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Communicated by Giuseppe Buttazzo

Abstract

We consider the stochastic target problem of finding the collection of initial laws of a
mean-field stochastic differential equation such that we can control its evolution to en-
sure that it reaches a prescribed set of terminal probability distributions, at a fixed time
horizon. Here, laws are considered conditionally to the path of the Brownian motion
that drives the system. We establish a version of the geometric dynamic program-
ming principle for the associated reachability sets and prove that the corresponding
value function is a viscosity solution of a geometric partial differential equation. This
provides a characterization of the initial masses that can be almost-surely transported
towards a given target, along the paths of a stochastic differential equation. Our results
extend those of Soner and Touzi, Journal of the European Mathematical Society (2002)
to our setting.

Mathematics Subject Classification (2010): 93E20, 60K35, 49L25.

Keywords: McKean-Vlasov SDEs, dynamic programming, stochastic target, mass trans-

portation, viscosity solutions.

1 Introduction

Stochastic target problems are optimization problems in which the controller looks for the
set V(t) of values z of a state process X“*" at time ¢ such that it can reach some given
set K at a given terminal time 7', by choosing an appropriate control v. Such optimization
problems were first studied in [I] and [2] in which the function v(t, z) = 1—1y () is shown

to solve a Hamilton-Jacobi-Bellman equation, in the viscosity solution sense. The main
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motivation of [2) [1] is the so-called super-replication problem, in financial mathematics:
the controller looks for possible initial endowments such that there exists an investment
strategy allowing the terminal wealth to satisfy a super-hedging constraint, almost-surely
(see, e.g., [3]). But, the range of applications is obviously much wider.

Another important type of stochastic target problems concerns the case where the
terminal constraint is imposed on the mean value of a function of the controlled process. In
this case, the reachability sets take the following form: V,(t) = {z € R% : E[Z(X;:x"')] >0
for some admissible control v}, for ¢ € [0,T]. This type of constraints is also common in
financial applications. Indeed, the super-replication price is usually too high to be accepted
by buyers. This is a motivation for relaxing the a.s. super-hedging criteria by only asking
that X;’I’V € K holds, for instance, with a (high) probability p < 1. In this case, the
function ¢ takes the form ¢(x) = 1 (z) — p. For p = 1, one retrieves V' (¢). This approach
was introduced in [4] and further developed in [5] where the authors take advantage of the
martingale representation theorem to transform the constraint given in terms of the mean
value into an almost-sure constraint.

The constraint in the stochastic target problem V() is a constraint on the marginal law
IP’XtT,m,u of X;x’y, which can be embedded into a more general class of problems involving
the conditional law given the Brownian path. Indeed, using the martingale representation
theorem as in [5], the constraint in V;(¢) can be rewritten as Eg[f(X5"")] — ftT asdBs > 0
a.s. for some controls v and «, where Ep denotes the conditional expectation given B.
In particular, if we define the control # = (v, ) and the controlled process X t(2,0),7 —
(Xt ft asdBs), this reads L(P;@(;(I,O)’ﬁ) > 0 a.s. for some control 7, in which IP’? denotes

the conditional law of a random variable ¢ given B, and L(u) = [pa, g ({(x) — y)u(dz, dy).

These considerations suggest to study a general constraint: PB € G a.s. for some

t, X,V
X7

admissible control v, in which X®X* is now a nonlinear controlled diffusion defined by
S S
XXV =y / b (XX P)B;t,x,w V) du + / ou (XX, Pﬁt,x,y, Vy,)dBy, (1)
t " t “

G is a Borel subset of probability measures and x is a (random) initial position whose
distribution can be interpreted as the initial probability distribution of a population.

This general formulation is of importance on its own right as it is related to the prob-
abilistic analysis of large scale particle systems, e.g. polymers in random media, in which
one is interested in the behavior of particles conditionally on the environment. This is
also known as ‘quenched’ behaviors/properties (quenched law of large numbers, quenched
large deviations etc.), which is in general different from the so-called ‘annealed’ behaviors
obtained by averaging over the underlying random environment (see e.g. [0} [7, 8] and the
references therein). For diffusion processes, quenching boils down to making the drift and
diffusion coefficients dependent on the conditional marginal law given the environment,
while annealing corresponds to the case where the coefficients depend on the unconditional

marginal law (see e.g. [8]). We therefore coin the term quenched diffusion instead of con-



ditional diffusion to refer to SDEs of the form (|1)). For our stochastic target problem, the
constraint IP’)B}T € (G imposed on the conditional law of the diffusion process is a quenched
property for the underlying process.

One can also further identify the initial condition y as a law u. Then, our problem
can be interpreted as a transport problem. What is the collection of initial distributions
1 of a population of particles, that all have the same dynamics, such that the terminal
conditional law Piw’u, given the environment modeled by the Brownian path B, satisfies
a certain constraint. This amounts to asking what kind of masses can be transported along

the SDE so as to reach a certain set, almost-surely, at 7: V(¢) = {p: 3(x,v) s.t. ]P’f =pu

consider i.i.d. random variables (x?);>0 representing initial positions of particles following
and suppose to simplify that o is constant and b depends only on the control. If
each particle is controlled by a closed loop control v* = u(x*, B), the terminal positions
(X%Xi’”i)izo are i.i.d. given B. Therefore, a constraint on the empirical measure of the

form % Zf\il 5X;Xi7yi € G leads, by the Law of Large Numbers, to a constraint on the

conditional law Pf}; v € G, as N tends to infinity.

This kind of target problem is also encountered in e.g. agricultural crop management,
as highlighted in Example below.

The rest of the paper is organized as follows. In Section [2| we describe in details the
quenched controlled diffusion. We provide some (expected) existence and stability results,
together with a conditioning property. Section [3] is devoted to the detailed presentation
of the quenched stochastic target problem. We prove that it admits a geometric dynamic
programming principle. This is the main result of the paper. Then, one can combine the
technologies developped in [0} [10] and [2] to derive in Section 4| the associated Hamilton-
Jacobi-Bellman equation, which extends the main result of [2] to our context. In Section
we provide an alternative formulation which is more adapted to the case where the
reachability set is a half space in one direction (see [11]), we also comment on the choice
of the class of controls, and provide an interpretation in terms of control of the law of a

population of particles.

2 Quenched Mean-Field SDE

We first describe our probabilistic setting. The d-dimensional Brownian motion is con-
structed on the canonical space in a usual way. More precisely, given a fixed time horizon
T > 0, we let Q° denote the space of continuous R%valued functions on [0, 7], starting at 0,
and let F° = (F})i<7 denote the filtration generated by the canonical process B(w®) 1= w®,
w® € Q°. We set F° = Fp and endow (§2°, F°) with the Wiener measure P°. Later on,
F° = (F7)i<r will denote the P°-completion of F°.

In order to model the initial probability distribution of the population, we let Q' :=



[0,1]% be endowed with its Borel o-algebra F*' := B([0,1]¢) and the Lebesgue measure P'.
It supports the [0, 1]%uniformly distributed random variable £(w') = w', w' € Q. We
then define the product filtered space (2, F,F,P) by setting Q := Q° x Q' F = Fp where
F = (F)i<r is the P°@P'-augmentation of (F @ F"');<7 and P is the extension of P°®@P"* to
Fr. From now on, any identity involving random variables has to be taken in P-a.s. sense.
We canonically extend the random variable  and the process B on (2 by setting {(w) = &(w?)
and B(w) = B(w°) for any w = (w°,w') € Q. We still denote by F° the filtration generated
by the extended process B on . Note that it follows from [I2, Chapter 2, Theorem 6.15
and Proposition 7.7] applied to the process (t,w) € [0,7] x Q — ({(w), Bi(w)) that F is
right continuous.

