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Abstract

Implication bases in n-lattices are not formally defined. We clarify the dif-
ferent types of implications we need to reconstruct a concept n-lattice and show
they can be derived from the same set of implications. We use this to iden-
tify a particular type of implication base in n-contexts. Finally, we provide an
algorithm for computing implicational closures with n-dimensional bases.

Keywords:
Implications, n-dimensional lattices

1. Introduction

Implications are important in fields that deal with lattices directly such as
(obviously) lattice theory, formal concept analysis and boolean function theory
or indirectly through an interest for data like relational databases theory, arti-
ficial intelligence and data mining. They are most often understood as rules of
the form A — B that sum up the structure of the lattice and the regularities in
the data. Their variant related to lattices and bi-dimensional, object-attribute,
data has been extensively studied and, while some questions remain open, most
of the algorithmic tools one would need are available. Notably, the literature
is rich with implication bases - subsets of implications that sum up the rest -
having different properties.

Much less is known about implications related to the multidimensional gen-
eralisations of lattices and object-attribute data: n-lattices and n-contexts. In
this multidimensional case, no implication base has been defined yet. To the
best of our knowledge, only one work has addressed the matter in 3-contexts by
highlighting the various possible forms of implications and their semantic [3].
However, whether these implications allow for the reconstruction of the subja-
cent 3-lattice has yet to be shown. In order to remedy this lack of knowledge
and kickstart a more widespread use of n-contexts and n-lattices, we propose
here different implication bases for the n-dimensional case.

The remainder of this work is structured as follows: Section 2 presents
the relevant definitions and properties concerning the 2-dimensional and n-
dimensional cases, Section 3 makes explicit the implications one needs to be
able to construct the elements of an n-lattice, Section 4 shows how to obtain
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them, Section 5 highlights a type of implication base and Section 6 contains
an algorithm for computing implicational closures with those bases. Finally,
Section 7 discusses the questions that are left unanswered.

2. Preliminary Definitions and Results

2.1. Lattices

A lattice L is a structure that is defined differently depending on the domain.
In order theory, L is a partially ordered set (F, <) in which every pair of elements
e1, ez € E has both a least upper bound and a greatest lower bound. In algebra,
L = (E, A, V) with A and V being binary operations respecting the commutative,
associative and absorption laws. In this work, we will prefer the order theoretic
approach and consider our lattices to be complete - i.e. having a finite set of
elements including a greatest and a least.

Definition 1. A formal context is a triple (S1,S2, R) in which S1 and Ss are
sets and R C S1 x Ss is a binary relation between S1 and Ss.

A formal context can be represented by a crosstable. Hence, when C =
(51,52, R), the elements of S; will be called the rows and those of Sy the
columns of C.

a b ¢ d e
1| x x
2 X X X
3 X X X
4 X X
5 X X

Figure 1: A formal context C = (S, S2, R) with S1 = {1,2,3,4,5} and S2 = {a,b,¢,d, e}

For X C S7 and Y C Sy, two derivation operators are defined:

X— X' :{a€Sy|VreX,(x,a)€ R}
Y=Y :{o€S |VyeY,(oy) € R}

The composition of these two operators forms a Galois connection or, in
other words, a closure operator.

Definition 2. A formal concept of (Si,S2, R) is a pair (X1, Xs) € 29 x 252
such that X1 x Xo C R and there are no ky € S1\ X1 or ke € So\ Xo such that
(X1 U{k1}, X2) or (X1, X2 U {ka}) respects this property.



In other words, in the formal context, a formal concept is a maximal rectangle
full of crosses (up to permutation of the rows and columns). The set of formal
concepts existing in a formal context can be ordered by the inclusion relation on
one of their components. The resulting partially ordered set forms a structure
known as a concept lattice. It has been shown [4] that any complete lattice is
isomorphic to the concept lattice of a formal context. Multiple formal contexts
can correspond to the same lattice but the minimal one, called the reduced
contezt, is such that no row (resp. column) is the intersection of other rows
(resp. columns). In this reduced context, the rows and columns represent the
V- and A-irreducibles of the lattice with a cross meaning that the two elements
are comparable.

