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Existence and continuity of the flow constant in first
passage percolation®

Raphaél Rossignoltand Marie Théret?

Abstract: We consider the model of i.i.d. first passage percolation on Z?, where we associate with
the edges of the graph a family of i.i.d. random variables with common distribution G on [0, +o0]
(including +00). Whereas the time constant is associated to the study of 1-dimensional paths with
minimal weight, namely geodesics, the flow constant is associated to the study of (d—1)-dimensional
surfaces with minimal weight. In this article, we investigate the existence of the flow constant un-
der the only hypothesis that G({+o0}) < pc(d) (in particular without any moment assumption),
the convergence of some natural maximal flows towards this constant, and the continuity of this
constant with regard to the distribution G.

AMS 2010 subject classifications: primary 60K35, secondary 82B20.
Keywords: First passage percolation, maximal flow, minimal cutset, continuity.

1 Introduction

First passage percolation was introduced by Hammersley and Welsh [20] in 1965. They defined in
this model a random pseudo-metric that has been intensively studied since then. We will say a few
words about it in Section but this random metric is not the subject of this paper. The study
of maximal flows in first passage percolation on Z? has been initiated by Grimmett and Kesten [16]
in 1984 for dimension 2 and by Kesten [23] in 1987 for higher dimensions. This interpretation of
the model of first passage percolation has been a lot less studied than the one in terms of random
distance. Ome of the reasons is the added difficulty to deal with this interpretation, in which
the study of the random paths that are the geodesics is replaced by the study of random cuts or
hypersurfaces, objects which should be thought of as (d — 1)-dimensional.

Consider a large piece of material represented by a large box in Z¢ and equip the edges with
random i.i.d. capacities representing the maximum amount of flow that each edge can bear. Typi-
cally, one is interested in the maximal flow that can cross the box from one side to the other. This
question was adressed notably in [23] and [27] where one can find laws of large numbers and large
deviation principles when the dimensions of the box grow to infinity. We refer to section [2] for a
more precise picture of the background, but let us stress for the moment that in those works, mo-
ment assumptions were made on the capacities. It is however interesting for modelling purposes to
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2 DEFINITIONS, BACKGROUND AND MAIN RESULTS

remove this assumption, allowing even infinite capacities which would represent microscopic defects
where capacities are of a different order of size than elsewhere. The first achievement of the present
work, Theorem [2.4] is to prove a law of large numbers for maximal flows without any moment
assumption, allowing infinite capacities under the assumtion that the probability that an edge has
infinite capacity is less than the critical parameter of percolation in Z¢.

Once such a result is obtained, one may wonder in which way the limit obtained in this law of
large numbers, the so-called flow constant, depends on the capacity distribution put on the edges.
The second achievement of this article, Theorem [2.6] is to show the continuity of the flow constant.
One application of this continuity result could be the study of maximal flows in an inhomogeneous
environment when capacities are not identically distributed but their distribution depends smoothly
(at the macroscopic scale) on the location of the edges.

The rest of the paper is organized as follows. In section [2] we give the necessary definitions and
background, state our main results and explain in detail the strategy of the proof. The law of large
numbers is proved in section [3 and the continuity result is shown in section [f] Between those two
sections lies in section [] a technical intermezzo devised to express the flow constant as the limit of
a subbadditive object. The reason why we need it will be decribed at length in section [2:4]

2 Definitions, background and main results

2.1 Definition of the maximal flows

We use many notations introduced in [23] and [27]. Given a probability measure G' on [0, +0o0],
we equip the graph (Z¢,E%) with an i.i.d. family (tg(e),e € E?) of random variables of common
distribution G. Here E? is the set of all the edges between nearest neighbors in Z¢ for the Euclidean
distance. The variable t¢(e) is interpreted as the maximal amount of water that can cross the edge
e per second. Consider a finite subgraph Q = (Vq, Eq) of (Z% EY) (or a bounded subset of R?
that we intersect with (Z¢, E%) to obtain a finite graph), which represents the piece of rock through
which the water flows, and let &' and &2 be two disjoint subsets of vertices in 2: &' (resp. &2)
represents the sources (resp. the sinks) through which the water can enter in (resp. escapes from)
Q. A possible stream inside  between ' and &2 is a function f : E% — R? such that for all e € E¢,

—

e || f(e)]l2 is the amount of water that flows through e per second,

—

e f(e)/||f(e)|l2 is the direction in which the water flows through e.

For instance, if the endpoints of e are the vertices x and y, which are at Euclidean distance 1, then
fe)/llf(e)|l2 can be either the unit vector £y or the unit vector yz. A stream f inside {2 between
! and &2 is G-admissible if and only if it satisfies the following constraints:

e the node law: for every vertex z in Q \ (&' N &?2), we have
Z 17 (€)ll2 (ﬂf(e)/llf(e)lbzfy B ]lf(E)/Hf(E)\b:y?J =0,
yeZ4 : e=(z,y)€EINN

i.e., there is no loss of fluid inside €;

e the capacity constraint: for every edge e in €2, we have

—

0 < [If(e)ll2 < tale),

i.e., the amount of water that flows through e per second cannot exceed its capacity tg(e).
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Since the capacities are random, the set of G-admissible streams inside  between &' and &2 is
also random. With each such G-admissible stream f, we associate its flow defined by

flow(f) = >~ > 1F )z (L pe) 1 fietamety = Lot e amss)

z€G! yeQ B! e=(z,y)ck?

This is the amount of water that enters in £ through &' per second (we count it negatively if the

water escapes from ). By the node law, equivalently, flow(f) is equal to the amount of water that
escapes from  through &2 per second:

flow(f) = >~ > 1F 2 (L fe) 1 fietamst — Lot e omss)

€G22 yeQ\ 62 e=(z,y)ck?

The maximal flow from &' to &2 in Q for the capacities (tg(e),e € E?), denoted by ¢g(®! —
&2 in ), is the supremum of the flows of all admissible streams through €2:

P (6" — &% in Q) = sup{flow(f) : f is a G-admissible stream inside Q between &' and &2} .

It is not so easy to deal with admissible streams, but there is an alternative description of
maximal flows we can work with. We define a path from &' to 2 in Q as a finite sequence
(v, €1,V1,--.,€n,v,) of vertices (v;)o<i<n and edges (e;)1<i<n such that vy € &1, v, € &2 and
e; = {vi_1,v;) € Eq for any 1 <14 < n. We say that a set of edges E C Eq cuts &' from &2 in Q
(or is a cutset, for short) if there is no path from &' to &2 in (Vo, Fq \ F). We associate with any
set of edges F its capacity T(FE) defined by T (F) = Y ccg tg(e). The max-flow min-cut theorem
(see [3]), a result of graph theory, states that

bq(B! = &% in Q) = min{Tg(E) : E cuts &' from &2 in Q}.

The idea of this theorem is quite intuitive: the maximal flow is limited by edges that are jammed,
i.e., that are crossed by an amount of water per second which is equal to their capacities. These
jammed edges form a cutset, otherwise there would be a path of edges from ®! to &2 through which
a higher amount of water could circulate. Finally, some of the jammed edges may not limit the flow
since other edges, before or after them on the trajectory of water, already limit the flow, thus the
maximal flow is given by the minimal capacity of a cutset.

Kesten [23] presented this interpretation of first passage percolation as a higher dimensional
version of classical first passage percolation. To understand this point of view, let us associate with
each edge e a small plaquette e*, i.e., a (d — 1)-dimensional hypersquare whose sides have length
1, are parallel to the edges of the graph, such that e* is normal to e and cuts e in its middle. We
associate with the plaquette e* the capacity tg(e) of the edge e to which it corresponds. With a
set of edges E we associate the set of the corresponding plaquettes E* = {e* : e € E}. Roughly
speaking, if E cuts ! from &2 in Q then E* is a "surface" of plaquettes that disconnects &' from
2 in  — we do not try to give a rigorous definition of the term surface here. In dimension 2,
the plaquette e* associated to the edge e is in fact the dual edge of e in the dual graph of Z2. A
"surface" of plaquettes is thus very similar to a path in the dual graph of Z? in dimension 2. The
study of maximal flows in first passage percolation is equivalent, through the max-flow min-cut
theorem, to the study of the minimal capacities of cutsets. When we compare this to the classical
interpretation of first passage percolation, the study of geodesics (which are paths) is replaced by
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the study of minimal cutsets (which are rather hypersurfaces). In this sense, the study of maximal
flow is a higher dimensional version of classical first passage percolation.

We now define two specific maximal flows through cylinders that are of particular interest. Let
A be a non-degenerate hyperrectangle, i.e., a rectangle of dimension d — 1 in R%. Let @ be one of
the two unit vectors normal to A. For a positive real h, denote by cyl(A, h) the cylinder of basis A
and height 2h defined by

cyl(Ah) = {x+t0: x € A, t € [-h,h]}. (2.1)

Let Bi(A, h) (resp. Ba(A,h)) be (a discrete version of) the top (resp. the bottom) of this cylinder,
more precisely defined by

Bi(A,h) = {z € Z4Ncyl(A,h) : Jy ¢ cyl(A,h), (z,y) € E? and (z,y) intersects A + ho},
By(A,h) = {z € ZéNeyl(A,h) : Jy ¢ cyl(A,h), (z,y) € E? and (x,y) intersects A — hv} .

We denote by ¢ (A, h) the maximal flow from the top to the bottom of the cylinder cyl(A4,h) in
the direction ¥, defined by

¢G(A7 h) = (bG(Bl (Av h) — B2(A7 h) in Cyl(A, h)) .

We denote by H?~! the Hausdorff measure in dimension d — 1: for A = [[%=}[ki,1;] x {c} with
ki <l;,c € R, we have HI1(A) = ;-1:_11 (l; —k;). We can expect that ¢ (A, h) grows asymptotically
linearly in H%1(A) when the dimensions of the cylinder go to infinity, since H%1(A) is the surface
of the area through which the water can enter in the cylinder or escape from it. However, ¢ (A, h)
is not easy to deal with. Indeed, by the max-flow min-cut theorem, ¢ (A, h) is equal to the minimal
capacity of a set of edges that cuts Bi(A, h) from By(A,h) in the cylinder. The dual of this set of
edges is a surface of plaquettes whose boundary on the sides of cyl(A, h) is completely free. This
implies that the union of cutsets between the top and the bottom of two adjacent cylinders is not a
cutset itself between the top and the bottom of the union of the two cylinders. Thus the maximal
flow ¢ (A, h) does not have a property of subadditivity, which is the key tool in the study of classical
first passage percolation. This is the reason why we define another maximal flow through cyl(A, h),
for which subadditivity is recovered. The set cyl(A, h) \. A has two connected components, denoted
by C1(A,h) and Cy(A,h). For i = 1,2, we denote by C/(A,h) the discrete boundary of C;(A,h)
defined by

Cl(A,h) = {z € Z'NCi(A,h) : Iy ¢ cyl(A,h), (z,y) € BT}, (2.2)

We denote by 7¢(A, h) the maximal flow from the upper half part of the boundary of the cylinder
to its lower half part, i.e.,

16(A,h) = ¢a(C1 (A, h) = C4(A, h) in cyl(A,h)). (2.3)

By the max-flow min-cut theorem, 7 (A, h) is equal to the minimal capacity of a set of edges that
cuts C1(A,h) from C%(A,h) inside the cylinder. To such a cutset E corresponds a dual set of
plaquettes E* whose boundary has to be very close to A, the boundary of the hyperrectangle A.
We say that a cylinder is straight if ¥ = 9 := (0,0,...,1) and if there exists k;,[;, ¢ € Z such that
ki < l; for all i and A = A(K, 1) = [T} ki, i) x {¢}. In this case, for ¢ = 0 and k; < 0 < [;, the
family of variables (7¢(A(k, 1), h)) 7.7 1s subadditive, since the minimal cutsets in adjacent cylinders
can be glued together along the common side of these cylinders.
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2.2 Background on maximal flows

A straightforward application of ergodic subadditive theorems in the multiparameter case (see Kren-
gel and Pyke [25] and Smythe [28]) leads to the following result.

Proposition 2.1. Let G be a probability measure on [0,+o00] such that [ps xdG(z) < oco. Let
A = 1% ki, 1) x {0} with k; <0< l; € Z. Let h: N — Rt such that lim,_,o h(p) = +00. Then
there exists a constant vg(Uy), that does not depend on A and h, such that

. TG(pA’ h(p))
S Hi1(pA)

= vg(th) a.s. and in L.

This result has been stated in a slightly different way by Kesten in [23]. He considered there the
more general case of flows through cylinders whose dimensions goes to infinity at different speeds in
each direction, but in dimension d = 3. The constant v () obtained here is the equivalent of the
time constant pg(e1) defined in the context of random distances (see Section , and by analogy
we call it the flow constant.

As suggested by classical first passage percolation, a constant vg(¥) can be defined in any
direction 7 € ST!, where S¥! = {z € R? : ||z|2 = 1}. This is not that trivial, since a lack of
subadditivity appears when we look at tilted cylinders, due to the discretization of the boundary
of the cylinders. Moreover, classical ergodic subadditive theorems cannot be used if the direction
¥ is not rational, i.e., if there does not exist an integer M such that M4 has integer coordinates.
However, these obstacles can be overcome and the two authors proved in [27] the following law of
large numbers.

Theorem 2.2. Let G be a probability measure on [0,+00[ such that [p xdG(x) < oco. For any
¥ € S for any non-degenerate hyperrectangle A normal to U, for any function h : N — Rt
satisfying lim,_, o h(p) = 400, there exists a constant vg (V) € [0,4o00] (independent on A and h)

such that
¢ (A, h(p)) »

lim = vg(¥) n L'.

p=oo  HA=1(pA)

If moreover the origin of the graph belongs to A, or if [y x' T4~V 4G (x) < oo, then

li TG(pAah(p)) _ (—»)
oo HET(pA) OV

a.s.

If the cylinder is flat, i.e., iflim, o h(p)/p = 0, then the same convergences hold also for pg(pA, h(p)).

When the origin of the graph belongs to A, and for an increasing function h for instance, the
cylinder cyl(pA, h(p)) is completely included in the cylinder cyl((p + 1)A, h(p + 1)). The mean of
the capacities of the edges inside cyl(pA, h(p)) converges a.s. when p goes to infinity as soon as
Jg+ xdG(z) < oo by a simple application of the law of large numbers, and Theorem states that
16(pA, h(p))/HY (pA) converges a.s. under the same hypothesis. On the other hand, when the
origin of the graph does not belong to A, the cylinders cyl(pA, h(p)) and cyl((p + 1)A,h(p + 1))
may be completely disjoint. The a.s. convergence of the mean of the capacities of the edges
included in cyl(pA, h(p)) when p goes to infinity is thus stated by some result about complete
convergence of arrays of random variables, see for instance [I8] [19]. This kind of results requires a
stronger moment condition on the law of the random variables we consider, namely we need that
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Ja+ 21141 dG(z) < 0o. Theorem states that 7o (pA, h(p))/H "1 (pA) converges a.s. in this
case under the same hypothesis on the moments of G.