Given a random variable Y € Lo(, F,P;RY) (resp. Y € Ly (Q, F,P;RY)), we let P2
(resp. Ep[Y]) denote a regular conditional law (resp. expectation) under PP of the random

variable Y given (By);<7 on R?. In particular, we have the following identifications

PE(Aw) = P (4) 2)

Ep[Y](w) [W, ) 0

for any w = (w°,w') € Q and any A € B(R?). Here, E' denotes the expectation under P*
and ]P’i,(wo y denotes the law under P* of the random variable defined on ' by Y (w®,.)(w") =

Y (w®,w'). We let P(S) denote the space of probability measures on a Borel space (S, B(S)),
and define

Py = {MGP(Rd) s.t. /Rd\xm(dx)<+oo},

where |z| is the Euclidean norm of z. This space is endowed with the 2-Wasserstein distance
defined by

W, ) o= int { /Rd e —ylPa(dr.dy) : 7w PRY xR BRS < RY)
X
1
st. m(- xRY) = pand 7(RY x ) = ;/}) 2

for pu,p’ € Py. For later use, we also define the collection P%_F ° of F°-adapted continuous
Pa-valued processes.

Let now U be a closed subset of R? for some ¢ > 1 and denote by U the collection of U-
valued F-progressively measurable processes. This will be the set of controls. Let 7° denote
the set of [0, T]-valued F°-stopping times. Given 6 € 7° and y € X2 := L%(Q, Fy, P; R?),
veU,and (bya):[0,T] x R? x Py x U — R x R¥*4 we let X%X¥ denote the solution of

ov- ov-
X. = E[x|Fon] +/ bs(XS,IPf;}S,us)dH/ as(Xs,PX_,vs)dBs, (4)
0 6

in which (b, a) is assumed to be continuous, bounded and satisfies:



(H1) There exists a constant L such that
oo ) = be(a' )| + lan(a 1) = an(a’, )] < L(Ja = 2+ Walu, 1))

for all t € [0,7], z,2’ € R and p, i/ € Ps.

The term E[x|F,,.] in ({4) allows to define X as a continuous adapted process on [0, T,
which is done for convenience of notations. One could obviously only consider the process
on [0,T].

Remark 2.1. Note that the controls can depend on the initial value of x. One could also

restrict to F°-progressively measurable processes, see Section [5| for a discussion.

The above condition ensures as usual that a unique strong solution to can indeed
be defined.

Proposition 2.1. For all € T°, v €U and x € Xg, admits a unique strong solution
X%V and it satisfies
E| sup ]Xg’x’”\z} < 400 (5)
s€[0,T
Moreover, for all (t,x,v) € [0,T] x X2 x U, if tn, — t, Xn — X in Lo with x, € Xth for all

n, and (V™), CU converges to v dt x dP-a.e., then
. B B 21
T BB, o B = 0 ©

Proof. 1. The estimate is a consequence of the boundedness of (b, a).

2. Existence follows from a similar fixed point argument as in [13] (see also [14] and [15], [16]
for the martingale problem approach). Since we work in a slightly different context, we
provide the proof for completeness.

2.a. Let C denote the space of continuous R%valued maps on [0,7] endowed with the
sup-norm topology and Py(C, B(C)) denote the set of probability measures P on (C, B(C))
such that [sup,cr |fs]? P(df) < oo. For Q,P € Po(C,B(C)) and t < T, we define the
Wasserstein metric:

Dy(P,Q) :=inf { sup |fs — gs|? R(df,dg) : R € P(C?, B(C?))

C2 0<s<t

=

st. R(-xC)=Pand R(Cx-) = Q} .
If Q € P2(C, B(C)) has time marginals (Q,)s<7 then
Wi @ Qo < [ V= YiPQuay)

so that Wg(@t, QS) — 0 as s — t, by dominated convergence. Hence, (QS) s<T 1s continuous.
2.b. Let S denote the set of continuous adapted R%-valued processes Z such that || Z||s, :=
E[supjg 11 ]Z\Q]% < 00. Let La(Q°;P2(C,B(C))) be the collection of random variables de-
fined on Q° and with values in P(C, B(C)), with finite norm E[|| - H%Q(C,B(C))]%' Let ® be

5



the map that to Q € Ly(Q2°; P2(C, B((C)))iassociates IP’;?Q € LQ(QT;PQ(C, B(C))) in which
IP’)B;Q (w®) is a regular conditional law of X¥ given w® € Q° with X defined as the solution
of

_ ov-

ov- _ _
XQ B[y |FS ]+ / be (X2, Quvs)ds + / 0s(X2,Qs,v,)dB,
0

0

and where Q;(w®) is the s-marginal of Q(w°®) for w® € Q°. Tt follows from 2.a. that ]P’f;Q (w®)
has continuous paths, for P°-a.e. w® € °. By repeating the arguments in [I3, Proof of
Proposition 2], see also 3. below, we obtain that ® is contracting. Since Lo (Q°; P2(C, B(C)))
is complete, it follows that ® admits a fixed point Q.

3. It remains to prove our last estimate. The Lipschitz continuity and boundedness of (b, a)
combined with Burkholder-Davis-Gundy inequality implies that one can find C' > 0, that
only depends on (b, a), such that

E[ sup ’thjx,v _ Xiann:Vn’2]
u€(0,s]

<O(|t = ta| + E[lx — xal*))

+CE / (sup | XExr — XEnxnv \Q—i-Wz(]P’XtXU,IPthznyn)) dr]
ue0,r]

+ CE / |b XtXVPXtXu, )*br(Xﬁ’X’ PXtlev r)|2dT:|

+ CE / \ar(XtX’ ]P)thua )_ (Xt’XV ]PXiXUa r)’ZdT:| :
Since

EDVE(PY 1, P2 )] < E[DAPR s PRy i)

XtXV7

< E[ sup | XXV — X 2],
u€[0,r]

by Gronwall’s Lemma we obtain (for a different constant C' > 0)

E[WZ (]P)Xt X Vﬂpth T, )]
<E[ sup | X0 — X
u€[0,T]

< C(|t - 7fn| + ]EHX - Xn|2])

T
+CE [ /0 B (XY PRy ) = b (XY P, V?)Pdr]

T
O [/ ’ar(Xﬁ’XW’P)B;t’X””VT) — ap (XX, Pitxvv V)| d?‘] .
0 T

The function (b, a) being continuous and bounded, the required result follows. O



Note that we can also construct a particle approximation of the SDE as follows. We
first note that, for ¢ € [0,T], x € X; and v € U, there exist Borel maps x and u such that
X = x((Bs)s<t, ') P-a.s. and v = u(, (Bs)s<., &), up to modification. We then consider a
sequence (£9)>1 of 4.i.d. random variables with uniform law on [0, 1], and independent of
B, and we set (x’,v%) := (x((Bs)s<t, &), u(-, (Bs)s<., &), for £ > 1.

For n > ¢ > 1, we define X¢ and X™* as the respective solutions to the SDEs:

X = e [ R i [ (25 a5,
' t
and

Xt = ¥ / by (X7, ) ds + / s (X7, i L) dB,, (7)
t t

where the measures ', n > 1, are defined by

1 n
= - 571[ s>0.
E XMt =
nfil

Proposition 2.2. The following holds:

lim SupE[ sup ‘Xﬁ’g—Xﬂz} = 0.
n=+00 p<n Luglo,7]

In particular, this induces the convergence of the empirical measures:

lim E[Ws (a2, PY )] = 0, seoT]. (8)

n—-+o0o

Proof. The proof follows the same lines of arguments as in [13, Theorem 1.3]. We there-
fore only sketch it. Using standard computations involving Ito’s formula, Young’s and
Burkholder-Davis-Gundy’s inequalities, as well as the Lipschitz-continuity properties of b

and a, we can find a constant C such that

E[ sup | X — Xﬁ < c/ X“ \]+E[W§(ﬂg,1@§1)])ds, tel0,T].
u€(0,t] s

We now introduce the measure p? := L3 dxe for n > 1 and s € [0,T]. Since the

couples (X f, XS"’K), {=1,...,n, have the same law, we get by applying Gronwall’s Lemma

a constant C’ such that

¢

E sup |x3¢-x{?] < c’/ EW2(u", PE,)]ds, te0,T].
u€l0,t] 0 °

Then, applying [13, Lemma 1.4] to (X4(w®,.))e>1, we get lim, oo E* W3 (u?, P2 )] = 0.

Finally, since b and a are bounded, we can apply the dominated convergence Theorem and

get the required result. O

In the sequel, we denote by ‘w® the element (wg,)scpo,r] for w® € Q° and t € [0,T]. We

note that the solution can also be defined w' by w'. More precisely, we have the following.



