayl'+1
_ 1
fivr =D Gk
k=1

Setting

Al

1 _ p0 1,0 1 . 0 __ 1 1 _ 1
D cinein =07+ I S with f) = cjap) and f] = Al AL
k=1

it is easy to see that

27 z
1,0 0 1,0
fj + Z dj,m/ ¢j7m € Vj+17
m=1 0

thus we get:
Ajl 27 L
1 Vol 1
Ci+1,k = E :ijan,k + E djyme,kv 2<k< Aj—|-1 -1
n=1 m=1
and
Al Al
C; = E cinH? c; 1 = E CinHY
7+1,1 Jntin 1y g+1,Aj+1 J,mn n7A}+1'
n=1 n=1

Remark 3. Again working in le,o C H(0,1) amounts to work directly with
fjl’0 and fjlfl, assuming that fJO =0 and f]-1 = 0. Using , we obtain

c; =0 and c; 1 =0.
J+1,1 LA
5. Numerical examples

We present in this section numerical examples to illustrate the effective-
ness and the potential application of this new construction of multiresolution

analyses linked by differentiation and integration. We first show the shape of
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[ 05 1 15 2 25 3

Figure 1: Plot of the internal scaling function ¢° (left) and the internal wavelet 1°

(right). Daubechies orthogonal generator with r = 3.

generating functions and study the approximation errors provided by the MRA
(VJI) Second we apply the new bases to the resolution of a Dirichlet-Laplace
problem, only using Fast Wavelet Transforms, leading to a linear complexity for

the resolution of the problem.

5.1. Basis functions and approximation errors

For the different examples, the scaling function and wavelet generators (¢, 1%)
considered are Daubechies orthogonal generators, with three vanishing moments

for the wavelet [8]. The integer parameters of the construction of V}’ thus are:
r=3, Oh=0=1 nNmin=-r+1 and Nmee =7

On Figure we show the plot of the internal scaling function ¢ and the wavelet
1%, The edge orthogonal scaling functions and wavelets are plotted on Figure
and Figure respectively. The generators (¢!, ') are computed from (¢°,°)
using the formula:

o (z) = / T OWd and  gl(n)—4 / Cowa. (34

z—1 —o0

The graphs of ¢! and 9" are plotted on Figure[d] Figure[5|and Figure[6]show the
plot of the edge scaling function graphs. The edge wavelet graphs are plotted on
Figure [7]and Figure[8] We notice that these edge wavelets satisfy homogeneous

Dirichlet boundary condition while this boundary condition is not required for

21



,b b 0,b
(a) ®5 (b) @51 © 52
s , 0,
(d) %% () @9 (f) @53

Figure 2: Plot of the edge orthogonal scaling functions of VjD. Daubechies orthogonal

generator with r = 3.
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,b b 0,b
(2) W5 (b) W53 (©) ;2
s , 0,
(d) w0 () w3 (f) w33

Figure 3: Plot of the edge orthogonal wavelet functions of Wjo. Daubechies orthogonal

generator with r = 3.
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Figure 4: Plot of the internal scaling function ¢'(z) = [ | ¢°(t)dt (left) and the in-
ternal wavelet ' (z) = 4 I 0 (t)dt (right), where (°, °) are Daubechies

orthogonal generators with r = 3.

all the edge scaling functions. Then, to get the multiresolution analysis of
H}(0,1) provided by le’o, one must remove from le the scaling functions @;7’8
and @;7’8 that allow to reproduce constants at boundaries: this is confirmed

again by Figure [5] and Figure [6]

Similarly, the generators (p!, 1[11) biorthogonal to (p!,4!) are computed us-

ing the formula:

x+1 T _
A z) = / P0dt and  0(z) = —4 /_ Pdt. (35)

The graphs of ¢! and 1/31 are plotted on Figure EI, Figure and Figure
show the plot of the edge biorthogonal scaling functions. The edge biorthogonal
wavelet graphs are plotted on Figure [12| and Figure