Let p.(d) be the critical parameter of Bernoulli bond percolation on (Z¢, E%). Zhang investigated
in [29] the positivity of v¢ and proved the following result.

Theorem 2.3. Let G be a probability measure on [0, +o00[ such that [z xdG(x) < co. Then
vg(@) >0 <<= G{0}) < 1—p(d).

The asymptotic behavior of the maximal flows ¢g(pA, h(p)) in non-flat cylinders (i.e., when
h(p) is not negligible in comparaison with p) is more difficult to study since these flows are not
subadditive. In the case of straight cylinders (and even in a non isotropic case, i.e., when the
dimensions of the cylinders go to infinity at different speed in every directions), Kesten [23] and
Zhang [30] proved that ¢g(pA,h(p))/HP 1 (pA) converges a.s. towards vg(7p) also, under some
moment condition on G. The behavior of ¢g(pA, h(p)) is different in tilted and non-flat cylinders,
we do not go into details and refer to [26] (for d = 2) and to [5, [7, [6 8] in a more general setting.

We stress the fact that for all the results mentioned above, a moment assumption is required on
the probability measure G on [0, +o00[: G must at least have a finite mean.

2.3 Main results

Our first goal is to extend the previous results to probability measures G on [0, 4+o00[ that are not
integrable, and even to probability measures G on [0, +oco] under the hypothesis that G({+o00}) <

pe(d)-
For any probability measure G on [0, +0c], for all K > 0, we define G* = 1}y G+G([K, +00[)dk,
i.e., G is the law of min(tg(e), K) for any edge e. Then we define

Vo e ST vg(0) = lim vk (D). (2.4)
K—o0

Throughout the paper, we shall say that a function h : N+ RY is mild if

lim h(p)/logp = +oo and plLIgo h(p)/p=0. (2.5)

p—>—+0o0
We prove the following law of large numbers for cylinders with mild height functions.

Theorem 2.4. For any probability measure G on [0, +00] such that G({+o00}) < pc(d), for any
¥ € S1, for any non-degenerate hyperrectangle A normal to ¥, for any mild function h, we have

_ pa(pA,h ,
plL%M = vg(¥) a.s.

Moreover, for every v € S41,
va(V) < o0

and
va(v) >0 <= G{0}) < 1-p(d).

Remark 2.5. If G is integrable, the constant vg defined in (2.4) is thus coherent with the definition
gwen by Theorem [2.3
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We also want to establish the continuity of the function G +— v (¥) when we equip the set of
probability measures on [0, +o00] with the topology of weak convergence - in fact these two questions
are linked, as we will see in Section More precisely, let (Gy,)nen and G be probability measures
on [0,400]. We say that G,, converges weakly towards G when n goes to infinity, and we write

Gn 4 G, if for any continuous bounded function f : [0, +00] — R* we have

lim £dG, = / £dG .
[0,400]

=400 [0, +00]

Equivalently, G,, <4 G if and only if limy, 00 Gp([t, +0]) = G([t, +o0]) for all ¢ € RT such that
t — G([t,+0o0]) is continuous at t.

Theorem 2.6. Suppose that G and (Gy,)nen are probability measures on [0, +00] such that G({+o00}) <
pe(d) and for alln € N, Gp,({+00}) < pe(d). If Gy, A G, then

lim sup |vg (U) —va(¥)] = 0.
"*“gesﬁl‘ G, (V) = va(0)]

2.4 About the existence and the continuity of the time constant

First passage percolation was introduced by Hammersley and Welsh [20] in 1965 with a different
interpretation of the variables associated with the edges. We consider the graph (Z? E¢) and we
associate with the edges of the graph a family of i.i.d. random variables (tg(e), e € E?) with common
distribution G as previously, but we interpret now the variable tg(e) as the time needed to cross
the edge e (we call it the passage time of e). If v is a path, we define the passage time of v as
Ta(v) = Yeeyta(e). Then the passage time between two points z and y in 7%, i.e., the minimum
time needed to go from z to y for the passage times (tg(e), e € E9), is given by

To(z,y) = inf{Tg(v) : ~ is a path from z to y}.

This defines a random pseudo-distance on Z¢ (the only property that can be missing is the separation
property). This random distance has been and is still intensively studied. A reference work is
Kesten’s lecture notes [22]. Auffinger, Damron and Hanson wrote very recently the survey [2] that
provides an overview on results obtained in the 80’s and 90’s, describes the recent advances and
gives a collection of old and new open questions.

Fix e; = (1,0,...,0). Thanks to a subadditive argument, Hammersley and Welsh [20] and
Kingman [24] proved that if d = 2 and F' has finite mean, then lim,_,. Tr(0, ne;)/n exists a.s. and
in L', the limit is a constant denoted by pr(e1) and called the time constant. The moment condition
was improved some years later by several people independently, and the study was extended to any
dimension d > 2 (see for instance Kesten’s Saint-Flour lecture notes [22]). The convergence to the
time constant can be stated as follows.

Theorem 2.7. If Emin(tz(1),...,tr(2d))] < oo where (tp(i),i € {1,...,2d}) are i.i.d. with
distribution F on [0, +oc[, there exists a constant pp(e1) € RT such that

Tr(0
lim Tr(0,ner) = pp(er) a.s. and in L',
n—00 n
Moreover, the condition Elmin(tp(1),...,tr(2d))] < oo is necessary for this convergence to hold

a.s. orin L1
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This convergence can be generalized by the same arguments, and under the same hypothesis, to
rational directions : there exists a homogeneous function pr : Q% — RT such that for all z € Z¢,
we have lim, oo Tr (0, nz)/n = pp(x) a.s. and in L. The function pup can be extended to R? by
continuity (see [22]).

These results can be extended by considering a law F' on [0, +oo[ which does not satisfy any mo-
ment condition, at the price of obtaining weaker convergence. This work was performed successfully
by Cox and Durrett [11] in dimension d = 2 and then by Kesten [22] in any dimension d > 2. More
precisely, they proved that there always exists a function jip : R* — RT such that for all 2 € Z%, we
have limy, o Tr(0,nx)/n = fip(z) in probability. If E[min(tz(1),...,tr(2d))] < co then fip = up.
The function jir is built as the a.s. limit of a more regular sequence of times 7 (0, na)/n that we
now describe roughly. They consider an M € RT large enough so that F ([0, M]) is very close to
1. Thus the percolation (]l{tp(e)gM}ve € E9) is highly supercritical, so if we denote by Cr o its
infinite cluster, each point x € Z% is a.s. surrounded by a small contour S(z) C C v~ They define
Tr(z,y) = Tr(S(x),S(y)) for z,y € Z% The times Tr(0,x) have good moment properties, thus
fir(z) can be defined as the a.s. and L' limit of T#(0, nx)/n for all z € Z% by a classical subadditive
argument; then fir can be extended to Q¢ by homogeneity, and finally to R? by continuity. The
convergence of Tr(0,nx)/n towards fir(z) in probability is a consequence of the fact that T and
Ty are close enough.

It is even possible to consider a probability measure F' on [0, +o0c] under the hypothesis that
F([0,+00[) > pc(d). This was done first by Garet and Marchand in [I4] and then by Cerf and the
second author in [9]. We concentrate on [9], where the setting is closer to the one we consider here. To
prove the existence of a time constant for a probability measure F on [0, +00] such that F ([0, +o00[) >
pe(d), Cerf and the second author exhibit a quite intuitive object that is still subadditive. For
v € 2% fip(z) is defined by a subadditive argument as the limit of Tr(fu(0), far(nx))/n a.s.
and in L', where M is a real number large enough such that F([0, M]) > p.(d), and for z € Z2,
fr(z) is the points of Cr s which is the closest to z. The convergence of T (0,nx)/n towards
fr(z) still holds, but in a very weak sense: Tr(0,nz)/n converges in fact in distribution towards
012?5;@(1) + (1 — 6%)0400, Where O is the probability that the connected component of 0 in the
percolation (14, (¢)<o0,€ € ) is infinite. For short, all these constants (fir,fir and pr) being
equal when they are defined, we denote all of them by up.

Once the time constant is defined, a natural question is to wonder if it varies continuously with
the distribution of the passage times of the edges. This question has been answered positively by
Cox and Kesten [10} 12] 22] for probability measures on [0, +o0[.

Theorem 2.8. Let F, F,, be probability measures on [0,+oo[. If F,, converges weakly towards F,
then for every x € R,

Jim g, (2) = pr(z).

Cox [10] proved first this result in dimension d = 2 with an additional hypothesis of uniform
integrability: he supposed that all the probability measures F;, were stochastically dominated by
a probability measure H with finite mean. To remove this hypothesis of uniform integrability in
dimension d = 2, Cox and Kesten [12] used the regularized passage times and the technology of the
contours introduced by Cox and Durrett [I1]. Kesten [22] extended these results to any dimension
d > 2. The key step of their proofs is the following lemma.
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Lemma 2.9. Let F be a probability measure on RT, and let F* = 1y i) F + F([K,+00))dx be the
distribution of the passage times tp(e) truncated at K. Then for every x € R,

lim ppx(z) = pr(z).
K—o0

To prove this lemma, they consider a geodesic v from 0 to a fixed vertex z for the truncated
passage times inf(tr(e), K). When looking at the original passage times tr(e), some edges along
~ may have an arbitrarily large passage time: to recover a path 4/ from 0 to z such that Tr(v) is
not too large in comparison with Trx (), they need to bypass these bad edges. They construct the
bypass of a bad edge e inside the contour S(e) C Cr s of the edge e, thus they bound the passage
time of this bypass by M carde(S(e)) where carde(S(e)) denotes the number of edges in S(e). More
recently, Garet, Marchand, Procaccia and the second author extended in [I5] these results to the
case where the probability measures considered are defined on [0, +occ] as soon as the percolation
of edges with finite passage times are supercritical. To this end, they needed to perform a rescaling
argument, since for M large enough the percolation of edges with passage times smaller than M
can be choosen supercritical but not highly supercritical as required to use the technology of the
contours.

The study of the existence of the time constant without any moment condition and the study of
the continuity of the time constant with regard to the distribution of the passage times of the edges
are closely related. Indeed, in the given proofs of the continuity of the time constant, the following
results are used:

e the time constant up is the a.s. limit of a subadditive process,

e this subadditive process is integrable (for any distribution F' of the passage times, even with
infinite mean),

e this subadditive process is monotonic with regard to the distribution of the passage times.

Moreover, the technology used to prove the key Lemma (using the contours) is directly inspired
by the study of the existence of the time constant without any moment condition.

The proof of the continuity of the flow constant, Theorem [2.6] we propose in this paper is
heavily influenced by the proofs of the continuity of the time constant given in [12), 22] [I5]. The
real difficulty of our work is to extend the definition of the flow constant to probability measure
with infinite mean - once this is done, it is harmless to admit probability measures F' on [0, +o0]
such that F({4+00}) < pc(d), we do not even have to use a renormalization argument. We choose
to define the flow constant vp via so that the result equivalent to Lemma in our setting is
given by the precise definition of vr. However, two major issues remain :

(i) prove that vp is indeed the limit of some quite natural sequence of maximal flows,
(7i) prove that vp can be recovered as the limit of a nice subadditive process.

The first point, (i), is precisely the object of Theorem that we prove in Section |3 With no
surprise, the difficulties we do not meet to prove the result equivalent to Lemma for the flow
constant are found in the proof of this convergence, see Proposition [3.5] The maximal flows that
converge towards vg are maybe the most natural ones, i.e., maximal flows from the top to the bottom
of flat cylinders, and the convergence holds a.s., i.e., in a strong sense, which is quite satisfying. It
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is worth noticing that in fact, to prove the a.s. convergence in tilted cylinders when vy = 0 (see
Proposition , we use the continuity of the flow constant - without this property, we obtain only
a convergence in probability. However, to obtain a convergence (at least in probability) of these
maximal flows towards vr, we do not have to exhibit a subadditive process converging towards vg.
The existence of such a nice subadditive process, i.e., the point (ii) above, is nevertheless needed
to prove the continuity of the flow constant. In Section |4, we define such a process and prove its
convergence towards v (see Theorem . Finally in Section |5| we prove the continuity of the flow
constant, Theorem
Before starting these proofs, we give in the next section some additional notations.

2.5 More notations

We need to introduce a few more notations that will be useful.
Given a unit vector 7 € S?~! and a non-degenerate hyperrectangle A normal to @, hyp(A)
denotes the hyperplane spanned by A defined by

hyp(A) = {z+ W : x € A, W -7=0}

where - denotes the usual scalar product on R?. For a positive real h, we already defined cyl(A, h)
as the cylinder of height 2h with base A — ht and top A + h, see Equation (2.1)). It will sometimes
be useful to consider the cylinder cyl”(A, h) with height h, base A and top A + h¥, i.e.,

cyl’(A,h) = {z+t0: z€ A, t€[0,h]},
and the maximal flow ¢% (A, h) from the discrete version of its top
BY(A,h) = {z € Z'Ncyl’(A,h) : Ty ¢ cyl®(A,h), (z,y) € E? and (z,y) intersects A + h'}
to the discrete version of its bottom
BY(A,h) = {z € Z4ncyl’(4,h) : 3y ¢ cyl®(A, h), (z,y) € E? and (z,y) intersects A — hi} .

Some sets can be seen as sets of edges or vertices, thus when looking at their cardinality it is
convenient to specify whether we count the number of edges or the number of vertices in the set.
The notation carde(-) denotes the number of edges in a set whereas cardy(-) denotes the number of
vertices.

Given a probability measure G on [0, 4+0oc], a constant K €]0, +oo[ and a vertex x € Z? (re-
spectively an edge f € EY), we denote by Cg k() (resp. Cg x(f)) the connected component of
x (resp. the union of the connected components of the two endpoints of f) in the percolation
Ly (e)>K-€ € E?), which can be seen as an edge set and as a vertex set. For any vertex set C' C Z,
we denote by diam(C) the diameter of C, diam(C) = sup{|lz — y|l2 : =,y € C N Z}, by 9.C its
exterior edge boundary defined by

9.C = {e=(z,y) €E? : € C, y ¢ C and there exists a path from y to infinity in Z¢ \ C},
and by 0,C its exterior vertex boundary defined by

0C ={zcZ:x¢C,3yecCst (x,y) c B},

10
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Given a set E of edges, we can define also its diameter diam(E) as the diameter of the vertex set
made of the endpoints of the edges of E. We also define its exterior ext(E) by

ext(E) = {x € Z? : there exists a path from z to infinity in E? \ E}

and its interior
int(E) = 2%\ ext(E).

Notice that by definition, C' C int(9.C') and if C' is bounded and = € int(9.C), then 0.C separates
x from infinity. For any vertices z and y, for any probability measure G on [0,4o0c] and any
K €]0, +00], one of the three following situation occurs:

(1) 8.Cq Kk (z) = 0sCa. i ();
(i1) int(0eCaq i (z)) Nint(9eCaq k (y)) = 0;
(149) int(0.Cq Kk (x)) C int(0cCq,kx (y)), or int(0cCq.kx (y)) C int(0cCq K (x)).