Proposition 2.3. Fiz § € F°, x € Xg and v € U. Let X@ be the solution of with
Q = (Qs)s<r € 7>§° in place of (Pg}s)sgp Then, there exist Borel measurable maps
x: QxR and u : [0,T] x Q° x Q' — U such that x = x(?B,¢) P-a.s. and
v. =u.(B,§) dtxP-a.e. on [0, T]xQ, such that, for all stopping time T, X%Qv";l = X?ve(-, wh)

P°-a.s. for P'-a.e. w' € Q', in which X« solves
1 ov- 1
XQuw :E[X(B,w1)|}'./\9}+/ bS(Xg’w ,Qs,us(sB,wl))ds
0
ov- L
+/ as(XE, Qs us(*B,w"))dBs.
0

Moreover, the map w* € Q' — X?v’:,’l € Ly(Q, F', P LQ(QO7.F%,]P)O;RCI)) is measurable.

Proof. Since x is Fyp-measurable and v is F-progressive, we get the existence of the Borel
maps x and u from Doob’s measurability theorem. Then, in the case where b and a do
not depend on the unknown X©, are piece-wise constant together with u, we get by a
standard computation that w' € Q' — X;Q’wl € Lg(QO,]:%,IP)O;Rd) is measurable and
IE[|XS\}§ — X9v9|2|§] = 0. We then extend this result for a and b continuous and u progres-
sive by approximation of progressive functions by step functions. Finally, we extend the

result to b and a depending on the unknown by Picard iteration. O

For later use, we now show that the law of (X%X B) actually only depends on the

joint law of (x,v,!B).

Proposition 2.4. Let x: Q° x Q' — R and u: [0,T] x Q° x Q' — U be Borel maps such
that x := x('B,¢) € X? and v := u.(B,€) € U. Let & and & be [0,1]%-valued F-measurable
and set X :=x('B,€) and v := u.(B,¢'). Assume that (x,v.v,!B) and (X, U.vi,'B) have the
same law. Then, (X"X" B) and (X"X" B) have the same law.

Proof. One can follow [I7, Theorem 3.3]. In their case, the conditioning is made with re-
spect to !B, in our case it has to be done with respect to (!B, €), where ¢ is independent
of B, so that the equation can actually be solved conditionally to &, see Proposition
Given the fixed point procedure used in Step 2.b. of the proof of Proposition above,
one can then find a sequence (P"),>1 C La(Q°, Po(C, B(C))) (of iterated conditional laws)

such that both P* — PB and P" — PB

Xtoov Xt.x.p as M — O0. O

3 The Stochastic Target Problem: Alternative Formulations

and Geometric Dynamic Programming Principle

Our aim is to provide a characterization of the set of initial measures for law of the initial

XoV

condition x independent of B such that the conditional law of erp given B belongs to a



fixed closed subset G of Psy:
V(t) = {p €Py: Ax,v) € X? xU s.t. IP’)]? =p and Pit,x,l, € G}.
T

In the above, and all over this paper, identities involving random variables must be

it,x,y € G means Pf}t’x,, €eG P—as.

T T
Before we go on, let us first give an example of application inspired from agricultural

taken in the a.s. sense. In particular, P

crop management.

Example 3.1. Consider the problem of a farmer that controls his production of wheat by
spreading nitrogen fertilizer or water on his field. The field is viewed as a collection of
particles to which the farmer will bring additional fertilizer, water, etc. His aim is to
maximize the dry mass level of the field, the quality of the wheat, etc., whose initial state
can be viewed as a random variable x (assigning d characteristics of the production to
each particle) over the two dimensional state space Q! := [0, 1]> modeling the field surface.
The fertilizing effort is modeled by the control v. Then, we let X®X* denote the current
distribution of these characteristics. Its dynamics is of the form in which the Brownian
diffusion part is used to take into account several contingencies, e.g. climatic ones. In
particular, the dependency of the coefficients on IP”;,S,X,,, can model local interactions between
particles (representing the points in the field), e.g. related to the local water ressource, access
to sun light, etc. The aim is to know what kind of initial state of the field allows to reach
some given production level (in terms of volume, quality, etc.) at the end of the farming
season. We shall come back to this example in Section below.

We now show that y in the definition of V(¢) can be replaced by any random variable
X' € X? such that IP’)]?, = p. Apart from showing that only the distribution p matters
(which is a desirable property if we think in terms of mass transportation), this will be of

important use later on to provide a geometric dynamic programming principle for V.

Proposition 3.1. A measure pi € Py belongs to V(t) if and only if for all x € X2 such that
B _ : ~ B
Py = p there exists v € U for which PX;:X’” ed.

Proof. Let 1>(t) denote the collection of measures 1 € Py such that for all x € X? satisfying
PP = p there exists v € U for which ]P’f;;w € G. Clearly, V(t) C V(t). We now prove

the reverse inclusion. Let p € V() and consider (x,v) € X? x U such that Pf = p and
PB € G. We fix Y € X? such that Pg = u and we construct v € U such that (x, 7, B)

txv
XT

and (, v, B) have the same law. Since IP’f is deterministic, one can find a Borel map x such
that y = x(§) a.e.

We first argue as in [I8, Proof of Proposition 3.1] and note that we can suppose
x : [0,1] — R? to be surjective. Indeed, if this is not the case, it is enough to mod-
ify x on the set K x R4 where K stands for the Cantor set, by the composition of a

surjective map from [0,1] to R? and 2 € R? - ¢(z') where c is the Cantor function from



K to [0,1]. By [19, Corollary 18.23], it follows that x admits an analytically measurable
right-inverse, denoted by ¢ : R — [0, 1]¢, which satisfies
(i) x(¢(x)) = for all x € RY
(i) x~1(¢1(A)) = A, for any subset A of [0, 1]%;
(iii) ¢71(A) is analytically measurable in R? for each Borel subset A of [0, 1]%.
Recalling that every analytic subset of R? is universally measurable (see e.g. Theorem 12.41
in [19]), it follows that one can find a Borel measurable map QN“ such that ¢ = f Lebesgue
almost-everywhere.
We now define € by £ = ((x), so that £ = ((x) a.e. Since Fy is P-complete, & is
Fo-measurable. Then using (ii) and since y and y have the same law, we obtain
Péed) = P(xe('(4) = Pxe¢'(4) = P(4),
for all Borel set A. This proves that ¢ has the same law as £&. Moreover, we have from (i)
x() = YP-as.
which shows that (£, x, B) and (&, X, B) have the same law:
Pl¢ € Ay, x € Ay, B € A3] = P[€ € A1,x(§) € A2|P[B € A3]
=P[§ € A1,x(€) € A2|P[B € A3
=P[£ € Ay, € A2, B € Aj3]
for all Borel sets Aq, Ao, As.

Since v is F-progressively measurable, it is, up to modification, of the form

vs(w® w') = u(s,’B(w°),&w")), seltT],

with u a Borel map. Set now v := uly ) + Ly mu(, B, &) € U, for some u € U.
Then, (X, 7., B) and (x, V4., B) have the same law, and Proposition implies that

Pf}t,w = Pf}t,x,r/ so that the latter belongs to G, thus proving that V(t) C V(t), by arbi-
trariness of )ZT. O

Before stating the dynamic programming principle, let us provide the following mea-
surable selection lemma. We define the subset G of [0, 7] x Lo(Q', F*,P'; RY) by

G = {(t,x)€[0.7] x Lo(2, F',P;RY) : IveU st. PE,., €C}.
T

From now on, we consider U as a subset of La([0,T] x §2, dt x dP; U) endowed with its strong

topology. We also introduce the subset U; of U defined by
U = {V €U : v is progressively measurable w.r.t IF[tT]}
where Fj; 7 is the completion of (o((Brvt — Bt)o<r<s, §))86[0’T}. We first rewrite the set G

as follows.

10



Lemma 3.1. We have the following identification
G = {(t,x) €[0,T) x Lo(Q", F',P;RY) : v el s.t. IP’%X,U €G}.