Definition 3. In a formal context, an implication is a rule A — B in which A
and B are sets of columns.

An implication A — B is said to hold in a context if every row that has
crosses on the columns in A also has crosses on the columns in B. In the
context presented in Figure 1, the implications {a} — {ab} and {bc} — {bed}
hold while {be} — {abe} does not. We will use Zo to denote the set of all
implications that hold in a context C.

Definition 4. Let T be a set of implications and S a set of columns of C. The
implicational closure of S0, noted Z(S), is the smallest set T such that S C T
and (A— B €T and ACT) implies BCT.

We have the property that Z¢(S) = S”. As such, the closure system induced
by Zc(-) is the same as the one induced by - and is isomorphic to the set of
concepts. Thus, just as the context, the implications can be used to construct
a structure that is isomorphic to the concept lattice.

Multiple implication sets can correspond to the same context/lattice. For
example, if {a} — {ab} holds, then {ac} — {abc} obviously holds too and is re-
dundant. An implication set that allows for the derivation of all the implications
that hold in a context - and only them - through the application of Armstrong’s
axioms is called a base. Different such bases, with their own properties, have
been studied, of which two are of particular interest: the Duquenne-Guigues [6]
and the canonical direct [2] bases.

2.2. n-Lattices

The structures called n-lattices are multidimensional generalisations of lat-
tices. An n-lattice £ is, first of all, an n-ordered set (E,<i,... <) in which

~n
the <, are quasi-orders on E such that N;x; $;C2,. Additionally, it requires

~t ~.

the existence of so-called (jn,—1, ..., j1)-joins, generalisations of the least upper
bound and greatest lower bound taking into consideration n — 1 quasi-orders
[12].



Definition 5. An n-context is an (n+1)-tuple C = (S1, ..., Sn, R) in which the
S; are sets and R C er{l,...,n} Sy is an n-ary relation between them.

An n-context can be seen as an n-dimensional crosstable. The 3-context C
shown in Figure 2 will be used throughout this work as a running example.

1 2 3 1 2 3 1 2 3
a | X X X X
b | x X
c| x x X X X
a B

Figure 2: An example of a 3-context with Sgreer = {, 8,7}, Siatin = {2, b, c} and Spumper =
{1,2,3}.

It can be useful to view the n-context as a building in which one of the
dimensions, d, serves as the front so that each element of S; is a floor number.
Each floor s4 € Sy is then an (n — 1)-dimensional space that contains rooms
corresponding to the coordinates (s1, ..., 84, ..., $n), s; € S;, Vi € {1,...,n}\{d}.

Many k-contexts (2 < k < n) can be constructed from the n-context. Bor-
rowing the notations from [12], let m = (71, ..., %) be a partition of {1, ...,n} into
k sets. The k-context corresponding to 7 is C™ = ([[;c,, Siy s [Lier, Sis B)
with (s', ..., s*) € R™ if and only if (s1,...,8,) € R with s; € s/ & i € 7;.

Figure 3 shows the 2-context C(tatin{number.,greek}) yegulting from the binary
partition of our Figure 2 example.

| L) (1L,B) (1) (2a) (28) (29 Ba) (BB) (39)

a X X X X
b X X
c X X X X X

Figure 3: The 2-context Cllatin,{number,greek})

Let D C {1,...,n} be a set of dimensions and D = {1,...,n} \ D be its
complement. When D is a singleton, we will write d instead of {d}. Let Sp
denote the collection (Sy | d € D). Let Xg; C Sy be a set of elements in
the dimension d, Xp = (X4 | d € D) and xp € [, S¢- The |D|-context
associated to Xp is Cx, = (Sp, Rx,,) such that, Voy € Hdeﬁ S4, T35 € Rx,,
if and only if x, 5 € R.

Figure 4 shows two 2-contexts derived from our Figure 2 example by fixing
subsets of the greek dimension.