Case (i) corresponds to the case where x and y are connected in the percolation (1, (¢)>k,€ € E4),
whereas cases (i7) and (iii) correspond to the case where x an y are not connected, thus their
connected components for this percolation are disjoint. Case (iii) corresponds to the case where
z € int(0.Cq, K (v)) (thus Cg i (x) is nested in a hole of Cg k (y) inside int(9.Cq,k (y))) or conversely,
whereas case (i7) corresponds to the case where z € ext(0.Cq k(y)) and y € ext(0.Cq Kk (x)).

For any subset C of R and any h € Rt, we denote by Ea k (C, h) the following event

Eak(C,h) = ﬂ {diam(Cg K (x)) < h}, (2.6)
zeCNZd

and by 5&7 x(C, h) the corresponding event involving edges instead of vertices

gé’K(C, h) = ﬂ {diam(Cg K (e)) < h}. (2.7)
e€CNE?

In what follows ¢4 denotes a constant that depends only on the dimension d and may change
from one line to another. Notice that for any finite and connected set C' of vertices, carde(9.C) <
cq cardy (C).

For two probability measures H and G on [0, +00], we define the following stochastic domination
relation:

G=H <+ Vtel0,+o00) G([t,+0o0]) < H([t,+0]). (2.8)

In what follows, we always build the capacities of the edges for different distributions by coupling,
using a family of i.i.d. random variables with uniform distribution on ]0, 1] and the pseudo-inverse of
the distribution function of these distributions. Thus the stochastic comparison between probability
measures H and G on [0, 400] implies a simple comparison between the corresponding capacities of
the edges:

G=H =VecE! tgle) <tyle). (2.9)

3 Convergence of the maximal flows

This section is devoted to the proof of Theorem [2.4]

11
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3.1 Properties of v

First we investigate the positivity vq as defined by ([2.4).

Proposition 3.1. Let G be a probability measure on [0,+00] such that G({+o0}) < pc(d). For
every U € S, we have

Vo) =0 <  G{0})>1-p(d).

Proof :
By the above coupling, see Equation ([2.9)), for any such probability G, for any 0 < K; < Kp, for
any ¥ € S471, for any hyperrectangle A and any h € RT, we have

dari (A h) < dary (A R) .

By definition of vgx (¥) (see Theorem [2.2), this proves that K — v« (¥) is non-decreasing. Thus
ve(¥) = 0 if and only if for every K € RT, vk (¥) = 0. By Theorem we know that vor (V) =0
if and only if GX ({0}) > 1—p.(d). But GK({0}) = G({0}) for all K, thus Proposition is proved.

|
We now state a stochastic domination result, in the spirit of Fontes and Newman [I3|, which
will be useful to prove that v is finite, and will be used again in section

Lemma 3.2. Let W = {z1,...,2,} be a finite subset of Z%. Consider an i.i.d. Bernoulli bond
percolation on Z%. For i = 1,...,n, define Z; = Z(x;) to be card,(C(x;)), where C(x;) is the
connected component of x; for the underlying percolation. Let Y1 = Zy and define recursively Y; for
1=2,...,n by
Y, — { Zi if wi & Ujm, Ol))
0 if v; € U;Zlc(l‘j) .

Let also (X;,i € {1,...,n}) be a family of i.i.d. random variables distributed as Z; = card,(C(z1)).
Then, for all a, aq,...,a, in R,

n n
P(Z}QZaandVizl,...,n, Y;zai> §P<2Xi2aandW:1,...,n, XZ'Zai) .
i=1 i=1

Proof :
For any i, let F; be the sigma-field generated by the successive exploration of C(x1), C(z2), ...,
C(z;). The conditional distribution of C'(z;) knowing F;_; is the same as its conditional distribution
knowing U;;ll C(xj). Then, conditionally on the event {U;;ll C(z;) =B}, Y;=0ifz; € B,and Y
is distributed like the cardinal of the cluster of z; in Z% \ B if x; ¢ B. Thus the distribution of Y;
conditionally on F;_; is stochastically dominated by that of X;. A straightforward induction gives
the result.

[ |
We now state that the constant v is finite.

Proposition 3.3. For any probability measure G on [0, +00] such that G({+o0}) < p.(d), for any
7€ ST vg(v) < +oo.

12
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Proof :
Let G be a probability measure on [0, 4-0c] such that G({+00}) < pe(d). Let v € S¥! be a unit
vector, let A be a non-degenerate hyperrectangle normal to ¥ containing the origin 0 of the graph,
and let A : N — R be mild.

Let Ko < 0o be large enough such that G(]Ko, +00]) < pe(d). We recall that for every z € Z,
CG,k, () is the connected component of x in the percolation (1;e)>x,:€ € E4). We recall that
Ea, 1, (cyl(pA, h(p)), h(p)) denotes the event

Ea.x,(cyl(pA, h(p)), h(p)) = N {diam(Cg x, () < h(p)} .
xecyl(pA,h(p))NZ
To every x € Ba(pA, h(p)), the bottom of the cylinder cyl(pA, h(p)), we associate S(z) = 0.Cq K, ().
Some of the sets S(x) may be equal, thus we denote by (.S;)i=1,...» the collection of disjoint edge

sets we obtain (notice that by construction for every i # j, S; N S; = 0). For every i € {1,...,r},
let z; € Ba(pA, h(p)) be such that S; = S(z;). We consider the set of edges

C\;

E(p) = U (SiNcyl(pA, h(p))) -

=1

On the event g i, (cyl(pA, h(p)), h(p)), the set E(p) is a cutset that separates the top By (pA, h(p))
from the bottom Ba(pA, h(p)) of cyl(pA, h(p)). Indeed, let v = (xo,e1,21,...,€n,2,) be a path
from the bottom to the top of cyl(pA, h(p)). There exists i € {1,...,7} such that xy € int(S;) =
int(0.Cq K, (2i))- Since z; € Ba(pA, h(p)) and x,, € B1(pA, h(p)) we get ||z;—zy| > 2h(p)—2 > h(p)
(at least for p large enough), thus on g g, (cyl(pA, h(p)), h(p)) we know that x,, ¢ int(0.Cq K, (%))
Let

ko = min{k € {0,...,n} : x ¢ int(0.Cq Kk, (2i))} -
Then kg € {1,...,n}, x5, ¢ int(0:.Caq Kk, (%)) and zx,—1 € int(0:.Cq K, (%)), thus ey, € 0.Cq Kk, (2i) =
S;. Since ey, € v C cyl(pA, h(p)), we conclude that ey, € E(p) N+, thus E(p) cuts the top from the
bottom of cyl(pA, h(p)).
For any vertex x, by definition of Cg i, (x) we know that if e € 0.Cq k,(z) then tg(e) < K.
By definition of ¢ (pA, h(p)), we deduce that on the event Eq k, (cyl(pA, h(p)), h(p)) we have

¢c(pA, h(p)) < Ta(E(p)) < Kocarde(E(p))-
For every 8 > 0, we obtain that

Plpc(pA, h(p)) > BH (pA)]

d—1
< PlEc ko (cyl(pA, h(p)), h(p))] + P |carde(E(p)) > BHKO@A)}
r d—1
< cardy(cyl(pA, h(p)) N Z)P[diam(Co x;,(0) > h(p)] + P | _ carde(S;) > m{Ko(pA)
=1

We now want to use the stochastic comparison given by Lemma [3.2] Consider the set of vertices
W = Ba(pA, h(p)), the percolation (1;,(e)>xk,,€ € E%), and assomate to each vertex x € W the
variable Z(z) = cardy(Cg k,(x)). We put an order on W and build the variables (Y (z),z € V) as
in Lemma [3.2l Then

anrd anrd (0:Ca. k(7)) < chcard (Ca ko (2i)) = chZ zi) < chY
i=1 i=1 zeV

13
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since the vertices z; have been chosen in V' such that the sets Cg k,(2;) are disjoint. By Lemma

noticing that card, (W) < cq|H? 1 (pA)], we obtain

Plpc(pA, h(p)) > BHI(pA)] < caH(pA)h(p) Pdiam(Cq, K, (0)) > h(p)]
cal AL (pA)]

BH(pA)
P X, >—
T ; — Kocq

where the variables X; are i.i.d. with the same distribution as card,(Cg x,(0)). Since G(] Ky, +00]) <
pe(d), the percolation (1 (e)>x,, € € E4) is sub-critical thus
PX; > k] < ke 2k

and
Pldiam(Cq x,(0)) > k] < 516_“2]“, (3.1)

where k; are constants depending only on d and G(] Ky, +0]), see for instance Theorems (6.1) and
(6.75) in [I7]. Thus there exists A(G,d) > 0 such that E[exp(AX1)] < oo, and we get

Plpa(pA, h(p)) > BHI L (pA)] < caH¥ H(pA)h(p)kie " 2MP)
+ Elexp(A X )]ca?" ™ (pA) g = ABHT (pA) /Ko | (3.2)

Since limy o h(p)/log p = 400, the first term of the right hand side of (3.2)) vanishes when p goes
to infinity. We can choose B(G, d) large enough such that the second term of the right hand side of
(3.2) vanishes too when p goes to infinity, and we get

Jim Plp(pA, h(p) > BH (pA)] = 0.

Since for every K € R, ¢ (pA, h(p)) < ¢c(pA, h(p)) by coupling (see Equation (2.9)), we get for
the same [ that
VK €RT,  lim Plogr (pA, h(p)) > BH (pA)] = 0. (3.3)

By Theorem we know that for every K € RT,

- . ¢cx (pA,h
I/GK(U) = pll{gow

Combining (3.3)) and (3.4]) we conclude that vgx (¥) < g for all K, thus v (¥) = limg 00 Vor (V) <
8 < oco. This ends the proof of Proposition [3.3]

a.s. (3.4)

|
Finally we state that v satisfies some weak triangular inequality.

Proposition 3.4. Let G be a probability measure on [0,400] such that G({+00}) < p.(d). Let
(ABC) be a non-degenerate triangle in R? and let T4, U and To be the exterior normal unit vectors

to the sides [BC],[AC], [AB] in the plane spanned by A, B,C. Then
M ([AB))vg(Tc) < H'([AC])va(TB) + H' ([BO))va(Ta) -

As a consequence, the homogeneous extension of vg to R, defined by

ve(0) = 0 and Vi € RE~ {0}, ve(@) = |[d]ave <H5H>
2

s a convex function.

14
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This proposition is a direct consequence of the corresponding property already known for G
for all K, see Proposition 4.5 in [27] (see also Proposition 11.6 and Corollary 11.7 in [4]).

3.2 Truncating capacities

We first need a new definition. Given a probability measure G on [0, 4+-0c], a unit vector 7 € S~
a non-degenerate hyperrectangle A normal to @ and a height function h : N — RT, we denote
by Eg(pA,h(p)) the (random) cutset that separates the top from the bottom of the cylinder
cyl(pA, h(p)) with minimal capacity, i.e., ¢g(pA, h(p)) = Ta(Eq(pA, h(p))), with minimal car-
dinality among them, with a deterministic rule to break ties.

Furthermore, in this section, if £ C E? is a set of edges and C' = cyl(A, h) a cylinder, we shall
say that E cuts C efficiently if it cuts the top of C from its bottom and no subset of £ does. Notice
that Eq(pA, h(p)) cuts cyl(pA, h(p)) efficiently.

Proposition 3.5. Let G be a probability measure on [0,+00] such that G({+oo}) < pc(d). Then,
for any € > 0 and a > 0, there exist constants K1 and C < 1 such that for every K > K;, every
unit vector v € S, every non-degenerate hyperrectangle A normal to T, every mild height function
h: N~ R*Y, and for every p € Nt large enough, we have

P [pc(pA, h(p)) = dax (pA, h(p)) + ep™™ and carde(Egx (pA, h(p))) < ap?™] < CMP)

Let us say a few words about the proof before starting it. Proposition [3.5] is the equivalent of
Lemma [2.9| in the study of the time constant. The proof of Proposition |3.5|is thus inspired by the
proof of Lemma[2.9] The spirit of the proof is the following: we consider a cutset E which is minimal
for the truncated GX-capacities. Our goal is to construct a new cutset E’ whose G-capacity is not
much larger than the G¥-capacity of E. To obtain this cutset E’, we remove from F the edges
with huge G-capacities, and replace them by some local cutsets whose G-capacity is well behaved.
In fact, the construction of these local modifications of F is in a sense more natural when dealing
with cutsets rather than geodesics.

Before embarking to the proof of Proposition[3.5] let us state a lemma related to renormalization
of cuts. For a fixed L € N*, we define Ay = [~L/2,L/2]%, and we define the family of L-boxes by
setting, for i € Z¢,

The box Ap(i) is the translated of the box Ay by a translation of vector Li € Z¢. A lattice animal
is a finite set which is Z%connected. For E C E, let

IE) ={jeZ’: ENnAL() # 0}
be the set of all L-boxes that E intersects.

Lemma 3.6. Let A be a non-degenerate hyperrectangle and h a positive real number. Let [(A,h)
denote the minimum of the edge-lengths of cyl(A, h). Suppose that E C B¢ cuts cyl(A, h) efficiently.
Then, T'(E) is a lattice animal. Furthermore, there exists a constant cq depending only on d such
that if I(A,h) > cqL,

card.(F)

card,(I'(E)) < ¢4 T

(3.6)
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Proof :
Let us prove that I'(E) is a lattice animal. Since E cuts cyl(A, h) efficiently, we know that E is
somehow connected. More precisely, let us associate with any edge e € E4 a small plaquette that
is a hypersquare of size length 1, that is normal to e, that cuts e in its middle and whose sides
are parallel to the coordinates hyperplanes. We associate with E the set E* of all the plaquettes
associated with the edges of E, and we can see E* as a subset of R?. Then E* is connected in R?
(see [23] Lemma 3.17 in dimension 3, but the proof can be adapted in any dimension). Thus I'(E)
is Z?-connected.

Now, let us prove . We shall denote by A’ the enlarged box

NG ={r+Li:rvechy} = U AL(j). (3.7)
JEZ: [i-]llo<1
First of all we prove that for every i € Z%, if EN Ay (i) # 0, then carde(E N A% (i)) > L/2. Let e be
an edge in F N Ag(i). Since E \ {e} is not a cutset, there exists a path v = (zg, e1,21,...,€n, )
in cyl(A, h) from the top to the bottom of cyl(A, k) such that v does not intersect £\ {e}. Since E
is a cutset, this implies that e € v. We will prove that locally, inside A (i) \ Az (i), the set E must
contain at least L/2 edges. To do so, we shall remove e from « and construct of order L possible
bypaths of e for v inside A (i) \ AL (i), i.e., L/2 disjoint paths 4/ such that v C A’ (i) ~ A(i) and
the concatenation of the two parts of 4 \ {e} and of 7/ creates a path in cyl(A, h) from the top to
the bottom of cyl(A, h), see Figure
For all k € [L/2,3L/2] NN, let V}, be the set of vertices that lies on the faces of Ag(i), .e.,

Vi = {z+ Li: z € 0Ay}
and let Ej be the set of edges between vertices in Vi,
Ek: = {<IIZ‘,y> € Ed 1Ty € Vk}

When looking at Figure [I} one sees that the graph (Vj, E}) forms a kind of shell that surrounds
the box Ar(i). Then any two points x,y € Vj, are connected by a path in (Vj, Ey), and if =,y also
belong both to cyl(A, h) and h is at least ¢4 L for some constant ¢y depending only on the dimension,
x and y are also connected by a path in (Vi Ncyl(A, h), By Ncyl(A, h)). Let k € [L/2,3L/2] N N.