‘We now study the interpolation error of the multiresolution analysis (le, f/jl ).
For a given function f, whose values are known at grid points x = k/2/mas,
0 < k < 2Jma= the interpolation step consists of computing its approximation

in V' defined by

1 —
Imax

PronB)= > <L kP (36)
k=0
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1b 1b
(c) @ (d) @73

Figure 5: Plot of the edge scaling functions at edge 0, computed from generator
o z) = 5 ©°(t)dt, where (¢°,4°) are Daubechies orthogonal generators
with r = 3.
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1, 1,
(c) @4 (d) @}

Figure 6: Plot of the edge scaling functions at edge 1, computed from generator
o (z) = f:q ©°(t)dt, where (¢°,4°) are Daubechies orthogonal generators

with » = 3.
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1,b L,b
(a) ‘I’j,o (b) \I’j,1

& b b b o N s o e

1,b 1,b
(€) ¥jip (d) 3

Figure 7: Plot of the edge wavelet at edge 0, computed from generator ¥*(z) =
4ffoo O (t)dt, where (¢° 4°) are Daubechies orthogonal generators with

r=23.
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Figure 8: Plot of the edge wavelet at edge 1, computed from generator 1/11(@) =
4. O (t)dt, where (p°,4°) are Daubechies orthogonal generators with
r=3.

Figure 9: Plot of the internal scaling function @' (left) and the internal wavelet " (t)

(right), where (¢°,4°) are Daubechies orthogonal generators with r = 3.
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(c) cI)j,z

Figure 10: Plot of the edge biorthogonal scaling functions, where (¢°, ¢°) are

os 1 15 2 25 3

05 1 15 2 25 3

Daubechies orthogonal generators with r = 3.



Figure 11: Plot of the edge biorthogonal scaling functions, where (¢° %) are

Daubechies orthogonal generators with r = 3.
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1 1,b T, 1,b
(c) ‘I’j,z (d) \Ijj,g,

Figure 12: Plot of the edge biorthogonal wavelets, where (¢°,+°) are Daubechies or-

thogonal generators with r» = 3.
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Figure 13: Plot of the edge biorthogonal wavelets, where (¢°,%°) are Daubechies or-

thogonal generators with r» = 3.
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10" 10* 10° 10° 10° 10’ 10* 10° 10° 10°
. e

Figure 14: Plot of the interpolation error || f — fi ... |leo (left) and ||f — fj,... |2 (right)
in loglog scale, where (¢°,4°) are Daubechies orthogonal generators with

r=3.

We adapted the quadrature formula and algorithms of [I6] to the biorthogonal
case to compute numerically the inner product < f, @}mm x > For the function
f defined by:

f(z) = sin(27z) sin(50x) + 1, (37)

we show on Figure [14] the snapshot of the interpolation error ||f — P}  (f)]

according to the different values of j,q4-

Again, from the approximation f]“ = }maz( f), we study the projection
error in Vgl:

involved in the fast wavelet transform algorithm. Figure 15| shows the plot of
the projection error in a loglog scale with respect to the resolutions j. The
Figure [I6] shows the plot of this error at grid points for j,., = 16 and j =9 or
j=13.

1
Jik?

studied the non-linear approximation error of f defined in . On Figure

To prove the sparse approximation property of the wavelet basis we

we plot the evolution of this error according the ratio of wavelet coefficients

retained.
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Figure 15: Plot of the projection error ||fi,... — Pt(fimas)lleo (left) and ||f5,, .. —
PE(Fjman)ll2 (right) in loglog scale, where (¢°,4°) are Daubechies orthog-

onal generators with r =3

x10°

0 01 02 03 04 05 06 07 08 09 1

Figure 16: Plot of the projection error fjmaz — P (f}maz) at grid points for jmaes = 16
and j = 9 (left) and for j = 13 (right), where (¢°,4") are Daubechies

orthogonal generators with r» = 3.

107
10° 10? 107" 10°

Figure 17: Plot of the non linear approximation Ls-errror. Daubechies orthogonal

generator with r = 3.
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In each of these experiences, the errors decay order obtained is about s ~ —4.
Since f is very smooth, this is in accordance with the theoretical order which is

the polynomial approximation order of the space le.