Proof. If G = () the result is obvious. Suppose that G # () and let v € U be such that
IP)B;; v € G. Then, there exists a progressively measurable map u such that vs(w) =
us(w®, w') for s € [0,T]. For s € [0,T], w,w’ € Q°, set wDsw' := w.ps+ (W .vs—w's). Define
V97 (0%, w') := us(w® @4 @°,w"). Then, one can find w® € 2° such that Pit,x,uwc’ (w°) € G for

s

T
P°-a.e. @° € Q°, see [17, Theorem 5.4] and Proposition The control *° is progressively

measurable w.r.t. Fj; 7). O

Lemma 3.2. Suppose that G # (). For any probability measure B on [0, T|x Lo (Q, F', P} RY),

there exists a measurable map ¥ : G — U such that
Pf};x,ﬂ(tm € G

for P-a.e. (t,x) € G. Moreover, for each (t,x) € G, 9(t,x) can be chosen to be in U;.

Proof. Since G # (), we get from Lemma [3.1] that the set
T = {(t,x,v) € [0,T] x Ly(Q", F',P;RY) x U : P\ € G and v € Uy}
T

is not empty. The set J is also analytic. Indeed, denote by ¢ the map from N to [0, T’
defined by

+oo
W(On)nen) = T(10*"0 Y (0 mod 10).10*”*1) .

n=1

Then ¢ is surjective and we can write the set J as

J = U ﬂj(al,...,an)

(O’n)neNN n=1

where

T(or, - som) = {xw) € lon,00,0,0,)), (01,0, 0,0,..) + %}

XLQ(Qljflj]P)l;Rd) X UL(Ulj'WJn’O’O’m) : P)B;;X,V S G}

Then from (6] of Proposition each J(o1,...,0y) is closed and J is analytic (see e.g.
Definition 7.16 in [20])

Moreover, the set [0, 7] x La(Q", F', P'; R?) x U is a Polish space. Then, the Jankov-von
Neumann Theorem (see [20, Proposition 7.49]), ensures the existence of an analytically

measurable function
9:[0,T] x Lo(Q, FY,PLRY) — U

11



such that
(t,x,9(t,x)) € J forall (t,x) €G .

Since any analytically measurable map is also universally measurable, the existence of
follows from [20), Lemma 7.27]. O

We can now state the dynamic programming principle. In the following, P’;};,X,V € V()

means

P°({w® €’ : P . (w°) eV(OW)}) = 1.

tx0v
Xg

Theorem 3.1. Fizt € [0,T] and § € T° with values in [t,T]. Then,
V(t) = {u €Pr: A,v) €XIxU st. PP =y and P2, € V(e)}.
0

Proof. Denote by f/(t) the right hand side of the equality in Theorem (3.1

1. We first prove the inclusion V(t) € V(t). If V(t) = () the result is obvious. Suppose
then V(t) # 0 and fix p € V(t). Then, there exists (x,v) € X? x U and Q° € F° such that
Po(Q°) =1, Pf =y and PB € G on Q°. For @° € Q°, we define (x*°,v%°) by

t, X,V
X7

~0

X (w) = X;’(é’f)(oﬁo,wl) ;U (W) = vs(@° Dggey ww') , s €[0,T]

for all w = (w°,w!) € Q. Note that X" € Xz(@o), wa = IP’%%V(JJO) and *° € U
for all (IJC; € OQO. Moreover, it follows from [I7, Theorem 5.4] and Proposition that
Xg(do)’xw " has the same law as XXV given B.pg = @3 p(ey for PP-ae. @° € Q°. Since
Pi;x,y(wo) € G for w° € Q°, it follows that IP’%’X,,,(LDO) = IP’SJ,O e V(0(@°)) for all &° € Q°.
Therefore € V().

2. We now prove the inclusion V(¢t) C V(¢). If V(¢t) = 0 the result is obvious. Sup-
pose then V(t) # 0 and fix u € V(t) and (y,v) € X? x U such that ]P)f = p and
IP’%,X,,, € V(0). It follows from Proposition that (G(wo),X;’(’:J’f)(wo,.)) € G #0, for

P°-a.e. w® € Q°. Let P be the probability measure induced by w® — (6(w®), X;’(i’f) (w°,.))
on [0,T] x Lo(Q', F1,P'; R%). By Lemma there exists a measurable map ¢ such that

Pithxw(ﬁ’x,) € G P°-a.s. for P-a.e. (¢, x") € G. Since ¥(t', x') can be chosen in the filtration
T

Fiyr ) to which B is independent, IP”;; vt oy 18 Measurable with respect to o(B.yy — By).
T

x)
Hence, there exist null sets N and N such that
Pia(wo,.)(a)o) € (G for w® ¢ N and &° ¢ N7
T
where
Oz((,uo7 ) = (Q(WO%)(é‘/}yx,l/(wo7 _)719(9(&)0)’ X;’X’V(wo, ))

It remains to define the process v € U by
17(00) = I/(w)]l[o’g(wo)) + 19(9(w°),X;’X’”(w°, -))(w)]l[g(wo)j] , (9)

and observe that X% = XX”, to conclude that u € V(t). O
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4 The Dynamic Programming PDE

Let v: [0,T] x P2 — R be the indicator function of the complement of the reachability set
V:

v(t,p) = 1- ]lV(t)(/L) (o) €10,T] x Po. (10)

The aim of this section is to provide a characterization of v as a (discontinuous) viscosity
solution of a fully non-linear second order parabolic partial differential equation, in the
spirit of [2]. Given Theorem this follows from combining the technologies developped
in [9, [10] and [2]. We refer to Section |5.1| for the specific case where the reachability set is

an half-space in one direction.

4.1 Derivatives on the Space of Probability Measures and It6’s Lemma

We first recall here the notion of derivative with respect to a probability measure that has
been introduced by Lions, see the lecture notes [9], and further developed in [10], to our
context.
We let Q! be a Polish space, F* its Borel o-algebra and P* an atomless probability mea-
sure on (Q', F'). We recall that we have Py = {Pi ;=P oY~ : Y € Ly(Q", F',P1; R%)}.
For a function w : Py — R, we define its lifting as the function W from Lo(Q', F*, P'; RY)
to R such that

W(X) = w(P), forall X € Ly(Q, F!,P,RY).

We then say that w is Fréchet differentiable (resp. C1) on Py if its lift W is (resp. con-
tinuously) Fréchet differentiable on Lg(fll,]:" 1,I~P’1;Rd). If it exists, the Fréchet derivative
DW(X) of W at X € Ly(Q", F*,P';R?%) can be identified by Riesz Theorem to an element
of Lo (Ql, F P R?) and admits a representation of the form

DW(X) = du(By)(X) (11)

for some measurable map 9,w(P%) : R? — R%, that we call the derivative of w at P} and

we have d,w(u) € La(RY, B(R?), 11; R?) for p € Ps. In the case where x € R? — 9,w(u)(x)

is differentiable at x, given p € Pa, we denote by 9,0, w(p)(x) the corresponding gradient.
Following [10, Section 3.1], we say that w is fully C? if it is C! on Py and

e the map (u,z) — 0,w(p)(x) is continuous at any (u, ) € Po x RY,

e for any p € Po, the map x — O,w(p)(z) is continuously differentiable and the map
(1, ) = 9,0, w(p)(x) is continuous at any (u,x) € P x RY,

e for any € RY, the map p — J,w(u)(z) is differentiable in the lifted sense and
its derivative, regarded as the map (u,x,z’) — 8iw(u)(x,x/), is continuous at any
(1, z,2') € Py x R% x R4
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From now on, we define C*2([0, T] x Pz) as the set of continuous functions w : [0,7] x
Py — R such that w(t,-) is fully C? for all t € [0,7], dyw exists and is continuous on
[0,T] x Pz, Opw, 0,0,w and 8Zw are continuous respectively on [0,7] x Py x R4, [0, 7] x
Py x R% and [0, 7] x Py x R? x RY. We also define C;’Q([O, T x P2) as the set of functions
w € CH2([0,T] x P2) such that

sup {‘&tw(t,,u)‘ +/ ‘8uw(t,u)($)‘2du(l“)
te[0,T], uek R4

2
+/Rd |02 0w (t, )| dps(z)
+/]Rd><]Rd |a,3w(t7iu)(x,x,)|2d(/~ﬁ®/.L)(l',l'/)} < o0 (12)

for any compact subset K of Ps.