We claim that the set (v~ {e}) U (Ex Ncyl(A, h)) contains a path from the top to the bottom
of cyl(A,h). Let us assume this for the moment, and finish the proof of the lemma. Since the set
(v~ {e}) U(ErNcyl(A4, h)) contains a path from the top to the bottom of cyl(A, h), we know that
E,. must intersect the cutset F. Since the sets Ej are disjoint, we conclude that

carde(E N A (1)) > card([L/2,3L/2]NN) > L/2.
This implies that

IN

Y carde(ENAL(®E) < D carde(ENA7(E)
iel'(E) iezd

Z Z carde(F N AL()))

i€Z4 JeZd : [[i-jlloo<1

g card,(I'(E))

IN

< Z cardo(E N AL(j))card({i € Z : [Ji — jlloo < 1})
jezd
< 3¢ Z carde(ENAL(j)) < cgcarde(E).
jezd
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A to the top of cyl(A, h)

path « from the top to
the bottom of cyl(A, h)

~—OA’ (i)

]

0Nk (i)

OAL (i)

T edgee € ENvy

xy,

path 4 from x;,
to zy, in (Vk,Ek)

Y to the bottom of cyl(A4, h)

Figure 1: The path 7 and the sets Vi (d = 2).

It remains to prove the claim we have left aside, i.e., that the set (v ~\ {e}) U (Ex N cyl(A,h))
contains a path from the top to the bottom of cyl(A, h). Suppose first that o and z,, do not belong
to Agi(i). Then let

li = min{l : z; € Ao (1)} and Iy = max{l : z; € Agy(i)},

see Figure |1l There exists a path 4/ from z;, to x;, in (Vi Ncyl(4,h), Ex Ncyl(A4,h)). We can
now concatenate the paths (zg,e1,...,2;,), 7 and (z,,...,2,) to obtain a path from the top to
the bottom of cyl(A, h). Suppose now that xo € Agx(i). Thus, if (A, h) is at least ¢4L for some
constant cq depending only on the dimension, z,, ¢ Asx (i) and there exists a vertex y € VyNB1(A, h)
(B1(A, h) is the top of the cylinder). We define as previously

Iy = max{l X € Agk(l)}

There exists a path 4" from y to z;, in (VixNcyl(A4, h), ExNcyl(A, h)), and we can concatenate 7' with
(14, ..., %) to obtain a path from the top to the bottom of cyl(A, k). We can perform the symmetric
construction if x,, € Agi(i). Thus for every k € [L/2,3L/2] NN the set (v~ {e}) U (Ex Ncyl(A, h))
contains a path from the top to the bottom of cyl(A, h).

|
Proof of Proposition Let G be a probability measure on [0, +00] such that G({+o00}) <
pe(d). We use the natural coupling tox(e) = min(tg(e), K) for all e € E4 Let Ky be such
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that G(]Ko,+o0]) < pe(d). We shall modify Eqx (pA, h(p)) around the edges having too large
G-capacities in order to obtain a cut whose capacity is close enough to ¢ox (pA, h(p)) (for K large
enough). We recall that Cg k,(f) is the connected component of the edge f in the percolation
(L (e)> Ko € € EY). For short, we write S(e) = 9.Cq K, (e), the edge-boundary of Cg, k,(€) sepa-
rating e from infinity, see Figure [2|

cyl(pA, h(p))

—\— an edge e € F(p), i.e.,
e e € Egx (A, h(p)) and tg(e) > K
the dual of E,x (pA, h(p))
[ J
&\ the dual of S(e) = 8.Cq, i, (€)

Ca,K,(€)

Figure 2: The cutset Egx (pA, h(p)) and the set S(e) for e € F(p) (d = 2).

Define also
F(p) = Fgk(pA,h(p)) = {e € Egx(pA,h(p)) : tc(e) > K} .

We collect all the sets (S(e),e € F(p)). As in the proof of Proposition from this collection we
keep only one copy of each distinct edge set. We obtain a collection (.S;)i=1,. , of disjoint edge sets.
For every i € {1,...,7}, let f; € F(p) such that S; = S(f;). Let us define

(5 M eyl(pA, h(p)) -

=

E'(p) = Fg x(pA h(p)) = (Egx (pA, h(p)) \ F(p)) U |

We consider the event

5&1(0 (cyl(pA, h(p)),h(p)) = ﬂ {diam C¢ g, (e) < h(p)} -
eccyl(pA,h(p))NEL

First, we claim that on the event & . (cyl(pA, h(p)), h(p)), the set E'(p) cuts the top from the
bottom of cyl(pA, h(p)). Indeed, suppose that v is a path in cyl(pA, h(p)) joining its bottom to its
top. Since Eqx (pA, h(p)) is a cutset, there is an edge e in Egx (pA, h(p)) N~y. If e does not belong
to F'(p), then e belongs to E’(p) and thus ~ intersects E’(p). If e belongs to F(p), denote by x (resp.
y) a vertex belonging to v and the top of cyl(pA, h(p)) (resp. to v and the bottom of cyl(pA, h(p))),
and let i € {1,...,7} such that e € int(S;) = int(S(f;)). On the event & - (cyl(pA, h(p)), h(p)), =
and y cannot belong both to int S(f;), otherwise diam Cg , (fi) would be at least 2h(p) —2 > h(p)
(at least for p large enough). Thus, v contains at least one vertex in ext S(f;) and one vertex (any
endpoint of e) in int(S(f;)). Thus, at least one edge €’ of v must be in S(f;), and since 7 is included
in cyl(pA, h(p)), ¢ must be in cyl(nA, h(p)) N S(f;). Thus ¢’ € E’(p) and this proves that E’(p)
cuts the top from the bottom of cyl(pA, h(p)).
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3 CONVERGENCE OF THE MAXIMAL FLOWS 3.2 Truncating capacities

Now, on the event & i (cyl(pA, h(p)), h(p)) we get

b6 (pA, h(p)) < b (pA, h(p)) + Ko 3 cardo(Sy). (3.5)
=1

Moreover, still on the event £ g (cyl(pA, h(p)), h(p)), we notice that if we replace a single edge e
of F(p) by (S(e) Ncyl(pA, h(p))) in Egx (pA, h(p)) we obtain a new set of edges that is still a cutset
between the top and the bottom of cyl(pA, h(p)) (this could be proved by a similar but simpler
argument than the one presented to prove that E’(p) is a cutset). By minimality of the capacity of
Eqx (pA, h(p)) among such cutsets, we deduce that

Ve € F(p), Kocarde(S(e)) > K. (3.9)

We recall that carde(S(e)) < cqcardy(Cg k,(e)). Furthermore, notice that if el = (2},2?), then

) €)).
Crk,(e) = O, (2})UCK, (2?) and card, (Ck,(e)) < cardy(Ck,(2})) +cardy(Ck,(2?)). Consequently,

maluécard (Ck, (7 1)) > cardy(Cr (€))/2
j=

Let us denote by B the event whose probability we want to bound from above:
B := {¢(pA, h(p)) > dgr (A, h(p)) + ep’™" and carde(Egx (pA, h(p))) < ap’'}
and for positive 8, v and for z1, ...,z in Z%, let

(Ca Ky (xi))i>1 are pairwise disjoint,

B iy (w1, ... 283 8,7) = Sk cardy(Ca iy (25)) > B
and Vi =1,...,k, cardy(Cq K, (x:)) > v

If EC E? and x € Z¢, we say that « € F if and only if z is the endpoint of an edge e that belongs
to E. We obtain this way

P [B N &Gk, (cyl(pA, h(p)), h(p))]

- p JE CE? : carde(E) < ap?™t, E cuts cyl(pA, h(p)) efficiently,
=7 | 3k >0, 31,0 € B such that Bk, (21, 245§, 5 ) holds

As in the proof of the continuity of the time constant given by Cox and Kesten in [12], we need a
renormalization argument to localize these vertices x1,...,zr in a region of the space whose size
can be controlled. For a given i € Z? and k € N*, we denote by A(i, k) the set of all lattice animals
of size k € N* containing i. If k € RT, then we write A(i, k) instead of A(i, |k]) for short, where
|k] € N and satisfies |k] <k < k] + 1.

Let £ C E? such that F cuts cyl(pA, h(p)) efficiently. Let us denote by u € R? one of the
corners of A. We can find a path from the top to the bottom of cyl(pA, h(p)) that is located near
any of the vertical sides of cyl(pA, h(p)), more precisely there exists a constant ¢y depending only
on d such that the top and the bottom of cyl(pA, h(p)) are connected in V (u, h(p)) := {u+ 10+ @ :
[ € [=h(p),h(p)], ||W]l2 < ca} Ncyl(pA, h(p)). Thus any custset F must contain at least one edge
in V(u, h(p)). We denote by I(pA, h(p)) the set of L-boxes that intersect V (u, h(p)):

I(pA,h(p)) = {i€ Z : Ap(i) NV (u, h(p)) # 0}
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3.2 Truncating capacities 3 CONVERGENCE OF THE MAXIMAL FLOWS

Then I'(E) must intersect I(pA, h(p)), and card, (I(pA, h(p))) < cqh(p)/L.

Furthermore, Lemma ensures that for p large enough,

carde(E)

cardy(I'(E)) < ¢4 7

From all these remarks, we conclude that if E cuts cyl(pA, h(p)) efficiently and if carde(F) <
d—1
ap®, then

reye U U  AGk).

i€l(pA,h(p)) k<cqop?=1/L

Notice that for any I’ € A(i, k) with k < cyap?~1 /L, there exists I € A(i, cqap® /L) such that T C
V. Thus if carde(FE) < ap?~!, we obtain that there exists i € I(pA, h(p)) and T' € A(i, cqap® /L)
such that I'(E) C I'. For any lattice animal I', we denote by I'z, the uion of the boxes associated to
this vertex set, i.e.,

I, = U AL(
We obtain

P [B N &Gk, (cyl(pA, h(p)), h(p))]

> 2

icI(pA,h(p)) Te A(i,cqapd—1/L)

2 2. 2 2. P

icI(pA,h(p)) Te A(i,cqapi=1/L) kEN* z1,...,z €l L

dk > 0, d vertices x1,...,xr € I'f, such that
d 1
Baico (1, 7k $E s 5z ) holds

B epd=t K
Tlyeo s Ty =5 s
G.Ko ! k 2cqa Ko 2¢q Ky

IN

We now use the stochastic comparison given by Lemma We consider the set of vertices W =
{®1,..., 2k}, the percolation (1;,(e)>K,, € € E?) and associate to each vertex x; the variable Z; =
Z(x;) = cardy(Cq K, (zi)). We build the variables (Y;,1 <14 < k) as in Lemma [3.2{ and let (X;,1 <
i < k) be i.i.d. random variables with distribution card,(Cg k,(e)). Then by Lemma [3.2| we obtain
for A > 0,

k
P[Bg ko(w1,. .- 215 8,7)] = lZY >fBand Vi=1,...,k Y, ZV]
k

\ /\

lz Band Vi=1,...,k, X; >~

k

IN

67)\6152 [e)‘Xl ]le Z’Y]

k
2

k
< e ME [e”‘xl] *P[X: > ]
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3 CONVERGENCE OF THE MAXIMAL FLOWS 3.2 Truncating capacities

where we used the Cauchy-Schwartz inequality. Thus, we get

P [B N & i, (cyl(pA, h(p)), h(p))]

[NIES

d—1
A [L2AX 15 K
< ¥ XY X SEmEf I]ZP{XQMKO}
i€I(pA,h(p)) T€EA(i,cqapi=—1/L) kEN* z1,...,x €L,
d—1 d—1 _ _ k
A h(p) e cqap® LA 22X115 K 12
< e ey ey F kz ) E[e I}QP{Xl > 2ch0}
eN*
( ) cqaLd1 pl-t
h(p STy 2)X173 K 2
S CdT [8 2dKO(j <1+E[ 1]2]P)|:X1 2 2CdK0:| . (310)
Now, since G(] Ko, +o0]) < pc(d) we can choose first A = A(G, d) such that
E [62’\X1] < 00.
Then, we choose L = L(G,d, a, ¢) large enough such that
e )‘QCdKoc <1.
And finally we choose K1 = K1(G,d, a,¢) such that:
K 1 cqa L1
C(G,d,a,e) == e AQCdKOC <1+IEI[ QAXI]%P {CXm > j} ) < 1. (3.11)

Combining (3.10) and (3.11) we get

th(Lp)C(Gv da a, E)p

< C(G,d,a,s)%p

P [B N & i, (cyl(pA, h(p)), h(p))]

IN

d—1

for some C(G,d,a,e) < 1, for every K > K;(G,d,«a,e) and for every p large enough, since
limy, o h(p)/p = 0. For every edge e = (z,y), since
am(

diam(Ce iy (€) < diam(C i (1)) + diam(Cer o () + 1.,

it is easy to show that

P[EL 1, (DA, h(D))Y] < e (pA)h(p)rie 2P < o= Fh)

for some positive constants x; (see (3.1)) and for p large enough since lim, o h(p)/logp = +oo.
Since limy_,o h(p)/p = 0, this ends the proof of Proposition

Remark 3.7. The result of Proposition [3.5 could apply, with the same constants depending on G,
to any probability measure H on [0, +00] such that H < G (we recall that the stochastic comparison

H < G is defined in (2.8])).
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3.3 Proof of the convergence I 3 CONVERGENCE OF THE MAXIMAL FLOWS

3.3 Proof of the convergence I: case G({0}) < 1 — p.(d)

To prove Theorem [2.4] we shall consider the two situations G({0}) < 1 — p.(d) and G({0}) >
1 —pc(d). The purpose of this section is to prove the following proposition, that corresponds to the
statement of Theorem [2.4]in the case where G({0}) < 1 — p.(d).

Proposition 3.8. For any probability measure G on [0,+00] such that G({+o00}) < pe(d) and
G{0}) < 1 —p.(d), for any T € S*1, for any non-degenerate hyperrectangle A normal to ¥, for
any mild function h : N — R*, we have

_ pa(pAh ,
plLIEOM = vg(0) a.s.

Proof :
Let 7 € S* 1, let A be a non-degenerate hyperrectangle normal to ¥, let h : N* — Rt be mild. Let
G be a probability measure on [0, +oo] such that G({+o00}) < p.(d). Since d,G, v, A, h are fixed,
we will omit in the notations a lot of dependences in these parameters.

In this section, we suppose that G({0}) < 1 — p.(d). For any fixed K € RT, we know by
Theorem 2.2 that a.s.