5.2. One dimensional laplacian operator
In this section, we evaluate the performance of our new wavelet basis con-
struction, in the numerical resolution of one dimensional Poisson equation with

homogeneous Dirichlet boundary condition:

—u(z) = f(x), = €]0,1],
(38)

Usually, the numerical resolution of problem with a wavelet based method is
done using a Galerkin (or Petrov-Galerkin) method. This leads to the resolution
of a linear algebraic system with the stiffness matrix of the considered wavelet
basis [2 [6]. In our construction, the wavelet basis ¢?,k can be chosen as an
orthogonal basis. In this case, it is easy to see that the stiffness matrix of the

wavelet basis %1‘, . constructed by integrating 1/1?7 i is a diagonal matrix:

< _( jl',k)//’wt},n >=< ( ]1',k),7 (wl},n)/ >= 2j+l < d);'),k’qv[}?,n >= 2j+65j756k7n'

(39)
Then, if the solution wu is searched in terms of its wavelet series:
u = Z Uj,k%l',ka (40)
gk
the coefficients u; ;, are given by:
Uj k= 2_2j_4fj,k, where f = ij,kz/;},k. (41)

.k
Thus, the resolution of is reduced to a wavelet coefficient normalization,
with a linear numerical complexity. We notice that, at the coarse scale j,,;, we
also have to invert the stiffness matrix of the scaling function ap}mm x- The size

of this matrix is very small compared to the size of the whole system.

35



273

274

275

276

277

278

279

To see the efficiency of this approach, we firstly compare its numerical com-
plexity to the complexity of a finite difference method and the multi-grid method
of [12]. The main criterion we took is the real computational time of the MAT-
LAB code [I7] that encodes the method. For this purpose, two numerical ex-
periences have been conducted. The first experience is done with the exact
solution:

u(z) = 2® — 2. (42)

The source term f is appropriately computed from the solution u. On Tab.
we provide the different mean real computational time according to the space
resolution j. It can be observed that the present method performs better than
these two methods when the resolution j increases, with a good accuracy on the

relative Lo-error.

Computational time

Method resolution j || t (seconds) || Lo-error
Multi-grid 8 0.010705 4.4184E°
Present 8 0.000625 1.3302E~°
Finite difference || 8 0.000205 4.4341E°
Multi-grid 10 0.019202 2.7255 56
Present 10 0.000835 3.1552E 11
Finite difference || 10 0.000389 2.7640E~6
Multi-grid 16 0.089770 2.0575E~7
Present 16 0.007712 5.6942 11
Finite difference || 16 0.018695 9.2095 10

Table 1: Comparison of the real computational time and the relative L2-error for the

exact solution: u(zx) =z — 2.
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The second experience concerns the source term f defined by:

0, 0<x<3/8,

flx)=14 2, 3/8<z<5/8, (43)

0, 5/8 <z <1,
and this corresponds to an exact solution u of defined by:

lr, 0<z<3/8,
ux) =9 —a?+z— 2, 3/8<x<5/8, (44)

64>

—1z+1, 5/8<a <l

The function f has discontinuities at x = 3/8 and x = 5/8. Then, the motivation

for this experience is to highlight the adaptativity of the wavelet basis wjl.) k-

6. Fast divergence-free wavelet transform

Another application of our new construction of wavelet linked by differen-
tiation and integration is the implementation of a fast divergence-free wavelet
transform algorithm, similar to this of [9] for the periodic case. Since we have
a diagonal differentiation relation between the wavelets z/le-”,S and 1/12 , even at
boundaries, the algorithm will be the same, except that we have to take care
of the lowest scale jin, which cannot be equal to 0 as in the periodic case. To
make the text simpler, we will present only the three dimensional case, knowing

that the generalization to higher dimension is straightforward.