We are now in position to derive a chain rule for the flow of conditional marginal laws
of the controlled process. To this end, we introduce the probability space (Q, F, INP’) defined
by

Q=0"xQ'", F=F°@F and P=P°@P. (13)
As for the space (2, F,P), we denote by Ep the regular conditional expectation given B
on (Q, F,P).

Proposition 4.1. Letw € C;’2([O,T]><732). Given (t,x,v) € [0, T)xXyxU, set X = XXV
a=a(X,PE.v) and b = b(X,PE v). Then,

w(s,PY) = w(t,PY)

n / Ep [Biw(r, P ) + 0,0(r, P )(X,)b,] dr
t

s /t g [T (9,0,(r. P ) (X, )a,a] )| dr

5 0 o [10 (2Rt R )06 K]

+ / Ep [0,w(r, PX)(X, ), (X,. P, 1,))] dB,
t

for all s € [t,T], wher (X,a) is a copy of (X,a) on (Q, F,P).

Proof. The proof follows from similar arguments as in [I0] and we only mention the main
ideas.
We first define on Q' a sequence of i.i.d. random variables (£/)>5 following the uniform

law on [0, 1]% (such a sequence exists since Q' is Polish and P" is atomless). We then extend

'This means that (X,a)(w®,-), defined on Q!, has the same law as (X,a)(w®,-), defined on Q*, for

a.e. w® € N°.
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B, ¢and &, 0> 2 to (Q =XV xO F=FQF @F ,P= P°®IP’1®]?’1) in a canonical
way by setting
@) =¢@) =w', (@) =¢(@") and B@) = w°,
for all = (w°,w',®"). Note that (55)521 is then an i.i.d. sequence, independent of B.
Since x € X; and v € U, we can find Borel maps x and u such that y = x(B, ¢!) P-a.s.
and v = u(-, B,£'), up to modification. We then set (!, v%) := (x(&%),u(-, B,£")), for
¢ >1, and define X* as the solution on [t, T] of

X* :th/ b§d5+/ a'dBs,
t t

in which (b%,a’) = (b,a)(X% PE,,v%). It follows from Proposition that (X/)p>1 is a
sequence of i.1.d. random variables given (B,), <r, for each 1 € [t, s]. Set i := & S dxe
fort<r<s.

1. We first assume that w € Cb1’2([0, T x P2) is such that

(s, 2") = (Bpw(p) (), 0uByw () (2), Ogw(p) (x, ')

is continuous, and that w, 0,w, 0,0,w and Giw are bounded and uniformly continuous.

Then, it follows from [10, Proposition 3.1] combined with It6’s Lemma that

wis, i) = wit, i)+ /:atww?)dw;fj [ duwtr Xt yptar
1 N S (=1
59D [ duetr i) (xtyata,
1 al # ~-N 0N L ONT
503 [ [t ) X alady ] ar

N S
+# 3 /t Tr [agw(r, /jiv)(Xf,Xf)af(af)T} dr.
tn—=1
We now take the expectation given (B,/) <7 on both sides and use [2I, Corollaries 2
and 3 of Theorem 5.13] and [22] Lemma 14.2] together with the fact that the tuples
(mN, X5 X bE, b7 al,a), £,n < N, have all the same law given (B,/) <7, for t <r < s,

to obtain

~

Eplw(s,iy)] = Eglw(t, i)+ /t i [, 1Y) + Bu(r, 1Y) (X101 dr
+ [ Ba [ i) (Xhab)] dB,
t
+;/t Ep [Tr <8xauw(r, ﬂ,N)(X%)ai(a%)T>} dr

b [ [T (Q2(r i) (X XD ak(a))T) ] dr

IN ] roy“re ) Pr\Mp
N-1 [°. 2 Ny vl w2yl 2yT
+W IEB |:TI‘ <a,uw(r7 Mr )(Xr7Xr)ar(aT) ):| dT’,
t
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where Ep stands for the conditional expectation given (B,/)y< on . We then use the
fact that Wa (i ,P¥,) — 0 a.s. as N — oo for all r € [t,s]. This is a consequence of [13]
Lemma 4] and the fact that (X£)g>1 is a sequence of i.i.d. random variables given (B,),/<7.
Since all the involved maps are assumed to be bounded and continuous, one can take the

limit as N — oo in the above to obtain
S
w(s,PE,) = w(t,PR)+ / Ep [0uu(r, PE) + B (r PR ) (X1)0}] dr
t

+ / Ep [0 B (X))ab)] dB, (14)
1

O

vy B B [ (R 2R 001 xDkd)T) ]

2. The validity of can be extended to the case where w is just in C; ’2([0,T] X P2)
by following the mollifying argument of [10, Proposition 3.4] whenever the condition
holds, recall that (b,a) is bounded. O

Later on, we shall need to use this [t0’s formula at the level of a map W defined on
LQ(QI,]}l,IF’l;Rd). When W is the lift of a C;’Z function w, and under the additional
assumption that W is twice continuously Fréchet differentiableEL D?W can be identified by
Riesz Theorem as a self-adjoint operator on Lg(Ql, FL P R?) and we have the following
identification by [24, Remark 6.4]

oy DQW(X)(Y)YT} - B [Tr (Gxauw(u)(X)YYTﬂ (15)
+E! [f[-z’l [Tr (agw(ﬂ)(x, X/)Y(Y/)T)” dr

for any random variables X € LQ(Ql,]}l,I@”;Rd) with I~F’}( =pand Y € Ly(Q', F', P RY),
where (X', Y”) is a copy of (X, Y) on another Polish atomless probability space (', F'*, P'""),
and E" is the expectation operator under P’

Let us say that W : [0,T] x Lo(Q', F',P;;R%) — R is C;’Q if it is the lifting function
of a map w € C;’Z([O,T] X Py). Given a random variable X € Ly(, F,P;R%) (recall
that (Q,F,P) is defined in ), we define W (¢, X) as the random variable w® € Q°
W (t, X (w®,-)) where X (w®,-) is now a random variable on L2(Q!, F*,P*; R%). We use the
same convention for DW (¢, X (w®,)) and D*W (¢, X (w®,-)). For (¢,x,v) € [0,T] x X; x U,
we introduce ¥, v copies of y, v defined on Q and we define the process X on € solution to

with initial conditions (¢, X¥) and control #. As an immediate corollary of Proposition

?Being C;’Q for the function w is not a sufficient condition for the lift W to be twice Fréchet differentiable

as shown in [23] Example 2.3].
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and , we then have the following;:

1 / Ep [atW(r,Xr)+DW(T,XT)bT(XT,@§}T,aT)} dr
t

+;/:EB [D2W (r, X)(X,)aya] (X, B2 )] dr

—|—/ts Eg [DW(T, XT)aT(XT,IP’X , U ))} dB,, (16)

for all s € [0, 7], whenever W is in C;’Q NCY2([0,T] x La(QY, F', P RY)).
This result is in fact true even when W is not necessarily the lift of a law-invariant map,
but simply C*2([0, T] x Lo(Q", F*, P'; RY)).

Proposition 4.2. Fiz W € C*2(]0,T] x Ly(Q*, F*, P, R%)), then holds.

Proof. This follows from the proof of [24] Proposition 6.3] up slight adaptations similar too
the ones made in the Proposition [4.1] 0
4.2 Verification Argument

We recall that we aim at characterizing the function v : (¢, ) € [0,T] X P2 = 1 — Ty ().

Following [23| 2], one can expect it to solve, in a certain sense, the PDE

— Oyw(t, p) + H(t, , Opw(t, i), 0,0zw(t, p), 83w(t, ,u)) =0, (17)
in which
H (t, 1, pw(t, 1), 0,0pw(t, ), Opw(t, ) = sup (—Li'Tw](u))
UEN(tvuvauw(tvu))
with

N(t, pu, Opw(t, p)) := {u e Lo(R% U) : /auw(t, w)(x)ag(x, p,u(z))pu(de) = 0}
where Lo(Rd; U) stands for the collection of U-valued Borel maps on R?, and
L'LL
/ / {00 + 5T [Dr0,0(0 )00l (o)
+5Tr [aiw@, )@, B)a(w, . u(@))a] (., u(@))| } pu(de) ().