. . . 0c(pA, h(p) . Gax(pAh o
lggggf;m > pIL%M = vor (V),

e ¢c(PA, h(p))
o G\pPA, (P
R T pa)

It remains to prove that a.s.,

—

> supvgr (t) = ()
K

dc(pA, h(p))

liﬁsgp ) = va(V).
We claim that it is sufficient to prove that
Ve>0,3K() > Plopc(pA,h(p) > dar (pA, h(p)) +eH (pA)] < +oo. (3.12)

p>1

Indeed, if (3.12) is satisfied, by Borel-Cantelli and Theorem it implies that

A
Ve >0, 3K(e), as. limsup 2624 P)

msu Hd_l(pA) < ygr () +e < vg(V) +¢

and Proposition [3.8]is proved. Now for every € > 0, for every a > 0 and every 8 > 0, we have

Plpa(pA, h(p)) > dax (DA, h(p)) + eH™ ! (pA)]
< P{oa(pA, h(p)) > dgr (pA, h(p)) + eH' " (pA)} N {carde(Eqx (pA, h(p)) < ap®'}]
+ P[{carde(Egx (pA, h(p)) > ap® '} N {dgx (pA, h(p)) < BHY ' (pA)}]
+ Plpgx (A, h(p)) > BHT (pA)] (3.13)
By (B.2), since ¢ (pA, h(p)) < ¢c(pA, h(p)) by coupling (see Equation (2.9)) and lim, . h(p)/logp =

+00, we know that we can choose 8 = 8(G, d) such that for any K € R*, the last term of the right
hand side of (3.13)) is summable in p.
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3 CONVERGENCE OF THE MAXIMAL FLOWS 3.4 Proof of the convergence 11

Given this (G, d), by Zhang’s Theorem 2 in [30], as adapted in Proposition 4.2 in [27], we
know that since all the probability measures G¥ coincide on a neighborhood of 0, we can choose
a constant a(G,d) such that for any K € RT the second term of the right hand side of is
summable in p.

Given this a(G, d), by Proposition[3.5] we know that there exist some constants C = C(G, d,¢) <
1 and K;(G,d,¢) such that for every K > K;(G,d, ) and for all p large enough

P{¢a(pA, h(p)) > dar (pA, h(p)) + eH ! (pA)} N {carde(Egr (pA, h(p)) < ap®™'}] < CPP).
(3.14)
The right hand side of (3.14)) is summable in p since lim,_, h(p)/logp = 4+o00. This concludes the
proof of (3.12)), thus the convergence in Theorem is proved when G({0}) < 1 — p.(d).

3.4 Proof of the convergence II : case G({0}) > 1 — p.(d)

It remains to prove that the convergence in Theorem [2.4 holds when G({0}) > 1 — p.(d), i.e., when
vg = 0. We first deal with straight cylinders. For A = [[9Z[0, ;] x {0} (with k; > 0 for all 4) and
h € N, we denote by ¢% (A, h) the maximal flow from the top B{°(A, k) = ([[¢1[0, ki] x {h}) N Z?
to the bottom B (A, h) = ([TEL[0, ki] x {0}) NZ% in the cylinder cyl™ (A, h) = [0, ki] x [0, A
for 7o = (0,...,0,1). We recall the definition of the event g i (C, h), for any subset C of R? and
any h € R", that was given in (2.6):

Eax(C,h) = () {diam(Cek(x)) < h}.
zeCnZ?

Proposition 3.9. Let G be a probability measure on [0,+00] such that G({+o0}) < pc(d) and
G({0}) > 1 —pe(d). Let A =T[10, ki) x {0} (with k; > 0 for all i). For any function h : N+ N
satisfying limy,_, o h(p)/logp = 400, we have

o2 (pA,h(p))

lim =0 a.s.

p=oo  HI=l(pA)

Moreover, if G(]Ko, +0]) < pc(d), then we also have

lim ¢ (P4, h(p))]lfc,xo(cylﬁo (pA,h(p)),h(p))

=0 inL'.
i A1 (pA) 0

This result is in fact a generalization of Zhang’s Theorem and the strategy of the proof is
indeed largely inspired by Zhang’s proof. However, we need to work a little bit harder, because we
do not have good integrability assumptions. We thus re-use here some ideas that appeared in the
proof of Proposition [3.3] Notice that ¢¢(pA,k(p)) itself may not be integrable in general (it can
even be infinite with positive probability).

Proof :

We shall construct a particular cutset with an idea quite similar to the one we used in the proof of
Proposition Let Ky be large enough to have G(] Ko, +0o0]) < pc(d). Let h € N*. Let H be the
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3.4 Proof of the convergence I1 3 CONVERGENCE OF THE MAXIMAL FLOWS

half-space Z% ! x N. For any z € Z% D; C Z% and Dy C Z%, let us denote by {;1: % Dl} the

event

{x %) Dl} = {x is connected to D; by a path v C Ds s.t. Ve € v, tg(e) > 0}

For any z € Z4~! x {0}, we define the event
Foy = {mﬂzd—l x {K}} .
’ a0

Let z € A. If F, occurs, we associate with @ the set 9.Cc 0 (z), that is by definition made of edges
with null capacity. If Fj, s occurs, we associate with z the set 0.Cq i, (), see Figure [3 We consider

RI-1 x {¢
R ()
a path from y to Z%~1 x {¢} in H
0 with edges of strictly positive G-capacity
Ca,Kx,(y)
Ca,o(z)
° the dual of 0.Cq, Kk, (V)
‘& [ X N ] y ’
o0 ° A HT H

*° \. e 0.9 \—y € As.t. Fy 4 occurs
\ z € As.t. F, occurs
the dual of 9.Cq o(x)
Figure 3: The construction of the cutset E'(A,¢) in cyl®(A,£) (d = 2).
the set
E'(A0) = U 0eCqo(z) | U < U 5eCG,KO($)> Neyl™(A,0).
TxE€ANZE Fe, z€EANZ , Fy g

We consider the good event

gG,KO (Cylﬁo (Aa 6)7 6) = m {diam(CG,KO (1:)) < g} :
zecylP0 (A,0)NZd

We claim that on Eg r, (cyl®(A, £),£), the set E'(A,f) cuts the top BY™(A, () from the bottom
BgO(A,E) in the cylinder cylﬁO(A,E). Let v = (xo,€1,21,...,€n,Ty) be a path from the bottom to
the top of the cylinder cyl® (A, ¢). If Fy , occurs, since x,, € Z3 1 x {¢}, then x,, € ext(0.Cq 0(z0)),
thus  has to use an edge in 9.Cq o(x) Nyl (A, £). If F, ¢ occurs, on 5G7K0(cy160(14, ?),¢) we know
that x,, € ext(0:.Cq K, (20)), thus v must contain an edge in 9.Cgq i, (o) Ncyl”* (A, £). We conclude

24



3 CONVERGENCE OF THE MAXIMAL FLOWS 3.4 Proof of the convergence 11

that on Eg x, (cyl™ (A, £),£), E'(A, ) is indeed a cutset from the top to the bottom of cyl® (4, ).
Thus on Eg i, (cyl™(A, 1), 1),

R (A L) < Ko Y. 1p,, carde (0:Cq k,(2)) < caKo Y. 1p,,cardy (Ca (@) . (3.15)
rEANZA r€EANZA

For every z € Z4! x {0}, let us define
R, = 1p,, cardy (Co.r, (@)

and for every D € J = {[[% [li, 1] = Vi, 0 <1; < I}, let us define

Xp= Y R..
zeDx{0}NZ?

For every ¢, the process (X ,‘5, D € J) is a discrete additive process. By classical multiparameter
ergodic Theorems (see for instance Theorem 2.4 in [I] and Theorem 1.1 in [28]), if E[RS] < oo, then
there exists an integrable random variable X such that for every D = Hf;ll [0, k;] (with k; € N* for
all i),

1

: 6oyl o7l
plggo cardy(pD 11 del)XPD =X" as.andin L (3.16)

and E[X*] = E[R§]. Moreover, by ergodicity X is constant a.s., so
X = E[R)]  as. (3.17)

We need to control the expectation of Rg to apply these ergodic theorems. For all » > 0 we have
by the independence of the edge weights

P[RS = r] < P[Fy, N {card,(Ca, i, (0)) = }]

< 2 > P {{CG,KO (0)=0C}n {v A {z}H
C': cardy (C)=r v€d,CNH G,0

< ) > PlCa(0) = C1P [0 25 20 x (1))
C': card, (C)=r v€d,CNH G0

< Y Y Pllex0)=CP |0 2 e (r 1)
C': cardy (C)=r v€d,.CNH G,0

< cqrPcardy(Co.x, (0)) = r] P {0 T L= (r 4 1)}} .
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3.4 Proof of the convergence I1 3 CONVERGENCE OF THE MAXIMAL FLOWS

Using the fact that k — P {O % 741 x {k;}} is non-increasing, we get

E[R(] = > rP[Rj=r]

reN
< Y carPleardy(Co i (0)) = 1P [0 25 2071w {0~ (r 4+ 1)}
r<t/2 G.0
+ Y car?Pleardy(Ca x, (0) = r] P {o s 2 X (- (r + 1)}}
r>0/2 .0
< caP|0 Lz (ef2 - 1} 32 2 Bleardy (e 1, (0)) = 7]
’ reN
+cg4 Z r2P [cardy(Ca, K, (0)) = r]

r>0/2

caP |0 Sy zit 2 1}] E [eardy(Co 1, (0))?]

IN

+E [Cardv(CG,Ko(0))2]1cardv(CG,KO (0))>é/2] :

Since we choose Ko such that G(]Ko, +00]) < p.(d), we know that E [cardy(Ca,k,(0))?] < oo (see
for instance Theorem (6.75) in [I7]), thus E[R§] < oo and the multiparameter ergodic theorems
mentioned above apply to get (3.16]) and (3.17). Moreover, by a dominated convergence theorem,
we obtain that

lim E [cardy (Cg, iy (0))* Leardy (s iy (0))>¢/2) = 0

{—00
It is known that at criticality, there is no infinite cluster in the percolation in half space, see [17],
Theorem (7.35). Thus G({0}) > 1 — p.(d) implies that

lim P |0 < 7741 x {¢/2 — 1}} =P [0 is connected to oo in (1 ()>0,€ € H)] =0.
{—00 G,0

Thus for all 7 > 0 we can choose £ large enough so that for every ¢ > (7, E[R’] < 1. For every

height function h : N +— RT such that lim,,_,o, h(n) = +oo, let py be large enough such that for all

p > po, h(p) > £7. The function £ — R’ is non-increasing, thus for every D = [[%Z1[0, k;] (k; > 0)

we have a.s.

. 1 h(p) ) 1 o o
0 <1 X <1 X = E|X <
> lgrjlisogp cardv(pD N Zd*l) pD = 1}£IL$P cardv(pD N Zd*l) pD [ } >1,
thus hp)
X p
lim pD =0 as. (3.18)

P2 (D x {0])
We turn back to the study of (;%0 (pA, h(p)). We recall that we supposed lim,,_,o h(p)/logp = +o0.
As in the proof of Proposition (see (3.1)), since G(] Ko, +0]) < pc(d), we have
Y PlEa ko ey (pA, h(p)), h(p))] < D caH (pA)h(p)P[diam(Ce, k, (0)) > h(p)]
peN peN

< N e’ (pA)h(p)rye )
peN

< 400,
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3 CONVERGENCE OF THE MAXIMAL FLOWS 3.4 Proof of the convergence 11

thus by Borel-Cantelli we know that

a.s., for all p large enough, &gk, (cy1®(pA, h(p)), h(p)) occurs. (3.19)

Proposition is proved by combining (3.15)), (3.18) and (3.19).

|

We now extend Proposition to the study of any tilted cylinder. We will bound the maximal

flow through a tilted cylinder by maximal flows through straight boxes at an intermediate level.

Unfortunately, at this stage, we could not prove that the convergence holds almost surely. However,

we prove that the convergence holds in a weaker sense, namely in probability. We will upgrade this
convergence in Proposition [3.11

Proposition 3.10. For any probability measure G on [0,+00] such that G({+o00}) < pc(d) and
G{0}) > 1 —p.(d), for any T € S, for any non-degenerate hyperrectangle A normal to ¥, for
any function h : N — RT satisfying lim,_, 1« h(p)/logp = +o00, we have

iy 96(PA; h(p))

P HIT (pA) = 0 in probability.

Proof :
Fix A, ¥ and h and consider a p large enough. Since ¢(A, h) is non increasing in h, we can suppose
that h(p) < p for all p. We will bound ¢g(pA, h(p)) by maximal flows through straight boxes at
an intermediate level L, 1 < L < p (in what follows L will depend on p). For a fixed L € 2N*, we
chop Z¢ into (almost) disjoint L-boxes as we already did in the proof of Proposition We recall
the definitions of the L- and 3L-boxes given in and : let Ay, = [~L/2,L/2)%, for i € 74
we have
Ar(Q) ={z+Li:xeAr} and A (i) = {z+Li:zeA3}.

For every L € N*, for every i € Z%, let ¢(L, 1) be the maximal flow from OAy (i) NZ? to N (i) NZ2
in A} (i) ~ Ar(i). By the max-flow min-cut Theorem,

bc(L,i) = min{Tg(E) : ECE?, E cuts AL (1) N Z4 from dA; (i) N 24 in A} (i) ~ AL(i)},

i.e., roughly speaking, ¢¢(L,1) is the minimal capacity of a cutset in the annulus A’ (i) ~ Az (i).
For every i € Z¢, let Eg(L,i) be a minimal cutset for ¢g(L,i). We choose L = L(p) such that
h(p) is large in comparison with L, in the sense that no 3L-box can intersect both the top and the
bottom of cyl(pA, h(p)). Thus we can choose L(p) = 2|h(p)/cq] for some constant ¢; depending
only on the dimension. Let J(pA, L) be the indices of all the L-boxes that are intersected by the
hyperrectangle pA (see Figure {4)):

= {iczZ?: pAnAL(i) #0}.