Specifically, the divergence-free function space that we are concerned is

Hdi/v (Q)

Hain(Q) = {u € (L?(Q))®: V-u =0 and u - i|sq = 0}, (45)
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Figure 18: From top to bottom, plot of the computed solution, its wavelet coefficients
and the residual error (first column j = 8 and second column j = 16).

Where (p°,4°) are Daubechies orthogonal generators with r = 3.
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2 where Q = [0,1]® and 7 denotes the unit outward normal at boundary 99).
203
For the sake of convenience, we denote by {1/);]8 } and {77/1?’,6} the scaling
functions and wavelets of le’o and Vjo, respectively (the scaling function at
coarsest scale j,in Will be denoted like the wavelet but with a scale index j =
Jmin — 1). In the three dimensional case, as explained in [9] 20] 211 22, 23] one

can construct three kind of anisotropic divergence-free wavelets by:

1,0 1,0 s 0
0 wjlykl ® (¢j27k2) ® J3,k3
div,1 | _ 1,0 1,0
\Ijj’k i=curl) 0 o _(,(/)jhk?l)l ® wj27k2 ® w?sks ’
1,0 1,0 0
d}jhkl ® ¢j2;’€2 ® ¢j3’k3 0
(46)
0 1,0 1,0
wjl,kl ® ¢j2,/€2 ® ¢j37k3 0
div,2 | _ _ 1,0 1,0
\I/jk =curl| 0 B w?lakl ® wjz,kz ® (wja,ks)/ ’
0 1,0 1,0
0 Y1,k ® (wjmkz)/ ® szks
(47)
1,0 0 1,0
0 _wjl»kl ® Ja2,k2 ® (szyks)/
div,3 | _ 1,0 0 1,0 _
\Ijj’k = curl ,(/)jl’kl ® J2,k2 ® ,(/)ja’ke, =10 ’
1,0 1,0
0 (¢j1,k1)/ ® ;)2’1“2 ® 1’Z}j37k3
(48)

By construction these wavelets are contained in Hg;,(2) and the space W‘;l."”
that they spanned is included into the BMRA of (L?(Q2))? endowed with the

free-slip boundary condition generated by:
> 1,0 0 0 0 1,0 0 0 0 1,0
Vi= (v erev)) x (evtev)x (Veviev ). 1)

According to Proposition the spaces \7j provide an internal multiscale approx-
imation process for Hq;,(2). Precisely, let f’j be the biorthogonal multiscale

projector associated to \7']-:
B = (PP aPloP)) x (PlaP®eP)) x (Pl oP! e P’),
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and P]Q = P?@P]Q@’P]Q the projector associated to V? = Vj0®Vj0®VjO. Then, the
commutation of the one dimensional multiscale projectors with differentiation

allows to get:
Vu € Haiw(Q), V-Pj(u) =PV -u) =0 = P;(Haiw(Q) = V; N Hai(Q).

Thus, the spaces \731“’ = \7j N Hain () constitute a multiresolution analysis of

Hain(2) and the anisotropic multiscale decomposition of \7?” reads:
rdiv __ xrdiv div
Vj - Vj'm.in @ WJ :
Jmin<|J|<5 -1

Proposition 8. A basis of the finite dimensional space \7;”” = \7j N Hain ()

18 given by the following divergence-free scaling function basis:

rdiv __ div,1 div,2
Vi = span{@% 1 5002), (50)
where
1,0 1,0 s 0
0 Pi1 ke ® (@jz,kz) ® Pjs ks
div,1 | _ _ 1,0 1,0
(I)J}Z;; = curl| 0 B 7(S0j1,’€1)/ ® Pjo ko ® @?3,]@3 ’ <51)
1,0 1,0
Vi @ Pilk, © Pk, 0
and
1,0 1,0
Phks @ Pilk, © Pjk, 0
div,2,_ _ 1,0 1,0
q)j,l;:: = curl) 0 - ‘P?l,kl ® Pigko ® (‘Pjg,kg)/ , (52)
1,0 1,0
0 790?1,101 ® ((pjmkz), ® Pjs, ks

with2 < ky ke < Af =1 and 1 < ks < A)—1 for @95 and 2 < ky ks < Aj—1

k
and 1 <k < A? —1 for @?%’2.