1 2 3 1 2 3
a | X a

b | x b

c| x x c X

Figure 4: The 2-contexts C({o}) and C(g,4})-

Less formally, the contexts C(™ are obtained from C by merging dimen-
sions using Cartesian products while the contexts Cx,, are obtained by choosing
subsets of some dimensions D and keeping only what they have in common.
For example, let us go back to our building analogy. Let d be the “front” di-
mension. The floors use the other dimensions or, in other words, d. Let us
arbitrarily fix Xg = {1}. Thus, the context C1yy is the first floor. If we now
choose X4 = {1,2}, C({1,2}) is the context resulting from the intersection of the
first and second floors. That is, this context has a cross in a room iff both the
first and second floors have one. If we want D = {d;,d>} to have more than one
dimension, we can start by considering only one, obtaining Cx, . Viewing this
intersection of floors as a new (n— 1)-context/building, we can then fix the other
dimension by considering it as the new “front”, obtaining (Cx @ )x, 2 = Cxp-

We will use C%  as a shortcut to denote the context (Cx,)".

Binary partitions m = (71, 72) give rise to the derivation operators A — A™
based on the derivation operators defined on the 2-contexts C™. Similarly, 2-
elements sets D = {dy,ds2} and sets X4 C Sy, d € D give rise to the derivation
operators A — A(@1:92:Xp) hagsed on the derivation operators defined on the

2-contexts Cg?;’dQ) .

Definition 6. An n-concept of (Si,...,Sn, R) s an n-tuple (Xi,..,X,) €

[icgi,..ny 25 such that [Lici,..ny Xi © R and there are no d € {1,...,n}
and k € Sq\ Xq such that (X1, ..., Xq U {k}, ..., X)) respects this property.

In other words, an n-concept is a maximal n-dimensional box full of crosses
in (S1,...,Sn, R) (up to permutations inside dimensions).

Our Figure 2 example contains the following 3-concepts (brackets are left
out for the sake of legibility): (abe,1,a), (¢,12,a), (ab,1,a8), (a,13,8), (¢,2,a37),
(a,3,37), (¢,23,7), (ac,3,7), (0,123,a87), (abc,d,af7) and (abc,123,0).

Proposition 1. (From [12]) Let {j1,...,Jn} = {1,...,n} and X; C S;, i # jn.
Define

(nsdn—1,X—)
_ {in-dn—1}
A, =X, (1)

(jn’jn—l ,X%)
_ {indn-1}
Aj_ =4, (2)



- . ({]m]n—l}dn—zaxm) 3
In—2 7 “Mjn,Jn-1} ( )

imsdrn—1sees gl Fodk s Xgin s
A, :A({AJ Ttk }odko X (o1 }) n

{dnsdn—1s ik}

o A{dnyend2}id2)
Aj = A{jmm,jz} (5)
Then (A1, ..., Ay) is the n-concept by, ... ;, (X5-) with the property that it
has the largest jo-component among all n-concepts (By, ..., By,) with the largest

js-component among those with the largest ji-component, ..., among all those
with the largest j,-component, satisfying X; C By, i # jn. Thus, if (C1,...,Cy)
is an n-concept, then by, . . (C5-) = (C1, ..., Cy).

Implication bases in the n-dimensional case have yet to be formally defined,
which is the motivation behind this work. Ganter and Obiedkov brought up the
topic in the 3-dimensional case [3] and defined different forms of implications
that correspond to Z (d1 d3), Ic(dl dy) and Zpcay,{ag,431). However, to the best of

our knowledge, it has yet to be proven that they form a base that allows for the
construction of the elements of the 3-lattice. Despite this, the topic is growing
in popularity [7, 5, 9] and we believe that it calls for more stable foundations.

Implications ?

Lattice Context n-Lattice n-Context

3. Computing n-Concepts with Implications

An implication base of an n-context C must be a set of rules of the form
A — B that provides enough information for the construction of a set of objects
isomorphic to the set of n-concepts of C. From Proposition 1, we know that
computing the m-concepts can be done with the knowledge of the derivation
operators induced by the various 2-contexts that can be constructed from C.
In the 2-dimensional case, the composition of the derivation operators and the
implicational closure form the same closure operator. However, in Proposition



1, the computation of n-concepts is done using single derivation operators and
not their composition. Hence, we have to reformulate this proposition.