Let us prove that inequality (3.20]) holds:

¢a(pA, h(p)) < da(L,i) (3.20)

ieJ

by proving that Uijcy Eg(L, 1) is a cutset for ¢g(pA, h(p)). Let v = (xo,e1,21,. .., €n,Ty) be a path
from the top to the bottom of ¢g(pA, h(p)). Since pA C UiegAL(i) and v (seen as a continuous
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O (ALG)jedy

a path « from the top to the bottom of cyl(pA, h(p))

i

pA

the dual of a set of edges that
cuts AL (i) N Z2 from

a//\/L(l) aVAS .in

AL () N AL(d)

Figure 4: The cylinders cyl(pA, h(p) and Ar(j),j € J (d =2).

curve) must intersect pA, then there exists i € J such that v N Ag(i) # 0. Since h(p) is large in
comparison with L, v cannot be included in A’ (i), thus + contains a path from OAy(i) N Z? to
OAN; (i) N Z% in A% (i) ~ AL(i), thus by definition it must intersect Eg(L,i) (see Figure [4). This
proves that Ujeg Eg(L,1) is a cutset for ¢ (pA, h(p )) thus

¢(pA,h(p)) < > Ta(Ea(L,i) =Y da(L,i).

ieJ ieJ

It remains to compare ¢ (L,1) for any fixed i € Z% with maximal flows through straight cylin-
ders. Fix i € Z¢. For every k € {1,...,d}, define

Ap(i,k,+) = {z+ Li : © € [-3L/2,3L/2)*' x [L/2,3L/2] x [-3L/2,3L/2]%*}
and
Ap(ik,—) = {z+ Li : 2 € [-3L/2,3L/2]F 1 x [-3L/2,—L/2] x [-3L/2,3L/2]%7*}

see Figure [5 I Let ¢g(L,i,k,+) (rep. ¢a(L,i,k,—)) be the maximal flow in Ap(i,k,+) (resp.
Ar(i, k, —)) from its top [—3L/2, 3L /2]*~ 1><{3L/2}><[ 3L/2,3L/2]%*N7Z4 (vesp. [-3L/2,3L/2]* !
{—3L/2} x [-3L/2,3L/2]4"*NZ%) to its bottom [-3L/2,3L/2]* ' x {L/2} x [-3L/2,3L/2] *nz?
(resp. [-3L/2,3L/2]* 1 x{—L/2}x[-3L/2,3L/2]4*nZ%), and let Eg(L, i, k,+) (rep. Eg(L,i, k, —))
be a corresponding minimal cutset.

We claim that for every L € N*, for every i € Z%, Ui, _ U¢_| Eq(L,1i,k,1) cuts O(AL(i)) N Z2
from A(A% (i)) N Z4 in A (i) \ AL (i), we have

d

pa(L.i) < Y. > oa(L,ik,l). (3.21)

I=+,— k=1

We now prove this claim. Let v = (zq, 1,21, . ., €n, T,,) be a path from d(A L (i))NZ% to (A% (i))NZ4
in A7 (i) N Ap(i). Let
j = inf{i € {0,...,n} : z; € O(AL(i))}.
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\_‘ : KL(i,l,-i-) EE : KL(i,2,+)
K G, A RuG2,-)

Ar(i)

\ The dual sets of the cutsets:
EG(L7 i7 2a +)

[ EG(L7 i7 1’ +)

EG(L7 i1, _)
ﬁEG(L7i72’_)

g

A7)

Figure 5: The cylinders Ay (i), A (i) and Ap(i, &, 1) for k € {1,2} and [ € {+, -} (d = 2).

Then there exists k € {1,...,d}, | € {+, —} such that
xj = [~3L/2,3L/2]* ' x {I3L/2} x [-3L/2,3L/2]%7*
thus z; € Ay (i, k,1). Let
J=inf{i<j:Vi'e{i,....j}, xzp € Ap(i, k,1)}.

Then by continuity of v we know that z; € Ar(i, k,1) but xj has a neighbor outside Ap(i k1)
By definition of j, since j' < j, x; can be only on one side of the boundary of Ar (i, k,1), precisely
zjy € [-3L/2,3L/2]F~1 x {IL/2} x [-3L/2,3L/2]4"*. Thus the subset of v between z; and z; is
a path from the bottom to the top of 1~\L(i, k,1), thus it must intersect Fq(L,1,k,1). This proves
that Ui—y — U, Eg(L,i,k,1) cuts O(AL(i)) N Z2 from O(A] (1)) N Z% in A (i) ~ AL(i), thus (3.21)

is proved.
Combining (3.20]) and (3.21]), we obtain that for every L, for every p large enough,

d
¢G(pA7 h’(p)) < Z Z Z¢G(Lalak7l) (322)

i€d I=1,— k=1
For short, we denote by £(L, 1, k, 1) the event &g g, (./NXL(i, k,1), L) defined by
E(L,i, k1) := ﬂ {diam(Cq k,(z)) < L}
w€A L (ik,1)NZd

foranyi e J, ke {1,...,d} and I € {+,—}. On one hand, by symmetry and invariance of the
model by translations of integer coordinates, we have, for any such (i, &, 1),

E[¢G(La ik, l)]lé'(L,i,k,l)] = E[¢G(Lv 0,d, +)18(L,O,d,+)] = E[d’g} (LDv L)]lgc,KO (cylf"O(LD,L),L)]
with D = [0,3]47! x {0} and ¢™ defined as in Proposition By Proposition we know that

. E[(#C)TQ(LDvL)]ISG,KO(cylﬂO(LD,L),L)]
lim

Jim_ T =0. (3.23)
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3.5 Proof of the convergence 111 3 CONVERGENCE OF THE MAXIMAL FLOWS

On the other hand, let A' by a hyperrectangle a bit larger than A, namely
Al = {z4 W :x€ A, 0o <1, w-7=0}.
We recall that the event &g k, (cyl(pAl, h(p)), L) is defined by

&, i (cyl(pA', h(p)), L) = N {diam(Cgk,(z)) < L}.
zecyl(pAl,h(p))NZd

Notice that for all i € J, we have A (i) C cyl(pAl, h(p)) at least for p large enough since we choose
L = L(p) = 2|h(p)/cq] for some constant ¢y depending only on the dimension. Then

d
Ec,i0 (cyl(pAT, h(p). L) € () () [ E(L 1k 1)
i€d I=+,— k=1
By (3.22)) we obtain
El¢c(pA, h(p)) e, o (eniwar vp).n)] _ Eloc@A ), nd i)
d—1 = a1
p p

1 d
< FZ > D Elpa(L,i, b, Dlgr k)

ied I=+,— k=1

- 2dL4~! card(J) Elgq (LD, L)]ISG’KO (eyl%0 (LD, L), L)}
= pd—l [d-1 ’

and it remains to notice that L = L(p) goes to infinity and card(J)L(p)¢~!/p?~! remains bounded
when p goes to infinity to conclude by (3.23)) that

. Elpa(pA, h(p))Leg i (eyi(pat h(p)).1)]

lim = = 0. (3.24)

For every nn > 0, we obtain as in (3.1]) that

Plpc(pA, h(p)) = np®~']

>
< P,k (cyl(pAY, h(p)), L)) + Ploc(pA, B(D) Leg i, (eitpat he),L) = 107 ]
Bl (pA h(p) e i (eyipar h)).1)]

pd—l

IN

e (PA h(p)rre =) 4

that goes to zero when p goes to infinity since h(p) < p, L(p) = 2| h(p)/cq| and lim,_,o h(p)/log(p) =
+00.

3.5 Proof of the convergence III: end of the proof of Theorem [2.4

At this stage, what remains to prove to finish the proof of Theorem [2.4]is to strengthen the mode
of convergence in Proposition [3.10] This can be done easily using the continuity of G — vg, i.e.,
Theorem 2.6
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Proposition 3.11. We suppose that G — vg(U) is continuous, i.e., if G and (Gn)nen are probability
measures on [0,400] such that G({+00}) < pc(d) and for all n € N, G,({+0}) < pc(d) and
Gp 4 G, then

lim sup |vg, (V) —va(9)] = 0.

0 pesd-1
For any probability measure G on [0, +00] such that G({+o0}) < p.(d) and G({0}) > 1 — p.(d), for
any U € S, for any non-degenerate hyperrectangle A normal to ¥, for any function h : N — Rt
satisfying limy,_, o h(p)/logp = 400, we have

i 26@A D)
pooo HITl(pA)

Proof :
Let ¥ € ST '. Let G be a probability measure on [0, +oc] such that G({+o0o}) < p.(d) and
G({0}) > 1 — p.(d). By Proposition this implies that vg(7) = 0. let A be a non-degenerate
hyperrectangle normal to @, and let h : N* — R* such that lim,_,o h(p)/logp = 4+00. Suppose
first that h also satisfies limy,_,~ h(p)/p = 0.

For any € > 0, we denote by G the distribution of the variables tg(e)+e. Obviously *G({0}) =0
thus Proposition [3.8] states that

P THIT(pA)

Moreover, by coupling (see Equation (2.9)), ¢c(pA, h(p)) < ¢-c(pA, h(p)), thus

: oG (A, h(p))

= ve(U) as.

< veg(U)  as. (3.25)

To conclude the proof, we will use the continuity of G — vg: since °G %y G when ¢ goes to 0 we
obtain that
lim v=(0) = vg(v) = 0. (3.26)

e—0

Combining (3.25) and (3.26|) we obtain that

e (pA)

=0 a.s.

If h does not satisfy lim, o h(p)/p = 0, define h(p) = min(h(p), v/P) for all p € N*. Then h is
mild, thus we just proved that

i 96(PA h(p))

P R () =0 a.s.

Moreover, since iL(p) < h(p) for all p € N*, any cutset from the top to the bottom of cyl(pA, ﬁ(p))
is also a cutset from the top to the bottom of cyl(pA, h(p)), thus by the max-flow min-cut Theorem
we obtain that ¢g(pA, h(p)) > ¢c(pA, h(p)) for all p € N*. This allows us to conclude that

o deA D) _ o da(pA hip))
SO THEpA) S R )

This ends the proof of Proposition [3.11}

=0 a.s.
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4 SUBADDITIVITY

Remark 3.12. [t is worth noticing that this proof does not use Propositions[3.9 or Proposition[3.10)
directly. However, we need these intermediate results to prove the continuity of G — vg that we use
here.

4 Subadditivity

As mentioned in section [2.4] expressing the flow constant as the limit of a subadditive and integrable
object is crucial to prove its continuity. This is the purpose of the present section. The first idea
is to take the capacity of a cut which in a sense separates a hyperrectangle A from infinity in a
half-space. This will ensure subadditivity. However, in order to have a chance to compare it to the
flows that we used so far, one needs the cut to stay at a small enough distance from A so that it will
be flat in the limit. In addition, to ensure good integrability properties, one needs this distance to
be large enough so that one may find enough edges with bounded capacity to form a cutset. These
constraints lead to searching for a cutset in a slab of random height, which height is defined in (4.1J).

Let 7 € S% ! and let A be any non-degenerate hyperrectangle normal to #. For any h, we
denote by slab(A, h, ¥) the cylinder whose base is the hyperplane spanned by A and of height h
(possibly infinite), i.e., the subset of R? defined by

slab(A, h,7) = {4+ rv : x € hyp(A), r € [0,h]}.
Let V(A) be the following set of vertices in Z?, which is a discretized version of A :
V(A) = {z € Z¢Nslab(4, 00, 7)¢ : Fy € Z Nslab(A, 00, 7), (z,y) € E? and (z,y) intersects A} .
Let W (A, h, %) be the following set of vertices in Z¢, which is a discretized version of hyp(A + hv) :
W(A, h,7) = {x € Z4Nslab(A, h,7) : 3y € Z2N (slab(A, 0o, T) N slab(4, b, 7)), (z,y) € B},

We say that a path v = (xg,e1,21,...,€n,2,) goes from A to hyp(A + h¥) in slab(A, h,v) if
zg € V(A), z, € W(A,h,7) and for all i € {1,...,n}, z; € slab(A, h,T) (see Figure [6). We say
that a set of edges E' cuts A from hyp(A + hv) in slab(A, h, ¥) if E contains at least one edge of any
path 7 that goes from A to hyp(A + hv) in slab(A, h, 7).

For any probability measure F' on [0, +oc| such that F({4+00}) < p.(d), for any Ky € R such
that F([Ko,+0o0]) < pe(d), we define the random height Hp g, (A) as

X JE CElst. Ve € E, tp(e) < Ko
Hrp g, (A) = inf { h > HIYHA)2@D . and E cuts A from hyp(A + ho) 3 . (4.1)
in slab(A, h, ¥)

We will say a few words about the definition of Hp ,(A) in Remark after the proof of the first
result of this section, namely Theorem [£.1] We finally define the random alternative maximal flow

ba.F i, (A) by

E c E? and E cuts A from hyp(A + Hr i, (A)V) } (4.2)

¢G,F K, (A) = inf {TG(E) : in slab(A, Hp i, (A), 7)
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slab(A, h, ¥)

a path v from
A to hyp(A + hv)
in slab(A, h, ¥)

the dual of a set of edges that cuts
A from hyp(A + hv) in slab(A, h, ¥)

Figure 6: A path 7 from A to hyp(A + h¥) in slab(A, h,¥) and a corresponding cutset (d = 2).

Notice that we do not know if the infimum in the definition (4.2]) of ¢~5G, F Ko(A) is achieved. The

purpose of using two different distributions F' and G in the definition of ¢g rk,(A) is to have
monotonicity in G, which will be used later, in the proof of Proposition [5.4]

Finally, we say that a direction ¥ € S~! is rational if there exists M € Rt such that M has
rational coordinates. N

Now, we will prove that these flows ¢ r K, (A) properly rescaled converge for large hyperplanes
towards v (¥) (as defined in (2.4)), and thus obtain an alternative definition of (7). This will
be done in two steps. First we prove the convergence of ¢ Fx, (pA)/HIL(pA) towards some limit
VG, F K, (U) by some subadditive argument in Theorem Then, we compare dg.r i, (pA) with
oc(pA, h(p)) to prove that Ug r i, (V) = ve(¥), and this is done in Proposition

Theorem 4.1. Let G be a probability measure on [0,4o00] such that G({+00}) < pc(d). For any
probability measure F on [0,400] such that F({+oc}) < pe(d) and G = F, for any Ko € R such
that F(|Kg, +00]) < pe(d), for any rational © € S, there exists a non-degenerate hyperrectangle
A (depending on T but neither on G, F nor on Kg) which is normal to ¥ and contains the origin of
the graph Z¢ such that

_ . Eldc rk,(pA)]
VG, F K, (V) := pleng* A (pA) <0
and _
. (bG,F,K()(pA) o~ . . 1
pli}llgom = VG’F’KO('U) a.s. and in L~ .
Proof :

Let G be a probability measure on [0, +o0] such that G({+o0}) < p.(d). Let F be a probability
measure on [0, +o0o] such that F'({+o00}) < pc(d) and G < F. Let K¢ € R such that F'(] Ko, +o0]) <
pe(d). We consider a fixed rational © € S¥! and H, the hyperplane normal to #' containing 0.
Since v is rational, there exists a orthogonal basis of H of vectors with integer coordinates, let us
call it ( ﬁ, ceey fc},l). Then, we take A to be the hyperrectangle built on the origin and this basis:
A= {0\ fi Vi, A\ € 0,1]}. Notice that the model is invariant under translations by f; for
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4 SUBADDITIVITY

any 17, in the sense that the flow QgG,F,KO (AJrﬁ) with capacities t is equal to the flow ggG,RKO (A) with
capacities ¢’ defined by ¢ ((z,y)) = t((z + fi,y + f;)). Moreover, if Ay,..., Ay are hyperrectangles
included in hyp(A) with disjoint interiors and such that B = UleAi is also an hyperrectangle, we
claim that

k
b ko (B) < 06, r ko (Ai). (4.3)
i=1

Indeed, first notice that if By, By are hyperrectangles normal to ¢ such that B; C Bs, then by
definition any set of edges E that cuts By from hyp(B2 + h) in slab(Bs, ht) also cuts By from
hyp(B1 + hv) = hyp(B2 + hv) in slab(By, hv') = slab(Ba, hv), thus Hr k,(B2) > HF i, (B1). Thus
if B = Uf‘zlAi then Hp g, (B) > maxi<i<kp Hrk,(A;). For all i € {1,...,k}, let E; be a set
of edges that cuts A; from hyp(A; + Hr i, (Ai)V) in slab(A4;, Hr i, (A;), V). Let us prove that
UF_|E; cuts B from hyp(B + Hp g, (B)v) in slab(B, Hr i, (B),v). Let v = (z0,€1,21, ..., en, Tp)
be a path from B to hyp(B + Hp k,(B)¥) in slab(B, Hr k,(B), 7). Since B = UF_ A;, we have
V(B) = UF_|V(A;) thus zg € V(A;) for some j € {1,...,k}. If z, € W(A;, Hr k,(A;), ) thus
7 is a path from A; to hyp(A4; + Hp k,(A;)V) in slab(Aj, Hp k,(A;j), V), thus v contains an edge
of E;. Otherwise since Hr ,(A;) < Hrk,(B), we know that m := inf{p € {1,...,n} : z, ¢
slab(A;, Hr i, (A;),¥)} < n, thus « contains a path (zg,e1,21,...,2m—1) from A; to hyp(4; +
Hrp g, (A;)V) in slab(A;, Hp i, (A;), ) for some j € {1,...,k}, and we conclude also that v contains
an edge of Ej. Inequality follows by optimizing on T (FE;) for all i.