There is however little chance that the above equation admits a smooth solution, and, as
usual, we shall appeal to the notion of viscosity solutions, see Section [4.3] below. Still, one

can check whether a measure p belongs to the set V(t) by using a verification argumentﬂ

3We leave the study of more precise examples to future research.
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Proposition 4.3. Let w € C;’Q([O,T] x Pa) and u be a U-valued map on [0,T] x Q° x RY
which is F-progressiveB(R?)-measurable. Fixt < T and u € Py and assume that existence
holds for with v = u(',X.t’X’V), for some x € X such that IP’)]? = . Assume further
that

— (-, PE oy (@) — L [w)(PE. 1 (0%) 2 0 dt — ace.
u(-,w’,-) € N(-,]P’%,X,y(wo), 8Hw(',]P’§;,X,u)(w°)) dt — a.e.

w(T,-) >1—1g on Po,
for P°-almost all w® € Q°. Then, p € V(t) whenever w(t,u) < 0.

Proof. Our conditions ensure that v € U. Moreover, the chain rule of Proposition [4.1

combined with the above imply that w(T, Pf}tﬂx,,,) < 0. Hence, 1 — llg(IP”;t,X,,,) < 0 so that
T T

IP’;?X,V € G. O

4.3 Viscosity Solution Property

As already mentioned, we shall in general rely on the notion of viscosity solutions. For this,
we need to work at the level of the lifting function V' : [0, 7] x Ly(Q', 7', P RY) — R of v.
In view of —, one expects that it solves on [0,T) x Lo(Q', F*,P';RY)

— W +H(,DW,D*W) =0. (18)
where H is defined as Hy with, for € > 0,
~ 1
‘C;L(Xﬂ P7 Q) = EB |:b;|—(X7PX7u)P + iQ(at(X')P)Uu)Z)at(X7IPX7u)Z:|

Hot, P.Q) = sw { =L PQ)}
ueNL (t,x,P)

Nt x, P) = {u € Lo(@, F,BU) + [Bplar(x. Py w)P)| < =},

for t € [0,T], u € Lo(Q, F,P;U), x, P € Lo(Q, F,P;R?%) and Q € S(Ly(Q, F,P;R%)), the
set of self-adjoint operators on LQ(Q, F, P; RY).

Let us recall that W : [0, 7] x Ly(Q', 7', P*; RY) is extended to [0, 7] x Lo(Q, F, P; R%)
by defining W (t, X) as the random variable w® € Q° — W (t, X (w°,")).

Since neither V nor H. are a-priori continuous, we define V, and V* as the lower-
semicontinous and upper-semicontinuous enveloppes of V', and let H* and H, be defined
as the relaxed upper- and lower-semilimits as € — 0.

We say that V, is a viscosity supersolution (resp. V* is a subsolution) of if for any
(t,x) € 10, T] x Lg(Ql,fl,]ﬁ’l;Rd) and any function ® € CLQ([O,T] X Lg(Ql,f"l,Pl;Rd))
such that

(Vi = @)t x) = min__ (Vi — @)
[0,7)x Lo (1, F1,P1;R4)
(resp. (V¥ =®)(t,x) = max (V¥ =d))

[O?T} x Lo (Ql 7ﬁ1 7@1 7Rd)
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we have

v

(resp. — By®(t, x) + Ha (¢, x, DO(t,x), D*®(t,x)) < 0).

If V, is a supersolution and V* is a subsolution, we say that V is a discontinuous solution.

Remark 4.1. The presented definition of viscosity solution involves test functions that are
asked to have a second order regularity in the lifted space. In particular a classical solution
to the DPE might not satisfy this regularity and cannot be used as a test function.

To the best of our knowledge, there are two approaches to deal with viscosity solutions
of second order PDEs on the Wasserstein space: the intrinsic viscosity solution definition
on Py and the viscosity solution for the lifted function.

Unfortunately, none of these tow approaches are satisfactory for the moment. Concern-
ing the first approach, there is not any general theory covering all the cases. As far as
we know, the most recent result in this direction is [25], where a definition is given and a
comparison is proved. However, it requires that the drift and volatility functions depend
only on the marginal law of the diffusion and not on the diffusion itself. As for the second
approach (the one we use), it has the weakness previously mentioned, that is, we do not

know whether a classical solution is a viscosity solution.

We are now ready to state the viscosity property of the function V. This requires the

following continuity assumption on the set Nj.

(H2) Let O be an open subset of [0,7] x Ly(Q, F,P;RY) x Lo(Q, F,P;RY) such that
No(t,x, P) # 0 for all (t,x,P) € O. Then, for every ¢ > 0, (tg,x0,P) € O and
ug € No(to, x0, o), there exists an open neighborhood O’ of (g, x0, Pp) and a measur-
able map @ : [0,7] x R x R x Q' — U such that:

(i) Eglla, (x0, Po,€) —uol] < e.

(ii) There exists C' > 0 for which

Ella(x, P,&) — t(x', P, €)|*] < CE[lx — X'|* + |P — P'|*]
for all (¢, x, P), (t,x, P') € O'.
(i) @ (x, P,€) € No(t, x, P) P° — a.e., for all (¢, x, P) € O'.

This assumption is an extension to our framework of the classical continuity assumption
used in the literature on stochastic target problems (see e.g. Assumption 4.1 in [26]). The
typical example is the case of a fully controlled volatility in dimension 1 i.e. a¢(x, Py, u) = u.
Then assumption (H2) is satisfied in a neigorhood of {P # 0} by taking

. PIEB[UOP] ‘

’at(X7P7£) = U EB[PQ]

We also strengthen (H1) by the following additional condition.
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(HY’) There exist a constant C' and a function m : Ry — R such that m(t) - 0ast — 0

and
|bt($7 M,U) - bt’(xv,uvulﬂ + |at(xauvu) - at’(xnuv 'LL/)| < m(t - t,) + C‘u - u/|'
for all t,¢' € [0,T], € R%, 4 € Py and u, ' € U.

Theorem 4.1. Under (H1) and (H1’) the function V. is a viscosity supersolution of (18).
If in addition (H2) holds, then V* is a viscosity subsolution of .

Proof. Part I. Supersolution property. Fix (to, xo) € [0,T) x Lo(Q', F!, P*; R%) and a test
function ® € CY2([0,T) x Lo(Q', F',P';R?)) such that

(Vi = ®)(to, x0) = min_ (Vi —®) = 0.
[0,T]x Lo (Q,F1,PL;RY)

We prove that
—0®(to, x0) + H* (to, x0. D®(to, x0), D*®(to,x0)) > 0. (19)

1. Suppose that the function V' is constant in a neighborhood of (¢, xo0). Then ®(to, x0)

is a local maximum of ¢ and therefore

0P (to, x0) <0, D®(tg,x0) =0 and D?®(ty, x0)<0. (20)
Hence, Ny (to, xo0, D®(to, x0)) = Lo(Q, F,P; U) and

—8y®(to, x0) + Mo (to, X0, D®(to, x0), D*®(to, x0)) > 0,

so that is satisfied.
2. We now consider the complementary case: Vi (o, xo) = 0. Let (¢,, Xn)n>1 be a sequence
of [0,T) x Ly(Q, ', P*; RY) converging to (tg, xo) and such that

V(tn,xn) = 0, forall n>1. (21)
We argue by contradiction and suppose that
—9®(to, x0) + H* (to, x0, D®(to, x0), D*®(to, x0)) =1 —2n

for some 1 > 0. Define

b(t,x) = ®(t.x)— (|t —tol> +E[|x — x0|*]%)

for (t,x) € [0,T] x Ly(Q', F',P*;RY), where ¢ € C°(R,R) is such that p(z) = z for
x € [0,1] and ¢(z) = 2 for z > 2. Then,

(0,®, D®, D*®)(to, x0) = (@, D®, D*®)(to, x0),
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and we can find € > 0 and an open ball B.(tg, xo) such that

for any (¢, x) € Be(to, xo) and any u € N:(t,x, D®(t,x)). Let 9,Bc(to, x0) := {to + €} X
cl(B:(x0)) U [to, to +€) x 0B:(x0) denote the parabolic boundary of B: (o, x0) and observe
that

= inf Vi—®) > 0. 23
¢ apBe(to,Xo)( ) (23)

In view of , we can find a control v™ € U such that
Iﬁ’ﬁtn e G,
where X™ = XtnXn"" We then define the stopping times
0,(w°) = inf{s >ty ¢ (s, X[(w°,))) ¢ Bz—:(tO;XO)} , w’eN’.