Proposition 2. Let C = (S1,..., 5, R), {j1,--sJn} = {1,...,n} and X; C S,
1 # jn. Define

(.7717]77,—17Xm)

Ajn = Xjn—l (6)
A = Z Gnin-v) (Xj,_1) (7)
X{i1sesdn—2}
Ajn—z = IC(-7‘W*-7‘7172) (Xjn72) (8)
Ajr—1YX {1 dn—3}
Aje =L 6nan (X5,) (9)

Aligt1sodn—13 X1, de—1}

Ajl = C;jmh) (le) (10)

Then (Ay, ..., Ay) is the n-concept by, _, .., (X5-) with the property that it
has the largest jo-component among all n-concepts (By, ..., B,) with the largest
Js-component among those with the largest ji-component, ..., among all those
with the largest jy-component, satisfying X; C By, i # jn. Thus, if (C,...,Cy)
is an n-concept, then b; 3 (C5) = (Ch, ., Cn).

In—1,-- n

Proof We know that (s;,,z;,) € REX:JZE)I _____ UK G e if and only if

v(ajk+l7"'7a'jn—l) € H qu‘,v
i€{k+1,...,n—1}

('Tjk7a’jk+1’ s ajn—nsjn) € RX{jl,A.A,jk_l}'

According to Proposition 1, (4;,,,, ..., A;,) is an (n — k)-concept of Cx,
This means that [[;c .11 ny Aji © Bxy,, ., From this, we deduce that
X, ¥ Hie{k+1,...,n} Aj, € Rx,, in_.y- Consequently, V(aj,, ;) € Aj, x X, ,
we have that

v(ajk+1v ) ajn71) € H Ajz‘?
i€{k+1,....n—1}

(xjk ) Ajpegrs oo Ajn_1> ajn) € RX{jl,...,jkfl}'



. ) o C (Jnsdn) )
This tells us that A;, x Xj;, C RA{ij _____ i UXGL e

If X;, = {z} € Icun,jk) , then, by definition,

A{jk+1 »»»»» Gn—1 39X ik}

VS‘ GS VCL‘ EX S T ER(jnajk)
In Jn> ( Jk ]w( Jn > Jk) A{ijrl ..... o1 3YX G, jk—l})

4

(Jnsdx)
s ,x) €R .
( In> ) A{J'k+1 vvvvv jn—l}UX{Jl ,,,,, Jk—1}

Hence, from the previous paragraph, we deduce that the fact that

Xjk — {l’} cl Ginsik)
Ca ux
{ik+1dn—1} " H{d1sdp—1}

implies that Va;, € A;,, (a;,,x) € RAM+1 _____ o YUX Gy s and, thus, that

v(ajk+l7"'7a'jn—l7a/jn) € H Aji?
ie{k+1,...,n}

(x7ajk+l7"'7a’jn—l7ajn) € RX{jl ..... Je_1}"

Consequently, (X;, U{z}) X[ Licri1,.ny Ajs © Bxy,,. 4, The tuple (X;, U
{x}, Aj,,.,...,Aj,) is thus an (n — k + 1)-dimensional box full of crosses in
Cx(5,. o ir_yy - Additionally, the fact that (A4, ,,,...,4;,) is an (n — k)-concept
of Cx,, ., ensures that (X;, U{z}, Aj,,,,...,4;,) cannot be extended on
dimensions £+ 1,...,n.

From all of this, we can see that

(Ic(jnwjk) (X]k)7 Ajk+1 PR 7A_7n)
A{jk+1=~-~»jnf1}ux{3'1 ,,,,, Jk—1}
is the (n—k+1)-concept of Cx, .
Jk+1-component among all (n — k + 1)-concepts (B, ..., B,,) with the largest
Jk+2-component among those with the largest ji4s-component, ..., among all
those with the largest j,-component, satisfying X; C B;, i € {k,...,n—1}. O

, with the property that it has the largest

As n-concepts are totally defined by n — 1 of their components, the set of
(n—1)-tuples of the form (A4;, ,,..., A;,) is isomorphic to the set of n-concepts.
Since this set can be constructed using the implications bases of the different

(Gnsik)
CA{j)C+1 ««««« J'n—l}UX{J'l ----- Jk—11}
the computation of the implication bases of all such 2-contexts.