We now prove that ¢~5G, F K, (A) has good integrability properties. For any « € V(A) we consider
the connected component of x in slab(A, oo, @) for the percolation (14, (e)>x,), i€,

Chio (@) = {y € slab(A, 00, 7) : Y18 connected to by a path v = (zo, o, ., n) } .

s.t. Vi e {1,...,n}, z; € slab(A, 00, ¥) and tr(e;) > Ko

By definition of Hp ,(A), we know that any path v in slab(A, Hr i, (A), ) from A to hyp(A +
Hp k,(A)VU) must contain at least one edge e such that tp(e) < Ky. Thus vy cannot be included
in Ung(A)CE,KO (), and this implies that v must contain at least one edge e that belongs to
8e(Uer(A)Cg;KO (z)). This edge e satisfies (by the coupling relation [2.9)) ta(e) < tp(e) < Ko.
Thus comparing clusters in the slab with clusters in the full space, we obtain

Eldc,rio(A)] < Ko Y Elearde(9eCF k()] < cao Y Eleard,(CF, («))]

zeV(A) 2€V(A)
< 4Ky Z Elcard,(Cr i, (x))] < cqfocard,(V(A))E[card,(Cr K, (0))],
zeV(A)
and
Eldc.r.x (4)] card, (V(4))

HIT(4) < ¢q OWE[CMdu(CEK@(O))] < yKoE[card,(Cr i, (0))] < 400
uniformly in A.

We can thus apply a multi-parameter ergodic theorem (see for instance Theorem 2.4 in [I] and
Theorem 1.1 in [28]) to deduce that there exists a constant Vg r i, (V) (that depends on ¢ but not
on A itself) such that

E[¢ A b A
VG, FK, (V) = inf M = lim %L()(p) a.s. and in L',

peN+  Hi—1(pA) p=oo HI=1(pA)
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—

We now state that the limit Ug p i, (V) appearing in Theorem is in fact equal to vg(?)
We want to clarify the fact that in the proof of Proposition [4.3] below, we will use the conver-
gence in probability of rescaled flows in tilted cylinders towards the flow-constant, stated above in

Propositions [3.8 and [3.10}
Remark 4.2. We will see in the proof of Proposition below that with large probability, Hr i, (pA)
1 ~ 1
equals H Y (pA)2@=1 for p large. Since G r x,(pA) depends on F only through H41(pA)2@-1
it is thus natural that the limit in Theorem does not depend on F. Moreover, notice that the
1
function h : p — del(pA) 2(d-1) 45 mald: this is why we chose to make appear the lower bound

Hd_l(pA) 2(d1*1> in the definition (4.1) of Hr i, (pA).

Proposition 4.3. For any fized rational 7 € S, any probability measure F on [0, +0o] such that
F({+o0}) < pe(d) and G < F, and any Ko € R such that F(]Ky,+00]) < pe(d),

ﬁG,F,KO (17) = Z/G(U) N

Proof :
We first prove that vg(7) < g ri, (7). We associate with a fixed rational 7 € S?~! the same

1
hyperrectangle A as in the proof of Theorem We consider the function h(p) = H4 1 (pA)2@-1.
Then h is mild. Thus we can apply Propositions [3.8| or to state that

i 26 (PA R (P))

P2 THIT (pA) = vg(¥) in probability. (4.4)

Moreover, let v = (zg, €p, . .., €n,Tn) be a path from the bottom to the top of cyl(pA, h(p)) inside
cyl(pA, h(p)). Let k = max{j > 0 : x; ¢ slab(pA,o00,¥)}. Then z; € V(pA) and the truncated
path v = (zg, ex41, . .., oy) is a path from pA to hyp(pA+ h(p)v) in slab(pA, h(p), ¥). On the event
{Hp k,(pA) = h(p)}, we conclude that any set of edges E that cuts pA from hyp(pA+ Hp k,(pA)7)
in slab(pA, Hp i, (pA), V) also cuts any path from the bottom to the top of cyl(pA, h(p)), thus on
the event { Hp i, (pA) = h(p)} we have

(A, h(p)) < ba,r K (PA) (4.5)
Combining (4.5) and (3.1]) we obtain

Pléc (pA, h(p)) > b,k (PA)] < PIHE K, (pA) > h(p)]
P[3z € V(pA) : diam(Cr k,(x)) > h(p)/2]
card, (V (pA))P[diam(CFr x,(0)) > h(p)/2]

caHPH (pA) ki r2h®) (4.6)

ININ A

IN

that goes to zero when p goes to infinity since lim, ,~ h(p)/logp = +00. Combining Theorem (4.1
(4.4) and (4.6) we conclude that vg(7) < Vg, F Kk, (7).

We now prove that vg(v) > Vg p K, (V) for a fixed rational v € S9=1. We associate with a fixed
rational ¥ € S%! the same hyperrectangle A as in the proof of Theorem H A= {Zf;ll Ai f;
Vi, Ai € [0,1]}. Let (Wh,...,Wa—1) = (fi/llfill2,---, fa—1/|| fa—1]]2): it is an orthonormal basis of
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the orthogonal complement of ¥ made of rational vectors. We want to construct a set of edges that
cuts pA from hyp(pA + Hr i, (pA)7) in slab(pA, Hr k,(pA), U) by gluing together cutsets from the
top to the bottom of different cylinders. For any fixed n > 0, we slightly enlarge the hyperrectangle
A by considering

A" ={z+w :z € A, ||U]|joc <, W-U=0}.

Let h(p) = %d_l(pA)ﬁ as previously. We consider the cylinder cyl’(pA”, h(p)), and a minimal
cutset Eo(p, A,n) between the top BY(pA”, h(p)) and the bottom BY(pA”, h(p)) of this cylinder.
To obtain a set of edges that cuts pA from hyp(pA + Hp k,(pA)7) in slab(pA, Hp k,(pA), v), we
need to add to Ey(p, A,n) some edges that prevent some flow to escape from cyl”(pA”, h(p)) by
its vertical sides, see Figure For i € {1,...,d}, let D (p, A,n) and D; (p, A,n) be the two

hyp(pA + Hp, i, (pA)D) .

l:l . cyl?(pA", h
B (o, Ay ) y1”(p )

Dy (p, A,n) 2T ey (DL (p, A,m), 0/ %), L€ {+, -

Figure 7: The construction of a cutset that separates pA from hyp(pA + Hpg,(pA)7) in
slab(pA, Hp i, (pA),¥) (here d = 2 and the cutsets Eo(p, A,n), E{ (p, A,n) and Ef (p, A,n) are
represented via their dual as surfaces).

d — 1 dimensional sides of d(cyl(pA”, h(p))) that are normal to ;, and such that D (p, A,n) is
the translated of D, (p, A,n) by a translation of vector f(i,p, A,n)w; for some f(i,p, A,n) > 0.
We consider the cylinder cyl™% (Dzr(p,A,n),pl/4) (resp. cyl+“7i(D; (p, A,n),p"/*)) and a minimal
cutset E;" (p, A,n) (resp. E; (p, A,n)) from the top to the bottom of eyl (D (p, A, n),p1/4) (resp.
from the top to the bottom of Cyl‘HEi(D; (p, A, n),p"/*)) in the direction ;. We emphasize the fact
that the lengths of the sides of cyl™™ (D;r(p,A,n),pl/‘l) and cyl“ﬁi(Di_ (p, A,n),p"*) do no grow
to infinity at the same rate in p. We shall prove the three following properties:

(1) For every n > 0, at least for p large enough, the set of edges F'(p, A, n) defined by

d—1 d—1
F(p,A,n) = Eo(p,A,n)U (U E (p, Am)) U (U E; (p, A, n))

i=1 i=1

cuts pA from hyp(pA + Hr i, (pA)v) in slab(pA, Hr i, (pA), V).
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4 SUBADDITIVITY

(74) For every n > 0,

. OU(pAh(p) . Ta(Eolp,Am)
plbrgo ’Hd_l(pA”i) o pli{go ’Hd—l(pAn) B

v (¥) in probability .

(7i7) For alli e {1,...,d— 1}, for all I € {4, —}, for all n > 0, we have
—lw; (Dl 1/4 1
o O DI, A, pY) L Ta(Ei(p A)

oo Pl v i1 = 0 in probability.

Before proving these three properties, we show how they help us to conclude the proof. By property
(i) we know that for every n > 0, for p large enough,

b (pA) _ HNA) To(Bo(p, Am)) dz E{(p. A,1m) (a7

'Hd_l(pA) — ’Hd_l(A) ’Hd_l(pA”) 'Hd 1 4 P d—1 : :
By Theorem {4.1] -, we know that the left hand side of (4.7)) converges a.s. to Vg, F Ko( U) when p goes
to infinity. By properties (ii) and (iii), we know that the right hand side of (| converges in
probability to vg(d)HI~1(A")/HI"1(A), that is arbitrarily close to vg(?) when 7 goes to 0. We
conclude that Vg p i, (V) < vg(0).

To conclude the proof of Proposition it remains to prove the properties (i), (¢i) and (7).
The proof of property (i) is very similar to the proof of inequality so we just recall the
underlying idea of this proof without giving every details again. Indeed, if v is a path from pA
to hyp(pA + Hr k,(pA)v) in slab(pA, Hr k,(pA), ), then « starts at a vertex of V(pA), its next
vertex is inside the cylinder cyl”(pA™/?2 h(p)/2) (for a fixed n > 0, at least for p large enough) and
then after a finite number of steps it has to leave the cylinder cylﬁ(pA”, h(p)) by its top or by one
of its vertical faces. If it leaves by the top of this cylinder it must contain an edge of Ey(p, A,n),
and if it leaves by one of its vertical faces it must contain an edge of one of the E!(p, A,7).

Property (i) is a straightforward application of Proposition 3.8 N or (3.10) “

Property (ii) is a bit more delicate to prove since we cannot apply Proposition or m 3.10| here.
Indeed, for giveni € {1,...,d—1} and | € {+, —}, the base of the cylinder cyl™ lwl(Dl(p,A n), pt/*),

namely D!(p, A, n), grows at speed p in (d—2) directions and at speed h(p) (of order p2<d*1)) in one
direction. We did not take into account this kind of anisotropic growth in our study (contrary to
Kesten in [22] and Zhang in [29,30]). We can conjecture that ¢~% (D(p, A, ), p'/*) grows linearly
with p?=2h(p), with a multiplicative constant given precisely by vg(w;), but this cannot be deduced
easily from what has already been proved. However we do not need such a precise result. We recall
that the definition of the event gk, (-, ) was given in (2.6). Mimicking the proof of inequality
in the proof of Proposition we obtain that for a constant K(A,d,n), for variables (X;) that are
iid. with the same distribution as carde(Cg k,(0)), we have

Pl (DY(p, A, 1), p**) > Bp?~2h(p)]

P\ ° K(Adn)[p*2h(p)]
< P e (o Ol A .2 ) [P | Xz k)
=1
< K(A,d,n)p®2h(p)p"/ hre2r"/? 4 Elexp(AXy ) KAAmP?he) = Aseally 0 ) (4 8)
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5 CONTINUITY OF G — vg

where A(G,d) > 0 satisfies E[exp(AX1)] < oo. Since h(p) is of order pﬁ, the first term of the
right hand side of vanishes when p goes to infinity. We can choose (G, d, A) large enough
such that the second term of the right hand side of vanishes too when p goes to infinity. This
is enough to conclude that property (iii) holds.

5 Continuity of G — vg

This section is devoted to the proof of Theorem To prove this theorem we mimick the proof
of the corresponding property for the time constant, see [10], [12], [22] and [I5]. We stress the fact
that the proof relies heavily on these facts:

(1) vG(¥) can be seen without any moment condition as the limit of a subadditive process that
has good properties of monotonicity,

(17) Impg o0 Vax (0) = va (V).

We stated Theorem [4.1|to get (). Property (i) is a direct consequence of the definition of vg
itself, but we had consequently to work to prove that the constant v defined this way is indeed the
limit of some rescaled flows. As a consequence, the following proof of Theorem [2.6]is quite classical
and easy, since we already have in hand all the appropriate results to perform it efficiently.

5.1 Preliminary lemmas

Let G (resp. Gp,n € N) be a probability measure on [0, +00] such that G({+o0}) < pc(d) (resp.
Gn({+00}) < pe(d)). We define the function G : t € [0, +o00[— G([t, +o0]) (respectively G, (t) =
Gn([t,+0o0])) that characterizes G (resp. Gy). Notice that the stochastic domination between
probability measures can be easily characterized with these functions :

Gi =Gy & Vie [0, +OO[, Ql(t) > gg(t) .

We recall that we always build the capacities of the edges for different laws by coupling, using a
family of i.i.d. random variables with uniform law on ]0, 1] and the pseudo-inverse of the distribution
function of these laws. Thanks to this coupling, we get this classical result of convergence (see for
instance Lemma 2.10 in [15]).

Lemma 5.1. Let G, (Gp)nen be probability measures on [0,400]. We define the capacities tg(e)
and tg, (e) of each edge e € B¢ by coupling. If Gy, % G then

d : —
a.s., Ve € E¢, nlinéoth(e) = tg(e).

By the coupling relation (2.9)), Theorem and the definition (2.4) of v, we also get trivially
this monotonicity result.

Lemma 5.2. Let G, F be probability measures on [0,+00] such that G({+o0}) < pc(d) and
F({+00}) < pe(d). If G < F, then for all T € S*! we have vg(?¥) < vp(?).
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5 CONTINUITY OF G — vg 5.2 Upper bound

In what follows, it will be useful to be able to exhibit a probability measure that dominates
stochastically (or is stochastically dominated by) any probability G,, of a convergent sequence of
probability measures, thus we recall this known result (see for instance Lemma 5.3 in [I5]) .