Proof. First by construction we have span{tbji]:’:’l, @ji;;’Q} C V?i”, using

left which leads to:
Ar-1

1,0 1,0
(‘pj’k)/ = Z (Lj kn %02,7;

n=1
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This shows the first inclusion.
Conversely, let u € \7?“’ and denote by c}e, ci: and ci: the coefficients of its

decomposition onto the scaling function basis of \7j:

u= zk:c}cgb;k;zkjc;c(ﬁk; zk}iﬁbik 7

1. L0 0 0 2 ._ 0 1,0 0 3.
where ¢y 1= @, @ P, @ Pipgs O g = Pipy @ Py, © Pjg, aDd @1 g 1=
0 0 1,0
ik ® P,k ® Pk
. . ; v, 1
Now, from u we define a divergence-free function u%’ € span{q)‘fl“” ,<I>d“’ 2}
Js

by:
Z div 1(I)dw 1 Z div 2(I)dw 2

with

x
dw 1 ® 1,
Chy ko ks — Cm%,m» % kl o SDJ k2 % k?g Ckl,m k3 j )kz,m

and
d xr
v,2 3 3 ~0 ~1 O 1 ,0
Chy ko ks — <§ Cm¢j,ma§0j,k1 ®/ ‘PJ k2 jkg E :ckl,m ks j Yz ms
m

where Ll»’0 and El-’o are the change of bases matrices defined in . Then, to
get the second inclusion Vd“’ C spcm{i)d“’ ! <I>dw 21 it suffices to prove that
u—u? = 0.

div

For this, let E}c, Ei and Ei: be the coefficients of the decomposition of u**¥ onto

the scaling function basis of Vj. Since the following biorthogonal relation holds:

x
1,0 ~1,0 1,0 ~1,0 1,0 ¢71,0
<(%0j,k)/’ _A @],n) <SDJ k> SD‘] n> - (LJ tL] )"’L7k = 671,]9’ (53)
a simple computation shows that:
div,l (710 div,?2 1,0 .
O = Ol T = Z ( Comat s (L5 Dk € iy o (L )"lv’%) and ¢, = cj.

On the other hand, the divergence-free relation V - u = 0 expressed in terms of

. 12 3 .
the coefficients CLr and L reads:

1,0 1,0 : 1,0
Z (C:n,k‘z,kg (Lj )m»kl + Cil,m,kg (Lj )mez + Cil,kz,m(Lj )m,k3> =0.

m
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s Then, using again the relation we get:

1,0 71,0 1,0 71,0
it = = 200 (s (D (5D + €y i (L) s (£t
n m

= Z([ C}n,n,kg(L}O)kg,n](L;’O)m,kl+[ZCil,n,m(L§’o)kQ,n](L}O)m,m)

m n
_ div,1 1,0 div,2 1,0
= E : (_Cm,kz,kg (Lj Jmoe + Ckl,kz,m(Lj )m,k3> .
m
301 us é2. = ¢2., which means that u — u®v = 0.
Th i i hich that div — 0 O

302

This proposition provides an algorithm that allows us to compute c;?v’l and

div,2 1,2 3
¢y % from ¢y, ¢5. and cj. by:
k k ‘k EY
div,1 1 1,0 div,2 3 1,0
Chy ko k3 —_§ ckl,m,kg(Lj Jka,m and Cky ko ks —§ ckl,m,kg(Lj Vka,m
m m
(54)

;3 Conversely, from ci:w’l and ci:w’z one can compute C;c’ ciz and cz;’c by:

div,1 1,0
Cllcl,k2,k3 = Ckivmk3(L] Ym. ks (55)
m
div,1 1,0 div,2 1,0
Cihkmks = Z(ic’l’?’i’:}k‘g,kg(Lj )mvk1+ck’i’ljk}2,m(Lj )mes) (56)
m
: div,2 1,0
Cil,kz,kg = - Ck?jm,kg(Lj Jim ks (57)
m