, an implication base of C must, at least, allow for

4. Deriving the Implications of Derived Contexts

As we have seen, only two operations are needed to derive subcontexts from

C:



e partitioning the dimensions (C™)
e “fixing” a subset X, of a dimension d (Cx,).

Every 2-context K(™7) used in Proposition 2 is the binary partition of an n-
context IC = C . We will start by showing how to compute the implication

X7r1U7r2

base of Cg?]’?\{k}) from the one of Cgé)(\ii:{d})\{k}).

Let {j1,....7k} € {1,....,n}, A = {a1,...,an} with a; = (a1 j,,...,a1j,) €
[Lic(1,.. k) ) be aset of k-tuples and € S, with p € {1,...,n}\ {j1, ..., ju}.
Let us define the notation

Ax{z} = {(al,ju vy Ly ""ahjk) ‘ (al7j1’ "'aalyjk) € A}

which simply means adding to every k-tuple in A the element x at the right
position.

Ax{zq} —

Proposition 3. Icgfj\{’“” ={A— B |3de D such that |, cx,
D

Us,ex, B {za} € Icw,@u{d})\{k})}

XD\ {d}

Proof <. Let us suppose that

U Asx{za} — U B{za} € T . morann

ra€Xq rq€Xq Xp\{d}

for some d € D. This means that

ra€Xq rq€Xq

Consequently,

Vay € Sk, wa € Xa, (A C RXD\{J}U{%}U{M}) = (BC RXD\{d}U{xk}U{xd})

So,

Vo € Sk, (A C Rxpufany) = (B € Rxpufar})
Which finally means that
A—Be¢ L.\ ix)
XD
=. Let us now suppose that A — B € Icwg\{k}). This means that

XD

Vg, € Sk, (A C Rxpufary) = (B € Rxpu{asy)



However,

a € Rxpugay < {a} # {za} € Rxp (syUfar)s V2a € Xa

Consequently,

U Ax{za} — U Bx{xa} € Z . Butan sn

2q4€Xy zq€Xy XD\ {d}

O

This proposition concerns only binary partitions (71, 72) in which 7 is a
singleton. These are the only ones used in Proposition 2, and thus the only
ones which implication bases are necessary for computing n-concepts. However,
completely understanding the n-context and the various subcontexts that can
be derived from it requires knowing the derivation operators of other binary
partitions. For this reason, we would like to make sure that we can also derive
the implication bases of every binary partition.

Proposition 4. Vd € 11, Zo(ry im0y = ﬂsdesd Iciwl\f},ﬂz)
{sq}}

Proof By looking at Figure 4, it is easy to see that an implication has to hold

in every Cg;\lﬁ}’wz) to hold in C(7172) . J

5. A Type of Implication Base

Now that we know how to derive the implication bases of all the possible
binary partitions of subcontexts of C, we can identify implication bases for C.

Theorem 1. Let C = (S1,..., 5, R) be an n-context and k € {1,...,n} be a
dimension. An implication base of C**) is an implication base of C.

Proof From Proposition 2, we know that a set of (n — 1)-tuples that is iso-
morphic to the set of n-concepts of C can be computed from the implications
in binary contexts of the form Cgéc’d) where d € {1,...,n} \ {k}. From Propo-

{kody
sition 3, we know that Ic(kﬁ\{kn can be derived from Ic(k,(gu{dm{k}). Hence,
XD XD\ {d}
Vd € {1,...,n} \ {k}, Z,o.y can be derived from Z, z,. Since an implication
X

B {k,d}
base of C*:¥) by definition, allows for the derivation of Loy 1t also allows
for the derivation of Z .4y , Vd € {1,...,n}\ {k}. Thus an implication base of
X-
B (rody
CF:k) contains enough information for the computation of a set of (n— 1)-tuples
that is isomorphic to the set of n-concepts of C. [

c(k:k) being a simple 2-context, results on the implication bases of 2-contexts
apply to those of n-contexts. Most importantly, implication bases of C(**) can
be computed using known algorithms [11, 1].