Lemma 5.3. Suppose that G and (Gy,)nen are probability measures on [0, +00] such that G({4+00}) <

pe(d), Gp({+0}) < pc(d) for every n and Gy, % G. There exists a probability measure F+ on
[0, +00] such that F({+oc}) < pe(d), G, X F* for alln € N and G X F'*.

5.2 Upper bound

This is the easy part of the proof. It relies on the expression of v (?) as the infimum of a sequence
of expectations.

Proposition 5.4. Suppose that G and (Gp)nen are probability measures on [0,+00] such that
G({+o0}) < pc(d) and for alln € N, G,,({+00}) < pe(d). If G, = G for alln € N and G, 4 @,

then for any rational direction ¥ € S41,

limsupvg, () < vg(V).
n—oo

Proof :
Let # € S%~! be a rational vector, and let A be the non-degenerate hyperrectangle normal to ¥ given
by Theorem By Lemmawe know that there exists a probability measure F'* on [0, +o00] such
that F*({+oc}) < pe(d), G, < F* for alln € N and G < F*. Let K be large enough such that
Ft(]Ko, +0]) < pe(d). Let k € N*. We recall that the definition of Hp+ i, (kA) is given in (4.1)).
Let Ej be a set of edges that cuts kA from hyp(kA + Hp+ g (kA)V) in slab(kA, Hp+ g, (kA), V).
By coupling (see Equation (12.9))) we know that ¢~5G,F+,Ko (kA) < QZGTL,FtKO(kA)a and by Lemma
we have a.s.

Ta(Ey) = Z ta(e) = nh—>Holo Z ta, (e)

e€Ey ecby
> limsup gan Ko (kA) > liminf <5Gn ok (kA) > ba.p+ Ko (KA),
ni)oo b 9 n%w b bl 9 3

thus by optimizing on Fj we obtain that
Vk e N*) a.s., nlg{)l() b, r+ ko (kA) = d¢ pt+ Kk, (KA).

Moreover, for all k& € N* we have also by coupling (see Equation (2.9)) that $Gn7F+, K, (kA) <
$F+7 F+ 1, (kA) which is integrable. The dominated convergence theorem implies that

VkeN,  limE (G r+ 100 (RA)| = E [pg p+ i, (EA)] - (5.1)

By Theorem we know that vg(0) = limg_yoo E [5G,F+,K0(k‘f4)] JHI"L(kA), thus for all € > 0
there exists kg such that

E [$G,F+,Ko(k014)] B
Hd_l(koA)

v (V) >
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5.3 The compact case 5 CONTINUITY OF G — vg

Using (p.1) we know that there exists ng such that for all n > ng we have

E[%G,F+,Ko(kOA)] - E {Qan,F'*‘,KO(kOA)]
/del(koA) - /del(kigA)

—£.

By Theorem we also know that vg, (U) = infyE [QZGH’F%’KO (k:A)] JH1(kA), thus we obtain
that for any € > 0, for all n large enough,

vg (%) > vg, (U) —2¢.

This concludes the proof of Proposition

5.3 The compact case

This section is devoted to the proof of the continuity of the flow constant in the particular case

where all the probability measures we consider have the same compact support [0, R] for some finite
R.

Proposition 5.5. Suppose that G and (Gy)nen are probability measures on [0, R] for some fixed
R e [0,400[. If Gy LY G, then for any rational ¥ € S,

—»

nh_)n(go va, (V) = vg(0).

Notice that since the probability measure G (resp. Gy,) we consider has compact support, the
flow constant v () (resp. vg, (¥)) is defined via Theorem [2.2] as the limit when &k goes to infinity
of the rescaled maximal flows 7¢(kA, k) (resp. 7q, (kA,k)) defined in for a hyperrectangle
A normal to . To prove Proposition we will follow the proof sketched by Kesten in the
proof of the continuity of the time constant in [22] to avoid the use of Cox’s previous work [10].
Let us describe briefly the proof of the main difficulty, namely that liminf,,_, vg, (0) > va(?).
First, one reduces easily to the case where G,, is stochastically dominated by G for any n. Then,
0 <7q, (kA k) <1a(kA, k) and

ra(kA k) — 16, (kA k) < Y tale) —ta,(e)
eGEn(k)

where E, (k) is any minimal cutset for 7, (kA, k). If one is able to control the size of E,,(k), showing
that the probability that it exceeds k%! decreases exponentially fast in k%=1 for some k, then a
standard union bound and a large deviation argument, with the fact that Elexp(tg(e) — tg, (e))] is
close to 1 for n large enough, will show that Y .cg, i) ta(e) —ta, (e) is less than k=1 uniformly in
n large enough. Thus we need a control on the size of a minimal cutset for 7, (kA, k) in the spirit of
Theorem 1 in [30], but uniformly in n large enough. This was done in Proposition 4.2 in [27], but this
proposition requires the sequence of distribution functions of (G,,) to coincide on a neighborhood
of 0, at least for n large enough, and this does not follow from our assumptions. Fortunately,
inspecting the proof of Theorem 1 in [30] one may see that the conclusion of Proposition 4.2 in [27]
holds uniformly in n under weaker assumtions, stated in the following lemma.
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5 CONTINUITY OF G — vg 5.3 The compact case

Lemma 5.6. Suppose that Gy, is a sequence of distribution functions on [0, +oo[ such that

lim sup G, (]0,e[) — 0 (5.2)
n——+o0 e—0
and
limsup G,,({0}) <1 —pc(d) . (5.3)
n—+oo

For any k, let us denote by E,(k) a minimal cutset for 7¢_(kA, k) — if there is more than one such
cutset we choose (with a deterministic rule) one of those cutsets with minimal cardinality. Then,
there exists positive constants C, D1, Do and an integer ng such that

card (E,(k)) > BkI—1

—Dokd—1
and g, (kA, k) < gokd-1 | S Pre :

Vn >ng,V8 >0,Vke N, P

Proof of Proposition [5.5]:
Let © € S¥! be a rational direction. Let G, (Gy)nen be probability measures on [0, R] for some
R € [0,+oc[. We define G, = min(G,G,) (resp. G, = max(G,Gy,)), and we denote by G,, (resp.
G,,) the corresponding probability measure on [0, R]. Then G,, < G < G, and G,, < G,, < G,, for

alln eN, G, 4 G and Gy, % @. To conclude that lim,, 00 v, (V) = va(V), it is thus sufficient to
prove that

(¢) limsup,,_,, vg (¥) < ve(V), and
(43) liminf, o vg (V) > va(0).

Inequality (4) is a straightforward consequence of Proposition If v(¥) = 0, then inequality (i)
is trivial and we can conclude the proof. From now on we suppose that vg(v) > 0. By [29] (see
Theorem above), we know that vg(0) > 0 <= G({0}) < 1 — p.(d). Thanks to the coupling
(see equation (2.9)), we know that for every edge e € E?, we have tg (e) <ta(e).

Let A be a non-degenerate hyperrectangle normal to ¥ that contains the origin of the graph
and such that H971(A) = 1. We recall that 7¢(kA, k) is defined in Equation (2.3). It denotes the
maximal flow for the capacities (tg(e)) from the upper half part C](kA, k) to the lower half part
C4(kA, k) of the boundary of cyl(kA, k) as defined in Equation (2.2)), and it is equal to the minimal
G-capacity of a set of edges that cuts the upper half part from the lower half part of the boundary
of cyl(kA, k) in this cylinder. Since we work with integrable probability measures G and G,,, we
know by Theorem [2.2] that a.s.

Ta(kA, k)

kA k
a1 and Vgn(ﬁ) = lim 77—@"( )

k—o0 kd-1 <54)

va(U) = lim

k—o0

Now, let us denote by E,(k) a minimal cutset for 7¢ (kA, k) as in Lemma According to
Kesten’s Lemma 3.17 in [22], any such minimal cutset with minimal cardinality is associated with
a set of plaquettes which is a connected subset of R? - we will say that E, (k) is o-connected. Let
x € OA. There exists a constant ¢4, depending only on the dimension, such that for every k& € N*
there exists a path from the upper half part to the lower half part of the boundary of cyl(kA, k)
that lies in the Euclidean ball of center kz and radius ¢;. We denote by F'(k) the set of the edges
of E? whose both endpoints belong to this ball. Then FE, (k) must contain at least one edge of
F(k), and carde(F(k)) < ¢, for some constant ¢;. Moreover, given a fixed edge eg, the number of
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5.3 The compact case 5 CONTINUITY OF G — vg

o-connected sets of m edges containing ey is bounded by ¢} for some finite constant ¢4 (see the
proof of Lemma 2.1 in [22], that uses (5.22) in [2I]). Thus for every k € N*, for every 5,C,e > 0
we have

Plrg, (KA, k) < 16(kA, k) — k™ ]
< Plrg, (kA k) > BCK?!] + Plearde(E, (k) > Bk*! and 7¢ (kA k) < SOk

- > P> tale) —tg (e) > ekt

E o-connected set of edges containing ecl
some edge in F(k) s.t. carde(E) < Brd—1

< Plra(kA, k) > BCk™ '] + Plearde (E, (k) > Bk~! and 7¢ (kA k) < BCK*]

. e
+TP S tale) —te (e) > ek (5.5)
=1

where (e;);>1 is a collection of distinct edges and ¢4 is a constant depending only on d.
Let us prove that the sequence (G,,) satisfies conditions and of Lemma On one

hand, since G,, % G we have lim SUp,, 00 G, ({0}) < G({O}) <1 —pc(d), thus condition (5.3 is
satisfied. On the other hand, we know that G,, X G, i.e., G < G, thus for all n € N we have

G,({0}) = 1= lim G,(1/p) > 1 - lim G(1/p) = G({0}),
and we conclude that
lim G,({0}) = G({0}).
Let ¢ €]0,+oo[ such that G({e}) = 0. Then G,, % G implies that lim, 0 G, (¢) = G(c), thus
G,(0,e]) = 1-G,(c) = G,({0}) ——=1-6(e) - G({0}) = G(]0,¢[),

and condition (5.2)) follows from the fact that lim._,o G(]0,e[) = 0. Now, we can use Lemma [5.6 to
obtain the following uniform control:

3C, D1, Do, ng such that Vn > ng, Vg3, Vk
Plearde(Ey(k)) > k%" and 76 (kA k) < BCKI!] < Dye PR (5.6)

We can easily bound 7g(kA, k) by Yccp, ta(e) < Rcarde(Ey), where Ej, is a deterministic
cutset of cardinality smaller than cqk?~! - choose for instance Ej, as the set of all edges in cyl(kA, k)
that are at Euclidean distance smaller than 2 from kA. For any fixed C > 0, since for every edge e
we have tg(e) < R there exists a constant 5 such that

Vk e N*, Plrg(kA, k) > Ck?1 = 0. (5.7)
By Markov’s inequality, for any a > 0 we have
LBk~

S > tale) —tg, () > skd_ll S <Cd exp (_ﬁ%> E [exp (a(ta(e) - th(e)))DBk N

i=1
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5 CONTINUITY OF G + vg 5.4 Proof of Theorem 2.6

For any fixed € > 0 and 8 < oo, we can choose o = «(¢) large enough so that cqexp(—ae/5) < 1/4.
Then, by Lemma we know that lim,, o tg (e) = tg(e) a.s., and since tg(e) < R we can use the
dominated convergence theorem to state that for n large enough,

E [exp (204(15@(6) - tgn(e))ﬂ < 2.

We get
- Bk
SETP Y tele) —to () > ek < +oo. (5.8)
k>0 =1

Combining (5.5 -, and (5.8 ., we obtain that for every € > 0, for all n large enough,

N Plrg (kA k) < ma(kA, k) — ek?7Y] < 4oo.
k>0

By Borel-Cantelli, we obtain that for every € > 0, for all n large enough, a.s., for all k large enough,
¢ (kA k) > 1a(kA k) — ek,
thus by for every € > 0, for all n large enough, we have
va, (V) > va(v) —€.

This proves inequality (i7) and ends the proof of Proposition

5.4 Proof of Theorem [2.6]

Proof :

We first prove that convergence happens in a fixed rational direction ¥ € S%!. We follow the
structure of the proof of Proposition Let G, (Gp)nen be probability measures on [0, +o0o[. We
want to prove that

lim vg, (V) = vg(V). (5.9)

n—oo

We define G,, and G,, as in the proof of Proposition and we must show
(¢) limsup,,_,., vg (V) < ve(V), and
(4i) liminf, o0 vg (0) > va(D).

Inequality (i ) is still a straightforward consequence of Proposition|5.4. For every K > 0, we define as
previously G¥ = 1 iG+ G([K,+o0[)dx and GE = Lo, k(G + Gy ([I, +00[)dk . Since Gk <a,,

we know by Lemma that vgx <wvg . For every K > 0, since GE 4 GK , using Proposition
we obtain that B

hﬁgggfug (V) > nli_}n;@ugf(ﬁ) = ygx (V). (5.10)
By the definition (2.4)) of vg(¥) we know that limg o vgx (¥) = v (V). This concludes the proof

of (i7), thus (5.9) is proved.
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We consider the homogeneous extension of vg to R? defined in Proposition By Proposi-

tion for all z,y € R we have vg(z) < va(z —y) + vg(y) and vg(y) < valz —vy) + va(z)
thus

va(z) —va(y)| < valz —y). (5.11)
Moreover for all z = (z1,...,24), we have
vg(z) < vg((x1,0,...,0)) + lva((z1,22,0,...,0)) —vg((x1,0,...,0))|
+ -+ ve((z1, ...y 2q) —va((x1, ..., 24-1,0))]
< vg((21,0,...,0)) + vg((0,22,0,...,0)) + - + v5((0,...,0,z4))
< ||z|va((1,0,...,0)). (5.12)

Combining (5.11)) and (5.12)), we obtain that for all z,y € R?,

va(z) —vay)| < llz —ylive((1,0,...,0)). (5.13)

The same holds for v¢, . Since lim, v, ((1,0,...,0)) = vg((1,0,...,0)), there exists ng such
that for all n > ng, we have vg, ((1,0,...,0)) < 2vg((1,0,...,0)). For every n > ng, we have

v, 7 e ST g, (@) — va, (0)] < 2||@ - T)va((1,0,...,0)). (5.14)

Fix € > 0. Inequalities (5.13]) and (5.14)) imply that there exists n > 0 such that

sup{|vp (@) —vp(0)| : @, 7€ ST, i - 3|1 <n, Fe{G,Gn,n>no}} < .

There exists a finite set (%, ...,¥,) of rational directions in S¥~! such that

St o | Hae st . |la—ai| < n}.

s

i=1

Thus

I 7) — ve(d)| < 2+ li 5i) — va (@
e sup, P (D) —ve(@ < 26+ Jim o bon () v (7)]

and thanks to (5.9 this ends the proof of Theorem .
|
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