By Theoremm V(-,X™) =0on [t,, T], so that —®(-, X™) > 0 on [t,,, T] and —®(6,,, Xg)=>¢
by . Let us set B, := —fl:)(tn,xn) and define

of =0,0(t, X[) + L, (X}, DO(t, X["), D*B(t, X)),
p"i=—Epla™la,], v" = —Egla(X",P§.,v")DO(, X™)]

with
Ay ::{t € [tn,0n] : —af > —n}.

Applying Proposition to ®(., X™), we then get

: . 1
M= =+ [ ptars [ wramiz —c > -3 (1)
tn tn
on [ty, 6, for n large. By (22)),
‘fEB [at(Xf,PBtn, I/t")Di)(t,Xf)H > ¢, forte A,

and we can define the positive F°-local martingale L™ by
t
Ly = 1= [ L tends., ezt
tn

The coefficients a and b being bounded, L™ is a true martingale. In view of , L"M™ is
a local martingale that is bounded from below by a martingale. Therefore, it is a super-

martingale and
0<E[Ly Mg ] <Ly M =M =p,—¢.
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Sending n to co, we get a contradiction since 3, — 0.
Part II. Subsolution property.
Fix (to, x0) € [0,T) x Lo(Q', F*,P1; RY) and & € C2([0, T] x Lo(Q, F', P';R?)) such that

(V* = ®)(to, x0) = max (V' —9). (25)
[0,T]x Lo (QL,F1 BLiRd)

We have to prove that
—8y®(to, x0) + Hx (to, X0, D (to, x0), D*®(to, x0)) < 0.

We distinguish two cases.

1. Suppose that V*(tg, x0) = 0. Then, we deduce from that
at®(t07X0) Z 0 ) D(I)(t07XO) =0 and qu)(t07X0) Z 0. (26)

Let (en, tn, Xn, Pn, Qn)n>1 be a sequence valued in
[0,1] x [0, T] x Lo(Q', F', P, RY) x Lo(Q', F', P RY) x S(Lo(Q, F*, P'; RY)) converging to
(Oa t07 X0, D(I)(t(b X0)> qu)(t(b XO)) such that

Hsn(thumQn) — H*(thXOqu)(t()?XO)?Dz(I)(tO:XO)) . (27)
It follows from that

lim Hgn (tn7 Xn» PTM Qn)

n—-+o0o

1 -~ - -
< lLim —- inf IE[ P Wz B, Z}.
= ’I’L—l)I-il:lOO 2 ueLO(Qlllll}ilJfﬂ;U) Qn(atn (XTL Xn u) )a’tn (Xn Xn U)

Since a is continuous and bounded, we get from the convergence of @Q,, to D®(tg, x0)

G ueLo(Qlfjfh,@l;U) B {Q”(at" s Py ) 2) 1, O P 1) 2 } -
inf INE [DQ(I)(t(]v XO)(ato (XO) ]f’)xo ) u)Z)ato (X07 ]fDXo ’ U)Z:| .

u€Lo(Q1,F1,PL;U)

Combining the above leads to

lim Hgn (tr“ Xn» PTM Qn)

n—-+o0o

1 _ _ ~
< _5 ~1nf~ - E DZ(I)(thXO)(ato(XOvPXO’U)Z)ato(XOaPXO’U)Z ;
u€Lg (O, 71 B1,U)

so that and lead to

—0y®(to, X0) + Hx(to, X0, D®(to, x0), D*®(t0, x0)) < 0.

2. Suppose now that V*(tg, x0) = 1. We argue by contradiction and suppose that
—0y®(to, x0) + Hx (o, x0, D®(to, x0), D*®(t0, x0)) =: 4n > 0.
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Since the left hand-side is finite and Ny C N: for € > 0, there exists an open neighborhood
O of (to, x0, DP(to, x0)) such that Ny # 0 on O and there exists ug € Ny(to, X0, DP(to, x0))
such that

_at(I)(t(hXO) - ﬁgoo (t07X07D®(t07X0)7D2(p(t07X0)) Z 277 .
Then, (H2) implies that for any € > 0 there exists an open neighborhood O’ of
(to, X0, D®(to, x0)) and a measurable map 4 : [0, 7] x R? x R? x Q' — U such that:
(i) Epllie, (x0, Po, &) — uol] < &
(ii) There exists C' > 0 for which
Ella(x, P.€) — (X', P',€)]°] < CE[lx = X'|* + [P — P'|’]

for all (t,x, P), (t,x', P') € O'.
(i) @ (x, P,€) € No(t, x, P) P° — a.e., for all (¢, x, P) € O'.
Define

(t.x) = B(t) +[t—tol* + Eplx —wol]”
for (t,x) € [0,T] x La(Q, F,P;R%). Then,
(0:®, D®, D*®)(to, x0) = (8:®, DP, D*®)(to, X0)-
The above combined with (H1)-(H1’) shows that we can find some ¢ > 0 such that
~0,(t, x) — LD ( Dd(E, ), D20t X)) > 7 (28)

for all (¢, x) € Be(to, x0)-
Let now (t,, Xn)n>1 be a sequence of [0,T] x Ly(Q', F*,P*; R?) such that

(tn, Xn> V(tns xn)) = (to, x0. V*(t0, X0)) (29)

and consider the solution X™ of starting from x, at t, and associated to the feedback
control 0" := .(X", D®(., X™),£). The fact that X" is well-defined is guaranteed by (ii)
above, this is obtained by a straightforward extension of Proposition We then define
the stopping times 6,, by

On(w®) = inf{s>t, : (s, X} (w°.) & Be(tn,xn)}, w®€Q°.

Letting

—(:= max (V*'—-®) < 0,
‘ a1:>Ba(1t07><0)( )

we have (V — ®)(6y,, Xg ) < —(.

We then apply Proposition to deduce from (iii) and that ®(6,,, Xg) < D (tn, Xn)
which implies V' (0, X ) < ®(tn, Xn) — (. Since ®(t,, xn) — 1, we have V(0,, X ) < 1 for
n large enough, which contradicts Theorem O
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We end this section with the derivation of the boundary condition at the terminal time

T. To this end, let us define the function ¢ =1 — 15 where
G = {X € Ly(QY, 71, PLRY) - IP)X € G}.
Note that G is a closed subset of Lg(Ql, FL P R?) since G is closed for W,. Hence,
9 =1-1iy@g 9« =1-1g,

where ¢* and g, stand for the upper and lower semi-continuous envelopes of g respectively.

Theorem 4.2. Under (H1), the function V satisfies
VXT,.) =g° and V(T,.) =g«
on Lg(Ql,fl,I@l;Rd).

Proof. (i) We first prove that V*(T,.) = ¢g*. Since V(T,.) = g, we have V*(T,.) > ¢*. For
the reverse inequality, we argue by contradiction and suppose that 1 = V*(T,x) > ¢*(x) =
0 for some y € Lo(Q', F',P*; RY). Since g*(x) = 0, we know that y € int(G). Let (tn, Xn)n
be a sequence such that (¢,, xn, V(tn, Xn)) = (T, x,1). Fix some up € U and denote by
X tnoXn:to the solution to starting from x,, at ¢, and controlled by the constant processes
v = ug. Then, X;"’X”’uo € G°, after possibly considering a subsequence. Sending n to oo,
we obtain that y belongs to the closure of G€¢, which is a contradiction.