10



2

(C(ﬂ-luﬂ-z)\{d}) (mi\{d},m2)
{{1}}

(m1\{d},m2)
(m1Um2)\{d}
(C{{z}} )

(o lSal, )

(m1\{d},m2)
. (mUm2)\{d}

: (C{{\sdu} )
(1Sl )

Figure 5: Illustration of the proof for Proposition 4

6. Computing Implicational Closures

Now, let us suppose that we have X— and want to compute the n-concept
bj,_1,....;: (X57) as in Proposition 2. Exphc1t1y computing the implication bases

of the 2-contexts of the form Cy Unda)  would be inefficient as many implications
{Jd Jn}

can be irrelevant and/or found in multiple contexts. In this section, we pro-
pose an algorithm for computing the implicational closure Z . (X) from an
X
[

implication base of C.

From Proposition 3, we know that, for some d € D,
Ic(k vy = 1A — B U Ax{zq} — U Bx{zq} € otk Bola () }
rq€Xy rq€Xq XD\ {d}
This gives us that, for a set A C S; and a dimension d € {k, j},

be Icg(k,ﬂ (A) < P C Icgf,{j,d}) (Q)
{k,5} {k.,i,d}

with P =, cx,(0)*{za} and @ = U,ca U, cx, (@) *{z4}. This naturally
means that

11



be ICE?,J') (A) S L C Ic(k,ﬁ)(M)
{k.5}
with L = {($1,...,$k_1,xk+1,...71‘j_17b,$j+17...7l‘n) | z; € X;,1 € {k,j}}

and M = UaGA{(‘Tl’ ey =1y Tkt 1y ooy Tj—1, Ay Tj41, ,mn) | xT; € X“Z € {k7j}}
Or, in other words,

M — L e Ic(k,?)

A naive algorithm would be, given a basis B C 7, 5, to compute B(M)
and check whether L is in it. However, B(M) can contain many unnecessary
elements.

Let B be an implication base of C(k’E)7 Cgf’j) be the 2-context in which we
[}
want to compute the implicational closure and A C S; be a set of columns of
C(k,j)
X
ey g
XW and A. Let us start by creating a list associating, to each element x €

. We propose the following algorithm to compute Z,w.; (A) from B,
X

I1, 7 Xd, the set of premises of implications in B that have x in their conclusions.
We then want to check whether there is an implication which premise contains A
in the list corresponding to each of the n-tuples [] ;75 Xa* {b} with b € S;\ A.
If this is the case, b is added to the output.

Algorithm 1 MDLClosure(B,XWA)

R+ A B
Create the lists of implications for each column of C*:¥)
for each b€ S; \ A do
Add + true
for each B € Hdede do
if there is no implication containing A x [] s Xy in its premise and

B « {b} in its conclusion then
Add + false
end if
end for
if Add then
R+ RU{b}
end if
end for
return R

The algorithm runs in O<‘HdEWXd| x |8 x |B| x K) where K is the
complexity of checking whether A x ], T X4 is in a premise.

12



7. Discussion

While the proposed implication base of an n-context is apparently a simple
implication base of a 2-context, the higher dimensionality opens new questions
and challenges some previous results. First of all, it is not certain that the
properties of the bases still hold. The Duquenne-Guigues base of C**) is the
smallest base of this context but not necessarily the smallest of C as other bases
could also be considered - including the union of the bases of the various 2-
contexts used in Proposition 2. Such results should be carefully reexamined.

The problem of actually computing the n-lattice - whole, partially, with or
without the quasi-orders - from implication bases should also be the subject
of in-depth studies. This should include improving the algorithm proposed in
Section 6 and comparing its runtime against the previously mentioned naive
approach in various scenarios.

Finally, Proposition 4 should be elaborated upon in the context of data
mining and partial implications. Indeed, while contexts of the form C(™™) with
|1] > 1 are not needed in this work, they are important for computing frequent
n-dimensional association rules [10, 9]. As was the case for the Luxenburger [8]
base in the 2-dimensional case, bases for partial implications should be defined
for n-lattices.
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