On the wavelet basis, this change of bases reduces to a simple wavelet coeffi-
cients renormalization as in the periodic case: let dL ,, d% , and d2 , be the

3k "3k 3.k
coeflicients of the decomposition of w in the anisotropic wavelet basis associated
to \7j, and d.‘;.izl and d;.“]’é? the coeflicients of its decomposition in the wavelet
basis of V_V;-i”. Then, we have:

div,1 _ 6—jo—2 51 div,2 —j2—2 33
di'pl = 277725 g and dRR = TR (58)

and

1 _ 9j2+2 gdiv,1 2 _ _ oj1+2 4div,1 j3+2 jdiv,2 3 __ 9j2+2 jdiv,2
dj7k—22 d],k s d],ki 271 d],k +23 dj,k and dj,ki 272 dj,k .

(59)
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311
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313

314
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316

Figure 19: Linear approximation L?-error (left) and nonlinear approximation L2-error
(right) in log-log scale, obtained with the fast divergence-free transform al-
gorithm. Where u is defined in and (¢°,4°) are Daubechies orthogonal

generators with r = 3.

Remark 4.
As no distinction is made between the scaling functions <p1-’£ and the wavelet
¢ k in the definition of the divergence free wavelets @ l @ the definition
div,1 ;div,2

of coefficients (d A ,d P ) and (ct Cj ko€ J kS, k:> in l) must be adapted
following the scalmg functzon cases listed above if at least one coordinate of j is
jmin-

We tested the fast divergence-free wavelet transform algorithm on a toy

vector field u defined by:

sin? (27 sin(47y) sin(472)
u(r,y,2) = | sin(47x)sin®(2my) sin(4rz) (60)
—2sin(47x) sin(4my) sin? (272)

For the construction of le,o and Vjo, we kept the same parameters as in the
previous sections: again (p°,4°) are the Daubechies orthogonal generators with
r = 3. On Figure we show both the plot of the linear and nonlinear approx-
imation L?-errors in a log-log scale. Since the vector field w is smooth enough,

the expected decay orders of the errors are achieved.
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327

328

The construction extends to larger dimensions d > 3 readily. We obtain in
this case (d — 1) types of linear independent divergence-free wavelet functions.

For 1 <i < d —1, the general formula of these wavelets is given by:

0
0
\I’dw i ToW i 2]1+1+2¢]1 k1 ® wjz 1,ki—1 ® /l/)]L ki ® 1/}J1+1’ Kit1 ® w]d,kd
Jjk - ; 42 0
row i+ 1| —2/ wh k1 ® 1/] iki ® /(/}.71+17 kit1 ® ,ll)ji+1;k'i+2 ® w]dﬁﬂd
0
0

(61)
The wavelets \Il“;“;; satisfy the boundary condition \Il“;.izi -1 = 0 by construc-
tion. The space W;l.“’ spanned by these wavelets is included into the following

standard BMRA of (L2(€2))%:

Vy=Vix.xVe with Vi=V'g.. oV 1<i<d, (62

where §; ; denotes the Kronecker symbol. To satisfy the free-slip boundary
condition we must replace le by le,o in . We also emphasized that, the
corresponding spaces V?i” = \7j N Haiw () = f’j (Hain(92)) provide a multires-
olution analysis of H4;,(2). Following a similar approach as for d = 3, and
taking the (d — 1) scaling functions that generated the previous divergence-free

wavelets, we obtain a divergence-free scaling functions basis of V;l“’.

7. Conclusion

In this paper we have presented a new construction of biorthogonal wavelet
bases linked by differentiation and integration. In opposite to the existing con-
structions, the differentiation relation between the wavelet basis 1/1]17k and 1/1?7 &
remains diagonal as for the internal wavelet, and including an homogeneous

boundary condition on the boundary. Several experiments have demonstrated
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the potential applications of this new construction in signal compression and

in the numerical resolution of the Poisson equation in one dimensional space.

Moreover, the diagonal relation between the wavelet bases improves the com-

plexity of the fast divergence-free wavelet transform algorithms.
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