(ii) We now prove that Vi(T,.) = g« Since V(T,.) = g we have Vi(T,.) < g.. Again
the reserve inequality is proved by contradiction. Suppose that 0 = V. (T, x) < g«(x) =1
for some y € Lg(Ql,fl,I@l;Rd). Since g. = g, we know that xy € G¢. Let (t, Xn)n be
a sequence such that (tn, xn, V(tn,xn)) — (T, x,0). Then, up to taking a subsequence,
there exists v™ € U such that X;"’X"’V" € G. Since a and b are continuous bounded and
G is closed in Lg(fll,]:"l,]f”l;Rd), we deduce that y € G by sending n to oo, which is a

contradiction. O

Remark 4.2. Note that the terminal condition in Theorem is discontinuous, which
prevents us from proving uniqueness of a solution to our PDE. This point will be further

discussed in Section [B.1] below.

5 Additional Remarks

5.1 On the Formulation of the Target Problem

The formulation considered in this paper naturally leads to a PDE characterization with a
discontinuous terminal condition (upper- and lower-semi-continuous envelopes of 1 — 1¢).
Even for PDEs stated on a subset of R? this is problematic from a numerical point of view,

in particular because comparison does not hold. In some cases, an alternative formulation
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can be used in order to retrieve a regular terminal condition and open the door to the
study of comparison and possibly of numerical methods by using already existing results
on PDE’s on Hilbert spaces, see e.g. [27]E| Let us discuss this in the context of Example
B.1

We consider the same problem as in Example but now take the cost induced by the

fertilizing effort of each particle into account. Its dynamics is of the form:
chH = / ¢ (vs)ds,
t

in which b° is non-negative. The initial budget of the farmer at ¢ is y € R, and we set
YEyv =g — C", so that Eg [Y1¥97] denotes the remaining running budget: initial budget
minus integral with respect to the Lebesgue measure of the costs associated to each particle.
Letting XtX¥ .= (Xtxx¥ YEU¥) with y = (xx,y), we retrieve the dynamics (@) for X*x.
The aim of the farmer is to find the minimal initial budget y and a control v such that
Pf};w € Gyx and ]EB[Y;;’y’V] > 0 P-a.s. for some closed subset Gx of the collection of
probability measures with second order moment. Otherwise stated, he aims at computing
at ¢ how much money should be put aside to cover with certaintyﬂ the costs of driving the
field in a given set of acceptable states at time 7T'.
In this context, let us defind’ for ¢ € [0, 7] and px € P2,

\_/'(t,ux) = inf{y eR: (/Lx,dy) S V(t)}

where 9, is the Dirac mass at y and V is defined with respect to G = Gx x Gy for Gy
defined as the collection of probability measures with support on R, with finite second
order moments and non-negative first order moment. The dynamic programming principle
of Theorem [3.1] reads as follows :

Theorem 5.1. Fizt € [0,T] and 0 € T° with values in [t,T]. Then, the following holds:
(GDP1) If y > v(t, ux) then there exists v € U and xx € X? such that
EB[Yg’y’V] > \7(9,]}1’%,“7”) and PP = jix P-a.s.
(GDP2) If there exists v € U and (xx,y) € X7 xR such that Eg[Y;¥"] > V(Ovpit,xxw)
0
and ]P)fx = px P-a.s., theny > v(t, px).

Proof. The fact that y > v(¢, ux) implies that (ux,d,) € V(t), which by Theorem (3.1

induces that (Pf;tyxx,,,,]?%,y,y) € V(0), for some v € U and yx € X? such that ]P’fx = lx.
6

Since IEB[Y;;’XY’V] > 0 P-a.s. for some xy € Lo(Q',Fj,P;R) is equivalent to saying that

4Note that, even for general stochastic target problems set on R%, no general comparison theorem has
been established so far. This is done on a case by case basis, and we therefore do not enter into this issue

in the abstract setting of this paper, but rather leave this to the future study of particular situations.
®One could relax the constraint by just asking for P[Eg[Y,¥""] > 0] > m for some m €]0, 1[; see [5].
5The state space being increased to R4+,
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Eg[Y/¥"] > 0 P-as. for y := Eg[xy], this implies that (IP’%,XX,V,%B[Y;%V]) € V(#). Con-
versely, EB[Yg’y’V] > V(Q,Pim){xw) and }P’EX = pux P-a.s. implies (IP)]; PB,,.) € V(0).

txx s ity
0 o Yo -

From this version of the geometric dynamic programming principle, we get by adapting

the arguments of Section see e.g. [5l [1], the following viscosity property.

Theorem 5.2. Suppose that the function b is continuous and bounded and that (H1),
(H1’) and (H2) hold. Then, the lifting function V of v is a viscosity solution of with
L given by

LH06PQ) = B[ 070 40 (0 PP+ LQarx, By u) Z)an(x, Py, )7

fort €[0,T], u € Lo(Q, F,P;U), x, P € La(Q, F,P;RY) and Q € S(Ly(Q, F,P;RY)). The
function V also satisfies the terminal conditions Vi (T,-) > 0 > V*(T,").

We then get a continuous terminal condition and we are able to prove uniqueness of V'

by using comparison theorems in infinite dimension as in [27, Theorem 3.50].

Another point concerning the formulation of the control problem is whether we can
consider a dependence of the coefficient b and @ in the laws Py, and P, . Unfortunately,
our approach does not allow b and a to depend on Px, or P, because we cannot apply
Lemma which allows to get the value set at an intermediary time ¢ conditionally to the
brownian information until ¢ and hence to prove the DPP given in Theorem However,
we can make b and a depend on the conditional law Pi . In this case we get the same PDE

properties but the operator L is replace by
~ 1
E?(vaa Q) = EB [bZ(X,PX,U,IPU)P—F5@(@,5()(,]}»)(,U,Pu)Z)CLt(X,HDx,’U,,Pu)Z]

for t € [0,T], u € Lo(Q, F,P;U), x, P € Lo(Q, F,P;RY) and Q € S(Ly(Q, F,P;R%)).

5.2 On the Particle Approximation of the Target Problem

We come back to the link of our problem with stochastic target of particle systems men-
tionned in the introduction and in Section[2] Let us consider the framework of Proposition
We recall from Section [2] the construction of X™* as the solution to the SDE for
n, ¢ given. We then define, for n,m > 1, the set V, »,(t) by

. n 1
Vom(t) = {,u €Py:3(x,v) € X2 xU sit. IP’f = p and gggE[Wg(uT,p)] < E} (30)

In view of , we get the inclusion V(t) C Ny>1 Un>1 Nu>NVam(t) for all ¢ € [0,T]. The

question whether the reciprocal holds is left for future researches, compare with the classical

control case in [28] among others.

26



5.3 On the Choice of Controls

In the above sections, the collection U of controls permits to take into account the exact
value of the initial random variable y, it is F-progressively measurable. If we think in terms
of controlling a population of particles whose initial distribution is the law of x, this means
that we allow each of the particles to have its own control. One can also consider the case
where the control belongs to the subclass 24° of controls in I/ that are only F°-progressively
measurable. This would mean that the control of each particle does not depend on its
position but only of the conditional law of the whole population of particles given B.

This can be treated in a similar way as the case we considered above. In particular, the
result of Proposition becomes trivial, see Proposition In @, the control v will be

Fe°-progressively measurable and the map 9 will take values in U°, so that v will actually

b ’l/
X (w°,-) only enters as a random

be F°-progressively measurable since the argument Xg
variable (not as the value of the random variable). As for the first part of the proof of
Theorem the construction will just be simpler. Then, Theorem [3.1] actually holds for

the class U° as well. We finally get the following viscosity property for the function V.

Theorem 5.3. Under (H1), (H1’) and (H2) the function V is a viscosity solution of
(18)) where N; is is given by

Ns(taX7P) = {U eU : |EB[at(X7[PX7u)P]| < 5}
for allt € [0,T] and x, P € Lo(Q, F,P; R%).

6 Conclusions

We present in this work a new kind of stochastic control problems for which we provide
a dynamic programming principle, a verification result in the regular case, and a viscosity
solution property under additional assumptions. This study also arise some new open ques-
tions that are left for futur research. The first theoretical question is the characterization of
the value function for the same problem with marginal laws Px_ instead of the conditional
law Pf}s. A second question is the convergence of V, ,, defined in to V, and how it

could serve as a numerical scheme for identifying elements of V.
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